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Abstract

In this thesis, we use finite difference operators with the Summation-By-Parts
property (SBP) and a weak boundary treatment, known as Simultaneous Ap-
proximation Terms (SAT), to construct high-order accurate numerical schemes.
The SBP property and the SAT’s makes the schemes provably stable. The nu-
merical procedure is general, and can be applied to most problems, but we focus
on hyperbolic problems such as the shallow water, Euler and wave equations.

For a well-posed problem and a stable numerical scheme, data must be available
at the boundaries of the domain. However, there are many scenarios where
additional information is available inside the computational domain. In terms
of well-posedness and stability, the additional information is redundant, but it
can still be used to improve the performance of the numerical scheme. As a first
contribution, we introduce a procedure for implementing additional data using
SAT’s; we call the procedure the Multiple Penalty Technique (MPT).

A stable and accurate scheme augmented with the MPT remains stable and
accurate. Moreover, the MPT introduces free parameters that can be used to
increase the accuracy, construct absorbing boundary layers, increase the rate of
convergence and control the error growth in time.

To model infinite physical domains, one need transparent artificial boundary
conditions, often referred to as Non-Reflecting Boundary Conditions (NRBC). In
general, constructing and implementing such boundary conditions is a difficult
task that often requires various approximations of the frequency and range of
incident angles of the incoming waves. In the second contribution of this thesis,
we show how to construct NRBC’s by using SBP operators in time.

In the final contribution of this thesis, we investigate long time error bounds
for the wave equation on second order form. Upper bounds for the spatial
and temporal derivatives of the error can be obtained, but not for the actual
error. The theoretical results indicate that the error grows linearly in time.
However, the numerical experiments show that the error is in fact bounded, and
consequently that the derived error bounds are probably suboptimal.





Sammanfattning p̊a svenska

Många fenomen som observeras i naturen beskrivs matematiskt av partiella dif-
ferentialekvationer med lämpliga rand-och initialvillkor. Dessa fenomen p̊aträffas
inom flödesdynamik, kvantmekanik och elektromagnetism, för att nämna n̊agra
exempel. I allmänhet kan dessa problem inte lösas analytiskt, och m̊aste därför
modelleras med hjälp av datorer. Den spatiella domänen delas d̊a upp i ett
ändligt antal diskreta punkter, där man söker en approximativ lösning.

I den här avhandlingen används finita differensoperatorer p̊a s.k partiell sum-
mationsform för att konstruera noggranna numeriska metoder. Med hjälp av en
svag implementation av randvillkoren blir metoden även stabil. Denna metodik
är allmän och kan tillämpas p̊a alla problem, men i denna avhandling fokuserar
vi p̊a v̊ag- och flödesproblem.

Data m̊aste vara tillgängligt p̊a randen för att problemet ska vara välställt. Yt-
terligare information om lösningen kan emellertid vara tillgänglig inuti domänen.
Denna ytterligare information är överflödig när det gäller att konstruera ett nog-
grant och stabilt numeriskt schema, men kan likväl användas för att förbättra
prestandan p̊a olika sätt. Som ett första bidrag introduceras en metod för att
inkorporera tillgängligt data i domänen, s̊a att metoden förblir stabil. Vi kallar
denna metod för ”multiple penalty technique“ (MPT). Med denna teknik intro-
duceras ett antal fria parametrar som kan användas för att göra metoden nog-
grannare, öka konvergenshastigheten, konstruera absorberande randskikt och
kontrollera feltillväxten hos vissa problem.

I m̊anga tillämpningar m̊aste oändliga domäner modelleras, och domänen m̊aste
begränsas med hjälp av s.k artificiella randvillkor. Dessa randvillkor bör vara
transparenta, d.v.s all information som träffar randen ska transporteras ut ur
domänen utan att ge upphov till reflektioner. Fullständigt transparenta randvil-
lkor kallas för icke-reflekterande randvillkor. Det andra bidraget i denna avhan-
dling g̊ar ut p̊a att konstruera och implementera denna typ av randvillkor
med hjälp av tidsoperatorer p̊a partiell summationsform. Randvillkoren ger
ett välställt problem och det numeriska schemat är stabilt.

Som ett sista bidrag i denna avhandling studeras felgränser för v̊agekvationen
p̊a andra ordningens form. Övre gränser för rums-och tidsderivatan för felet
erh̊alls, men inte för själva felet. De teoretiska resultaten indikerar att felet
växer linjärt med tiden, medan numeriska experiment indikerar att en övre
felgräns existerar.
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Introduction

A considerable amount of all phenomena in nature are described by Partial
Differential Equations (PDE’s) together with appropriate initial and boundary
conditions. This includes the Maxwell equations in electrodynamics, the Dirac
and Schrödinger equation in quantum mechanics and the Navier-Stokes equa-
tions in fluid dynamics, among many other examples. Needless to say, finding
solutions to Initial Boundary Value Problems (IBVP’s) (PDE’s together with
appropriate initial and boundary conditions) is very important in both science
and engineering. Unfortunately, finding exact solutions to IBVP’s is in general
only possible under very simplified conditions; for more realistic scenarios, the
problem must be approximated using numerical algorithms.

The first issue to consider when constructing a numerical scheme is that the
IBVP’s is formulated correctly. If inappropriate initial and boundary conditions
are used, the numerical solution will be unreliable. More precisely, the boundary
treatment must be done such that the IBVP is well-posed, i.e. such that there
exist a unique solution that depends continuously on the applied data. Once
a well-posed problem is available, the numerical scheme must be consistent,
i.e. it must be an accurate approximation of the IBVP. The numerical scheme
must also be stable, which means that the growth of the solution is limited by
applied data. If the scheme is both stable and accurate, the numerical solution
will converge to the continous one during mesh refinement.

Finite difference operators with the Summation-By-Parts (SBP) property have
been used since the 1970’s, and are used to construct high-order accurate and
provable stable schemes [13, 21, 26, 19]. As we will discuss later, the SBP opera-
tors are constructed to mimic integration-by-parts, which is the most important
technique for obtaining a well-posed problem. Throughout this thesis, we will
make use of the SBP operators when constructing numerical schemes. For im-
plementing the boundary conditions, we use a weak formulation known as the
Simultaneous Approximation Term (SAT) technique [4, 5].

To obtain a well-posed problem and a stable scheme, data must be available at
the boundaries of the domain. However, additional data inside the computa-
tional domain may also be available. This is often the case when making weather
predictions, where observations of, for example, temperature and air pressure
from weather stations can be inserted into ongoing simulations. A popular tech-
nique for this so-called data assimilation is the 3D Variational (3D-Var) and 4D
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Variational (4D-Var) approach [6, 8]. In these methods, an appropriate initial
condition based on the observations is constructed by finding a minima to a
cost function. As a first contribution of this thesis, we show how to implement
additional data inside the domain using SAT’s such that the scheme remains
provably stable. We refer to this technique as the Multiple Penalty Technique
(MPT). As will be shown later, the MPT introduces free parameters that can
be used to improve the performance of the numerical scheme. For example, the
MPT can be used the create absorbing boundary layers, increase the rate of
convergence, increase the accuracy of the scheme and control the error growth
for certain problems.

