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Abstract: The problem of map matching appears when evaluating GPS-tracks recorded
by service vehicles, and utilizing GPS-information in graphs suitable for route optimiza-
tion. The task is to associate sequences of GPS-points to links in a graph, suitable for
optimization, and thereby obtain paths or tours in the graph. Difficulties are errors
in the GPS-coordinates and possible lack of GPS-points on short street segments. We
apply mathematical modeling to the problem, in the form of integer programming, and
do computational tests of the solvability of the models. In addition to integer program-
ming, we develop several heuristic methods for off-line solution of this problem, based
on heuristics, shortest paths and rural postman problems. All methods are computa-
tionally tested, and summarized results are reported.

1 Introduction

Within the task of optimizing routes for snow removal and other street based services,
we have encountered the problem of map matching. One task is to evaluate GPS-tracks
recorded by snow removal vehicles, in order to find out times for different tasks, which
is an important input to a snow removal routing optimization model. Another task is to
import GPS-information into graphs suitable for route optimization. Vehicle tracking
data can actually be used for a wide range of applications such as traffic management
and control, routing, and navigation.

Sequences of GPS-point are recorded (or even placed by hand) on maps, which are
simply pictures. On the other hand we have a graph which models a city street network,
and is used for route optimization. Identifying movement of vehicles using GPS is
affected by several error sources and may therefore produce inaccurate results. To
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be useful, the data has to be related to the underlying road network. Difficulties are
the errors in the GPS-coordinates and approximations of the street network. Another
difficulty is that there may not be any GPS-registrations on short street segments.
Concerning size, city street maps may yield very large graphs.

Very often one only works with a map that is a picture of the network, on a screen or
on paper, without having access to the underlying graph. Points on a picture is good
for viewing, but does not allow deeper analysis.

A short definition of map matching is as follows. Given a set of GPS-positions and a
digital map (network), the question is which streets (links) were used when recording
the GPS-positions.

Why is this problem especially interesting now?

• Digital maps are available (OpenStreetMap, Google, national road databases etc).

• GPS data is available: Industrial vehicles, buses, taxis, snow removal, are equipped
with GPS-units. The are free apps for mobile phones (such as GPS-logger), which
enables DIY (do-it-yourself) recording of GPS-tracks.

The result is used for:

• Vehicle tracking: traffic management/control, routing, navigation.

• Analysis of trips.

• Calculation and collection of indata for optimization.

We are in this paper mostly interested in the off-line version of the problem, i.e. when
the sequence of GPS-points are analyzed afterwards, and there is more time for compu-
tations, compared to the on-line version (which is treated much more in the literature).

1.1 Route optimization in networks

In general our work is about optimization in city networks. There exists many opti-
mization problems in city networks that need to be solved. Routing and planning tasks
of various types often require finding tours or paths satisfying different constraints and
requirements in cities. Solution structures are paths, cycles, trees, etc. Examples of
relevant applications are snow removal (including sand and salt spreading as well as
removal of sand), waste collection, goods delivery, home assistance, and other routing
tasks for companies, as well as design of bus routes and other municipal services, but
also round-trips for individual vehicles with various purposes.

In the past, maps were only available as printed products, which limited the usage of
optimization very much, as input of data was quite laborious. Nowadays maps are
available in digital form, from for example OpenStreetMaps, NVDB and Google maps.
This opens up new possibilities for obtaining data for interesting optimization problems.
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The maps are however not the only data needed. Another type of data often needed
is the time or cost for a certain type of vehicle for doing a certain task or traveling a
certain street. In the past, data was collected by physical measurements on the roads,
which was expensive and never complete.

Nowadays very much data can be obtained by GPS traces, either by industrial vehicles
with special GPS units or by private vehicles via their mobile phones.

Thus very much data is now easily available in digital form. The question now is what
to do with the data, or rather how to use the data in a meaningful way in order to
obtain the results one is looking for.

One must address not only how to solve the relevant optimization problems, but also
the whole chain of obtaining the data, extracting the useful information, setting up the
optimization problem, solve it, and extract the solution is a usable form. There are
several hard optimization problems embedded in this process.

We can put map matching in a bigger picture by the following steps.

• Extract the relevant data and information from the digital maps.

• Extract the relevant data and information from the GPS traces.

• Transform the network to solvable form.

• Solve the optimization problem.

• Transform the solution back to the original maps and make it understandable to the
users.

Important issues related to the steps above are the following.

• The amount of data in the digital maps is huge. Critical selections have to be made.
Data may be in the wrong form (paths vs. links).

• GPS traces are simply coordinates. What do they mean? What was the vehicle really
doing? Where was it traveling?

• The selection in the first step is usually not enough to make the problem solvable.
The remaining network needs to be reduced further in an intelligent way.

• How to make the information of the solution usable depends very much on who the
users are and in which context the information is used.

1.2 What is Map matching?

Let us go a little deeper into the question of map matching.

GPS tracking devices are very often present in vehicles. The precision of the devices
is very different, and there will be sampling errors caused by the sampling rate of the
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Figure 1: Map matching in Vineopt.

device. The devices help the users to determine the vehicle position or provide users
with proper maneuver instructions. However, the are obstacles that may affect and
block the GPS signals.

We can try to filter unreasonable GPS signals and remove the biases of GPS signals by
using map matching methods.

Because of the SA effect and some others, the positioning error can be estimated to be
30-100 meters. Even though the positioning error is over 30 meters, the error difference
between two subsequent points is much smaller than 30 m.

In general, the vehicle location is not necessarily on the road of digital map. According
to the coordinates determined by GPS, the GPS derived coordinates has to be used to
decide which road is the candidate with highest probability. For a GIS-based digital
map, a curved road is represented by many nodes.

In figure 1, we show a small street network, then a sequence of GPS-points, and finally
the result of the map matching.
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1.3 The whole procedure

Let us sum up the whole procedure. First we download digital map data (for example
from OSM). Then the paths are divided into edges/arcs, so as to keep the curvature of
the streets. Some information about crossings may be kept.

Then we import the GPS positions, for example from a shape file. Then we solve the
map matching problem.

Then we evaluate the information from the result of the map matching, which may give
costs for tasks, time for travel and/or paths and tours used by vehicles.

Then we transform the basic network to the simplified network, suitable for optimiza-
tion. Here we need to keep the information from the map matching.

Then we do the optimization, i.e. solve the relevant combinatorial optimization problem.
This yields a solution in the simplified network, which then shall be transformed back
to the basic one.

This whole procedure includes the simpler special tasks already available:
• Heuristic on-line map matching, answering the question “Where am I?”.
• Shortest path calculations in the basic network.

2 Survey

The area is rather new, but very active. We have found more than 50 papers dealing with
the problem, most of them published after 2011. Almost each of these papers suggest
a new heuristic, mostly for the quick on-line case. There are hardly any MIP-models,
and hardly any traditional optimization methods used.

The digital maps may be obtained from OpenStreetMap, http://www.openstreetmap.org,
or Google Maps, https://maps.google.se. We will use OpenStreetMap (OSM) (as it
is free). It is is built by a community of mappers that contribute and maintain data
about roads, trails, cafes, railway stations, and much more, all over the world. Much
work is being done around OSM, see for example http://www.openstreetbrowser.org,
and its usability will grow.

Among the problem structures, we have the Chinese and rural postman problems, Fred-
erickson (1979), Christofides, Campos, Corberán, and Mota (1986), Eiselt, Gendreau,
and Laporte (1995a), Eiselt, Gendreau, and Laporte (1995b), Cook, Schoenfeld, and
Wainwright (1998), Ghiani, Laganá, and Musmanno (2006), Holmberg (2010), and gen-
eral arc routing problems, Corberán and Prins (2010).

The amount of specific publications about the map matching problem has increased
the last years. Below we sort publications by year. Before 2000 there are a few papers
starting up the research on the problem and starting to use the term “map matching”,
Scott and Drane (1994), Scott (1994), Dmitriev, Stepanov, Rivkin, Koshaev, and Chung
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(1999) and White, Bernstein, and Kornhauser (2000).

From 2003 to 2008 there were a few publications each year, and one can see that the area
is developing. 2003: Alt, Efrat, Rote, and Wenk (2003), Edelkamp and Schrödl (2003),
Quddus, Ochieng, Zhao, and Noland (2003). 2004: Andersson and Fjellström (2004),
Marchal, Hackney, and Axhausen (2004), Yin and Wolfson (2004). 2005: Brakatsoulas,
Pfoser, Salas, and Wenk (2005), Yang, Kang, and Chon (2005). 2006: Yu, Li, Chen,
and Chen (2006), Zhou and Golledge (2006). 2007: Chawathe (2007), Quddus, Ochieng,
and Noland (2007), Xi, Liu, Li, and Liu (2007). 2008: Cehn, Li, Yu, and Chen (2008),
Liu, Xu, Norville, and Bao (2008).

From 2009, we see the activities increasing. 2009: Cao and Krumm (2009), Ghys, Kui-
jpers, Moelans, Othman, Vangoidsenhoven, and Vaisman (2009), Lou, Zhang, Zheng,
Xie, Wang, and Huang (2009), Ochieng, Quddus, and Noland (2009), Pereira, Costa,
and Pereira (2009), Schuessler and Axhausen (2009), Velaga, Quddus, and Bristow
(2009).

2010: Fathi and Krumm (2010), Jawad and Kersting (2010a), Jawad and Kersting
(2010b), Shin, Park, and Choi (2010), Zhang, Thiemann, and Sester (2010).

2011: Ahmed, Zhu, and Bekele (2011), Chen, Driemel, Guibas, Nguyen, and Wenk
(2011a), Chen, Shen, and Tang (2011b), Funke and Storandt (2011), Griffin, Huang,
and Seals (2011), Niu, Li, and Pousaeid (2011), Ordonez and Erath (2011).

2012: Blazquez (2012), Cossaboom, Georgy, Karamat, and Noureldin (2012), Goh,
Dauwels, Mitrovic, Asif, Oran, and Jaillet (2012), Haunert and Budig (2012), Hunter,
Abbeel, and Bayen (2012), Levin, Kravi, and Kanza (2012), Li, Huang, Kerber, Zhang,
and Guibas (2013b), Liu, Li, He, Xu, and Ding (2012), Miwa, Kiuchi, Yamamoto, and
Morikawa (2012), Pashaian, Mosavi, and Pashaian (2012), Ren (2012), Sakic (2012),
Tang, Zhu, and Xiao (2012), Torre, Pitchford, Brown, and Terveen (2012), Wei, Wang,
Forman, Zhu, and Guan (2012a), Xu, Liu, Tan, and Bao (2010), Wei, Wang, Forman,
Zhu, and Guan (2012b).

2013: Castro, Zhang, Chen, Li, and Pan (2013), Li et al. (2013b), Li, Xie, and Lai
(2013a), Osogami and Raymond (2013), Wei, Wang, Forman, and Zhu (2013c), Wei,
Wang, Forman, and Zhu (2013a), Wei, Wang, Forman, and Zhu (2013b).

2014: Chen, Yuan, Li, Lam, Shaw, and Yan (2014).

In spite of the large number of papers, we have not found anything the resembles what
we will do in this paper.

3 The map matching problem

Let us now attempt to formulate a mathematical model for the map matching problem.

We have a (city street) network, with nodes N and links L. Let n = |N | and m = |L|.
The links in LU ⊆ L are undirected, i.e. correspond to two-way streets, while those in
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L \ LU are directed, i.e. corresponds to one-way streets.

Each node i has coordinates (xCi , y
C
i ), and link j has starting node sj, ending node ej

and length dLj . We assume that all trips start and end at nodes, not along links.

We also have a set of GPS points, (xPk , y
P
k ), for k = 1, . . . q. The sequence often is

ordered, but we will also discuss the case when it is not ordered, i.e. when it is not
certain that point k + 1 directly follows point k in a traveled path. (This could for
example be the case when additional GPS points are added afterwards when additional
information is available.)

Optionally, we also have times, t(k), for each GPS point, and sometimes even other
information, such as speed, bearing etc.

The GPS points are supposed to lie on the links, but due to various errors, that is
not the case. Our main assumption is that the GPS points were recorded by a vehicle
traveling on the links of the graph. However, we will also discuss other circumstances.
Our goal is in any case to find a path that has the best consistency with the positions,
i.e. the most likely path that the GPS recordings come from. The task is simply to find
the set of links that were used by the vehicle.

We will not spend much time on how to find and remove outliers, i.e. points that are
mistakes and are way off the map. Filtering procedures for this can be found in the
literature.

3.1 Different instance types

There are several different types of instances that may appear in this context. Let us
categorize them and discuss their difficulties.

Case A: The GPS-points do not have a certain sequence.

This is the case when the points are given in other ways than by a traveling vehicle.
An example is when the points are put there by a person, working interactively at
a computer with a picture of a map. This is in some way a quite hard case, as a
given sequence may help, and in some way easier, as we don’t need to bother with the
sequence. In this case one can assume that the points are dense, as they were put there
to describe a certain path or area. If the points are sparse, then this case is hard, but
maybe also uninteresting.

Case B: The GPS-points are given with a certain sequence that must be obeyed, but
no other data.

This case (and the subsequent ones) are typically obtained when the GPS-position were
recorded by a vehicle that was actually traveling in the network. This case may occur
if the GPS-unit is very simple, and does not give time for the positions, or if the vehicle
made several stops that affect the time but are irrelevant for us. One possibility is that
the positions are recorded at given time intervals, say every 30 seconds. (However, one
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must be prepared for “dropouts”, i.e. that no GPS-position was recorded at the given
point in time, due to lack of satellite fixation etc.)

In this case the points may be sparse. If the time interval is 60 seconds, the vehicle may
travel rather far on that time. As will be clear later, sparse points makes the problem
harder.

The given sequence may help heuristic methods much, but will not be easy to model in
a MIP-model.

Case C: The GPS-points are given with a certain sequence and a time for each position,
but no other data.

This case is similar to case B, but with a slightly better GPS-unit. In this case, we
can use the time information to improve the efficiency of some methods, while it gives
difficulties when it comes to MIP modeling.

Case D: The GPS-points are given with a certain sequence and a time, speed and
bearing for each position.

Most GPS-units are capable of yielding this information. However, the instantaneous
estimation of speed and bearing are not as trustworthy as the position and time. These
values may be used to help a heuristic method, but we will not even attempt to model
it in a MIP-model.

What are the difficulties of the problem, apart from what is mentioned above? Two
obvious parameters are the number of GPS-points, and the size of the street network.
The number of GPS-points is a very important parameter, but we don’t expect this
number to be huge. If it was, we could split the problem up, as described later, and
would not have to handle all the points simultaneously.

The network, however, may be very large. The network for a normal city, as given by
Open Street Map, including all possible roads, is usually very large. We will discuss
ways of handling this, both when it comes to map extraction from the digital source, see
section 6, and elimination unnecessary of parts of the map, as a part of our methods.

We can distinguish between different cases, with different difficulties, that are very
important for the difficulty of the problem:

The GPS-positions are either dense or sparse. If they are dense, the optimization
problem will be large and hard to solve. On the other hand, if they are sparse, it is
harder to know which links have been used.

The original path could either come from a transportation (a delivery) between two
points or from service vehicles, doing link/node tasks in the network. In the first case,
cycles in the trip are very unlikely, while in the other case, they are almost sure to
appear. In other words, in the first case we may forbid cycles, which may simplify the
model. In the other case, we must be able to handle cycles, i.e. subtours, which makes
it difficult to use modeling parts from the area of traveling salesman problems etc.
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The work in this paper is mainly aiming at case B, i.e. our goal is to produce solutions
that obey the given sequence, but not taking time and speed into account. However,
the main complications occur already in case B, and using time and speed will probably
increase the efficiency of our heuristic methods.

3.2 Creating sequence

As will be shown later, a given sequence is a big advantage for certain heuristics, so for
these methods, case A will be hard. There is one way of creating a sequence, namely
to solve a traveling salesman problem in the plane with all GPS-positions, (xPk , y

P
k ),

for k = 1, . . . q, and Euclidean distances. For instances that do not have a very large
number of points, this can be done fairly quickly with an efficient heuristic like LKH,
Helsgaun (2000).

3.3 Mathematical model

Let us now make a mathematical optimization model for this problem.

The task is essentially to find out which link each GPS position belongs to, i.e. we wish
to find an assignment of positions to links. Each position should belong to one link,
but several positions may belong to the same link, and some links may not have any
positions. We will also find the position on the link which corresponds to the actual
position of the vehicle when the GPS coordinates were recorded.

We will use the basic variables xLjk = 1 if position k is assigned to link j, and 0 if

not. Furthermore we use the variables yFL
j as the number of times link j is used in

its forward direction in the path, and yBL
j the number of times link j is used in its

backward direction in the path. yFL
j is defined for all j ∈ L, but yBL

j is defined only

for j ∈ LU . (This distinction will be mostly implicit unless it is very important. Parts
of this paper is written as if LU = L, but the correction would be very easy.)

If the goal of the trip is to get from one point to another, the y-variables will probably
be binary, i.e. each link is used at most one time. However, for a snow removal vehicle,
this is not likely, so we allow for larger values then one.

We will consider two different cases, one which we call the “easy case”, which is when
we assume that the vehicle does not travel in any cycle (but on a rationally short path
from one point to another), and the “hard case”, when no such assumption is made, i.e.
when we must be able to handle cycles. The latter case is the most important if we are
considering snow removal or other street tasks in urban areas. In the easy case we have
yFL
j + yBL

j ≤ 1, i.e. a link will not be used in both directions. (In case of a delivery,
there is no reason to include a return trip in the same problem.)

