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Abstract
Numerical algorithms for efficiently solving optimal control problems are important
for commonly used advanced control strategies, such as model predictive control
(mpc), but can also be useful for advanced estimation techniques, such as mo-
ving horizon estimation (mhe). In mpc, the control input is computed by solving
a constrained finite-time optimal control (cftoc) problem on-line, and in mhe
the estimated states are obtained by solving an optimization problem that often
can be formulated as a cftoc problem. Common types of optimization methods
for solving cftoc problems are interior-point (ip) methods, sequential quadratic
programming (sqp) methods and active-set (as) methods. In these types of met-
hods, the main computational effort is often the computation of the second-order
search directions. This boils down to solving a sequence of systems of equations
that correspond to unconstrained finite-time optimal control (uftoc) problems.
Hence, high-performing second-order methods for cftoc problems rely on efficient
numerical algorithms for solving uftoc problems. Developing such algorithms is
one of the main focuses in this thesis. When the solution to a cftoc problem
is computed using an as type method, the aforementioned system of equations is
only changed by a low-rank modification between two as iterations. In this thesis,
it is shown how to exploit these structured modifications while still exploiting
structure in the uftoc problem using the Riccati recursion. Furthermore, direct
(non-iterative) parallel algorithms for computing the search directions in ip, sqp
and as methods are proposed in the thesis. These algorithms exploit, and retain,
the sparse structure of the uftoc problem such that no dense system of equations
needs to be solved serially as in many other algorithms. The proposed algorithms
can be applied recursively to obtain logarithmic computational complexity growth
in the prediction horizon length. For the case with linear mpc problems, an alter-
native approach to solving the cftoc problem on-line is to use multiparametric
quadratic programming (mp-qp), where the corresponding cftoc problem can
be solved explicitly off-line. This is referred to as explicit mpc. One of the main
limitations with mp-qp is the amount of memory that is required to store the pa-
rametric solution. In this thesis, an algorithm for decreasing the required amount
of memory is proposed. The aim is to make mp-qp and explicit mpc more useful
in practical applications, such as embedded systems with limited memory resour-
ces. The proposed algorithm exploits the structure from the qp problem in the
parametric solution in order to reduce the memory footprint of general mp-qp
solutions, and in particular, of explicit mpc solutions. The algorithm can be used
directly in mp-qp solvers, or as a post-processing step to an existing solution.
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Populärvetenskaplig sammanfattning
Numeriska algoritmer för att effektivt lösa optimala styrningsproblem är en viktig
komponent i avancerade regler- och estimeringsstrategier som exempelvis modell-
prediktiv reglering (eng. model predictive control (mpc)) och glidande horisont
estimering (eng. moving horizon estimation (mhe)). mpc är en reglerstrategi som
kan användas för att styra system med flera styrsignaler och/eller utsignaler samt
ta hänsyn till exempelvis begränsningar i styrdon. Den grundläggande principen
för mpc och mhe är att styrsignalen och de estimerade variablerna kan beräknas
genom att lösa ett optimalt styrningsproblem. Detta optimeringsproblem måste
lösas inom en kort tidsram varje gång som en styrsignal ska beräknas eller som
variabler ska estimeras, och således är det viktigt att det finns effektiva algorit-
mer för att lösa denna typ av problem. Två vanliga sådana är inrepunkts-metoder
(eng. interior-point (ip)) och aktivmängd-metoder (eng. active-set (as)), där op-
timeringsproblemet löses genom att lösa ett antal enklare delproblem. Ett av hu-
vudfokusen i denna avhandling är att beräkna lösningen till dessa delproblem på
ett tidseffektivt sätt genom att utnyttja strukturen i delproblemen.

Lösningen till ett delproblem beräknas genom att lösa ett linjärt ekvationssystem.
Detta ekvationssystem kan man exempelvis lösa med generella metoder eller med
så kallade Riccatirekursioner som utnyttjar strukturen i problemet. När man an-
vänder en as-metod för att lösa mpc-problemet så görs endast små strukturerade
ändringar av ekvationssystemet mellan varje delproblem, vilket inte har utnytt-
jats tidigare tillsammans med Riccatirekursionen. I denna avhandling presente-
ras ett sätt att utnyttja detta genom att bara göra små förändringar av Riccati-
rekursionen för att minska beräkningstiden för att lösa delproblemet.

Idag har behovet av parallella algoritmer för att lösa mpc och mhe problem ökat.
Att algoritmerna är parallella innebär att beräkningar kan ske på olika delar av
problemet samtidigt med syftet att minska den totala verkliga beräkningstiden
för att lösa optimeringsproblemet. I denna avhandling presenteras parallella al-
goritmer som kan användas i både ip- och as-metoder. Algoritmerna beräknar
lösningen till delproblemen parallellt med ett förutbestämt antal steg, till skillnad
från många andra parallella algoritmer där ett okänt (ofta stort) antal steg krävs.
De parallella algoritmerna utnyttjar problemstrukturen för att lösa delproblemen
effektivt, och en av dem har utvärderats på parallell hårdvara.

Linjära mpc problem kan också lösas genom att utnyttja teori från multipara-
metrisk kvadratisk programmering (eng. multiparametric quadratic programming
(mp-qp)) där den optimala lösningen beräknas i förhand och lagras i en tabell,
vilket benämns explicit mpc. I detta fall behöver inte mpc problemet lösas varje
gång en styrsignal beräknas, utan istället kan den förberäknade optimala styr-
signalen slås upp. En nackdel med mp-qp är att det krävs mycket plats i minnet
för att spara lösningen. I denna avhandling presenteras en strukturutnyttjande
algoritm som kan minska behovet av minne för att spara lösningen, vilket kan öka
det praktiska användningsområdet för mp-qp och explicit mpc.
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1
Introduction

One of the main goals in automatic control is to regulate systems and processes
in order to obtain a desired behaviour. Today, automatic control in various forms
has become an important part of the modern society. It is used in a wide variety of
applications, ranging from more traditional ones such as process industry and low-
level control in flight and automotive applications, to more modern applications
such as high-level planning and control of advanced autonomous vehicles. In all
these types of applications, some kind of controller is used to obtain the desired
behaviour of the system. Depending on the application and controlled system, the
controller can be of different types and complexities. One framework for designing
and synthesizing controllers for systems is optimal control, where the controller is
constructed to obtain the desired behaviour in an optimal sense for some given
performance criterion.

In this thesis, there are two main focuses: structure-exploiting numerical algo-
rithms that can be used as important subroutines in second-order methods for
solving optimal control problems, and structure-exploiting algorithms for reducing
the memory that is required to store the solutions to multiparametric quadratic
programming (mp-qp) problems. In this chapter, the background and motivation
for the research leading to the contributions included in this thesis are presented
together with related work in the research area. Furthermore, the objectives with
the thesis, the publications that the thesis is based on and the main contributions
in the thesis are listed. The chapter is concluded with an outline of the thesis.
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2 1 Introduction

1.1 Background and Motivation
In optimal control theory, the fields of optimization and automatic control are
combined into a framework for computing optimal control inputs to the system
that is being controlled. Optimal control is widely applicable, and can be use-
ful both in traditional control applications and in more recent applications such
as motion planning for autonomous systems. The optimal control problem can
be defined in continuous time or in discrete time, depending on the application.
Discrete-time optimal control problems also arise when continuous-time optimal
control problems are discretized (Jørgensen, 2004). In this thesis, discrete-time
optimal control problems in the form of constrained finite-time optimal control
(cftoc) problems are considered. Hence, when the term “cftoc problem” is
used, it is assumed to be a discrete-time problem unless stated otherwise.

One variant of optimal control with great impact on industry is model predictive
control (mpc). Essentially, in an mpc controller a cftoc problem consisting of a
dynamic model of the system, constraints on the states and control inputs, and
an objective function, is solved at each iteration in the control loop. The dynamic
model is used to predict the behaviour of the system, and the control input is
computed by minimizing the objective function while satisfying the constraints.
The possibility to easily handle multivariable dynamic systems, and constraints on
states and control inputs has made mpc one of the most widely spread and com-
monly used advanced control strategies in industry (Maciejowski, 2002). Another
application where cftoc problems can be important is moving horizon estima-
tion (mhe). In mhe, the state estimates are computed by solving an optimization
problem, which often can be re-formulated into a cftoc problem, in a receding
horizon fashion similar as in mpc (Rao, 2000; Jørgensen, 2004).

Traditionally, mpc has been used mainly in petrochemical plants where the sample
time of the controller is long enough to manage to compute a solution to the cftoc
problem in real-time. However, as hardware and algorithms for solving the cftoc
problems have developed, it has become possible to apply mpc and mhe to other
processes that require much shorter sampling times or to more complex systems.
Since the cftoc problem is usually solved on-line, the applicability of mpc and
mhe heavily relies on efficient optimization routines for solving cftoc problems.

1.1.1 Some methods for solving optimal control problems
There exist many different methods to numerically solve optimal control problems,
where some are surveyed in for example Polak (1973), Bertsekas (2000), Betts
(2001), and Rao (2009). One common approach to solve continuous-time optimal
control problems is to use direct methods, where the optimal control problem is
transcribed into a nonlinear programming (nlp) problem (Bock and Plitt, 1984;
Betts, 2001). The transcription can be done using for example multiple shoot-
ing methods (Barclay et al., 1998; Diehl et al., 2006). For cftoc problems, the
nlp problem can be directly formulated from the definition of the cftoc pro-
blem (Friesz, 2010). Some examples of second-order methods that can be used for
solving nlp problems are interior-point (ip) methods, and active-set (as) methods
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such as sequential quadratic programming (sqp) methods. Which type of met-
hod that is preferred can be dependent on for example the type of system, which
type of constraints that are used, and in which application the optimal control
problem arises. For the details of different methods for solving nlp problems, see
for example Barclay et al. (1998), Betts (2001), Boyd and Vandenberghe (2004),
or Nocedal and Wright (2006).

In many cases, the main computational effort that is spent when solving cftoc
problems using ip, as, and sqp methods boils down to computing second-order
search directions. This is done by solving a sequence of Newton-system-like equa-
tions that correspond to unconstrained finite-time optimal control (uftoc) pro-
blems (Rao et al., 1998; Barclay et al., 1998; Betts, 2001; Vandenberghe et al.,
2002; Kirches et al., 2012). Hence, many commonly used second-order methods
for solving cftoc problems rely on highly efficient algorithms for computing the
solutions to uftoc problems.

Today there exist several popular software packages for solving nlp problems.
Some of these are general purpose nlp solvers such as snopt (Gill et al., 2000,
2002), which is based on an sqp framework, or ipopt (Wächter and Biegler, 2006)
which is based on an ip framework. Others are developed primarily for optimal
control problems, such as acado (Houska et al., 2011) which provides a framework
for using a variety of algorithms for direct optimal control.

When considering mpc problems for linear time-invariant (lti) systems, there
is an alternative approach to solving the cftoc problem on-line. It was shown
in Bemporad et al. (2002) that the cftoc problem can be formulated as an mp-qp
problem, and that the solution to the cftoc problem can be computed as a piece-
wise affine (pwa) function of the initial state. This is denoted explicit mpc, and
the on-line work to compute the optimal control input is reduced to looking up
the explicit solution of the cftoc problem which was computed off-line.

1.1.2 Related work
Much effort in research has been spent on developing algorithms that efficiently
solve uftoc problems, which consequently can be used to computing the search
directions in many popular second-order methods for optimal control. Examples of
such approaches are to use algorithms that exploit the structure of the problem, to
perform modifications of the factorizations that are involved when solving the uf-
toc problems, or to use parallel computations in different ways. Examples of algo-
rithms for efficiently solving uftoc problems are presented in Jonson (1983), Rao
et al. (1998), Hansson (2000), Vandenberghe et al. (2002), Jørgensen (2004), Åker-
blad and Hansson (2004), Axehill and Hansson (2006), Axehill (2008), Axehill
and Hansson (2008), Diehl et al. (2009), Wang and Boyd (2010), Axehill et al.
(2010), Jerez et al. (2012), Axehill and Morari (2012), Domahidi et al. (2012), Fri-
son and Jørgensen (2013a), Frison (2015), and Klintberg and Gros (2017).

One way of exploiting the structure from the uftoc problem is to use the Ric-
cati recursion to compute the solution. One early publication where the Riccati
recursion is exploited in an as method for optimal control is Jonson (1983). In



4 1 Introduction

this reference, a Riccati recursion is used to factor one part of the Karush-Kuhn-
Tucker (kkt) matrix. For the other part, standard low-rank modifications of
factorizations are used on a dense system of equations of the size of the number
of active inequality constraints. The computational complexity of this algorithm
grows quadratically in the number of active inequality constraints. An alterna-
tive sparse non-Riccati factorization is used in Kirches et al. (2011), where the
factorization is modified after changes in the as iterations.

A parallel algorithm for solving uftoc problems is partitioned dynamic program-
ming (dp) for optimal control, which is presented in Wright (1991). The partitio-
ned dp algorithm decomposes the uftoc problem in time and constructs a master
problem. To solve the master problem, another type of algorithm is applied re-
cursively to obtain O (log N) computational complexity growth. In Soudbakhsh
and Annaswamy (2013) an extended parallel cyclic reduction algorithm is used
to reduce the computations to smaller systems of equations that are solved in
parallel. The computational complexity of this algorithm is also reported to be
O (log N). In Zhu and Laird (2008), Laird et al. (2011), and Reuterswärd (2012)
a time-splitting approach to split the prediction horizon into blocks is adopted.
The subproblems in the blocks are connected through complicating variables and
are solved in parallel using Schur complements. The complicating variables are
computed via a consensus step, where a dense system of equations involving all
complicating variables has to be solved serially. In Frison and Jørgensen (2013b)
different numerical libraries for exploiting parallel linear algebra in the Riccati
recursion are evaluated. Although parallelism for mpc and the corresponding cf-
toc and uftoc problems is a well developed research area, parallelism for mhe
is a less explored field. However, a parallel algorithm that combines point-based
search with a derivative-based Gauss-Newton method for solving mhe problems is
proposed in Poloni et al. (2013).

Instead of solving the uftoc problem in parallel, the cftoc problem can itself
be decomposed and solved in parallel. In Chang and Luh (1985) and Chang et al.
(1990) a discrete-time optimal control problem is decomposed in time into several
smaller subproblems, where an incentive coordination between the subproblems is
obtained using an additive coordination term in the cost function of each subpro-
blem. The optimal control problem is solved by iteratively solving a master pro-
blem and computing the optimal coordination terms. In Chang (1986) and Chang
et al. (1989) a hierarchical decomposition approach for large-scale optimal control
problems is presented, where the optimal control problem is decomposed in time
but the coordination is achieved by choosing the initial and terminal states in
each subproblem. The initial and terminal states form a master problem, and the
optimal control problem is solved by iteratively solving the master problem and
the subproblems to determine the optimal initial and terminal states. In primal
decomposition, as described in Lasdon (1970) and Boyd et al. (2008), a convex
optimization problem can be decomposed into several smaller subproblems that
only share complicating variables and complicating constraints. The complicated
variables are solved by iteratively solving the master problem and the subproblems.
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In nonserial dp, methods that describe the connection between variables in the
problem using tree representations are used, see for example Bertelè and Brioschi
(1973), Moallemi (2007), and Shcherbina (2007). Nonserial dp shares the basic
ideas with serial dp, see for example Bertsekas (2000), but can handle more general
problem structures. In Khoshfetrat Pakazad (2015) and Khoshfetrat Pakazad et al.
(2017) a message-passing algorithm for ip methods is presented. This algorithm
extends the framework presented in Nielsen and Axehill (2014), where a direct
(non-iterative) parallel algorithm for solving uftoc problems using a parametric
programming approach is presented. The message-passing algorithm utilizes tree
structure representations similar to those in nonserial dp, and can be used to solve
more general types of problems than the uftoc problem considered in Nielsen and
Axehill (2014).

In mp-qp and explicit mpc, one of the main limitations is the amount of memory
that is required to store the parametric solution and the critical regions (Bemporad
et al., 2002; Fuchs et al., 2010; Kvasnica et al., 2015). Hence, much effort in
research has been spent on finding remedies to this limitation. One such algorithm
is proposed in Borrelli et al. (2010), where explicit mpc and on-line mpc are
combined. In that work, the main algorithm is similar to a standard as method,
such as the one presented in for example Nocedal and Wright (2006), but the search
directions are computed off-line for all optimal active sets. In Kvasnica et al. (2012)
a pwa function, which is only defined over the regions with non-saturated control
inputs, is combined with a projection onto a non-convex set to reduce the memory
footprint in explicit mpc. The method of implicitly enumerating all optimal active
sets proposed in Gupta et al. (2011) and the semi-explicit approach in Borrelli et al.
(2010) are combined in Kvasnica et al. (2015), where an algorithm which reduces
the amount of memory that is required to store the solution is proposed.

1.2 Objectives

The objectives of this thesis are twofold:

• To improve the computational performance of methods for numerical optimal
control by exploiting problem structure and parallel hardware in order to
reduce the computation times for important time-consuming subroutines in
popular second-order methods.

• To reduce the memory that is required to store the parametric solution
and critical regions in mp-qp and explicit mpc, with the aim of making
them more useful in practical applications where for example hardware with
limited memory resources are used.

1.3 Publications

The thesis is based on both the publications listed in Section 1.3.1 and on new
material. The new material is mainly introduced in Section 6.3.
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1.3.1 Publications included in the thesis

The thesis is based on the following list of publications. The author of this thesis
is the main contributor in all of these publications.

I. Nielsen, D. Ankelhed, and D. Axehill. Low-rank modifications of Riccati
factorizations with applications to model predictive control. In Proceedings
of the 52nd IEEE Conference on Decision and Control, pages 3684–3690,
Florence, Italy, December 2013a. © 2013 IEEE

I. Nielsen and D. Axehill. An O(log N) parallel algorithm for Newton step
computation in model predictive control. In Proceedings of the 19th IFAC
World Congress, pages 10505–10511, Cape Town, South Africa, August
2014. © 2014 IFAC

I. Nielsen and D. Axehill. A parallel structure exploiting factorization algo-
rithm with applications to model predictive control. In Proceedings of the
54th IEEE Conference on Decision and Control, pages 3932–3938, Osaka,
Japan, December 2015. © 2015 IEEE

I. Nielsen and D. Axehill. An O(log N) parallel algorithm for Newton step
computations with applications to moving horizon estimation. In Procee-
dings of the 2016 European Control Conference, pages 1630–1636, Aalborg,
Denmark, June 2016b. © 2016 IEEE

I. Nielsen and D. Axehill. Reduced memory footprint in multiparametric
quadratic programming by exploiting low rank structure. In Proceedings of
the 55th IEEE Conference on Decision and Control, pages 3654–3661, Las
Vegas, NV, USA, December 2016a. © 2016 IEEE

I. Nielsen and D. Axehill. Low-rank modifications of Riccati factorizations
for model predictive control. Under review for possible publication in IEEE
Transactions on Automatic Control, 2017. Pre-print available at arXiv:
https://arxiv.org/abs/1703.07589.

