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Abstract

Recent preliminary experiments appear to show that using the electron-electron
interaction as a way to filter electrons through a quantum point contact (QPC)
according to spin might be possible. The same experiments also show that the
geometry of the constriction has an effect on the filtering. If true this might be an
important element for realizing spintronic devices.

This project models and simulates a QPC made by using electrostatics on
a layered AlGaAs/GaAs heterostructure, where different geometries of the split
gates are tested. The modeling is done by using the Hartree-Fock equations with
Dirac interaction as an idealized screened Coulomb potential. It is found that in
the case where the conduction region is two semi-infinite wires, it is possible to
completely spin-polarize the electrons in the constriction that forms the QPC. This
project shows little difference in spin-polarization for tested split gate geometries.
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Chapter 1

Introduction

The growth of computation power in all manner of devices has been staggering,
devices described in science fiction during the childhood of still living people (as
of 2016) are today common everyday items. Electronic devices built only 10 years
ago look obsolete, like phones. This growth lasted for so long and so consistently
that it is nowadays obvious. There will always be better and cheaper machines
on the market in the recent future. Today, however, we are beginning to reach
a possible limit of that growth. The primary technique behind the growth, the
continuing miniaturization of microscopic transistors made by semiconductors has
started to reach its limit. Quantum effects that previously were undetectable
are now starting to affect the reliability of the miniaturized transistors. Further
shrinking of transistor size (by current techniques) is hard if not impossible. While
this uncertainty is worrying there is a flip side to this roadblock, it is now possible
to make devices in which quantum effects can be observed and used.

Not only that, this is a gold mine for understanding the hereto unknown quan-
tum effects, it might also be possible to harness these effects to make quantum
devices that use quantum effects to function. While these devices are still in the
future there is still a number of devices used in experiments because they show
quantum effects. Some examples are the quantum point contacts (QPCs) and the
quantum wires (QWs).

This project focuses on the QPC device. The QPC is a constriction between
two wide conduction regions. The constriction width should be on the order of
the electron wavelength. An interesting phenomenon about the QPC is how the
conductance over it increases, in steps with plateaus in between the steps. While
this phenomenon can be explained by a rather simple model of non-interacting
electrons in a saddle point potential [1], there are some other effects that this
model can’t explain (namely the 0.7 plateau) that indicates that the electron-
electron interaction can not be neglected and has to be included in the model.

As it now is possible to create devices where the electron-electron effect can’t
be neglected it might be possible to create devices that harness this effect to create
spin injecting devices, a corner stone of spintronics [2].

While there are different ways to make a QPC, this project models an Al-
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2 Introduction

GaAs/GaAs heterostructure where the conduction region consists of the electrons
confined in a triangular quantum well (the well made by the GaAs and AlGaAs
layers in the heterostructure).

The constriction can be made by depositing metallic gates on the top of the
heterostructure and loading them with negative voltage. Example of such a device
is shown in figure 2.1 .

There are also preliminary experiments [3, 4] that show that the shape of the
gates (and by extension the shape of the electrostatics) may have a spin polarizing
effect on electron states in QPC.

In these experiments a QPC is used as an electron injector. The injected
electrons are then focused on a detector QPC by using a magnetic field. The
interesting thing about this experiment is that they use this setup for two different
shapes of the injector QPC. Both setups use an injector QPC with triangular gates
but with two different angels on the triangles, namely 60 and 30 degrees. There will
then be a peak in the conductance through the detector QPC when the 60 degree
gates are used that doesn’t show up when the 30 degree gate is used, suggesting
the spin of the electrons passing through the injector QPC will depend on the gate
geometry used.



Chapter 2

Description of the system

This section describes shortly the system that is modeled. More details of this
system can be found in [5, 6, 7]

Figure 2.1 shows a schematic view of the heterostructure and its layers. The
five layers are (in order from the bottom) the substrate (GaAs), the spacer (un-
doped AlGaAs), the donor (doped AlGaAs), the cap (undoped GaAs) and the
metallic layer. The distance between the metallic layer and the substrate is as-
sumed to be 90 nm.

This configuration of the AlGaAs/GaAs heterostructure will form a triangu-
lar quantum well [7] in the substrate/spacer interface. This well is along the
z-direction (Figure 2.1) and will confine electrons in the substrate close to the
spacer layer. It is the electrons that are confined in that well that are the focus of
this project.