Sometimes one might associate a position with a node, but not a specific link. Then
we may use the variables xNik = 1 if position k belongs to node i, and yNi = 1 if node i
is included in the path. However, these will only be help variables. (Obviously we get
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yNsj > 0 and yNej > 0 if yFL
j > 0 or yBL

j > 0.) Since the vehicle will be traveling on links,
we will associate all GPS-positions with links, even if the associated point on the link
is at one of the end nodes. Exceptions are the starting and ending nodes of the whole
trip, which we will deal with later.

Since all positions must belong to some link, we have the following constraints.

∑

j∈L

xLjk = 1 for all k = 1, . . . , q. (1)

If some positions are completely outside the map, one may conclude that they are
mistakes, and should not be included. In such a case, this constraint should not be
equality but rather less or equal to. Usually, however, we handle this by preprocessing
that removes all such points.

If a link is used by any position, it must be included in the path. First we force yFL
j or

yBL
j to be a least one if any position uses the link.

yFL
j + yBL

j ≥ xLjk for all j ∈ LU and k = 1, . . . , q. (2a)

yFL
j ≥ xLjk for all j ∈ L \ LU and k = 1, . . . , q. (2b)

It is possible to sum up these constraints over k, but then it is a disadvantage that we
don’t know how many positions that may belong to a certain link. We let M be the
highest number of positions that may belong to the same link. (Unless we have other
information, we can use M = |E|, but often one may deduce that a smaller number is
sufficient.) The aggregated constraint now becomes

M(yFL
j + yBL

j ) ≥

q
∑

k=1

xLjk for all j ∈ L. (3)

One might think that we should force yFL
j and yBL

j to be zero if no position uses the
link. However, if the streets are short, and the GPS-positions recorded at large time
intervals, there might not be any GPS-position on a street that was actually used. This
means that it will always be feasible to set yFL

j and yBL
j to one, but it should only be

done when necessary. We will use the objective function for this purpose.

It is often possible the skip assignment to nodes completely, in which case the variables
xN and yN are removed.

Now we need to make sure that the links form a path. The first question is where the
path should start and end. Sometimes we know this, for example if it is a question of
a trip from a certain point to another, or if it is a service vehicle that starts and ends
the trip at a certain depot. In the latter case, the starting point will be equal to the
ending point, but if that causes algorithmic problems, one may artificially divide the
depot into two nodes.

If the starting and ending nodes read not known, we may sometimes assume that the
vehicle starts the GPS unit before it starts to move, and leaves it on a short while after
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it has reached it destination. Then we get several similar positions at the start and at
the end, and we simply find the closest node to these two groups.

A third option, mentioned later, is to let the starting and ending nodes be decided by
the optimization. For now we assume that the starting node and the ending node for
the trip is known, and given by nS and nT .

The constraints making sure we get a path from nS to nT are as follows.

∑

j:ej=i

yFL
j +

∑

j:sj=i

yBL
j −

∑

j:sj=i

yFL
j −

∑

j:ej=i

yBL
j =







−1 if i = nS

1 if i = nT

0 otherwise
(4)

(Actually these constraints allow subtours, and we will return to this question later.)

3.3.1 Distances to links

Now we need to formulate an objective function to use. This will be done by “projecting”
the GPS-points on the links.

Let us start with the case where no sequence or times are known. Then we only have
the distance between points and links/nodes to consider.

For nodes, we can easily calculate the distance between each position and each node.

dNik =
√

(xCi − xPk )
2 + (yCi − yPk )

2 for all i ∈ N and k = 1, . . . q.

For links it is slightly more complicated. We wish to calculate the shortest distance
between position k and link j. We let link j be represented by the straight line segment
starting at node sj and ending at node ej . Let us for simplicity define the following for
each link.

δxj = xCej − xCsj and δyj = yCej − yCsj

(The length of link j is now
√

(δxj )
2 + (δyj )

2. Initially dLj is set to this value, but other

values are later possible.)

Using t as a parameter, we get the line as

xj(t) = xCsj + tδxj and yj(t) = yCsj + tδyj

where 0 ≤ t ≤ 1.

First we find the point on the line that is closest to position k. We wish to minimize
the square of the distance.

(dAjk(t))
2 = (xj(t)− xPk )

2 + (yj(t)− yPk )
2 =

(xCsj − xPk + tδxj )
2 + (yCsj − yPk + tδyj )

2

11



Letting

σx
jk = xCsj − xPk and σy

jk = yCsj − yPk

we get

(dAjk(t))
2 = (σx

jk + tδxj )
2 + (σy

jk + tδyj )
2

As this is a convex function in t, we simply set the derivative equal to zero.

2δxj (σ
x
jk + tδxj ) + 2δyj (σ

y
jk + tδyj ) = 0

which yields

δxj (σ
x
jk + tδxj ) + δyj (σ

y
jk + tδyj ) = 0

or

t((δxj )
2 + (δyj )

2) = −δxj σ
x
jk − δyj σ

y
jk

so we get

t̂ =
−δxj σ

x
jk − δyj σ

y
jk

(δxj )
2 + (δyj )

2

or, spelled out,

t̂ =
(xCej − xCsj)(x

P
k − xCsj) + (yCej − yCsj)(y

P
k − yCsj)

((xCej − xCsj ))
2 + (yCej − yCsj)

2

Inserting this t̂, we get the point on the whole line that is closest to position k. Since
we may not pass the end points of the link, we need to enforce 0 ≤ t ≤ 1, This is simply
done by letting t̄jk = 0 if t̂ < 0, t̄jk = 1 if t̂ > 1 and t̄jk = t̂ otherwise.

If t̂ < −δ or t̂ > 1 + δ, we may draw the conclusion that the position is too far away
from the link, and may not be assigned to it. This means that we fix xLjk = 0 (and in
practice remove it from the model). We suggest to use a small positive value for δ, for
example 0.2, but not exactly δ = 0.

Now we get the associated point on link j by inserting t̄jk.

xAjk = xj(t̄jk) = xCsj + t̄jkδ
x
j and yAjk = yj( ¯tjk) = yCsj + t̄jkδ

y
j

(We will later have a possible use for the points (xA, yA), and the step lengths t̄jk.)

Finally we get the shortest distance between position k and link j as

dAjk =
√

(σx
jk + t̄jkδ

x
j )

2 + (σy
jk + t̄jkδ

y
j )

2 =
√

(xAjk − xPk )
2 + (yAjk − yPk )

2 for all j, k

In figure 2 we show projection of a point on a link, first when 0 < t < 1, and then when
t < 0.
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Figure 2: Distance to a link.

At this point we wish to get the solution that minimizes the total distance, so this part
of the objective function becomes as follows.

min
∑

j∈L

q
∑

k=1

dAjkx
L
jk +

∑

i∈n

q
∑

k=1

dNikx
N
ik

In addition one might want to add constraints saying that a position that is too far
away may never be selected for a certain link. This is simply a matter of fixing certain
variables to zero.

xLjk = 0 if dAjk > DA for all j and k. (5)

This fixation requires calculation of the distance dA. In order to avoid unnecessary
calculations, one can fix xLjk = 0 if both the starting and ending nodes of link j have a

distance larger than DA to position k, and they are on the same side. (If they are on
different sides, the link may still pass close by.)

A slightly simplified version of this is to only consider the two coordinate directions.

xLjk = 0 if xCsj − xPk > DA and xCej − xPk > DA (6a)

xLjk = 0 if xCsj − xPk < −DA and xCej − xPk < −DA (6b)

xLjk = 0 if yCsj − yPk > DA and yCej − yPk > DA (6c)

xLjk = 0 if yCsj − yPk < −DA and yCej − yPk < −DA (6d)

For a position k, we in practice identify the set of links, Jk, which may be assigned to
the position, by removing indices indicated by 6a - 6d. (If Jk = ∅, the position k can
be discarded.)

In figure 3 we show limits on the distance from a link, and the simplified coordinate-vise
distances.

3.3.2 Cost of traveling

We work with an underlying assumption that vehicles behave rather “rational”, in the
sense that they in some way try to use the shortest path to where they are going, or at
least have a cost minimizing behavior to that extent that they don’t travel senselessly
around town without purpose. (In this case, “senselessly” means that no GPS-positions
motivate the detour.) So far, the model we have constructed allows all y’s to be set to
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Figure 3: Limits on allocation to a link.

one without any cost, so one might get any kind of “sightseeing tour”. To model this
we include a cost for using a link, and for simplicity base that on the length of the link.
The “cost” of traveling thus becomes

∑

j

dLj (y
FL
j + yBL

j )

so we will add this to the objective function, with a certain given weight, ν, which
should reflect to what extent cost minimization has taken place during the trip. One
may note that we assume that if the trip uses a link, it will use the whole link, i.e. that
the trip starts and ends at nodes. (In spite if that, we will later discuss parts of links,
when we study how to get from one point to another the best way.)

3.3.3 The model so far

Thus we have a linear Integer Programming problem. For small number of positions
and limited number of links, it might even be possible to solve it with standard MIP
software. However, even if the number of positions is limited, the street network may
often be large. Note also that calculation of indata, notably dA, is rather laborious.

Let us now sum up the mathematical model so far, without node assignments.

min
∑

j∈L

q
∑

k=1

dAjkx
L
jk + ν

∑

j

dLj (y
FL
j + yBL

j )

subject to

∑

j∈L

xLjk = 1 for all k = 1, . . . , q.

yFL
j + yBL

j ≥ xLjk for all j ∈ LU and k = 1, . . . , q.

yFL
j ≥ xLjk for all j ∈ L \ LU and k = 1, . . . , q.
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∑

j:ej=i

yFL
j +

∑

j:sj=i

yBL
j −

∑

j:sj=i

yFL
j −

∑

j:ej=i

yBL
j =







−1 if i = nS

1 if i = nT

0 otherwise
for all i

xLjk ∈ {0, 1} for all j ∈ L and k = 1, . . . , q.

yFL
j ≥ 0, integer for all j ∈ L.

yBL
j ≥ 0, integer for all j ∈ LU .

We call this model 13. The size of the model is as follows. There are mq x-variables
and 2m y-variables. The number of constraints is q +mq + n. For 20 GPS-points, 100
nodes and 200 links, we get 4000 x-variables, 400 y-variables and 4120 constraints.

3.4 Problem reduction

In practice we wish to reduce the problem size as much as possible before attempting to
solve it. There are several suggestions in published articles of how to eliminate “outliers”,
i.e. positions that are obviously quite wrong, so we will not go into that here.

Previously we mentioned that certain variables xLjk can be fixed to zero if they are too
far away. Let us here do the same, but for the whole network.

There are maximal and minimal coordinates for both the network and the set of GPS-
positions.

ΛCxmin = min
i∈N

xCi , ΛCxmax = max
i∈N

xCi ,

ΛCymin = min
i∈N

yCi , ΛCymax = max
i∈N

yCi ,

ΛPxmin = min
k=1,...q

xPk , ΛPxmax = max
k=1,...q

xPk

ΛPymin = min
k=1,...q

yPk , ΛPymax = max
k=1,...q

yPk

Adding a certain margin, ∆M , we may conclude that the part of the network that
is far away from all GPS-positions may be ignored. We will restrict ourselves to the
coordinate directions. In order for a link to be uninteresting, both end nodes must lie
far away and on the same side.

We remove all links j that satisfy the following. (Note that both conditions on a row
must be satisfied, while any of the rows is enough.)

xCsj ≤ ΛPxmin −∆M and xCej ≤ ΛPxmin −∆M (to the left)

yCsj ≤ ΛPymin −∆M and yCej ≤ ΛPymin −∆M (below)

xCsj ≥ ΛPxmax +∆M and xCej ≥ ΛPxmax +∆M (to the right)
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yCsj ≥ ΛPymax +∆M and yCej ≥ ΛPymax +∆M (above)

After this we remove all isolated nodes.

Often a trip is only made in a part of the city, so this often gives a significant decrease
of the network size. This is important, as most city maps are quite large.

On the other hand, sometimes we are only interested in a certain area. The GPS-track
may for example start and/or end outside of the city center, where it is either very
obvious or uninteresting which road were used. We assume that the network given is
already reduced to the interesting part, so that the bounds ΛC reflect this.

We therefore remove all GPS-positions k that satisfy the following.

xPk ≤ ΛCxmin −∆M (to the left)

yPk ≤ ΛCymin −∆M (below)

xPk ≥ ΛCxmax +∆M (to the right)

yPk ≥ ΛCymax +∆M (above)

If we for some other reason were to reduce the interesting area or the set of GPS-points,
these reduction tests should be repeated.

Reducing the problem this way is called limit reduction. Since it may occasionally
remove too much of the network (in very sparse networks), we will also make some tests
without limits.

3.5 No cycles

In the easy case mention earlier, we don’t expect the vehicle to travel in cycles. Then
we make the y-variables binary and add the following constraints to the model.

yFL
j + yBL

j ≤ 1 for all j ∈ LU and k = 1, . . . , q. (7)

yFL
j binary for all j ∈ L.

yBL
j binary for all j ∈ LU .

One might note that this does not forbid all cycles. (We will return to this question.)

3.6 Start and end nodes

If the starting and ending nodes for the whole trip are not known, we can do the
following. We introduce an artificial starting node and an artificial ending node, and
state that the trip must go between these nodes. This is modeled by the following
variables.
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ySi = 1 if the path goes directly from the artificial starting node to node i.

yTi = 1 if the path goes directly from node i to the artificial ending node.

Then we get the following two constraints, simply stating that the path must go some-
where.

∑

i∈N

ySi = 1 (8a)

∑

i∈N

yTi = 1 (8b)

Then we include these variables in the node equilibrium constraints.

∑

j:ej=i

yFL
j +

∑

j:sj=i

yBL
j + ySi −

∑

j:sj=i

yFL
j −

∑

j:ej=i

yBL
j − yTi = 0 for all i (9)

This enables the path to start in any node and end in any node. Still each GPS-
position need to be associated with a (real) link, so we still get the path that suits the
GPS positions best.

For completeness we add the following to the model.

ySi , y
T
i ∈ {0, 1} for all i ∈ N .

This adds 2n binary variables to the model, but only 2 constraints. For 20 GPS-points,
100 nodes and 200 links, we now have 4600 binary variables and 4122 constraints.

A variant of the above is when we know that the starting and ending nodes must belong
to certain smaller sets of nodes, not completely fixed but not completely free. We will
later need this, for example if we know that the trip starts at a certain link, but not in
which direction. Then both the end nodes of the link will be the set of possible starting
node for the trip.

Let NS ⊆ N be the set of possible starting nodes, and NT ⊆ N be the set of possible
ending nodes. Then the constraints will be

∑

i∈NS

ySi = 1 (10a)

∑

i∈NT

yTi = 1 (10b)

and ySi need only be defined for i ∈ NS and yTi only for i ∈ NT . (Alternatively we set
ySi = 0 for all i ∈ N \NS and yTi = 0 for all i ∈ N \NT .)

So far we have a model of reasonable size. Is this model correct and complete? No. In
figure 4 we show an example where this model yields an unconnected solution.
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Figure 4: Not connected solution.

3.7 Flow of more than one

The integer variables y in the previous model can be replaced with binary variables as
follows.

yFL
j =

LMAX
∑

l=1

yFL
jl for all j ∈ L.

yBL
j =

LMAX
∑

l=1

yBL
jl for all j ∈ LU

Here LMAX is quite interesting, since it determines how much larger the model will
become. LMAX is the maximal number of times a link can be traveled in the same
direction. For the easy case, we may assume the LMAX = 1, i.e. that the vehicle never
travels twice or more on a link. Then the reformulation above does not make any
change.

However for applications related to snow removal, there may even be a requirement that
a link is used at least three times, since the snow removal procedure can contain three
sweeps on the same road. Then a realistic value of LMAX can be 3 or 4. It may be
regarded as unrealistic that a vehicle used the same link more than that in the same
direction.

We will in effect have constraints that says yFL
j ≤ LMAX and yBL

j ≤ LMAX .

The number of y-variables will be multiplied with LMAX , but these variables will be
binary, not integer, so the difficulty of solving the model may not be that much.
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We have done tests with LMAX = 1 and LMAX = 2. Using a LMAX that is lower than
it should be will introduce a restriction on the solutions. If a heuristic does not include
this bound, the heuristic may well yield a better solution than the exact MIP-model.

The proper value of LMAX will depend on the application. For a transport between
two points, we can use LMAX = 1, since the vehicle is very unlikely to travel twice in
the same direction in the same link. For snow removal, higher values should be used. It
will however never be necessary with higher values than 4 for the applications we have
in mind.

The model including in principle everything described up to this point is called model
14.

3.8 Connectness

Unfortunately the previous model does not guarantee that the solution is connected. A
feasible solution to the model may contain subtours, i.e. cycles that are not connected to
the starting and/or ending nodes, since such a solution can satisfy the node equilibrium
constraints.

This is not likely to happen if the purpose of the trip made by the vehicle is to move
from one point to another without deliberate detours (the easy case), and if the GPS-
points are frequent, in the sense that there is one or more points on each link in the
path. Then the model above may well give a good solution.

However, if the GPS-points are not frequent, then some links that were actually used
may be completely without GPS-points. In the worst case there may be large distances
between the GPS-points. Then only a few links are assigned points, and we need to find
paths between these links. (This difficulty is similar to what is present in the traveling
salesman problem.)

Since each GPS-point must be assigned to a link, we may see the assignment of a point
to a near link as a gain, while traveling on links without assignments can be seen as a
cost. If points are sparse, it is then tempting to more or less only use the links with
assignments in small cycles, and avoid the cost of transportation on several link without
assignments. Since links can be used in both directions, going back and forward in the
same link is a feasible solution.

Therefore we need to make sure that the solution is connected. Here we find a big
difference between the easy case and the hard case.

In the easy case, we know that the trip do not contain cycles, we may use standard
subtour elimination constraints, as in the traveling salesman problem, or in vehicle
routing problems (with time).

