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MaTeM. C6OPHHK Math. USSR Sbornik
TOM 180(1989), NJ 9 Vol. 68(1991), No. 1

SOME PROPERTIES OF TUBULAR MINIMAL SURFACES
OF ARBITRARY CODIMENSION

UDC 517.96

V. M. MIKLYUKOV AND V. G. TKACHEV

ABSTRACT. A tubular surface is an immersion u: Μ —> R" for which the section
Π Π u(M) by an arbitrary hyperplane Π orthogonal to a fixed vector e e R" is a
compact set.

For tubular minimal surfaces in R" we prove that
(a) if aim. Μ = 2 and u(M) lies in a half-space, then u(M) also lies in some

hyperplane; and
(b) if dim Μ > 3 , then a tubular minimal surface lies in the layer between two

hyperplanes orthogonal to e .
We obtain the corresponding results about the structure of the Gaussian image of

two-dimensional tubular minimal surfaces.
The case codimA/ = 1 was investigated earlier (Math. USSR Sb. 59 (1988),

237-245 (MR 88e:53009)).
Bibliography: 19 titles.

Let Μ be a /^-dimensional connected oriented noncompact manifold of class
C 2 . Consider the surface (M, u) given by a C2-immersion u: Μ —• R" , where
2 < ρ < η - 1. Everywhere below we assume that the immersion u is proper; that
is, the inverse image of any compact set F cR" is a compact set in Μ.

The surface (M, u) is said to be minimal if its mean curvature vector Η vanishes
identically ([1], p. 34).

Let Μ be a manifold without boundary. We shall say that the surface (Μ, u) is
tubular if there exist a vector e0 Ε R" and two numbers -00 < a < b < +00 such
that for any hyperplane IL = {x € R": (x, e0) = t} orthogonal to e0 the section
Σ£ (t) = u(M)nHt is not empty for any t e {a, b) and any portion included between
two hyperplanes Π, and Π, with a < tx < t2 < b is a compactum. In this case the
interval {a, b) will be called the projection of the surface (M, u), and the finite or
infinite difference b - a will be called its length.

We shall say that the surface (Μ, u) is tubular in the large if it is tubular with
projection (-00, +00).

The simplest example of a minimal surface in R3 that is tubular in the large
is a catenoid. Numerous examples of two-dimensional immersed tubular minimal
surfaces in R" can easily be constructed by starting from the representation for such
surfaces given in [2].
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134 V. Μ. MIKLYUKOV AND V. G. TKACHEV

In the theorems formulated below we shall assume that codim Μ > 1. The case
of tubular minimal surfaces of codimension 1 is special and is considered in [3].
Tubular minimal surfaces with nontrivial symmetry groups are studied in the series
of papers [14]-[ 16]·

THEOREM 1. Let (Μ, u) be a two-dimensional minimal surface in R" that is
tubular in the large. If there is a hyperplane Π that does not intersect u(M), then
the set u(M) lies in some hyperplane Π, parallel to Π.

This theorem was announced in [4].
The property of a two-dimensional minimal surface of being tubular in the large

is specific. Namely, as the following assertion shows, any tubular minimal surface of
dimension greater than 2 has finite length.

THEOREM 2. Let (M, u) be a tubular minimal surface in R" of dimension ρ > 3.
Then the set u(M) is situated in the layer between two parallel hyperplanes orthogonal
to the vector e0.

In [3] for codim Μ = 1 an exact estimate was given for the length of a tubular
minimal surface. It is not known whether a similar estimate is possible in the case
of arbitrary codimension.

Let G\ be the Grassmann manifold of oriented two-dimensional planes passing
through the origin, with canonical distance θ(γι, y2) (that is, the angle between

the planes yx, y2 € Gn). In the case of planes γ{ and y2 oriented in the same
(respectively, opposite) way, θ(γι, y2) is defined as the maximum angle formed by
all possible pairs of lines from γϊ and y2 (respectively, the complement of this
maximum angle with respect to π) .

Let m 6 Μ be an arbitrary point. Then the tangent plane Tm(M) at the point

u(m) to the surface (Μ, u) is parallel to some two-dimensional plane m* c G2

n

with the same orientation as Tm(M). The correspondence m —<· m* is called the
Gaussian map of the surface (Μ, u). Let Μ * denote the image of Μ under this
map, and put

δ(Μ*) = inf sup θ(γ{, γ2).

Clearly, δ (Μ*) < η by the definition of the angle θ(γι, y2).
It is convenient to introduce the following definitions, which make the geometrical

nature of the assertion formulated below more prominent. For an arbitrary plane γ €
G2

n we consider the equator Ky, that is, the set Κγ = {ξ € G2
n: θ (ζ; γ) = π/2} , which

is a hypersurface in G2

n , and the analogous equator of the Euclidean sphere. The set

G2

n\KY splits into two connected components, called the halves of the Grassmannian

G2

n . Clearly, the planes ξ € G2
n and ζ~ with the opposite orientation to <̂  always

lie in different halves of G2

n .
The following assertion says that the closure of the Gaussian image of a minimal

surface that is tubular in the large cannot lie in half of G2

n .