Parts of the material in these publications are included in this thesis with kind
permissions from the copyright owners.

Furthermore, some of the material in this thesis has already been published in the
author’s Licentiate’s thesis

I. Nielsen. On structure exploiting numerical algorithms for model predictive
control. Licentiate’s thesis, Linköping University, 2015.

1.3.2 Publications not included in the thesis

The following publications are authored or co-authored by the author of this thesis,
but the results are not included in this thesis.

I. Nielsen, O. Garpinger, and L. Cederqvist. Simulation based evaluation of
a nonlinear model predictive controller for friction stir welding of nuclear
waste canisters. In Proceedings of the 2013 European Control Conference,
pages 2074–2079, Zurich, Switzerland, July 2013b.

https://arxiv.org/abs/1703.07589
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S. Khoshfetrat Pakazad, A. Hansson, M. S. Andersen, and I. Nielsen. Distri-
buted primal–dual interior-point methods for solving tree-structured cou-
pled convex problems using message-passing. Optimization Methods and
Software, 32(3):401–435, 2017.

1.4 Contributions
The contributions in this thesis are structure-exploiting algorithms that can be im-
plemented and used as important subroutines in second-order methods for solving
common problem classes arising in optimal control, and an algorithm for reducing
the memory footprint of mp-qp solutions. Specifically, the main contributions in
this thesis are:

• Theory and algorithms for modifying the Riccati factorization when it is used
to compute the search directions in an as type solver applied to solve cftoc
problems. It is shown how to handle the case with a singular kkt matrix,
which can be important in for example dual gradient projection solvers.

• Theory and algorithms for parallel computations of the search directions in
ip and as type methods applied to solve cftoc problems. Different algo-
rithms that exploit and maintain the problem structure are proposed, and
they obtain logarithmic computational complexity growth in the prediction
horizon length.

• Theory and algorithms for exploiting structure in the parametric solution
between neighboring critical regions for an mp-qp problem to reduce the
amount of memory that is required to store the solution.

1.5 Outline of the Thesis
In Chapter 2, an introduction to optimization theory and algorithms is presented.
The chapter is intended to introduce the notation and concepts from optimization
theory that are required to present the contributions in the thesis. In Chapter 3,
optimal control theory is briefly surveyed and the type of problems that are con-
sidered in this thesis is introduced. Furthermore, in that chapter it is motivated
why the contributions in this thesis are important for a wide range of applications.
The mp-qp problem is introduced in Chapter 4, where also the basic notation and
properties of the parametric solution are presented.

The main contributions are included in chapters 5-7. Theory on how to modify
the Riccati factorization when used in an as type solver is presented in Chapter 5,
and parallel algorithms for computations of second-order search directions are
presented in Chapter 6. In Chapter 7, an algorithm for reducing the memory that
is required to store the parametric solution to an mp-qp problem is presented.
The conclusions of the thesis are presented in Chapter 8, where also some future
work is listed. In Appendix A, useful results from linear algebra are included.





2
Optimization

Mathematical optimization, or simply optimization, is a framework where the best
possible solution to a problem is sought for. The best solution is defined by the
corresponding optimization problem, which consists of an objective function and
constraints that define the feasible set of the problem, i.e., which solutions that
are allowed. The best solution is the element that is in the feasible set of the
optimization problem, and either minimizes or maximizes the objective function,
depending on the problem formulation. Depending on the optimization problem
that is solved, it can exist a unique solution, several solutions or no solution.
Three examples of optimization problems are driving a car between two cities
as fast (i), as cheap (ii) or by driving as short distance as possible (iii), while
keeping the speed limits and driving on the road. The objective function in the
first problem is the total time consumed when travelling between the two cities,
and in the second problem it is the total cost for fuel, wear, etc. In the third
problem, the objective function is the total distance travelled. The constraints in
all three problems are typically the same, to keep the speed limits, to stay on the
road and physical constraints such as the maximum power given by the car engine.
These three objective functions represent three different optimization problems, all
having (possibly) different optimal solutions. For example, the problem of driving
as short distance as possible has a unique solution if there is only one road that
gives the shortest distance. If there are several roads between the cities of equal
minimal distance, then there exist several solutions where each is equally good. If
there are no roads between the two cities the problem does not have any solution.
The purpose of this chapter is to introduce the basic concepts of optimization
theory, and to give a brief survey of some common families of optimization methods
that are used to compute the optimal solution to certain types of optimization
problems. The chapter and the introduced notation are inspired by Boyd and
Vandenberghe (2004), which is an extensive reference on convex optimization.

9
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2.1 Basic Concepts

Consider an optimization problem given in the form

minimize
x

f0(x)

subject to fi(x) ≤ 0, i ∈ Z1,m

hi(x) = 0, i ∈ Z1,p,

(2.1)

where x ∈ Rn is the optimization variable, f0 : Rn → R is the objective function,
fi : Rn → R for i ∈ Z1,m are the inequality constraint functions, and hi : Rn → R
for i ∈ Z1,p are the equality constraint functions. When the objective function or
constraint functions in (2.1) are not linear, the problem is referred to as a nonlinear
program (nlp). The domain D ⊂ Rn of the optimization problem (2.1) is the set
of all points where the objective and constraint functions are defined, i.e.,

D ,
m⋂

i=0
dom fi ∩

p⋂
i=1

dom hi. (2.2)

A point x ∈ D is said to be feasible if it satisfies the inequality and equality
constraints in (2.1). If there exists at least one feasible x ∈ D the optimization
problem (2.1) is said to be feasible, and infeasible otherwise. The set of all feasible
points is denoted the feasible set.

The optimal value p∗ is the infimal value of the objective function evaluated at all
feasible points and is defined as

p∗ , inf {f0(x) | fi(x) ≤ 0, i ∈ Z1,m, hi(x) = 0, i ∈ Z1,p} , (2.3)

where p∗ = ∞ if the optimization problem is infeasible, and p∗ = −∞ if the
optimization problem is unbounded from below. A feasible point x∗ ∈ D with
f0(x∗) = p∗ is called an optimal point or an optimal solution to (2.1).

An optimization problem

minimize
x̃

f̃0(x̃)

subject to f̃i(x̃) ≤ 0, i ∈ Z1,m̃

h̃i(x̃) = 0, i ∈ Z1,p̃,

(2.4)

is said to be equivalent to (2.1) if x∗ can be trivially computed from the solution
x̃∗, and vice versa. Hence, the solution to the original problem can be computed
by solving an equivalent problem in a simpler form.

2.2 Convex Optimization

Convex optimization problems is a class of optimization problems that have some
special properties which makes them useful in many different areas such as econo-
mics, mechanics, control engineering and circuit design (Boyd and Vandenberghe,
2004). Before the definition of a convex optimization problem can be presented,
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some auxiliary definitions are required. Their properties are thoroughly discussed
in standard literature such as Boyd and Vandenberghe (2004), and are repeated
in definitions 2.1-2.3 for completeness.

Definition 2.1 (Convex set). A set C is convex if for any two points x, y ∈ C and any
θ ∈ [0, 1] it holds that

θx + (1 − θ)y ∈ C. (2.5)

Definition 2.2 (Convex function). A function f : Rn → R is convex if dom f is a
convex set and if it for all points x, y ∈ dom f and any θ ∈ [0, 1] holds that

f(θx + (1 − θ)y) ≤ θf(x) + (1 − θ)f(y), (2.6)

and strictly convex if strict inequality holds for x , y and θ ∈ (0, 1).

Definition 2.3 (Concave function). A function f : Rn → R is concave if −f is convex
and strictly concave if −f is strictly convex.

Now consider an optimization problem in the form (2.1) but where the equality
constraint functions are affine, given by

minimize
x

f0(x)

subject to fi(x) ≤ 0, i ∈ Z1,m

aT
i x = bi, i ∈ Z1,p,

(2.7)

where the functions fi for i ∈ Z0,m are all convex. Then (2.7) is referred to as a
convex optimization problem (Boyd and Vandenberghe, 2004).

2.3 Lagrange Duality

In Lagrange duality the constraints in the standard problem (2.1), with non-empty
domain D, are taken into account by augmenting the objective function using
weighted sums of the constraint functions (Boyd and Vandenberghe, 2004). The
weights are called Lagrange multipliers and are here denoted λi for the inequality
constraints and νi for the equality constraints. The augmented objective function
is denoted the Lagrangian, and is given by

L(x, λ, ν) , f0(x) +
m∑

i=1
λifi(x) +

p∑
i=1

νihi(x). (2.8)

By minimizing the Lagrangian with respect to the variable x over the domain D,
the Lagrange dual function

g(λ, ν) , inf
x∈D

(
f0(x) +

m∑
i=1

λifi(x) +
p∑

i=1
νihi(x)

)
, (2.9)
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is obtained. This is a concave function, and when λ � 0 it satisfies the relation

g(λ, ν) ≤ p∗, (2.10)

and takes on the value −∞ if the Lagrangian is unbounded in x (Boyd and Van-
denberghe, 2004).

Remark 2.4. The Lagrange dual function g(λ, ν) in (2.9) is concave even when the pro-
blem (2.1) is not convex (Boyd and Vandenberghe, 2004).

The Lagrange dual function defines a lower bound on the optimal value p∗ of (2.1)
if λ � 0. Hence, maximizing (2.9) gives the best possible lower bound on p∗ that
can be obtained from the Lagrange dual function. This lower bound can be found
by solving the optimization problem

maximize
λ,ν

g(λ, ν)

subject to λ � 0,
(2.11)

which is called the Lagrange dual problem, or simply the dual problem, of (2.1)
and λ and ν are called the dual variables. Since the objective function g(λ, ν)
to be maximized is concave and the constraints in (2.11) are convex, the dual
problem (2.11) is a convex optimization problem (Boyd and Vandenberghe, 2004).
From Remark 2.4 it follows that it is a convex problem even when the primal
problem (2.1) is not.

2.3.1 Weak and strong duality

Let the optimal value of the dual problem (2.11) be denoted d∗. Then, from the
property (2.10) of the Lagrange dual function, it follows that

d∗ ≤ p∗. (2.12)

The property (2.12) is referred to as weak duality and holds even if the primal
problem (2.1) is not convex, or d∗ or p∗ are infinite. The duality gap is defined as
the difference p∗ − d∗ and is always non-negative.

Under certain conditions, the inequality (2.12) holds with equality, i.e., d∗ = p∗,
and the duality gap is zero. This property is referred to as strong duality, and
it does not hold in general for an optimization problem. Conditions that certify
that strong duality holds are called constraint qualifications. One such constraint
qualification is given by Slater’s theorem, which states that strong duality holds
for a convex optimization problem (2.7) given that Slater’s condition holds (Boyd
and Vandenberghe, 2004). Slater’s condition states that there must exist a strictly
feasible point for strong duality to hold. A weaker and refined version of Slater’s
condition can be used to certify strong duality when some (or all) of the inequality
constraint functions are affine. These conditions are repeated from Boyd and
Vandenberghe (2004) in definitions 2.5 and 2.6.
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Definition 2.5 (Slater’s condition). There exists an x ∈ relint D such that

fi(x) < 0, i ∈ Z1,m, aT
i x = bi, i ∈ Z1,p. (2.13)

Definition 2.6 (Slater’s refined condition). There exists an x ∈ relint D such that

fi(x) ≤ 0, i ∈ Z1,k, fi(x) < 0, i ∈ Zk+1,m, aT
i x = bi, i ∈ Z1,p, (2.14)

where fi for i ∈ Z1,k are all affine functions.

Here, relint D is the relative interior of the domain D (Boyd and Vandenberghe,
2004). Strong duality implies that if there exists a solution x∗ to (2.7) with optimal
value p∗, then there exists dual variables λ∗ � 0 and ν∗ such that g(λ∗, ν∗) = d∗ = p∗

(Boyd and Vandenberghe, 2004).

2.4 Optimality Conditions

Consider an optimization problem given by (2.1) where the functions fi for i ∈
Z0,m and hi for i ∈ Z1,p are all differentiable and where strong duality holds.
Then, the optimal primal and dual solutions to this optimization problem satisfy
the kkt conditions (Boyd and Vandenberghe, 2004; Nocedal and Wright, 2006).

Definition 2.7 (Karush-Kuhn-Tucker conditions). The conditions

∇f0(x) +
m∑

i=1
λi∇fi(x) +

p∑
i=1

νi∇hi(x) = 0, (2.15a)

fi(x) ≤ 0, i ∈ Z1,m, (2.15b)
hi(x) = 0, i ∈ Z1,p, (2.15c)

λi ≥ 0, i ∈ Z1,m, (2.15d)
λifi(x) = 0, i ∈ Z1,m, (2.15e)

are called the Karush-Kuhn-Tucker conditions.

The kkt conditions in Definition 2.7 are necessary for optimality of the solution
to (2.1). If the problem is convex the conditions are also sufficient for optimality,
which is summarized in Theorem 2.8.

Theorem 2.8. Consider a convex optimization problem in the form in (2.7) that
satisfies Slater’s condition and has differentiable fi for i ∈ Z0,m and hi for i ∈ Z1,p.
Then the kkt conditions in Definition 2.7 are necessary and sufficient conditions
for optimality, and any primal and dual pair x̃ and (λ̃, ν̃) that satisfies the kkt
conditions (2.15) are primal and dual optimal.

Proof: See Section 5.5 in Boyd and Vandenberghe (2004).
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2.5 Quadratic Programming
One important class of convex optimization problems are quadratic programs
(qps). Many problems can be directly formulated as qps, but qp problems also
arise as subproblems in methods for solving general constrained optimization pro-
blems (Nocedal and Wright, 2006). A qp problem is a convex optimization problem
in the form (2.7) with affine constraint functions and a quadratic cost function, i.e.,

minimize
x

1
2xT Qx + lT x + c

subject to AIx � bI

AEx = bE ,

(2.16)

where x ∈ Rn, Q ∈ Sn
+, l ∈ Rn, c ∈ R, AI ∈ Rm×n, bI ∈ Rm, AE ∈ Rp×n and

bE ∈ Rp. Since the inequality constraints in (2.16) are affine in the optimization
variable x, it follows that Slater’s refined condition is satisfied, and hence Theo-
rem 2.8 states that the kkt conditions in Definition 2.7 are necessary and sufficient
for optimality. The kkt conditions (2.15) for a qp problem in the form in (2.16)
reduce to

Qx + l + AT
I λ + AT

E ν = 0, (2.17a)
AIx � bI , (2.17b)
AEx = bE , (2.17c)

λ � 0, (2.17d)
λi(aT

i x − bi) = 0, i ∈ Z1,m, (2.17e)

and hence any x̃ and (λ̃, ν̃) that satisfy (2.17) are primal and dual global optimal
solutions to (2.16). Here the notation aT

i and bi are used to denote the i:th row
or element of AI and bI , respectively, i.e.,aT

1
...

aT
m

 , AI ,

 b1
...

bm

 , bI . (2.18)

The qp problem (2.16) can be solved using any method for convex optimization
problems. As is mentioned in Chapter 1, the focus in this thesis is on numerical
algorithms that can be used as subroutines in second-order optimization methods
where the search directions are computed as Newton steps. Examples of such
optimization methods are second-order active-set (as) methods and interior-point
(ip) methods, which will be outlined in the following sections.

2.6 Active-Set Methods for Quadratic Programming
Active-set methods is a class of methods that has been widely used since the
1970s (Nocedal and Wright, 2006). The basic idea in this type of methods is to
find the set of equality constraints and inequality constraints in (2.16) that hold
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with equality at the optimal solution. Here, this will be described following the
presentation of the as solver for qp problems presented in Nocedal and Wright
(2006). To simplify notation, the set of all equality constraints and the set of
all inequality constaints for a qp problem in the form (2.16) are introduced in
Definition 2.9.

Definition 2.9. Let E and I be defined as the sets of indices of all the equality
constraints and inequality constraints, respectively, in the problem (2.16).

The set of all indices of equality constraints and inequality constraints that hold
with equality, or are active, is called the active set. The active set and its properties
is an important concept in as methods. The following definitions are inspired
by Nocedal and Wright (2006).

Definition 2.10 (Active set). The active set at any feasible x in (2.16) is denoted A (x)
and consists of all indices of constraints in (2.16) that hold with equality at x, i.e.,

A (x) , E ∪
{

i ∈ I | aT
i x = bi

}
. (2.19)

With a slight abuse of notation, when a constraint is be said to be in the active
set it should be interpreted as its corresponding index is in the active set.

Definition 2.11 (Strongly and weakly active constraints). A constraint i ∈ A (x∗) ∩ I is
weakly active if its dual variable λ∗

i = 0 for all λ∗ satisfying (2.17). If λ∗
i > 0 for

some λ∗ satisfying (2.17), the constraint is called strongly active.

Definition 2.12 (Strict Complementarity). Given a local solution x∗ and a vector λ∗

that together satisfy (2.17). Then, the strict complementarity (sc) property holds
if λ∗

i > 0 for each i ∈ A (x∗) ∩ I.

Note that from definitions 2.11 and 2.12 it follows that there are no weakly active
constraints when sc holds. Next, the linear independence constraint qualifica-
tion (licq) is defined. It is a property that is important for many optimization
methods.

Definition2.13 (Linear independenceconstraint qualifications). For the constraints with
indices in the active set A(x) the linear independence constraint qualification holds
if the constraint gradients are linearly independent. When licq is violated it is
referred to as primal degeneracy.

If the optimal active set A (x∗) is known a priori, the optimal solution can be
computed by solving the equality constrained qp problem

minimize
x

1
2xT Qx + lT x + c

subject to aT
i x = bi, i ∈ A (x∗) .

(2.20)
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However, the optimal active set is rarely known prior to the solution has been
computed. The fundamental idea with an as solver is to iteratively search for this
optimal active set by adding and removing constraint indices from the so called
working set. The working set at as iteration j is denoted Wj and consists of the
indices of all equality constraints and the subset of the indices of the inequality
constraints that are forced to hold with equality. Similarly let Wc

j be the com-
plement of the working set Wj containing all the inequality constraints that are
temporarily disregarded. It is required that licq holds for the constraints in the
working set Wj (Nocedal and Wright, 2006).