Another scenario often encountered in science and engineering are infinite physi-
cal domains. For obvious reasons, one need to limit the domain in the numerical
model by introducing Artificial Boundary Conditions (ABC’s). To accurately
mimic the physical problem, the ABC’s must be as transparent as possible; that
is, information that propagates towards the artificial boundary should ideally
pass through without being reflected back into the domain. Completely trans-
parent ABC’s are referred to as Non-Reflecting Boundary Conditions (NRBC’s).
Unfortunately, constructing NRBC’s for a general problem in more than one
space dimension is not an easy task, and one often have to resort to approxi-
mations of various parameters of the incoming waves when constructing them.
This subject is treated in the classical paper by Engquist and Majda [9] and in
[25, 14, 11, 28, 10]. Another way to construct NRBC’s is to add buffer zones,
where the incoming waves are eliminated. A popular method the utilizes this
technique is called Perfectly Matched Layers (PML) [3, 1, 15]. As a second
contribution of this thesis, we show how to use the SBP-SAT technique in time
[20, 23, 24] to construct exact NRBC’s. Our technique is performed in time-
domain and it is based on the analysis performed in [9, 25, 10]. It is shown that
the derived NRBC’s result in a well-posed problem and that the corresponding
numerical scheme is stable and accurate.

A well-posed problem and a stable numerical scheme may experience a growth
of the error during long time simulations [22, 17]. In the final contribution of
this thesis, long time error bounds for the wave equation on second order form
is investigated. The analysis yields a bound on the space and time derivatives
of the error while the actual error grows linearly in time. However, numerical
tests indicate that also the error is bounded, and that the theoretically predicted
linear growth stems from non-sharp estimates.
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1.1 Outline of this thesis

In Chapter 2, we describe the method used in this thesis for constructing nu-
merical schemes, namely the SBP-SAT technique. We show how boundary and
initial conditions must be imposed to produce a well-posed problem, how the
SBP operators are constructed and how the SBP-SAT technique leads to a high-
order accurate and stable scheme. Next, in Chapter 3, we describe and discuss
the MPT. The content of that chapter is based on Paper I, II and III, and the
theoretical findings in these papers are summarized together with the most im-
portant numerical results. A new method for constructing and implementing
NRBC’s was introduced in Paper IV, and that paper is summarized in Chapter
4. First, the general theory of how to construct NRBC’s is described. Secondly,
the theoretical findings will be discussed, and some of the numerical results will
be displayed. In Chapter 5, error bounds for the wave equation on second order
form is investigated; the contents are based on the results of Paper V. Error
bounds for long time simulations are derived and compared with the numerical
results. Finally, in Chapter 6, we give a brief summary of the content of the
papers included in this thesis.
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The SBP-SAT technique

The main advantage of the SBP-SAT technique is its stability properties. In
fact, as long as the IBVP is well-posed, stability of the numerical scheme follows
almost automatically when using the SBP-SAT technique. Moreover, high order
accurate schemes are as easily obtained as low order ones. In this chapter, we
will discuss how the SBP operators are constructed, and how to obtain stable
and high-order accurate schemes.

2.1 The continous problem

Before moving on to the discretization of IBVP’s and the SBP-SAT technique,
we shortly discuss how the continous problem should be formulated. Consider
a general linear IBVP on the form,

ut(x̄, t) = Hu(x̄, t) + F (x̄, t), x̄ ∈ Ω, t ≥ 0

Lu(x̄, t) = g(t), x̄ ∈ δΩ, t ≥ 0

u(x̄, 0) = f(x̄), x̄ ∈ Ω, t = 0

(2.1)

where H is a differential operator, L a boundary operator, F, g, f given data and
x̄ the position vector. Throughout this thesis, we use subscripts to denote partial
derivatives, i.e. ut = ∂u/∂t in (2.1). The spatial domain under consideration is
denoted Ω with boundary δΩ.

The problem (2.1) is well-posed if there exist a unique solution that depends
continuously on the applied data F, g and f . Assuming that a solution u to
(2.1) exist, the problem is strongly well-posed if u satisfies an estimate on the
form,

||u||21 ≤ Ceαt(||f ||22 +

∫ t

0

(||F ||23 + ||g||24)dτ), (2.2)

where C and α are constants independent of the data [27, 12]. In most cases, the
norms || · ||1,2,3 are the same, while || · ||4 is different. If the estimate (2.2) holds
for F = g = 0, the problem is called well-posed. The estimate (2.2) implies that
the solution u is unique, and that it depends continuously on the data F, g and
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f . To clarify this statement, assume that v is a solution to (2.1) with perturbed
data F + δF , g + δg and f + δf , such that,

vt = Hv + F + δF, x̄ ∈ Ω, t ≥ 0

Lv = g + δg, x̄ ∈ δΩ, t ≥ 0

v = f + δf, x̄ ∈ Ω, t = 0.

(2.3)

Subtracting (2.1) from (2.3) results in the difference problem,

et = He+ δF, x̄ ∈ Ω, t ≥ 0

Le = δg, x̄ ∈ δΩ, t ≥ 0

e = δf, x̄ ∈ Ω, t = 0,

(2.4)

where e = v − u. Equation (2.4) is analogous to (2.1), and therefore satisfy an
estimate of the same form as (2.2), i.e.

||e||21 ≤ Ceαt(||δf ||22 +

∫ t

0

(||δF ||23 + ||δg||24)dτ).

We first note that if the perturbations are small, e must be also be small, which
means that the solution depends continuously on applied data. In particular, if
δf = δF = δg = 0, then e = 0, which leads to uniqueness.

Remark 2.1.1. Note that (2.2) does not imply a bounded solution for large t
if α > 0, i.e. the solution is allowed to grow.

2.1.1 A model problem

Next, we illustrate the previous discussion by considering a model problem,

ut + aux = F, x ∈ [0, 1], (2.5)

where a > 0 is a constant and F an arbitrary forcing function. By applying the
energy method to (2.5), i.e. multiplying with u and integrating over the spatial
domain, we get,

||u||2t = a(u2(0, t)− u2(1, t)) + 2

∫ 1

0

uFdx, (2.6)

where the norm is defined as ||u||2 =
∫ 1

0
u2dx.

In order to obtain an estimate of the form (2.2), the term a(u2(0)−u2(1)) must
be limited by applying the boundary condition u(0, t) = g(t) at x = 0. We get,

||u||2t ≤ ag2(t) + η||u||2 +
1

η
||F ||2, (2.7)
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where the estimate 2
∫ 1

0
uFdx ≤ η||u||2+||F ||2/η for an arbitrary constant η > 0

has been used. Solving (2.7) for ||u||2 yields,

||u||2 ≤ eηt(||f ||2 +

∫ t

0

(ag2 +
1

η
||F ||2dτ), (2.8)

and an estimate of the form (2.2) has been obtained.

Remark 2.1.2. Note that the presence of F leads to the growth factor η. In
this thesis, F is often not present or omitted since it does not influence well-
posedness.

2.2 The discrete problem

When using the energy method, the boundary terms are obtained through inte-
gration by parts, as illustrated in (2.6). The SBP operators mimic this procedure
for the discrete problem. Hence, a SBP operator D = P−1Q that approximate
the spatial derivative have the property,

(ū, Dū)P + (Dū, ū)P = u2
n − u2

0, (2.9)

where the subscript denote grid point index and ū = [u0, u1, ..., un]T is a grid
function with the values of u injected at the grid points. The inner product is
defined as (v, w)P = vTPw for two vectors v, w.