THEOREM 3. Let (Μ, u) be a two-dimensional minimal surface in R" that is
tubular in the large. Then M* intersects any equator of G2

n, or in other words
δ(Μ*) >π/2.
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We observe that the arguments we use to prove these theorems can be applied to
study the structure of the Gaussian image of minimal surfaces that are tubular in the
large close to infinity in terms of the ends. In this direction there are qualitatively
different approaches that rely on the asymptotic growth of the scalar curvature and
the topological type of the manifold Μ in [18] and [19], for example.

All the results we have mentioned have a function-theoretic nature. From what
follows it will be clear that they are none other than the geometrical interpretations
of theorems of Liouville type on manifolds for harmonic (superharmonic) functions.
At the base of the arguments lies the concept of the capacity of a condenser on a
surface [5], [6].

§2

Let us agree on notation. Let (M, u) be a surface given by an immersion u: Μ —>
R" . The standard metric on R" induces a Riemannian metric on Μ under the map
u. Henceforth Μ will be regarded as a Riemannian manifold endowed with this
metric.

Let T(M) and N{M) denote the tangent and normal bundles on Μ, and let
Tm = Tm(M) and Nm = Nm{M) denote the tangent and normal spaces at a point
m e Μ. For a pair of vectors X and Υ in Tm the symbol (X, Y) will denote
their inner product. Let V and V denote connections in R" and T{M) (or N{M))
respectively, under which for any sections X and Υ of the bundle T(M) and section
ξ of the bundle N(M) we have

VXY = (VXY)T, νχξ = (Ψχξ)Ν, (1)

where we agree that the symbol (v)T (or (v)N) denotes the orthogonal projection
of a vector » e R " on the tangent (normal) space at the corresponding point.

The second quadratic form Β is defined as the bilinear symmetric map from
Tm ® Tm to Nm dual to the Weingarten homomorphism Αξ of the tangent space
onto itself. We have

ΑξΧ = -(Ϊ7χξ)τ, (Β(Χ ;Υ);ξ) = {Αξ(Χ); Υ)

for any ξ 6 Nm and Χ, Υ e Tm (see [7], for example).
We shall need the following auxiliary assertion.

LEMMA 1. Let Ex, ... , Ε be an orthonormal basis of Tm (M) and let ξ and Υ
be arbitrary sections of N(M) and T(M) respectively. Then

,. Υ) ; ν £,0 + ̂ E,; ν £ 7)) + (VYH, ξ), (2)
1 = 1

where Η denotes the mean curvature vector of the surface (Μ, u).

PROOF. We first mention the identity

VEA\Y) = νγΑ
ζ(Ε) + Ανεξ(Υ) - Αν*ξ(Ε) + Αξ([Ε, Υ]), (3)

where [Ε, Y] = VEY -VYE is the commutator of the vector fields Ε and Υ .
The truth of (3) follows from the chain of equalities

= - (Ψγ(-Αξ(Ε)) + ΨγνΕξ)Τ + Αζ([Ε, Υ]) -
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Let us use (3). We have

div/(7) = £ JJ
1=1 ' i = l i = l

- 2 ( £ . ^ " { ( £ . ) > + £<£,., A(([Et, Υ])) = Σ, + Σ2 - Σ3 + Σ4. (4)
1=1 1=1

Let us find Σ2 and Σ 3 :

Σ3 = £<*(£, . ,£ . ) , Vy<?) = (traced, Vr£) = {//, Vy£).
i = l

Let A be a section of the bundle whose fiber at each point m e Μ coincides
with the space of symmetric homomorphisms Tm(M) —> Tm(M). Then for any
orthonormal basis E{, ... , Ε of the space Tm{M) and any vector Υ e Tm{M) we
have

Σ(ΑΕι> Vr£,> = 0. (5)
1=1

For it is sufficient to observe that the sum in (5) does not depend on the choice of
basis Ex, ... ,Ep, since in the special basis consisting of proper fields of the section
A (its local existence is a consequence of the symmetry of A) this sum takes the
form

i = l 1=1

We now consider an arbitrary basis F{, ... , Fp. Let

ρ Ρ

';.ν; = ΣΣ

ι = 1 ι = 1

where δjk is the Kronecker symbol. Then

P P P

1=1 i,fc=l

Since {AEt, Ek) is symmetric and Yf,=l <*,-,• V'YOLjk is skew-symmetric in the indices
/ and k , the last term vanishes.