Let xj denote the j:th iterate in the as solver. The step to the next iterate xj+1
is computed by solving an equality constrained qp where the constraints in the
working set Wj are forced to hold with equality and the remaining constraints are
temporarily disregarded, i.e.,

minimize
x̂j+1

1
2 x̂T

j+1Qx̂j+1 + lT x̂j+1 + c

subject to aT
i x̂j+1 = bi, i ∈ Wj .

(2.21)

When the solution x̂j+1 to (2.21) is computed, there are two different outcomes
which require different actions to be taken. If x̂j+1 = xj , then this point minimizes
the objective function in the current working set Wj . Depending on the dual
variables λ∗

i for the inequality constraints in the working set, the iterate x̂j+1 is
either an optimal point of the original problem, and at least one constraint has
to be removed from the working set. The other outcome is when x̂j+1 , xj , and
then a step from xj towards x̂j+1 along pj , x̂j+1 − xj is taken. In this case, it is
possible that a constraint is blocking the step form xj along pj and must be added
to the working set. These different outcomes will be described below.

2.6.1 Adding constraints to the working set

For an iterate where x̂j+1 , xj , the new iterate is computed by taking a step along
pj = x̂j+1 − xj such that

xj+1 = xj + αjpj , αj ∈ [0, 1] . (2.22)

If the point xj + pj is feasible with respect to all constraints in (2.16), then αj = 1
is used to update the new iterate in (2.22) as xj+1 = xj + pj = x̂j+1. If xj + pj

is not feasible, then one or more constraints are violated when moving from xj

to xj + pj along pj . These violated constraints are called blocking constraints,
and the step-length parameter αj is chosen such that all blocking constraints, and
hence all constraints, remain satisfied.

All constraints i ∈ Wj are satisfied since they are included as equality constraints
in (2.21). Hence, the blocking constraints must be among the constraints i ∈ Wc

j
(i.e. i < Wj) and αj can be computed by determining which inequality con-
straint i ∈ Wc

j that is closest to xj along the direction given by pj . Inserting the
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point (2.22) into each separate constraint i ∈ Wc
j gives that the relation

aT
i (xj + αjpj) = aT

i xj + αjaT
i pj ≤ bi, (2.23)

must hold for all i ∈ Wc
j . Since xj is a feasible point it follows that aT

i xj ≤ bi

and, hence (2.23) is satisfied for all αj ≥ 0 whenever aT
i pj ≤ 0. This can be seen

by writing (2.23) as
aT

i xj ≤ bi ≤ bi − αjaT
i pj , (2.24)

since aT
i pj ≤ 0 and αj ≥ 0. Hence constraint i cannot be a blocking constraint. If

however aT
i pj > 0, then (2.23) is satisfied only for certain choices of the step-length

parameter αj . The upper limit can be calculated as

aT
i (xj + αjpj) = aT

i xj + αjaT
i pj ≤ bi ⇐⇒ αj ≤

bi − aT
i xj

aT
i pj

. (2.25)

To maximize the decrease of the objective function, αj is chosen as large as possible
in the set [0, 1] while retaining primal feasibility. Hence, the step-length parameter
is chosen as

αj , min

(
1, min

i∈Wc
j , aT

i pj>0

bi − aT
i xj

aT
i pj

)
. (2.26)

When there exist one or more blocking constraints, a new working set Wj+1 is
constructed by adding the blocking constraint that corresponds to the minimal
step-length parameter in (2.26) to Wj . Let the index of this constraint be i. Then
the new working set Wj+1 is obtained as

Wj+1 = Wj ∪ {i}. (2.27)

To find the new step direction after modifying the working set a new equality
constrained qp in the form (2.21) is solved for Wj+1, and the procedure described
above is repeated until a point x̂j+1 = xj that minimizes the current working
set Wj for some as iteration j is found. By defining λi , 0 for all i ∈ Wc

j and
noting that the point x̂j+1 is a feasible point that minimizes the objective function
in (2.21) it can be concluded that (2.17a), (2.17b), (2.17c) and (2.17e) in the kkt
conditions are satisfied when x̂j+1 = xj .

2.6.2 Removing constraints from the working set

Based on the discussion above, (2.17d) is the only kkt condition that is not
guaranteed to be satisfied for the case when x̂j+1 = xj . However, if also

λi ≥ 0, i ∈ Wj ∩ I, (2.28)

then also (2.17d) is satisfied, and the primal and dual point x̂j+1 and (λ, ν) satisfies
the kkt optimality conditions (2.17) for the qp problem (2.16). Hence, x∗ = x̂j+1
is an optimal solution to (2.16). If however λr < 0 for some r ∈ Wj ∩ I, then the
kkt condition (2.17d) is violated and the point x̂j+1 cannot be optimal.

When λr < 0 for some r ∈ Wj ∩ I, it may be possible to decrease the value of
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the objective function by removing one of these constraints from the working set.
Any of the constraints corresponding to a negative dual variable can be removed,
but a common choice is to remove the most negative one. However, this does
not guarantee that the decrease in the objective function is larger than if another
constraint is removed (Nocedal and Wright, 2006). Let constraint r be removed
from the working set. Then the working set Wj is modified as

Wj+1 = Wj\{r}, (2.29)

and a new equality constrained qp in the form given by (2.21) with equality
constraints given by the indices in Wj+1 has to be solved.

2.6.3 Basic primal active-set method

The procedure which has been presented in this section describes the basic compo-
nents of a traditional as method, and is summarized in Algorithm 1. Inspiration
for this algorithm is taken from Algorithm 16.3 in Nocedal and Wright (2006).
In this algorithm, only one constraint is added or removed at each as iteration.
However, there exist methods that changes the working set by adding or removing
several constraints at each iteration, see for instance Axehill (2008).

Algorithm 1 Basic active-set solver for convex qps (Nocedal and Wright, 2006)
1: Compute a feasible starting point x0
2: Set W0 to be a subset of the active constraints at x0
3: for j = 0,1,2,… do
4: Compute x̂j+1 by solving (2.21)
5: if x̂j+1 = xj then
6: Compute the Lagrange multipliers (λ̂, ν̂) that satisfy (2.17a)
7: if λ̂i ≥ 0 for all i ∈ Wj ∩ I then
8: x∗ := xj

9: STOP
10: else
11: r := argmin

i∈Wj∩I
λ̂i

12: Update iterate and working set: xj+1 := xj , Wj+1 := Wj\{r}
13: end if
14: else
15: Compute pj := x̂j+1 − xj and step-length parameter αj from (2.26)
16: Update iterate: xj+1 := xj + αjpj

17: if αj < 1 (blocking constraints) then
18: Set i to the blocking constraint giving αj

19: Update working set: Wj+1 := Wj ∪ {i}
20: else
21: Wj+1 := Wj

22: end if
23: end if
24: end for
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At Line 1 in Algorithm 1, a feasible starting point x0 for the solver needs to be
found. Computing this feasible starting point for a general qp can be done using
a so called phase I algorithm, and can take up to one-third to one-half of the total
solution time (Goldfarb and Idnani, 1983). At Line 2 in Algorithm 1, the initial
working set is a subset of the active constraints at x0, and the iteration sequence
to the solution is different for different choices of W0 (Nocedal and Wright, 2006).

2.7 Interior-Point Methods

In this section a brief introduction of interior-point (ip) methods for convex optimi-
zation problems is given. Consider a convex optimization problem in the form (2.7)
where the equality constraints are presented in matrix form, i.e.,

minimize
x

f0(x)

subject to fi(x) ≤ 0, i ∈ Z1,m

Ax = b,

(2.30)

with twice continuously differentiable functions fi for i ∈ Z0,m and A ∈ Rp×n with
rank A = p < n. Assume that the problem is solvable and strictly feasible. The
problem (2.30) can be solved using an ip method, where a sequence of equality
constrained convex optimization problems in the form

minimize
x

tf0(x) + φ(x)

subject to Ax = b,
(2.31)

are solved for increasing values of t > 0 (Boyd and Vandenberghe, 2004). Here,
φ(x) is the logarithmic barrier function given by

φ(x) , −
m∑

i=1
log (−fi(x)) . (2.32)

Let x∗(t) be the optimal solution to (2.31) for a fixed t > 0. Then x∗(t) is called
a central point and the set of points x∗(t) for t > 0 is called the central path
associated with the problem (2.30). Every central point is strictly feasible and for
each t, the corresponding central point x∗(t) and the associated dual feasible pair
(λ∗(t), ν∗(t)) satisfy the perturbed kkt conditions

∇f0(x) +
m∑

i=1
λi∇fi(x) + AT ν = 0, (2.33a)

fi(x) ≤ 0, i ∈ Z1,m, (2.33b)
Ax = b, i ∈ Z1,p, (2.33c)
λi ≥ 0, i ∈ Z1,m, (2.33d)

−λifi(x) = 1
t
, i ∈ Z1,m, (2.33e)



20 2 Optimization

(Boyd and Vandenberghe, 2004). Furthermore, the duality gap associated with
x∗(t) and (λ∗(t), ν∗(t)) is given by

f0(x∗(t)) − g(λ∗(t), ν∗(t)) = m/t, (2.34)

which gives the relation

f0(x∗(t)) − m/t = g(λ∗(t), ν∗(t)) ≤ p∗ ⇐⇒ f0(x∗(t)) − p∗ ≤ m/t, (2.35)

and hence x∗(t) is no more than m/t-suboptimal (Boyd and Vandenberghe, 2004).
Note that the perturbed kkt conditions (2.33) approach the kkt conditions (2.15)
in Definition 2.7 as t → ∞. The problem (2.31) can be solved using any method
for linearly constrained convex optimization (Boyd and Vandenberghe, 2004). Ho-
wever, here Newton methods are used.

2.7.1 Basic primal interior-point method

In Algorithm 2, a simple basic primal ip method called the barrier method is
introduced. This algorithm is based on Algorithm 11.1 in Boyd and Vandenberghe
(2004), and it computes a sequence of central points for increasing t until an
ε-suboptimal solution, i.e., a solution for t > m/ε, is found. The computation of
these central points is where most of the computational effort in ip methods is
spent (Boyd and Vandenberghe, 2004).

Algorithm 2 The Barrier Method (Boyd and Vandenberghe, 2004)

1: Initialize a strictly feasible x, t := t(0) > 0, µ > 1, tolerance ε > 0
2: loop
3: Centering step: Compute x∗(t) by solving (2.31), starting at x
4: Update: x := x∗(t)
5: if Stopping criterion: m/t < ε then
6: STOP
7: else
8: Increase t: t := µt
9: end if

10: end loop

The centering step at Line 3 in Algorithm 2 consists of solving a problem in the
form (2.31), which can be done by computing the solution to the perturbed kkt
system (2.33) (Boyd and Vandenberghe, 2004). For a primal ip method, this
perturbed kkt system is solved by eliminating the dual variable λi from (2.33).
The elimination is done using (2.33e) to compute λi as

λi = 1
−tfi(x) , (2.36)
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which inserted in (2.33a) gives the modified kkt system

∇f0(x) +
m∑

i=1

1
−tfi(x)∇fi(x) + AT ν = 0, (2.37a)

Ax = b, (2.37b)

which are also the kkt conditions for (2.31). These can be solved using Newton’s
method starting at a feasible x. See for example Boyd and Vandenberghe (2004)
or Nocedal and Wright (2006) for a description of Newton’s method. In Boyd
and Vandenberghe (2004) it is shown that the Newton steps that are computed
when solving the centering problem (2.31) can be interpreted as Newton steps for
solving the modified kkt system (2.37) by scaling ν. The Newton step ∆xnt and
the corresponding dual variable νnt for the centering problem (2.31) are given by
the solution to the linear system of equations[

t∇2f0(x) + ∇2φ(x) AT

A 0

] [
∆xnt

νnt

]
= −

[
t∇f0(x) + ∇φ(x)

0

]
, (2.38)

where ν = (1/t)νnt. Hence, it follows that solving the centering step (2.31) requires
the solution to a sequence of linear systems of equations in the form (2.38). Solving
these systems of equations fast is crucial to the performance of an ip method.
The kkt matrix in (2.38) must be non-singular for ∆xnt to be a proper Newton
step (Boyd and Vandenberghe, 2004). In this reference, some conditions that
certify non-singularity of the kkt matrix are presented.

The system of equations (2.38) that defines a Newton step to the centering pro-
blem (2.31) can be interpreted as the optimality conditions for the equality con-
strained qp problem that is obtained by inserting the second-order Taylor expan-
sions of f0(x) and φ(x) around x into (2.31). The Taylor expansions of these
functions are given by

f0(x + ∆x) ≈ f0(x) + ∇f0(x)T ∆x + 1
2∆xT ∇2f0(x)∆x, (2.39a)

φ(x + ∆x) ≈ φ(x) + ∇φ(x)T ∆x + 1
2∆xT ∇2φ(x)∆x, (2.39b)

and inserting these into the centering problem (2.31) results in

minimize
∆x

1
2∆xT

(
t∇2f0(x) + ∇2φ(x)

)
∆x +

(
t∇f0(x)T + ∇φ(x)T

)
∆x+

tf0(x) + φ(x)
subject to A∆x = 0.

(2.40)
The equality constraints in (2.40) are obtained by inserting x+∆x into the equality
constraints in the centering problem (2.31), i.e.,

A (x + ∆x) = Ax + A∆x = b
Ax=b⇐⇒ A∆x = 0. (2.41)

It is clear that the kkt optimality conditions for (2.40) is given by the system
of equations in (2.38). The conclusion is that the centering problem (2.31) can
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be solved by computing the solution to a sequence of equality constrained qp
problems in the form (2.40), which is equivalent to solving a sequence of systems
of equations in the form in (2.38).

Here, a basic primal ip method is used to illustrate the basic steps and compu-
tations that are required in an ip method. However, similar linear algebra is also
used in primal-dual ip methods (Rao et al., 1998; Boyd and Vandenberghe, 2004).
Hence, algorithms for efficiently solving systems of equations in the form (2.38)
are important also for more general types of ip methods than the barrier method.



3
Optimal Control

The very early history of optimal control dates back to the geometric shape pro-
blems “the catenary” and the “brachistochrone” studied in the 17th century, and
the following foundation of calculus of variations by Euler and Lagrange in the
18th century. It gained in popularity in aerospace applications during the 1960’s
due to the development of more powerful computers (Sargent, 2000). In brief, the
optimal control problem for dynamical systems consists of computing an optimal
control input such that an objective function is minimized, while being subject to
initial and possibly terminal constraints on the states, and inequality constraints
on the states and control inputs (Speyer and Jacobson, 2010). The optimal con-
trol problem can be defined in continuous time or in discrete time, depending
on the application. Discrete-time optimal control problems are also important
since they arise from the discretized versions of continuous-time optimal control
problems (Betts, 2001; Rao, 2009). For detailed descriptions of optimal control
theory, see for example Polak (1973), Zhou et al. (1996), Bertsekas (2000), Betts
(2001), or Speyer and Jacobson (2010).

As mentioned in Chapter 1, there exist many different methods to solve opti-
mal control problems. In this thesis, the focus is spent on numerical algorithms
for increasing the performance in second-order methods for discrete-time optimal
control problems in the form of constrained finite-time optimal control (cftoc)
problems. This type of problems is an important component in mpc (Maciejow-
ski, 2002), but can also be useful for example in motion planning problems for
dynamical systems (LaValle, 2006; Ljungqvist et al., 2017; Bergman and Axehill,
2017) and mhe problems (Rao, 2000; Jørgensen, 2004; Haverbeke et al., 2009).

23
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3.1 Constrained Finite-Time Optimal Control Problem

Here, cftoc problems with quadratic objective functions and affine equality and
inequality constraints are considered. This type of problem is not only important
in itself, but cftoc problems in this form also arise as important subproblems in
optimization solvers such as sqp methods applied to cftoc problems for nonlinear
dynamical systems with general nonlinear constraints (Barclay et al., 1998; Betts,
2001; Jørgensen, 2004; Friesz, 2010). The cftoc problem considered here is given
by the qp problem

minimize
x,u

N−1∑
t=0

(
1
2

[
xt

ut

]T [
Q̃x,t Q̃xu,t

Q̃T
xu,t Q̃u,t

] [
xt

ut

]
+
[
l̃x,t

l̃u,t

]T [
xt

ut

]
+ c̃t

)
+

1
2xT

N Q̃x,N xN + l̃Tx,N xN + c̃N

subject to x0 = x̄

xt+1 = Ãtxt + B̃tut + ãt, t ∈ Z0,N−1

H̃x,txt + H̃u,tut + h̃t � 0, t ∈ Z0,N−1

H̃x,N xN + h̃N � 0,

(3.1)

where xt ∈ Rnx are the states, ut ∈ Rnu,t are the control inputs, and H̃x,t ∈
Rnc,t×nx , H̃u,t ∈ Rnc,t×nu,t and h̃t ∈ Rnc,t describe the nc,t inequality constraints.
In this thesis, variables in sans-serif such as

x ,

x0
...

xN

 , u ,

 u0
...

uN−1

 , (3.2)

denote vectors consisting of stacked vector components. The equality constraints
in the cftoc problem (3.1) are the discrete-time dynamics constraints of the
controlled system.
Assumption 3.1.[

Q̃x,t Q̃xu,t

Q̃xu,t Q̃u,t

]
∈ Snx+nu,t

+ , t ∈ Z0,N−1, Q̃x,N ∈ Snx
+ . (3.3)

Assumption 3.2.

Q̃u,t ∈ Snu,t
++ , t ∈ Z0,N−1. (3.4)

If the objective function in the cftoc problem (3.1) satisfies assumptions 3.1
and 3.2, it is a convex qp problem in the form (2.16). Furthermore, if the optimi-
zation problem is feasible it has a unique solution due to Assumption 3.2 (Macie-
jowski, 2002; Jerez et al., 2012). In the rest of this thesis, assumptions 3.1 and 3.2
hold unless stated otherwise.
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Since cftoc problems in the form (3.1) arise as subproblems in for example sqp
and ip solvers applied to optimal control problems for nonlinear systems, the
cftoc problem (3.1) can be interpreted as either an optimal control problem for
a system with affine dynamics, or as a subproblem in a solver for a more general
optimal control problem. However, from a computational point of view the origin
of the cftoc problem (3.1) is not important since the same methods can be used
to compute a solution to it.

