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l Introduction. 

The Kantorovich distance for images can be defined in two ways. Either as 
the infimum of all "costs" for "transporting" one image into the other, where 
the cost-function is induced by the distance-function ehosen for measuring 
distances beetween pixels, - or as a supremum of all integrals for which the 
integration is with respect to the measure obtained by taking the difference of 
the two images considered as mass distributions, and for which the integrand 
is any function whose "slope" is bounded. (For the precise definitions see the 
next sections). 

We shall call the first of these two definitions the primal version and the 
seeond definition the dual version. 

It was Kantarovich [10], (see also [11]), who in the beginning of the 40:ies 
introduced this "transportation-metric" for prohability measures and proved 
the equality between the two definitions. This result is a special case of what 
in optimization theory is called the duality theorem. 

The first to use the primal version of the Kantarovich distance as a 
distance-function between 2-dimensional grey valued images with equal to
tal grey value was probably Werman et al [19]. (See also Werman [20]). 
The conclusions in their paper was that the metric is applicable in many 
domains such as co-occurance matrices, shape matching, and picture half
toning. They claim that the metric has many theoretkal advantages but also 
remark that , unfortunately, computing the Kantarovich distance (or rather 
the match distance, as they call the metric) is computationally expensive, 
and that, in some applications the added computation does not result in any 
substantial improvement. But they also say that when other comparison 
methods fail , the Kantorovich distance seems worth considering. 

In [20] Werman computes the Kantorovich distance in some very simple 
two-dimensional cases, but otherwise the only computations made are for 
either one-dimensional images or for images with curves as support. 

A few years earlier, in 1981, Hutchinson [7] used the dual formulation of 
the Kantorovich distance for measuring distances between what can be called 
self-similar prohability measures obtained as limiting distributions for a sim
ple kind of Markov chains induced by affine contractive mappings. Hutchin
son used the dual version of the Kantorovich distance to prove an existence 
and uniqueness theorem of such limit measures, but this theorem ([7], section 
4.4, theorem l) was proved already in the 30:ies by Doeblin and Fortet in a 
substantially more general setting. (See [6]) . 

In the latter part of the eighties M.Barnsley and coworkers coined the 
terminology "iterated function systems" (IFS), and "iterated function sys
tems with probabilities" (IFS with probabilities) for the systems studied by 
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Hutchinson. (See e.g. the books [3) and [4).) They also used the word attrac
tor for the limit measure which always exists forthese systems. To prove the 
existence and the uniqueness of these attractors, and other limit theorems 
for the case one has an IFS with probabilities, Barnsley and coworkers use 
the dual version of the Kantarovich metric. In none of the papers or books of 
Barnsley and/ or coworkers is the Kantarovich distance actually computed, 
and there are very few estimates. 

In 1989 Jacquin published his thesis [8] (see also [9]) in which he describes 
a new technique to compress images, nowadays often called fractal coding 
or block-based fractal coding or attractor coding. In his thesis Jacquin also 
refers to the dual version of the Kantarovich distance (the Hutchinson metric) 
but writes that "the main problem with this metric is that it is extremely 
diffi.cult to compute, theoretically as well as numerically". (See [8] , Part I, 
page 12). 

In prohability theory the primal version of the Kantarovich distance has 
often been called the Vaserstein metric after the paper [18] by Vaserstein. In 
this paper Vaserstein defines a transpartatian plan between two prohability 
measures which "puts" as much mass as possible on the diagonai of the 
product space of the state spaces of the two given prohability spaces. 

A transpartatian plan between prohability measures (stochastic variables, 
stochastic processes) is nowadays often called a eaupling (see e.g Lindwall 
[13]). Couplings have become an important tool in prohability theory in 
particular within the theory of interacting partide systems. (See e.g [12]). 

The basic theory on the Kantarovich distance in prohability theory, such 
as the duality theorem in general spaces, has been developed by several re
searchers among which one should mention Kantorovich, Rubinshtein, 
Dubroshin, Dudley, Zolotarev, and Rachev in particular. In the paper [16) 
by Rachev a very general duality theorem is proved (Theorem 3), and also a 
thorough historical review is given, and in the book [17) by the same author, 
a large part is devoted to analysing the Kantarovich distance. 

The author of this paper got interested in the computat ional aspects of the 
Kantarovich distance, for essentially two reasons. The first reason was simply 
based on the idea that the Kantarovich distance could be useful as a distance
function between images of fractal character w hen trying to find a solution t o 
the so called inverse IFS-problem. (The inverse IFS-problem means roughly 
the following: Given an image, find an IFS with as few affine mappings as 
possible, whose attractor is close to the given image.) If the given image is 
of fractal character it seems at least possible that the Kantarovich distance 
could be useful as a tool for discriminating between approximating images 
and the original image when looking for an answer to the IFS-problem, since 
the Kantarovich distance utilizes the spacial differences between images and 
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not only differences in grey values. 
The other reason was simply that several authors had claimed that it was 

more or less impossible to campute the Kantarovich distance because of its 
high computational complexity, but that it seemed as very few had actually 
tried to campute the Kantarovich distance for images, even for images with 
a comparatively small number of pixels. 

In [19], Werman et al. point out that the standard algorithm for solving 
integer valued transpartatian problems has an estimated computional cam
plexity of order O(N3 ) where N denotes the number of pixels in the two 
images. Since this estimate is obtained for transpartatian problems with 
very general cost-functions, and since the cost-function when computing the 
Kantarovich distance has much structure, it seemed at least possible that 
one would be able to obtain a lower computational camplexity than O(N3 ). 

It seems now as the order of computational camplexity ought to be ap
proximately O(N2 ), which however still is of one power higher than the 
computational camplexity of the ordinary PSNR measure (the L2 -metric) 
which is of order O(N). At present the computer programme, implemented 
by the author and based on the algorithm described in t his paper, gives a 
computational camplexity of roughly O(N2

·
2

) in the sense that if we sub
sample an image, thereby obtaining an image whoseside length is 1/2 of the 
original image, then the compution time decreases by a factor, 1/ >.., say, and 
in many of the exaroples we have tried, the ratio factor ).. is approximately 
equal to 20 ~ 42·

2
, bu t seldom more. However quite often the ratio factor 

).. is substantially smaller, sometimes as small as 11. Moreover in case we 
have two very dense but nonoverlapping binary images, with equal total grey 
value, (the assignment problem), then the factor ).. has been as small as 6. 

In the very recent paper [2], Atkinson and Vaidya have proved that there 
exists an algorithm which is of order O(N2log(N)3 ) in case one uses the 
Manhattan-metric as distance-function and of order O(N2

·
5log(N)) in case 

one has the Euclidean metric as distance-function. Their result confirms our 
initial conjecture that the computational camplexity can be lowered thanks to 
the structure of the cost-function w hen computing the Kantarovich distance. 

We shall make a few further comments on the algorithm of Atkinson and 
Vaidya in the summary at the end of the paper. 

During the author's work on the computation problems for the Kan
torovich distance, the author has become more and more intrigued by the 
idea to use a transpartatian plan between images as a starting point for a 
compression. At first a transpartatian plan might seem quite costly to code, 
but we believe that transpartatian plans can be quite cheap to code, and it 
is therefore possible that approximations of transportation plans in combi
nations with other coding methods can yield a quality of the approximated 
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image which is of the same size or betterthan what would have been obtained 
by using the "given" coding technique alone. 

Transportatian problems are in the modern theory of optimization theory 
considered as special cases of what is called minimum cost fiow problems in 
network fiows. Recently two excellent books have been published on network 
fiows namely the book [5] by Bertsekas and the book [l] by Ahuja, Magnanti 
and Orlin. 

The largest test examples for minimum cost fiow problems that they 
present in their books are 3000 nodes and 15000 arcs, and 8000 nodes and 
80000 arcs respectively and the computation times for these examples are 
37.38 and 1,064.45 seeonds (CPU-time). 

Since in principal, the number of nodes is approximately 65,000 and the 
number of arcs is approximately 1,000,000,000 for the transportation prob
lems that one obtains when computing the Kantorovie distance between im
ages of size 256 x 256, it seems necessary to modify the methods described 
in their books. 

The underlying method we have used to compute the Kantarovich dis
tance has been the so called primal-dual algorithm. We have followed the 
presentation of this algorithm as it is given in the book [15] chapter 12, by 
Murty. The primal-dual algorithm is also described in the books [5j and [1]. 

In principal, we have only modified the primal-dual algorithm in two 
ways. Onestep in the algorithm is to determine so called new admissable arcs 
(new admissable networks) and it is when iooking forthese arcs that we have 
managed to reduce the number of pixels one has to investigate substantially. 

The other improvement we have made is simply to let the so called la
beling process go on until as much labeling has been done as possible. This 
trick reduces the computation time considerably ( approximately by a facto r 
of 3). 

The plan of this paper is as follows. In the next section we introduce 
some concepts, in particular the notion of a transportaHon image, and 
give the definition of the Kantarovich distance between images in terms of 
transportation images. In section 3 we formulate the Kantarovich distance 
as the solution to a linear programming problem, and in section 4 we present 
the dual version of this linear programming problem. 

In seetians 5 to 11 we present the primal-dual algorithm for the trans
partatian problem and in section 12 we make some comments regarding the 
primal-dual algorithm when applied to large transportation problems. 

In section 13 we make a short digress and present the Kantarovich dis
tance for prohability measures, and present the duality theorem in this situ
ation. 

In section 14 we repeat the formulatian of the definition of the Kan-
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torovich distance for images, in seetian 15 we briefly discuss how one can 
handle images with unequal total grey values and in seetian 16 we describe 
the so called "subtraction step" which one always can do when the underlying 
distance-function is a metric. 

In seetians 17 and 18 we describe the properties that reduce the search 
for the so called admissable arcs, which decreases the computation time con
siderably. In seetian 19 we discuss how to obtain "are-minimal" solutions. 

In seetian 20 we present som computational data when computing the 
Kantarovich distance between an approximate image of Lenna and the origi
nal Lenna. We also present a figure (Figure 5) showing the arcs of an optimal 
transpartatian plan. Otherwise all figures are gathered in an appendix at the 
end of the paper. 

The computation time on a SUN4/690 rnachine (SuperSparc) is slightly 
less than one hour for this example. 

In seetian 21 we make some comments about advantages and disadvan
tages for various possible underlying distance-functions. 

In seetian 22 we discuss the possibility of using transpartatian plans for 
coding. In seetian 23 we introduce the nation of the mean fl.ow vector field of 
a transpartatian image and the deviation of the mean fl.ow vector field, both 
concepts being connected to the problem of approximating a transpartatian 
image ( transpartatian plan). 

In seetian 24 we show how a transpartatian image between two images 
can be used for interpolation between two images. 

In seetian 25 we introduce another concept associated with a transporta
tian image, namely the distortion image. The distortion image is introduced 
in order to simplify detection of image discrapancies. 

Section 26 finally contains a summary and a discussion. 
In Section 27 we make our acknowledgements and in the Appendix we 

have gathered all our eleven figures. 
One final introductionary remark. This paper is written primarily for 

readers working in image coding and image processing and therefore we have 
tried to make the paper essentially self-contained. That is why we have been 
quite elaborate about how the primal-dual algorithm for the transpartatian 
problem works. 