Using (5), it is easy to calculate Σ, and Σ4 :

Ρ Ρ Ρ

1 = 1 1 = 1 1 = 1

= Vytrace^i-Vy{//,^);
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Σ4 = £<£. , A*[Et, Y]) = i2(AiEi, V£( Υ - Vy£;)
i = l i = l ' i = l

Substituting the expressions we have found for the sums Σ( in (4), we arrive at
the required relation (2).

Let Μ be a Riemannian manifold with boundary dM (possibly empty). Let
Ρ, Q c Μ be disjoint closed sets. We define the capacity of the condenser (P, Q)
by putting

c&p(P, Q) = inf [ \V<p\2, (6)

where |V^|2 = (Vp, V#>) is the scalar square of the gradient Vp and the infimum
is taken over all locally Lipschitz functions φ: Μ —> R1 , where φ(Μ) = 1 when
m e Ρ and <p{m) = 0 when m e Q .

We shall say that a manifold has parabolic type if for any compactum F c Μ
there is an exhaustion D{ c D2 c •• , \Jfut = ¥ of ¥ by a sequence of open
sets Dk D F with compact closures, for which

lim cap(F, M\D.) = 0.
k—>oo

The assertion made below about the type being parabolic is a key assertion in
the constructions, and is of independent interest. Some other tests for the type of
two-dimensional minimal surfaces to be parabolic can be found in [8] and [9].

THEOREM 4. Any minimal surface (Μ, u) in R" that is tubular in the large has
parabolic type.

It is advisable to carry out part of the proof in a somewhat more general form
than is required by the conditions. We first give the necessary definition.

Consider a manifold Μ with boundary dM Φ 0 , and call a surface (A/, u) a
band with projection (a, b) if there is a vector e0 e R" such that the following three
conditions hold:

(i) Any section u{M) η Π = !„ (t) is not empty when t e (a, b) and contains a

point of u(dM).
(ii) Any portion u{M) included between two hyperplanes Π( and Π( , where

a < ij < t2 < b , is a compact set in Μ.
(iii) Everywhere on dΜ we have {u, e0) = 0, where υ is the inward normal

on Μ to the boundary dM, or equivalently Vvf — 0 everywhere on dΜ for
/ = (u(m), e0).

A simple example of a two-dimensional minimal band with projection (—oo, +oo)
(as in the case of tubular surfaces, such bands will be called bands in the large) is
the part of the helicoid cut out by a coaxial cylinder of finite radius. It is also easy
to verify that the set {x = (xQ , χλ, ... , xp) e Rp+l: Σ,Ρ,ΐ! A < 1 , xp = 0} is a flat
minimal band in the large of codimension 1 for any ρ > 2. Thus, in contrast to
tubular minimal surfaces, minimal bands in the large exist for all dimensions.

We have borrowed the idea of considering minimal bands from the theory of
a relativistic string (see [10] and [11], for example), in which minimal bands and
tubular surfaces (but in Minkowski space-time R" ) are the most important object of
investigation. The study of a similar object in R" also seems promising.
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For any / e (a, b) we define the sets

P{t) = {meM: f(m) < t}, Q(t) = {meM: f(m) > t},

where as before f{m) denotes the coordinate function f(m) = (u(m), e0).
We also put

M(tl,t2) = M\(P(tl)uQ(t2)).

LEMMA 2. Let (M ,u) be a tubular minimal surface {or band) in R" with projec-
tion (a, b). Then for any (/,, t2) from the interval (a, b) we have

where I is a constant independent of i, and t2.

PROOF. Without loss of generality we may assume that tl and t2 are regular
values of the function f(m). We define a function (p{m) = φ by

where m e M(i,, t2), defining it as 1 when m e Ρ(ί{) and 0 when m e Q(t2). This
function is admissible in the variational problem (6) for the condenser (P(i,), Q{t2)),
and so

(7), Q(t2)) < f \V<p\2 = 1

|V/|2 = /

We also observe that f(m) is a linear combination of harmonic functions on Μ
since the surface (M, u) is minimal (see [1], p. 340), and hence Δ/ = 0 everywhere
on Μ.

Since the immersion u is proper, the sections Σ, It) are compact and for regular
0

t they are submanifolds of Μ. Using Stokes's formula, we obtain

M(t

The last of the integrals in (8) vanishes by the definition of the surface (Μ, u)
Using once more the fact that f{m) is harmonic, we conclude that

[ Af=[
JM(tl,,2) JTeoU2) ^,)

Let / denote any of the latter integrals; taking account of (7) and (8) we find that

cap(P(i,), Q(t2)) < —[— [ (V/, i/) = -L-.

To verify that equality holds, it is sufficient to observe that iz>(m) is actually an
extremal for the calculation of the capacity of the condenser (P(tl, Q{t2)), since it
is harmonic and satisfies the "natural" boundary condition Vvf = 0 on dM (see
[12], p. 41).