The cftoc problem (3.1) can be cast in a more compact form using similar nota-
tion as in (2.16), giving

minimize
x,u

1
2

[
x
u

]T [ Q̃x Q̃xu
Q̃T

xu Q̃u

] [
x
u

]
+
[̃
lx
l̃u

]T [x
u

]
+ c̃

subject to Ãx + B̃u + ã = 0
H̃xx + H̃uu + h̃ � 0,

(3.5)

where Q̃x, Q̃xu, Q̃u, l̃x, l̃u, c̃, Ã, B̃, ã, H̃x, H̃u and h̃ are defined in Appendix 3.A. Note
that Ã is an invertible matrix by definition since it is a lower triangular matrix with
all diagonal elements equal to −1. Furthermore, note that the matrices in (3.5)
are time varying and that the initial state x̄ is included in ã. However, the explicit
dependence on time for the matrices are omitted for brevity.

The cftoc problem as stated in (3.1) or (3.5) is given in the non-condensed (or
sparse) form, where the states x are included in the optimization problem. It is
however possible to use the dynamics constraints in (3.5) to eliminate the state
variables as

x = −Ã−1B̃u − Ã−1ã, (3.6)
to obtain a strictly convex qp problem with only the control inputs u as optimi-
zation variables (Maciejowski, 2002). This will be referred to as the condensed
formulation, and the condensed cftoc problem is given by

minimize
u

1
2uT Qu + lT u + c

subject to AIu + bI � 0.
(3.7)

Here, the following definitions are used

Q , Q̃u − Q̃T
xuÃ−1B̃ − B̃T Ã−T Q̃xu + B̃T Ã−T Q̃xÃ−1B̃ ∈ Sm

++, (3.8a)
l , l̃u + B̃T Ã−T Q̃xÃ−1ã − Q̃T

xuÃ−1ã − B̃T Ã−T l̃x ∈ Rm, (3.8b)

c , c̃ − l̃Tx Ã−T ã + 1
2 ãT Ã−T Q̃xÃ−1ã ∈ R, (3.8c)

AI , H̃u − H̃xÃ−1B̃ ∈ Rp×m, bI , h̃ − H̃xÃ−1ã ∈ Rp, (3.8d)

with m ,
∑N−1

t=0 nu,t and p ,
∑N

t=0 nc,t. Note that Q is positive definite, which
follows from Assumption 3.2. See for example Maciejowski (2002) for the details.

Depending on the problem, the condensed or the sparse formulation can be more
beneficial from a computational point of view. In the condensed formulation, the
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Hessian matrix in the resulting qp problem (3.7) is dense and hence the solution
can be computed in cubic computational complexity in the horizon N (Boyd and
Vandenberghe, 2004). The sparse formulation of the cftoc problem can be solved
using structure-exploiting algorithms with linear computational complexity growth
in N , which can result in significant speed-ups (Rao et al., 1998). In recent years,
methods for combining the benefits with both formulations have been presented.
In Jerez et al. (2012) an approach to obtain a block-banded Hessian where the size
of the bands are independent of N is presented, which gives a linear computational
complexity growth in N . In Axehill (2014, 2015) partial condensing is introduced
as a way of combining the sparse and the condensed formulations to choose the
best condensation strategy, which often is in between the traditional sparse and
the condensed formulations. This has later been studied further in Kouzoupis
et al. (2015), Frison (2015), Frison et al. (2016), Kouzoupis et al. (2016), and Qui-
rynen (2017). How to exploit the structure associated with the cftoc problem
even for the dense formulation has been investigated in Axehill and Morari (2012)
and Frison and Jørgensen (2013). In this thesis, structure-exploiting algorithms
for the sparse formulation are considered.

3.1.1 Model predictive control
Model predictive control is a control strategy where the control input that is
applied to the controlled plant is computed by solving a cftoc problem at each
iteration in the control loop. It has become one of the most widely used advanced
control strategies in industry today, and some important reasons for its success
are that it can handle multivariable systems and constraints on control inputs and
state variables in a structured way (Maciejowski, 2002). Depending on for example
which application, controlled system and problem formulation that is used, the
mpc problem and the corresponding cftoc problem can be of various types. Some
common types are linear mpc, nonlinear mpc and hybrid mpc. For linear mpc,
the cftoc problem is often in the form (3.1). However, cftoc problems in the
form (3.1) are also important when solving more general mpc problems such as
nonlinear mpc.

The solution to the cftoc problem can be computed on-line or off-line. One
technique for solving the optimization problem off-line is explicit mpc, where the
state-space is divided into polyhedral regions and an affine state feedback is com-
puted off-line for each region, see for example Bemporad et al. (2002). Given the
current state during run-time, the correct feedback can be applied by determining
which region the current state belongs to. However, the complexity and memory
requirements of computing and storing the regions and control laws might be
intractable already for small-sized problems (Grancharova et al., 2003). An pre-
sentation of explicit mpc will be given in Chapter 4, where also multiparametric
programming (mp-qp) problems are surveyed.

In mpc, a dynamic model of the controlled system is used to predict the behaviour
over a prediction horizon, and the control input is optimized over this prediction
horizon to minimize a performance criterion. The prediction is performed over a
prediction horizon N steps into the future, and longer prediction horizons gene-
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rally generates more computationally demanding optimization problems but better
control performance. Only the first control input is applied to the system that is
controlled. The mpc controller operates using a receding horizon strategy, mea-
ning that the control signal at time t0 is computed using the predictions up to time
t0 + N , and the control input at time t1 is computed using the predictions up to
time t1 + N , etc. This is illustrated in Figure 3.1, where the control input at time
t = 20 is about to be computed. Here, a prediction horizon of N = 20 is used,
and the predicted control input and output variable are marked in red. The blue
dashed line symbolizes the predicted output. The real output might differ from
the predicted one due to for example model error and/or disturbances. At each
step in the mpc control loop the measured (or estimated) current state is used as
initial value, and hence the mpc controller operates in closed loop (Maciejowski,
2002). The basic steps in an mpc control loop are outlined in Algorithm 3.
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Figure 3.1: Here, an illustration of the receding horizon strategy in the mpc
control loop is presented. The control input at time t = 20 is computed for
an mpc problem with N = 20. The predicted output and control inputs are
marked in red. The blue dashed line indicates that the predicted output and
the real output might differ from each other.

Algorithm 3 Basic mpc operation
1: repeat
2: Measure (or estimate) current state at time t
3: Solve a cftoc problem over the prediction horizon t to t + N to compute

the control inputs
4: Apply the first computed control input at time t
5: until Break by user
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3.1.2 Moving horizon estimation

Although mhe problems are not optimal control problems per se, they have a
similar problem structure as the mpc problem (Rao, 2000; Jørgensen, 2004). In
mhe, the state-estimate is obtained as the solution to a highly structured opti-
mization problem solved on-line in a receding horizon fashion. In the same spirit
as mpc adds the possibility for optimal control under constraints, mhe adds the
possibility for optimal estimation under constraints. It has been shown in Rao
(2000), Jørgensen (2004), and Haverbeke et al. (2009) that problem structure can
be exploited also for this application. Furthermore, the optimization problem that
is solved on-line in mhe can be shown to have a similar structure to the one in so-
called smoothing (Rao, 2000; Kailath et al., 2000). In smoothing, measurements
are available along the entire time window of estimation, which means that non-
causal estimation can be performed. From a computational point of view, mhe
can be interpreted as repeatedly solving smoothing problems in a receding horizon
fashion where only the last state estimate is actually returned as an estimate. This
is analogous to that only the first computed control input is applied in mpc. De-
pending on the type of system and problem formulation, the mhe problem can be
of different types and mhe can be applied to linear, nonlinear or hybrid systems.

It is shown in Jørgensen (2004) that the optimization problem arising in mhe can
be written as a cftoc problem. Hence, methods for solving cftoc problems in
the form (3.1) can also be useful when solving the optimization problem arising in
mhe and smoothing applications.

Here, the optimization problem arising in mhe problems for affine systems with
affine inequality constraints is repeated from Jørgensen (2004), but using slightly
different notation. This optimization problem is given by the inequality constrai-
ned qp problem

minimize
x̄,w̄,v̄

1
2 (x̄0 − x̃0)T P̄ −1

0 (x̄0 − x̃0) +

1
2

Nmhe∑
k=0

[
w̄k − w̃k

v̄k − ṽk

]T [ Q̄w,k Q̄wv,k

Q̄T
wv,k Q̄v,k

]−1 [
w̄k − w̃k

v̄k − ṽk

]
subject to x̄k+1 = Ākx̄k + B̄kw̄k + āk, k ∈ Z0,Nmhe

ȳk = C̄kx̄k + v̄k + d̄k, k ∈ Z0,Nmhe

H̄x,kx̄k + H̄w,kw̄k + h̄k � 0, k ∈ Z0,Nmhe .

(3.9)

Here Nmhe is the estimation horizon, x̄k ∈ Rnx is the state, w̄k ∈ Rnw is the
process noise, v̄k ∈ Rny is the measurement noise and ȳk ∈ Rny is the measured
output (Jørgensen, 2004). The initial state and the initial covariance matrix are
x̃0 and P̄0, respectively, and w̃k and ṽk are the nominal values for w̄k and v̄k, re-
spectively. A stochastic interpretation of this problem is found in for example Ro-
bertson et al. (1996) and Kailath et al. (2000). However, here the problem (3.9)
is considered to be a deterministic optimization problem, which is sufficient from
a computational point of view. It is shown in Jørgensen (2004) how (3.9) can be
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written as a cftoc problem by eliminating v̄k using the measurement equation
ȳk = C̄kx̄k + v̄k + d̄k and by introducing new variables. To re-formulate the opti-
mization problem (3.9), introduce the notation N , Nmhe + 2, and xt for t ∈ Z0,N

and wt for t ∈ Z0,N−1 as

x0 , x̃0, xt , x̄t−1, t ∈ Z1,N , w0 , x̄0 − x̃0, wt , w̄t−1, t ∈ Z1,N−1. (3.10)

Furthermore, introduce Q̃x,t, Q̃xw,t, Q̃w,t, l̃x,t, l̃w,t, c̃t, Ãt, B̃t, ãt, H̃x,t, H̃w,t and
h̃t as in Appendix 3.B. Then, the mhe problem (3.9) can be equivalently written

minimize
x,w

N−1∑
t=0

(
1
2

[
xt

wt

]T [
Q̃x,t Q̃xw,t

Q̃T
xw,t Q̃w,t

] [
xt

wt

]
+
[

l̃x,t

l̃w,t

]T [
xt

wt

]
+ c̃t

)
+

1
2xT

N Q̃x,N xN + l̃Tx,N xN + c̃N

subject to x0 = x̃0

xt+1 = Ãtxt + B̃twt + ãt, t ∈ Z0,N−1

H̃x,txt + H̃w,twt + h̃t � 0, t ∈ Z0,N−1

H̃x,N xN + h̃N � 0.
(3.11)

The optimization problem in (3.11) is in the same form as the cftoc problem
in (3.1), and hence the mhe problem (3.9) can be solved by instead computing the
solution to a cftoc problem in the form (3.1).

3.2 Solving Constrained Finite-Time Optimal Control
Problems

When assumptions 3.1 and 3.2 hold, the cftoc problem (3.1) is a convex qp
problem with a unique solution (Maciejowski, 2002). Hence, any method for sol-
ving this type of problem can be applied to (3.1) to find the optimal solution. In
many cases, the effort spent when solving the cftoc problem using second-order
methods boils down to solving Newton-system-like equations that correspond to
uftoc problems. See the related work in Section 1.1.2 for some examples where
the structure of the cftoc problem have been exploited in different ways to im-
prove the performance of second-order methods for cftoc problems.

In this section, ip and as methods that compute the search directions using the
Newton method are presented. The purpose with this section is to show that the
search directions for such methods can be computed by solving uftoc problems.
The section should not be considered a survey on qp methods for solving cf-
toc problems, but it should rather be seen as a motivation for emphasizing the
significance of the contributions presented in chapters 5-7.
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3.2.1 Interior-point methods

The cftoc problem (3.1) can be solved using ip methods that exploit the special
problem structure. Examples of how the structure can be exploited are found in
for example Wright (1993), Rao et al. (1998), Hansson (2000), Axehill et al. (2007),
and Domahidi et al. (2012). In Section 2.7 a basic ip method to solve a convex
optimization problem was introduced, and here it will be shown that the main
computational effort when using ip methods to solve the cftoc problem (3.1) is
spent when solving a sequence of uftoc problems.

In Section 2.7 it is argued that, when using an ip method for solving a convex
optimization problem, a sequence of centering problems in the form (2.31) are
solved. Furthermore, each centering problem is solved by computing a sequence of
Newton steps corresponding to equality constrained qps in the form (2.40). For the
cftoc problem (3.1), each of these equality constrained qps can be obtained by
using second-order Taylor expansions of the non-linear functions in the centering
problem (2.31) around a feasible point (x̄, ū). By using the compact formulation of
the cftoc problem as in (3.5), the Hessian and gradient of the objective function
f0 are given by

s∇2f0(x, u) = s

[
Q̃x Q̃xu
Q̃T

xu Q̃u

]
, s∇f0(x, u) = s

[
Q̃x Q̃xu
Q̃T

xu Q̃u

] [
x
u

]
+ s

[̃
lx
l̃u

]
, (3.12)

where “s” is used here instead of “t” in (2.31) and (2.38) to avoid confusion with
the time index t in (3.1). To compute the gradient and Hessian of the logarithmic
barrier function in (2.32), i.e., ∇φ(x̄, ū) and ∇2φ(x̄, ū), it is noted from (2.32) and
the definition of the inequality constraints in (3.1) that

φ(x, u) =
N−1∑
t=0

φt(xt, ut) + φN (xN ), (3.13a)

φt(x, u) , −
nc,t∑
i=1

log
(
−H̃x,i,tx − H̃u,i,tu − h̃i,t

)
, (3.13b)

φN (x) , −
nc,N∑
i=1

log
(
−H̃x,i,N x − h̃i,N

)
, (3.13c)

and hence ∇φ(x, u) and ∇2φ(x, u) will have the structure

∇φ(x, u) =



∇xφ0(x0, u0)
...

∇xφN (xN )
∇uφ0(x0, u0)

...
∇uφN−1(xN−1, uN−1)


, ∇2φ(x, u) =

[
∇2

xφ(x, u) ∇2
xuφ(x, u)

∇2
uxφ(x, u) ∇2

uφ(x, u)

]
.

(3.14)
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From the definition of φ(x, u) it follows that the blocks in the Hessian ∇2φ(x, u)
in (3.14) are block diagonal, and that they are defined as

∇2
xφ(x, u) ,

∇2
xφ0(x0, u0)

. . .

∇2
xφN (xN )

 , (3.15a)

∇2
uφ(x, u) ,

∇2
uφ0(x0, u0)

. . .

∇2
uφN−1(xN−1, uN−1)

 , (3.15b)

∇2
xuφ(x, u) ,


∇2

xuφ0(x0, u0)
. . .

∇2
xuφN−1(xN−1, uN−1)

0 . . . 0

 , (3.15c)

∇2
uxφ(x, u) ,

(
∇2

xuφ(x, u)
)T

. (3.15d)

The notation ∇2
xφt(x̄t, ūt) is used to denote the Hessian of φt(x, u) with respect

to x evaluated at the point x = x̄t and u = ūt, and analogously for ∇2
uφt(x̄t, ūt)

and ∇2
xuφt(x̄t, ūt). The gradient and Hessian ∇φ(x̄, ū) and ∇2φ(x̄, ū) are computed

by inserting x̄ and ū into (3.14).

The equality constraints in the problem (2.40) can be formed by inserting the
point x̄ + ∆x and ū + ∆u into the dynamics equations in (3.5), i.e.,

Ã (x̄ + ∆x) + B̃ (ū + ∆u) + ã = 0 ⇐⇒
Ãx̄ + B̃ū + ã + Ã∆x + B̃∆u = 0 ⇐⇒ Ã∆x + B̃∆u = 0.

(3.16)

The last step holds since x̄ and ū are primal feasible and hence satisfy

Ãx̄ + B̃ū + ã = 0. (3.17)

By using the expressions for the gradients and Hessians in (3.12) and (3.14), the
objective function of the approximated optimization problem (2.40) can be written

1
2

[
∆x
∆u

]T (
s

[
Q̃x Q̃xu
Q̃T

xu Q̃u

]
+
[

∇2
xφ(x̄, ū) ∇2

xuφ(x̄, ū)
∇2

uxφ(x̄, ū) ∇2
uφ(x̄, ū)

])[
∆x
∆u

]
+(

s

[
Q̃x Q̃xu
Q̃T

xu Q̃u

] [
x̄
ū

]
+ s

[̃
lx
l̃u

]
+
[
∇xφ(x̄, ū)
∇uφ(x̄, ū)

])T [
∆x
∆u

]
+ sf0(x̄, ū) + φ(x̄, ū).

(3.18)

If the structure in the matrices in (3.18) is considered, it is clear that the quadratic
part of the objective function is sparse with the same sparsity pattern as for the
quadratic part in the cftoc problem (3.5). Also the linear term has similar
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structure as in (3.5). Now define

Qx,t , sQ̃x,t + ∇2
xφt(x̄t, ūt), t ∈ Z0,N−1, (3.19a)

Qx,N , sQ̃x,N + ∇2
xφN (x̄N ), (3.19b)

Qu,t , sQ̃u,t + ∇2
uφt(x̄t, ūt), t ∈ Z0,N−1, (3.19c)

Qxu,t , sQ̃xu,t + ∇2
xuφt(x̄t, ūt), t ∈ Z0,N−1, (3.19d)

lx,t , sQ̃x,tx̄t + sQ̃xu,tūt + sl̃x,t + ∇xφt(x̄t, ūt), t ∈ Z0,N−1, (3.19e)

lx,N , sQ̃x,N x̄N + sl̃x,N + ∇xφN (x̄N ), (3.19f)

lu,t , sQ̃u,tūt + sQ̃T
xu,tx̄t + sl̃u,t + ∇uφt(x̄t, ūt), t ∈ Z0,N−1, (3.19g)

ct , s

[
x̄t

ūt

]T [
Q̃x,t Q̃xu,t

Q̃T
xu,t Q̃u,t

] [
x̄t

ūt

]
+ s

[
l̃x,t

l̃u,t

]T [
x̄t

ūt

]
+ sc̃t + φt(x̄t, ūt), t ∈ Z0,N−1,

(3.19h)

cN , s
(

x̄T
N Q̃x,N x̄N + l̃Tx,N x̄N + c̃N

)
+ φN (x̄N ), (3.19i)

and re-write the dynamics equations (3.16) as the equivalent equations

∆x0 = 0, (3.20a)
∆xt+1 = Ãt∆xt + B̃t∆ut, t ∈ Z0,N−1. (3.20b)

Then, it can be concluded that when solving the cftoc problem (3.1), the cen-
tering step (2.31) can be solved by computing a sequence of Newton steps corre-
sponding to the solutions to uftoc problems in the form

minimize
x,u

N−1∑
t=0

(
1
2

[
∆xt

∆ut

]T [Qx,t Qxu,t

QT
xu,t Qu,t

] [
∆xt

∆ut

]
+
[
lx,t

lu,t

]T [
∆xt

∆ut

]
+ ct

)
+

1
2∆xT

N Qx,N∆xN + lTx,N∆xN + cN

subject to ∆x0 = 0
∆xt+1 = Ãt∆xt + B̃t∆ut, t ∈ Z0,N−1.