The property (2.9) is achieved by demanding that the matrix Q satisfy the
so-called SBP property,

Q+QT = diag(−1, 0, ..., 0, 1). (2.10)

Moreover, the r order accurate SBP operator D must approximate derivatives
of polynomials up to degree r exactly, such that,

Dx̄k = kx̄k−1, k = 0, 1, ...r (2.11)

where x̄k = [xk0 , x
k
1 , ..., x

k
n]T is a grid function of the polynomial xk. The matrix

P must satisfy
P = PT > 0, (2.12)

such that the discrete norm ||ū||2P = ūTPū approximates the continous norm

||u||2 =
∫ 1

0
u2dx.

Similar to the condition for well-posedness, a strongly stable numerical scheme
has a solution ū that satisfies,

||ū||21 ≤ C̄eᾱt(||f̄ ||22 +

∫ t

0

(||F̄ ||23 + ||ḡ||24)dτ), (2.13)
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where C̄ and ᾱ are constants independent of the data and the mesh parameters
[27, 12]. As for the continous problem, the terms in (2.13) can be expressed in
different norms. When using SBP operators, the norms || · ||1,2,3 are in most
cases equal to || · ||P , while || · ||4 is different. In (2.13), F̄ , f̄ , ḡ are grid functions
of F , f and g, respectively. If the estimate (2.13) holds for F̄ = ḡ = 0, the
problem is said to be stable.

2.2.1 The one-dimensional SBP-SAT technique

Next, we use the SBP operators described above to approximate the spatial
derivative in the model problem (2.5). To implement the boundary conditions,
we use SAT’s [4, 5]. The SBP-SAT approximation of (2.5) becomes,

v̄t + aP−1Qv̄ = σP−1E0(v̄0 − ḡ) + F̄ . (2.14)

The term σP−1E0(v̄0 − ḡ) on the right-hand side of (2.14) is the SAT penalty
term that enforces the boundary condition u(0, t) = g(t), and the parameter σ
is the penalty parameter that has to be chosen such that the scheme is stable.
In (2.14), v̄0 = [v0, 0, ..., 0]T , in which v0 denotes the numerical solution at the
first grid point, and ḡ = [g, 0, ..., 0]T .

Applying the discrete energy method to (2.14) (multiplying with v̄TP from the
left and adding the transpose of the outcome) gives,

(||v̄||2P )t = (a+ σ)v2
0 + σ(v0 − g)2 − σg2 − av2

n + 2v̄TPF̄ . (2.15)

The right-hand side is bounded by data for σ ≤ −a. In particular, σ = −a
yields,

(||v̄||2P )t = ag2 − av2
n + 2v̄TPF̄ − a(v0 − g)2, (2.16)

which is completely analogous to the continous estimate (2.6) if v0 = g.

By using that 2v̄TPF̄ ≤ η||v̄||2P + ||F̄ ||2P /η for any η > 0 and solving (2.16) for
||v̄||2P in a similar manner as in Section 2.1.1 yields the final result,

||v̄||2P ≤ eηt(||f̄ ||2P +

∫ t

0

(ag2 +
1

η
||F̄ ||2P dτ), (2.17)

where the initial condition v̄(0) = f̄ has been imposed. Hence, the numerical
scheme (2.14) is stable. Note the similarity of the discrete estimate (2.17) to
the continous one in (2.8).
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2.2.2 The multi-dimensional SBP-SAT technique

Consider the advection equation in two space dimensions,

ut + aux + buy = 0, (x, y) ∈ [0, 1], t ≥ 0

u(0, y, t) = gx(y, t), x = 0, t ≥ 0

u(x, 0, t) = gy(x, t), y = 0, t ≥ 0

u(x, y, 0) = f(x, y), (x, y) ∈ [0, 1], t = 0,

(2.18)

where a, b > 0.

The numerical scheme that approximates (2.18) is,

v̄t + a(Dx ⊗ Iy)v̄ + b(Ix ⊗Dy)v̄ =σx(P−1
x E0x ⊗ Iy)(v̄x=0 − ḡx)+

σy(Ix ⊗ P−1
y E0y)(v̄y=0 − ḡy)

v̄(0) =f̄ ,

(2.19)

where σx,y are the penalty matrices. The solution v̄ is arranged as v̄ = [v̄0, ..., v̄nx ],
in which v̄k is a ny × 1 vector that approximates the solution along the the line
x = xk. The number of grid points in the x and y direction are nx and ny,
respectively. In (2.19), Ix,y are identity matrices of appropriate sizes and the
subscript on D and P denotes the derivative that is being approximated. The
symbol ⊗ denotes the Kronecker product, which is defined as,

A⊗B =




A11B A12B . . . A1mB

A21B A22B . . .
...

...
...

. . .
...

An1B . . . . . . AnnB




for two matrices A,B.

In the discrete energy method for two-dimensional problems, one multiply (2.19)
with v̄T (Px ⊗ Py) from the left and add the transpose of the outcome. That
yields,

(||v̄||2Px⊗Py )t = aḡTx (E0x ⊗ Py)ḡx − av̄Tx=1(ENx ⊗ Py)v̄x=1+

bḡTy (Px ⊗ E0y)ḡy − bv̄Ty=1(Px ⊗ ENy)v̄y=1−
a(v̄x=0 − ḡx)T (E0x ⊗ Py)(v̄x=0 − ḡx)−
b(v̄y=0 − ḡy)T (Px ⊗ E0y)(v̄y=0 − ḡy)

(2.20)

where we have used σx = −a and σy = −b. Equation (2.20) imply that the
growth of v̄ is limited by data and the problem is therefore stable.
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The multiple penalty technique

As pointed out previously, additional information available inside the compu-
tational domain can be used to alter and improve the numerical scheme. The
MPT technique is a generalization of the SAT technique described above, and
utilizes a weak implementation of the additional data. In this chapter, we show
how the MPT can be used for different applications.

First, we consider the MPT applied to the model problem (2.5). Assume that
the solution is known at x = 0 (which is necessary for a well-posed problem)
and at a few additional grid points inside the computational domain. As an
illustration, we assume that data is available at two additional grid points close
to the left boundary, see Figure 3.1. The additional data can be implemented
using SAT’s, such that (2.14) with F̄ = 0 becomes,

v̄t + aP−1Qv̄ =σ00P
−1E0(v̄0 − ḡ0) + σ01P

−1E0(v̄1 − ḡ1)+

σ10P
−1E1(v̄0 − ḡ0) + σ11P

−1E1(v̄1 − ḡ1)+

σ12P
−1E1(v̄2 − ḡ2) + σ20P

−1E2(v̄0 − ḡ0)+

σ02P
−1E0(v̄2 − ḡ2) + σ21P

−1E2(v̄1 − ḡ1)+

σ22P
−1E2(v̄2 − ḡ2),

(3.1)

where v̄j = [0, ..., vj , ...0]T , ḡj = [0, ..., gj , ...0]T and vj , gj denotes the solution
and known data at grid point j, respectively. The elements of the matrices Ej
are zero except at element (j, j), where it is one, and σij are penalty coefficients
to be determined. By applying the discrete energy method to (3.1) with zero
data, we get,

(||v̄||2P )t = v̄TB(Σ + ΣT )v̄B − av2
N , (3.2)

where v̄B = [v0, v1, v2] and,

Σ =



a
2 + σ00 σ01 σ02

σ10 σ11 σ12

σ20 σ21 σ22


 .

u u u e e e e e e e e
Figure 3.1: Illustration of the mesh in one space dimension. The circles denotes the grid

points and filled circles denotes grid points where SAT’s are applied.
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For stability, the penalty coefficients must be chosen such that the right-hand
side (3.1) is non-positive, i.e. such that Σ + ΣT ≤ 0. As long as that condition
is fulfilled, the coefficents σij are arbitrary. In the upcoming sections, we shall
show how to improve the scheme in different ways by choosing these coefficents
wisely.