However, a complication is that we don’t know how long the trip will be, i.e. how many
nodes it will pass. Subtour elimination constraints forbid subtours of a certain length
or in a certain subset of the nodes. The following constraints ensure that node set S
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does not contain a cycle, for each subset S of the nodes.

∑

j:sj∈S,ej∈S

(yFL
j + yBL

j ) ≤ |S| − 1 for all S ⊂ N . (11)

A practical disadvantage is that the number of such constraints is quite large, and in
practice most of them are redundant, since they concern node sets in parts of the city
that the vehicle never went near.

An alternative is a polynomial set of constraints, forbidding cycles that are shorter than
n, where u are dummy variables. (ui is the number of nodes that were passed before
node i in the tour.)

usj − uej + n(yFL
j + yBL

j ) ≤ n− 1 for all j (12)

However, often we cannot dismiss the possibility that the vehicle was traveling in cycles.
Sometimes, in fact, we know that the trip contained cycles, such as in the case of snow
removal. Then often the starting point is the same as the ending point, namely the
depot for the vehicle, so the whole trip is one large cycle. While this does not prohibit
the usage of standard subtour eliminating constraint, all possible subtours do.

Then there is no alternative but to use constraints for making the solution connected.
Such constraints for the (undirected) TSP are rather straightforward, the sum of flow
over any cut must be at least two.

Here the matter is somewhat more complicated. We may compare to the Steiner tree
problem, for which there is a formulation which says that at least one link must be used
across any cut which has at least one required node on each side. However, in that
problem it is given what nodes are required, so we know in advance for which node sets
the constraints should be included. Here, this is not the case.

First we need to model which nodes are visited in the solution. If xLjk = 1, then link
j is included, which means that the two end nodes of the link, sj and ej , are visited.
Let us use variable σi = 1 if node i is visited in the solution. This is ensured by the
following constraints.

σsj ≥ xLjk for all k and j. (13a)

σej ≥ xLjk for all k and j. (13b)

Now we need to ensure that there is flow across any cut for which there are visited
nodes on both sides. This is ensured by adding the following constraints.

∑

j:sj∈S,ej∈N\S

(yFL
j + yBL

j ) +
∑

j:ej∈S,sj∈N\S

(yFL
j + yBL

j ) ≥ σi1 + σi2 − 1

∀i1 ∈ S, i2 ∈ N \ S, S ⊂ N (14)

Unfortunately the number of constraints are exponential in the original problem size.
We call this model 15.

Here there is room for improvement, since the model quickly becomes too large for
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solution in reasonable time. We will in the future consider constraint generation ap-
proaches.

4 Modeling sequence

If we know that the positions are given in correct sequence, i.e. that position (k) comes
directly before position (k + 1), we want to take that into account in the model.

In a practical heuristic method, one may determine the assignment in sequence. In that
case, we will know the assignment of the previous position, when we are determining
the assignment for the following one. We will return to how this can be handled in
a practical method. Here we will consider modeling this situation, by a number of
enhancements of the model.

4.1 Time

We may need to keep track on time in the model, in order to handle speed and time
more precisely. Let us start by a “symbolic” time which is equal to one for each link,
i.e. this “time” is increased by one each time a link is used. This kind of time may also
be regarded as an order, i.e. at time t, the t-th link in the trip will be passed.

One might think that this is easily handled by standard formulations for vehicle routing
problems with time (usually in connection with time windows). However, it is well
known that the constraints used for calculating time (of the type ending time is starting
time plus a binary link variable times the link time) also serve the purpose of eliminating
subtours. This is good if we wish to prohibit subtours, but as mentioned above, we must
often allow subtours. Then this formulation can not be used. (Going back and forwards
in a link will immediately produce a contradiction.)

For the easy case, this can be used, but not for the hard case.

After a rather thorough study of the extensive literature about vehicle routing with
time, we found that practically all published vehicle routing models with time forbid
subtours. So this technique can not be used.

So how can we formulate this? One rather practical way is to duplicate all nodes that
may need to be passed more than once. Then each node in the extended network may
need to be passed at most once. The question then is how many times a node should
be duplicated, i.e. how many time may we (at worst) need to pass a node.

Above we assumed that a link may be passed at most LMAX times in each direction,
which makes 2LMAX times if we count both directions. Furthermore, there may be
several links adjacent to a node. If we let DMAX be the maximal degree in the original
network, then we find that a node may not be passed more than 2DMAXLMAX times,
so the extended network may need to have 2DMAXLMAX |N | nodes. Reasonable values
are DMAX = 5, LMAX = 4 which yields 2DMAXLMAX = 40, so then the number

21



of nodes is multiplied by 40. This is a rather large increase of the network size, even
though it is polynomial.

For a problem with 20 GPS-points, 100 nodes and 200 links, the number of nodes
will increase to 4000 and the number of links to 320000, which yields 7,048,000 binary
variables and 6,404,022 constraints.

4.2 Time for node usage

One idea for keeping track of time is to use variables for identifying when a vehicle
arrives to a node.

zit = 1 if the vehicle arrives to node i at time t.

We are here using the symbolic time, which means that each link takes one unit of time
to use. Then we have time periods for t = 1 up to TMAX , where TMAX is the maximal
number of links passed in the trip. In the easy case, when a trip is not supposed to
contain cycles, TMAX need not be larger than m, but in other cases we may need to
use TMAX = LMAXm.

Obvious constraints are the following. The vehicle may only arrive to one node at each
time.

∑

i

zit ≤ 1 for all t. (15)

The trip starts at the starting node at time 1.

zi1 = ySi for all i. (16)

The position must change.

zi,t+1 + zit ≤ 1 for all i and t. (17)

Now the more difficult question is how to update z when passing links. In principle
yFL
j = 1 indicates that link j is used, which means that the arrival to the end node of

the link should be one unit more than the arrival to the start node of the link.

This leads to a constraint of the type zej ,t+1 = zsj ,t + yFL
j . However, there are some

problems with this. First, yFL
j may be larger than 1. This can be handled by by the

substitution yFL
j =

∑

l y
FL
jl mentioned above.

However, the main problem is that we don’t know when this will happen, as there is no
time information in y. Using a link once should increase the value of zit for one t only.
Therefore it seems necessary to include time information in y.
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4.3 Time for link usage

Let us now change the definition of y to the following.

yFL
jt = 1 if link j is used forwards at time t.

yBL
jt = 1 if link j is used backwards at time t.

We also need to change the definition of the ending node, since we don’t know at what
time it will be reached.

yTit = 1 if the trip ends at node i at time t.

Except for straightforward substitutions of yj by yjt, we need to change the node equi-
librium constraints as follows.

∑

j:ej=i

yFL
jt +

∑

j:sj=i

yBL
jt −

∑

j:sj=i

yFL
j,t+1 −

∑

j:ej=i

yBL
j,t+1 − yTi,t+1 = 0 for all i and t (18)

and

∑

t

∑

i

yTit = 1 (19)

Only one link may be used at each time.

∑

j

(yFL
jt + yBL

jt ) ≤ 1 for each t (20)

We can’t use the same link twice in succession in the same direction.

yFL
jt + yFL

j,t+1 ≤ 1 for each j and t (21a)

yBL
jt + yBL

j,t+1 ≤ 1 for each j and t (21b)

If we use link j, we must visit the adjacent nodes accordingly.

zsj ,t ≥ yFL
jt for each j and t (22a)

zej ,t+1 ≥ yFL
jt for each j and t (22b)

zej ,t ≥ yBL
jt for each j and t (22c)

zsj ,t+1 ≥ yBL
jt for each j and t (22d)

Now we can update z properly.

zej ,t+1 ≥ zsj ,t + yFL
jt − 1 for each j and t (23a)

zsj ,t+1 ≥ zej ,t + yBL
jt − 1 for each j and t (23b)

We have now added nTMAX z-variables, and have now 2mTMAX y-variables and
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nTMAX zT -variables. We have also added TMAX + n + nTMAX constraints on z and
TMAX + 8mTMAX constraints on y, while the node equilibrium constraints are now
nTMAX . For 20 GPS-points, 100 nodes and 200 links, in the easy case, we get 124,100
binary variables, and 842,122 constraints, while in the harder case, we get 484,100 binary
variables, and 4,640,922 constraints.

4.4 Position time

One way of avoiding the difficulty of repeated visits to nodes is to focus on the times
when the GPS-points are “taken” (counted/collected), i.e. times when the vehicle passes
the associated point (xA, yA) for each GPS-position. Each GPS-point should be counted
exactly once, even if we happen to pass the corresponding link several times.

Let us use the following variables.

πkt = 1 is position k is collected at time t for each k and t

Each position should be counted once.

∑

t

πkt = 1 for each k (24)

A position is counted/collected when a link is passed and the position is allocated to
the link. In order to model this we need the following additional variables.

wjkt = 1 is position k is collected at time t on link j for each j, k and t

The following constraints are then added.

wjkt ≤ xLjk for each j, k and t (25)

wjkt ≤ yFL
jt + yBL

jt for each j, k and t (26)

πkt ≤
∑

j

wjkt for each k and t (27)

We do not enforce wjkt = 1 with these constraints, since if a link is passed several times,
only one of the passes may be chosen, and that choice depends on other things.

Now we can enforce the correct sequence of the positions. Position k + 1 may only be
collected after position k has been collected.

t
∑

t1=1

πkt1 ≥
t
∑

t2=1

πk+1,t2 for each k and t. (28)

The left-hand-side of this constraint is zero if position k has not been collected at time
t. Then position k + 1 may not be collected at or before time t.

It is possible to use the following variables.
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τk is the time position k is collected, for each k

Their values are defined by

τk ≥ tπkt for each k and t, (29)

and the sequence constraints become

τk+1 ≥ τk for each k. (30)

However, this doesn’t really improve the model, so we don’t use it in practice.

We have now introduced qTMAX π-variables, with q+mqTMAX + qTMAX constraints,
which is qm variables, and q+m2q+qm constraints in the easy case, and 4qm variables,
and q + 4m2q + 4qm constraints in the hard case.

For 20 GPS-points, 100 nodes and 200 links, this is 4000 variables, and 80,4020 con-
straints in the easy case, and 16000 variables, and 3,216,020 constraints in the hard
case.

4.5 Intralink direction

If two GPS-points are assigned to the same link, there is an order between these points,
which indicates in which direction the link shall be used. More precisely, when calculat-
ing the shortest distances dA between the points and the links, we use a step parameter
t, indicating how far from the link start node we go along the link to the closest point.
If t̄jk = 0, the closest point on the link is the start node sj, if t̄jk = 1, the closest point
on the link is the end node ej , and otherwise it lies somewhere between.

Considering the two points k and k + 1, then point k must be collected before point
k+1. If xLj,k = 1 and xLj,k+1 = 1, these two points have been allocated to the same link,
j. Now we make the assumption that the vehicle does not collect point k, then goes on
a round-trip (without collecting other points) and then returns to collect point k + 1.
(This assumption may not always be true, in which case the following constraints will
introduce a restriction on the solutions.)

Instead we assume that it collects both points on the same pass of the link. Then we
look at t̄jk and t̄j,k+1. If t̄j,k+1 > t̄jk, then point k is encountered before point k + 1
if we start at sj , i.e. use the link forwards. If t̄j,k+1 < t̄jk, then point k is encountered
before point k + 1 if we start at ej , i.e. use the link backwards.

Since we don’t know at what time this is done, we sum y over t, and get the following
constraints.

∑

t

yFL
jt ≥ t̄j,k+1 − t̄jk + xLj,k + xLj,k+1 − 2 for each j and k (31a)

∑

t

yBL
jt ≥ t̄j,k − t̄j,k+1 + xLj,k + xLj,k+1 − 2 for each j and k (31b)
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These constraints only have effect when xLj,k+xLj,k+1 = 2, otherwise the right-hand-side is

less-or-equal to zero. If xLj,k+xLj,k+1 = 2, the first constraints say
∑

t y
FL
jt ≥ t̄j,k+1− t̄j,k.

If t̄j,k+1 − t̄j,k ≤ 0, the right-hand-side is less-or-equal to zero, and the constraints
are redundant. However, if t̄j,k+1 − t̄j,k > 0, i.e. t̄j,k+1 > t̄j,k, then we should use
the link forwards, i.e. yFL

jk should be equal to one, for some t. (One might note that
t̄j,k+1 − t̄j,k ≤ 1.) A similar reasoning can be made for the other set of constraints.

Therefore we only include the constraints of the first set for those j and k that have
t̄j,k+1 > t̄j,k, and the constraints of the second set for those j and k that have t̄j,k+1 <
t̄j,k.

One may note that a part of a solution satisfying these constraints may be completely
reversed. Consider the case when a link is used in both directions. Then the order
between these two passes is not determined by the constraints, due to the summation
over all time periods in the left-hand-sides.

A slight relaxation is to include the constraints of the first set for those j and k that
have t̄j,k+1 > t̄j,k + tǫ, and the constraints of the second set for those j and k that have
t̄j,k+1 + tǫ < t̄j,k. The reason for this is that if the projected points are very close, i.e.
if the difference between t̄j,k+1 and t̄j,k is very small, then it may be wrong to base a
decision about the direction of the link on this, since a small error in the position can
get large consequences.

Here we don’t add any variables, but 2qTMAX constraints. For 20 GPS-points, 100
nodes and 200 links, this is 8000 constraints in the easy case, and 32000 constraints in
the hard case.

4.6 Traveling in the network

We note that the path must go via links and crossings (nodes) in the network. Therefore,
given an assignment, we can calculate the correct distance traveled by the vehicle.
Considering two adjacent positions, k and k+1, we have already calculated the projected
points on the links, (xAjk, y

A
jk) and (xAj,k+1, y

A
j,k+1), as well as the step lengths t̄jk and

t̄j,k+1 for all j. What is the correct distance between these two points?

If they are assigned to the same link j, then it is simply the Euclidean distance between
the two points,

d = |t̄j,k+1 − t̄jk|
√

(δxj )
2 + (δyj )

2.

It is somewhat more complicated if the two positions are assigned to two different
links, j1 and j2. Then a reasonable assumption is that the vehicle is going the shortest
way between these two points, so we simply find the shortest path from (xAjk, y

A
jk) to

(xAj,k+1, y
A
j,k+1) in the network. Usually there is only one node or very few nodes on the

shortest path between these to positions, so using Dijkstra’s method, the problems will
be quite easy to solve.

Preprocessing will be used to ensure that these problems will be as small as possible.
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We may have times and possibly speed for each position. If we don’t have speed at
the positions, we usually have a maximal speed for the vehicle (in the current circum-
stances). Therefore we assume that the vehicle may travel in a speed at most equal to
vMAX (which might be different for different parts of the network).

Now if the distance between two adjacent positions is d, then it will take at least
∆t = d/vMAX to travel this way, so if tk+1 − tk > ∆f , then this path cannot be the
one used. More details about this will be given below.

4.7 Unreachable positions

Assuming that every position has an associated time, t(k), and that we know a maximal
speed of the vehicle, vMAX , we can check whether or not a position is reachable from
another position within the allowed time. If we have a given sequence, only adjacent
points in time need to be checked. If not, this could be applied to all pairs of positions.

Since the positions were actually recorded, and assuming the position is not completely
wrong, the Euclidean distance between two points will not give any new information.
(If that was the case, the point would have been eliminated by preprocessing.) The
same applies to the case when two positions are allocated to the same link. However, if
two positions are allocated to two different links, the distance in the network between
the two projected points may be too long.

Letting ∆k = t(k+1) − t(k), the time between the positions, the vehicle cannot travel
longer than vMAX∆k in order to come from position k to position k+1. If the distance
is longer than this, the position k + 1 is not reachable from position k that way. If the
distance is the shortest possible path from the projection of position k to the projection
of position k + 1, then one of the projected positions must be wrong.

Recall that we have calculated t̄jk ∈ [0, 1] for all (possible combinations of) j and k. If
we have xj1,k = 1 and xj2,k+1 = 1 (assuming j1 6= j2), then t̄j1k and t̄j2k tell us where
on this links the projected points lie.

As link j has length dLj , the distance from the projected point of position k to the

starting node of the link j1 is t̄j1kd
L
j1

and the distance to the ending node is (1− t̄j1k)d
L
j1

.
Similarly, the distance from the projected point of position k + 1 to the starting node
of the link j2 is t̄j2kd

L
j2

and the distance to the ending node is (1− t̄j2k)d
L
j2

.

Suppose for a moment that both these links are used in their forward direction. Then
if ej1 = sj2 , the whole path between the points consists only of these two links, and the
distance is d = (1− t̄j1k)d

L
j1
+ t̄j2kd

L
j2

.

Otherwise we have to find the shortest path from node ej1 to node sj2 with the link
lengths lj as arc costs. Assume that this is done, and that it yields the node prices
γi. Then we know that the shortest distance between the nodes ej1 and sj2 is given as
γsj2 − γej1 .

The total distance between the projected points then is d = (1− t̄j1k)d
L
j1
+ γsj2 − γej1 +
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t̄j2kd
L
j2

.

If this distance is larger then vMAX∆k, we cannot allow these allocations. We then
enforce xj1,k+xj2,k+1 ≤ 1, which says that these two allocations are not allowed together.

One way of checking this is to use a preprocessing phase, where shortest path problems
are solved with each node as starting point. Let γp be the set of node prices obtained
for starting node p. (We can assume that γpp = 0, as this is the starting node.) Then
we can calculate the following distances.

dFF
j1,j2,k

= (1− t̄j1k)d
L
j1
+ γ

ej1
sj2

+ t̄j2kd
L
j2

.

dFB
j1,j2,k

= (1− t̄j1k)d
L
j1
+ γ

ej1
ej2

+ (1− t̄j2k)d
L
j2

.

dBF
j1,j2,k

= t̄j1kd
L
j1
+ γ

sj1
sj2

+ t̄j2kd
L
j2

.

dBB
j1,j2,k

= t̄j1kd
L
j1
+ γ

sj1
ej2

+ (1− t̄j2k)d
L
j2

.