(3.21)

In this section the centering step and the corresponding Newton steps for a basic
barrier method was presented. However, systems of equations of the same structure
may also arise when using primal-dual ip methods (Rao et al., 1998; Boyd and
Vandenberghe, 2004; Axehill et al., 2007). Hence, the main computational effort
in many ip solvers that are applied to solve cftoc problems is spent on solving
sequences of Newton steps in the form of uftoc problems as in (3.21).



3.2 Solving Constrained Finite-Time Optimal Control Problems 33

3.2.2 Active-set methods

In this section it will be shown how the search directions that are required by an
as solver, like for example the one in Algorithm 1, can be computed when it is
applied to solve a cftoc problem. Here, cftoc problems with upper and lower
bounds on the control inputs will be considered. Hence, the cftoc problem is
given in form

minimize
x,u

N−1∑
t=0

(
1
2

[
xt

ut

]T [
Q̃x,t Q̃xu,t

Q̃T
xu,t Q̃u,t

] [
xt

ut

]
+
[
l̃x,t

l̃u,t

]T [
xt

ut

]
+ c̃t

)
+

1
2xT

N Q̃x,N xN + l̃Tx,N xN + c̃N

subject to x0 = x̄

xt+1 = Ãtxt + B̃tut + ãt, t ∈ Z0,N−1

umin,t � ut � umax,t, t ∈ Z0,N−1.

(3.22)

Let assumptions 3.1 and 3.2 still hold for (3.22) to guarantee a unique solution.

Let the working set Wj and its complement Wc
j at as iteration j be introduced

as in Section 2.6. In the cftoc problem in (3.22) only control input box con-
straints are used, and hence the working set describes the set of control inputs
that are temporarily fixed to a constant value (either the maximum or minimum
limit). Adding a constraint to the working set, i.e., forcing a constraint to hold
with equality, thus corresponds to removing that control input as an optimization
variable from the optimization problem (3.22). Similarly, by disregarding an ine-
quality constraint, the corresponding control input becomes unconstrained and is
introduced as an optimization variable in the optimization problem. This can be
formalized by introducing wt as the free part of the control inputs and vt as the
fixed part, i.e.,

wt , ut(Wc
j ), vt , ut(Wj), ut = Π

[
wt

vt

]
, (3.23)

where Π is a permutation matrix satisfying ΠT Π = I. Here the notation ut(Wj)
is used to denote the elements in ut that are affected by constraints with indices
in Wj . Using this notation, B̃t, Q̃u,t, Q̃xu,t and l̃u,t can be partitioned into parts
corresponding to wt and vt, respectively, giving

B̃t =
[
B̃w,t B̃v,t

]
ΠT , Q̃xu,t =

[
Q̃xw,t Q̃xv,t

]
ΠT , (3.24a)

Q̃u,t = Π

[
Q̃w,t Q̃wv,t

Q̃T
wv,t Q̃v,t

]
ΠT , l̃u,t =

[
l̃w,t

l̃v,t

]
ΠT . (3.24b)

The variables vt can be eliminated from the optimization problem by inserting
the fixed values given by the corresponding inequality constraints in the working
set Wj . Inserting this partitioning of ut and B̃t into the dynamics constraints
in (3.22) gives
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xt+1 = Ãtxt + B̃tut + ãt = Ãtxt + B̃w,twt + B̃v,tvt + ãt = Ãtxt + B̃w,twt + ãv,t,
(3.25)

where ãv,t is defined as

ãv,t , B̃v,tvt + ãt. (3.26)

Similarly, by using the partitioning of the control input and the matrices in the
objective function in the cftoc problem (3.22) gives the expression

N−1∑
t=0

(
1
2

[
xt

wt

]T [
Q̃x,t Q̃xw,t

Q̃T
xw,t Q̃w,t

] [
xt

wt

]
+
[

lx,t

lw,t

]T [
xt

wt

]
+ ct

)
+

1
2xT

N Q̃x,N xN + l̃Tx,N xN + c̃N ,

(3.27)

where lx,t, lw,t and ct are defined as

lx,t , l̃x,t + Q̃xv,tvt, (3.28a)
lw,t , l̃w,t + Q̃wv,tvt, (3.28b)

ct , c̃t + 1
2vT

t Q̃v,tvt + l̃Tv,tvt. (3.28c)

Hence, by using this partition of the control input and the matrices, the uftoc
problem that is solved at as iteration j to compute the Newton step can be written
in the form

minimize
x,w

N−1∑
t=0

(
1
2

[
xt

wt

]T [
Q̃x,t Q̃xw,t

Q̃T
xw,t Q̃w,t

] [
xt

wt

]
+
[

lx,t

lw,t

]T [
xt

wt

]
+ ct

)
+

1
2xT

N Q̃x,N xN + l̃Tx,N xN + c̃N

subject to x0 = x̄

xt+1 = Ãtxt + B̃w,twt + ãv,t, t ∈ Z0,N−1.
(3.29)

3.3 Computing the Newton Step

As was indicated in the previous section, the computation of the Newton step is
an important part when using both as and ip methods to solve a cftoc problem.
Both types of methods require a sequence of Newton steps to be computed in order
to solve the cftoc problem, and this is where the most computational effort is
used (Rao et al., 1998; Vandenberghe et al., 2002; Nocedal and Wright, 2006; Axe-
hill et al., 2007). Hence, efficient numerical algorithms that compute the solution
to the corresponding uftoc problems are crucial to obtain high performance in
many of these types of methods.
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The equality constrained qp problems (3.21) and (3.29) are obtained when com-
puting the search directions in ip and as solvers when solving cftoc problems.
Both these optimization problems have the same structure as a uftoc problem
and hence, from a computational point of view, they can be interpreted as actually
being uftoc problems in the form

minimize
x,u

N−1∑
t=0

(
1
2

[
xt

ut

]T [Qx,t Qxu,t

QT
xu,t Qu,t

] [
xt

ut

]
+
[
lx,t

lu,t

]T [
xt

ut

]
+ ct

)
+

1
2xT

N Qx,N xN + lTx,N xN + cN

subject to x0 = x̄

xt+1 = Atxt + Btut + at, t ∈ Z0,N−1,
(3.30)

where xt ∈ Rnx are the states, ut ∈ Rnu,t are the control inputs, and the equality
constraints corresponds to the dynamics constraints of an affine dynamical system.

Assumption 3.3. Qt ,

[
Qx,t Qxu,t

QT
xu,t Qu,t

]
∈ Snx+nu,t

+ , t ∈ Z0,N−1, Qx,N ∈ Snx
+ .

Assumption 3.4. Qu,t ∈ Snu,t
++ , t ∈ Z0,N−1.

When assumptions 3.3 and 3.4 hold, the uftoc problem has a unique optimal
solution (Åström and Wittenmark, 1984; Maciejowski, 2002). Note that licq
always holds for the uftoc problem in (3.30).

If numerical differences are neglected, the number of problems in the sequence of
uftoc problems that are solved to compute the solution to a cftoc problem is
independent of how these uftoc problems are solved. Hence, the overall relative
performance gain in terms of computation time for solving the entire sequence of
problems in order to solve the cftoc problem is roughly the same as the relative
performance gain obtained when solving a single uftoc problem. However, note
that in practice numerical errors in the solution of the uftoc problems might
result in that different numbers of uftoc problems are required to be solved in
order to compute the solution to the cftoc problem. Investigating this is however
outside the scope of this thesis.

Definition 3.5. Consider a constraint aT
i x − bi = 0 or fi(x) ≤ 0 in a convex optimi-

zation problem in the form in (2.7). Then the notation

γi ↔ aT
i x − bi = 0 or γi ↔ fi(x) ≤ 0, (3.31)

associates γi to be the dual variable corresponding to constraint i.

In Definition 3.5 the notation ↔ is introduced to indicate the connection between
an equality or inequality constraint and the corresponding dual variable in a convex
optimization problem. By extending the notation in Definition 3.5 to vector valued
constraints, and introducing λ0, . . . , λN ∈ Rnx as the dual variables associated
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with the equality constraints in (3.30) gives

λ0 ↔ −x0 + x̄ = 0, (3.32a)
λt+1 ↔ −xt+1 + Atxt + Btut + at = 0, t ∈ Z0,N−1. (3.32b)

Note that the dual variables λt ∈ Rnx are vector valued, whereas in Definition 3.5
γi is a scalar. Furthermore, by also defining

λ ,

λ0
...

λN

 , (3.33)

the kkt conditions (2.15) for the uftoc problem (3.30) are given by the linear
system of equations  Qx Qxu AT

Qxu
T Qu BT

A B

x
u
λ

 =

−lx
−lu
−a

 , (3.34)

where the highly structured Qx, Qxu, Qu, lx, lu, A, B and a are defined as for
problem (3.5) in Appendix 3.A. By re-arranging the variables and the equations
in (3.34), the kkt system can be written in an equivalent, almost block diagonal,
form given by

−I
−I Qx,0 Qxu,0 AT

0
QT

xu,0 Qu,0 BT
0

A0 B0 −I
−I Qx,1

. . .
−I

−I Qx,N−1 Qxu,N−1 AT
N−1

QT
xu,N−1 Qu,N−1 BT

N−1
AN−1 BN−1 −I

−I Qx,N





λ0
x0
u0
λ1
x1
...

uN−1
λN

xN


=



−x̄
−lx,0
−lu,0
−a0
−lx,1

...
−lx,N−1
−lu,N−1
−aN−1
−lx,N


.

(3.35)

According to Theorem 2.8, a solution to the system of equations (3.35) is an
optimal primal and dual solution to the uftoc problem (3.30). Hence, solving
the uftoc problem (3.30), i.e., computing a Newton step in an ip or as solver,
corresponds to solving the linear system of equations in (3.35).

When assumptions 3.3 and 3.4 hold, the kkt matrix is non-singular (Åström and
Wittenmark, 1984; Vandenberghe et al., 2002) and hence there exists a unique
solution to (3.35). There exists many methods to solve the linear systems of equa-
tions in (3.35). The naive way to solve (3.35) would be to compute the inverse
of the kkt matrix, but since the inverse is not explicitly needed, some factori-
zation method is used in practise. Good references on numerical algorithms for
solving linear systems of equations are for example Golub and Van Loan (1996)
and Stewart (1998). Using a factorization method such as the ldl factorization,
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that does not exploit the special structure in the kkt matrix, to compute the so-
lution to (3.35) requires O

(
N3 (nx + nu)3

)
floating-point operations. When a se-

quence of uftoc problems in the form in (3.30) are solved, the solution to the kkt
systems in the form in (3.35) can be solved by modifying the factorization instead
of re-computing it from scratch, which requires O

(
N2 (nx + nu)2

)
floating-point

operations when no structure is exploited. However, the kkt matrix in (3.35) has
a special almost block-diagonal structure, and some popular algorithms that ex-
ploit the sparse structure require only O

(
N (nx + nu)3

)
floating-point operations

to solve (3.35). One such algorithm that can be used to solve (3.35) efficiently is
the Riccati recursion (Jonson, 1983; Rao et al., 1998; Vandenberghe et al., 2002;
Axehill, 2008).

3.4 Solving the Karush-Kuhn-Tucker System using the
Riccati Recursion

The Riccati recursion factors the kkt matrix, and the factorization is followed by
backward and forward substitutions for solving the system of equations. In this
section the derivation of the Riccati recursion is presented, and it is also presented
how to handle the case with a singular kkt matrix.

3.4.1 Derivation of the Riccati recursion
The derivation of the Riccati recursion that will be presented here is similar to
what is presented in Rao et al. (1998) and Axehill (2005), but is here given for a
uftoc problem in the form in (3.30). The details of the derivation of the Riccati
recursion will be needed when deriving the algorithms in chapters 5 and 6.

By inspecting the system of equations (3.35) it can be seen that the kkt system
consists of N blocks of equations in the form−I Qx,t Qxu,t

0 QT
xu,t Qu,t

0 At Bt

λt

xt

ut

+

AT
t 0

BT
t 0

0 −I

[λt+1
xt+1

]
=

−lx,t

−lu,t

−at

 , t ∈ Z0,N−1, (3.36)

and the two boundary equations

x0 = x̄, (3.37a)
−λN + Qx,N xN = −lx,N . (3.37b)

An induction argument will now be used to show that there exist a matrix Pt ∈ Snx
+

and a vector Ψ t ∈ Rnx for t ∈ Z0,N such that

Ptxt − λt = Ψ t, (3.38)

holds. Furthermore, it will be shown how the property in (3.38) can be exploited
to solve the system of equations (3.35).

First, note that the choice PN = Qx,N and ΨN = −lx,N in (3.38) satisfies the
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boundary equation (3.37b). Now assume that (3.38) holds for some arbitrary t + 1
with Pt+1 ∈ Snx

+ and t ∈ Z0,N−1. Inserting λt+1 = Pt+1xt+1 − Ψ t+1 into (3.36)
gives the equivalent system of equations−I Qx,t Qxu,t

0 QT
xu,t Qu,t

0 At Bt

λt

xt

ut

+

AT
t Pt+1

BT
t Pt+1
−I

xt+1 −

AT
t

BT
t

0

Ψ t+1 =

−lx,t

−lu,t

−at

 . (3.39)

By eliminating xt+1 from (3.39) using the dynamics constraints in the last block
equation in (3.39), this system of equations can equivalently be written[

−I Qx,t + AT
t Pt+1At Qxu,t + AT

t Pt+1Bt

0 QT
xu,t + BT

t Pt+1At Qu,t + BT
t Pt+1Bt

]λt

xt

ut

+

[
AT

t

BT
t

]
(Pt+1at − Ψ t+1) =

[
−lx,t

−lu,t

]
.

(3.40)

Now, introduce the auxiliary variables Ft+1, Ht+1 and Gt+1 as

Ft+1 , Qx,t + AT
t Pt+1At ∈ Snx

+ , (3.41a)
Ht+1 , Qxu,t + AT

t Pt+1Bt ∈ Rnx×nu,t , (3.41b)
Gt+1 , Qu,t + BT

t Pt+1Bt ∈ Snu,t
++ . (3.41c)

Then, the block equations in (3.40) can equivalently be written as[
−I Ft+1 Ht+1
0 HT

t+1 Gt+1

]λt

xt

ut

+
[
AT

t

BT
t

]
(Pt+1at − Ψ t+1) =

[
−lx,t

−lu,t

]
. (3.42)

Furthermore, implicitly define the auxiliary variables Kt+1 and kt+1 by using the
systems of equations

Gt+1Kt+1 , −HT
t+1, (3.43a)

Gt+1kt+1 , −
(

lu,t + BT
t Pt+1at − BT

t Ψ t+1
)

. (3.43b)

Then, by multiplying (3.42) with the invertible matrix[
I KT

t+1
0 I

]
, (3.44)

from the left and using (3.43a) gives the equivalent system of equations[
−I Ft+1 + KT

t+1HT
t+1 0

0 HT
t+1 Gt+1

]λt

xt

ut

+

[
(At + BtKt+1)T

BT
t

]
(Pt+1at − Ψ t+1) =

[
−lx,t − KT

t+1lu,t

−lu,t

]
.

(3.45)
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From the implicit definitions of Kt+1 and kt+1 in (3.43) it follows that the feedback

ut = Kt+1xt + kt+1, (3.46)

satisfies the lower block equations in (3.45). Furthermore, by using (3.43a) it
follows that the first block equation in (3.45) can be written as

− λt +
(

Ft+1 − KT
t+1Gt+1Kt+1

)
xt + (At + BtKt+1)T (Pt+1at − Ψ t+1) =

− lx,t − KT
t+1lu,t ⇐⇒ −λt +

(
Ft+1 − KT

t+1Gt+1Kt+1
)

xt = AT
t Ψ t+1−

AT
t Pt+1at − lx,t − KT

t+1

(
lu,t + BT

t Pt+1at − BT
t Ψ t+1

)
.

(3.47)

By identifying the terms in (3.47) with the ones in (3.38), it follows that (3.47)
can be written

− λt + Ptxt = Ψ t, (3.48)
with

Pt , Ft+1 − KT
t+1Gt+1Kt+1, (3.49a)

Ψ t , AT
t Ψ t+1 − AT

t Pt+1at − lx,t − KT
t+1

(
lu,t + BT

t Pt+1at − BT
t Ψ t+1

)
. (3.49b)

By using the definitions of Kt+1 and kt+1 from (3.43) and Gt+1 ∈ Snu,t
++ , it follows

that (3.49b) can equivalently be written

Ψ t = AT
t Ψ t+1 − AT

t Pt+1at − lx,t − Ht+1kt+1. (3.50)

Furthermore, define the auxiliary matrix

Mt+1 ,

[
Ft+1 Ht+1
HT

t+1 Gt+1

]
=
[

Qx,t Qxu,t

QT
xu,t Qu,t

]
+
[
AT

t

BT
t

]
Pt+1

[
At Bt

]
∈ Snx+nu,t

+ ,

(3.51)

which is positive semidefinite by construction. Then it follows from the definition
of Kt+1 in (3.43a) and Gt+1 ∈ Snu,t

++ that Pt can be equivalently computed as

Pt = Ft+1 − KT
t+1Gt+1Kt+1 = Ft+1 − Ht+1G−1

t+1HT
t+1 = Mt+1/Gt+1 ∈ Snx

+ .
(3.52)

The last equality follows from the definition of the Schur complement in Defini-
tion A.6, and Pt ∈ Snx

+ follows from Theorem A.10, both given in Appendix A.

Hence, if there exist a Pt+1 ∈ Snx
+ and a Ψ t+1 ∈ Rnx such Pt+1xt+1 − λt+1 = Ψ t+1

for some t ∈ Z0,N−1, then it also exist a Pt ∈ Snx
+ and a Ψ t ∈ Rnx such that

Ptxt − λt = Ψ t. This holds for an arbitrary t ∈ Z0,N−1.
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Remark 3.6. In the derivation of Pt in (3.49a), the non-singularity of Gt+1 ∈ Snu,t
++ is not

exploited. Hence, the definition of Pt in (3.49a) holds even when Gt+1 ∈ Snu,t
+ .