2 The definition. 

We shall start the definition of the Kantarovich distance with a nation we 
have ehosen to call a transpartatian image. 
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A transportation image is a set 

of finetely many 5-dimensional vectors, where the first two pairs of elements 
de:fine two pixels (a transmitter and a receiver) and the last element defines 
a mass "between" the two pixels. If nothing else is said we assume that the 
last element in each 5-vector of a transportation image is strictly positive, 
and we also assume that there are never two vectors in a transportation 
image for which the first four elements are equal. We call a generic vector 
in a transportation image, a transportation vector, we call the first pair 
of elements the transmitting pixel, we call the seeond pair of elements the 
receiving pixel, we call the fifth element the mass element, and we call a 
pair ((i,j), (x, y)) of a transmitting pixel (i, j) and a receiving pixel (x, y) an 
are. 

Now given a transportation image, we can define two images- a trans
mitting image, P1 say, and a receiving image, P2 say, as follows: 

Let K1 denote the union of all transmitting pixels in the transportation 
image and similarly let K 2 derrote the union of all receiving pixels. Next let 
A( i, j) denote the set of indices in the list 

{((in,jn), (xn,Yn),mn) : l:=:;n:=:;N} 

defining the transportation image for which the associated transportation 
vectors are such that their transmitting pixel is equal to (i, j). Similarly 
define B( x, y) as the set of indices for which the associated transportation 
vectors have a receiving pixel equal to (x, y). We now define the transmit
ting image by 

Pt={Pt(i,j)= L mn: (i,j)EKt} 
nEA(i,j) 

and similarly we define the receiving image by 

P2 = {P2(x, y)= L mn: (x, y) E K2}. 
nEB(x,y) 

From the way P1 and P2 are defined it is clear that the total grey value of 
the transmitting image and the receiving image are the same namely equal 
to the sum 

n=l 

Next let P and Q denote two images with equal total grey value. We 
denote the set of all transportation images which has P as transmitting image 
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, 

and Q as receiving image by 0(P, Q) or simply by e, and we denote a generic 
element in 0(P, Q) by T( P, Q) or simply by T. We call any transportation 
image in 0(P, Q) a transportation image from P to Q. 

Next we need to introduce a distance-function d(i,j,x,y) from a pixel 
(i, j) in the set K 1 to a pixel (x, y) in t he set K 2 . This distance-function need 
not be a metric, but such a choice has an advantage in a sense which we will 
make precise later. 

Having introduced a distance-function we can now define the cost c(T) 
for a transportation image T = { ( (in, j n), (X n, Yn), mn) : l:::; n :S N} from P 
to Q, simply as 

N 

c(T) = L d(in,jn , Xn, Yn) x mn 
n=l 

where N denotes the total number of transportation vectors in the trans
portation image under consideration. 

Finally the Kantorovich-distance dK(P, Q) between P and Q - with re
spect to the distance-function d( i, j, x, y) - is defined as 

dK(P, Q) = min{c(T): TE0(P,Q)}. 

Before finishing this section we shall for sake of completeness introduce 
a distance for two grey valued images whosetotal grey values are not neces
sarily the same. 

Thus let P and Q be two given images. Let L(P) and L(Q) denote the 
total grey value of P and Q respectively. Define P= {p(i, j): (i,j) E K 1 } 

and Q= {q( x , y): (x, y) E K 2 } by 

p(i , j) = p(i,j)/L(P) 

and 
q(i,j) = q(i,j)/L(Q). 

Then clearly P and Q have the same total grey value namely equal to l. One 
can therefore define the Kantarovich distance between the two images P and 
Q and could t hen for example define the Kantarovich distance between P 
and Q simply as 

3 A linear programming forrnulation. 

Another way, and perhaps a more straight-forward way to define the Kan
torovich distance is as follows. Let again P = {p(i,j) : (i,j) E K 1 } and 
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Q= {q( x, y) : (x, y) E K 2} be two given images defined on two sets K 1 and 
K 2 respectively. K 1 and K 2 might be the same, overlap or be disjoint. We 
also assume that the images have equal total grey value. 

Next let f(P, Q) denote the set of all non-negative mappings m( i, j, x, y) 
from K 1 x K 2 -+ R+ such that 

L m(i,j,x,y)'S:p(i,j): (i,j)EK1 (l) 
(x,y)EK2 

and 
L m( i, j , x, y) S: q( x, y) : (x, y) E K2 . (2) 

(i,j)EK1 

We call any function in r( P, Q) a transportation plan from P to Q. A 
transpartatian plan for which we have equality in both (1) and (2) will be 
called a complete transportation plan and we denote the set of all com
plete transpartatian plans by A( P, Q). 

I t is important to notice that to every function m( i, j , x, y) E r ( P, Q) 
there earresponds a unique transpartatian image 

defined as follows: Let <.P( m) be defined by 

<.P(m) = {(i,j,x,y): m(i,j,x,y) > 0}, 

let N(m) be the number of elements in <.P( m), let l( n), n= l, 2, ... , N (m) be 
an "indexing"-function for <.P(m) (i.e. l(n) is a 1-1 function from the integers 
1,2, ... ,N(m) to <.P(m)), and finally define the transpartatian image by 

T= {(l(n), m(l(n)), 1 S: n S: N ( m)}. 

Note howeverthat the transpartatian image obtained has transmitting image 
P and receiving image Q only if the given transpartatian plan is complete. 

Conversely, if we are given a transpartatian image 

between two images P defined on the set K 1 and Q defined on the set K 2 , 

then we can find a unique function m( i, j, x, y) E r( P, Q) simply by defining 

and defining 
m(i,j,x,y) = O 
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elsewhere. Recall that in our definition of a transportation image we assumed 
that there does not exist two or more transportation vectors in a transporta
tian image with the same values on the four first elements and therefore the 
function defined above is really well-defined. 

Nowletas above d( i , j , x , y) denote a distance-function between pixels in 
the set K 1 and the set K 2 . The Kantarovich distance dK(P, Q) can then be 
defined by 

dK (P,Q) = 

min{ L m(i,j, x , y) x d(i , j , x , y) : m(·,· , ·, ·) E A(P ,Q)}. 
i ,j,x,y 

Since we require that the function m( i, j , x, y) is non-negative and the con
strains defining the functions in the set A(P, Q) are linear relations we see 
that the definition of the Kantarovich distance is equivalent to the formula
tian of a linear programming problem. In fact , t he linear programming 
problem we obtain is called the balanced transportation problem and 
there are well-known algorithms for solving such problems. 

The reason that one can not apply standard algorithms directly for com
puting the Kantarovich distance is that the size of the transportation prob
lem we obtain is quite large. If for example, we consicler two images each 
of size 256 x 256 then the number of sources and the number of sinks in 
our transportation problem is 65536, the number of unknowns (variables) is 
232 = 4299801236 and the number of constrains are 2 x 65536 = 131072. 
And if we consicler 512 x 512 images then the number of sources, sinks and 
constrains will i nerease by a facto r 4 and the number of unknowns (variables) 
to be determined will increase by a factor 16. 

4 The dual formulation. 

In the previous section we saw that the Kantarovich distance can be formu
lated as the solution of a linear programming problem. Therefore t here is 
also a dual formulatian of the Kantarovich distance. Since the computation 
of the Kantarovich distance is equivalent to solving a transportation problem, 
and the method we shall use is based on the so called primal-dual algorithm, 
we shall now present the dual formulatian of the balanced transportat ion 
problem. 

The general primal version of the balanced transportation problem can 
be formulated as follows: 

N M 

Minimize L L c( n, m) x x( n , m) 
n=l m=l 

lO 



,. 

w hen 

x( n, m) 2: O, l S. n 'S_N, l S. m S. M , 

M 

L x(n,j) = a(n), l 'S_n'S_N, (3) 
j=l 

N 

L x( i, m) =b( m), l S. m S. M, (4) 
i=l 

and 
N M 

L a(n) = L b(m). 
n=l m=l 

One also usually assumes that for l S. n S. N, and l S. m S. M, 

a( n) >O, b( m) >O, c( n, m) 2: O. 

These last three assumptions are usually included as basic assumptions for 
the transpartatian problem. 

Now let a(n), l'S_n'S_N, and /3(m), l'S_m'S_M, be numbers such that 

c( n , m)- a( n)- f3(m) 2: O, l S. n S. N, l S. m S. M. (5) 

Let us set 
c( n, m) = c( n, m) -a( n) - f3(m) . 

Since 

N M N M 

L L c( n, m) x x( n , m) = L L (c( n, m)+ a( n)+ f3(m)) x x( n, m) 
n=lm=l n= l m= l 

and since from (3) and ( 4) it follows that 

N M N 

L L a( n) x x( n, m) = L a( n) x a( n) 
n=l m=l n= l 

and 
N M M 

L L f3(m) x x( n , m)= L f3(m) x b( m) 
n=lm=l m= l 

we conclude that 

N M 

minimum L L c( n, m) x x( n, m) = 
n=lm=l 
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N M N 

minimum l: l: c( n, m) x x( n, m)+ l: a( n) x a( n) + 
n=lm=l n=l 

M 

l: {3(m) x b(m). (6) 
m= l 

Since the first term of the right hand side of this equality must be non
negative if (5) holds, i t is clear that the solution of the transportation problem 
must be greater or equal to the solution of the following linear problem (the 
dual version of the transportation problem): 

N M 
maximize (L a(n) x a(n) + l: {3(m) x b(m)) 

n=l m= l 

w hen 

c(n,m) - a(n)- {3(m);::: O, l'5:n'5:N, l'5:m'5:M. 

That in fact the primal and the dual problem have the same solution is 
well-known from optimization theory. (For a fairly short proof of this result 
see e.g. [1], appendix C.6, where a proof based on the simplex method is 
given. Another proof based on gr a ph theory is also given in [l] section 9.4. 
See also the paper [10] by Kantorovich.) 

However since a proof of the duality theorem for the transportation prob
lem can be based on the primal-dual algorithm we shall give parts of the 
necessary arguments which lead to the conclusion of equality. 

Let us first suppose that we have a matrix {x( n, m) : l '5:n'5:N, 1'5:m:SM} 
which satisfies the constrains (3) and (4) of the transportation problem. Let 
us also suppose that we have two vectors {a( n), l '5: n '5: N} and {{3( m), l '5: 
m '5: M} satisfying the constrains (5) of the dual problem and also such that 
whenever x( n, m) > O then 

c( n, m)= a( n)+ {3(m). (7) 

If this is the case we conclude that the first term of the right hand side of 
(6) is O, from which we conclude that the matrix {x( n, m) : l :::; n '5: N, l '5: 
m '5: M} solves the primal problem and the vectors {a( n) , l '5: n '5: N} and 
{,B(m), l '5:m'5:Af} solve the dual problem. 

Thus in order to prove the equality between the solutions of the primal 
formulatian and the dual formulatian of the transportation problem, - and 
at the same time finding the solution -, it suffi.ces to have an algorithm which 
produces a matrix {x(n,m) : l '5: n '5: N, l '5: m '5: M} and two vectors 
{a( n), l '5: n '5: N} and {{3( m), l '5: m '5: M} such t hat firstly the y satisfy the 
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constrains of the primal and dual problem respectively, and secondly in case 
x( n, m) > O then condition (7) above holds. Such an algorithm is the so 
called primal-dual algorithm which we shall describe in the next six sections. 

Before we end this section, as we promised in the beginning of this 
section, we shall formulate the Kantarovich distance between two images 
P= {p(i,j): (i,j) E K 1 } and Q= {q(x,y): (x,y) E K 2 } as the solution 
of the following dual problem: 

maximize I: a(i,j)xp(i, j)+ I: f3(x,y)xq(x,y) 
(i,j)EK1 (x,y)EK2 

w hen 

d(i,j,x , y)- a(i,j)- f3(x,y) 2: O, (i,j) E K1 , (x, y) E K 2 • 

5 The primal-dual algorithm for the trans
partatian problem. A general outline. 

In this and the next five sections we shall describe the primal-dual algorithm 
as it is described in Murty [15]. The reason we spend so much time on 
explaining the details of this algorithm is of course because i t is this algorithm 
which we shall use in order to compute the Kantarovich distance for images. 