As these electrons are in a well and are as such confined along the growth direc-
tion of the heterostructure (z-directions in figure 2.1), they form a two dimensional
electron gas (2DEG).

The manipulation of 2DEG is done by the configuring of the metallic layer.
Using lithography it’s possible to remove some parts of the metallic layer and by
letting the potential of metallic layer be negative the electron gas underneath will
start to drain. The area where the metallic layer has been removed will have less
drainage and effectively limiting the area where the electrons can be.

Now, depending on which areas of the metallic layer that are removed, different
quantum structures are formed. For example, if the layer has a channel of width w
removed (as in figure 2.1 without split gate) a quantum wire has been formed that
confines electrons in both the growth direction and one of its in plane directions
(the y and z directions in figure 2.1 ). In this project the split gates and the wire
(the two infinite half planes that are formed when the w wide channel is removed)
are treated separably.

The inclusion of split gates makes it possible to constrict the wire and making
the system a QPC where the conduction regions are two semi-infinite wires. It
is assumed that the wire is wide. This project tests different gate geometries to
compare them, see figure 2.2.
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4 Description of the system
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Figure 2.1. Schematic of the system treated in this model. The system forms a
quantum wire with split gates that form the QPC. Note that this is a section (with the
split gate) of the system and it is assumed that all layers extend to infinity in the x
and y directions. The top layer (metallic layer) is modeled as two infinite half planes (x
and y directions) w apart, with a split gate added. In this picture the split gates are
rectangular. Note that the x, y and z arrows indicate the unit vectors in the system, the
origin is inside this section. Picture is taken with permission from [5].
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Figure 2.2. A top view of all split gates tested in this project. The yellow indicates
where the metallic layer was preserved and black where the layer was removed. Figure
2.1 shows the ”90 degree” split gate.



6 Description of the system

This system is modeled for the low temperature case so that the system is in
its lowest energy state.



Chapter 3

Model

This section describes the model used in this project and is divided into three
sections. The first one describes the underlying equations of the model. The
second one describes the effect on the electrons that are part of the model. The
final section presents a summary of the model.

The model used in this project is taken from [5].

3.1 Schrödinger and Hartree-Fock equations

The Schrödinger equation is the underlying equation of quantum systems,

i~
∂

∂t
Ψ = HΨ, (3.1)

where Ψ is the wave function and H is the Hamiltonian operator. In our case the
wave equation is for many electrons.

The direct use of the Schrödinger equation as a way to model the system in
this project is practically not possible. For every electron one wishes to model
a corresponding set of quantum numbers (position and spin direction) that has
to be included in the wave function to represent the system. The impractical
about this is that when the number of electrons increases it very quickly becomes
practically impossible to solve the equation (3.1), even for a small number of
electrons. Therefore the model in this project does not directly use the Schrödinger
equation but a set of Hartree-Fock equations. To derive the Hartree-Fock equations
(derivation is from [8]) one begins by assuming that the wave function of the system
can be expressed as a Slater determinant as below,

Ψ =
1√
N !

∣∣∣∣∣∣∣
ψ1(1) . . . ψ1(N)

...
. . .

...
ψN (1) . . . ψN (N)

∣∣∣∣∣∣∣ , (3.2)

where N is the number of particles in the system and ψi(j) is a set of N functions
where i denotes which function it is and j denotes which coordinate (set of quantum
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8 Model

numbers) it takes as input. Because of the properties of the determinant many
sets of ψi can represent the same Ψ and one can assume that the set ψi(j) is
orthonormal without losing any possible Ψ that can be represented in this form.

When one assumes that ψi are orthonormal the formula to calculate the ex-
pected value of any sum of one-particle operators becomes

< Ψ|Atot|Ψ >=
∑
j

< ψj(1)|A(1)|ψj(1) >, (3.3)

where Atot is the sum operator of A(1) over all particles, where A(1) is a one-
particle operator (depends on only one set of quantum numbers). In this project
this expression is used to calculate the spin dependent electron density.

One assumes that the Hamiltonian of the system can be written as H = H(1) +
H(2), where H(1) is the Hamiltonian the particle would have if it was the only one
electron in the system or if the particles were non-interacting (depends on only
one set of quantum numbers), and H(2) is the energy operator of the two particle-
particle interaction (in this case electron-electron interaction and depends on two
sets of quantum numbers).