Turning to the proof of Theorem 4, we specify arbitrarily a compact set F c Μ .
We choose i0 > 0 so that the set M(-tQ, tQ) contains F . We fix t > t0 and denote
by φι and q>2 functions admissible in the variational problem (6) for the condensers
(P(-t), Q(-t0)) and (P(to),Q(t)) respectively.
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Consider the function (1 - φι)φ2· This function is equal to 1 on M(-t0, t0)
and vanishes on M\M(-t, t). Consequently, this function is admissible in the
calculation of the capacity of the condenser (F, M\M(-t, t)), and therefore

capCF ; M\M(-t, t)) < f
JM(-t,-t0)

Since φχ and <p2 are arbitrary admissible functions, from this inequality it follows
that

cap(F; M\M(-t, t)) < cap(P(-i), Q(-t0)) + cap(/>(i0), Q(t)),

and on the basis of Lemma 2

ι ί0

Making t —<· oo in the last inequality, we verify the theorem.
This proof can be carried through unchanged for bands, and so we have the fol-

lowing result.

THEOREM 4'. Any minimal band in the large has parabolic type.

PROOF OF THEOREM 1. We assume that there is a hyperplane Π in R" for which
u(M) Π Π = 0 . Since minimality of the surface (Μ, u) is invariant under the
orthogonal group of transformations of space, we may assume that u(M) is situated
in the half-space xx < 0. We show that in this case fx{m) = (u, ex) = const, where
e{ € R" corresponds to the coordinate xx in R".

Let us fix a point m0 e Μ and choose a constant c < / , (m 0 ) . Let Ο denote
the connected component of the open set { m e ¥ : / | ( m ) > c } containing the point
m0. Clearly Ο is not empty, and the function fx(m) - c is bounded on Ο and
vanishes on its boundary.

Let F c Ο be an arbitrary compact set, and let D , c f l 2 C · · · , \J™ Dk = Μ, be
an exhaustion of Μ by a sequence of open sets with compact closures, Dk D F .

We specify a locally Lipschitz function #>(m), admissible for the calculation of
the condenser (F, M\Dk). The function

g(m) = (/1(w)-c)(32(w)

vanishes everywhere on the boundary of the set OnDk . Using Stokes's formula, we
obtain

f {Vg,Vfx) = - (
Jo Jo

Since Δ/^/η) = 0, from the last relation it follows that

P2|V/,|2 = -2 f φ(/ι - c)(V(p, V/,>. (9)
Joo

We observe that

and apply Cauchy's integral inequality to the right-hand side of (9). We thus arrive
at the inequality
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and therefore

( <p2\Vfx\
2<4c2 ( \Vcp\2.

Jo Jo
Taking account of the fact that (p{m) = Γ when m e F, and going over to the

infimum over all φ{τη), we have

Let us use Theorem 4. Making k —> oo, we have |V/J = 0 everywhere on F.
In view of the arbitrary choice of F c Ο we conclude that fx{m) = /,(m0) for
all m € Ο. Now taking account of the arbitrary choice of constant c, we see that
fx(m) = /[(mij) on Μ; that is, the set u{M) is situated in some hyperplane.

Let us state an analog of Theorem 1 for minimal bands in the large, now not
necessarily two-dimensional.

THEOREM l ' . Let (Μ, u) be a minimal band in the large, situated in the half-
space xl < 0. If everywhere on the boundary of the band dM we have (ν, ex) < 0
{where ex e R" is the vector corresponding to the coordinate xx), then the set u(M)
is situated in some hyperplane x{ = const.

The proof differs only in the details from the proof given above: namely, (9) is
replaced by the inequality

< -2 f ?(/, -c)<Vp, V/i). (9')
Jo

To verify (9') we observe that the boundary of the set OnDk can be represented
as the union of the two sets d{Or\Dk)n(mtM) and d(OnDk)ndM. Everywhere

on the first of these the function φ (/j - c) = 0, and everywhere on the second

ψ2{/ι -c)>0 and Vvfx < 0. Hence we obtain

f φ2\ν^\2 + 2 [ 9(fl-c)(V9,Vfl) - f
Jo Jo Jd

f Α ^
d{OnDk)

so (9') is proved.
The requirement that a tubular minimal surface should lie in a half-space, imposed

in Theorem 1, can be weakened somewhat. This follows from the next assertion.