In this section we introduce some terminology and present the general 
outline of the algorithm. In the next five seetians we shall present the details. 

What we want to do is to find a matrix {x( n, m) : l ~n~ N, l ~m~ M} 
and t wo vectors {a( n), l :S n~ N} and {/3( m), l ~m :S M} s u ch t hat firstly 
they satisfy the constrains of the primal and dual problems respectively, and 
secondly in case x( n, m) > O then condition (7) above holds. It then follows 
from what we said above that {x( n, m) : l~ n~ N, l~ m~ M} will be 
a solution to the primal version of the transportation problem and that the 
two vectors {a( n), l ~n :S N}, {!3( m), l ~m~ M} will be a solution to t he 
dual problem. 

Let us begin by introducing some terminology. We call the two vectors 
{a( n), l~ n~ N} and {,B( m), l :S m :SM} a dual feasible solution if the 
elements of the vectors satisfy 

c(n,m)- a(n)- fJ(m) 2: O, l~n~N, l~m~M. (8) 

The elements are then called the dual variables. We shall call an index 
associated to an element of the vector {a( n), l~ n~ N} a source, an index 
associated to an element of the vector {b( m), l ~m~ M} a sink, and a pair 
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of a source and a sink we shall call an are. (In [15] an are is called a cell, but 
the term are seems to be the most common term used nowadays. Another 
term used is edge. ) 

Now given a dual feasible solution {a(n), l:Sn:S N} and {,B(m), l:Sm:S 
M} we can define the set of admissable arcs as those pairs of indices (n, m) 
( arcs) for which 

c( n, m) =a( n) + ,B( m). 

A pair (n, m) for w hi ch this equality does not hold is called inadmissable. 
By a flow we mean any matrix {x ( n, m) : l::; n ::; N , l::; m::; M} of 

non-negative elements such that 

M N 

L x( n, m) :S a( n) , l :S n::; N L x(n,m)::; b(m), l:Sm:SM, 
m=l n= l 

and we say that x( n, m) is the fl.ow of the are (n, m). 
Given a feasible dual solution {a( n), l::; n::; N} and {,B( m) , l::; m::; M}, 

we call a matrix {x( n , m) : l ::; n :S N , l :S m :SM} of non-negative elements, 
an admissable flow (with respect to the dual solution) if x( n , m) =O in 
case (n, m) is not an admissable are. If w denotes the set of admissable 
arcs we al so sa y t hat the fiow lives on W. 

We call a fiow {x( n, m) : l::; n :S N, l::; m :SM} which lives on a set W 
a maximal flow if any other fiow {y( n, m) : l :S n::; N, l :S m::; M} which 
lives on W is such that 

M N M N 

L L y( n, m) :S L L x( n, m) . 
m=l n= l m=l n =l 

Finall y we call an admissable fiow {x( n, m) : l :S n::; N, l :S m::; M} optimal 
if the elements of the matrix satisfy the equalities (3) and (4). 

The primal-dual algorithm consists essentially of the following st eps: 
O) Find an initial feasible dual solution, an initial set of admissable arcs 

and an initial fiow. Then go to 3). 
l ) Update the set of dual variables. Then go to 2). 
2) Determine the new set of admissable arcs. Then go to 3). 
3) Check whether the present fiow is maximal. If it is go to 5). If it is 

not go to 4). 
4) Update the present fiow. Then go to 3). 
5) Check whether the present maximal fl.ow is opt imal. If it is go to 6). 

If it is not go to 1). 
6) Ready. 
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6 The details of the primal-dual algorithm. 
The initialization. 

We are now ready to go through the algorithm in detail. In this section we 
shall present how we obtain the initial feasible dual solution, and the initial 
flow. 

To obtain an initial feasible dual solution we do exactly as is described in 
[15], chapter 12. Thus, first define c*(n) by 

c* (n) = min{c(n,m): l~m~M}. 

Next define our first set of dual variables by 

a(n) = c*(n), l ~n~N, 

and 
/3(m) =min{c(n,m) - a(n): l~n~N} , l ~m~M. 

From the definition of beta( m) i t is el ear that a( n)+ /3( m) ~ a( n)+ c( n, m)
a( n) =c( n, m) and hence (8) is satisfred and therefore the variables do indeed 
constitute a set of feasible dual variables. 

N ex t l et us den o te the set of admissable arcs defined by the initial set of 
dual variables by S. From the definition of the initial set of dual variables it 
is clear that S consists of at least N arcs, since for each source n, there exists 
at least one sink m for which c( n , m) =a( n)+ !3(m). 

We shall next define an initial admissable flow. Let us however first 
introduce the matrix {c( n, m) : l ~ n~ N, l ~ m~ M} by 

c( n, m)= c( n, m)- a( n)- !3(m). 

From the definition of a( n), l ~ n~ N, and !3( m), l ~ m~ M i t is clear that 
the matrix 

{c(n, m): l ~ n s_N, l~m~M} 

has at least one zero in each row and each column. The indices for which the 
elements of this matrix are zero are precisely the admissable arcs. 

There are many ways one can define an initial admissable flow 

{x0(n, m): l ~n s_ N, l ~m :s; M}. 

The simplest is to define x0(n, m) = O, l ~n::; N , l~ m~ M, and this is 
what is done in [15]. 

Another procedure is as follows. Let S(l) denote the set of indices 
m, l ::; m ~ M for which (1, m) is an admissable are. Define y(l) by 
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y(l) = max{ b( m) : m E S(l)}, define m(l) as min{ m : b( m) = y( l)} 
and define x0 (1 , m(l)) = min(a(l), y(l)). Next define x0 (1, m) = O, for 
l::; m::; M , m i= m(l). Here by the first row of the matrix defining the initial 
admissable flow is defined. 

Before we define the elements of the seeond row of the flow matrix let us 
define b( m) , l ::; m ::; 1v1, by b(m(l)) = b(m(l))- x0 (1, m(l)) and b( m) = 

b(m) for l ::; m::; M, m i= m(l). 
Next let us define S(2) as the set ofindices m, l ::; m::; M for which (2, m) 

is an admissable are. Define y(2) by y(2) = max{b(m) : m E S(2)}, define 
m(2) as min{ m : b( m) = y(2)} and define x0 (2, m(2)) = min(a(2), y(2)). 
Next define x0 (2, m) = O, l ::; m ::; M , m i= m(2). Hereby the seeond row 
of the matrix defining the initial admissable flow is defined. 

And so on. Thus suppose we have defined the n:th row of t he initial 
admissable flow matrix. Let us first update the vector b(m), l ::; m::; M , 
by b(m(n))new = b(m(n))old- Xo(l, m( n)) and b(m)new = b(m )ozd, l::; m::; 
M, m i= m( n). Next let us define S(n+ l ) as the set of indices m , l::; m::; M 
for which (n+ l, m) is an admissable are. Define y( n+ l) by y( n+ l) = 
max{b(m) :m E S(n+ 1)}, define m( n+ l) as min{m: b( m) = y( n+ l)} and 
define x0 (n+l, m(n+l)) =min( a( n+ l) , y(n+l)). Next define x0 (n+l, m) = 
O, for l::; m::; M, m i= m( n+ l). Hereby the (n+ l):th row of the matrix 
defining the initial flow is defined. And proceeding in this way all rows of 
the initial admissable flow matrix can be defined. 

7 Preperations for the labeling routine and 
the flow change routine. 

The next step in the algorithm is to perform the so called labeling. However 
before we do this we shall introduce some further terminology and concepts 
which will make it easier to understand the purpose of the forthcoming la
beling routine. 

We assume now that we have a feasible dual solution, a set of admissable 
arcs which is non-empty, and an admissable flow. 

A path is a sequence { ( n1, m z) , l :::; l ::; L} of admissable arcs, s u ch t hat 
if L> l then m21-1 = m2z, l ::;z :SL/ 2 and n21 = n 21+1, l ::;z::; L/ 2, and such 
that no are occurs twice and such that each source and each sink occurs in 
at most two arcs. 

The length of the path is equal to the number of arcs in the path. 
Given a path { ( n1, m1), l ::; l ::; L} we sa y: l) if L is o d d, that the path 

goes from the source n1 to the sink mL, and 2) in case L is even, that the 
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path goes from n 1 to nL. Furthermore, we say that a source n and a sink 
m are connected if there exists a path going from n to m; we say that two 
sources n1 and n2 are connected if there exists a sink m such that n 1 and m 
are connected and also n 2 and m are connected. Similarly we say that two 
sinks m1 and m2 are connected if there exists a source n such that n and m1 

are connected and also n and m2 are connected. 
A subset of the set of admissable arcs such that each source in any are 

of the subset is connected with each sink of all the arcs in the subset bu t · 
with no sink not in the subset of admissable arcs is called a connected 
subset of admissable arcs. Clearly the notion of connectivity constitutes 
an equivalence relation. We can therefore split the set of admissable arcs 
inte disjoint connected subsets of admissable arcs. From this observation we 
see that in order to create a maximal flow on a given set of admissable arcs, 
we could of course begin by splitting the set of admissable cells into disjoint 
subsets of connected arcs. 

Next let {x( n, m) : l~ n~ N, l~ m~ M} be an admissable flow. We say 
that a source n is deficient (with respect to the given flow) if2:~=l x( n, m) < 
a( n). Similarly we call a sink m deficient if 2:::::~=1 x( n, m) < b( m). A source 
or a sink which is not deficient we call full . By the fiow value x( n) of 
a source n we simply mean the sum 2:::::~=1 x( n, m) and similarly the fiow 
value x( m) of a sink m is defined as the sum 2:::::~=1 x( n, m) . 

Now in case the present admissable flow is not maximal on this set of 
admissable arcs, what we want to do is to find an algorithm - a procedure -
by which we can change the flow to another admissable flow so that the total 
value 2:::::~=1 2:::::~= 1 x( n, m) increases. 

In order to describe such a procedure we shall need the notion of a good 
path between a source and a sink defined as follows. We say that there is a 
go o d path between a source i and a sink j if t here exists a path { (n z, m z) , l ~ 
l ~ L} from i to j such t hat if L > l then 

x(n21, m2z) > O, l~ l< L/2. 

A good path between a deficient source and a deficient sink is often called 
an augmenting path, but we have ehosen not to use this terminology. 

8 The flow-change routine. 

Now suppose that we have found a good path between a deficient source i 
and a deficient sink j. It is then an easy matter to increase the total val u e 
of the flow. 
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First assume that the length of the path is equal to l. Then if we define 
e by 

M N 
e= min{ a( i)- :E x( i, m) , b(j)- :E x( n, j )} 

m= l n= l 

i t is clear that by redefining the present fl.ow for the index (i, j) by 

X new( i, j ) = Xozd( i, j) + 8, 

that we have obtained a fl.ow with larger total fl.ow t han before. Moreover 
either the source i or the sink j or both become full. 

If instead L > l, (that is L is any positive odd integer > l , ) then we 
define el by 

el = min{x(n2z , m2z), l :S l < L/ 2} 

a quantity which must be positive because we have a good path. We next 
define e by 

M N 

e= min{ a( i) - L x(i, m) , b(j) - L x (n , j), el}, 
m= l n= l 

a quantity which also must be positive since 81 is , as we just observed, and 
we also have assumed that both the source i and the sink j are deficient. We 
can now obtain a new fl.ow with larger total value, if we redefine the fl.ow 
values on the arcs of the path as follows: 

Xnew(n2/, ffi2!+1) = Xozd(n2z , m2!+1) - e, l :::; l < L / 2. 