Note that the matrix Pt in (3.52) is unique, which can be derived from the unique-
ness of Ft+1, Ht+1 and Gt+1. Furthermore, it follows from the definitions of Ft+1,
Ht+1 and Gt+1 in (3.41) that (3.52) is the discrete-time Riccati equation (Rao
et al., 1998; Bertsekas, 2000)

Pt =Qx,t+AT
t Pt+1At−

(
Qxu,t+AT

t Pt+1Bt

)(
Qu,t+BT

t Pt+1Bt

)−1(
QT

xu,t+BT
t Pt+1At

)
.

(3.53)

Furthermore, by denoting the cost-to-go function (Bertsekas, 2000) at time t for
the uftoc problem (3.30) as J(xt), it follows that

J(xt) , xT
t Ptxt − Ψ T

t xt + c̄t, (3.54)

where c̄t ∈ R can be computed as

c̄N , cN , (3.55a)

c̄t , c̄t+1 + ct + 1
2aT

t Pt+1at − Ψ T
t+1at − 1

2kT
t+1Gt+1kt+1, t ∈ Z0,N−1. (3.55b)

See Bertsekas (2000) for the details for the definition of the cost-to-go function.

From the definitions of Pt and Ψ t in (3.49), and of Kt+1 and kt+1 in (3.43), it
follows that when these have been computed, the solution to the kkt system (3.35)
is given by

x0 = x̄, (3.56a)
ut = kt+1 + Kt+1xt, t ∈ Z0,N−1, (3.56b)

xt+1 = Atxt + Btut + at, t ∈ Z0,N−1, (3.56c)
λt = Ptxt − Ψ t, t ∈ Z0,N . (3.56d)

Here (3.56b) follows directly from (3.46). This is summarized in algorithms 4, 5
and 6. The computation of Pt, Ht+1, Ft+1, Gt+1 and Kt+1 can be interpreted as
a factorization of the kkt matrix in (3.35) (Rao et al., 1998; Vandenberghe et al.,
2002) and is summarized in Algorithm 4. This factorization will be referred to
as the Riccati factorization in this thesis. Algorithm 5 is a backward recursion
where the variables kt+1 and Ψ t are computed. Finally, to compute the solution
to the uftoc problem, the forward recursion in Algorithm 6 is used. At Line 6
in Algorithm 4, Gt+1 is factored using a suitable factorization such as the Cho-
lesky factorization. The factorization of Gt+1 can be used to solve the system of
equations at Line 7 in Algorithm 4 and at Line 3 in Algorithm 5. Hence, the ma-
trix Gt+1 is never explicitly inverted and the factorization is reused during several
operations. See for example Golub and Van Loan (1996) or Stewart (1998) for
more details on different factorization techniques. In Algorithm 5, the backward
recursion to compute the c̄t in the cost-to-go function in (3.54) is included.
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Algorithm 4 Riccati factorization
1: PN := Qx,N

2: for t = N − 1, . . . , 0 do
3: Ft+1 := Qx,t + AT

t Pt+1At

4: Gt+1 := Qu,t + BT
t Pt+1Bt

5: Ht+1 := Qxu,t + AT
t Pt+1Bt

6: Compute and store a factorization of Gt+1
7: Compute a solution Kt+1 to

Gt+1Kt+1 = −HT
t+1

8: Pt := Ft+1 − KT
t+1Gt+1Kt+1

9: end for

Algorithm 5 Backward recursion
1: ΨN := −lx,N , c̄N := cN

2: for t = N − 1, . . . , 0 do
3: Compute a solution kt+1 to

Gt+1kt+1 = BT
t Ψ t+1 − lu,t − BT

t Pt+1at

4: Ψ t := AT
t Ψ t+1 − Ht+1kt+1 − lx,t − AT

t Pt+1at

5: c̄t := c̄t+1 + ct + 1
2aT

t Pt+1at − Ψ T
t+1at − 1

2kT
t+1Gt+1kt+1

6: end for

3.4.2 Handling singular Karush-Kuhn-Tucker systems

Some methods for solving cftoc problems require the factorization of the kkt
matrix of a uftoc problem in the form in (3.30), but where Assumption 3.4
does not hold. Examples of such methods are dual as methods and dual gradient
projection methods as the one presented in Axehill (2008) and Axehill and Hansson
(2008). In such problems, the matrices Gt+1 in the Riccati factorization might be
singular and hence the matrices Kt+1 might be non-unique. However, Pt is still
unique even in the case of a singular kkt matrix (Axehill, 2008).

If Gt+1 is singular, then there might not exist any solution to the system of equa-
tions at Line 7 in Algorithm 4, i.e.,

Gt+1Kt+1 = −HT
t+1, (3.57)

or if it is solvable, the solution is not unique. From Theorem A.10 and Lemma A.4
it follows that the system of equations in (3.57) is actually solvable since

Mt+1 =
[

Ft+1 Ht+1
HT

t+1 Gt+1

]
∈ Snx+nu,t

+ , (3.58)

giving R
(
HT

t+1
)

⊂ R (Gt+1). Hence, the Riccati factorization exists even in the
case of a singular kkt matrix, but Kt+1 is not unique. Furthermore, by using the
basic property (A.1a) of the pseudo-inverse of Gt+1, i.e.,

Gt+1 = Gt+1G†
t+1Gt+1, (3.59)
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Algorithm 6 Forward recursion
1: x0 := x̄
2: for t = 0, . . . , N − 1 do
3: ut := kt+1 + Kt+1xt

4: xt+1 := Atxt + Btut + at

5: λt := Ptxt − Ψ t

6: end for
7: λN := PN xN − ΨN

together with (3.43a), (3.49a) and Remark 3.6, it follows that Pt can be computed
as in (3.52) but using the pseudo-inverse, giving

Pt =Ft+1 − KT
t+1Gt+1Kt+1 =

Ft+1 − KT
t+1Gt+1G†

t+1Gt+1Kt+1 = Ft+1 − Ht+1G†
t+1HT

t+1.
(3.60)

The expression in (3.60) can be recognized as the generalized Schur complement
of Gt+1 in Mt+1 given by

Pt = Mt+1/†Gt+1 ∈ Snx
+ , (3.61)

which is introduced in Definition A.5. Here, positive semidefiniteness of Pt follows
from Theorem A.10. Furthermore, since Ft+1, Ht+1 and G†

t+1 are unique, it follows
that also Pt is unique. However, when Gt+1 is singular Kt+1 is non-unique.

Even though the Riccati factorization always exists for a singular kkt matrix, it
is not certain that a solution exists to the linear systems of equations (3.35), or
the solution is not unique. Since Kt+1 can always be computed, the existence of a
solution to the kkt system is determined by the existence of a solution to (3.43b),
corresponding to Line 3 in Algorithm 5. If no solution kt+1 exists to the system
of equations in (3.43b), then the kkt system is not solvable. If the kkt system is
not solvable, then it should be reported to the solver applied to solve the cftoc
problem that the search direction can not be computed by solving the uftoc
problem. However, the Riccati factorization might still be useful as is shown
in Axehill (2008). It is then the task of the specific solver to handle this case at
the level above the numerical linear algebra.

If on the other hand (3.43b) is solvable, then it follows from Lemma A.4 that

κt ,
(

lu,t + BT
t Pt+1at − BT

t Ψ t+1
)

∈ R (Gt+1) . (3.62)

From Penrose (1955) it follows that the solutions to (3.43) are not unique when
Gt+1 is singular, and that all solutions to (3.43a) and (3.43b) are given by

Kt+1 , −G†
t+1HT

t+1 +
(

I − G†
t+1Gt+1

)
Zt+1, (3.63a)

kt+1 , −G†
t+1κt +

(
I − G†

t+1Gt+1
)

zt+1. (3.63b)

Here Zt+1 ∈ Rnu,t×nx and zt+1 ∈ Rnu,t denote an arbitrary matrix and vector,
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respectively, and κt is defined in (3.62). Note that
(

I − G†
t+1Gt+1

)
is the ortho-

gonal projection onto N (Gt+1) (Golub and Van Loan, 1996). Hence, from (3.56b)
and the properties of orthogonal projections it follows that ut can be computed as

ut = −G†
t+1HT

t+1xt − G†
t+1κt + uN

t , uN
t ∈ N (Gt+1) . (3.64)

Furthermore, from (3.63) and R
(
HT

t+1
)

⊂ R (Gt+1), together with the definition
of κt in (3.62) and the assumption that the kkt system is solvable, it follows that

KT
t+1κt = −Ht+1G†

t+1κt = Ht+1kt+1. (3.65)

Here κt ∈ R (Gt+1) ⇐⇒
(

I − Gt+1G†
t+1

)
κt = 0, and

(
I − Gt+1G†

t+1

)
HT

t+1 = 0
have been used. From (3.65) it follows that for the case when Gt+1 is singular and
the kkt system (3.35) is solvable, it is still possible to compute Ψ t as in (3.50).

In the case of non-unique solutions to the kkt system, the solver that is applied to
solve the cftoc problem must decide on which solution to choose. Conceptually,
this choice is made at the level above the numerical linear algebra.

3.5 Computing the Eliminated Dual Variables
In Section 3.2.2 it was shown how the Newton step can be computed when using an
as method to solve the cftoc problem (3.22). The uftoc problem that is solved
as a subproblem in the as method is obtained by eliminating the variables vt that
are constrained to fixed values by the inequality constraints in the working set. In
Section 2.6 it was shown that the dual variables corresponding to the inequality
constraints are important in an as solver, and in this section it will be shown how
to compute the dual variables associated with the inequality constraints when
computing the Newton step as in Section 3.2.2.

The inequality box constraints umin,t � ut � umax,t in (3.22) can equivalently be
written [

I
−I

]
ut �

[
umax,t

−umin,t

]
. (3.66)

Let the dual variables µt ∈ R2nu,t associated with these inequality constraints be
introduced as

µt ↔
[

I
−I

]
ut −

[
umax,t

−umin,t

]
� 0. (3.67)

Now, using a similar partition and notation as in Section 3.2.2, let µv,t be the dual
variables corresponding to the constraints in the working set Wj and let µw,t be the
dual variables corresponding to the constraints that are temporarily disregarded
at as iteration j. The dual variables µw,t are defined to be zero, i.e., µw,t , 0
(Nocedal and Wright, 2006). In order to compute µv,t, the kkt system for the
equality constrained qp problem (3.29) before eliminating the fixed vt is studied.
Let v̄t denote the fixed values of vt, i.e., vt = v̄t.
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Algorithm 7 Forward recursion - eliminated dual variables
1: for t = 0, . . . , N − 1 do
2: µw,t := 0
3: µv,t := lv,t + QT

xv,txt + QT
wv,twt + Qv,tvt + BT

v,tλt+1
4: end for

Using the partitioning of the control input as in Section 3.2.2 and the definition
of µt and v̄t in this section, it can be seen that a single block of equations in the
kkt system for the equality constrained qp problem before eliminating vt has the
structure



. . .
...

−I Qx,t Qxw,t Qxv,t 0 AT
t 0 . . .

0 QT
xw,t Qw,t Qwv,t 0 BT

w,t 0
0 QT

xv,t QT
wv,t Qv,t −I BT

v,t 0
0 0 0 −I 0 0 0
0 At Bw,t Bv,t 0 0 −I

−I Qx,t+1
. . .





...
λt

xt

wt

vt

µv,t

λt+1
xt+1

...


=



...
−lx,t

−lw,t

−lv,t

−v̄t

−at

−lx,t+1
...


.

(3.68)

The fourth block row in (3.68) was used in Section 3.2.2 to eliminate the fixed
part of the control input. From the third block row in (3.68) it follows that µv,t

can be computed from

− µv,t + QT
xv,txt + QT

wv,twt + Qv,tvt + BT
v,tλt+1 = −lv,t, (3.69)

which is summarized in Algorithm 7. Note that by eliminating vt and µv,t from (3.68),
the kkt system (3.68) reduces to the kkt system for the uftoc problem (3.29).



Appendix

In this appendix the matrices, vectors and constants used in the compact formu-
lations (3.5) and (3.34) of the cftoc problem and kkt system, respectively, are
defined.

3.A Model Predictive Control Formulations

The matrices and vectors of stacked elements in the problem (3.5) are defined as

Q̃x ,

Q̃x,0
. . .

Q̃x,N

 , Q̃xu ,


Q̃xu,0

. . .

Q̃xu,N−1
0 . . . 0

 , Q̃u ,

Q̃u,0
. . .

Q̃u,N−1

 ,

(3A.70a)

Ã ,


−I
Ã0 −I

Ã1 −I
. . .

. . .

ÃN−1 −I

 , B̃ ,


0 . . . 0

B̃0
B̃1

. . .

B̃N−1

 , ã ,


x̄
ã0
ã1
...

ãN−1

 ,

(3A.70b)

H̃x ,

H̃x,0
. . .

H̃x,N

 , H̃u ,


H̃u,0

. . .

H̃u,N−1
0 . . . 0

 , h̃ ,

 h̃0
...

h̃N

 , (3A.70c)

l̃x ,

 l̃x,0
...

l̃x,N

 , l̃u ,

 l̃u,0
...

l̃u,N−1

 , x ,

x0
...

xN

 , u ,

 u0
...

uN−1

 , c̃ ,
N∑

t=0
c̃t. (3A.70d)

For the problem (3.30) the matrices and vectors in (3.34) are defined analogously.

45
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3.B Moving Horizon Estimation Formulations
The matrices, vectors and scalars in the cftoc problem (3.11) that correspond to
the mhe optimization problem (3.9) are defined in this section. For the end points
t = 0 and t = N the definitions are given by

Q̃x,0 , 0, Q̃xw,0 , 0, Q̃w,0 , P̄ −1
0 , l̃x,0 , 0, (3B.71a)

l̃w,0 , 0, c̃0 , 0, Q̃x,N , 0, l̃x,N , 0, c̃N , 0, (3B.71b)
Ã0 , I, B̃0 = I, ã0 , 0, (3B.71c)

H̃x,0 , 0, H̃w,0 , 0, h̃0 , 0, H̃x,N , 0, h̃N , 0. (3B.71d)

For t + 1 ∈ Z1,N−1 the definitions are given by[
Q̃x,t+1 Q̃xw,t+1

Q̃T
xw,t+1 Q̃w,t+1

]
,

[
C̄T

t VtC̄t −C̄T
t ST

t

−StC̄t Wt

]
, (3B.72a)

l̃x,t+1 , C̄T
t

(
ST

t w̃t − Vtỹt

)
, l̃w,t+1 , Stỹt − Wtw̃t, (3B.72b)

c̃t+1 ,
1
2 ỹT

t Vtỹt − w̃T
t Stỹt + 1

2 w̃T
t Wtw̃t, (3B.72c)

Ãt+1 , Āt, B̃t+1 , B̄t, ãt+1 , āt, (3B.72d)
H̃x,t+1 , H̄x,t, H̃w,t+1 , H̄w,t, h̃t+1 , h̄t, (3B.72e)

where Vt, Wt, St and ỹt are defined as[
Wt St

ST
t Vt

]
,

[
Q̄w,t Q̄wv,t

Q̄T
wv,t Q̄v,t

]−1
, t ∈ Z0,N−2, (3B.73a)

ỹt , ȳt − d̄t − ṽt, t ∈ Z0,N−2. (3B.73b)



4
Multiparametric Quadratic Programming

In parametric programming, the optimization problem depends on a parameter
which can be thought of as input data to the optimization problem (Bank et al.,
1982). When the optimization problem is dependent on several parameters it is
referred to as multiparametric programming. One class of such problems that
has proved to be useful in control is mp-qp problems. See for example Bank
et al. (1982) for a survey on parametric programming. In this chapter, the mp-qp
problem is introduced and the solution to the mp-qp problem is presented.

The purpose of this chapter is to introduce the notation and basic properties of
the mp-qp problem and its solution to form a foundation for Chapter 7, where
the structure of the parametric solution will be exploited. Solving the mp-qp
problem is outside the scope of this thesis. For the details on popular methods
for solving mp-qp problems, see for example Bemporad et al. (2002), Tøndel et al.
(2003c), Spjøtvold et al. (2006), and Gupta et al. (2011).

4.1 Problem Definition

Consider an optimization problem in the form

minimize
u

1
2uT Hu + θT Fu

subject to Gu � b + Eθ

θ ∈ Θ,

(4.1)

where u ∈ Rm is the optimization variable, θ ∈ Rn is the parameter, the cost
function is determined by H ∈ Sm

++ and F ∈ Rn×m, the inequality constraints

47



48 4 Multiparametric Quadratic Programming

are given by G ∈ Rp×m, b ∈ Rp and E ∈ Rp×n, and Θ is a polyhedral set. The
problem (4.1) is an mp-qp problem with parameter θ (Bemporad et al., 2002). By
introducing the change of variables

z , u + H−1F T θ, (4.2)

the mp-qp problem (4.1) can be transformed into the equivalent mp-qp problem

minimize
z

1
2zT Hz

subject to Gz � b + Sθ

θ ∈ Θ,

(4.3)

where S , E + GH−1F T ∈ Rp×n. For any choice of parameter θ ∈ Θ, the
problem (4.3) is a strictly convex qp problem, and the necessary and sufficient
optimality conditions are given by the kkt conditions introduced in Definition 2.7.
For the mp-qp problem in (4.3) these are given by

Hz + GT λ = 0, (4.4a)
Gz � b + Sθ, (4.4b)

λ � 0, (4.4c)
λk (Gkz − bk − Skθ) = 0, k ∈ Z1,p. (4.4d)

Here λ ↔ Gz − b − Sθ � 0 are the Lagrange multipliers associated with the
inequality constraints (Nocedal and Wright, 2006). It is shown in Bemporad et al.
(2002) that the solution to the mp-qp problem (4.3) is given by the pwa function

z∗(θ) = ki + Kiθ if θ ∈ Pi, i ∈ Z1,R, (4.5)

where ki ∈ Rm, Ki ∈ Rm×n define the parametric solution in the polyhedral
critical region Pi for i ∈ Z1,R. It is shown in Tøndel et al. (2003c) that each
parameter θ ∈ Pi and solution z∗(θ) correspond to one or more optimal active
sets. Hence, it follows that also each critical region Pi corresponds to one or more
optimal active sets (Tøndel et al., 2003c). When licq and sc hold for, the optimal
active set is unique (Gupta et al., 2011).