THEOREM 5. Let (Μ, u) be a two-dimensional tubular minimal surface with pro-
jection (a, +oo) in R", and let μ(ί) be the maximum value of the coordinate χλ

on the section Σ€ (t). Suppose that μ(ί0) < μ0 < oo for some t0 e (a, +oo). Then

either μ{ή < μ0 when t > tQ, or

lim ^ 5 >0. (10)
r-»+oo yt

For the proof we suppose that μ(ί) > μ0 for some t > t0. We choose a point
m, G Μ so that /[(m,) > μ0 and /(m,) = («(m,), e0) > tQ. Let Ο denote the
connected component of the set {m e M: fx(m) > μ0} containing the point m, .
We arbitrarily choose a compactum F c Ο.

Let t' = maxm€f f{m) and suppose that Τ > t'. Consider the sets P(t') and
Q(T). We specify a locally Lipschitz function φ{ιή) that is equal to 1 on Ρ and to
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0 on β . The function g{m) = q>2{m)(fy{m) - μ0) has compact support contained
in Ο. By Stokes's formula we have

I
Jo10 JO

Using the equality Δ/j = 0 and the same arguments as in the proof of Theorem
1, we arrive at the inequality

<p\m)\Vfx{m)\2<4
ο Jo

Hence we obtain

/ |V/[| < 4 / (/j - μ0) \Vtp\ . (11)
JF JO\(PUQ)

By the maximum principle

f\{m) < μ2{Τ) for all m e O\(P U Q),

and from (11) it follows that

I
Using Lemma 2, we have

where / is a constant independent of Τ.
Suppose (10) does not hold. Then from the given inequality it follows that ev-

erywhere on F we have |V/,| = 0. Since the choice of F c Ο is arbitrary, we
conclude that /, = const on Ο. But this contradicts the choice of the point m, € Ο
at which fx{mx) > 0.

§5

Theorems 1 and 5 are the geometrical versions of Liouville's theorem and the
Phragmen-Lindelof theorem for harmonic functions on tubular minimal surfaces.
The next theorem is an analog of a well-known theorem about removable isolated
singularities, and says that a tubular minimal surface with projection {a, +oo) in-
cluded between two parallel hyperplanes must be "flattened" at infinity.

THEOREM 6. If a two-dimensional doubly-connected tubular minimal surface with
projection {a, +oo) is situated in the layer \x{\ < 1, then the oscillation of xx on the
set Σε (t) tends to zero as t —> +oo.

We carry out the proof of this theorem in parallel with the proof of the analogous
assertion for minimal bands for which the Σο (ή are connected sets.

THEOREM 6'. If a two-dimensional minimal band with projection (a, +oo) is sit-
uated in the layer |JC,| < 1 and (e,, v) = 0 everywhere on the part of dM not lying
in Σ̂ , (a), then the oscillation of x. on the set Σβ (t) tends to zero as t -» +oo.

eQ l eQ

The proofs of both assertions follow from a more general assertion presented be-
low, and from the results of [ 13] concerning the generalized length and area principle.
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LEMMA 3. If (Μ, u) is a two-dimensional tubular minimal surface with projection
(a, +00) (or a band, not necessarily two-dimensional), and if the other conditions of
Theorem 6 (respectively Theorem 6') are satisfied, then the Dirichlet integral of the

function fx(m) is bounded, or

/
J M(a,

2<oo.
,+οο)

For without loss of generality we may assume that a < b are regular values of the
function f — (u, e0). We have

M(a,b) JdM(a,b)

= Ι / ι ( * ι . " > - / / , < * , . * > + / /,<*,,">.
Jze (b) JZe (a) JdMDM{a,b)

The last integral is equal to zero by virtue of the assumptions in the conditions of
Theorems 6 and 6', and so

/ i [ , , / , ! (12)

From the Kronrod-Federer formula ([17], p. 103), using Cauchy's inequality, we
have

f
JM(a, ,b) Q V\ J \ \ J

But we showed earlier that for any a and β such that a < a < β we have

/ |V/|2 =/(/?-a).

so we conclude that

/ I T / 9\t)dt, (13)
M(a,b) 2 J

where

9(t)=f

We now prove that the integral on the right-hand side of (13) is bounded indepen-
dently of b . For this we use the fact that If^m)] < 1 on Μ, and so by (12)

M(a,b)

Using (13), we obtain

|V/J2<-/ fx(eT

x,v)+f \ef\ = -

f ψ2(1)άΐ<1φ(1)-1 [ fx(e\,v).
Ja · / Σ <-η ( α )

If here we assume t h a t for some to> a
o

Φ(ί0) > -I f (e,, v)fx = c, Φ(/) = f φ2(τ) άτ,
JZ. (a) Ja
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then in an obvious way for t > tQ we obtain

Ιφ{ί) > Φ(ί) -

and so, using the fact that φ2{ή — Φ'(ί),

(Φ(ί)-α)2
> / when t > tn.