From the definition of t he new fl.ow and the definition of e, it is clear 
that values of all the changed elements still are greater than or equal to zero. 
Moreover, if we consicler the fl.ow values for the sinks and sources along the 
path from i to j, (i and j excluded) i t is clear that the fl.ow values of these do 
not change, and hence the new fl.ow does indeed satisfy the conditions which 
constitutes a fl.ow. That the total value of the new fl.ow has increased by e is 
also clear from the way the new fl.ow is defined. 

The above procedure to update a fl.ow is called the flow change routine. 
Now, when we redefine the fl.ow on the present set of admissable arcs in 

this way, either a deficient source or a deficient sink or both a deficient source 
and a deficient sink become full , or the number of good paths from a deficient 
source to a deficient sink decrease by at least one. Therefore if we start with 
a given fl.ow on a set of admissable arcs and update the fl.ow iteratively as 
long as we can find a good path from a deficient source to a deficient sink 
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this updating procedure must end after a finite number of iterations since the 
number of possible good paths are finite and also the number of sources and 
sinks are finite. Moreover by a little bit of thinking it is not too difficult to 
convince oneself that the following propositionistrue (see also [1], Theorem 
6.4): 

Proposition 8.1 Suppose we have a fiow on a set of admissable arcs. Sup
pose also that there is no good path from a deficient source to a deficient sink. 
Then the present fiow is maximal on the present set of admissable arcs. 

For a formal proof of this result see the pages 177-185 of [1] . Compare also 
with Kantorovich's proof of the duality theorem [10]. 

9 The labeling routine. 

The main purpose of the labeling routine is to find a good path from a 
deficient source to a deficient sink. When that happens we can go to the flow 
change routine and update the present flow. If it never happens we go to the 
"dual solution change routine", which we shall describe in the next section. 

The labeling routine is as follows (see [15], page 369): 
Let {x( n , m) : l :S n :S N, l :S m :SM} be the present admissable flow. 

The first part of the labeling routine is to label each deficient source with 
the label (s,+). If no source is labeled, all sources are full , and we have an 
optimal flow. If som e source is labeled we continue by labeling those sinks 
by the label (source n, +) for which the following condition holds: 

(i) sink m is not yet labeled, source n is labeled, and (n, m) is an admiss
able are. 

If no sinks satisfy condition (i) we go to the dual solution change routine. 
If a deficient sink is labeled t hen we have f o und a go o d path (of length l) 

from a deficient source to a deficient sink and we can stop the labeling routine 
and go to the flow change routine. Finding a good path from a deficient source 
to a deficient sink is also called obtaining a breakthrough. 

If we do not find a good path from a deficient source to a deficient sink 
the first time we "go through" condition (i) for all labeled sources, but do 
obtain some labeled sinks, then we continue our labeling by checking the 
following condition for all labeled sinks: 

(ii) source n is not yet labeled, sink m is labeled, (n, m) is an admissable 
are, and x( n, m) > O. 

If condition (ii) holds we label source n by (sink m, -). 

19 



If we do not obtain any new labeled rows, we terroinate the labeling 
routine and go to the dual solution change routine. Otherwise we continue 
by checking condition (i) again, this time for all "newly labeled" sources. 

If no so far uniabeled sinks satisfy condition (i), we terroinate the labeling 
routine and go to the dual solution change routine. 

If (i) is satisfied for some new sink m, just as before, we label that sink by 
(source n,+). If we happen to label a deficient sink we again have a break
through, which implies that we have obtained a good path from a deficient 
source to a deficient sink. The way we find the good path is simply to fol
low the labeling backwards so to speak, until we come to a deficient source 
(which is labeled (s,+)). If no new sinks are labeled we terroinate the label
ing routine and go to the dual solution change routine. Otherwise we check 
condition (ii) again for those labeled sinks which have not been checked. 

And in this way we continue the labeling "going through" conditions (i) 
and (ii) as long as it is possible. Sooner or later the labeling process will 
end, either by a so called breakthrough, which means that we can find a 
good path from a deficient source to a deficient sink, and then we go to the 
flow change routine, or the labeling routine terminates without obtaining a 
breakthrough in which case we go to the dual solution change routine. 

If we go to the flow-change routine then before we return to the labeling 
routine we "unlabel" all sinks and sources, and after we have updated the 
flow by using the flow-change routine we return to the labeling routine and 
startour labeling afresh. If however we go to the dual solution change routine 
then we can keep all our labeling and start labeling after we have updated 
the dual variables and the set of admissable arcs from where it was left off 
at the occurance of the nonbreakthrough (to quote Murty [15) verbatim). 

10 The dual solution change routine. 

We shall now describe the dual solution change routine. The dual solution 
change routine consists essentially of two parts. The first part consists of 
determining the new set of dual variables, the seeond part consists of deter
mining the new set of admissable arcs. 

Let L1 denote the set of labeled sources, let U1 denote the set of uniabeled 
sources, let L2 denote the set of labeled sinks and U2 denote the set of 
uniabeled sinks. Obviously the set L 1 can not be empty since if this is the 
case all sources are full and we would have f o und an optimal flow. Moreover 
the set U2 must also be non-empty because if U2 is empty this means that all 
sinks would belabeled and since at least one sink is not full (since we do not 
have an optimal flow) the fact that all sinks are labeled would imply that we 
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would have a good path from a deficient source to a deficient sink, which we 
cannot have. 

The dual solution change routine starts by d etermirring the following num
ber: 

b= min{c(n, m)- a(n)- f3(m): n E L1 , m E U2}. 

8 must be a positive number since if the source n is a labeled source and 
(n, m) is an admissable are then the labeling procedure would la bel the sink 
m and hence m could not t hen bel o ng to the set U2 . 

We now change the dual variables as follows: 

anew(n) = aold(n), n E U1 

f3new(n) = f3old(n) -b, n E L2 

f3new(n) = f3ozd(n), n E U2. 

This completes the first part of the dual-solution change routine. 
It is easy to check that this updated set of variables constitutes a feasible 

dual solution, that is that we still have 

c( n, m) -a( n)- f3(m) 2: O, l :::; n:::; N, l :::; m:::; M 

for the updated set of variables. For if n E L1 and m E L2 then the sum of 
a(n) and f3(m) is unchanged, if n E L1 and m E U2 then by the definiton of 
8, c( n, m)- a( n)- f3(m) 2: O, if n E U1 and m E L 2 then the sum of a( n ) 
and {3(m) decreases, and finally if n E U1 and m E U2 then the sum of a( n) 
and f3(m) is unchanged. 

Next l et Sold derrote the admissable arcs for the "old" set of dual variables 
and let Snew denote the admissable arcs for the new set of dual variables. In 
order to obtain the new set of ad missa bl e arcs we first delete all arcs (n, m) 
for which n is uniabeled and m is labeled and after that "all" we have to do 
is to check if 

c( n, m)- a( n)- {3(m) =O 

for each labeled source n and for each uniabeled sink m. 
That the old fl.ow which we knew was a maximal admissable fl.ow on the 

old set of admissable arcs is also an admissable fl.ow, but not necessarily a 
maximal fl.ow, on the new set of admissable arcs is easy to check. For suppose 
that the source n and the sink m is such that x( n, m) > O. Then the source n 
can not be uniabeled at the same time as the sink m is labeled because then 
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condition (ii) of the labeling routine would hold and therefore the source n 
would also have to be labeled if the sink m is labeled. Therefore, if n is a 
source which is uniabeled and m is a sink such that x( n , m) > O then the 
sink m is also uniabeled and therefore by definition of the new dual variables 
the are (n, m) E Snew· If on the other hand n is a source which is labeled and 
x( n, m) > O then (n, m) must belong to Sotd and therefore the sink m also 
would belabeled and again we note that the are (n, m) E Snew· This proves 
that the "old" fiow also is an admissable fiow on the new set of admissable 
arcs. 

11 The last part of the primal-dual solution. 

After we have gone through the updating in the dual solution change routine, 
we go back to the labeling routine and start the labeling where we left it. 
Since the new set Snew of admissable arcs contains at least on e new are (i, j) 
say, such that the source i is labeled, but sink j is not yet labeled we can 
continue our labeling. If the new sink which we label is deficient then we 
will immediately obtain a new good path and we will go to the fiow change 
routine. If the new sink that we label is full then we will anyhow label at 
least one more sink before we either go back to the dual solution change 
routine or the fiow change routine at the terroination of the labeling routine. 
This shows that we can only go back and forth between the labeling routine 
and the dual solution change routine at most M - l times before going to 
the flow-change routine. 

Now suppose that the vectors {a(n)> O, l :::;n:::;N} and {b(m) > O, 1 :::; 
m:::; M} are integer valued. Then the fiow change routine will always increase 
the total value of the fiow by at least l. Since the number of operations is at 
most of order O(N M 2 ) between each "visit" to the flow change routine and 
the total fiow value is certainly bounded by 

N 

max{ c( n, m) ~ O, l :::; n :::; N, l:::; m:::; M, } x L a( n) 
n= l 

the primal-dual algorithm will certainly termirrate in less than C x N M 2 

operations, where C is independent of N and M . 
If all parameters of the problem are rational it is also clear that the algo

rithrn must end in a finite time, since we can simply multiply everything by 
the largest common divisor to obtain a problem with integer parameters. Fi
nally if some or more of the parameters are real-valued it is not obvious how 
one provesthat the algorithm must terminatein a finite t ime. However since 
one clearly can find arbitrarily close approximate solutions to the solution of 
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the primal problem by approximating the parameters by rational numbers in 
such a way that all costs are slightly less, one can use the primal-dual algo
rithm to find feasible dual solutions arbitraly close to the primal solutions. 
Thus except for a formal proof of the proposition stated above (Proposition 
8.1) we have in fact proved the equality between the solution of the primal 
and the dual formulatian of the transportation problem. 

12 Some further remarks on the primal-dual 
algorithm. 

In this section we shall make some further remarks concerning the primal
dual algorithm. As we already have indicated we are going to use the primal
dual algorithm when computing the Kantorovich distance between images. 
This will imply that we will apply the primal-dual algorithm to very large 
transportation problems. As we shall see the number of sources, N, and 
sinks, M , for two 256 x 256 images will be roughly 65536/2 ~ 32750 in case 
we want to compute the Kantarovich distance when the underlying distance
function is a metric. Let us therefore go through the different steps of the 
primal-dual algorithm havinga transportation problem of this size in mind. 

First if we consicler the computations involved to compute the initial dual 
variables a(n), l :::; n :::; N (see section 6), we note that for each variable we 
have to fin d the l east of M elements, (M = the number of sinks) w hi ch takes 
O( M ) time. Thus a rough estimate of the time to determine the initial dual 
variables a( n), l :::; n :::; N is O( N M). However if the cost-function c( n, m) 
has some structure, as it will in our applications, one can reduce the time to 
order O (N). 

Next considering the computations involved to compute the dual vari
ables {3(m), l :::; m :::; M, as we defined them in section 6, in case the cost 
function has no structure the time to compute all these variables would in 
general be of order O (N M). Even if the cost-function has som e nice metric 
properties computing the vector /3( m), l :::; m :::; M will take longer time than 
computing the dual variables a( n) , l :::; n:::; N since before we can compute 
the dual variables /3(m), l :::; m:::; M we have to make a few minor changes 
in the elements of the cost matrix {c( n , m), l ::; n :::; N, l :::; m :::; M} 
thereby loosing some of the nice structure of the cost-function. However the 
computation timewillstill be of order O(M) (with a somewhat "bigger" 0 ). 