The pwa function (4.5) and the R critical regions are computed by solving the
mp-qp problem (4.3) parametrically, basically by considering all possible combi-
nations of optimal active constraints. In Bemporad et al. (2002) and Tøndel et al.
(2003c) the critical regions and the corresponding optimal active sets are deter-
mined by geometric approaches for exploring the parameter space. In Bemporad
et al. (2002) the parameter space is searched by introducing artificial cuts, which
might introduce unnecessary regions. The algorithm in Tøndel et al. (2003c) ex-
ploits the relation between neighboring critical regions and the optimal active sets,
and relies on the assumption that the facet-to-facet property holds. This algorithm
is reported to avoid unnecessary partitioning. In Spjøtvold et al. (2006) the mp-qp
problem is solved using a combination of the approaches in Tøndel et al. (2003c)
and Bemporad et al. (2002), where the requirement for the facet-to-facet property
to hold is relaxed. In Gupta et al. (2011) the mp-qp problem is solved using an
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implicit enumeration of all possible optimal active sets prior to the construction
of the critical regions. The algorithm provides a partition of the full parametric
space without unnecessary partitioning. In Jones and Morari (2006) a method for
solving multiparametric linear complementarity problems is presented. This class
of problems includes mp-qp problems, but also extends to more general types of
problems. The Multiparametric Toolbox (mpt) is an open source Matlab based
toolbox for multiparametric optimization problems (Herceg et al., 2013a).

4.2 Characterizing the Solution for an Optimal Active Set

In Chapter 7, the relation between the critical region and the optimal active set
will be exploited. Hence, although this thesis does not consider the problem of
actually solving the mp-qp problem, it is important to present the structure of
the solution. In this section it will be shown how the parametric solution relates
to the optimal active set, and in Section 4.3 it will be shown how a critical region
relates to the corresponding optimal active set.

For any feasible choice of the parameter θ ∈ Θ, the set of indices of constraints
that hold with equality at the optimum is called the optimal active set. Let the
set of all optimal active sets be denoted A∗, and let the elements in A∗ be denoted
Ai for i ∈ Z1,R. Let Ni be the set of inactive constraints, satisfying Ai ∪ Ni = Z1,p

and Ai ∩ Ni = ∅. Let GAi
and GNi

be the matrices consisting of the rows in G
that are indexed by Ai and Ni, respectively, and let the same hold for matrices
and vectors SAi

, SNi
, bAi

, and bNi
.

For simplicity, assume that the sc property which is introduced in Definition 2.12
holds. This implies that no constraints in the optimal active set are weakly active.
How to compute the solution when sc does not hold is presented in for exam-
ple Tøndel et al. (2003c), but for the purpose of this thesis it is sufficient to
present the case with no weakly active constraints. Furthermore, let GAi

have full
row rank, meaning that licq holds for Ai (Tøndel et al., 2003c). According to
Definition 2.13, violation of licq is referred to as primal degeneracy and how to
handle this can be seen in for example Bemporad et al. (2002). If licq is viola-
ted but the matrix [GAi

− bAi
− SAi

] has full row rank, it results in a non-full
dimensional critical region that in general is a facet between full dimensional re-
gions (Bemporad et al., 2002; Tøndel et al., 2003c). How to handle the case when
the matrix does not have full row rank is presented in for example Tøndel et al.
(2003a). When licq and sc hold, an optimal active set Ai uniquely corresponds
to a critical region Pi (Tøndel et al., 2003c; Gupta et al., 2011).

For any parameter θ ∈ Pi, where Pi corresponds to Ai, the solution to the mp-qp
problem (4.3) can be computed by parametrically solving an equality constrained
mp-qp problem where the constraints in the active set Ai are forced to hold with
equality, and the rest of the inequality constraints are disregarded. This equality
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constrained mp-qp problem is given by

minimize
z

1
2zT Hz

subject to GAi
z = bAi

+ SAi
θ.

(4.6)

The parametric solution to (4.6) is an affine function in the parameter θ (Bemporad
et al., 2002), which for a parameter θ ∈ Pi is given by

λ∗
Ai

(θ) = σi + Γiθ, (4.7a)

z∗(θ) = ki + Kiθ , −H−1GT
Ai

(σi + Γiθ) , (4.7b)

where σi ∈ R|Ai| and Γi ∈ R|Ai|×n are defined as

σi , −
(

GAi
H−1GT

Ai

)−1
bAi

, Γi , −
(

GAi
H−1GT

Ai

)−1
SAi

. (4.8)

See for example Bemporad et al. (2002), Tøndel et al. (2003c), Spjøtvold et al.
(2006), and Nocedal and Wright (2006) for further details on how to solve equality
constrained problems in the form (4.6).

4.3 Characterizing the Critical Region
The critical region Pi is the set of parameters for which the active set Ai is optimal,
that is, all parameters θ ∈ Θ such that the primal and dual feasibility constraints
given by (4.4b) and (4.4c), respectively, are satisfied. By inserting the parametric
solution (4.7) in (4.4b) and (4.4c), it follows that the Pi is defined as the set

Pi ,
{

θ ∈ Θ | GNi
(ki + Kiθ) � bNi

+ SNi
θ, σi + Γiθ � 0

}
. (4.9)

The primal and dual feasibility conditions are given by the first and second inequa-
lities in (4.9), respectively. Pi is a polyhedron with p hyperplanes (Bemporad et al.,
2002). All hyperplanes in (4.9) which are redundant can be removed to obtain a
description of Pi consisting of the minimal number of describing hyperplanes (Bem-
porad et al., 2002; Tøndel et al., 2003c). Let Hp

i ⊂ Ni and Hd
i ⊂ Ai be the indices

of the describing hyperplanes that are related to the primal (superscript “p”) and
dual (superscript “d”) feasibility conditions in (4.9), respectively. Then the critical
region Pi in (4.9) is equivalent to

Pi =
{

θ ∈ Θ | GHp
i

(ki + Kiθ) � bHp
i

+ SHp
i
θ, σi,Hd

i
+ Γi,Hd

i
θ � 0

}
, (4.10)

which describes the same set as Pi in (4.9), but using only |Hp
i | + |Hd

i | ≤ p hyper-
planes. Here, the use of a double index as in for example Γi,Hd

i
is used to denote

the rows in Γi indexed by Hd
i .

4.4 Explicit Model Predictive Control
In control, mp-qp problems have become useful since it was shown in Bemporad
et al. (2002) that the cftoc problem used in linear mpc for an lti system can be
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cast as an mp-qp problem with the initial state as parameter. Solving this mp-qp
problem prior to the on-line execution is referred to as explicit mpc, and the solu-
tion is explicitly given as a function of the initial state. The on-line computational
effort consists of evaluating the pwa function for a given parameter (Bemporad
et al., 2002), which allows for a division free implementation of the control law that
can be computed within an a priori known worst case execution time (Kvasnica
et al., 2015). However, the time that is consumed to evaluate the pwa function is
one of the main limitations with mp-qp and explicit mpc (Bemporad et al., 2002;
Tøndel et al., 2003b). Hence, much focus has been spent on developing algorithms
for efficient evaluation of the pwa function. In Tøndel et al. (2003b), the authors
propose an algorithm based on a binary search tree, which provides evaluation
times that are logarithmic in the number of regions. In Herceg et al. (2013b)
a graph traversal algorithm is used to evaluate pwa functions and the graph is
constructed while solving the mp-qp problem. In Fuchs et al. (2010) the point
location problem is solved using linear decision functions, and significantly better
performance in terms of computational time at a small cost of increased memory
has been reported.

In linear mpc for lti systems, the input is computed by solving a cftoc problem
where all matrices are time invariant. The problem considered in Bemporad et al.
(2002) and many other works on explicit mpc is a cftoc problem in the form

minimize
x,u

1
2

N−1∑
t=0

(
xT

t Q̃xxt + uT
t Q̃uut

)
+ 1

2xT
N P̃N xN

subject to x0 = x̄

xt+1 = Ãxt + B̃ut, t ∈ Z0,N−1

H̃xxt + H̃uut + h̃ � 0, t ∈ Z0,N−1

H̃xxN + h̃ � 0,

(4.11)

where assumptions 3.1 and 3.2 hold. Similarly to what is shown in Bemporad
et al. (2002), the cftoc problem (4.11) can equivalently be written in the form of
an mp-qp problem in the form in (4.1) by defining the matrices

H , Q̃u + B̃T Q̃xB̃ ∈ SNnu
++ , F , ÃT Q̃xB̃, (4.12a)

G , H̃xB̃ + H̃u, b , −h̃, E , −H̃xÃ, θ , x̄, (4.12b)

where Q̃x, Q̃u, Ã, B̃, H̃x, H̃u, and h̃ are defined as in (4A.13) in Appendix 4.A. Note
the similarities between the mp-qp problem and the condensed cftoc formula-
tion (3.7). The conceptual difference between them is that in the mp-qp problem
the initial state is considered as a parameter and it is solved for all possible values
of the initial state, whereas the condensed cftoc problem in (3.7) is solved for a
given value of the initial state. By re-writing the mp-qp problem (4.1) into (4.3)
and solving it parametrically, the optimal solution to the cftoc problem is given
by u∗(θ) = z∗(θ) − H−1F T θ where z∗(θ) is given by the pwa function (4.5) and
the change of variables is defined as in (4.2) (Bemporad et al., 2002). Only the
first control input u∗

0(θ) is applied in the mpc control loop.



Appendix

4.A Explicit Model Predictive Control Formulations
The matrices in the compact formulation of the cftoc problem (4.11) are defined
by

Ã ,


I
Ã
...

ÃN

 , B̃ ,


0
B̃

ÃB̃ B̃
...

. . .

ÃN−1B̃ ÃN−2B̃ · · · B̃

 , (4A.13a)

Q̃x ,


Q̃x

. . .

Q̃x

P̃N

 , Q̃u ,

Q̃u

. . .

Q̃u

 , (4A.13b)

H̃x ,

H̃x

. . .

H̃x

 , H̃u ,


H̃u

. . .

H̃u

0 . . . 0

 , h̃ ,

h̃
...

h̃

 . (4A.13c)
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5
Low-Rank Modifications of the Riccati

Factorization

When computing the search directions in as methods it is often crucial to mo-
dify the factorization of the kkt matrix instead of re-factorizing it between as
iterations to obtain high performance (Nocedal and Wright, 2006). Since this has
traditionally not been considered possible when using the Riccati factorization to
factor the kkt matrix, it has sometimes been argued that this factorization is
not suitable for as methods. However, in Nielsen et al. (2013a) a method for
performing low-rank modifications of the Riccati factorization by exploiting the
structured changes between as iterations when solving cftoc problems in the
form (3.22) was introduced, showing that this is indeed possible. In this chapter,
the results from Nielsen et al. (2013a) and the extension of this result in Nielsen
(2015) and Nielsen and Axehill (2017) are presented.

In order to develop a general framework that can be used in different types of
as solvers, the modifications of the Riccati factorization are derived for uftoc
problems where the kkt matrix can be singular, and for general modifications of
the working set where several constraints are simultaneously added (or removed) at
different time indices between as iterations. Both these features can be important
when using for example dual projection as solvers like the one in Axehill (2008).
Furthermore, it is shown how cftoc problems with general inequality constraints
on the states and control inputs can be handled while keeping the ability to modify
the Riccati factorization between as iterations.

For now, however, consider a cftoc problem in the form (3.22) where Assump-
tion 3.2 does not hold, i.e., a problem where the inequality constraints are given
by upper and lower bounds on the control inputs and that might have a singular
quadratic weight on the control inputs in the objective function. Note that this
is a more general problem description than the one considered in Section 3.2.2,
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and problems of this more general type can be useful in for example dual pro-
jection as solvers like the one in Axehill (2008). As was shown in Section 3.2.2
the computation of the search directions in an as method applied to this cftoc
problem corresponds to solving uftoc problems in the form (3.29). This chapter
will focus on how to solve this uftoc problem and how to exploit the structure
in the problem after changing the working set in an as solver. The partitioning of
the control input ut in (3.22) is done as in (3.23). The uftoc problem (3.29) is
repeated here for convenience

minimize
x,w

N−1∑
t=0

(
1
2

[
xt

wt

]T [ Qx,t Qxw,t

QT
xw,t Qw,t

] [
xt

wt

]
+
[

lx,t

lw,t

]T [
xt

wt

]
+ ct

)
+

1
2xT

N Qx,N xN + lTx,N xN + cN

subject to x0 = x̄

xt+1 = Atxt + Bw,twt + av,t, t ∈ Z0,N−1,
(5.1)

where the problem matrices, vectors and constants are defined as in Section 3.2.2.
Note that Q̃w,t ∈ Snw,t

+ since Assumption 3.2 is neglected.

5.1 Derivation of the Low-Rank Modifications

Here it will be shown how to modify the Riccati factorization in Algorithm 1
between as iterations when solving a cftoc problem as in (3.22). Since Qw,t ∈
Snw,t

+ , the kkt matrix for the uftoc problem that is solved to compute the search
direction might be singular. This results in that some Gt+1 in Algorithm 4 might
be singular. To be able to handle cases where the kkt matrix is singular, the
modifications of the Riccati factorization will be derived using mathematical tools
such as generalized Schur complements (gscs), the quotient formula for gscs and
the Moore-Penrose pseudo-inverse. For a detailed description of these, see for
example Albert (1969), Carlson et al. (1974), and Zhang (2005).

Between as iterations, the working set can be modified in different ways depending
on the solver. The most common types of modifications are either adding one or
several constraints to the working set, or removing one or several constraints from
the working set. The traditional as method in Algorithm 1 only modifies the
working set with one constraint at each iteration. However, as type methods such
as the projection method in Axehill (2008) modify the working set with several
constraints in each iteration. This often results in that fewer search directions need
to be computed in total to solve the cftoc problem, which in turn increases the
performance of the solver in terms of computation time. Here, it will be described
how to handle both these types of modifications.

To derive the algorithm for how to modify the Riccati factorization, the details
from Section 3.4 will be exploited. In Section 3.4.2 it was shown that when the
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kkt matrix is singular, Pt can be computed as

Pt = Ft+1 − KT
t+1Gt+1Kt+1 = Mt+1/†Gt+1. (5.2)

The gsc operator /† is introduced in Definition A.5 in Appendix A, and Mt+1 is
defined in (3.51), i.e.,

Mt+1 =
[

Ft+1 Ht+1
HT

t+1 Gt+1

]
∈ Snx+nw,t

+ . (5.3)

Note that when Gt+1 ∈ Snw,t
++ , the gsc is equivalent to the Schur complement in

Definition A.6 in Appendix A. Hence, as is shown in Section 3.4.2, in that case Pt

can be computed as

Pt = Mt+1/Gt+1 = Ft+1 − Ht+1G−1
t+1HT

t+1. (5.4)

Furthermore, the quotient formula for gscs will be important in the derivation of
the algorithm for performing the low-rank modifications of the Riccati factoriza-
tion, and is given in Lemma 5.1.

Lemma5.1 (Quotient formula for generalizedSchur complements). Let the positive semi-
definite matrices M � 0 and M̄ � 0 be partitioned as

M =


M11 M12 M13

MT
12 M22 M23

MT
13 MT

23 M33

 , M̄ =
[

M22 M23

MT
23 M33

]
. (5.5)

Then(
M/†M33

)
/†
(

M̄/†M33
)

= M/†M̄ = M11 − M12M †
22MT

12−(
M13 − M12M †

22M23
)(

M33 − MT
23M †

22M23
)† (

MT
13 − MT

23M †
22MT

12

)
� 0,

(5.6)

with

R
(

MT
13 − MT

23M †
22MT

12

)
⊂ R

(
M33 − MT

23M †
22M23

)
, (5.7a)

M33 − MT
23M †

22M23 � 0. (5.7b)

Proof: The proof of Lemma 5.1 is given in Appendix 5.A.

In the remainder of this chapter, a tilde will be used to indicate a matrix that has
been modified. Hence, the modified version of some matrix X is denoted X̃.

5.1.1 Sequence of low-rank modifications

In this section it will be shown how a modification of Pt+1 for some t is propagated
backwards in the Riccati factorization in Algorithm 4.
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Modifications for the case of a downdate of Pt+1

Assume that the modified Pt+1 for some t ∈ Z0,N−1, denoted by P̃t+1, is a down-
date of Pt+1 of size k̃, given by

P̃t+1 = Pt+1 − V −
t+1C−

t+1
†
V −

t+1
T ∈ Snx

+ , (5.8)

with
C−

t+1 ∈ Sk̃
+, V −

t+1 ∈ Rnx×k̃, R
(

V −
t+1

T
)

⊂ R
(
C−

t+1
)

. (5.9)

Here, a superscript “−” is used to indicate a matrix that is related to a downdate.
It will later be shown using Lemma 5.1 that the assumption (5.9) for the downdate
is made without any loss of generality for the type of modifications considered in
this chapter. Furthermore, the downdate in (5.8) is considered to be of low rank
if k̃ < nx.

It will now be shown how this downdate of Pt+1 affects the matrices in the Riccati
factorization for the preceding time-steps τ ∈ Z0,t. By replacing Pt+1 at lines 3-5
in Algorithm 4 with P̃t+1 from (5.8), straightforward calculations give

F̃t+1 = Qx,t + AT
t P̃t+1At = Qx,t + AT

t Pt+1At − AT
t V −

t+1C−
t+1

†
V −

t+1
T

At

= Ft+1 − AT
t V −

t+1C−
t+1

†
V −

t+1
T

At, (5.10a)

G̃t+1 = Gt+1 − BT
w,tV

−
t+1C−

t+1
†
V −

t+1
T

Bw,t, (5.10b)

H̃t+1 = Ht+1 − AT
t V −

t+1C−
t+1

†
V −

t+1
T

Bw,t. (5.10c)

The equations in (5.10) can be written in matrix form as

M̃t+1 =
[

F̃t+1 H̃t+1
H̃T

t+1 G̃t+1

]
=
[

Ft+1 Ht+1
HT

t+1 Gt+1

]
−[

AT
t V −

t+1
BT

w,tV
−

t+1

]
C−

t+1
†
[
V −

t+1
T

At V −
t+1

T
Bw,t

]
∈ Snx+nw,t

+ .