°
Integrating this from t0 to t > t0, we obtain

1
( ί ί ) 1 <

which contradicts the fact that / is unbounded (because / Φ 0 by (13)). Conse-
quently,

Φ(0 = ί'φ\τ)άτ<- ί
Ja Jleo(a)

Next, from the fact that the integral $'αφ
2(τ)άτ converges, we conclude that there

is a sequence tk / oo such that <p(tk) —*• 0 and therefore, passing to the limit as
k —> oo in the inequality

M{a,tk) Jle (a)(
we see that the integral

ί
J M(a, +oo)

is bounded, as required.
Now for the proof of Theorems 6 and 6' we use a result of [13], p. 256. Namely,

it follows from Lemma 3 that

inf osc 2(/,(m)) < cap(J>{ , <2ξ

for any a < ζ{ < ξ2 < oo. Hence there is a sequence tk / oo such that

'(Γ '

Since \fx{m)\ is bounded on Μ {a, +00) and (e,, 1/) = 0 on the part of dM not ly-
ing in Σ€ (a), using the maximum principle for harmonic functions (and if necessary
going over to the subsequence tk ) we conclude that

lim sup f.(m)= lim inf f.{m) = c.
ze {tk)

 fc->(—'"v '* ̂

sup /[(m) = max sup fx{tn); sup fx(m)
meM(tk,tk+l) [

But

and the same for the minimum. Consequently,

lim osc /, < lim osc /, = 0,
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from which it follows that
lim osc /, = 0,

k->oo M(tk , oo) '

which finally proves both theorems.

§6

It is obvious from the proof of Theorem 2 that in the case ρ > 3 on any p-
dimensional minimal surface in R" there exist a priori superharmonic functions,
bounded below, which leads to a contradiction with the fact that the type is parabolic.
Hence the geometrical structure of a tubular minimal surface when ρ > 3 differs in
principle (in a well-defined sense) from the two-dimensional case.

First of all we prove the following auxiliary assertion. Choosing a suitable coor-
dinate system, we may assume, without loss of generality, that the point u — 0 does
not lie in the image u(M).

LEMMA 4. Let {M, u) be a p-dimensional minimal surface in R" and suppose

that p>3. Then the function g(m) = |M(W)| ~P is superharmonic.

Weput ρ = p(m) = \u(m)\ and for a fixed basis of orthonormal vectors ex, ... , en

in R" we denote by ui = («, et) a set of coordinate functions. Then for any tangent
vector X e Tm(M) we have

from which it is obvious that Vw; = ex . Next, from the fact that the surface (Μ, u)
is minimal it follows that Aui = 0, and thus

η η η

Γ \ / / ι ι \ Ι / ι *· Ι Ι Ι ι ' / J ' Ι ' *

/ = 1 / = 1 ι = 1

On the other hand, we see that

Ap2(m) = 2p{m)Ap{m) + 2\X7p{m)\2,

and so from what we found above we have Ap = {p — \Vp\ )/p . Let us find the value
of the Laplacian of the function we need:

., 2-p, ,. I p-2_ \ ρ — 2 (ρ •
A(p ) = d i v —rV/7 = —TAp + —

in view of the fact that |V/?| = \u \/p < \u\/p = 1 everywhere on Μ . It is obvious
that g(m) = ρ ~p(m) > 0; that is, g(m) is a superharmonic function bounded
below, as required.

For the proof of Theorem 2 we now observe that if g(m) is superharmonic, then
the function

A(0= inf g(m) = max p(m)
€Σ A)V')

1-P

(defined for all t 6 (a , b), where (a , b) is the interval of projection of the tubular
minimal surface) is convex upwards. For suppose that a < a < β < b; then the
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function

gx{m) = g(m) - (h(a) + Η{β)

β~_^α\ί{τη) - α)) ,

where f{m) = (u, e0), is also superharmonic (as a linear combination of a super-
harmonic and a harmonic function with constant coefficients), and

min g, (m) = min g(m) - h(a) = 0,

min g,(m) = min g(m) — h(B) = 0.
€Σ(β) ι ηι€Σ(β)

Applying the usual maximum principle for the superharmonic function g{(m), for
all m e Μ {α, β) we have

that is,

h(t)>h(a)

which by definition implies that h(t) is convex upwards.
We now suppose that one of the numbers a and b is equal to ±00. Without loss

of generality we may assume that b = +00. In this case there is a limit

( Y~p

lim h{t) = lim sup p(m)\ = 0 ,

which by a well-known property of the convex upwards function h{t) contradicts
the fact that it is nonnegative. Consequently, the two numbers a and b are finite,
and the tubular minimal surface is in the layer between the hyperplanes Π^ and Π^ ,
which completes the proof of Theorem 2.

§7

Let us proceed to the proof of Theorem 3. As in the previous cases, the proof
relies on the existence of a superharmonic function with the necessary properties.