Finally one uses the variational method on the energy < Ψ|H|Ψ > with the
constraint that the set ψj is orthonormal. This gives the set of equations called
Hartree-Fock equations:

H(1)(1)ψk(1) +
∑
j 6=k

< ψj(2)|H(2)(1, 2)|ψj(2) > ψk(1)

−
∑
j 6=k

< ψj(2)|H(2)(1, 2)|ψk(2) > ψj(1)

= Ekψk(1) (3.4)

where Ek are constant values with energy as their unit.
To reach this set of equations some assumptions are made and it is worth to

discuss them and their consequences to justify of a model based on them.
The first assumption is the use of Slater determinant. The usefulness to write

the wave function in this form (beyond that it makes the problem possible to
solve in practice) is that it makes it anti-symmetric, which is expected for a wave
function describing a set of identical fermions. The problem with this assumption
is that it assumes the form of the wave function and this may exclude possible
solutions that can’t be represented in this form. This form is possibly only an
approximation of the actual wave function.

The second assumption is the assumption on the Hamiltonian that can be
written as H = H(1) + H(2). This assumption is not because this form is needed
for the variational method to work, one could probably include an effect that
depends one three set of quantum numbers and re-derive the Hartree-Fock in a
new form. The assumption here is that all interactions between modeled electrons
can be modeled as two-particle interactions.

The third assumption isn’t directly stated but is made when one uses the
variational method. It assumes that the lowest energy state is the only extreme
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point. If there are other extreme points then those are also solutions to the Hartree-
Fock equations, but they won’t be the lowest energy state of the system.

3.2 The effects on the electrons

The list below contains all effects that this model exerts on the electrons (excluding
kinetic energy). Some are taken to make this model suitable for a QPC and others
to make the model practically workable.

• The periodic potential caused by the underlying crystal lattice.

• The potential well from the GaAs/AlGaAs surface

• The potential caused by the split gate

• Potential caused by donor layer and the Schottky barrier

• The electron-electron interaction

• The confinement potential caused by the two half planes

3.2.1 Underlying crystal lattice

Since the electrons are traveling in the GaAs crystal lattice the effects of the lattice
have to be accounted for, this model uses the effective mass approximation. This
report won’t describe the effective mass approximation but simply states some
consequences of using it [7].

First of all it limits the system to low energy only (low temperature) as the
effective mass approximation fails at higher energy (as the energy of the band
structure can’t be modeled as a parabolic with respect to k anymore). Secondly,
it assumes no impurities or irregularity and as consequence there is no scattering
occurring between the electrons and the underlying lattice.

This assumption means that one treats the electrons as free electrons with an
effective mass m∗ that in GaAs is set as

m∗ = 0.067me (3.5)

where me is the rest mass of a free electron.

3.2.2 The potential well

Modeling of the potential well caused by the GaAS/AlGaAs surface is beyond this
project. Instead it is assumed that the electron gas is confined strongly along the
z-direction in a steep triangular well and that this confinement is strong enough
that all electrons are in the same lowest energy possible state across the z-direction.
Meaning that the z-direction isn’t modeled and that r = (x, y) is used as position
coordinates in the model.
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3.2.3 Metallic top gate

The potential from the metallic split gate is calculated from the expression

Vg(r, z = 0) =

∫
Vg(r

′, z = z0)
|z0| dr′

2π(z2
0 + |r′ − r|2)

3
2

(3.6)

where Vg(r, z0) is the potential of the split gate directly below the split gate.
Because Vg(r, z0) is supposed to be the potential caused by the split gates, it has
the form of Vg(r, z0) = Vg (where Vg in this case is a constant) if r points to an
area where the metallic layer is preserved (and has potential Vg), and Vg = 0 where
the layer has been removed.

This potential is taken directly from [6] but a more in-depth treatment of the
electrostatics can be found in [9].

3.2.4 Potential caused by donor layer and the Schottky bar-
rier

It is assumed that the charges in the donor layer are positive and uniformly dis-
tributed with a density of ρd = 6 ∗ 1017cm−3. This assumption (when one intro-
duces mirror charges to make the potential contribution from the donor on the
metal gate layer zero) makes the potential effect of the donor layer on the elec-
tron gas independent of its position below the donor. As such donor potential
contribution is a constant:

eVd = − e2

εε0
ρdd(c+ d/2) (3.7)

where ε0 is the dielectric constant, d is the width of the donor layer and c is the
width of the cap layer [7]. This makes the modeling of this potential easy, simply
adding the constant energy term (3.7) to the Hamiltonian. The same is true for
the Schottky barrier between the metallic gate and the cap layer. This is taken
from [7],

eVS = 0.9eV. (3.8)

Note that (3.7) and (3.8) aren’t included in the final equation as they would
only cause an energy shift and with the method used in this project their inclusion
would not have any effect on the results.