3.1 Increasing the rate of convergence

Adding additional penalties like the ones in (3.1) adds damping to the scheme,
which can be used to increase the rate of convergence. This section is based on
Paper I, but we will do a more careful analysis than provided in that paper.
To illustrate, we consider the exact solution ū injected into (3.1) with all off-
diagonal penalty coefficents equal to zero,

ūt + aP−1Qū = σ00P
−1E0(ū0 − ḡ0) + σ11P

−1E1(ū1 − ḡ1)+

σ22P
−1E2(ū2 − ḡ2) + Te,

(3.3)

where Te is the truncation error. Subtracting (3.1) from (3.3) yields the error
equation,

ēt + aP−1Qē = σ00P
−1E0ē0 + σ11P

−1E1ē1+

σ22P
−1E2ē2 + Te,

(3.4)

where ē = ū− v̄. Applying the discrete energy method to (3.4) results in,

(||ē||2P )t = (a+ 2σ00)e2
0 + 2σ11e

2
1 + 2σ22e

2
2 + 2ēTPTe. (3.5)

Using that (||ē||2P )t = 2||ē||P (||ē||P )t and 2ēTPTe ≤ 2||ē||P ||Te||P leads to,

(||ē||P )t ≤ −η(t)||ē||P + ||Te||P , (3.6)

where

η(t) = − (a+ 2σ00)e2
0 + 2σ11e

2
1 + 2σ22e

2
2

2||ē||2 .

If the MPT is applied at many grid points, if σ00 ≤ −a/2 and all additional
penalty coefficients are negative (which is necessary for stability), the function
η(t) will be large, resulting in a rapid decay of the error, as seen in (3.6).

To clarify, assume that the error is large at t = 0, when the simulation is
initiated. Solving (3.6) for ||ē||P yields,

||ē||P ≤ e−K(t)||ē(0)||P + e−K(t)

∫ t

0

eK(τ)||Te||P dτ, (3.7)

where K(t) =
∫ t

0
η(τ)dτ is the primitive function of η(t) and ē(0) is the initial

error. The function K(t) will be large when the MPT is applied at many grid
points (since η(t) is large), and the initial error, ē(0), will decay rapidly.
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Figure 3.2: The P-norm of the error when using standard SAT’s and up to three addi-
tional penalty terms.

In Figure 3.2, the model problem (2.5) with F = 0 and a = 1 is solved when
using additional penalty parameters close to the left boundary. The total sim-
ulation time is T = 405, the initial condition is u(x, 0) = 1 + e−100(x−0.5)2 , the
grid spacing is ∆x = 1/10 and the CFL number is CFL = ∆t/∆x = 0.5. The
error should converge to zero as t → ∞. One can clearly see that the rate of
convergence is increased when the MPT is applied.

3.2 Increasing the accuracy

In order for the SBP finite difference operator to satisfy property (2.10), the
order of accuracy close to the boundaries is lower than in the interior of the
domain. In this thesis, we consider diagonal P ’s, and the corresponding finite
difference operator is 2p order accurate in the interior and p order accurate
close to the boundaries [16]. In the next application of the MPT introduced
in Paper I, we will choose the penalty coefficients in (3.1) such as the finite
difference operator has the same order everywhere while the SBP property (2.10)
is preserved.

Consider the finite difference operator P−1Q̃, where Q̃ is a uniformly 2p order
accurate operator. The SBP property (2.10) is no longer satisfied, and a rest
term δQ will be present on the right hand side,

Q̃+ Q̃T = B + δQ,

where B = diag(−1, 0, ..., 0, 1). The matrix δQ is zero except at elements close
to the boundaries.
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Consider (3.1) with zero data and with the operator P−1Q̃ used for approxi-
mating the spatial derivative,

v̄t + aP−1Q̃v̄ = σ00P
−1E0v̄0 + P−1Σv̄, (3.8)

where all penalty terms except the first one are collected in the term P−1Σv̄.
The following analysis is also valid for non-zero data, but including such data
will obscure the main points of this section. The discrete energy method on
(3.8) yields,

(||v̄||2P )t = −av2
N + (a+ 2σ00)v2

0 + v̄T (−δQ+ ΣT + Σ)v̄, (3.9)

and we observe that the scheme is stable if,

σ00 ≤ −
a

2

−δQ+ ΣT + Σ = 0.
(3.10)

In particular, if σ00 = −a/2, (3.9) mimics the continous estimate (2.6) with
u(0, t) = F = 0. In summary: by choosing the penalty coefficients according
to (3.10), a uniformly 2p order accurate finite difference operator can be used
while the scheme remains stable. One can also add on damping by requiring
that the last relation in (3.10) is negative semi-definite.

Next, we illustrate the results above by consider a uniformly second order ac-
curate operator D = P−1Q̃, where,

Q̃ =




− 3
4 1 − 1

4 . . . 0

− 1
2 0 1

2

...
...

. . .

− 1
2 0 1

2
0 . . . 1

4 −1 3
4



,

and P = ∆xdiag(1/2, 1, ..., 1, 1/2). The matrix Q̃ does not satisfy the SBP
property (2.10), and we get,

Q̃+Q̃T =




− 3
2

1
2 − 1

4 . . . 0

1
2 0 0

...
− 1

4 0 0
...

. . .

0 0 1
4

0 0 − 1
2

0 . . . 1
4 − 1

2
3
2




, δQ =




1
2

1
2 − 1

4 . . . 0

1
2 0 0

...
− 1

4 0 0
...

. . .

0 0 1
4

0 0 − 1
2

0 . . . 1
4 − 1

2 − 1
2




.

Hence, in order to make the last term on the right hand side of (3.9) zero, we
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choose,

Σ =
1

2




1
2

1
2 − 1

4 . . . 0

1
2 0 0

...
− 1

4 0 0
...

. . .

0 0 1
4

0 0 − 1
2

0 . . . 1
4 − 1

2 − 1
2




.

3.3 Modifying the wave speed of the error

Consider the error equation related to (3.1),

ēt + aP−1Qē = σ00P
−1E0ē0 + P−1Σē. (3.11)

As in the previous section, all additional penalty terms have been collected in
the term P−1Σē. Note that (3.11) describes the error in a traveling wave with
wave speed a.

To proceed, we rearrange (3.11),

ēt + P−1(aQ− Σ)ē = σ00P
−1E0ē0,

and let the structure of the matrix aQ− Σ be,

aQ− Σ =



aQL − ΣL 0 0

0 QI 0
0 0 aQR − ΣR


 .

By choosing ΣL = αLQL and ΣR = αRQR, the wave speed at the boundary
regions will then be modified to (a − αL,R), respectively. A more detailed
discussion on how to alter the wave speed of the error can be found in Paper I.

3.4 Constructing absorbing boundary layers

As described in Section 3.1, the MPT has a damping effect, that reduces the
errors. By applying the MPT when an outgoing wave is about to hit the bound-
ary, it can be damped out and thus preventing unwanted reflections. In Paper I,
the following procedure is applied to hyperbolic systems. Here, we will describe
the procedure by considering a scalar equation, for simplicity.