Suppose there is a two-dimensional plane V e G2

n such that supm- e A f- θ (γ, V) =
θ0 < π/2. We choose an arbitrary unit vector e € V and fix a parallel (in R")
vector field e = e(m) that can be identified at each point m e Μ with the vector
e . Consider the function φ(πι) = 1η|^Γ | = \n\eTmi-M)\. We observe that under our
assumptions \eTm(M)\ > cos6{Tm(M), V) > cos#0 > 0, so φ = ψ{ηί) is defined on
the whole of Μ and is bounded below. For any X e Tm{M) we have

Vx<p(m) =

where τ = eT/\eT\, and so

(14)
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We now use Lemma 1. For this we choose an arbitrary orthonormal basis Εχ, E2

in the tangent space Tm{M) and from the definition of divergence we obtain

1 eN ( 1 \ Τ /

= - = - divAe τ + - - i - j (V|e r |, Λ' τ).

k I V k I /It is easy to find the second term by using (14), since it is not difficult to see that
τ -r N

V\e | = \e |Vp = Α (τ), and consequently

lNT--lri\Ae\\2. (15)
\ I

By Lemma 1 the first term can be calculated from the formula

divAe\ - + (16)
(=1

We immediately find that

and also

1

,Et) = -\eT\B(x, Et)

,Γ,2

Ei-eT{Ae τ,Ε,)

\eT\2

k
Substituting what we have found in (16), we obtain

2

τ =
1=1 \eT\

(17)

where | | 5 | | 2 = Y^ . , |5(£(-, £ ; ) | 2 is the length of the second quadratic form.

We immediately verify a special property of the map A of a two-dimensional
minimal surface, namely,

, XeTJM),

from which, using (15) and (17), we obtain

\4e r\2 1
Αφ =

\Ae τ
(18)

From (18) it is obvious that tp{m) is a superharmonic function, and as we said
above <p(m) > ln(cos#0) > -oo. Using arguments analogous to those in the proof
of Theorem 1, and the fact that the surface is tubular in the large, we conclude that
\eT\ = const ^0 on Μ, and finally Αφ = 0 = - | | £ | | 2 / 2 ; that is, | |5 | | = 0. From the
last equality it follows that the surface (Μ, u) can only be a plane, which contradicts
the fact that the surface (Μ, u) is tubular. Consequently, the assumption made at



TUBULAR MINIMAL SURFACES OF ARBITRARY CODIMENSION 147

the beginning of the proof about the existence of the plane V is not true, and so for
any V € G2

m we have suPj,eM. θ{γ, V) = π/2.

§8

We observe that the methods we have used above can be used to study the structure
of the Gaussian image of a minimal surface of tubular type close to infinity, in terms
of the ends of the surface (Μ, u).

Consider a tubular surface (Μ, u) in Rn with projection (a, +00). An arbitrary
noncompact doubly-connected set D c Μ with compact boundary dD is called an
end of the surface {Μ, u). We introduce the following definition of the limit set of
an end of the surface D: we put

D' = f]D*(t,+oo),
t>a

where D*(t, 00) denotes the Gaussian image of part of the end Df)M(t, 00). Clearly
D' is a nonempty closed set in Gn .

THEOREM 7. Let (Μ, u) be a two-dimensional tubular minimal surface in R"
with projection (a, +00), and D one of the ends of (Μ, u). Then either

(a) D1 intersects any equator of Gn , or
(β) D1 consists of a unique point γ &G2

n, and in this case 6(e0, γ) = π/2.

For the proof we suppose that (a) does not hold, and without loss of generality
we assume that there exist V e G2

n and Kv η D' - 0 such that D' lies (since it

is closed) in one half of G2

n\Kv together with V. Hence it follows immediately
that maxy€D/0(y, V) = θ0 < π/2. Let ε > 0 be chosen so that e < π/2 - θο.

Then by the definition of D' we can choose Τ > a large enough so that for all γ e
D*(T, +00) we have θ(γ, V) < π/2-ε. We observe that from the last inequality and
transversality properties it follows that the chosen set D(T, 00) is homeomorphic to
an annulus.

Consider the set of unit vectors of R"

0={eeS"~l: \ev\ >cose},

where S"~l c R" is the sphere of unit radius with center at the origin. Clearly, Ο
is an open subset of 5 " " 1 .

For any y s G ^ and e e R" we have

where we keep the same notation for the angle between a vector and a plane. Conse-
quently, for any e e Ο and γ e D*{T, +00) we have 6(e, 7) < ε + θ0 < π/2, and
therefore \er\ > cos(e + 0O) > 0.