3.2.5 The electron-electron interaction

The modeling of the electron-electron interaction is done by a Dirac interaction
potential with the form

H(2)(1, 2) = γδ(r1 − r2) (3.9)

which in turn is a simplification of a screened Coulomb potential.
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The derivation of this simplified interaction potential and its interpretation can
be found in [10]. The value of parameter γ is taken from paper [10]:

γ =
π~2

m∗
. (3.10)

To show why this choice of interaction is so useful one has to begin by defining
the spin in the model. To begin let σ be the quantum number for the spin along
some axis and it can be σ = 1 for the spin up eigenstate or σ = −1 for the spin
down eigenstate. Using this notation for spin we assume that the functions ψi can
only be in one of these spin states and introduce a new set of functions as

ϕi(j) = ψi(rj , σj = ai), where ai = ±1, (3.11)

where ϕj only depend on the position and ai is a constant to illustrate symbolically
that the spin of electrons is either in an up or down state. Note that this means
that the two functions ϕk and ϕl don’t need to be orthogonal over the coordinate
space (r) if ak 6= al (different spins) as they have orthogonal spin states.

Modeling the electron-electron interaction as a Dirac interaction (assuming this
form of ψj) makes it possible to simplify parts of the Hartree-Fock equations. The
part with the form∑

j 6=k

< ψj(2)|H(2)(1, 2)|ψj(2) > ψk(1)−
∑
j 6=k

< ψj(2)|H(2)(1, 2)|ψk(2) > ψj(1)

(3.12)
can be written in the form

γ

 ∑
j;aj 6=ak

|ϕj(r1)|2
ϕk(r1). (3.13)

This can be simplified further when one observes that the sum inside of the paren-
thesis is the density of electrons with anti-parallel spins. This makes it possible to
calculate the spin up and spin down states separately in the model. In light of this
we change the indexing of the functions. The functions are separated by spin and
indexed separately with the form ϕσj (r) where σ denotes which spin the function
corresponds to and j is the index of the functions with corresponding spin.

3.2.6 The confinement potential caused by the two half planes

The confining potential caused by the two half planes has the form

Vconf (y) = Vconf [1− 1

π
(arctan

(
w/2 + y

z0

)
+ arctan

(
w/2− y
z0

)
)] (3.14)

where Vconf is a constant potential, w is the with of the wire and z0 is the depth
to the electron gas.

This potential is what one would obtain if one would integrate (3.6) over two
infinite half planes w apart and both having potential Vconf .
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The reason to include this potential is to make boundary conditions more man-
ageable (from a modeling perspective). With the confining potential the system is
a quantum wire with a QPC structure embedded in it. This makes the boundaries
easy to set and for sufficient large w the behavior of the electrons outside the gates
area should be close to a free-electron gas.

3.3 Summary of the model

This is the summary of the model section and shows the full set of equations to
solve.

The full set of equations to solve in this model is

− ~2

2m∗
∆2Dϕ

σ
j (r) + (γρ−σ(r)− eVconf (r)− eVg(r))ϕσj (r) = Eσj ϕ

σ
j (r) (3.15)

where Vconf is the confining potential, Vg is the potential caused by the split gates,
(−e) is the electric charge of the electron, σ = ±1 is the spin of the function, ρσ

is the spin dependent electron density and Eσj are a set of constants with the unit
of energy. Note that r = (x, y) as the z direction is not modeled.

The solutions to the equations (3.15) in this project are two finite sets of
functions ϕσj . The two sets are distinguished by which spin the function has,
σ = 1 for spin up or σ = −1 for spin down. Let nσ be the number of functions
in respective spin set (nσ=1 is number of functions in the spin up set and nσ=−1

is number of functions in the spin down set). The index j is used to reference
functions within the same spin set. Note that the functions with the same spin
are orthonormal.