In principal i t is essentially impossible to store a "cost-matrix" of size 
32000 x 32000 since that would require approximately 8 times one giga-bite, 
where 8 is the number of bites required to represent a grey value. Therefore 
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it is necessary to have the cost-matrix given by a formula. This we willhave 
when we campute the Kantarovich distance. 

The next step in the procedure is to define an initial fl.ow. Of course, if 
we define the initial fiow identically equal to zero, then the time to find an 
initial fl.ow is of order O(N). However the price we have to pay for such a 
choice of initial fl.ow isthat we mayhave to go through the labeling routine 
many times extra, and most certainly will have to use the fl.ow change routine 
many times extra. 

To find the initial fiow as we have defined it in seetian 6, takes essentially 
the same amount of time as finding the initial dual variables, that is O( N M) 
if the cost-matrix has no structure, and O(M), if the cost-matrix has some 
structure. 

Next let us consicler the flow-change routine. This routine is usually quite 
fast (of order O(L) ) and usually the path length L is a small number. 

Before we discuss the most di:fficult subroutine to analyse namely the la
beling routine, let us consicler the dual solution change routine. In order to 
campute the value o we have to make O(N1 M2 ) operations where N1 denotes 
the number of labeled sources and M 2 denotes the number of uniabeled sinks. 
Usually the size of the number of labeled sources and labeled sinks are ap
proximately the same which means that the number of operations required to 
campute o is O(N M ). However, when we have in integer-valued cost-function 
and both the constrain vectors {a(n ) :l ::; n::; N} and {b(m) : l::; m::; M} 
have integer valued elements then one can always take o = l. 

After having computed the value of o we have to update the present dual 
solution which takes O(N)+O(M) operations. The time consurning part of 
the dual solution change routine is to determine the new set of admissable 
arcs. In principal, to campute the new set of admissable arcs we have to make 
O(N1M 2 ) + O(N2M 1) operations, where as before N1 denotes the number 
of labeled sources, N2 denotes the number of uniabeled sources, M 1 · denotes 
the number of labeled sinks and ]\1[2 denotes the number of uniabeled sinks. 

However, as we shall se later in this paper, if we campute the Kantarovich 
metric using the Manhattan metric as underlying metric for the distance 
between pixels, then the number of operations needed to find the new set of 
admissable arcs will be of the order O(N1 ) but with a fairly "large O". 

A similar result can, in essentially the same way, be proved when we 
use the box-metric (the L 00 

- metric) , but also for approximate Euclidean 
distance-functions it seems possible to prove that one can reduce the number 
of operations needed to find the new admissable arcs. Moreover, also if one 
as distance-function uses the square of the Euclidian distance, we have 
found a condition which reduces the number of operations needed to campute 
the new number of admissable arcs considerably. Whether t his condition 
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always is satisfred is an open question. 
Next, let us discuss the labeling routine briefly. First of all there is some 

ambiguity in the labeling process, since the order one chooses for which 
source or sink one wants to check next for condition (i) or (ii) infiuences 
the labeling. What one would like to achieve is a labeling which as a result 
gives a good path which accomplishes as much increase in the total flow as 
possible each time, (the best path so to speak). In order to improve the 
result of the labeling routine one therefore could modify the routine in such 
a way that one tries to update the labeling in such a way that when a break
trough occurs the value of the parameter e which occurs in the flow change 
routine is as large as possible. 

In the algorithm for computing the Kantorovich distance, we have man
aged to decrease the total computation time by a factor of approximately 
3, simply by continuing the labeling as long as is conceivable, that is 
we do not stop immediately we obtain a breakthrough but continue until we 
have obtained as many good paths that our choice of labeling order has made 
possible. Instead of just applying the flow change routine once between each 
time we use the labeling routine, we use the fl.ow change routine for each 
good path from a deficient source to a deficient sink that the labeling routine 
has given us. It may happen that the parameter e in the flow change routine 
will take the value O, because an earlier use of the flow-change routine has 
changed the fl.ow values of a common part of two paths, but this is easy to 
check. 

Estimating the number of operations each time one uses the labeling 
routine from a totally uniabeled situation is not so easy. It depends very 
much on the number of admissable arcs. If there are many admissable arcs 
than the labeling routine can take a long time. A rough estimate is that 
the number of operations is of the order of the number of admissable arcs. 
One drawback with using the Manhattan metric as the underlying distance
function between pixels when computing the Kantarovich distance, is that 
the number of admissable arcs will be quite large. In the example presented 
later (see section 20) in which we consicler two 256 x 256 images which are 
fairly close to each other the number of admissable arcs for the optimal dual 
solution will be as large as 3, 000,000. 

Finally, what one also would like to estimate is the number of times one 
uses the labeling routine from an uniabeled starting situation, since going 
through the labeling routine is quite time consuming. This number various 
quite a lot between different underlying distance-function, and refiects in 
fact the different grade of sharpness for the Kantorovich distance which one 
obtains for different choices of underlying distance-fucntion. The courser 
the underlying distance-function is, the stronger will the conditions be on 
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neighbouring dual variables, and the fewer iterations will be needed to reach 
an optimal fiow. 

13 The Kantarovich distance for measures. 

In this section we shall for sake of completeness present the definition of 
the Kantarovich distance for positive measures. We shall follow Rachev (16] 
closely. 

Let (U, 8) be a separable metric space, let P1 and P2 , be two Borel 
prohability measures on (U, 8) and define 8 (P1 , P2 ) as t he set of all proh
ability measures P on U x U with fixed marginals P1 ( ·) = P(· x U) and 
P2 (·) = P (U x ·). Define 

Aö(P1 , P2 ) = inf {fuxu 8(x, y)P(dx, dy) : P E 8(P1 , P2) }. 

By using the fact that 8(x, y) satisfies the triangle inequality it is simple to 
show that Aö(P1 , P2 ) is a metric. 

Next let 

Lip(U) ={f: U--* R: if(x)- f(y)i :S 8(x, y)} 

and define 

That Bö (Pb P2 ) also is a metric is also easy to prove. 
(It is this metric that many people working with fractals, and iterated 

function systems, nowadays call the Hutchinson metric due to the fact that, 
as we already have pointed out in the introduction, Hutchinson in his paper 
(7] uses this metric when proving a special case of an old theorem in proh
ability theory proved for the first t ime by Doeblin and Fortet (6] almost 60 
years ag o in a mo re general set ting) . 

The following duality theorem goes back to Kantorovich. 

Theorem 13.1 (Kantorovich {10}.) If U is campact then 

Duality theorems similar to Theorem 13.1 can also be proved if we in t he 
definit ion of A6(P1 , P2) replace the integrand 8(x, y) by a samewhat more 
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general function, for example o(x, y)P, with p> o . Moreover if for p > l we 
define 

thenit can be shown that CoP (P1, P2 ) is also a metric. See [16] and references 
therein. 

As mentioned in the introduction a much more general duality theorem 
than Theorem 13.1 is proved in [16] (Theorem 3). 

14 Computing the Kantarovich distance for 
images. The formulation. 

In the seetians 5 to 11 we have in detail described the primal-dual algorithm 
for computing the balanced transpartatian problem. In the forthcoming see
tians we shall describe the modifications and the simplifications we have 
made in order to use this algorithm for computing the Kantorovie distance 
for images. 

Let us first recall the formulatian of the Kantarovich metric as the solution 
of a transpartatian problem. Let P = {p(i, j ) : (i,j) E KI} and Q = 
{q( x, y) : (x, y) E K2} be two given images defined on two sets K1 and K 2 

respectively. Also assume that the two images have equal total grey value. 
Next let A denote the set of all non-negative mappings m( i, j , x , y) from 
K1 x K 2 --7 R+ such that 

L m(i,j,x, y) = p(i ,j) : (i,j)EK1 
(x,y) EK2 

and 
L m(i,j,x,y)=q(x,y): (x,y)EK2 . 

(i,j)EKl 

Let d( i, j, x, y) denote a distance-function between pixels in the set K 1 and 
the set K 2 . The Kantarovich distance dK(P, Q) between the images P and 
Q is then equal to 

min{ L m (i, j ,x, y) x d(i, j ,x,y) : m(· , ·, ·, ·) E A(P , Q)}. 
i,j,x,y 

The dual formulatian of this minimization problem was given in seetian 
4 as follows: 
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Maximize L a(i,j)xp(i,j)+ L f3(x,y)xq(x,y) 
(i,j)EKl (x,y)EK2 

w hen 

d(i,j,x,y)- a(i, j)- f3(x,y) 2: O, (i,j) E K1 , (x , y) E K2 • 

Our purpose with the following five sections is to use the primal-dual 
algorithm for computing the Kantarovich distance. 

15 Computing the Kantorovie distance for im
ages. N ormalization. 

As we pointed out in the definition of the Kantarovich distance, the Kan
torovich distance is defined for images with equal total grey value. Therefore 
if we have images with unequal total grey value and want to use the Kan
torovich distance to compare images, it is necessary to normalize the images 
so that they get the same total grey value. This can for example be accom
plished by dividing each pixel value by the sum of all pixel values, thereby 
obtaining images of total grey value equal l. 

However since we have restricted our present computer program to integer 
valued parameters we can not use this normalization. Instead we simply do 
as follows. We first compute the total value of each picture, say L( P) for the 
image P , and L(Q) for the image Q. We then compute the largest common 
divisor G(P, Q) say, of L(P) and L( Q) , define L 1 (P) = L (P) / G(P, Q) and 
L1 (Q) = L(Q) /G(P, Q) , and define P = {p( i, j) : (i, j) E Kl} and Q = 
{q(x , y) : (x, y) E K 2 } by 

p(i,j) = L1(Q) x p(i, j): (i, j) E K1 

and 
q(x, y)= L1(P) x q(x, y): (x, y) E K2 

respectively. 
If L(P) and L( Q) are relative prime then the total grey valye of P and Q 

can be very large; therefore a few minor modifications of the two original im
ages is sometimes appropriate to do, before one performs the normalization. 

From now on we assume that the images P and Q have equal total grey 
value uniess we say otherwise. 
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16 The subtraction step. 

If our choice of underlying distance-function is a metric, then we can startour 
computation by subtracting the images "from each other". More formerly 
we proceed as follows. 

Let P= {p(i,j) : (i,j) E K 1 } and Q= {q(i,j) : (i,j) E K 1 } be two 
given images defined on the same set of pixels K 1 , and having the same total 
grey value. Define 

P*= {P*(i , j) = max(O,p(i, j)- q(i,j)): (i, j) E KI}, (9) 

Q*= {Q*(i,j) = max(O,q(i, j)- p(i,j)) : (i,j) E K 1 }. (10) 

and 
R= {R(i ,j) = min(p(i,j),q(i,j)): (i,j) E KI}. (11) 

It is trivial to verify that 

R = P - P* = Q - Q* 

from which also follows that 

p- Q= P*- Q* 

which because of Theorem 13.1 implies that 

in case the underlying distance-function d(i,j,x,y) is a metric. Therefore, 
when computing the Kantarovich distance between two images P and Q of 
the same total grey value, in case we use a metric as underlying distance
function, a natural first step is to perform the "subtractions" (9) and (10) 
above, thereby obtaining the images P* and Q*, and then use the primal-dual 
algorithm to compute the Kantarovich distance between P* and Q*. 

l 7 Finding admissable arcs when the under
lying distance-function is the Manhattan 
metric. 