We showed above that for any ex, e2 e R" we have

from which it is obvious that the function φ{ηί) — \n{\ex

m\/\e-l

m\) is harmonic in the
domain of definition. But, by the remarks we made above, for any ex, e2 e Ο with
el φ e2 we have

\9(m)\ = In
el

 m

e2

m
< — lncos(# 0 + ε);
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that is, (p{m) is bounded on D(T, +oo). We show that there is a limit

lim osc mini) = 0, (19)

or equivalently that the function <p(m) has a limit at infinity.
For this we observe that up to a constant multiplier <p(m) satisfies the conditions

of Theorem 6, and also that in the proof of this theorem we have essentially used the
fact that /j(w) is harmonic and bounded. Consequently, replacing fx{m) by <p{m)
everywhere, we obtain the required relation (19). In terms of the limit set D' this
simply means that for each pair of fixed vectors ex, e2 ε Ο the quantity l^fl/l^l
does not depend on γ ε G2

n . We show that D1 consists of a single point. To this end
we assume the contrary; that is, there are at least two planes γ, ξ such that γ Φ ξ.
Then for any ex, e2 e Ο we have

\e\\/\el\ = \e\\l\e\\.

Consider a map h: R" —• R1 of the form

Λ(*) = Ι*Ί/Α χζφ0,
then the restriction h\0{x) is identically constant, say c. Since h(x) is homoge-
neous, we conclude that h{x) = c on the open cone O' = {y e Rn: y/\y\ e Ο, y Φ
0} . However, h(x) is an analytic function in its domain, and so by the uniqueness
theorem for analytic functions h(x) = const = c.

By our assumption ξ Φ γ , so for their orthogonal complements we have γ±\ξ± φ
0 . Choosing e £ γ±\ξ± , we thus obtain c = \βγ\/\β*\ Φ 0, which is impossible,
since we obviously have h{x) Φ 0 for χ ε γ .

In the case when D' consists of a single point, we can assert that D' = γ £ G2

n

and \el\ = 0.
For suppose the contrary; that is, \e'\ = cos α Φ 0, where 0 < a < π/2. Then by

the definition of D1 there is a sufficiently large A > a such that
(a) A is a regular value of the function f(m) = (u{m),e0), and
(b) for any m £ D(A, oo) we have 0(}>, Tm) < ε < π/2 - α .
By virtue of (a) the set ΌηΣβ (A) is a one-dimensional compact manifold in Μ;

that is, it splits into the union of finitely many smooth closed Jordan arcs. From
them we choose an arbitrary arc Γ£ and denote by τ = x{m) its tangent vector at
the point m £ Γ ε . By our assumption, e 0 ' / 0 , s o w e can choose a unit vector ν € γ
such that (βζ , v) = 0.

We observe that by the definition of Γ£ c D η Σ£ (Α) - {m e D: f{m) = A} the

vector field eT^M) is normal to Γε in Μ, and so the vector fields x{m) and eTm

form an orthogonal basis in Tm(M). We show that we can choose ε > 0 so that for
any m € Γ£ the quantity (v , T(W)) preserves its sign; that is, (v , x(m)) Φ 0 .

For otherwise, for any ε > 0 there would be an me Τε for which VTm = ε^μ ,

where μ is a nonzero real number (since \vTm\ > cos6(Tm , γ) > 0), depending on

m. From the last equality it is obvious that (ν — μ^)7"1 = 0; that is, the vector
w — ν — μβ0 lies in Nm(M). We have

(w, v) = (v , v) — μ(β0 , ν) = 1 — μ(β0 , ν) = 1,
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since (e^, v) = 0 by the choice of υ e γ . But then, since w e Nm ,

1

Ι = , υ ) | < \w \\ν |. (20)

We observe that \w \ = \w\ = \v - μβο\ < 1 + \μ\. On the other hand,

(w , el) = (v , eQ ) - \e0 \2μ = 0| =• μ = —Vl~·

Hence we get the estimate

Μ = -η^τ

By virtue of our choice

\v\ \eT,\_

^ 2 "
T' { '

and thus
, Tm) > cos(a + ε) > 0.

Inequality (21) takes the form |μ| < l/cos(a + ε), and in conjunction with (20) it
gives the relation

/Y/2 ( / ) 1 + C " S ( Q + £ ) . (22)

From (22) it is obvious that for a suitable choice of ε > 0 we arrive at a contradiction,
since the right-hand side of this inequality can be made arbitrarily small as ε —* 0.
We choose ε > 0 so that

1 + cos(a + ε)
sin ε < 1.

COS(Q + ε)

Then for any m e Γε we have (ν , τ(ηι)) φ 0, and so {ν , x(m)) preserves its sign on
Γ ε , say positive. Consider the coordinate function g{m) = {ν , u(m)) with direction

vector ν and gradient V g = ν m . Then for m &Υε we have

(Vg, T{m)) = {vTm, T(m)) = {ν , x{m)) > 0.

Integrating this over Γ ε , we have

0 < f {Vg{m),
Jm€re

dg(m) = 0.

This contradiction proves the theorem.
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