Consider the model problem (2.5) with zero boundary data, zero forcing function

and the initial condition u(x, 0) = e−200(x−0.5)2 in the domain x ∈ [0, 1]. The
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Figure 3.3: The solution to (2.5) at t = 0 (upper), t = 0.3 (middle) and t = 0.9 (lower)
when using standard penalty terms.

problem is integrated up to t = 0.9 using standard penalties, N = 40 grid points
in space and a third order SBP-SAT scheme for the spatial discretization. Snap
shots of the solution are displayed in Figure 3.3. Note that the outgoing wave
is partly reflected at the boundary x = 1.

Next, we apply the MPT at all grid points in the region [0.7, 1] when t = 0.3
(when the wave is inside the penalty region) to damp out the outgoing wave.
The results are displayed in Figure 3.4, and one can see that the reflections are
significantly reduced.

3.5 The MPT in several space dimensions

In the examples above, the MPT has been applied to problems in a single space
dimension. In this section, we apply the MPT on multidimensional problems,
which is based on the results of Paper II. For our purposes, it suffice to consider
a hyperbolic system in two space dimensions,

ut +Aux +Buy = 0, (x, y) ∈ [0, 1]

Lxu(0, y, t) = gx0(y, t)

Rxu(1, y, t) = gx1(y, t)

Lyu(x, 0, t) = gy0(x, t)

Ryu(x, 1, t) = gy1(x, t)

u(x, y, 0) = f(x, y)

(3.12)
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Figure 3.4: The solution to (2.5) at t = 0 (upper), t = 0.3 (middle) and t = 0.9 (lower)
when using the MPT.

where A,B are constant and symmetric matrices, Lx,y and Rx,y are appropriate
boundary operators that result in a well-posed problem and gx0, gx1, gy0, gy1

and f(x, y) are given boundary and initial data.

Consider the case where additional data is known at a few additional points
inside the spatial domain, and denote the set of these points Ωs. In Ωs, we
assume that there are operators Lij and known data gij that satisfies the relation

Liju(xi, yj , t) = gij(t), (xi, yj) ∈ Ωs.

By using the SBP-SAT technique described in Section 2.2.2 to discretize (3.12)
and utilizing the MPT to implement the additional data results in,

v̄t + (Dx ⊗ Iy ⊗A)v̄ + (Ix ⊗Dy ⊗B)v̄ =

(P−1
x E0x ⊗ Iy ⊗ ΣLxLx)v̄ + (P−1

x ENx ⊗ Iy ⊗ ΣRxRx)v̄+

(Ix ⊗ P−1
y E0y ⊗ ΣLyLy)v̄ + (Ix ⊗ P−1

y ENy ⊗ ΣRyRy)v̄+
∑

xi,yj∈Ωs

(P−1
x Eix ⊗ P−1

y Ejy ⊗ ΣijLij)v̄,

(3.13)

where v̄ is the numerical solution. For simplicity, all the data, including the
additional part, are set to zero. The finite difference operators Dx,y are on
SBP form, Ix,y identity matrices of appropriate sizes and ΣL,Rx, ΣL,Ry, Σij are
penalty matrices to be determined such that (3.13) is stable. The elements of
the matrices Eix,y are zero, except at element (i, i), where they are equal to one.

Remark 3.5.1. The following derivation is also valid for non-zero data, but
including such data will obscure the main points of this section.
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Applying the discrete energy method to (3.13) (multiplying with v̄T (Px⊗Py⊗I)
and adding the transpose of the outcome), results in,

(||v̄||2Px⊗Py⊗I)t = v̄T (E0x ⊗ Py ⊗ (A+ ΣLxLx + (ΣLxLx)T ))v̄+

v̄T (ENx ⊗ Py ⊗ (−A+ ΣRxRx + (ΣRxRx)T ))v̄+

v̄T (Px ⊗ E0y ⊗ (B + ΣLyLy + (ΣLyLy)T ))v̄+

v̄T (Px ⊗ ENy ⊗ (−B + ΣRyRy + (ΣRyRy)T ))v̄+
∑

xi,yj∈Ωs

v̄T (Eix ⊗ Ejy ⊗ (ΣijLij + (ΣijLij)
T ))v̄.

(3.14)

For stability, the right-hand side of (3.14) must be non-positive. Consequently,
the penalty matrices at the boundaries must be chosen such that,

A+ ΣLxLx + (ΣLxLx)T ≤ 0, −A+ ΣRxRx + (ΣRxRx)T ≤ 0

B + ΣLyLy + (ΣLyLy)T ≤ 0, −B + ΣRyRy + (ΣRyRy)T ≤ 0,

and the penalty matrices associated with the MPT must satisfy,

ΣijLij + (ΣijLij)
T ≤ 0. (3.15)

Note that one can always find non-zero Σij such that (3.15) is fulfilled. For
example, the choice Σij = βLTij satisfies (3.15) for any β < 0.

3.6 Controlling error growth

Many problems experience an error growth in time, even though the IBVP
is well-posed and the scheme is stable. For example, consider the advection
equation with periodic boundary conditions,

ut + ux = 0, x ∈ [0, 1]

u(0, t) = u(1, t)

u(x, 0) = f(x).

(3.16)

The corresponding numerical scheme using the SBP-SAT technique is,

v̄t +Dv̄ = −1

2
P−1E0(v̄0 − v̂N ) +

1

2
P−1EN (v̄N − v̂0), (3.17)

where v̂N = [vN , 0, ..., 0]T and v̂0 = [0, ..., 0, v0]T . Inserting the exact solution
into (3.17) and subtracting it from (3.17) with the numerical solution v̄ results
in the error equation,

ēt +Dē = −1

2
P−1E0(ē0 − êN ) +

1

2
P−1EN (ēN − ê0) + Te, (3.18)
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where Te is the truncation error. Applying the discrete energy method and
following a similar procedure as in Section 3.1 results in,

(||ē||P )t ≤ ||Te||P . (3.19)

By integrating in time, one can conclude that,

||ē||P ≤ ||ē(0)||P + t||Te||maxP , (3.20)

where ||Te||maxP is an upper estimate of ||Te||P . As one can see, the periodic
boundary conditions result in a linear growth of the error. Consequently, the
error is unbounded for long time simulations.

Now, consider the following situation. First we solve (3.17) up to t = t0, next
we apply the MPT, such that (3.18) becomes,

ēt +Dē = −1

2
P−1E0(ē0 − êN ) +

1

2
P−1EN (ēN − ê0) +

∑

xi∈Ωs

σiiP
−1Eiē+ Te.

By applying the discrete energy method we find,

(||ē||P )t ≤ −η(t)||ē||P + ||Te||maxP , (3.21)

where η(t) = −∑xi∈Ωs
σiie

2
i /(||ē||2P ). If the penalty coefficents are chosen ap-

propriately, we may assume that η(t) ≥ η0 > 0, and we obtain

||ē||P ≤ e−η0(t−t0)||ē(t0)||P +
1− e−η0(t−t0)

η0
||Te||maxP , t ≥ t0.

First, we note that an error bound is obtained by applying the MPT. Secondly,
the initial error, ||ē(t0)||P , decays exponentially. In summary, the error grows
linearly in the time interval t ∈ [0, t0], where only standard SAT’s are used.
When the MPT is applied at t = t0, the accumulated error will decay rapidly,
and hence, the error growth can be controlled by using the MPT.