As we pointed out when we defined the Kantarovich distance, the Kan
torovich distance is computed with respect to an underlying distance-function 
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between the pixels of the two images. In this seetian we shall discuss the case 
when the underlying distance-functions is the so called Manhattan-metric 

d(i,j,x, y) =Ii- xl + lj- Yl 

or the Z1 - metric, as it is also called. 
One obvious disadvantage with the Manhattan distance-function is that 

it is not rotational invariant. Another disadvantage isthat it tums out, when 
computing the Kantarovich distance, that the number of admissable arcs will 
be large campared to what an approximate Euclidian metric gives rise to, 
and very large campared to what an underlying distance-function defined as 
the square of the Euclidian metric gives rise to. A third disadvantage is that 
t he Manhattan distance-function gives rise to a Kantarovich distance which 
seems to be rather course as a discriminator between images. 

One advantage with the Manhattan distance-function is that it is a metric 
and therefore as we have pointed out above the Kantarovich distance becomes 
a metric. 

Another advantage with the Manhatten metric is that there is an easy 
algorithm by which one can find new admissable arcs , and the main purpose 
of this seetian is to show how this algorithm is obtained. 

Let us first prove the following proposition. 

Proposition 17.1 Let the underlying distance-function d{i,j,x,y) be a met
ric. Let the dual variables {a(i,j), (i,j) E K1} and {.B(x , y), (x, y) E K2} 
be s u ch t hat for each pix el (i, j) E K b there exists a pix el (x, y) E K 2 , s u ch 
that 

d(i,j,x,y)- a(i,j)- {3(x,y) =O, (12) 

and similarly that for each pixel (x, y) E K 2, there exists a pixel (i, j) E K 1 , 

such that {12} holds. Then, if (ibjl) E K 1 and (i2,j2) E K 1, 

la(il,jl)- a(i2 ,j2)l :S d(i1 , j1,i2,j2), 

and similarly, if (x1 , y1) E K 2 and also (x2, y2 ) E K 2, then 

(13) 

(14) 

Proof. Let us prove (14). Assume that {3(x1, y1) - {3(x2, y2) 2: O. Let 
(i2,j2) be such that d(i2 , j2 ,x2, Y2)- a(i2,j2)- {3(x2 , Y2) =O. Then 

{3(x1 , yl)- {3(x2, Y2) = 
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d(i2,j2,x1 ,Y1)- o:(i2,j2)- d(i2,j2,x2,Y2) + o:(i2,j2) :S 

d(x1, Y1, x2, Y2) 

where the last unequality sign follows from the triangel inequality. The rest 
of the proof can be done in an analogous way. QED 

Before we state and prove the next lemma let us introduce some conve
nient terminology. 

Let (i , j) be a pixel in the support K 1 of the image P and let o:(i,j) be a 
newly updated dual variable corresponding to the pixel (i, j). Let (x, y) be a 
pixel in the support of the image Q. If the dual variable f3(x , y) is such that 

f3(x,y) < d(i, j,x,y)- o:(i,j) 

then we say that (x, y) is low with respect to (i, j). In case there is little risk 
for misunderstanding we only say that (x, y) is low. In case both (x1 , y1) 

and (x2 , y2 ) are low with respect to the pixel (i, j) bu t 

d(i,j,x2,y2) -o:(i,j) -f3(x2,Y2) > 

d( i, j, X11 Yl)- o:( i, j)- f3(x1, Yl) 

then we say that (x2 , y2) is strictly lower than (x 11 yt). 
Let us also introduce the following notations and terminology regarding 

the positions of two pixels. Thus let (x1 , y1) and (x2 , y2 ) be two pixels. If a) 
x1 ::; x2 and y1 ::; Y2 then we say that (x2, y2) is northeast (NE) of (x11 y1). 
If b) x1 2: x2 and y1 ::; y2 then we say that (x2 , y2 ) is northwest (NW) of 
(x11 y1). If c) x1 ::; x2 and y1 2: Y2 then we say that (x2, Y2) is southeast 
(SE) of (x1, Yl)· Finally if d) x1 2: x2 and Y1 2: Y2 then we say that (x2, Y2) 
is southwest (SW) of (x1 , yt). 

The purpose of the next lemma is to show that in case we use the l1-metric 
the search for new admissable arcs can be made quite efficient. 

Lemma 17 .l Suppose that the distance-function we are using is the h -
metric (the Manhattan-metric). Let {i,j) be a pixel in K 1 , let o:( i, j) be a 
dual variable at {i,j), such that d( i, j, x0 , y0 ) - o:( i, j) - f3(x0 , Yo) =O for same 
(x0 , y0 ) E K 2 . Furthermore assume that for each (x, y) E K 2 , there exists 
some pixel (i', j') E K 1 such that, 

d(i',j', x, y)- o:(i',j')- f3(x, y)= O. 

Now suppose that (x1, y1) E K 2 and that (x1, yl) is low with respect to 
(i, j). 

T hen 
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a) if(x1 ,y1) is NE of(i,j) and (x , y) is NE of(x1, y1) then (x,y) is low, 
b)if(xby1) isNWof(i,j) and(x,y) isNWof(x1, y1) then(x, y) islow, 
c) if (x1, y1) is SE of (i, j) and (x, y) is SE of (xb y1) then (x, y) is low, 
d) if(x1, yi) is SWof(i , j) and (x , y) is SWof(xi,Yl) then (x, y) is low. 

Proof. We shall only prove case a). We prove case a ) by contradiction. 
Thus suppose there exists a pixel (x, y) E K 2 located NE of (x1 , y1 ) and 
such that atthat pixel the dual variabel {3(x,y) is such that -d(i,j,x, y) + 
a( i, j)+ f3(x, y)= O. 

But since (x1 ,y1) is low with respect to (i , j), it follows that a (i,j) must 
satisfy 

a(i,j):::; d(i,j,x1,Y1) -l- ;3(xl ,YI) 

which together with the proceeding equality implies that 

d(i,j,x,y)- f3(x , y):::; d(i,j,x1,yt) -l- {3(x1 ,yt) 

and hence f3(x, y) - {3(x1, y1) 2 d( i, j, x, y)- d( i, j, x1, YI ) + l =x- i + y
j - (x1 -i+ y1 - j)+ l =x- x1 +y- Y1 +l = d( x, y, x1, Yl)+ l which is 
impossible because of the previous proposition. QED. 

A geometric way to look at this lemma is the following. We know from 
Proposition 16.1 that if3(x,y)- {3(u,v) i :::; d(x,y,u,v). This means that the 
graph of the dual variables {f3(x, y) : (x, y) E K 2 } looks so to speak as a 
landscape w here all slopes are bounded by l. For fix ed (i, j ), the distance
function d( i, j, x, y) = Ii- x!+ l j- Yl considered as a function of x and y can 
be looked upon as an upside down pyramid. In order to find the admissable 
arcs having (i, j) as source, what we have to do, so to speak, is to put the top 
of the pyramid at (i, j, a( i, j)) and t hen fin d all tangent points to the surface 
{f3(x , y): (x, y) E K 2 }. But since the slopes of this surface is bounded by l, 
as soon as the surface is strictly below the pyramid, it will remain to be so, 
as long as we move away from the center point (i, j) . 

The lemma above implies that when looking for arcs connected to a la
beled pix el (i, j) in K 1 we only have to check pixels (x, y) al o ng a lin e y = j 1 

until we have found a pixel (x, y) which is low with respect to (i , j). 

18 Finding admissable arcs when the under
lying distance-function is not the Manhat
tan metric. 

In case the underlying distance-function is the box-metric defined by 

d( i, j, x, y) =max{ Ii- x!, lj- Yl} 
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a similar stopping rule as given in the previous section can be defined. Also 
when we let the distance-function be defined as a linear combination of the 
Manhattan-metric and the box-metric (which is a good way to find approx
imations of the Euclidean metric) i t ought to be possible to prove lemmas 
similar to Lemma 17 .1. 

If however the underlying distance-function is the square of the Euclidean 
distance, that is, if we have 

d(i , j , x , y ) = (i- x)2 + (j -y)2 (15) 

thenit does not seem so easy to prove a lemma analogous to Lemma 17.1. 
To define the distance-function by (15) could turn out to be a very useful 

choice of distance-function. For several reasons. First of all t his distance
function is rotationally invariant. Secondly, it turns out that the number of 
admissable arcs will be substantially smallerthan what one obtains when us
ing the Manhattan metric, or an approximate Euclidean met ric as underlying 
distance-function. Thirdly this choice of distance-function seems to lead to 
a Kantarovich distance between images which is somewhat sharper than for 
example what the Manhattan or box-metric gives rise to. Moreover, if, after 
we have computed the Kantarovich distance, we take the square root, then 
we obtain a metric, a fact which we pointed out in section 13. 

Since the choice of (15) for defining the underlying distance-function is 
quite attractive, it would of course be desirable if a lemma similar to Lemma 
17.1 could be proved also in this case. Unfortunately we have not been able 
to prove such a lemma. 

However, we have find a condition, which, if it holds, implies that the time 
for the search of new admissable arcs is decreased substantially also when 
the underlying distance-function is defined by (15). Before we introduce 
this condition we shall introduce some further terminology concerning the 
locations of pixels. 

Thus suppose that we have two pixels (i1 , j 1 ) and (i2 ,h) belonging to the 
support K of the same image and such that they are located on the same 
horisontalUnethat is (j1 = j 2 ). If there is no other pixel (i3,j3 ) on the same 
line as (i1, j 1) and (i2 , j2) and which is located between the pixels (i1, j 1) 
and ( i 2, j2) , the n we sa y that ( i 1, j 1) and ( i 2, j 2) are el os e t o each other. 
Furthermore if x2 > x1 then we say that (x2 , y1) is east (E) of (x1, y1) and 
if instead x2 < x1 then we say that (x2 , y1) is west (W) of (x1, y1). 

Let us now introduce the following condition. 

Condition 18.1 Let (i,j) be a pixel in K 1, and let o:( i , j ) be an admissable 
dual variable at the pixel {i,j) obtained after we have used the "dual solution 
change "-routine. 
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Now suppose that (x1 , yl) and (x2 , y1) are in K 2 and are close to each 
other, thaibothare low with respect to (i, j) and thai (x2 , y1) is strictly lower 
than (x1, Yl)· Then 

a) if (x2, y1) is E of (x1, y1) then all pixels (x, Yl) E K2 which are E of 
(x2, y1) will also be low, and 

b) if (x2, y1) is W of (x1, y1) then all pixels (x, y1) E K 2 and which are W 
of (x2, y1) will also be low. 

We have not been able to show that Conditian 18.1 always holds, but so 
far, it has been satisfied in all our computer experiments, 

Now, just as Lemma 17.1 makesit possible to construct an algorithm by 
which we can speed up the search for new admissable arcs when one uses the 
Manhattan metric, by assuming that Conditian 18.1 holds one can introduce 
a stopping criteria for each line when one is looking for new admissable arcs. 

19 Obtaining are-minimal solutions. 

One drawback with the primal-dual algorithm when applied to the compu
tation of the Kantarovich distance for images is that the optimal solution 
obtained by the algorithm will in general not be "are-minimal". By an are
minimal solution we mean a solution such that the corresponding trans
portation image 

from P to Q is such that if 

T'(P, Q) = {((i~,j~), (x~, y~), m~): 1 ~n~N'} 

is some other transportation image from P to Q then N ~ N' . 
In particular when we use the Manhattan-metric as underlying distance

function the optimal solution obtained by the algorithm described above 
may be such that the number of arcs is maybe 15 % to 25 % larger than the 
number of arcs needed in an optimal solution. 