As any of these paths can be used, we let dj1,j2,k = min(dFF
j1,j2,k

, dFB
j1,j2,k

, dBF
j1,j2,k

, dBB
j1,j2,k

),
and check if

dj1,j2,k ≥ vMAX∆k + ǫ,

where ǫ is a tolerance (motivated by higher speed, or errors in the map or in the
positions). For each j1, j2, k that satisfies the above inequality, we add the constraint

xj1,k + xj2,k+1 ≤ 1 (32)

4.8 Breaking sequence for given path

Let us temporarily assume that y is given, i.e. that a certain path is given, represented
by fixed values ȳ. Let us now consider the remaining optimization, which is to find the
allocation x. Is this easy to do?

Let us first consider the initial model 13. The rest of the problem is as follows.

min
∑

j∈L

q
∑

k=1

dAjkx
L
jk

subject to

∑

j∈L

xLjk = 1 for all k = 1, . . . , q.

xLjk ≤ ȳFL
j + ȳBL

j for all j and k.

xLjk ∈ {0, 1} for all j and k.

This problem is easily solvable as follows. Let J = {j : ȳFL
j + ȳBL

j ≥ 1} = {j :
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ȳFL
j + ȳBL

j > 0}. Then clearly xLjk = 0 for all j 6∈ J and all k. What remains to solve
is is a problem which is separable in k. So for each k, we want to find

min
∑

j∈J

dAjkx
L
jk subject to

∑

j∈J

xLjk = 1, xLjk ∈ {0, 1} for all j ∈ J .

The optimal solution is simply to find the variable with smallest objective function coef-
ficient and set that variable equal to one and the others to zero. Let ĵ = argminj∈Jd

A
jk.

The optimal solution is xL
ĵk

= 1, and xLjk = 0 for all j 6= ĵ. The optimal objective

function value is

h(ȳ) =

q
∑

k=1

min
j∈J

dAjk

In words, each GPS-position is allocated to the closest of the included links, i.e. the
links in J .

We see that as long as J 6= ∅, there is always a feasible solution in x for any ȳ. Obviously
the solution may be quite bad, if there is no link in J close to a GPS-position, but
assuming that we have no upper bound on the distance dAjk for an allocation to be done,
we can always easily find the best allocation. Is this true for the more complex models?

Most of the complications concern y, and does not influence this subproblem in x.
However, there is one aspect, namely the intralink direction, that needs to be addressed.

Assume that GPS-points k and k + 1 are allocated to the same link, j, in the solution
above, i.e. that xLj,k = 1 and xLj,k+1 = 1, and that that link is used only forwards, i.e.

that ȳFL
j = 1 and ȳBL

j = 0. Now consider t̄jk and t̄j,k+1. If t̄j,k+1 > t̄jk, then point k is
encountered before point k + 1 if the link is used forwards. This is how it should be.

However, if t̄j,k+1 < t̄jk, then point k + 1 is encountered before point k. (Note that we
may not use the link backwards.) Then the solution is not correct, if we wish to take
the sequence into account.

Here, we do not allow changes of ȳ, so what to do? If we insist on following the sequence,
position k must be collected before position k + 1. As the straightforward projection
yielding (xA, yA) do not give this result, it is wrong, and hence the distances dA are not
true.

What we do to correct the situation is to collect position k before k + 1 in any way.
This means that the projected positions (xAjk, y

A
jk) and (xAj,k+1, y

A
j,k+1) are not used. The

best choice is to collect the two points at the same position along the link (since the
distances are convex functions). Therefore we collect the points at a common point
(x̄, ȳ), given by another step length t̂. Let us first find the best t = t̂. We know that
t̄j,k+1 ≤ t ≤ t̄jk, and set x(t) = xCsj + tδxj and y(t) = yCsj + tδyj .

Now we find the point on the line that is closest to both position k and position k + 1.
We wish to minimize the following (the square of the distance).

d(t) = (x(t)− xPk )
2 + (y(t)− yPk )

2 + (x(t)− xPk+1)
2 + (y(t)− yPk+1)

2 =

29



((xCsj+tδxj )−xPk )
2+((yCsj+tδyj )−yPk )

2+((xCsj+tδxj )−xPk+1)
2+((yCsj+tδyj )−yPk+1)

2 =

(xCsj − xPk + tδxj )
2 + (yCsj − yPk + tδyj )

2 + (xCsj − xPk+1 + tδxj )
2 + (yCsj − yPk+1 + tδyj )

2

Letting

σx
jk = xCsj − xPk , σy

jk = yCsj − yPk , σx
j,k+1 = xCsj − xPk+1, σ

y
j,k+1 = yCsj − yPk+1

we get

d(t) = (σx
jk + tδxj )

2 + (σy
jk + tδyj )

2 + (σx
j,k+1 + tδxj )

2 + (σy
j,k+1 + tδyj )

2

As this is a convex function in t, we simply set the derivative equal to zero.

d′(t) = 2δxj (σ
x
jk + tδxj )+2δyj (σ

y
jk+ tδyj )+2δxj (σ

x
j,k+1+ tδxj )+2δyj (σ

y
j,k+1+ tδyj ) = 0

which yields

δxj (σ
x
jk + tδxj ) + δyj (σ

y
jk + tδyj ) + δxj (σ

x
j,k+1 + tδxj ) + δyj (σ

y
j,k+1 + tδyj ) = 0

and

t((δxj )
2 + (δyj )

2 + (δxj )
2 + (δyj )

2) = −δxj σ
x
jk − δyj σ

y
jk − δxj σ

x
j,k+1 − δyj σ

y
j,k+1

so we get

t̂ =
−δxj σ

x
jk − δyj σ

y
jk − δxj σ

x
j,k+1 − δyj σ

y
j,k+1

(δxj )
2 + (δyj )

2 + (δxj )
2 + (δyj )

2

Now we project on the bounds, t̂ = t̄j,k+1 if t̂ < t̄j,k+1, and t̂ = t̄jk if t̂ > t̄jk, and no
change if t̄j,k+1 ≤ t̂ ≤ t̄jk.

Inserting this t̂, we get the point on the whole line that is closest to positions k and
k + 1.

Now we get the associated point on link j by inserting t̂.

x̄ = x(t̂) = xCsj + t̂δxj and ȳ = y(t̂) = yCsj + t̂δyj

Finally we get the distances from positions k and k + 1 to the obtained point on link j
as

d =
√

(σx
jk + t̂δxj )

2 + (σy
jk + t̂δyj )

2 + (σx
j,k+1 + t̂δxj )

2 + (σy
j,k+1 + t̂δyj )

2 =
√

(x̄− xPk )
2 + (ȳ − yPk )

2 + (x̄− xPk+1)
2 + (ȳ − yPk+1)

2

If our goal is to evaluate the given ȳ-solution, we can simply use this calculated distance.

If there are more then two points on the same link in wrong sequence, the pattern above
is rather easy to generalize.

A simplified approximate variant of this is the following. Instead of finding the closest
point to both positions, we keep the projected position of the last point that is in
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sequence, and move the subsequent points out of sequence to that point. In more
detail, we do the following.

Assume again that k and k+1 are allocated to the same link, j, which is used forwards,
and that t̄j,k+1 < t̄jk, so point k + 1 is encountered before point k.

In this simplified variant, we simply move the collection of point k to the point where
point k + 1 is collected. In other words, we make another assignment of point k, not
to the Euclidean closest point (which was (xAjk, y

A
jk)), but to the closest feasible point,

which is (xAj,k+1, y
A
j,k+1). In practice this would mean that the two points are associated

with the same point in the network. While this may seem unrealistic, we observe that
we are only evaluating a certain y-solution, and that this solution is not very good, as
it doesn’t seem to observe the correct sequence. Therefore we see this a kind of penalty
of this solution, obtained by increasing the objective function value. It may lead to a
change in y later.

The objective function is affected the following way. The cost for assigning point k + 1
is not changed, but the cost for assigning point k is changed from dAjk to the Euclidean

distance from point k to the point (xAj,k+1, y
A
j,k+1), which is calculated as follows.

d̃Ajk =
√

(xAj,k+1 − xPk )
2 + (yAj,k+1 − yPk )

2

Let us now consider the case when there are several points out of sequence, and they
may be assigned to different links. Then we can use the simplified variant above to
calculate the penalty, i.e. the increase in objective function value. We simply move the
collection point of every point that is out of sequence back to the latest point where it
will be in sequence.

Assume that point k̂ is the last point on the path that is in sequence (allowing gaps
in the sequence but not wrong order), and let K be the points that are not collected
before point k̂. Also let ĵk be the link associated with point k, i.e. such that xL

ĵkk̂
= 1.

Then for each k < k̂, k ∈ K, we set the associated point in the network to (xA
jk̂
, yA

jk̂
),

which means replacing the cost dA
ĵkk

by d̃A
ĵkk̂

, calculated as above.

Our main conclusion is thus that even if we take the sequence into account, there is
always a feasible solution to the remaining subproblem in x, although the cost/distance
is higher.

Can this be incorporated in the general model? In principle, yes, but in practice, no,
since it requires not only calculation of distances between each point and each link,
but also from each point to each possible combination of points (that may come in the
wrong sequence). Alternatively, we must model the simplified variant, but that is not
much easier than modeling the sequence more directly as described earlier.

However, we may use this reasoning in order to evaluate the given y−solution and find
ways of improving it.
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Model Description

Model 14 Basic model without time
Model 15 Model 14 plus connected
Model 16 Model 14 plus link times and intralink direction
Model 17 Model 16 plus node times
Model 18 Model 17 plus position time, complete
Model 19 Model 18 without node times

Table 1: Models.

4.9 Summary of MIP models

Let us now sum up the MIP-models we have described. A short summary is given in
table 1.

Model 13: Variables: xL, yFL, yBL. Constraints: 1, 2, 4, 5, 6. In words: The basic
model without sequence and connectness, with given start and end nodes.

Model 14: Variables: xL, yFL, yBL, yS , yT . Constraints: 1, 2, 5, 6, 8, 9. In words: The
basic model without sequence and connectness, but with choice of start and end nodes.

Model 15: Variables: xL, yFL, yBL, yS , yT , σ. Constraints: 1, 2, 5, 6, 8, 9, 13, 14.
In words: The basic model without sequence, with choice of start and end nodes and
constraints making the solution connected.

Model 16: Variables: xL, yFL
t , yBL

t , yS , yTt . Constraints: 1, 2, 5, 6, 8, 18, 19, 20, 21,
22, 23, 31. In words: The basic model without sequence, with choice of start and end
nodes, and time dependent link usage, plus intralink direction constraints.

Model 17: Variables: xL, yFL
t , yBL

t , yS , yTt , z. Constraints: 1, 2, 5, 6, 8, 15, 16, 17,
18, 19, 20, 21, 22, 23, 31. In words: The basic model getting closer to sequence, with
choice of start and end nodes, and time dependent link and node usage, plus intralink
direction constraints.

Model 18: Variables: xL, yFL
t , yBL

t , yS, yTt , z, π. Constraints: 1, 2, 5, 6, 8, 15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 31. In words: The complete model with
sequence, with choice of start and end nodes, time dependent link and node usage,
intralink direction constraints and position time constraints.

Model 19: Variables: xL, yFL
t , yBL

t , yS , yTt , π. Constraints: 1, 2, 5, 6, 8, 18, 19, 20,
21, 22, 23, 24, 25, 26, 27, 28, 31. In words: A near-complete model with sequence,
with choice of start and end nodes, time dependent link but not node usage, intralink
direction constraints and position time constraints.

Model 18 is the complete model, but very large. Models 19, 17 and 16 are simplifications
of model 18 in various ways, yielding models of different sizes. Model 15 produces
connected solutions, but ignores sequence. Model 14 is a model without time, and may
produce unconnected solutions (and ignores sequence). Model 13 is not used, since our
test problems do not have given start and end nodes.
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We note that only model 18 is certain to give a feasible, connected solution obeying the
sequence. However, the other models may also give this (if we are lucky). Especially,
if the GPS-positions are frequent (i.e. several points on each link) and the sequence is
uncomplicated, i.e. no U-turns etc, then even model 14 may give a feasible solution. On
the other hand, a large number of GPS-points makes the model large, and, as we will
see in our tests, model 18 easily grows to an in practice unsolvable size.

Therefore we are also interested in the weaker, smaller models. We will also later
describe how to use imperfect solutions from these models as input to heuristics that
construct feasible solutions.

5 Splitting

Preliminary computational tests reveal that the preceding models can solve very small
problems quickly, but have big difficulties for larger models. There seems to be a limit
on problem size where the computational time rises sharply.

If we could divide a problem into several smaller subproblems, much would be gained.
This motivates the following discussion.

Assume first that we have removed all GPS-points that are completely wrong. Then if
a point lies very close to a node or a link, while all other nodes and links are far away,
we might conclude that the point must be associated with that node or link.

This does not only fix one xA to one and several to zero, but also limits the set of
possible paths. Let us do this in detail, first for nodes, and then for links.

We first need to decide the values of the following limits. Let ∆Nmin be the distance
which is interpreted as “very close” for nodes, while ∆Nmax be the distance which is
interpreted as “far away” for nodes. (Obviously ∆Nmin should be much smaller than
∆Nmax.)

Then we simply search for positions k̂ (and nodes î) such that

dN
îk̂

≤ ∆Nmin and dN
ik̂

≥ ∆Nmax for all i 6= î.

This means that node î lies very close to position k̂ while all other nodes lies much
farther away. Then we fix this association, i.e. set xN

îk̂
= 1.

Now we can divide the problem in two subproblem. The first subproblem is to get from
the start of the trip (which may be unknown) to node î, and the second is to go from
node î to the end (which may be unknown). Here the sequence helps a lot, since the
first subproblem only concerns the GPS-positions up to k̂, while the second subproblem
only concerns the GPS-positions from k̂ upwards. (We let position k̂ be included in
both, but recall that it is fixed.) This is called a node split at position k̂.

We go through all nodes and positions and find all fixations, and do all splits simulta-
neously. Suppose that we find nNF node fixations, at the positions k̂t (with associated
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nodes ît) for t = 1, . . . , nNF . Then the problem is divided into nNF +1 independent sub
problems, where subproblem t ∈ [1, nNF +1] contains only GPS-positions from k̂t−1 to
k̂t (where we let k̂0 = 1 and k̂nF+1 = q). Furthermore the trip in subproblem t shall
start at node ît−1 and end at node ît. (If t = 1, the starting node will not be known,
and if t = nF + 1, the ending node will not be known.)

The division in positions is very clear, but there is a priori no division in the network.
The whole network may need to be included in each subproblem. However, repeating
the reductions tests in section 3.4 will often reduce the size of the relevant network for
each subproblem. Therefore the subproblems will often be much easier to solve than
the whole problem. More importantly, the sum of times for solving the subproblems
will often be less than the time for solving the whole problem.

There are some details that need to be handled. If the split occurs at the first GPS-
position, i.e. k̂ = 1, there will be no division, since the first subproblem is non-existing
while the second subproblem contains all points. However, the starting node will be
fixed, which is a help. Similarly, if the split occurs at the last GPS-position, there will
be no division, but the ending node will be fixed, which is a help.

When all the subproblems are solved, we need to paste together their solutions to a
whole trip. (One has to be a bit careful if network reductions were done independently
for the subproblems.)

Unfortunately it could well be the case that no node fixations are found, since the
GPS-positions (even if they are very accurate) might not occur at nodes in the network.
Therefore is it more important in practice to do the same for links. We can use the same
principles, but there are some differences, mainly because a link has two end nodes.

We first decide the values of ∆Lmin as the distance which is interpreted as “very close”
for links, while ∆Lmax be the distance which is interpreted as “far away” for links.
(There could be several reasons why these parameters should be different for links and
nodes.)

Then we search for positions k̂ (and links ĵ) such that

dL
ĵk̂

≤ ∆Lmin and dL
jk̂

≥ ∆Lmax for all j 6= ĵ.

In this case link ĵ lies very close to position k̂ while all other links lies much farther
away. Then we fix this assignment, i.e. set xL

ĵk̂
= 1.

Now we can divide the problem in two subproblem as we did for node split. However,
usually we don’t know in which direction link ĵ will be used. Instead of guessing, we
take both possibilities into account. Let Î = {sĵ , eĵ} (the set of the two end nodes to
the chosen link). Then first subproblem is to get from the start of the trip (which may
be unknown) to one of the nodes in Î, and the second is to go from one of the nodes in
Î to the end (which may be unknown). In section 3.6 we describe how to handle sets
of possible starting and ending nodes.

Again the first subproblem only concerns the GPS-positions up to k̂, while the second
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subproblem only concerns the GPS-positions from k̂ upwards. Also here we let position
k̂ be included in both. This is called a link split at position k̂.

We actually go through all nodes, links and positions and find all fixations, and do
all splits simultaneously. Node splits are given higher priority then link split (if they
should occur simultaneously).

Suppose that we find nLF link fixations, at the positions k̂t (with associated links ĵt)
for t = 1, . . . , nLF . Then the problem is divided into nLF +1 independent subproblems,
where subproblem t ∈ [1, nLF + 1] contains only GPS-positions from k̂t−1 to k̂t (where
we let k̂0 = 1 and k̂nF+1 = q). Furthermore the trip in subproblem t shall start at nodes

Ît−1 and end at nodes Ît.

If the split occurs at the first/last GPS-position, the starting/ending node will be limited
to a set of two, which is a help.