As the spin dependent electron density is part of equations (3.15) and is the
main interest in this project, it is calculated as

ρσ(r) =

nσ∑
j=1

|ϕσj (r)|2, σ = ±1. (3.16)



Chapter 4

Numerics

This section describes the numerical method and modeling used in the project to
approximate and find the set of functions {ϕσj } that are solutions to (3.15).

In this project the functions are found by an iterative approach. This is il-
lustrated symbolically by introducing an operator F that takes a set of functions
(both up and down spin) and returns another set of functions. This is repeated
until an input set and output set of F are sufficiently similar. The F operator is
described below where {φσj } is the input and {ψσj } is the output set. In symbols
F ({φσj }) = {ψσj }.

Let Hσ(r) be the one-particle Hamiltonian in section 3. It is shown below as

Hσ(r) = − ~2

2m∗
∆ + (−e)(Vconf (r) + Vg(r)). (4.1)

Take the input set {φj} and use it to define a spin dependent potential with the
form

V σH(r) = γ(
∑
j

|φσj (r)|2) where σ = ±1, (4.2)

where the summation is over the functions with the same spin. Take V σH and use
it to define the equation

Hσψσj + V −σH ψσj = Eσj ψ
σ
j , (4.3)

where a finite number of the orthonormal solutions to this equation forms the
output set. It is easy to see that if the two sets {ϕj} and {ψj} are the same then
they are a fixed point of the iteration and it is a solution to (3.15).

The negative about this iterative approach to solving (3.15) is that it doesn’t
converge to a solution for all initial sets (at least not in a reasonable amount of
time) and isn’t always numerically stable. Some measures to counteract these
problems are implemented and presented below.

The positive thing about this approach is that it transforms the problem from
solving a set of dependent integro-differential equations to solving a series of equa-
tions of independent (not counting the orthonormal condition) functions.

13



14 Numerics

4.1 Area of interests and boundary conditions

For a chosen confining potential one can make the assumption that ϕj(y) = 0,∀j
when |y| ≥ h for some sufficiently large constant h. This project sets h = w/2,
this constant can probably be made smaller as (in practice) the solutions do not
differ from zero all the way to w/2.

The boundary condition used along x-direction is a periodic boundary condition
as

ϕ(0, y) = ϕ(L, y)eikL, k =
2πm

ML
, (4.4)

where M is a positive integer and m is all integers fulfilling −M/2 < m ≤ M/2.
Where the position of x = 0 is set so that gates are located around x = L/2. The
reason for placing the gates centered around x = L/2 is to make the gate potential
at the edges as small and as continuous as possible. In this project M = 10 is
used.

m is a collection of integers and equations have to be solved for every m and
by extension every k. Note that this condition modifies the amplitude of the
wave-functions with a scalar 1/

√
M .

The parameter L is the length of the simulation area, in this project it is set
to 400 nm.

Discussion about the boundary conditions can be found in paper [5].

4.2 Constructing the sets

As the number of solutions to (4.3) is very large (infinite in fact) some method has
to be used to select which of the solutions to use in the next set. This project used
a Fermi energy inspired method where a constant is defined EF and all functions
where their corresponding constants Eσj fulfill

Eσj < EF (4.5)

are used in the next set. Note that EF is chosen by trial and error through
simulations. As it is desired for the electron density in the wire (no gate potential)
to be close to the density of a two-dimensional electron gas. In this project the
desired density range is 1011 − 2.5 ∗ 1011cm−2 [4] and this is achieved with EF =
0.255 eV. Note that this value is reached without including the constant potentials
from the donor and the Schottky barrier.

4.3 Finite difference method

As this simulation is preformed on a computer some numerical approximation is
needed to represent the functions.

This project approximates the functions by determining their values on a rect-
angular grid according to

(ϕσj )pq = ϕσj (gx ∗ p, gy ∗ (1 + q)− h) (4.6)
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where gx and gy are constants so that nx = L/gx and ny = 2h/gy− 1 are integers.
For all results presented in this report gx = gy = 400/31 ≈ 12.3 nm are used.

Secondly the finite difference method is used to approximate the derivatives.
The formula below shows the approximation for the Laplace operator in the finite
difference method [11],

∆ϕpq ≈
ϕ(p+1)q + ϕ(p−1)q − 2ϕpq

g2
x

+
ϕp(q+1) + ϕp(q−1) − 2ϕpq

g2
y

. (4.7)

Note that this means that the resolution of the calculation is tied to gx and gy.
Using this discrete representation the problem can be represented as finding the
eigenvalues and eigenvectors for a Hermitian matrix.

