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ABSTRACT 

In this paper~ the problem of 'hidden- surface' eli mination is 
considered. It is shown that a new linear surface- filling algorithm 
leads to some simple techniques for hidden-surface removal . Necessary 
conditions are establ ished for three such me thods to vwrk and hard 
ware to implement these solutions is shown to be practicable . Each 

of the three proposed methods is seen to have actvantages in certain 
c i 1·cumstances - the choice betv.teen them depends very much on the 
nature of the graph ics system in which they might be used. 



INTRODUCTION 

In a graphics systems, the surfaces of objects are represented in 
some reduced form . Typically, this is achieved by the use of polygo
nal representations, sothat only vertices need to be stored [l]. 
In a raster-scan system, the intersection of each edge of the polygon 
with the raster l ine is calculated and used to lfill - in' the segment 

of the raster- line occupied by the surface. A nove l way of achieving 

this 'fi ll ing- in' v1as reported by Fah l ander [2] and Quarendon [3]. 
It consists of a form of modulo-2 'integration 1

, in 1vhich each edge 
point generates a semi - infinite string of repetitions of the binary 
code representing a surface, by modulo- 2 addition of the present 
code with the previous value (Fig . l) . The seeond edge- point effectively 

remaves that portion outside the surface by addition of the sa~e object 

code, since if b. is a binary n- tuple then b.+b . =O. Thus the method 
l l l 

handles the display of single objects ve ry viell, but problems ar i se 
when several objects are in view, particularly when t hey are at 
varying depths from the viewer (Fig . 2). 

Of course it is possibl e to adapt one of the many well- known hidden
surface el imination schemes [l] to the new filling algorithm, but 
such an approach fails to take account of the natural structure of 

the linearspace created by the fi l ling algorithm. The method propo-
sed herein uses these properties i~ lattempt to find a more econo

mica l sol ution to the problem . It hinges on t wo principles : that in 
scenes of interest, it is possible to obtain an ordering of surfaces by 
depth from any given vi ewing point ; that the n-bit codewords assigned 
to different surfaces form a linear subspace of the vector space of 
binary n- tuples . In this paper, it will be assumed that the first of 
these principles can be used to create a linked non- linear data 
structure of objects ordered by depth, e .g. by the methods of schu rnaeker 
[4] or Newell [5]. The seeond is used in the design of 3 schemes for 

choosing surface codewords, v"hich provide solutions of varying flexi 
bility and efficiency. 
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In the next section, the theoretical bac kground is established and 
conditions on the codewords are developed for each of the three 
schemes . Implementation details and an example of each sys tem are 
given in seetian III. 
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II THE STRUCTURE OF THE CODE SPACE 

Suppose the surface co-o rdinates have been used to create a 
structure such as that in fig. 2, where each node in the graph 
is one surface and each path is an ordering of surfaces using the 
relation of occlusion: in fig.2 l occludes 2, but not 3 and l ,2 
and 3 occ l u de 4. 

In terms of the surface- filling algorithm , suppose that a bi na ry 
n- tuple C; is associated with surface i. Then for the structure in 
fig. 2, the following codes may occur: c1, c2, c3 , c4, c1+c 2, 
c1+c2+c4, c3+c4. In other words, all the linear combinations of 

codewords in any one path are possible, but not those of any two 

paths (except where two paths share a node, e .g. in fig. 2 c4 can 
occur in either path). In the language of linear a~gebra, the code

words in any one path form a linear subspace of the space of n- tuples 
[6], [7]. 

This immediately suggests a scheme for displaying at each point on 
a line the correct colour. A table is constructed which for each 

combination codeword has the colour code of the surface nearest the 
viewer. Then for each codeword , the correc t colour is displ ayed pro
vided no two possible object combinations result in the same codeword . 
This requirement leads to the following proposit ion: 

Proposition l: 
Ne.JJ e&;vr:J 

Let the priority graph contain m distinct paths and let l; be the 

number of nodes in the ith path. Let n be the length of the codewords 
{c .= (c. 0,c. 1 ... c. 1); l<j<k } where k is the total number of nodes: 

J J J ' Jn- --
Then n> max l i . ~ ~ 6 1 C-Ode"'. 

i ~ 

Proof: For each i, let d. be the dimension of the set of l. code-
l l . l 

l 
words for path i. If d.<l ., it follows that L a .c. =O for some set 

l l .,J,, 
J= J 

are the codewords of the nodes i n path i. 
f))cf o\ d ,·(h ~ 

~ of a. not all zero, where c. 
J l . 

J 



Hence for some p c p = 
l . 

l 

L 
j=l 
j f p 

4. 

a.c. and two object comb i nations have 
J l . 

J 

t he same code . Conversely, i f d. = l . , t hen no such linear depe ndence 
l l 

can ex ist. Since this is true for all i, it must be true fort hat 
i for which l. i s maximum. 

l 

If the coding scheme consists simply of the linea r surface- fi l ler 

and a colour table , this condition is not sufficient . 