When pasting together the subproblem solutions to a whole trip, it might happen that
the last link used in one subproblem solution is the same as the one that is used first in
the next subproblem. If the directions of the links are the same, they are simply identi-
fied as one pass. If the directions are different, one may possibly check if the direction
of one of them can be changed without (notable) effect on the solution. However, at
the moment we don’t change anything, but use the link in both directions.

Let us finally mention that this splitting technique can be used, regardless of how one is
going to solve the subproblems, by a MIP-code or by heuristics. We expect all solution
procedures to benefit from splitting.

The MIP-models called 24, 25, 25, 27, 28 and 19 are identical to the models 14, 15, 16,
17, 18, 19 but with the possibility of splitting added. This (among other things) means
that constraints 8 are replaced by 10.

One may note that splitting is based on the given sequence of the GPS-points. If the
GPS-points are not given in the correct sequence in the indata (case A), then splitting
cannot be used. Although models 14 and 15 can be used in such a case, this doesn’t
mean that splitting can’t be used with models 14 and 15. If these models are used on
data where the GPS-points come in the correct order, it may still work. In any case, the
usage of splitting is mostly focused on cases where we try to get the correct sequence.

5.1 Extended splitting

When splitting on links, as shown in the previous section, we need to be able to handle
a set of starting and ending nodes. In that case it was only two nodes, but it is, as
shown in section 3.6, possible to handle larger sets. Actually, any decrease from the set
of all nodes to a smaller set makes the problem easier to solve.

This opens up the possibility of doing extended splitting as follows. For a position k,
we identify the set of links, Jk, which may be assigned to the position. (If Jk = ∅,
the position k can be discarded.) We also identify the corresponding set of nodes, Nk,
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usually all the end nodes of the links in Jk. This is the set of nodes out of which the
trip must pass at least one after (or before) position k. Let us use the notation Nk for
the set of nodes after position k and Nk−1 for the set of nodes before position k. They
may be equal, but if we have information telling us which directions these links must
be used, as described in section 4.5, we can delete some nodes in Nk−1 and some other
in Nk.

If one of these node sets is rather small, we can do splitting on that set. The technique is
the same as described in the previous section, with the exception that the set of nodes is
chosen differently, and that it may contain more than two nodes. There is no principal
difficulty with this, but a practical is that the subsequent decrease of the network will
be less if the node set is larger.

The difficulty lies in pasting together the parts of the solution, since the previous part
may yield a different ending node than the current part chooses to start from.

If this is used in a sequential heuristic, we may limit the starting nodes to what was
used in the previous iteration.

If we wish to do better optimization than this, we may save the solution for each
possible ending node in each split part. This leads to a solution procedure similar to
dynamic programming. However, the principle behind dynamic programming, that the
continuation should be independent of how each stage was reached and only depend
on the cost of reaching it, is not satisfied. It matters whether or not we have collected
a certain position. In order to use dynamic programming, we would need to include
information about which points were collected and at which we are in the definition
of the states. However, obeying the sequence strictly, we only need to know the latest
collected point, so there will be qn states.

Another idea for future research is to put the extended splitting into a branch-and-bound
method. Branching can be made on the node sets Nk, and we can solve the subproblems
to get upper and lower bounds. The important fact here is that the subproblems are
much easier to solve than the original, if we split each sequence near the middle, and
not in the beginning or end of the sequence. However, this is a choice we can make. In
that case, however, the splitting should probably be done sequentially.

5.2 Shortest paths as preprocessing

In sections 4.6 and 4.7 we used distances in the network to derive inequalities for the
model. We may also use the same ideas in constructive heuristics.

If the network is not too large, we may actually find the shortest path between each pair
of nodes with the Floyd-Warshall method before solving the problem. Assume that we
have done that and denote the shortest distance between node i1 and node i2 by ρi1i2 .
(If all links are not undirected, ρ may well be asymmetric.)

Then we can calculate the minimal distance in the network between position k and
k + 1, via (xAj1k, y

A
j1k

) and (xAj2,k+1, y
A
j2,k+1). Such a distance contains the following
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parts. First the distance along the link on which the first point is projected, then the
distance between the two end nodes, and finally the distance along the link on which
the second point was projected. See section 4.7 for details.

For all k, j1 and j2, we calculate the following distances.

dFF
j1,j2,k

= (1− t̄j1k)d
L
j1
+ ρej1sj2 + t̄j2kd

L
j2

.

dFB
j1,j2,k

= (1− t̄j1k)d
L
j1
+ ρej1ej2 + (1− t̄j2k)d

L
j2

.

dBF
j1,j2,k

= t̄j1kd
L
j1
+ ρsj1sj2 + t̄j2kd

L
j2

.

dBB
j1,j2,k

= t̄j1kd
L
j1
+ ρsj1ej2 + (1− t̄j2k)d

L
j2

.

As any of these paths can be used, we let

dj1,j2,k = min(dFF
j1,j2,k

, dFB
j1,j2,k

, dBF
j1,j2,k

, dBB
j1,j2,k

).

Furthermore, we may use any pair of links to get from position k to position k + 1, so
we let

d̂k = min
j1∈Jk,j2∈Jk+1

dj1,j2,k

Then d̂k is the shortest way of getting from position k to position k + 1. This can be
used in several ways. It can be used to remove bad possibilities in both a MIP-model
and before a heuristic. It can also be used constructively in a heuristic, as we will
describe later.

6 Networks for optimization or map matching

We assume that the underlying networks are obtained from a source like OpenStreetMap,
www.openstreetmap.org. Details about the extraction of useful data from that source
is described in the paper Holmberg (2014). (Obviously the maps can also be obtained
from other sources, such as Google Maps etc.)

The original networks usually have a large number of nodes, often used for illustrating
the curvature of the roads. We call this network the basic network.

However, when applying optimization methods to a network, for example in order to
find shortest paths, nodes with degree two are often uninteresting. If a link leading to
such a node is used, and the node is not the starting or ending point of the path, we
have no choice other than to use the other link also.

On the other hand, the work done by a shortest path algorithm is usually very dependent
on the number of nodes.

For this reason, it is often beneficial to eliminate nodes with degree two. The two links
are combined into one, with distance (or cost) equal to the sum of the two, and the
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node is removed. This way we may construct a much smaller network, and the shortest
path algorithm will run faster. We call the resulting network the optimization network.

However, in the optimization network, the curvature of the streets are lost, and map
matching will be much harder. If a street has a significant curvature, there will be
several nodes and links along it in the basic network, but they will be replaced by one
single link in the optimization network, seemingly going directly from the starting node
to the ending node of the street.

For these reasons one might think that it will be better to do the map matching on
the basic network, and then transform both the network and the obtained paths to the
optimization network.

Another reason speaking for node elimination is that longer links are good for map
matching, since it means that more points are assigned to each link, which decreases
the disambiguity of the solution. Furthermore, we will probably get less links without
assigned points, which also helps finding the correct solution.

6.1 Selective elimination of two-degree nodes

In the real life examples, there are many nodes used only for the purpose of showing
curvature. We have tried the following preprocessing.

Consider a node with degree two. Then one may consider the angle between the two
adjacent links. If the two links are more or less parallel, then the node serves no purpose.
A straight line between the two adjacent nodes will lie very close to the two present
links. On the other hand, if there is a distinct bend between the two links, the node is
necessary for showing the curvature, which is important for the map-matching problem.

There are several reasons for trying to eliminate as many nodes as possible. One reason
is that the work needed to solve the map-matching problem increases very much with
increasing numbers of links. Another reason is that longer links increase the probability
that more than one GPS-position is allocated to the same link, which is very helpful,
and decreases the probability that some links on the path have no allocated positions,
due to long GPS intervals. So there are large and important advantages of eliminating
nodes.

Therefore we do the following. Consider nodes i1, i2 and i3, where node i2 has degree
two, and i1 and i3 are the adjacent nodes. Thus we have two links, j1 and j2 with
the three nodes as endpoints. Assume first that both links are used in their forward
direction. The sj1 = i1, ej1 = i2, sj2 = i2 and ej2 = i3.

We now calculate the length of the two links as dLj1 =
√

(xCi1 − xCi2)
2 + (yCi1 − yCi2)

2 and

dLj2 =
√

(xCi2 − xCi3)
2 + (yCi2 − yCi3)

2 and the length of the possible new link, j3, going

directly from node i1 to node i2, as dLj3 =
√

(xCi1 − xCi3)
2 + (yCi1 − yCi3)

2.

The question now is what will happen if we replace the two links j1 and j2 by the new
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link j3. We can set the cost/length of the new link as the sum of the two previous
ones, so that is not problem. However, if we use these links to do a map-matching, the
location of the links are important.

If the two links forms a straight line, i.e. the angle at node i2 is close to 180o, then dLj3
will be very close to dLj1 + dLj2 , while if the angle was less, say 90o, then dLj3 would be

much smaller than dLj1 + dLj2 . Therefore we simply calculate the fraction

q =
dLj3

dLj1 + dLj2

and compare it to some given proportion, such as 0.98. If q ≥ 0.98, we say that the
links are parallel enough, so that node i2 can be eliminated. (Note that q can not be
larger than 1.)

Which angle does this correspond to? Let α be the angle between the two links at the
node under consideration. It can be calculated as follows.

α = arccos

(

(

1− q2
)

(

dLj1
2
+ dLj2

2

2dLj1d
L
j2

)

− q2

)

Just as an example, consider the case when dLj1 = dLj2 . Then the expression above
simplifies to

α = arccos
(

1− 2q2
)

and we find that q = 0.98 corresponds to α = 157 degrees.

7 Methods

7.1 Ad-hoc heuristics

There are many published suggestions for heuristics for this problem. Let us describe
several simple heuristic steps that may be used.

The first is to find the closest node to each position, and assign it. Using the previous
notation, it means to find

îk = argmini∈NdNik and set xN
îkk

= 1.

This may work well if there are many nodes along the streets. However, usually the
positions are too far away from the nodes for this to work.

The second way is to find the closest link to each position, and assign it. Using the
previous notation, it means to find

ĵk = argminj∈Ld
L
jk and set xL

ĵkk
= 1.
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This is probably much better, especially if we have many nodes along the streets, and
many frequent GPS-positions (preferably many for each link). If there is no given
sequence for the GPS-points, as in case A, this may work well.

However, if the GPS-positions are sparse, this may not produce a connected path. The
solutions may be similar to what model 14 gives.

For each position k, we identify the set of links, Jk, which may be assigned to the
position, i.e. that are close enough. Given the value of ∆L as the distance which is
interpreted as “close enough” for a possible assignment to links, we let, for each k,

Jk = {j : dLjk ≤ ∆L}

If a link is further away, it is not considered as possible to assign point k to that link,
so we set xLjk = 0 for all j 6∈ Jk.

As for nodes, we can in the same way calculate

N1
k = {i : dNik ≤ ∆N}

but we must also add the end nodes to the links in Jk,

N2
k = {i : i = sj or i = ej for all j ∈ Jk}

so the nodes that may have been used while passing position k are

Nk = N1
k ∪N2

k .

If Jk = ∅, the position k can be discarded, since no link is close enough.

If |Jk| = 1, there is only one candidate link for position k, and this part of the solution
can be fixed. (See also section 5.)

We can also work with a candidate solution, ĵk for each k, initially maybe given by

ĵk = argminj∈Jk
dLjk and set xL

ĵkk
= 1.

However, these links may not form a path by themselves, so we need to add links to
form a connected path. (This corresponds to the y-part of the previous model.)

Let us now denote the links in a candidate path by JP . We assume that
⋃

k{ĵk} ⊆
JP ⊆

⋃

k Jk.

We consider two cases, one where cycles are allowed and one were cycles are not allowed.
In the first case, a link in JP may be used more than once, in the other case, all links
in JP are used once. Solution methods may work by creating JP by adding links to
⋃

k{ĵk}, but we may also try to decrease
⋃

k Jk.

A main difficulty when the GPS-positions are sparse is to connect the links ĵk into
a connected path. This can be done in several ways, for example by solving a rural
postman problem.
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After this we will consider different ways of updating ĵk (and possibly reducing Jk).

7.2 The rural postman problem

The rural postman problem, Eiselt et al. (1995b), Cook et al. (1998), Ghiani et al.
(2006), Groves and Vuuren (2005), can be simply described as follows. Given a graph
with links L and link costs c and a subset of links, LR ⊆ L, called “required”, we wish
to find a minimal cost cycle that covers all the required links.

If LR forms a connected set, the problem can be efficiently solved with in principle the
same method as the Chinese postman problem. The interesting case is when LR does
not form a connected set, and in this case the problem is NP-hard. (Just consider each
connected part as a node in a traveling salesman problem.)

Efficient heuristics for the rural postman problem has been developed, from Frederickson
(1979) to Holmberg (2010). These methods are capable of find good solutions to fairly
large networks, so we see the rural postman problem as a possible subproblem for a
solution method for the map matching problem.

7.3 Connecting link sets

Let J be a link set obtained by some greedy optimization, such as the heuristics de-
scribed in section 7.1, or by MIP-model 14. Then it is possible that J is not connected.
Since a feasible solution must be a connected path, it cannot only use links in J . We
need to add links in order to make it connected.

One suitable way of doing this is to use the rural postman problem. (Let us here assume
that all links are undirected.) While the rural postman problem is NP-hard, there exists
efficient heuristics, Holmberg (2010). If LR is a connected set, these heuristics solve the
problem optimally (in polynomial time).

We therefore set LR = J , i.e. set all the best links as required, and solve the rural
postman problem. This produces a connected tour, including all links in J , which is a
short as possible. Let LP be the links in this tour. Sometimes a link appears more than
once in such a tour, but that is not important, since we are not directly using the tour,
only the resulting set of links.

Then we increase the set of links for the solution to J = J ∪ LP , and find a feasible
solution in this link set (with for example the heuristic in section 7.5). The rural
postman problem is used to yield the shortest possible extension of the link set. (It is
possible that the resulting path does not use all links in J .)

An advantage of this approach is that we let the rural postman problem take care of
the difficult connections between components. An alternative would be to implement
some of the heuristics used for the rural postman problem directly for the map matching
problem. However, we prefer to use existing implementations.
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7.4 A heuristic based on distances in the network

We can use the the discussion in sections 4.7 and 5.2 about distances in the network as
base for a heuristic solution method. The point is that the path must go via links and
nodes in the network. We consider two adjacent positions, k and k + 1, and study the
path between them, via the projected points on the links, (xAjk, y

A
jk) and (xAj,k+1, y

A
j,k+1),

and via a shortest path through the network.

In section 4.7, we noted that the distance from the projected point of position k to the
starting node of the link j1 is t̄j1kd

L
j1

and the distance to the ending node is (1− t̄j1k)d
L
j1

.
Similarly, the distance from the projected point of position k + 1 to the starting node
of the link j2 is t̄j2kd

L
j2

and the distance to the ending node is (1− t̄j2k)d
L
j2

.

Let us assume, as in section 5.2, that we have found the shortest path between each
pair of nodes with the Floyd-Warshall method, and that the shortest distance between
node i1 and node i2 is given as ρi1i2 . Then we calculate the minimal distance in the
network between position k and k+1, via (xAj1k, y

A
j1k

) and (xAj2,k+1, y
A
j2,k+1), but now we

also add the distances between the points and their projections. See figure 5.

We also add a weight on the distances outside of the network compared to distances in
the network, as the former may be considered more important to minimize. Below we
use dDjk = dAjk. For all k, j1 ∈ Jk and j2 ∈ Jk+1, we calculate the following distances,
for the case when the two points are projected on different links, i.e. where j1 6= j2,

dDFF
j1,j2,k

= νdDj1k + (1− t̄j1k)d
L
j1
+ ρej1sj2 + t̄j2,k+1d

L
j2
+ νdDj2,k+1.

dDFB
j1,j2,k

= νdDj1k + (1− t̄j1k)d
L
j1
+ ρej1ej2 + (1− t̄j2,k+1)d

L
j2
+ νdDj2,k+1.

dDBF
j1,j2,k

= νdDj1k + t̄j1kd
L
j1
+ ρsj1sj2 + t̄j2,k+1d

L
j2
+ νdDj2,k+1.

dDFF
j1,j2,k

= νdDj1k + (1− t̄j1k)d
L
j1
+ ρej1sj2 + t̄j2kd

L
j2
+ νdDj2,k+1.

As any of these paths can be used, we let

dDN
j1,j2,k

= min(dDFF
j1,j2,k

, dDFB
j1,j2,k

, dDBF
j1,j2,k

, dDBB
j1,j2,k

).

See figure 6 for an illustration of the four possibilities.

As it is also is possible to project the two points on the same link, we calculate the
following, for all k and j.

dDS
j,k = νdDjk + |t̄jk − t̄j,k+1|d

L
j + νdDj2,k+1.

Furthermore, we may use any pair of links or single link to get from position k to
position k + 1, so we let

d̂k = min( min
j1∈Jk,j2∈Jk+1

dDN
j1,j2,k

, min
j∈Jk∩Jk+1

dDS
jk )

The d̂k is the shortest way of getting from position k to position k + 1, including
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Figure 5: A path from one point to another, via the network.

Figure 6: Four possibilities between two points.

costs/distances for the part between the GPS-positions and their projections. This can
be used as a constructive heuristic. Note that the minimization above tells us which
links j1 and j2 to use, and also in which directions. It actually gives which links to
project both point k and point k + 1 on.

The constructive heuristic is then to do the above for each step in sequence, k =
1, . . . , q − 1. In each step, the best way of going from GPS-position k to position k + 1
is calculated.

For the sake of efficiency, we would like to keep the possible link sets Jk and Jk+1 as
small as possible.