4.4 Convergence condition

As this project uses an iterative method to find the solutions to (3.15), a condition
is needed to stop the iteration. As directly comparing the functions in the two sets
can be tricky if one accounts for degeneracy, instead the newly generated potential
is compared with older used potential and if the difference is sufficiently small, the
iteration stops. The stop criteria is√∑

p<nx,q<ny
(((V σH)old)pq − ((V σH)new)pq)2

N
< 10−7 (4.8)

for both spin directions. Where N = nx ∗ ny is the numbers of points used to
represent the wave-functions and where (V σH)old, (V

σ
H)new is

((V σH)old)pq = γ(
∑
j

|(φσj )pq|2), ((V σH)new)pq = γ(
∑
j

|(ψσj )pq|2) (4.9)

and F ({φσj }) = {ψσj } (as earlier).
Note that this test is done before the potential mixing (that is described in the

next section).

4.5 Starting the iteration and measures for sta-
bility

It is necessary to begin the iteration with some kind of difference between the spin
densities as otherwise the iteration will not converge to a solution.

This is done in one of two ways. When possible, results of a previous simulation
with settings close to the current simulation is used as a starting point for the
iteration. Alternatively one breaks the spin symmetry by introducing a Zeeman
effect for the first few iterations. In this project it is done by introducing a term
EZ and modifying the Fermi term (EF ) according to

σ = 1 : EF → EF + EZ



16 Numerics

σ = −1 : EF → EF − EZ (4.10)

where EZ = 10−4 eV, σ is the spin of the function. In this project this effect is
used for the first 4 iterations.

The second thing that is implemented to increase convergence is the mixing of
currently used potential and the potential derived from the new set of solutions.
This mixing is done according to

(1− α)Vold + αVnew → Vnew (4.11)

where α is a constant and where Vold is the potential used to determine the func-
tions that are used to generate Vnew, Vnew is used in the next iteration. In this
project α = 0.5 is used.



Chapter 5

Implementation and
computation

5.1 Implementation

This entire project, with two exceptions, was written in the C programming lan-
guage from scratch. The two exceptions are GNU’s png image generating library,
used for error search purposes and the LAPACKE’s zheev function that finds the
eigenvalues and eigenvectors of a Hermitian matrix. Pictures in this report are
generated using Scilab.

The original project has contained the plans to implement the eigenvalue solver
and a prototype was implemented together with code to determine the correspond-
ing eigenvectors. It did however prove to ”lose” some of its eigenvalues when used
during the iterations, making it very hard to find errors. This has proved to be an
enormous time sink and the main reason for the delay of the project completion.

This project was implemented and run on a personal laptop.

5.2 Computation

This section describes some of the computational aspects of this project.

Given that if N is the number of points used to approximate the functions,
the iteration is essentially finding the eigenvalues and vectors of a series of N by
N matrices. This means that the higher the resolution is, the longer the solving
time. To show why this is an issue observe that the first simulations were running
for N = 702 and that resolution returned numerical artifacts. In all simulations
presented in this report N = 920 has been set.

At this resolution, reaching convergence for any one setting of values takes
somewhere between 1-4 hours. If the iteration is started with Zeeman splitting,
the convergence takes normally 3-4 hours while if a previous solution is used as
a starting point, the iteration is often faster by some hours (in practice around

17
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1-2 hours but it varies) but is more numerically unstable (higher chance of not
converging).

This means that there is no obvious way to automate the simulation of a
potential sweep and it has to be done manually. This means that a potential
sweep takes up to a week of time to run. This is the reason why so few potential
sweeps were performed in this project. The ”potential sweep” is the term used to
describe the simulation performed in the project. One performs a potential sweep
on a given gate geometry when one runs a series of simulations for increasing
(negative) gate potentials until cut-off is reached. Cut-off being the term used to
describe the situation when the electron density in the two conductive regions (the
two semi-infinite wires) are no longer are connected.



Chapter 6

Results

The following section describes the simulations performed and the results. The first
section presents the settings of the simulation and the following sections describe
results of the project. As there are some terms and notions that need further
explanation in the text they will be explained here.