Pr·opos it i on 2: 

With l ; , n and ej as in proposition l, let lij be th e number of 
distinct nodes in paths i and j. Let d .. be t he dimens i on of t he -<-+~4ar 

l J 
set of codewords belonging to the ith and jth paths. Then t he com- ~ 

bi natian codewords for the graph are dis t inct if a'nd only if, f or 
each i and j , d . . = l .. . 

l J lJ 

Proof : 

l· 1 .. - l. 
l l J l 

If d .. <l .. then for some ar,bs not all O, L a c. = L b ,c . 
l J , J r= l r l r s= l s J s 

where only those nodes in the jth path not in the ith path are i nc lu-

ded on the r.h .s . Hence not all codeword comb inations are distinct. 

If d .. = l .. then there is no such linear dependence and hence all 
l J l J 

combinations are distinct. 

Coroll ary : If n is the length of codewords then n > max l . . . 
. lJ 
l ,j 

Proof: 

Since the proposition holds for al l i ,j, it must hold for those 

i , j for \vhich l .. is a maximum and c l early n > d . .. 
l J - l J 

While the proposition establi shes necessary and sufficient condit ions 

for the scheme to v1ork, the corollary is a s imple test for a gi ven 

priority graph and codeword length. For smal l di mensions , t his scheme 
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is simple and practicable, but as n and the size of the graph 
increase, it requires increasing amounts of memory or computation , 

since there is no general, efficient way of ch oos ing the code 
assignment. 

One alternative is to provide a unique codeword for each path in 

the graph . Each time a new path is entered (wh en the viewer moves 

or a new screen-segment is entered), the viewing codewo rd is changed 

to the codeword for the new path by addi ng the difference between 

the two. 

In this case, proposition l still provides a necessary condition, 

but proposition 2 is too restrictive: the same codeword can be used 

for any k nodes on k different paths, provid ed the path codewords 

are ehosen correctly: 

Proposition 3: 

Let d., m, 1., n and c. be as before and let p. be the codevwrd 
l l l . l 

J 
for path i . Let C be the linear subspace generated by the set of 

all node codewords. Then if (pi +pj ) ~C for any paths i, j, and 
d. = l. vi, every combination has a distinct codeword. 

P:oof:
1 

6. 2 
f ' j . 

That d. =l. has been shown in proposition l. Now each complete 
l l 

codeword V is formed as the sum of certain node codewords and a 

l . 
l l k 

path codeword, V= p. + 
l 

L 
j= l 

a.c . . Then if U = pk + L b. c., where 
J J j=l J J 

U = V and k i-

If no pair of 
t i on codeword 

i, it follows that P; + pk = L d .c. and (p .+pk ) E C. 
j=l J J l 

P;• pk are such that (P; +pk)~ C, then every combina-
i s d i s t i nc t . 

While proposition 3 gives conditions wh ich are sufficient, they are 

not strictly necessary. However, the virtue of this system is that 
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it can exploit good known linear codes, such as the Hamming 
codes, in a simple way. 

The third scheme is a modification of the seeond in wh ich, however, 
it is assumed that the path code can be added after the surface 
combination has been decoded. In this case, only l surface is ehosen 

l . 
at each point - only l;, rather than 2 1 , surface codes can occur . 

Proposit ion 4: 

Letthenode codewords C; be ehosen from some set of k ~ m~x ( l;) 
l 

codewords and the path codeword s p. from a linear code P. Then if 
J 

(c;+cj ) ~P för any C;fCj' every codeword of the form (c;+pj) is 
distinct. 

Proof: 

If (c;+cj )E P then c;+Pk = cj+p1 for some k, l , since (pk+p1)E P for 
every k, l. Conversely, if c;+Pk 1 cj+p1 for any choice of k, l, then 
( c.+c. ) ~ P because P is closed under addition. 

l J 

In this scheme, it is unnecessary to use any but t he s imp lestcoding 
schemes, because priority coding can effectively decode the surface 
code combination before the path code is ad ded . 
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III IMPLEMENTATION 

In considering implementations, attention will be focussed on hard

ware solutions since for real - time graphics these are the only 

feasible approach. Each of the systems is easily enough imp lemented 

in software, however, on any rnachine with an inst ruct ion set inclu

ding an 1 exclusive- or1 operation. 

The first system is suitable only when li mited numbers of objects 

are expected . A schematic of a system which can handle up to 4 sur

faces in any path is shown in fig . 3. The li mitation in this case is 

the codeword assignment - lack of an effective construction impl ies 

a trial - and - error approach using the conditions of proposition 2 to 

eliminate assignments eausing clashes . Th is is feasible because t he 

graph does not in general change at run -time. As hn examp le, cons icter 
t he structure of fig. 2. Evidently the assignment of 4-bit codes 
c1 = (0001), c 2 = (0010), c3 = (0 100), c4 = (1000) is satisfactory, 

but no 3-bit codes could accommodate the structure. In fig. 4, three 

structures which can be handled with 4-bit codes and one which cannot 

are shown. 