As for the connection between subsequent steps, we may use two variations. The first
is to do this minimization independently for each k as described above. However, then
the two steps for k and k + 1 may give different allocations for point k + 1. Then the
solution has to be adjusted in some way. The easiest way is to include all used links in
the solution, and then refine the solution afterwards, where the allocation is decided,
and some links may be removed from the solution. Another possibility is to try to
adjust the solution directly, by choosing one of the solutions, and calculating the effects
of using one or the other.
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Figure 7: Undesired shortcut.

The other variation is to fix the solution sequentially, i.e. let the solution of the previous
step be fixed when doing the optimization of a step. This means that the assignment
to point k will be given when this step is made, and the optimization only yields the
assignment for point k + 1. This might limit the optimization, but it is certain to give
a feasible solution with the correct sequence.

A slightly troublesome effect is the following. If the link chosen to project on is not
very close, the step length may become equal to 0 or 1. In such a case, dD is simply the
Euclidean distance to the closest of the two end nodes of the link. Consider a case with
two adjacent orthogonal links and two GPS-points rather close to the common node.
The natural path would then be an orthogonal path in space from the first point to the
first link, then follow the link to the end node, continue on the other link and then go
orthogonally out to the second point.

However, switching the links on which to project (to a seemingly worse solution, where
none of the points is projected on it closest link), will yield a total distance consisting
of the Euclidean distance from one point to the common end node plus the Euclidean
distance from the common end node to the other point. Since this means taking short-
cuts, this total distance may be less than the previous one. Since this gives bad link
allocations, we wish to avoid this. Here the weight on the distances outside of the
network may be used. We can argue that it is worse to have long distances outside of
the network than inside, and this can be implemented with a higher weight on dD. See
figure 7.

One may also argue that it is not correct to use only parts of links. A basic assumption
can be that we either use the whole link or nothing of it. In that case, the terms
(1− t̄j1k)d

L
j1

and t̄j2,k+1d
L
j2

will be replaced by dLj1 and dLj2 , etc.

There are two effects of this. The difference between the two directions on the first and
last link in the path from k to k+1 decreases, which decreases the difficulty of pasting
together the subsequent parts of the solution. The difficulty with shortcuts described
above disappears, since one reason for it was that it was very cheap to use very little or
nothing of a link.
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7.5 A heuristic for finding a feasible path

The method described in the previous section can in principle be used to get a feasible
solution, i.e. a path passing the points in correct sequence, from fixed link assignments.
Then each set Jk consists of only one link, ĵk. The optimization is then restricted to
finding the best path from ĵk and ĵk+1, i.e. in which direction to use these links and
how to get from one endpoint to the other.

The risk of mismatch between the steps also disappears (in principle). Either the link
is used in the same direction, in which case the two passes are the same, and thus are
combined into one pass, or the link is used in opposite directions, which is perfectly
feasible. This means that the vehicle travels both directions in immediate succession,
which is quite possible (in some applications).

This heuristic thus always yields a feasible solution, and will be applied when we have a
promising link allocation. A condition for this is of course that the network is connected,
which we assume that the original network is. However, using splitting and subsequent
limit reduction of the network may sometimes produce unconnected networks.

7.6 Updating a candidate path

One possible approach for finding good solutions is to find a candidate path and then
evaluate it and try to improve it iteratively. Let us now denote the links in a candidate
path by JP . We may not allocate points to links outside of this set, so we have xLjk = 0

for all j 6∈ JP and yFL
j = 0 and yBL

j = 0 for all j 6∈ JP . If JP is a fairly simple path,
the problem of deciding values for y is most likely more or less trivial. The solution
minimizing the projection distances is as follows.

Set xL
ĵkk

= 1, and xLjk = 0 for all j 6= ĵk, where ĵk = arg min
j∈JP

dAjk.

In words, each GPS-position is allocated to the closest of the included links, JP .

We can now evaluate the solution as described in section 4.8.

The simplest possible change is to forbid a link, and then rerun the solution procedure.
In order to make the change interesting, we will forbid a link with some point allocated
to it, but choose a link where the effect is as small as possible.

Basically we do the following. For each link and for each point allocated to it, we
calculate the change of the total distance if the point instead is allocated to the next
closest link. This gives a measure for each link, and we choose the link with the least
such measure, but limited to links with points attached.

We have designed and tested a few variations of this, specified below.

For each link we calculate the number of points allocated to it, nA
j , and also the sum of

the shortest distances from these points to the link, sAj . Links with nA
j = 1 are called
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1-links, L1.

We also calculate the total flow in each link, as well as the degree of the solution, both
with respect to the flow (flow degree), vFi , and with respect to the set of links used in
the solution (link degree), vLi , i.e. in the latter case we only count a link once, even if
the path passes it more than once.

We also identify turning nodes, NT , as nodes with flow degree 2 and link degree 1
(vFi = 2 and vLi = 1), since it means that the path arrives at the node once, and leaves
on the same link. We also identify as turning links, LT , such links that adjacent to
turning nodes (and are used). The start and end links of the path are also counted as
turning links, if they are not used more than once.

We also define a subset of the turning links, called 1-turning links, LT1, as those with
only one allocated point. (The idea here is not to touch links with more than one
allocated point.)

We calculate a “worsening”, wA
j , for removing a link by removing all allocations to the

link and replacing them with an allocation to the next closest (not forbidden) link. The
worsening is simply the difference between the cost for this and the original allocation
cost.

We define 8 different strategies for link choice:

1. Find the turning link with minimal worsening, minj∈LT wA
j .

2. Find any link with minimal worsening (not limited to turning links), minj∈LwA
j .

3. Find the turning link with minimal sum of allocation cost. minj∈LT sAj .

4. Find any link with minimal sum of allocation cost. minj∈L sAj .

5. Find the 1-turning link with minimal worsening, minj∈LT1 wA
j .

6. Find any 1-link with minimal worsening (not limited to turning links), minj∈L1 wA
j .

7. Find the 1-turning link with minimal sum of allocation cost. minj∈LT1 sAj .

8. Find any 1-link with minimal sum of allocation cost. minj∈L1 sAj .

We then define 3 different strategies for link forbidding:

1. Forbid only the latest chosen link.

2. Forbid the latest chosen link and all previously chosen.

3. Forbid all links with a value (worsening or sum of allocation cost) below a certain
limit.
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A difficulty with the last forbidding strategy is that it is hard to find a good value of
the limit to use.

The difference between the two first forbidding strategies might not be so large, since
the choice of link is restricted to used links, and a forbidden link is obviously not used.
However, later it may appear again in strategy 1, but not in 2.

8 Implemented methods

We have implemented import of various different GPS-track formats. As one alternative,
these points can be made into a network, in the form of a path. Other alternatives are
described below.

The code can read the basic city map, either in OSM-format or in Vineopt-format.
Then all distances, dL, are calculated.

Problem reduction is made, first by removing parts of the map far away from the GPS-
points, and then removing GPS-points outside of the map.

Optionally splitting is done, and the following is done within a loop over each split part.

Further network reduction is made. It is important that the remaining problem is as
small as possible.

A possible next step is to write an indata file for GLPK in the GMPL-format for the
different MIP-models. Then the MIP-problem is solved with glpsol, and the solution is
imported.

If splitting is used, the solutions of the parts need to be combined into a solution for
the whole problem. Also, the solution in the reduced problem needs to be transferred
back into the original network.

An alternative to GLPK is to use a heuristic. The simplest heuristic is to assign the
closest link to each GPS-point. This sometimes gives an unconnected solution. Better
heuristic are described below (based on section 7.4).

If the solution obtained is not connected, we create an instance of the rural postman
problem with the links in the solution as required set, and solve it. This produces a
connected tour. The links in this tour are then added to the links in the first solution,
thereby creating a connected set of links.

Then we apply a sequential heuristic that creates a feasible solution, see section 7.5, a
path obeying the sequence requirements, using only the given link set.

After this, a reallocation of links to points can be made, and some links removed from
the set. Then an iteration with the rural postman problem and the subsequent creation
of a feasible path is repeated. One may note that the rural postman heuristic gives the
optimal solution if the required link set is connected. Furthermore, if the required set is
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a path (i.e. all nodes have degree two), or if all nodes have even degree, then the rural
postman problem is quite easy to solve.

Note that the splitting framework and the rural postman/feasible path generation pro-
cedure can also be applied to a solution obtained by a MIP-model.

Let us sum up the solution procedure. Since only MIP-model 18/28 is certain to give a
feasible solution (if it can be solved), we use heuristics that give feasible solutions. The
framework is as follows.

1. Read network (OSM, Vineopt).

2. Reduce network (remove nodes far from GPS-points).

3. Reduce set of points (remove points outside network).

4. Calculate all distances, dL.

5. Do splitting. For each part do:

(a) Reduce network (remove nodes far from GPS-points).

(b) Solve subproblem:

i. Solve MIP or use a simple heuristic or a more advanced heuristic.

ii. If solution not connected, solve rural postman problem and add links.

iii. Find feasible path in link set.

iv. Redo link allocation in link set.

(c) Assemble solution.

6. Optionally: Forbid a selected link and go to 3.

The step 6 (and back to 3) constitutes an improvement loop, where selected links are
forbidden, and the best solutions are saved.

The MIP-model used in step 5.b.i could be any one of models 24, 25, 26, 27, 28 and 29.
(However, it was quickly found that model 25 grows too fast to be useful.)

The method called 34 is to solve model 24 and then find a feasible solution starting
from the MIP-solution. The methods called 36, 37, 38 and 39 are the same, but with
MIP-models 26, 27, 28 or 29.

We have also implemented heuristic solution methods that do not use any MIP-model.

The first one, called method 30, is simply to allocate each point to its closest link. The
used links are then set as required, and a rural postman problem is solved. (There is
no need to check if the link set is connected first, since this is quickly handled by the
rural postman code.) All links in the rural postman tour are added, and then a feasible
solution is found in this linkset, using shortest path distances, see section 7.5.

The second heuristic, called method 31, directly constructs a feasible solution based on
shortest path distances, as described in section 7.4.
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The third heuristic, called method 32, starts as method 31, by directly constructing a
feasible solution based on shortest path distances, as described in section 7.4. Then the
link allocation is redone by each point’s closest link in the used linkset. If the resulting
linkset is not connected, the rural postman problem procedure is used as in method 30,
to get a feasible solution.

The fourth heuristic, called method 33, is similar to method 31, in that it directly
constructs a feasible solution based on shortest path distances, as described in section
7.4, but in a sequential way. If point k is allocated to a certain link, that allocation is
kept fixed when finding the best path to point k + 1.

The methods called 54, 56, 57, 58 and 59 are the methods 34, 36, 37, 38 and 39,
preceded by heuristic 30. The point of this is that the parameter TMAX is important
for the size of the larger models. Using a much too large value of this parameter yields a
much too large MIP-model to solve. The heuristic gives a feasible solution, and we can
use the last time period of that solution as TMAX . This yields much smaller models,
and hopefully better solutions in a limited time.

Around these basic methods, we can wrap the improvement loop. The names of these
methods are constructed as follows. If the basic method is M, the link choice alternative
is C and the link forbidding alternative is F, the method is called MCF. For example
method 3011 uses method 30, link choice 1 (choose turning link with minimal worsen-
ing) and link forbidding 1 (forbid only the latest link), while method 3383 uses method
33, link choice 8 (choose 1-link with minimal sum of allocation cost) and link forbidding
3 (forbid all links with the sum of allocation costs below a certain limit).

9 Computational tests

The first task in our computational testing is to see how solvable the different MIP-
models are. Using only a MIP-model is not a certain way of obtaining a feasible solution,
since either the model may not be complete enough to always give a feasible solution,
or the solution time may be too long.

The tests aim at answering the question of how large problems each model can solve
within a limited time, and to see the effect of splitting. When comparing objective
function values, one has to remember that some models are relaxations of others.

Then we of course want to know which of our more complete heuristics is best, i.e. finds
the best solution in shortest time.

We have constructed several test problems to try our methods on. There are three
groups of problems, each containing instances of different sizes. One of the groups is
based on real life data. In total we have 190 test instances. We have 22 basic methods
(24 - 29, 30 - 33, 34 - 39, 54 - 59) and 8 different improvement heuristics with 3 different
reductions schemes, yielding in total 504 different methods. Each method can be used
with or without attempted splitting, although for most instances splitting never takes
effect. If each method should be tested on each instance, we would get 95,760 tests. For
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this reason, some tests were only performed on the initial test sets, and only the best
and least time consuming ones were used on the real life instances.

Preliminary tests reveal that model 15 can only solve small problems. Above a certain
problem size the model becomes huge and well beyond the reach of a MIP-code. The
other models may be larger for small problems, but model 15 grows much quicker than
the others. Even the modeling code (GMPL) crashes for the largest instances in the
first (easiest) problem group, so we don’t even have exact numbers of variables and
constraints for these cases. Therefore we have not included model 15 (and methods 25,
35 and 55) in our presentation of computational results.

All the details about the computational results are given in the separate paper Holmberg
(2015) (simply because it is too voluminous). Here we sum up the results.

9.1 Vineopt

Vineopt is an academic code for visualization of networks and solutions. It has some
optimization solvers built in that might be used for subproblems in more intricate
solution procedures for more complex problems. However, at present we think that the
largest advantage is the possibility to visually study solutions of test runs. We have
recently added the possibility of showing OpenStreetMaps as a background image to
the optimization networks, which significantly helps the understanding of the location
of nodes and links. This also highlights the difference between a proper network, which
can be used for optimization, and a picture, which is what is shown on screens.

9.2 Computational details

Most computational details are given in Holmberg (2015). Here we just mention a few
points. The MIP-models were solved with GLPK, via an indata file. The code described
in Holmberg (2010) is used for the rural postman problem. The code for the heuristics
is written in Python, using tools from Numpy and Scipy. CPU-time was limited to 60
seconds for the MIP-models. Preliminary tests indicate that if the problem is not solved
by then, one may expect several hours of solution time. The increase of solution time
for the heuristics is not that abrupt, so we did not use a maximal time limit for those.

In heuristic 31, we did not use parts of the length of a link, but the whole link length.

In the improvement heuristics, we did at most 10 iterations.

It turned out that some for instances, no feasible solution was found due to the limit
reductions, so we also made tests without any elimination of points or nodes. Further-
more, splitting only occurs if points are quite close to nodes or links, so for many test
problems, splitting never occurred.
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Problem Nodes Links

p1-3 5 5
p1-4 8 9
p1-5 5 5
p1-6 9 11
p1-8 9 15
p1-9 18 26

Problem Nodes Links Description

p2-1 5 5 One block
p2-2 5 5 One block
p2-3 8 11 4 special blocks
p2-4 9 11 4 blocks
p2-5 9 13 4 blocks
p2-6 9 15 7 blocks
p2-7 12 18 7 blocks
p2-8 15 21 7 blocks
p2-9 18 26 8 blocks

Table 2: Network sizes, first and second problem set.

9.3 Test problems

We constructed 6 small artificial networks (called p1) and between 3 and 11 artificial
perturbed GPS-tracks for each network, yielding 31 different instances. Furthermore we
created 9 more realistic networks (with proper coordinates) and between 4 and 7 GPS-
tracks for each network, yielding 41 instances. Finally we extracted 12 real life networks
from OpenStreetMap, and created between 4 and 28 different real life GPS-tracks for
each network, by traveling around with a mobile phone and the app GPS-logger. GPS-
positions were recorded every minute or every 30 seconds. That gave 118 different
instances, and in total 190 test instances.

In table 2 we give the sizes of the networks of the two first problem groups, and in
table 3 the third group. In table 4 we give the lengths of the GPS-tracks for the first
problem group, and in tables 5 and 6, we give the lengths and short descriptions of the
the GPS-tracks for the second and third problems groups. Parts of the GPS-tracks for
the third set of problems unfortunately used cycle paths and pedestrian paths, which
were not included in the digital map. For these instances, it is not possible to find the
correct solution. Some methods failed, and others found a solution with points out of
sequence, indicated by a very high objective function value.

9.4 Test results

We have chosen a random example to study in detail. In table 7 the results for three
small instances are is given. The network is called p0 and has 11 nodes and 11 links, and
three GPS-tracks, with 3 points, have been used, g1a, g1b and g1c. There is one row for
each method. There are four groups of columns, one for each GPS-track. Each group
contains a column for the objective function value (Obj), a column for the solution time
(Time), a column for the number of connected components of the solution (C) and a
column for the number of points that are out of sequence in the solution (U). Preferably,
C should be 1 (the solution is connected) and U should be zero (all points are taken in
sequence).

We see that methods 24 and 26 yields unconnected solutions and that methods 26 and
27 yield solutions out of order. This means that the solutions from methods 24, 26
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Problem Nodes Links

askeby1 133 154
askeby1-s 96 117
askeby2 73 93
askeby2-s 68 88
atvid1 759 835
atvid1-s 371 447
atvid2 68 95
atvid2-s 68 95
banke1 87 92
banke1-s 45 50
banke2 30 35
banke2-s 27 32
ekhol1 944 1118
ekhol1-s 603 777
hjuls1 716 784
hjuls1-s 330 398
hjuls2 293 361
hjuls2-s 258 326
lingh1 1583 1892
lingh1-s 1088 1397
lingh2 862 1169
lingh2-s 800 1107

Problem Nodes Links

liu1 701 816
liu1-s 391 506
liu2 295 409
liu2-s 287 401
skeni1 344 385
skeni2 229 263
sture1 592 635
sture1-s 291 334
sture2 200 239
sture2-s 184 223
svart1 204 206
svart1-s 80 82
svart2 38 40
svart2-s 38 40
toliu1 5473 6335
toliu1-s 2766 3628
toliu2 2432 2743
toliu2-s 1128 1439
ullst1 558 610
ullst1-s 231 283
ullst2 174 226
ullst2-s 156 208

Table 3: Network sizes, third problem set.