Spin polarization is the difference between the up and down spin densities. In
this project there is no direction along which the spin is measured, so that there
are only two distinct states, corresponding to ”up” spin and ”down” spin. As this
is the case, all pictures below are showing the spin polarization as

p = ρσ − ρ−σ. (6.1)

6.1 Settings and gate geometry

With the exception of a gate potential and gate geometry all settings are the same
over all simulations. They are presented in the next section as a table, for a more
detailed description of the values see chapters 2,3 and 4.

6.1.1 Parameter values

Symbol Value Description
w 400 nm Width of the quantum channel
z0 90 nm Depth to the electron gas
m∗ 0.067me Effective mass
γ π~2/m∗ Scaling value of the electron-electron interaction
h 200 nm Boundary specifier in the y-direction

Vconf 0.9 eV Confining potential of the wire
L 400 nm Length of area simulated along x-direction
M 10 Number of cells used in boundary condition

gx, gy 400/31 nm Grid resolution
EF eV 0.255 Constant used in the Fermi energy method
EZ eV 10−4 Zeeman splitting term
α 1/2 Potential mixing term

19
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6.1.2 Gate geometry and potential sweeps

Figure 2.2 shows all used gate geometries in this project. These three gates are used
to perform four potential sweeps. They are called ”90”, ”60” and ”30” in reference
to the angle of the gate corner (look at Figure 2.2 for a clearer description). Note
that the areas that define the gates are divided into upper and lower gates. The
potential on the upper and lower gates is described by Vu and Vl, respectively.

These three geometries are used in four potential sweeps called ”90A”, ”90B”,
”60” and ”30”. The number in the title describes which gate geometry is used.
Sweeps 90A, 60 and 30 all have Vu = Vl for all potentials over the sweep, while in
the 90B sweep only the lower potential is changed while the upper gate potential
is fixed at Vu = −0.06V .

Most of the potentials tested are close to the cut-off potential as this range of
potentials has more clear experimental data to compare width.

Figure 6.1. Energy potential for 90A, Vu = Vl = −0.14, this is the potential from
(−e)(Vg+Vconf ). Note that the potential from the two half planes dominate the potential.



6.2 Decreasing electron density 21

6.2 Decreasing electron density

Perhaps the main reason for this project is to model realistic potentials in semi-
conductor heterostructure. The paper [12] uses a hard wall potential model for the
gate potential, a more strict and discontinuous potential. This potential results in
resonances that generate peaks in the conductance through the QPC. The project
was commissioned with a more smooth potential of the gates, as a contrast to [12].
Figure 6.1 shows such a smooth potential used in this project.

Figure 6.2. Electron density along y = 0 for all tested potentials in the four sweeps.
The potentials are ordered in downwards increasing potential and drawn with alternating
red and blue colors. This is to illustrate the general trend of decreasing density of the
system. The ranges for the tested potentials; 90A: Vu = Vl = [−0.15,−0.01]V ; 90B:
Vl = [−0.245,−0.06]V ; 60: Vu = Vl = [−0.28,−0.06]V ; 30: Vu = Vl = [−0.65,−0.08]V .
These potential ranges aren’t uniformly sampled.

Figure 6.2 shows the total electron density along y = 0 for all four sweeps
performed and every line corresponds to a different potential setting. The electron
density is decreasing within the QPC for increased negative potential with no
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observed density spikes.
Note that for the ”90B” sweep the upper and lower gates don’t have the same

potential (Vu 6= Vl). This means that the electron density is slightly pushed away
from the y = 0 line in the cut-off area. While this makes the 90B part of the
figure (upper right corner) somewhat misleading the density for this sweep is still
decreasing (as far as can be discerned).

6.3 Stripes and polarization in the cut-off area

Figure 6.3 shows the top view of the total electron density at cut-off for the 60
degree gate. In this report this area (where the cut-off occurs) is called the cut-off
area and it shows an interesting effect during a potential sweep.

Figure 6.3. Total electron density for 60 degree gate with Vu = Vl = −0.27V . Figure
illustrates the system at cut-off.

It appears that spin polarization in the cut-off area alternates between ranges
of potentials with no or very little polarization and ranges where notable spin
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polarization occurs. (See figure 6.4 and 6.5 for examples for ”large polarization”
and ”small polarization” respectively.)