For the seeond method, an 8-bit system based on the (8,4) extended 

Hamming code [6] is shown in fig. 5. Thiswill allow the di ~ play of 
up to 4 surfaces on each of 16 paths. The system funct i ons in the 

following way. 4-bi t surface codes are clocked into th e parity genera
tor at the pixel clock rate. The res ulting 8-bit Hamming code is 

added (mod - 2) to the output of the path code difference r. The 4-bit 

path codes are also strobed into the system at the pixel clock rate, 
appearing as 8-bit codes at the table output . The 8-bit latch is 

also clocked at the pixel rate, its output t he refore conta i ning the 

previous 8- bit path code. t·1odulo-2 addition of present and previous 

value produces O output from the differencer except when a new path 

is entered . The path code differences are then in a suitabl e form for 
addition to the surface codes (whi ch are non-ze ro only at edge points) 

and thence to the surface- filler. In the examp le of fig. 2, suppose 
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the surface codewords are c1 = (0001) c1 = c3 = (0010 ) c4 = (0100 ). 

When parity chec ks are added, the possible path l and path 2 combi 

nations are shown in Table l. 

Surface Combination 4-bit Code Hamming Code 

l 0001 0 11 ~1 ~8f 
p 2 0010 10101010 
A 

4 0100 110011 00 T 
H 1+2 0011 11000011 

l 1+4 0101 10100101 
2+4 0110 01100110 

l +2+4 0111 0000 l lll v 
l 

p 3 0010 101 01010 
A 4 0100 ll 00 ll 00 T 
H 3+4 0110 01100110 

2 

Table l . Node Hamming codewords for fig . 2 

To each of the path l node codewords must be added the path codeword 

p1 = (00000000) and to those on path 2 the codeword p2 = (00000001 ) . 
If the surfaces are to be coloured red ( l ) , blue (2) , green (3) and 

yel low (4) , the colour table is as in Table 2. 

-:p, = v-s .... vs-~ v., -

p t :: V.., t Vro -+V, 

p~ = Vs +-V~:, -1 •h 
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Code (Path + Node) Colour 

01101001 R 

10101010 B 

11001100 y 

ll 000011 R 

10100101 R 

01100110 B 

00001111 R 

00000000 BLANK 
10101011 G 

11001101 y 

01100111 G 

00000001 BLANK 

. 
Table 2. Colour Table for fig. 2. seeond System . 

While the (8,4) code is sufficient for some applications, use of 
the (16 ,11 ) code gives 32 paths with up to 11 objects per path. The 

weakness of this system lies in the rapid growth of the colour table 

size as the number of surfaces/path increases - there is an exponen
tial relation between the two. 

The third system aveids these problems by decoding the surface earn

bination before adding the path code. Thi s reduces the number of 

possibilities from 2n to n and hence leads to a much more compact 

system. If the node codewords are the we i ght-1 vectors (00 . . 01) , ... . . , 

(100 . . . 0), then simple priority coding suffices to determine from t he 
combination which surface is visible . Since no two paths occur simul-. 

taneously , the path codewords need have no redundancy - the 4-bit 

codes can be used directly. In the system of fig . 6, a 16 input 

priority eneeder allows up to 15 nodes/path, givinga 4-bit priority 

code (with (0000) signifying blank). This is combined with the 4-bit 
path code to address the 256 word colou r tab le. Note that i n this case , 

only l address is used per surface on each path, unlike t he t wo above 
systems. In the example of fig. 2, the colour tab l e entries wou ld be 
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as shown in Table 3. 

Address Colour 
Nod e Path 

0001 0000 R 

0010 0000 B 

0011 0000 y 

0000 0000 BLANK 
0001 0001 G 

0010 0001 y 

0000 0001 BLAN K 

Table 3. Colour Table for fig. 2. Third System. 

Of t he 3 systems, the third is for the most efficient in hardware 

terms. Its on1y li mitation is that the surface combination must be 

decoded before the path code is added. This vwuld not be possibl e 

in syste~s where the surface-fil1ing is performed at the output of 

a frame - buffer. 
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IV CONCLUSIONS 

It has been shown that the linear structure of the code space 
created by the filling algorithm admits seve ral hidden-surface 

removal methods, of varying complexity and f l exibility . 

Each of the systems considered has certai n meri ts. Between them 
they provide the designer with a wide range of performance and 
complexity. All three are practicable and easy to i mp lement in 
conventional hardware. 
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Fig . 4. (a) , ( b ) , (c) Feasib le s tructu re s for 4- bit codes , ( d ) infeasible 

st ructu re. 
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