GPS-track Points

p1-3-g1b 8
p1-3-g1c 3
p1-3-g1d 8
p1-3-g1e 3
p1-3-g1f 4
p1-3-g1 8
p1-3-g2 8
p1-3-g3 8
p1-3-g4 3

GPS-track Points

p1-4-g1 8
p1-4-g2 8
p1-4-g3 8
p1-4-g4 8
p1-5-g1 13
p1-5-g2 8
p1-5-g3 7
p1-5-g4 8
p1-5-g5 8
p1-6-g1 8
p1-6-g2 9
p1-6-g3 21

GPS-track Points

p1-8-g1 20
p1-8-g2 21
p1-8-g3 4
p1-9-g1 23
p1-9-g2 46
p1-9-g3 7
p1-9-g4 7
p1-9-g5 10

Table 4: GPS-tracks for the first problem set.
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GPS-track Points Description

p2-1-g1 11 easy path
p2-1-g2 24 longer, back
p2-1-g3 32 longer, back
p2-1-g4 43 cycles
p2-2-g1 12 easy path
p2-2-g2 27 and back
p2-2-g3 18 only two links
p2-2-g4 9 only one link
p2-2-g5 8 sparse
p2-2-g6 4 very sparse
p2-3-g1 16 simple trip
p2-3-g2 22 longer, back
p2-3-g3 34 cycles
p2-3-g4 8 sparse

GPS-track Points Description

p2-4-g1 16 simple path
p2-4-g2 40 longer, with cycles
p2-4-g3 6 sparse
p2-4-g4 36 longer
p2-4-g5 7 two links
p2-4-g6 12 random
p2-6-g1 13 easy path
p2-6-g2 31 longer
p2-6-g3 63 snow
p2-6-g4 15 sparse, random
p2-6-g5 14 only a few
p2-8-g1 11 sparse
p2-8-g2 24 longer
p2-8-g3 78 many pos
p2-8-g4 138 more pos
p2-8-g5 4 sparse
p2-8-g6 15 sparse
p2-8-g7 12 one cycle

Table 5: GPS-tracks for the second problem set.

GPS-track Points Description

askg1 7 Sparse, bicycle
askg2 7 Sparse, bicycle
atvg1 16 Manual
atvg2 16 Manual
atvg3 16 Manual
atvg4 13 Manual
bang1 9 Sparse, bicycle
ekhg1 9 Trip to shop
ekhg2 47 Trip to shops
hjug1 4 Trip to shop, bicycle
hjug2 8 Trip to shop, bicycle
hjug2b 6 Trip to shop, bicycle
hjug3 51 Bicycle trip
hjug4 12 Bicycle trip
hjug5 23 Bicycle trip
hjug6 15 Bicycle trip

GPS-track Points Description

ling1 13 Sparse, bicycle
liug1 20 Walk
marg1 269 Walking at market
marg2 141 Walking at market
marg3 21 Walking at market
marg4 57 Walking at market
stug1 16 Bicycle trip
stug1 11 Bicycle trip
stug2 5 Bicycle trip
svag1 8 Sparse, bicycle
tolg1 29 Trip to LiU
tolg2 28 Trip to LiU
tolg3 23 Trip to Liu
tolg4 27 Trip to LiU
ullg2 22 Bicycle
ullg1 8 Bicycle
ullg3 64 Bicycle trip
ullg4 62 Bicycle trip

Table 6: GPS-tracks for the third problem set and descriptions.
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GPS-track g1a g1b g1c

Method Obj Time C U Obj Time C U Obj Time C U

24 89.42 0.06 1 0 104.70 0.05 2 0 97.60 0.05 2 0
26 188.29 0.06 2 1 200.10 0.06 2 1 235.65 0.14 2 1
27 188.29 0.10 1 1 200.10 0.12 1 1 235.65 0.09 1 1
28 104.82 0.95 1 0 116.28 0.64 1 0 114.44 0.76 1 0
29 104.82 0.87 1 0 116.28 0.54 1 0 114.44 0.34 1 0
30 116.92 0.04 1 0 132.20 0.04 1 0 125.10 0.03 1 0
31 116.92 0.12 1 0 132.20 0.06 1 0 125.10 0.08 1 0
32 116.92 0.08 1 0 132.20 0.07 1 0 125.10 0.06 1 0
33 116.92 0.03 1 0 132.20 0.03 1 0 125.10 0.04 1 0
34 116.92 0.06 1 0 132.20 0.06 1 0 125.10 0.06 1 0
36 116.92 0.06 1 0 132.20 0.07 1 0 125.10 0.15 1 0
37 116.92 0.11 1 0 132.20 0.12 1 0 125.10 0.10 1 0
38 104.82 0.96 1 0 116.28 0.64 1 0 114.44 0.77 1 0
39 104.82 0.88 1 0 116.28 0.55 1 0 114.44 0.35 1 0
54 116.92 0.38 1 0 132.20 0.14 1 0 125.10 0.10 1 0
56 116.92 0.13 1 0 132.20 0.10 1 0 125.10 0.09 1 0
57 116.92 0.15 1 0 132.20 0.15 1 0 125.10 0.17 1 0
58 104.82 0.40 1 0 116.28 0.23 1 0 114.44 0.44 1 0
59 104.82 0.30 1 0 116.28 0.19 1 0 114.44 0.15 1 0

Table 7: Network p0, n = 11, m = 11, q = 3, no split.

and 27 are not feasible, and that the objective function values may be smaller than the
optimum. This happens for method 24, but not the other ones.

We know that method 28 yields the correct optimal solution, i.e. the correct objective
function value. We also find that although the solutions times are rather short, method
28 clearly takes more time than methods 24, 26, 27 and 29. In this case we see that
method 29 also gives the optimum, in a slightly shorter time than method 28.

The reason that methods 26 and 27 give much too high objective functions values is
that some points are out of sequence, which yields a higher objective function value, as
described in section 4.8.

Looking further, we find that methods 30, 31, 32 and 33 produce solutions that are a
bit worse than the optimum, but in very short times. The solutions are actually the
same as obtained by methods 34, 36 and 37, and in comparable times. This means
that although methods 24, 26 and 27 give rather bad starting solutions, the subsequent
heuristic still finds acceptable solutions.

Methods 38 and 39 yield the same solutions as methods 28 and 29. Methods 54, 56, 57,
58 and 59 give the same solutions as 34, 36, 37, 38 and 39. Comparing solution times,
we see no gain in methods 54, 56 and 57, but methods 58 and 59 solve the problem faster
than methods 38 and 39. Finally, the improvement heuristics gave no improvement for
this problem.

We don’t claim that these results are representative for all the test problems, but they
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Method Obj Time Tot
min max min max

30 23 30 22 2 10.6
31 28 24 13 2 16.5
32 27 26 12 3 13.5
33 29 24 25 0 22.1
34 28 25 0 31 -2.5

Method Obj Time Tot
min max min max

30 22 30 24 12 5.2
31 29 22 9 16 10.5
32 25 26 8 26 -1.2
33 28 22 19 8 16.5

Table 8: Number of max/min for obj and time of 35 p1-instances, to the right 31
instances, no limits.

are not very atypical either. In the accompanying paper with the computational results
Holmberg (2015), more tables of this kind are given.

In the following tables we give a summary of the detailed computational results that are
given in Holmberg (2015). Several methods often give the same best objective function
value, and it is not fair to simply sum up the solution times, since then the few larger
problems, which takes much more time than the others, would dominate the results
completely. Instead we sum up the number of instances for which a certain method
gives the best (minimal) objective function value, nvmin, the worst (maximal) objective
function value, nvmax, the best (minimal) solutions time ntmin, and the worst (maximal)
solution time, ntmax. Then, in order to get only one number to compare, we calculate
the total “performance” of a method as v = nvmin−0.6nvmax+0.3ntmin−0.5ntmax. The
motivation is the following. Obviously it is good if the method gives the best solution (of
the ones obtained) for many instances. However, it is a disadvantage if it sometimes fails
and give the worst solution, so we subtract a weight times that number. Furthermore
it is good if the method is fast, and bad if it is slow. The weights chosen indicates that
the disadvantage of bad solutions is less then the advantage of good solutions, and that
the objective function value is more important than the time. Obviously other weights
may be used, and small differences in the performance value should not be regarded as
significant.

If the method fails to find a solution, it is simply not counted for this instance.

All simple measures are imperfect, and this measure has the following disadvantages.
Failures are not taken into account, so a method that fails for every instance would get
v = 0, while a method that finds bad solutions in a long time may get a negative value.
Values near the best are not counted, so a method that is frequently close to being best
will not score much. Furthermore no distinction is made between the cases when the
worst time is only slightly worse than the best and the case when the worst time is
forbiddingly long.

However, in spite of these shortcomings, we think that this measure is good enough to
be used. (We have not found a better one.) We see it as approximate values, and do
not draw conclusions from small differences.

In table 8 the results for methods 30, 31, 32, 33 and 34 are summarized for the first
test problem group. This set contains 31 instances. Trying to use splitting, only 4 of
these do a split. (In the others, no point is close enough.) In the left side table, the 4
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Method Obj Time Tot
min max min max

34 26 24 30 1 20.1
36 23 30 12 2 7.6
37 25 22 1 5 9.6
38 28 18 0 19 7.7
39 22 24 1 8 3.9

Method Obj Time Tot
min max min max

54 25 24 30 4 17.6
56 20 29 13 5 4.0
57 23 23 8 5 9.1
58 32 17 2 27 8.9
59 24 22 3 12 5.7

Table 9: Number of max/min for obj and time of 35 p1-instances.

split instances are added to the ones where splitting was not even attempted, yielding
35 instances.

Taking the first row as an example, we see that method 30 gives the best solution in
23 cases, and the worst in 30 cases. (For several of the smaller instances, all methods
give the same solution, and in such a case the instance is counted in both the best and
the worst, which is the reason that the sum is more than 35.) Furthermore, method 30
gives the minimal time in 22 cases, and the maximal time in 2. A conclusion may be
that method 30 is quick, but not always accurate. The weighted performance is given in
the right-most column (Tot), and is 10.6 for method 30. (Please note that these values
are only comparable within the same table, and that they depend on the total number
of instances the table is based on.)

Comparing the methods in the first left side table, we see that weighted measure indi-
cates method 33 as the best. The number of best objective functions values is not very
much higher than methods 31, 32 and 34, but the number of minimal times is higher.
Also for method 34 the time is decisive. The number of best objectives is similar to the
others, but the method is never fastest, and often slowest.

Studying the detailed corresponding table in Holmberg (2015), we find that all solutions
times (except one) are very short.

The right side part of table 8 gives the results for the same methods when no limit
reduction was used. Method 34 was not used here, and the 4 split instances are not
added, yielding only 31 instances. Here we again find that method 33 is the best,
followed by method 31, while methods 30 and 32 are worse.

In table 9 the methods 34, 36, 37, 38 and 39 are compared in one table, and the methods
54, 56, 57, 58 and 59 in the other. Here methods 34 and 54 seem to be the best. Again
this does not depend on highest number of best objectives (actually methods 38 and 58
have higher numbers), but on the short times. Methods 34 and 54 have shortest time
in 30 cases (of the 35), while methods 38 and 58 are seldom quickest.

Table 10 compares the improvement heuristics. Of the 31 instances, there was some
improvement only for 8 instances, so table 10 is based on these 8 instances. On the top
the three forbidding strategies are given and on the left the basic method and the link
choice alternative. Looking for high values of the weighted values, we find the following.
Method 3153 is the only one with a value larger than 7. Methods 3121, 3122, 3161,
3162, 3321, 3322, 3361 and 3362 has value 6, while methods 3061, 3151, 3152, 3171,
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F1 F2 F3
Method Obj Time Tot Obj Time Tot Obj Time Tot

301 8 2 1 7 3.6 8 2 0 5 4.3 4 4 8 0 4.0
302 7 0 0 6 4.0 7 0 0 5 4.5 2 5 0 2 -2.0
303 2 3 1 2 -0.5 2 3 1 2 -0.5 0 7 8 0 -1.8
304 2 4 0 5 -2.9 2 4 0 2 -1.4 0 8 8 0 -2.4
305 2 2 2 0 1.4 2 2 2 0 1.4 2 3 8 0 2.6
306 6 0 0 1 5.5 6 0 0 4 4.0 2 5 0 2 -2.0
307 3 2 1 0 2.1 3 2 1 0 2.1 0 5 8 0 -0.6
308 2 4 0 3 -1.9 2 4 0 2 -1.4 0 8 8 0 -2.4

311 5 1 0 0 4.4 5 1 0 0 4.4 4 2 0 7 -0.7
312 6 0 0 0 6.0 6 0 0 0 6.0 5 1 0 0 4.4
313 4 2 0 0 2.8 5 1 0 0 4.4 3 3 7 0 3.3
314 5 1 0 0 4.4 5 1 0 0 4.4 3 3 7 0 3.3
315 5 0 2 0 5.6 5 0 1 0 5.3 5 0 7 0 7.1
316 6 0 0 0 6.0 6 0 0 0 6.0 5 1 0 0 4.4
317 5 0 0 0 5.0 5 0 0 0 5.0 3 0 7 0 5.1
318 5 1 0 0 4.4 5 1 0 0 4.4 3 3 7 0 3.3

321 4 2 0 0 2.8 4 2 0 2 1.8 3 3 7 0 3.3
322 5 1 0 0 4.4 5 0 0 1 4.5 4 2 7 0 4.9
323 3 2 0 0 1.8 3 2 0 0 1.8 2 4 7 0 1.7
324 4 2 0 0 2.8 4 2 0 0 2.8 2 4 7 0 1.7
325 4 1 0 0 3.4 4 0 0 0 4.0 4 1 8 0 5.8
326 5 1 0 0 4.4 5 0 0 0 5.0 4 2 0 0 2.8
327 4 1 0 0 3.4 4 0 0 0 4.0 2 1 0 0 1.4
328 4 2 0 0 2.8 4 2 0 0 2.8 2 4 0 0 -0.4

331 5 1 0 0 4.4 5 1 0 0 4.4 4 2 0 0 2.8
332 6 0 0 0 6.0 6 0 0 0 6.0 5 1 0 0 4.4
333 4 2 0 0 2.8 5 1 0 0 4.4 3 3 0 0 1.2
334 5 1 0 0 4.4 5 1 0 0 4.4 3 3 0 0 1.2
335 5 0 0 0 5.0 5 0 0 0 5.0 5 0 0 0 5.0
336 6 0 0 0 6.0 6 0 0 0 6.0 5 1 0 0 4.4
337 5 0 0 0 5.0 5 0 0 0 5.0 3 0 0 0 3.0
338 5 1 0 0 4.4 5 1 0 0 4.4 3 3 8 0 3.6

Table 10: Number of max/min for obj and time of 8 instances.
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Method Obj Time Tot
min max min max

30 20 30 47 1 15.6
31 28 16 9 4 19.1
32 29 19 8 8 16.0
33 21 20 22 0 15.6
34 30 23 0 44 -5.8

Method Obj Time Tot
min max min max

30 29 37 48 3 19.7
31 42 24 4 21 18.3
32 42 25 3 44 5.9
33 29 27 15 3 15.8

Table 11: Number of max/min for obj and time for the 50 p2-instances, to the right
without limits.

Method Obj Time Tot
min max min max

34 33 29 48 1 29.5
36 34 29 3 4 15.5
37 29 30 2 18 2.6
38 19 17 0 19 -0.7
39 19 20 0 7 3.5

Method Obj Time Tot
min max min max

34 12 14 18 0 9.0
36 10 14 0 0 1.6
37 12 14 0 4 1.6
38 14 9 0 12 2.6
39 11 9 0 2 4.6

Table 12: Number of max/min for obj and time of 49 p2-instances, and to the right 18
p2-instances with split.

3172, 3173, 3253, 3262, 3351, 3352, 3353, 3371 and 3372 have values greater or equal to
5. One shouldn’t draw very strong conclusions from this, since the differences are not
very large and the number of instances is low.

In table 11 results of the same types of tests as in table 8 are presented, but for the
second group of problems, which contain 50 instances. Here we find that method 31 is
best in the left table followed by 32, 30 and 33, while method 30 and 31 are best in the
right table, followed by 33.

In table 12 results for methods 34, 36, 37, 38 and 39 for the second group of problems
are given. Here it is clear that method 34 is best, much because of the time.

Table 13 shows the results for methods 54, 56, 57, 58 and 59 for the second group of
problems. Again it is clear that method 54 is best. A conclusion is that using the more
advanced MIP-models does not pay off when followed by a heuristic.