Figure 6.4. Spin polarization for 90 degree gate at Vu = −0.06V and Vl = −0.11V .
Illustrates the only two stripe spin polarization found with amplitude in the order of
10−4

If one sweeps the potential sweep backwards, starting at cut-off and decreasing
the potential, a pattern in the spin polarization appears to be detectable. The
first spin polarization occurs always at potentials slightly larger than the cut-off
potential and has one stripe along the y-direction. This is followed by a range of
low polarization, until the second polarization region with two stripes along the
y-direction occurs. This is shown in Figure 6.4. This pattern appears to be true
for all gate geometries, up to three stripes are observed.

The evolution from one stripe to two stripes and so on, is clearly observed in
all gate geometries. If the amplitude is noteworthy (in the order of 10−4) for the
two stripes and upwards is not clear however. Figure 6.4 shows the only observed
two-stripe polarization with noteworthy amplitude, the two stripes of polarization
observed for the other sweeps were smaller than 10−4 in amplitude. It is unclear
if the absence of noteworthy two stripes of polarization in sweeps 90A, 60 and 30
is something inherent to the gate geometries or if the resolution in these potential
sweeps is too low to catch it in these cases.

The one-stripe polarization is tied to the effects appearing near the cut-off and
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Figure 6.5. Spin polarization for 90 degree gate at Vu = −0.06V and Vl = −0.15V .
Shows a potential for which the spin polarization in the cut-off area is small.
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will be discussed in the next section.

6.4 Polarization dynamics in the cut-off region

All sweeps performed have shown a one-stripe (bump) of polarization (see figure
6.6) and all sweeps show the same pattern in their spin polarization starting at
the potential when the bumps are formed until cut-off has occurred. As all of the
sweeps show the same behavior, only the 60 sweep is shown in figure 6.7.

Let us start from the potential where the bump is formed. When the potential
is increased the bump will develop into a twin-peak polarization, see figure 6.7. As
the potential is increased further the twin-peak gets further apart, and finally the
twin-peak bump will separate into two distinct bumps. The cut-off of the total
electron density occurs when the two peaks separate.

The reason for this behavior is that as the potential increases, the system will
minimize its energy by letting one of its spin densities dominate in the cut-off area.
This will form a bump and the twin-peak splitting is the dominate density being
pushed out of the cut-off area.

Figure 6.8 shows the densities for both up and down spin when the bump
forms. Note that the down spin density is almost completely drained from the
cut-off area, leaving the cut-off area almost completely polarized. If one increases
the potential further from this point the twin-peak will form, and at that point the
down density will be cut-off, leaving the cut-off area completely polarized. This is
true for all sweeps.

There is something worth highlighting in Figure 6.6. All polarizations except 60
are quite large, but it is unclear if this is a feature of the sweep (gate geometry) or
if the resolution of the potentials tested in the sweep is too low to find a noteworthy
bump in the 60 sweep. The 30 sweep shows an uneven peak, this is tied in with
the twin-peak phenomenon and it is unclear if this is related to the gate geometry,
or if it is an artifact from the cut-off areas proximity to the simulation boundary.
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Figure 6.6. The one-stripe spin polarization for all four sweeps and all show the same
behavior.
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Figure 6.7. The evolution of the polarization for the 60 sweep. It shows the one-bump
polarization and the twin-peak that then separates to two distinct peaks.
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Figure 6.8. The spin polarization and the total, up and down electron densities for the
90A sweep. Note that the down density is almost cut-off and will be cut-off for increased
potential. This means that the cut-off area will be totally polarized.
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Conclusions

In the cases tested in this project the following results have been obtained:

1. The total density of electrons is decreasing smoothly as the gate potential
increases. No density peaks have been recovered.

2. The polarization in the cut-off area appears to alternate between ranges of
potentials with high spin polarization and ranges with low spin polarization.

3. Every range of potential with high spin polarization is distinctive by how
many stripes (oscillations along the y-direction) it possesses. The polariza-
tion range at the cut-off potential has one stripe, the second one has two and
so on.

4. The one-stripe polarization forms a complete spin polarization in the cut-off
area and lasts until cut-off. There is a range of potentials before the cut-off
potential in which the polarization is total.

5. For the gate geometries tested very little difference has been observed on the
behavior of the electron gas. What minor differences that have been observed
have been close to the edge of the simulated area (close to a discontinuous
jump in the potential). This makes it hard to say if these are actual effects
or numerical artifacts. Further studies are needed.

Note that these conclusions are for the tested cases. More tests are needed
to decide if these conclusions are valid for a wider wire or how these conclusions
change with the wire width. These conclusions do not appear to contradict reality
but further studies are needed to say more.
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