We illustrate the theoretical results above by considering an example from Paper
III. The problem (3.16) is solved using the grid parameters ∆x = 1/40 and
∆t = 1/100. Additional penalty terms are applied at NMPT = 10 spatial
grid points in the time intervals t ∈ [5, 7], t ∈ [15, 17] and t ∈ [25, 27]. The
total simulation time is T = 30. In Figure 3.5, both the function η, defined in
(3.21), and the P-norm of the error is displayed as a function of time. When
the MPT is applied, η becomes quite large, resulting in a rapid decay of the
error. Consequently, the error can be kept below a desired level by occasionally
applying the MPT. In Paper III, the analysis described above is applied to the
linearized shallow water equations, yielding similar results.

3.7 Conclusions and future outlook

The MPT is a simple and flexible technique that has many areas of application,
and can be applied to most problems. If the original scheme is stable and
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Figure 3.5: The function η and the P-norm of the error as a function of time.

accurate, the MPT can be applied while the scheme remains stable and accurate.
Similar techniques for incorporating additional data are, for example, Davies
relaxation [7] and Newtonian nudging [2]. Compared to these techniques, the
main advantage of the MPT is its simplicity, and that it always result in a
provable stable scheme.

At the current state, all data is assumed to be exact when applying the MPT;
that is, it does not take into account that the data may be inaccurate. This is
often the case in realistic computations. Therefore, an interesting subject for
future studies would be to include uncertainty in the applied data when using
the MPT.
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Non-reflecting boundary
conditions

NRBC’s are used for limiting otherwise infinite physical domains. As we will see
in this chapter, constructing NRBC’s for one-dimensional hyperbolic problems
is rather straight forward. In two dimensions, however, the problem becomes
significantly more complicated. To begin with, we provide an overview of the
theory behind NRBC’s and clarify by considering problems in one space dimen-
sion. We proceed by describing the technique introduced in Paper IV, where
NRBC’s for multi-dimensional problems are considered.

4.1 NRBC’s in one dimension

Consider the wave equation in one space dimension,

utt = c2uxx, x ∈ [0, 1], t ≥ 0, (4.1)

where c is a positive constant. For our purposes, it suffice to consider solutions
to (4.1) in the form of traveling waves, such that (4.1) have solutions on the
form,

u = σ+e
iω(ct+x) + σ−e

iω(ct−x), (4.2)

where σ± are determined by the boundary conditions. The term u+ = eiω(ct+x)

represent a mode traveling to the left, i.e. towards the boundary x = 0, while
the mode u− = eiω(ct−x) travels to the right, towards the boundary x = 1.
For either boundary to be non-reflecting, only modes traveling towards the
boundaries can be allowed. In our case, the boundary x = 0 must only allow
for the mode u+ and the boundary x = 1 must only allow for the mode u−.

Assume that we want the boundary x = 0 to be non-reflecting; that is, the
boundary condition must only allow for incoming modes, i.e. the mode u+.
This is realized by constructing a boundary condition that enforces σ− = 0.
The NRBC at x = 0 can then be written,

ut(0, t)− cux(0, t) = 0. (4.3)
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Since ut− cux = 2iωcσ−e
iωct, the boundary condition (4.3) demands that σ− =

0. Similarly, the NRBC at x = 1 is,

ut(1, t) + cux(1, t) = 0. (4.4)

The NRBC’s for (4.1) can also be obtained by applying the Laplace transform,
such that (4.1) with zero initial data becomes,

s2û = c2ûxx, (4.5)

where s is the dual variable to t. Inserting the ansatz û = ekx into (4.5) yields
the solution,

û(x) = σ+e
s
cx + σ−e

− scx.

The NRBC’s are obtained by removing all modes that decays for Re(s) > 0 at
x = 0 and all modes that grows at x = 1, such that σ− = 0 at x = 0 and σ+ = 0
at x = 1. The above conditions are achieved by the boundary conditions,

sû− cûx = 0, x = 0

sû+ cûx = 0, x = 1,

which results in the boundary conditions (4.3) and (4.4) after transforming back
to the time-domain.

To illustrate the results above, consider a similar setup as in Section 3.4. First,
the problem (4.1) with c = 1 is solved using the reflecting boundary conditions,

ux(0, t) = 0, ux(1, t) = 0,

and the initial condition u(x, 0) = e−200(x−0.5)2 . Snap shots of the solution
is shown in Figure 4.1. At the lower figure, the waves have been reflected
at both boundaries. Next, the simulation described above is repeated using
the NRBC’s (4.3) and (4.4), and the results are displayed in Figure 4.2. The
reflections observed in Figure 4.1 are no longer present.

4.2 NRBC’s for systems of hyperbolic equations

Next, we discuss how to construct NRBC’s for hyperbolic systems of equations
in two space dimensions, i.e. problems on the form,

ut +Aux +Buy = 0, (x, y) ∈ [0, 2]× [0, 1], t ≥ 0 (4.6)

where A,B are symmetric matrices. We restrict the analysis to the boundaries
y = {0, 1}, and therefore assume that the spatial domain is periodic in the
x-direction. A detailed description of how to construct continous NRBC’s for
(4.6) can be found in [9, 25], and we will do a similar analysis here.
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Figure 4.1: The solution to (4.1) at t = 0 (upper), t = 0.3 (middle) and t = 0.8 (lower)
using reflecting boundary conditions.
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Figure 4.2: The solution to (4.1) at t = 0 (upper), t = 0.3 (middle) and t = 0.8 (lower)
using NRBC’s.
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The first step in the construction of NRBC’s is to apply the Laplace transform
in time and Fourier transform in the x-direction, such that (4.6) becomes

sû+ iωAû+Bûy = 0, (4.7)

where s and ω are the dual variables to t and x, respectively. We assume that
the initial data is zero. Assuming that B is non-singular and rearranging (4.6)
gives us,

ûy +M(s, ω)û = 0, (4.8)

where M(s, ω) = sB−1 + iωB−1A.

Inserting the ansatz û = e−kyψ(s, ω) into (4.8) results in the eigenvalue problem,

(M(s, ω)− kI)ψ(s, ω) = 0. (4.9)

Obviously, k coincides with the eigenvalues of M and ψ(s, ω) are the corre-
sponding eigenvectors. The solution to (4.7) can now be written as a linear
combination of eigenvectors to M ,

û =
∑

j

σje
−kj(s,ω)yψj(s, ω) = Ψe−Kyσ̄, (4.10)

where the σj ’s are determined by the boundary conditions. In (4.10), Ψ =
[ψ1, ..., ψn] is the matrix of eigenvectors, K = diag(k1, ..., kn) and σ̄ = [σ1, ..., σn]T

is the vector of coefficients.

To annihilate all downwards traveling modes at y = 0 (i.e. all modes with
positive real part of k), we must construct boundary conditions that forces the
corresponding coefficients σj to zero, i.e.

σj(s, ω) = 0, Re(kj) > 0, y = 0. (4.11)

In a similar way, the NRBC’s at y = 1 must result in,

σj(s, ω) = 0, Re(kj) < 0, y = 1. (4.12)

The requirements (4.11), (4.12) can be realized by the boundary conditions,

M+û(0) = 0, M−û(1) = 0. (4.13)

In (4.13), M± = ΨK±Ψ−1 and K± is the part of K with positive and negative
real part, respectively. Inserting (4.10) into (4.13) leads to the conditions (4.11)
and (4.12).