Since we are not only interested in computing the Kantarovich distance 
between images, but also interested in analysing the transportation images 
between two images, in particular as a tool for compression, we often want 
an optimal solution with as few arcs as possible. 

However, given any optimal solution 
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it is not diffi.cult to construct an algorithm by which one can transform the 
present optimal solution to another optimal solution without cycles, where 
we by a cycle mean a path 

{((it,Jt) , (xl,Yt)), l :S l :S L} 

such that 
l) L is even and 2: 4, 

and 
2) (il,Jl) = (iL ,JL)· 
Even if an optimal solution has no cycles, it is not certain that there 

cannot be other solutions with fewer rays. However it is not hard to prove 
that an optimal solution with no eyeles has at most N+M-1 positive arcs 
where as before N and M denote the number of pixels of the images P and 
Q respectively. 

20 Example 

We shall in this paper be content with describing and illustrating the Kan
torovich distance with one example, namely an example in which we have 
computed the Kantarovich distance between the well known image of Lenna 
of size 256 x 256 (see Figure l in the appendix), which we denote by P, and 
an approximation of the Lenna-image obtained from a block-hased fractal 
ceder, which we denote by Q (see Figure 2 in the appendix). (We have eho
sen to gather all figures in an appendix at the end of the paper, in order to 
keep the text on the one hand and the figures on the other hand together.) 

As underlying distance-function in our example we have used the Man
hattan metric. 

We first changed the grey value in approximately one hundred pixels 
by one unit, so that the two images obtained the same total grey value. 
Thereafter we have subtracted the common part R = {R(i ,j) : l :::; i:::; 
256, l :Sj:::; 256} defined by 

R(i,j) = min(P(i , j),Q(i,j)) 

from both P and Q, thereby obtaining two new images P* and Q* (see Figures 
3 and 4 in the appendix). From Figures 3 and 4 we note that the coded 
picture did not manage to approximate neither the edges of the mirror nor 
the feather of the hat of Lenna very well. 

As we pointed out in section 15, these images can also be defined by 

P*(i,j) = max(P(i , j)- Q(i,j) ,O) 
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and 
Q*(i,j) = max(Q(i,j)- P(i,j),O). 

And as we also pointed out in section 15, in case the underlying distance
function is a metric, then the Kantarovich distance between P and Q is equal 
to the Kantarovich distance between P* and Q*. 

Figure 5. The arcs oj positive length for an optimal transpartatian image 
from an original "Lenna-image" of size 256 x 256 to an approximative, fractal 
coded, image of Lenna. 

In the figure above (Figure 5) we show the positive arcs of an optimal trans
portation plan between P* and Q* consisting of 57014 arcs, obtained after 
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we have used the "uncycling" -routine. (We show the same figure , Figure 5, 
also in the appendix.) 

In this example the total grey value of P* and Q* is equal to 232161, 
the number of non-zero pixel values in P'* and Q* are 29990 and 30679 
respectively, which gives a total of 60669 pixels. The fact that the optimal 
solution "only" has 57014 arcs depends on the fact that several arcs are 
between pixels for which the grey value of the pixel in P* is the same as the 
grey value of the corresponding pixel in Q*. 

The computation time to compute the Kantarovich distance on a Sun4/ 69 
was for this example about one hour, and the computed value was equal to 
1526233. The number of arcs in the optimal t ransportation plan obtained by 
the computer programme was as large as 71453 which is at least 10785 more 
than needed. 

The number of admissable arcs for the optimal solution was for this ex
ample quite large namely approximately 3,000,000. This refiects the fact that 
the set of optimal solutions to the transportation problem is probably very 
large, and also refiects the fact that the Manhattan metric does not give rise 
to a Kantarovich distance which is as discriminating between images as one 
would wish. 

Just as is the case with the images depicted in Figures 3 and 4, (see the 
appendix) also this image can be regarded as a kind of difference image, and 
i t should also from this image be possible to detect some of the features from 
the Lenna image, for example the side of the mirror, and the sides of Lenna's 
hat. 

21 A few comments on the choice of the un
der lying distance-function. 

Before one can compute the Kantarovich distance between images one has to 
choose an underlying distance- function. In this section we shall very briefly 
discuss four choices of distance-functions namely the box-metric 

d( i, j, x, y)= max{ Ii - xl, lj- Yl}, 

the Manhattan metric 

d(i, j ,x, y) =Ii - x l + Jj- Yl, 

an approximation of the Eucleadian distance 

d(i, j,x , y) = 3 · max{ li- xl, lj- Yl}+ 2 ·(Ii - xl + lj- Yl) 
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and the square of the Eucleadian distance 

d( i, j, x, y)= (i- x)2 +(j - y f 
The box-metric is the metric which has least discrimination ability and 

therefore leads to a Kantarovich distance with comparatively poor discrim
ination ability. Moreover the number of admissable arcs will be very large. 
Furthermore the number of optimal flows will also be quite large. 

One good thing with this metric is that it generates a Kantarovich dis
tance which is faster to compute than any other choice of distance-function. 

Next regarding the Manhattan distance-function d(i,j,x,y) = Ii- xl + 
!J -y!, it leads to a Kantarovich distance which is samewhat sharper than 
what one obtains if one uses the box-metric. The number of admissable is still 
quite large but not quite as large as if one uses the box-metric. The number 
of optimal transportation plans will again be quite large. The computation 
time is about 50 % longerthan for the box-metric. 

Next regarding the approximate Eucleadian distance-function 

d( i, j, x, y)= 3 ·max{ Ii- x!, !J - Yl}+ 2 · (Ii - x!+ !J- Y!) 

the main advantage is that this distance-function leads to a Kantarovich 
distance which is substantially sharper, so to speak, than what one obtains 
with the box-metric or the Manhattan-metric. The number of admissable 
arcs is about 1/2 of the number one obtains when one uses the Manhattan 
metric. 

One minor drawback is that the basic unit between pixels is 5 and there
fore the integers in the cost-matrix for the transpartatian problem becomes 5 
times larger which implies that the computation time goes up. But that the 
computation time becomes longer is the price one has to pay for a more pre
cise underlying distance-function. The computation time is approximately 3 
times longer than for the Manhattan metric. 

Another drawback is that it is more complicated to formulate and prove 
a lemma corresponding to Lemma 17 .l. This is somewhat easier to do if on e 
as an approximate Eucledian distance uses the distance-function 

d( i, j, x, y)= max{ Ii - x!, lj - Yl}+ Ii - x!+ lj - Yl· 

Finally if we consicler the distance-function 

d (i' j' x) y) = (i - x? + (j - y) 2 

the main advantage is that the number of admissable arcs decreases substan
tially, and our experiments indicate that the number of admissable arcs is 
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about 1/lO:th of what one obtains if one uses the Manhat tan metric. The 
number of optimal solutions will also be much smaller. 

Another advantage is that it is rotationally invariant. Moreover as we 
have pointed out above, by taking the square root of the Kantarovich distance 
we also in this case obtain a metric between images. 

One drawback is that one can not begin the computation of the Kan
torovich distance by "subtracting" the images from each other as described 
in section 16, since the distance-function is not a metric. Another drawback 
is that it is harder to have control over the dual variables, and it is by no 
means certain that this distance-function does imply that Conditian 18.1 will 
hold. 

But as we have pointed out above one can always fairly easy check whether 
a flow obtained by the primal-dual solution is optimal, since it is easy (but 
time-consuming) to check that the set of dual variables one has obtained is 
in fact a set of admissable dual variables. 

The computation time w hen using the distance-function d( i, j, x, y) = 
(i - x )2 + (j - y )2 is approximately the same as w hen using the distance
function d(i,j, x , y) = 3 · max{li - xi, IJ- Yl}+ 2 · (Ii- xl + lj- Yl) that is 
approximately 3 times longer than when using the Manhattan metric. 

22 Using transpartatian images for coding. 

In the introduction we indicated that it could be possible to use a transporta
tian image for c o ding - or rather, a quantized version of a transpartat ian 
image. 

The idea is based on the following observation. Let 

be an optimal transpartatian image, that is a transportation image which 
minimizes the transportation cost between two images P and Q. Assume also 
that the transpartatian image T has no eyeles and that the arcs are ordered 
in such away that if n> k then d( in , jn, Xn, Yn) * mn :::; d(ik, jk , X k, Yk) * mk. 

Next let us define N(p) for O < p < l by 

M 

N(p) =min{ M: L d(in , jn, Xn , Yn ) X mn >p X dK(P, Q)}. 
n= l 

Now if we consicler the example presentedin section 20 and choose P and Q 
equal to P* and Q* respectively as they are defined in section 20, it turns 
out that N(.5) = 4337, N(.75) = 12598, N(.9) = 33875, N (.95) = 45081, 
and N(.99) = 54696. 
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Fromthese numbers we thus see that for this example, half of the distance 
between P and Q is so to speak "carried)) by 8% of the arcs. 

Consequently, if we truncate the transformation image at the number 
N(p) and use this truncated transformation image together with the approx
imation obtained by the block-based fractal coded image of Lenna we can 
construct a new approximating image Q(p) say, whose Kantarovich distance 
to the original Lenna is (l- p) x dK(P, Q). More formallylet 

le t P(p) be the transmitting image of the transportation image T(p), l et Q(p) 
be the receiving image of the tranportation image T(p) and define 

Q"(p) =Q - Q(p) + P(p). 

It is easy to see that the distance between P and Q"(p) is in fact (1-p) of 
dK(P, Q). 

Similarly we can define an image 

P"(p) =P- P(p) + Q(p) 

and this time it is easy to see that the distance between P and P"(p) is p 
times dK(P, Q). 

In Figure 6 in t he appendix, we have depicted the arcs of the trans
portation image T(l/ 2) . This part of the original transportation image thus 
contains most of the longer arcs of the transportation image. Moreover we 
notice that there is quite a lot of structure in this image, and therefore it 
seems possible that one should be able to compress this part of the trans
portation image substantially for example by using vector quantization. 

In Figures 7 and 8 we have depicted the images of Q" (p) and P" (p) 
when p= 1/2. Both these two images have the same Kantarovich distance 
to both the original Lenna and the fractal coded approximation. It seems 
el ear however t hat the image P" (p) looks doser to the original Lenna t han 
what Q" (p) does. The reason for this is that much of the change du e to the 
truncated transportation image is allocated to the edge of the mirror and the 
edge of the hat in the mirror, and not very mu ch is located to the face of 
Lenna or to the feather of the hat of Lenna, where much of the discripancies 
between the original Lenna and the fractal coded Lenna is, as observed by a 
human eye. The eyes in the different images of Lenna are two objects where 
a human eye can find much discripancy between the images. 

In Figure 9 we have depicted the image Q"(p) when p = 3/4, and this 
time there is a considerable improvement of the quality, but it is doubtful 
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w hether this image looks doser to the original image t hen the image P" (p) 
with p= 1/ 2 which we depicted in Figure 7. 

These images suggest that a simple truncation together with a coding of 
the remaining transportation imagewillnot be useful as an improved image 
coder. A straight forward vector quantization of the transportation image 
might perhaps be more efficient. 

23 U sing transpartatian images for interpo
lation. 

There are several ways in which one can use transportation images for in
terpolation. On e way is sim p ly to define Q" (p) as we di d in the previous 
section. 

Another way is as follows. Let O <r < l, let 

be a transportation image between the "subtracted" images P* and Q* and 
define the transportation image 

Tr ={((i~, j~), (x~, y~), m~): l::s;n::s; N} 

by i~ =in, j~ = jn, x~ =in + L(r x (xn- in)), y~ = jn + l(r x (Yn- jn)), 
and m~ = l(r x mn), where the operation L means taking the integer part of 
a number. Let pr and Qr denote the transmitting and the receiving image 
of the transportation image Tr. Finall y define Q*r by 

Clearly as r goes from O to l the image Q*r goes from the image P to the 
image Q. 