Method Obj Time Tot
min max min max

54 32 34 46 1 24.9
56 27 32 11 2 10.1
57 34 27 4 16 11.0
58 29 18 0 22 7.2
59 24 23 1 12 4.2

Method Obj Time Tot
min max min max

54 13 16 16 1 7.7
56 13 14 3 0 5.5
57 12 14 1 7 0.4
58 8 8 0 8 -0.8
59 10 7 0 2 4.8

Table 13: Number of max/min for obj and time for 50 p2-instances without split, and
to the right 18 p2-instances with split.
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F1 F2 F3
Method Obj Time Tot Obj Time Tot Obj Time Tot

301 28 12 1 16 13.1 28 12 1 19 11.6 25 15 26 0 23.8
302 22 7 0 16 9.8 22 7 0 11 12.3 13 17 0 0 2.8
303 13 14 1 4 2.9 13 14 1 1 4.4 9 20 0 0 -3.0
304 9 14 0 3 -0.9 9 14 0 7 -2.9 3 26 26 0 -4.8
305 13 8 4 0 9.4 13 8 6 1 9.5 12 10 25 0 13.5
306 18 7 0 8 9.8 18 7 0 5 11.3 10 17 25 0 7.3
307 11 11 6 0 6.2 11 11 6 0 6.2 10 13 25 0 9.7
308 8 14 0 5 -2.9 8 14 0 7 -3.9 3 26 0 0 -12.6

311 14 5 0 0 11.0 13 6 0 10 4.4 13 5 0 0 10.0
312 14 3 0 0 12.2 14 5 0 17 2.5 10 7 24 0 13.0
313 10 7 0 0 5.8 10 6 0 4 4.4 9 10 24 0 10.2
314 12 6 0 0 8.4 10 8 0 6 2.2 10 9 24 0 11.8
315 11 6 0 0 7.4 10 7 0 1 5.3 9 8 29 0 12.9
316 14 3 0 1 11.7 14 5 0 8 7.0 10 7 0 0 5.8
317 9 7 0 1 4.3 8 8 0 1 2.7 8 8 0 0 3.2
318 11 6 0 0 7.4 9 8 0 4 2.2 9 9 0 0 3.6

321 10 7 0 2 4.8 10 8 0 3 3.7 8 9 0 0 2.6
322 16 2 0 1 14.3 15 3 0 10 8.2 10 12 0 0 2.8
323 6 11 0 0 -0.6 7 11 0 1 -0.1 6 14 0 0 -2.4
324 9 8 0 1 3.7 9 9 0 5 1.1 4 15 0 0 -5.0
325 13 6 0 0 9.4 13 6 0 0 9.4 12 7 0 0 7.8
326 16 2 0 0 14.8 15 3 0 7 9.7 10 12 0 0 2.8
327 12 6 0 0 8.4 12 6 0 0 8.4 9 7 0 0 4.8
328 9 8 0 0 4.2 9 9 0 3 2.1 4 15 0 0 -5.0

331 6 7 0 0 1.8 5 8 0 0 0.2 5 7 29 0 9.5
332 8 5 0 1 4.5 8 7 0 0 3.8 5 9 0 0 -0.4
333 3 11 0 0 3.6 4 8 0 0 -0.8 3 12 0 0 -4.2
334 4 9 0 1 1.9 4 9 0 0 -1.4 3 11 0 0 -4.6
335 6 7 0 0 1.8 6 8 1 0 1.5 5 9 0 0 -0.4
336 8 5 0 0 5.0 8 7 0 0 3.8 5 9 0 0 -0.4
337 3 7 0 0 -1.2 3 7 0 0 -1.2 3 8 0 0 -1.8
338 2 1 0 0 1.4 2 2 0 0 0.8 1 2 0 0 -0.2

Table 14: Number of max/min for obj and time of 29 p2-instances.
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Method Obj Time Tot
min max min max

30 33 88 20 35 -31.3
31 106 53 16 41 58.5
32 90 68 12 76 14.8
33 107 60 108 4 101.4

Method Obj Time Tot
min max min max

30 42 101 121 3 16.2
31 87 38 0 59 34.7
32 78 58 0 62 12.2
33 95 37 3 2 72.7

Table 15: Number of max/min for obj and time of 134 city-instances, with and without
limits.

Method Obj Time Tot
min max min max

3011 29 51 12 6 -1.0
3021 41 42 4 16 9.0
3031 27 64 25 3 -5.4
3122 84 52 33 35 45.2
3211 64 56 22 17 28.5
3212 64 55 19 25 24.2
3221 70 57 13 17 31.2

Method Obj Time Tot
min max min max

3011 8 5 3 3 4.4
3021 8 5 0 1 4.5
3031 7 4 2 2 4.2
3122 0 4 0 3 -3.9
3211 1 0 0 0 1.0
3212 1 0 3 0 1.9
3221 1 0 2 0 1.6

Table 16: Number of max/min for obj and time of 113 city-instances, and for the 9
city-instances with split.

In table 14 the improvement heuristics are compared for the second problem group.
The number of instances, 29, is higher than in the first group of problems, so we trust
these results more. One method sticks out, namely 3013, with a weighted score of 23.8.
The closest followers are methods 3221 and 3261, with scores 14.3 and 14.8. After this
follows methods 3011, 3012, 3022, 3053, 3062, 3111, 3113, 3121, 3123, 3133, 3143, 3153
and 3161 with scores above 10. At the other end we have method 3083 with a score of
-12.6.

In table 15 results for the third group of problems, namely the cities, are given. Here
method 33 is clearly the best, followed by method 31. The conclusions are similar
with and without splitting, with the exception that method 30 is much worse without
splitting.

In tables 16 och 17, we compare a preliminary choice of improvement heuristics. In two
of the tables method 3122 is best, but for the 9 instances where splitting had effect,
it is worst. However, the first conclusion is based on 113+16=129 instances, while the
second only on 9, so we disregard the results of the 9 cases with splitting.

Of these methods, we find that 3122, 3211, 3212 and 3221 get high scores.

In tables 18 and 19, the results on problem group three of a selection of improvement
heuristics more based on the performance of the second problem group are given. Of
these methods, we find that 3123, 3153, 3121, 3143 and 3161 get high scores. The largest
instances are shown in a separate table, 19, but the conclusions are the same. Here we
may mention that the slowest methods may take up to 40 times the time needed by the
fastest methods.
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Method Obj Time Tot
min max min max

3011 5 6 0 3 -0.1
3021 4 6 0 6 -2.6
3031 4 7 0 2 -1.2
3122 12 7 6 2 8.6
3211 9 11 6 0 4.2
3212 9 11 3 1 2.8
3221 9 11 2 2 2.0

Table 17: Number of max/min for obj and time of 16 city-instances toliu.

Method Obj Time Tot
min max min max

3013 28 82 21 1 -15.4
3261 68 62 2 26 18.4
3221 68 62 1 20 21.1
3053 29 76 46 3 -4.3
3011 42 54 0 9 5.1
3123 85 45 10 0 61.0
3153 85 45 27 0 66.1
3022 54 44 0 31 12.1
3121 87 44 3 2 60.5
3143 85 45 38 0 69.4
3161 87 44 3 3 60.0
3012 42 54 0 11 4.1
3062 54 44 0 29 13.1

Table 18: Number of max/min for obj and time of 114 city-instances.

Method Obj Time Tot
min max min max

3013 3 8 0 0 -1.8
3261 6 10 0 1 -0.5
3221 6 10 0 2 -1.0
3053 3 10 0 0 -3.0
3011 6 6 0 1 1.9
3123 9 7 2 0 5.4
3153 9 7 6 0 6.6
3022 5 6 0 7 -2.1
3121 9 6 0 1 4.9
3143 9 7 8 0 7.2
3161 9 6 0 0 5.4
3012 6 6 0 0 2.4
3062 5 6 0 4 -0.6

Table 19: Number of max/min for obj and time of 16 toliu-instances.
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9.5 Summary of computational results for the MIP-models

9.5.1 The first group

The first problem group, p1, has 31 instances. For this group splitting only had effect
for 4 instances.

Model 14 solves most problems in less then 0.1 s, with the exception of p1-9-g1, which
takes 1.26 s, p1-9-g2, which takes 22.86 s and p1-9-g5, which takes 0.33 s. For 5
instances, the solution is not connected. (Model 14 does not give a sequence for the
points.)

Model 16 solves most instances in less then 1 s, and p1-08-gps3 in 7.06 s. while all the
p1-09a-instances need more than 60 s. Here 9 instances give unconnected solutions, and
18 instances give solutions with one or more points out of sequence. Here splitting gives
improvement for some instances. For 2 instances, the number of points out of sequence
was reduced to zero.

Model 17 solves the instances up to p1-06a in less then 6 s, while the p1-08-instances take
2.78, 19.59 and 23.43 s. None of the p1-09-instances was solved within 60 s, although
integer solutions were found for 3 of the 6 instances. Here all obtained solutions are
connected, but 9 instances have points out of sequence. For one instance, splitting
reduced the number of points out of sequence from 6 to zero.

Model 18 solves the instances up to p1-05a and 2 of the p1-06-instances in less then 14
s, but needs more than 60 s for the other instances. No integer solution was produced
for any p1-09-instance. All obtained solutions are connected and in order, as expected.
Splitting decreases the solution time for one instance.

Model 19 does not really perform better than model 18. Some solution times were
decreased somewhat, but others were increased. It found a solution to one instance
where model 18 failed. Unconnected solutions were found for 6 instances, but the
sequence was correct for all obtained solutions. Here splitting enabled solving 2 instances
that were not solved without splitting.

9.5.2 The second problem group

The second group, p2, contains 50 instances. Using splitting only makes a difference
for 18 instances.

Model 14 solves most of them in less than 1 s, with the following exceptions: p2-6-g62
in 3.11 s, p2-7-g63 in 1.29 s, p2-8-g83 in 13.64 s, and p2-9-g83 in 1.26 s. Furthermore
p2-8-g84 and p2-9-g84 were not solved within 60 s. Of the 48 obtained solutions, 6 were
unconnected. (As mentioned earlier, splitting is not suited for this model.)

Model 16 is more time consuming. 12 instances were not solved within 60 s. Of those
solved, 4 gave unconnected solutions, and only 11 instances gave the correct sequence
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for the points. (In other words, most solutions were infeasible.) Here splitting gives a
notable improvement. The number of points out of sequence is decreased significantly,
many to zero. Two instances not solved in 60 s without splitting were solved (in 15.35
and 5.13 s). For a couple more, solution time was significantly decreased.

Model 17 is even more time consuming. 23 instances were not solved within 60 s. Of
the 27 instances solved, all were connected, but 13 had points out of sequence. Thus
only 14 were solved properly. Again splitting decreases the number of points out of
sequence, and enables the solving of two more instances.

Model 18 solves only 15 instances. Splitting helps solving 5 more instances.

Model 19 finds a solution to 4 more instances than model 18, but two of them give
unconnected solutions. With splitting one more instance was solved by model 19 than
by model 18.

9.5.3 The third problem group

The pure MIP-models were not used on the third set of problems, since the instances
are significantly larger.

9.6 Summary of computational results for the heuristics

9.6.1 The first problem group

Heuristic 30 finds a feasible solution to all instances in the first group in less than 0.1
s. Splitting makes no noticeable difference.

Heuristic 31 is slightly slower and gives slightly better solutions. Here splitting makes
one solution worse, since some points are out of sequence.

Heuristic 32 gives results that are very similar to heuristic 31, but without the disad-
vantage with splitting.

The results for heuristic 33 are almost identical to heuristic 31, except for a few of the
larger problems, where better solutions were found by heuristic 33.

Heuristic 34 is also rather similar to the others, except for a few problems where some-
what worse solutions were found, and one problem which took approximate 100 times
longer to solve.

Since method 28 managed to solve the 22 smallest instances to optimality, we know the
optimal solution and can compare to the results of the heuristics. We find that method
30 gives the optimal solution in 16 instances out of these 22, methods 31, 32 and 33
give the optimal solution in 17 instances, and method 34 in 18 instances. We conclude
that smaller problems are often solved to optimality by the heuristics.
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For the MIP-based heuristics 34 - 39 the solution times follow the MIP-times closely,
i.e. the heuristic part takes very little time compared to the MIP-part. The heuristic
part improves the average performance much, and these methods fail in principle only
if the MIP-part takes too long and is not finished.

Methods 36 - 39 cannot solve problems p1-09a, and methods 38 - 39 fail for the p1-08-
problems and one of the p1-06-problems. Splitting improves the performance for a few
of the harder problems. Comparing to the methods 54 - 59, there is not much difference
for the smaller problems, but the desired effect is obtained for some of the larger. In
total, 12 problems that were not solved in time by methods 36 - 39 were solved by
methods 54 - 59.

The improvement heuristics, methods 3011 - 3383, only gave improvement for 8 of
the 31 instances, and the results of those are summarized in table 10. (Obviously no
improvement is possible if the basic method gives the optimal solution, which happens
in many of the smaller instances.) We know the optimal solution of 3 of these instances
(from method 28), and in all three of them, the optimal solution was found by some
heuristic, often by many of them.

It is a bit hard to see which of the improvement heuristics is best, but if the original
heuristic did not give a very good solution, they often give improvement, so a general
conclusion is to use some of them.

For a few problems, we have observed that the limit reductions removes to much, i.e. for
a very sparse network, the network might not be connected after the reduction, which
of course makes the method fail. Therefore, we have also solved the problems without
limit reductions. For the p1-problems, there is no dramatic effect, but time increases
somewhat for the larger problems.

9.6.2 The second problem group

The second problem group, p2, is rather similar to the first, but more realistic and a bit
more challenging, i.e. there a fewer very small problems. The conclusions are however
not very different from those of the p1-group.

The heuristics 30 - 33 found solutions to all instances in less than 1 second (often much
less). Also heuristic 34 - 39 behaved as in the previous group, i.e. the MIP-time is
dominating, and when the MIP fails, the method fails. Here we draw the conclusion
that method 39 is not very interesting, since it does not really improve over method 38.

Comparing methods 54 - 59 with 34 - 39, we find that the former indeed take less time
and solve a number of cases that the latter do not.

In this group, the improvement heuristics have effect in 29 instances, which gives a
better base for conclusions. Based on the weighted score, we find methods 3011, 3012,
3013, 3022, 3053, 3062, 3111, 3113, 3121, 3123, 3133, 3143, 3153, 3161, 3221, 3261, to
be interesting, with a weight greater than 10, and perhaps 3013 to be most interesting,
being the only one with a weight above 20.
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Running methods 30 - 33 without limit reduction in most cases yields the same solution
but in a longer time. However, for a few cases, the objective function is decreased,
which indicates that the limit reduction removed a bit too much.

9.6.3 The third problem group

As the third group contain real life instances, we think that these results are the most
important ones. The groups askeby, atvid, bankekind, liu, sturefors, and svartm are all
solved in less than 1 second by the heuristics 30 - 33. The groups ekholmen and linghem
took a little more (a couple of seconds).

For some instances in the groups hjulsb, skeninge, toliu and ullst, method 30 had some
difficulties finding a solution. For these instances, the GPS-tracks include passages on
links not present in the map (bicycle paths etc.), and we conclude that method 30 is
not good at handling such cases. (However, in such cases the correct solution cannot
be found, so one might argue that failure is the correct result.)

The other heuristics were more successful in finding a solution to all instances (in the
cases mentioned above with a high objective function value that indicates that the
solution is out of sequence, or takes significant detours). Solutions times are reasonable,
except for some of the larger instances toliu (but even then less then 40 s).

Based on the summations in table 15, we identify method 33 as the best one of these.

For the improvement heuristics, we first made tests with a preliminary selection of
methods, shown in tables 16 and 16. Of these improvement heuristics, we find that
methods 3122, 3221, 3211 and 3212 have high scores. Methods based on method 30
obviously have difficulties when method 30 has difficulties.

Then we made further tests with the improvement heuristics that got the highest scores
for problem group two, see tables 18 and 19. There we see that the methods 3123,
3153, 3121, 3143 and 3161 get high points, 60 and above. These methods give the best
objective function value for 84 - 87 instances of the 114 used, and hardly ever take the
longest time. Of these, method 3143 seems to be the quickest. The method 3013, which
seemed to be the best for the second problem group, is not very good for problem group
three.

The order in table 18 is based on the results for group 2, method 3013 being the best.
If the results were the same, the table would show a decreasing list of scores. However,
this is not the case, so the real life cases give somewhat different conclusions.

For the third problem group, the differences between with and without limit reduction
were larger than for group two. The time was much larger for many instances, especially
for methods 31 and 32. For example, for instance lingh1-s-ling1 and method 32, the time
increased from 1.97 s to 637.03 s, but the solutions were the same. This verifies that limit
reduction helps keeping the solution time down significantly, often without affecting the
solution. In some cases, somewhat better solutions were found without limit reduction.
We also find that some cases where method 30 failed with limit reduction, it succeeds
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without limit reduction.

However, in some cases there are GPS-points well outside of the map, and limit reduction
removes these points. Without limit reduction, these points are kept, and causes large
increases of the objective function value.

When the GPS-tracks use bicycle paths that are not included in the map, some methods
will fail, while others find a rather bad solution, which is indicated with a very high
objective function value.

Comparing the instances with selective elimination of two-degree nodes to instances
where this is not done, we find that for larger instances, such as toliu, the elimination
clearly reduced the solution time. However, there are also differences in the objective
function value, which, if they are small, don’t mean anything, as many projected posi-
tions are moved slightly. For a few cases, there are larger differences, which means that
a different solution was found.

We have not projected back the solution to the network without elimination, so further
comparisons are not possible.

10 Conclusions

We have formulated the map matching problem as a MIP-problem, something which
appears not to have been done before. The complete model is rather large, and hard
to solve for larger instances. It works fine for small instances, so if a problem can in
some way be decomposed into smaller ones, possibly sequentially, this could be a good
method.

The model contains several interesting structures, and turned out to be more compli-
cated than one might think it would be.

We have also formulated a couple of different relaxations of the model, i.e. with some
structural parts removed. These models may yield a feasible (optimal) solution, but
may also yield solutions that are not connected and with points out of sequence.

The solutions of these models may be used as input to a heuristic that finds a feasible
solution. Therefore also weaker models (that can be solved faster) can be useful, and
sometimes give better solutions than the complete model.

Specific techniques, such as problem reduction by limits and splitting can be used to
improve the efficiency. Furthermore, running a quick heuristic first yields a better value
on one parameter which decides the size of the larger MIP-models, so this enables the
solving of larger instances.

We have developed a couple of pure heuristics for the problem (in the sense that they
don’t use the MIP-models). They are quick enough to be able to find solutions to quite
large problems. They exploit problem structures by solving shortest path problems and
rural postman problems.
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It is interesting to note that one aspect of the problem (that the points shall be en-
countered in the correct sequence) is beneficial for heuristics, but quite hard for the
MIP-models.

Finally we propose further heuristic improvements of the solution by testing the removal
of certain links in various ways.

All in all we have developed several rather complex solution methods that are able to
find good solutions to real life problems.
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