Arriving at the NRBC’s (4.13) is relatively easy. However, when implementing
them, they need to be transformed back to the physical space. The required
back transformation is the major obstacle, that prevent the use of this technique
for most practical flow problems.
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4.2.1 NRBC’s for one-dimensional hyperbolic problems

We illustrate the results above by considering the simplified case where A = 0,
such that (4.6) becomes a one-dimensional problem,

ut +Buy = 0. (4.14)

The matrix M(s, ω) = M(s) can then be simplified as,

M(s) = sB−1,

and we conclude that the eigenfunctions ψ are constant and equal to the eigen-
vectors of B. The general solution to (4.14) in Laplace space is,

û =
∑

j

σje
− s
λj
y
ψj ,

where λj are the eigenvalues B, ψj the corresponding eigenvectors and σj coef-
ficients determined by the boundary conditions.

In order to make the boundary y = 0 non-reflecting, all decaying modes must
vanish, i.e.

σj(s, ω) = 0, λj > 0, y = 0,

and the corresponding condition at the boundary is,

σj(s, ω) = 0, λj < 0, y = 1.

The above conditions can be enforced by the boundary conditions,

B+û(0) = 0, B−û(1) = 0, (4.15)

where B± denotes the positive and negative part of B, respectively.

Since B± are independent of s, the relation (4.15) can easily be transformed
back into real space, to yield

B+u(0) = 0, B−u(1) = 0. (4.16)

The relation (4.16) is recognized as the characteristic boundary conditions to
(4.14).

4.3 The new way to construct NRBC’s

As mentioned above, implementing the continous NRBC’s is a major issue as
they are expressed in a transformed space. In Paper IV, we introduce a technique
that circumvent this issue by using SBP operators for the time discretization,
and we briefly describe that technique in this section.
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First, consider (4.6) with the initial condition u(x, y, 0) = 0, discretized in time
and the x-direction using the SBP-SAT technique,

(D̃t ⊗ Ix ⊗B−1)v̄ + (It ⊗Dx ⊗B−1A)v̄ + v̄y = 0. (4.17)

In (4.17), we have multiplied the problem with B−1 from the left. The operator
D̃t = P−1

t (Qt+E0t) includes the SBP finite difference operator and the penalty
term that implements the initial condition. The results in [23] show that the
eigenvalues of D̃t has a strictly positive real part. With periodic boundary
conditions, the spatial difference operator is skew symmetric, i.e. Dx = −DT

x .

Next, the matrices D̃t = XtŜX
−1
t and Dx = iXxΩ̂X∗x are diagonalized. Note

that Re(Ŝ) > 0 and that Dx has purely imaginary eigenvalues. Also, Dx is
diagonalized by a unitary matrix Xx, since it is skew symmetric. By multiplying
(4.17) with X−1

t ⊗X∗x ⊗ I from the left, we obtain,

v̂y + M̂ v̂ = 0, (4.18)

where v̂ = (X−1
t ⊗X∗x ⊗ I)v̄ and,

M̂ =




M(ŝ0, ω̂0) 0 . . . 0

0 M(ŝ0, ω̂0) . . .
...

... . . .
. . .

...
0 . . . . . . M(ŝNt , ω̂Nx)



.

The matrix blocks M is the same matrix as in (4.8) and ŝi, ω̂i are the diagonal
elements of Ŝ and Ω̂, respectively.

As in Section 4.2, the NRBC’s are given by,

M̂+v̂(0) = 0, M̂−v̂(1) = 0. (4.19)

Unlike the boundary conditions derived in Section 4.2, the boundary conditions
(4.19) are given in the discrete setting, and transforming back to the original
variables is straight forward. One simply multiply the problem with Xt⊗Xx⊗I
from the left.

The boundary conditions (4.19) can be implemented directly using penalty
terms, such that (4.18) becomes,

v̂y + M̂ v̂ = Ly=0(B̂−1Σ0M̂
+v̂) + Ly=1(B̂−1Σ1M̂

−v̂), (4.20)

in which B̂ = (It ⊗ Ix ⊗ B) and Ly=y0 are so-called lifting operators, that for
two arbitrary functions α, β satisfies,

∫ 1

0

Ly=y0(αβ) = α(y0)β(y0).
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Figure 4.3: The reference solution u1 at different time levels using the grid ∆x = 2/40,
∆y = 1/40. Upper: t = 0, middle: t = 0.2 and bottom: t = 0.4. A third
order SBP scheme has been used.

In Paper IV, we show that the matrices Σ0,1 can be chosen in several ways to
produce a stable scheme, and the least complicated form is

Σ0 = −B̂M̂−1, Σ1 = B̂M̂−1. (4.21)

Once the penalty matrices are obtained, the problem can easily be transformed
back into the original variables and solved.

4.3.1 Numerical verification

To verify the theoretical results discussed above, a reference solution is created
by solving (4.6) on a large domain and for a sufficiently small simulation time,
such that the reflections from the boundaries are not present in the regular
domain at the final time. The matrices A,B used in the computation are,

A =




u c/
√

2 −c/
√

2

c/
√

2 u 0

−c/
√

2 0 u


 , B =



v 0 0
0 v − c 0
0 0 v + c


 ,

where u, v is the horizontal and vertical component of a reference state velocity,
respectively, and c is the gravity wave speed. Equation (4.6) with A,B given
above are the linearized shallow water equations. The first component, u1, of
the reference solution at different time levels is shown in Figure 4.3.

Secondly, (4.6) is solved with the NRBC’s (4.19), implemented as in (4.20) using
the penalty matrices (4.21). The error is the defined as the deviation from the
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Figure 4.4: The error of the component u1 at different time levels using the grid ∆x =
2/40, ∆y = 1/40 and the NRBC’s (4.19). Upper: t = 0, middle: t = 0.2
and bottom: t = 0.4. A third order SBP scheme has been used.

N SBP(2,1) Rate SBP(4,2) Rate SBP(6,3) Rate
12 2.79 · 10−2 − 5.57 · 10−2 − 1.41 · 10−1 −
20 1.55 · 10−2 1.2 1.95 · 10−2 2.1 4.02 · 10−2 2.5
30 8.00 · 10−3 1.6 6.64 · 10−3 2.7 1.13 · 10−2 3.1
40 4.56 · 10−3 2.0 3.13 · 10−3 2.6 3.56 · 10−3 4.0
50 2.92 · 10−3 2.0 1.39 · 10−3 3.6 1.28 · 10−3 4.6

Table 4.1: The P-norm of the error at t = 0.4 for different mesh-sizes when using a sec-
ond (SBP(2,1)), third (SBP(4,2)) and fourth (SBP(6,3)) order SBP scheme.

reference solution. In Figure 4.4, the error is displayed, and one can observe
that almost no reflections appear close to the boundary y = 1.

In Table 4.1, the P-norm of the error at t = 0.4 is shown when using a second
(SBP(2,1)), third (SBP(4,2)) and fourth (SBP(6,3)) order accurate SBP scheme
for the temporal and spatial discretization. As one can see, the rate of conver-
gence during mesh refinement is as expected, which means that the boundary
conditions (4.19) only produces numerical errors.

4.4 Conclusions and future outlook

In Paper IV, we have introduced a provable stable and accurate way to impose
exact non-reflecting boundary conditions. The theory behind the procedure
is relatively straight forward, and the implementation is not an issue. The
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numerical experiments show that the reflections are of the same size as the
truncation error, which verifies that the NRBC’s are indeed non-reflecting.