24 The mean flow vector field of the trans
partatian image. 

In this section we shall introduce the notion of the mean fl.ow vector field 
of the transportation image and the deviation of the fiow vector field of a 
transportation image. 

The mean fiow at a transmitting pixel (i, j) of a transportation image 
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is defined simply as that vector (u, v) which is defined by 

u= (l::(xn- i) X mn)/(2:: mn) 
n n 

V = (l::(Yn- j ) X mn)/ (2:: mn) 
n n 

where the sums are taken over all arcs in the transportation image which 
have (i, j) as transmitting pixel. 

Similarly we can define the mean fiow at a receiving pixel. 
The mean fiow vector field from the transmitting image to the receiving 

image is simply the union of all mean fiow vectors from pixels in the trans
mitting image, and similarly we define the mean fiow vector field from the 
receiving image as the union of the mean fiows from pixels in the receiving 
image. 

The deviation, r say, of the mean fiow vector (u, v) at a transmitting pixel 
(i, j) we define by 

r 2 = (l::((xn - u?+ (Yn- v)2
) X mn)/(L mn) 

n n 

where again the sums are taken over all arcs in the transportation image 
which have (i,j) as transmitting pixel. 

The deviation at a receiving pixel (x, y) is defined similarly. 
The mean flow vector field of a transportation image can be used to obtain 

what one could call a first order approximation of a transportation image, 
and the mean fiow vector field of a transportation image tagether with the 
deviation of the flow, can be used to obtain what could be regarded as a 
seeond order approximation of a transportation image. 

25 Using the transpartatian image for iden
tifying location of discrapancies between . Images. 

In this section we shall introduce another functional of the transportation 
image which we call the distortion matrix. The idea behind the distortion 
matrix isthat it will be useful when looking for those areas in the two images 
where the difference between the two images is so to speak the largest. We 
obtain in fact two matrices, one for the pixels in the transmitting image and 
one for the pixels in the receiving image. If these two images are disjoint we 
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The algorithm of Atkinson and Vaidya presented in [2], is also based on 
the primal-dual algorithm. They use so called bit-scaling (see e.g [1], section 
3.3) to reduce the size of the masses, and by doubling the optimal fl.ow on 
the previous scale, they obtain good inital flows on the next bit-scale. They 
essentially only work with good paths which are positive, so they need not 
store all admissable arcs. When they have found a maximum fl.ow on the 
present set of admissable arcs and want to find the minimum length from a 
labeled P-pixel to an uniabeled Q-pixel, they use Voronai-diagrams tagether 
with a elever updating method of the dual variables already used by Vadyia 
in the paper [21]. They also use the Voronai-diagrams to find new admissable 
arcs, and they do not determine more new admissable arcs then they, so to 
speak, have to. It is when computing the Voronai-diagrams that they use the 
structure of the cost-function in order to lower the computational camplexity 
from O(N2

) in the general case, to O(N) in case of the Manhattan matric, 
and to O(NL5

) in case of the Euclidean metric. In our algorithm we instead 
always change our dual variables by +l or -1, when we havetochange them, 
and therefore we do not have to do this computation which saves time. On the 
other hand we do compute all admissable cells, which takes time, although we 
have an effi.cient algorithm for doing this. This does not seem to be necessary 
in their method. Atkinson and Vaydia have not reported any computation 
times in their paper [2] so it is not yet quite clear, which method is the 
fastest. It is also possible that by using Lemma 17.1 and Conditian 18.1 one 
can improve their algorithm somewhat. 

In section 21 we only briefly discussed advantages and disadvantages with 
various choices of underlying distance-function, and we have not yet reached 
a conclusion which distance-function is most suitable. 

We have introduced the notion of a transportation image and we have 
briefly indicated the possibility to use the transportation image, which one 
obtains as consequence of the algorithm used for computing the Kantarovich 
distance, as a starting object for compression and interpolation. We have 
introduced a few functionals of a transportation image, namely the mean flow 
vector field , the deviation of the mean flow vector field , both of which can be 
used for approximating a transpartatian image, and the distortion matrix is 
introduced as a further tool for identification of dissimilarities between two 
given images. 

It is still to early to say whether the Kantarovich distance in some sense 
is betterthan the ordinary PSNR-measure in order to measure the distance 
between images. Perhaps one should not think in terms of better or worse, 
but rather look upon the Kantarovich distance and the transpartatian image 
generated when computing the Kantarovich distance, as a complement to 
the ordinary L2-distance and the ordinary difference images. 
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One drawback with the Kantarivich metric is that one has to normalize 
the images first , so that they get the same total grey value, and therefore 
the Kantarovich does in fact not distinguish between a uniformly grey image 
or a uniformly black image, which in practice might turn out to be a severe 
limitation. 

A simple way to modify the Kantarovich distance so that one obtains a 
distance-measure also for images not necessarily with equal total grey value 
is as follows. 

Let P and Q have unequal total grey value and let P have less total grey 
value than Q. Let G( P, Q) be the set of all transportation images which has 
P as transmitting image and as receiving image has an image Q' with the 
property that the support of Q' is within the support K 2 say of Q, and also 
such that for all pixels (x, y) E K 2 

Q' (x, y) ::; Q(x, y) . 

A possible definition of a distance between P and Q could then be to add 
the minimum cost of transportation images in the set G(P, Q) to a distance
measure based on the differences of the grey values at each pixel. 

Another possible modification of the Kantarovich distance is the mod
ification introduced by Luenberger in his thesis [14] chapter section 1.3.3. 
What Luenburger does is to put an upper and lower bound on the dual 
variables and thereby he can remove the requirement that the images shall 
have equal total grey value. Also for this modification it seems likely that 
the computation algorithm described in this paper can be modifred so as to 
compute also this distance. 

27 Acknowledgements. 

First of all I want to thank Dr Robert Forchheimer for his support both 
rnarally and financially (via NUTEK), and his belief in me during all the 
years I have been struggling with the computation of the Kantarovich dis
tance. Secondly I want to thank Dr Arne Enquist for his ability to listen to 
and comment on, my efforts. Our discussions have been invaluable. Thirdly 
I want to thank my collegues in the Image Goding Group all of which always 
have been very helpful when I have had computer problems and in partic
ular I want to thank Lic.Eng. Nielas Wadströmer for the image generation 
programmes, and whose skill in programming has been of great value to my 
work. I also want to thank Professor Jan-Olof Eklund for sending me a copy 
of Werman's thesis [20], and Professor Svante Jansson for t he reference to 
the work of Rachev ([16]). 

45 



This paper was completed when I visited New Zealand and I want to 
t hank the Magnusson Foundation and the National Defence Research Estab
lishment(FOA) for supporting my visit. 

Finally I want to thank the staff of the mathematical and statistical de
partment of Canterbury University, Christchurch, for their support, friendli
ness and kind hospitality during my stay in New Zealand. 

References 

(l ] Ahuja, R.K. and Magnanti, T.L. and Orlin , J.B.: NETWORK FLOWS, 
Theory, Algorithms and Applications, Prentince Hall, Englewood Cliffs, 
New Jersey (1993). 

(2] Atkinson, D.S. and Vaidya, P.M. : Using geometry to solve the trans
partatian problem in the plane, Algorithmica, 13 (1995) , pp 442-461. 

(3] Barnsley, M.: Fractals everywhere, Academic Press, Boston (1988). 

(4] Barnsley, M. and Hurd, L. : Fractal Image Compression, AK Peters, 
Wellesley, Mass. , (1993). 

(5) Bertsekas, D.P. : Linear Network Optimization, MIT Press, Cambridge, 
Mass. , (1991). 

(6] Doeblin, W. and Fortet,R.: Sur des chaines a liaisons completes, Bull 
Soc Math France, 65 (1937) , pp 132-148. 

(7] Hutchinsson, J.: Fractals and self-similarity, Indiana J Math, 30 (1981), 
pp 713-747. 

(8) Jacquin, A.: Fractal compression, Ph.D.-thesis, Georgia Inst. of Tech
nology, (1989). 

(9] Jacquin, A.: Fractal coding, IEEE, Image compression, l (1992), pp 
49-67. 

[10] Kantorovich, L.: On the transfer of masses (in Russian), Dokl. Akad., 
Nauk., 37 (1942), no 2, pp 227-229. Transiated in Managements Science, 
5 (1959), pp 1-4. 

[11} Kantorovich, L.: On a problem of Monge (in Russian), Uspekhi Mat . 
Nauk. , 3 (1948) , no 2, pp 225-226. 

46 



[12] Liggett , T. M.: Interacting Particle Systems, Springer-Verlag, New 
York, 1985. 

[13) Lindvall, T .: Leetures on the Coupling Method, Wiley, New York, 1992. 

[14] Luenberger , R.: Contractive transformation image compression via 
mathematical programming, Ph.D - thesis, Stanford University, (Oak
land), USA, 1995. 

[15] Murty, K.: Linear and Combinatorial Programming, Wiley, New York, 
1976. 

[16] Rachev, S.T.: The Monge-Kantorovich mass transference problem and 
its stockastic applications, Theory of Prob. Appl. , 29 (1985), pp. 647-
676. 

[17] Rachev, S.T. Probability metrics, Wiley, New York, 1990. 

[18] Vaserstein, L.: Markav Processes over denumarable products of spaces 
describing large systems of automata, Problems of Information Trans
mission, 5 (1969), pp 64-73. 

[19] Werman, M. and Peleg, S. and Rosenfeld, A.: A distance metric for Mul
tidimensional histograms, Computer Vision Graphics Image Processing, 
32 (1985) , pp. 328-336. 

[20] Werman, M. A distance measure for comparison of pictures and shapes, 
Ph.D - thesis, The Hebrew University of Jerusalem, Jerusalem, Israel, 
1986. 

[21] Vaidya, M. Geometry helps in Matching, SIAM J Comp, 18 (1989), pp 
1201-25. 

47 



28 Appendix. 

In this appendix we have just gathered all the figures referred to in t he paper. 
Figure 5 is the only figure which also occurs in the text . 

Figure 1. The original Lenna subsampled to 256x256. 
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Figure 2. A n 256x256 approximation of Lenna obtained by using a fractal 
block coder based on triangle blocks. 
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Figure 3. The positive differences between the image in Figure 1 and the 
image in Figure 2 {in that order). 
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Figure 4. The positive differences between the images in Figure 2 and Figure 
1 (in that order). 
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Figure 5. The arcs of positive lenghts oj an optimal transpartatian image 
from an original Lenna of size 256x256 to an approximation of Lenna. 

52 



J 
1\ l : l 

\t\:L 
l ' l 't:____ 
:; . ' 

Figure 6. The arcs of a truncation of the optimal transpartatian image in 
Figure 5, containing 50 % of the distance. 
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Figure 7. The image is obtained by ((adding" a 50% truncated optimal trans
partatian image to the image in Figure 2. 
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Figure 8. The image is obtained by "subtracting" a 50 % truncated optimal 
transpartatian image from the image in Figure 1. 
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• 
Figure g, The image is obtained by "adding" a 75 % truncated optimal trans
portation image to the image in Figure 2. 
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Figure 1 O. The distortion matrix of the image in Figure 3 normalised so that 
the largest value is 255. 
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, 

Figure 11. The distortion matrix of the image in Figure 4 normalised so thai 
the largest value is 255. 
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