The boundary conditions (4.19) are global, i.e. they include the solution from
all previous time steps. Consequently, solving the problem in practice is compu-
tationally demanding, and calculations on fine grids during long time intervals is
currently an issue. Future problems to be solved therefore include the construct-
ing of an efficient parallel algorithm for solving (4.20). Moreover, one could also
consider making suitable approximations that would reduce the computational
effort, as well as investigating a multi-block version in time.
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Error bounds for the wave
equation

As briefly discussed in Section 3.6, the error for most hyperbolic problems grows
during long time simulations. In paper V, error bounds for the wave equation
on second order form is investigated, and we will shortly discuss that paper in
this chapter.

We consider the wave equation in one space dimension, including non-reflecting
boundary conditions and suitable initial conditions,

utt = c2uxx

ut(0, t)− ux(0, t) = g0(t)

ut(1, t) + ux(1, 1) = g1(t)

ut(x, 0) = f(x)

u(x, 0) = h(x).

(5.1)

In (5.1), c > 0 is a constant and g0, g1, f, h are given boundary and initial data.
By using the SBP-SAT technique, the semi-discrete version of (5.1) becomes,

v̄tt = c2Dv̄x − cP−1E0(v̄t − cv̄x − ḡ0)− cP−1EN (v̄t + cv̄x − ḡ1)

v̄(0) = f̄

v̄t(0) = h̄,

(5.2)

in which ḡ0, ḡ1, f̄ , h̄ are grid functions of g0, g1, f, h, respectively.

The semi-discrete error equation is obtained by inserting the exact solution into
(5.2) and subtracting (5.2) from it. We find,

ētt = c2Dēx − cP−1E0(ēt − cēx)− cP−1EN (ēt + cēx) + Te

ē(0) = 0

ēt(0) = 0,

(5.3)

where Te is the truncation error and ē = ū − v̄. As described in Paper V (see
also [29, 18]), the energy method applied to (5.3) leads to the estimate,

∂

∂t
(||ēt||2P + c2||ēx||2P ) ≤ −c(e2

tN + e2
t0) + 2||ēt||||Te||P . (5.4)
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Contrary to the cases studied in previous chapters, (5.4) yields a bound on ēt
and ēx, rather than the actual error ē. Consequently, one can prove that the
error growth is limited, but not that it is bounded.

To clarify, we let ||ẽ||2P = ||ēt||2P +c2||ēx||2P and observe that (5.4) can be rewrit-
ten as,

||ẽ||P ≤ −η(t)||ẽ||P + ||Te||maxP , (5.5)

where,

η(t) = c
e2
tN + e2

t0

2||ẽ||2P
≥ η0 > 0.

In (5.5) ||Te||maxP is an upper estimate of ||Te||P . By solving (5.5) for ||ẽ||P , we
find

||ẽ||P ≤
1− exp(−η0t)

η0
||Te||maxP , (5.6)

where the relation η(t) ≥ η0 > 0 has been used. By (5.6), we can conclude that,

||ēt||P ≤
1− exp(−η0t)

η0
||Te||maxP , ||ēx||P ≤

1− exp(−η0t)

η0
||Te||maxP . (5.7)

However, no bound for the error ē is obtained.

The theoretical findings above indicate that the error grows linearly in time, see
Paper V for details. However, as we will see, numerical experiments indicate that
the error is in fact bounded. In Paper V, we perform numerical tests for several
cases, and the error turns out to be bounded during long time simulations for all
of them. As an illustration, we include one of these tests. The total simulation
time is set to T = 100, the exact solution is u = sin(2π(x − t)), and the data
is chosen accordingly. A SBP scheme of third order overall accuracy is used for
both the temporal and spatial discretization. The space and time derivative of
the error together with the error itself of (5.2) is displayed in Figure 5.1. The
time and space derivatives of the error are bounded, as predicted above. In
contrast with the theoretical results, the error turns out to be bounded as well,
indicating that the derived theoretical estimates are non-sharp.

5.1 Conclusions and future outlook

Error bounds for the wave equation has been derived in similar way as in [22, 17].
In contrast to the hyperbolic problems on first order form previously studied, no
bound of the actual error can be obtained. One can prove that the derivatives of
the error are bounded, which suggest that the actual error grows at a linear rate.
As the growth of the error is contradicted by numerical experiments, the error
bounds derived are probably not optimal. In future studies, a more accurate
error estimate should be derived.
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when solving (5.2) using a third order SBP scheme.
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Summary of papers

Paper I: A flexible boundary procedure for hyper-
bolic problems: multiple penalty terms applied in
a domain

The MPT technique is introduced and applied to one-dimensional hyperbolic
problems. First and foremost, we investigate how the additional data should
be implemented without ruining the stability of the scheme. Once stability is
ensured, we show how to use the free parameters to

• increase the rate of convergence.

• create boundary zones with non-reflecting properties.

• raise the accuracy.

• modify the wave speed of the error.

The technique is applied to both the advection equation and systems of hyper-
bolic equations, such as the linearized Euler and elastic wave equation. The
theoretical findings are confirmed with numerical experiments.

Paper II: A stable and accurate Davies-like relax-
ation procedure using multiple penalty terms for
lateral boundary conditions

In the weather prediction community, inter-spaced local domains are often used
to capture different phenomena with high accuracy. For this reason, a finer grid
than in the global domain is required. In this paper, we introduce a procedure
for incorporating the global data into the local domains in a stable and accurate
way using the SAT technique. The procedure generalizes the MPT discussed in
Paper I to several space dimensions.



36 6 Summary of papers

The technique is tested on the shallow water equations for several choices of
boundary data, and the results show that the MPT reduces the errors in the local
domain and increases the rate of convergence, both for steady state calculations
and time dependent problems.

Paper III: A stable and accurate data assimilation
technique using multiple penalty terms in space
and time

In Paper I and II, the additional data is assumed to be known during the entire
simulation time when applying the MPT. However, in many scenarios, the data
is only known during limited time intervals. In this paper, we further extend the
technique proposed in Paper I and II, by showing how MPT’s can be applied
during limited time intervals without ruining accuracy and stability.

The method is demonstrated on the advection equation in one space dimension
and the linearized shallow water equations. In both cases, periodic boundary
conditions are applied, which results in a linear growth of the error without the
MPT. It is shown that the error growth is prevented by applying the MPT,
and one can keep the error below a desired level by occasionally implementing
additional data during limited time intervals.

Paper IV: Constructing non-reflecting boundary
conditions using summation-by-parts in time

NRBC’s for hyperbolic systems in two space dimensions has been investigated.
First, we show that the NRBC’s result in a well-posed problem. Next, by using
SBP operators for the time integration, we introduce a way to circumvent the
implementation issues normally experienced when considering NRBC’s. The
NRBC’s are derived directly for the discrete problem, and the implementation
is therefore not a problem. We also show that the derived boundary conditions
result in a stable and accurate scheme, and that they are numerical versions of
the NRBC’s in the continous setting. As the entire analysis is performed in the
discrete time-domain, the NRBC’s are derived without applying the Laplace
transform to the problem. Hence, the issues of transforming back to computa-
tional space can be avoided by using our technique.

The technique is applied to the linearized shallow water equations, and it is
found that the reflections are of the same order of magnitude as the truncation
error, which show that the derived NRBC’s only produces numerical errors.
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Paper V: Long time error for the wave equation
on second order form

Error bounds for the wave equation for long time simulations is investigated.
The energy method applied the wave equation does not lead to a bound on the
solution, but rather a bound on its spatial and temporal derivative. These result
implies that the error can grow at most linearly in time. However, numerical
experiments indicate that an error bound exist.
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