(5.11)

Since P̃t+1 ∈ Snx
+ and M̃t+1 can alternatively be defined as in (5.3), the positive

semidefiniteness of M̃t+1 follows by construction. Define the auxiliary matrix

M̂t+1 ,

 Ft+1 Ht+1 AT
t V −

t+1

HT
t+1 Gt+1 BT

w,tV
−

t+1
V −

t+1
T

At V −
t+1

T
Bw,t C−

t+1

 , (5.12)

and let M̄t+1 be the second diagonal block of M̂t+1. Note that

G̃t+1 = M̄t+1/†C−
t+1. (5.13)

From Theorem A.10 and Lemma A.4 it follows that M̂t+1 � 0 since

C−
t+1 � 0, R

(
V −

t+1
T
)

⊂ R
(
C−

t+1
)

, (5.14)
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by assumption, and that M̃t+1 in (5.11) can be written as

M̃t+1 = M̂t+1/†C−
t+1 � 0. (5.15)

Hence also M̄t+1 � 0 holds, and hence it follows that the quotient formula for
gscs in Lemma 5.1 can be used to compute

P̃t = M̃t+1/†G̃t+1 = M̂t+1/†M̄t+1. (5.16)

Here the first equality in (5.6) has been used. Furthermore, partition the matrix
M̂t+1 in (5.12) into the following blocks

M11 = Ft+1, M12 = Ht+1, M13 = AT
t V −

t+1, (5.17a)

M22 = Gt+1, M23 = BT
w,tV

−
t+1, M33 = C−

t+1, (5.17b)

M21 = MT
12, M31 = MT

13, M32 = MT
23. (5.17c)

Then, the modified version of Pt is computed using the second equality in (5.6) in
Lemma 5.1 as

P̃t = Pt − V −
t C−

t
†
V −

t
T ∈ Snx

+ , (5.18)
where

V −
t ,

(
AT

t − Ht+1G†
t+1BT

w,t

)
V −

t+1 ∈ Rnx×k̃, (5.19a)

C−
t , C−

t+1 − V −
t+1

T
Bw,tG

†
t+1BT

w,tV
−

t+1 ∈ Sk̃
+, (5.19b)

R
(

V −
t

T
)

⊂ R
(
C−

t

)
. (5.19c)

Note that the modification in (5.19) at time t satisfies the assumption (5.9) that
was made for the downdate at time t + 1.

Modifications for the case of an update of Pt+1

Now assume instead that the modified Pt+1, denoted as P̃t+1, is an update of Pt+1
of size k̃ in the form

P̃t+1 = Pt+1 + V +
t+1C+

t+1
†
V +

t+1
T ∈ Snx

+ , (5.20)

with
C+

t+1 ∈ Sk̃
+, V +

t+1 ∈ Rnx×k̃, R
(

V +
t+1

T
)

⊂ R
(
C+

t+1
)

. (5.21)

Here a superscript “+” is used to denote a matrix that is related to an update.
Similarly as for a downdate, it will be shown that the assumption in (5.21) are
without loss of generality. By re-arranging the terms, (5.20) can be equivalently
written as

Pt+1 = P̃t+1 − V +
t+1C+

t+1
†
V +

t+1
T ∈ Snx

+ . (5.22)
Then, using similar calculations as for a downdate, it can be shown that an update
of Pt+1 results in an update of Pt, given by

Pt = P̃t − V +
t C+

t
†
V +

t
T ∈ Snx

+ ⇐⇒ P̃t = Pt + V +
t C+

t
†
V +

t
T ∈ Snx

+ , (5.23)
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with

V +
t ,

(
AT

t − H̃t+1G̃†
t+1BT

w,t

)
V +

t+1 ∈ Rnx×k̃, (5.24a)

C+
t , C+

t+1 − V +
t+1

T
Bw,tG̃

†
t+1BT

w,tV
+

t+1 ∈ Sk̃
+, (5.24b)

R
(

V +
t

T
)

⊂ R
(
C+

t+1
)

. (5.24c)

Here G̃t+1 and H̃t+1 are defined analogously as in (5.10), giving

F̃t+1 = Ft+1 + AT
t V +

t+1C+
t+1

†
V +

t+1
T

At, (5.25a)

G̃t+1 = Gt+1 + BT
w,tV

+
t+1C+

t+1
†
V +

t+1
T

Bw,t, (5.25b)

H̃t+1 = Ht+1 + AT
t V +

t+1C+
t+1

†
V +

t+1
T

Bw,t. (5.25c)

Furthermore, note that the modified matrices H̃t+1 and G̃t+1 are used in (5.24),
and that the modification at time t (5.24) satisfies the assumption (5.21) that was
made for the modification at time t + 1.

Propagation of low-rank modifications

From the derivations of how a downdate or an update of Pt+1 affect the matrices
in the Riccati factorization, it follows that a modification of Pt+1 of size k̃ results
in a modification of the same type of Pt of (also) size k̃, which is stated in the
following theorem:

Theorem5.2. Consider a modification of size k̃ of Ptm ∈ Snx
+ at a single time instant

tm ∈ Z1,N in either of the forms{
P̃tm = Ptm − V −

tm
C−

tm

†
V −

tm

T ∈ Snx
+ (downdate)

P̃tm = Ptm + V +
tm

C+
tm

†
V +

tm

T ∈ Snx
+ (update)

(5.26)

where C−
tm

, C+
tm

∈ Sk̃
+, V −

tm
, V +

tm
∈ Rnx×k̃, and R

(
V −

tm

T
)

⊂ R
(
C−

tm

)
, R
(

V +
tm

T
)

⊂
R
(
C+

tm

)
, respectively.

Then it holds for all t ∈ Z0,tm−1 that Pt ∈ Snx
+ is modified as{

P̃t = Pt − V −
t C−

t
†
V −

t
T ∈ Snx

+ (downdate)
P̃t = Pt + V +

t C+
t

†
V +

t
T ∈ Snx

+ (update)
(5.27)

with C−
t , C+

t ∈ Sk̃
+, V −

t , V +
t ∈ Rnx×k̃, and R

(
V −

t
T
)

⊂ R
(
C−

t

)
, R

(
V +

t
T
)

⊂
R
(
C+

t

)
, respectively.

Proof: From the derivations of (5.18) and (5.23) it follows that a modification of
size k̃ of Pt+1 at an arbitrary t ∈ Z0,N−1 in either of the forms (5.8) or (5.20)
results in a similar modification of size k̃ of Pt. Since Ptm is modified as in (5.26),
the proof follows by induction.
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To compute the modified version of Kt+1 defined in (3.43a), the linear system of
equations

G̃t+1K̃t+1 = −H̃T
t+1, (5.28)

can be solved. Since M̃t+1 � 0 it follows from Theorem A.10 that G̃t+1G̃†
t+1H̃T

t+1 =
H̃T

t+1 holds. Hence, from Lemma A.4 it follows that the system of equations is
solvable even when G̃t+1 ∈ Snw,t

+ is singular.

For the common case when G̃t+1 ∈ Snw,t
++ , it is possible to use the Sherman-

Morrison-Woodbury formula for efficient computations. For the details the reader
is referred to for example Golub and Van Loan (1996).

Remark 5.3. The factorization of G̃t+1 can be computed by modifying the factoriza-
tion of Gt+1 whenever it is possible. Hence, in these cases a solution to (5.28) can be
computed without having to re-factorize G̃t+1, which requires less computations than
re-solving (5.28) from scratch. See for example Golub and Van Loan (1996) and Stewart
(1998) for examples of different factorization and modification algorithms.

5.1.2 Removing control input constraints from the working set

In this section it will be shown how to modify the Riccati factorization when
removing constraints from the working set at time index t, when a modification
of Pt+1 as in (5.8) of size k̃ is potentially already present. Let k control input
constraints that are affecting the control input at time t be removed from the
working set at as iteration j. This means that these k inequality constraints
that previously were forced to hold are temporarily disregarded, which affects the
uftoc problem (5.1) in the same way as adding k new control inputs. Assume
without loss of generality that the new control inputs are appended at the end
of wt. Then the matrices Bw,t, Qw,t and Qxw,t in (5.1) are modified as

B̃w,t ,
[
Bw,t b

]
, Q̃w,t ,

[
Qw,t qw

qT
w q0

w

]
, Q̃xw,t ,

[
Qxw,t qxw

]
, (5.29)

giving B̃w,t ∈ Rnx×(nw,t+k), Q̃w,t ∈ Snw,t+k
+ and Q̃xw,t ∈ Rnx×(nw,t+k). From (3.41)

it then follows that G̃t+1 ∈ Snw,t+k
+ and H̃t+1 ∈ Rnx×(nw,t+k) are given by

G̃t+1 =
[
Gt+1 g
gT g0

]
−
[
BT

w,t

bT

]
V −

t+1C−
t+1

†
V −

t+1
T [

Bw,t b
]

, (5.30a)

H̃t+1 =
[
Ht+1 h

]
− AT

t V −
t+1C−

t+1
†
V −

t+1
T [

Bw,t b
]

, (5.30b)

where  h
g
g0

 ,

qxw

qw

q0
w

+

 AT
t

BT
w,t

bT

Pt+1b. (5.31)

In analogy with Section 5.1.1, P̃t can be computed as P̃t = M̃t+1/†G̃t+1, where
M̃t+1 is computed as in (5.11) but instead using G̃t+1 and H̃t+1 from (5.30). Define
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the auxiliary matrix M̂t+1

M̂t+1 ,


Ft+1 Ht+1 h AT

t V −
t+1

HT
t+1 Gt+1 g BT

w,tV
−

t+1
hT gT g0 bT V −

t+1
V −

t+1
T

At V −
t+1

T
Bw,t V −

t+1
T

b C−
t+1

 , (5.32)

and let M̄t+1 be the second diagonal block. The matrix in (5.32) is defined similarly
as in (5.12), but where the effect of the added control inputs are included as well.
By using this auxiliary matrix and the definition of the gsc, it is follows that

M̃t+1 = M̂t+1/†C−
t+1, (5.33)

and
G̃t+1 = M̄t+1/†C−

t+1. (5.34)
Hence, the quotient formula for gscs in Lemma 5.1 can be used as in Section 5.1.1
to compute P̃t as

P̃t = M̂t+1/†M̄t+1. (5.35)
Furthermore, by partitioning M̂t+1 as in Lemma 5.1 with

M11 = Ft+1, M12 = Ht+1, M13 =
[
h AT

t V −
t+1
]

, (5.36a)

M22 = Gt+1, M23 =
[
g BT

w,tV
−

t+1
]

, M33 =
[

g0 bT V −
t+1

V −
t+1

T
b C−

t+1

]
, (5.36b)

M21 = MT
12, M31 = MT

13, M32 = MT
23. (5.36c)

Using the second equality in Lemma 5.1, it follows that P̃t can be computed as

P̃t = Ft+1 − Ht+1G†
t+1HT

t+1︸                          ︷︷                          ︸
Pt

−V −
t C−

t
†
V −

t
T ∈ Snx

+ ,
(5.37)

where

V −
t ,

[
h − Ht+1G†

t+1g
(

AT
t − Ht+1G†

t+1BT
w,t

)
V −

t+1

]
, (5.38a)

C−
t ,

[
g0 bT V −

t+1
V −

t+1
T

b C−
t+1

]
−

[
gT

V −
t+1

T
Bw,t

]
G†

t+1
[
g BT

w,tV
−

t+1
]

, (5.38b)

C−
t ∈ Sk+k̃

+ , R
(

V −
t

T
)

⊂ R
(
C−

t

)
. (5.38c)

Note that the downdate (5.38) at time t satisfies the assumption (5.9) that was
made for the downdate at time t + 1.

Hence, removing k control input constraints at time t from the working set when a
downdate in the form (5.8) of Pt+1 of size k̃ is already present results in a downdate
of Pt in the same form as (5.8) but of increased size k̃ + k. The modified version
K̃t+1 ∈ R(nw,t+k)×nx can be computed by solving (5.28) but using G̃t+1 and H̃t+1
from (5.30) instead of (5.10).
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When removing k constraints from the working set, also k components in vt

in (3.23) are removed and are instead included in w̃t. Hence, the corresponding
matrices and vectors Bv,t, av,t, Qxv,t, Qv,t, Qwv,t, lw,t and lv,t in (3.24a), (3.24b)
and (3.25) are also affected accordingly (i.e. the corresponding k columns b in
Bv,t are instead included in B̃w,t etc.). These changes are only affecting the right-
hand-side of the system of equations in the kkt system in (3.35), and hence they
are not affecting the matrices in the factorization computed in Algorithm 4.

Remark 5.4. Note that if k̃ + k is close to, or larger than, nx it might be better to re-
compute the Riccati factorization for the remaining time-steps. This trade-off can be
investigated off-line by modifying the factorization for different sizes of modifications
and determine the fastest alternative, but the details are left as future work.

Remark 5.5. If there is no modification of Pt+1, then C−
t , g0 − gT G

†
t+1g ∈ Sk

+ and

V −
t , h − Ht+1G

†
t+1g ∈ Rnx×k, with R

(
V −

t
T
)

⊂ R
(
C−

t

)
.

Remark 5.6. For the common case when G̃t+1 ∈ Snw,t+k
++ , low-rank modifications can be

exploited by using the Sherman-Morrison-Woodbury formula for efficient computations of
K̃t+1. Furthermore, the factorization of G̃t+1 should be modified instead of re-computed
as is mentioned in Remark 5.3.

5.1.3 Adding control input constraints to the working set

When control input constraints are added to the working set, the modifications of
the Riccati factorization can be derived in a similar way as when constraints are
removed. To do this, assume that Pt+1 is potentially already updated as in (5.20),
and that k control input constraints that are affecting the control input at time t
are added to the working set at AS iteration j. Adding constraints to the working
set corresponds to removing these control inputs from the problem and treating
them as constants. Assume, without loss of generality, that the k control inputs
are removed from the k last entries of wt. Then B̃w,t is obtained as the first nw,t −k
columns of Bt, etc. Hence, the modified matrices B̃w,t, Q̃w,t and Q̃xw,t in (5.1)
are obtained from

Bw,t =
[
B̃w,t b

]
, Qw,t =

[
Q̃w,t qw

qT
w q0

w

]
, Qxw,t =

[
Q̃xw,t qxw

]
. (5.39)

By using these implicit definitions of B̃w,t ∈ Rnx×(nw,t−k), Q̃w,t ∈ Snw,t−k
+ and

Q̃xw,t ∈ Rnx×(nw,t−k) in the definitions of Ft+1, Gt+1 and Ht+1, it follows that
F̃t+1, G̃t+1, H̃t+1 are given by

F̃t+1 = Ft+1 + AT
t V +

t+1C+
t+1

†
V +

t+1
T

, (5.40a)[
G̃t+1 g̃
g̃T g̃0

]
= Gt+1 +

[
B̃T

w,tV
+

t+1
bT V +

t+1

]
C+

t+1
†
[
V +

t+1
T

B̃w,t V +
t+1

T
b
]

, (5.40b)[
H̃t+1 h̃

]
= Ht+1 + AT

t V +
t+1C+

t+1
†
[
V +

t+1
T

B̃w,t V +
t+1

T
b
]

. (5.40c)
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Re-arranging the terms in (5.40) gives the equivalent equations

Ft+1 = F̃t+1 − AT
t V +

t+1C+
t+1

†
V +

t+1
T

, (5.41a)

Gt+1 =
[
G̃t+1 g̃
g̃T g̃0

]
−
[
B̃T

w,tV
+

t+1
bT V +

t+1

]
C+

t+1
†
[
V +

t+1
T

B̃w,t V +
t+1

T
b
]

, (5.41b)

Ht+1 =
[
H̃t+1 h̃

]
− AT

t V +
t+1C+

t+1
†
[
V +

t+1
T

B̃w,t V +
t+1

T
b
]

, (5.41c)

which are in a similar form as in (5.10). Then, the derivations in Section 5.1.2
apply also here and M̂t+1 and M̄t+1 can be defined analogously as in (5.32), but
using the matrices in (5.41), giving

M̂t+1 ,


F̃t+1 H̃t+1 h̃ AT

t V −
t+1

H̃T
t+1 G̃t+1 g̃ BT

w,tV
−

t+1
h̃T g̃T g̃0 bT V −

t+1
V −

t+1
T

At V −
t+1

T
Bw,t V −

t+1
T

b C−
t+1

 � 0. (5.42)

Positive semidefiniteness of M̂t+1 can be shown as in Section 5.1.2. By using
Lemma 5.1 for M̂t+1 in (5.42), it follows that

Pt = M̂t+1/†M̄t+1 = F̃t+1 − H̃t+1G̃†
t+1H̃T

t+1︸                          ︷︷                          ︸
P̃t

−V +
t C+

t
†
V +

t
T ∈ Snx

+ , (5.43)

and P̃t can be computed as

P̃t = Pt + V +
t C+

t
†
V +

t
T ∈ Snx

+ . (5.44)

Here V +
t and C+

t are defined as

V +
t ,

[
h̃ − H̃t+1G̃†

t+1g̃
(

AT
t − H̃t+1G̃†

t+1B̃T
w,t

)
V +

t+1

]
, (5.45a)

C+
t ,

[
g̃0 bT V +

t+1
V +

t+1
T

b C+
t+1

]
−

[
g̃T

V +
t+1

T
B̃w,t

]
G̃†

t+1

[
g̃

B̃T
w,tV

+
t+1

]
, (5.45b)

C+
t ∈ Sk+k̃

+ , R
(

V +
t

T
)

⊂ R
(
C+

t

)
. (5.45c)

Note the tildes in the right hand side of the definitions in (5.45), and that the
update (5.45) at time t satisfies the assumption (5.21) that was made for the
update at time t + 1. Hence, adding k control input constraints at time t to the
working set when an update in the form (5.20) of size k̃ is already present results
in an update of Pt in the same form as (5.20) but of increased dimension k̃ + k.
The modified K̃t+1 can be computed by solving (5.28), but using the modified
matrices in (5.41). Note that remarks 5.4 and 5.6 apply here as well.

Remark 5.7. If there is no modification of Pt+1, then C+
t , g0 − gT G̃

†
t+1g ∈ Sk

+ and

V +
t , h − H̃t+1G̃

†
t+1g ∈ Rnx×k, with R

(
V +

t
T
)

⊂ R
(
C+

t

)
.
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When adding k constraints to the working set, also k components in vt in (3.23)
are added and they are removed from wt. Hence, Bv,t, av,t, Qxv,t, Qv,t, Qwv,t,
lw,t and lv,t in (3.24a), (3.24b) and (3.25) are also affected accordingly (i.e. the
corresponding k columns b in Bw,t are included in B̃v,t etc.). These changes are
only affecting the right-hand-side of the system of equations in the kkt system
in (3.35), and hence they are not affecting the matrices in the factorization com-
puted in Algorithm 4.

5.2 An Algorithm for Modifying the Riccati Factorization

In the previous sections, it was shown how the Riccati factorization is modified
when constraints are added to, or removed from, the working set at an as itera-
tion. When constraints on ut for a single time instance t are removed from the
working set, then the factorization is modified as in Section 5.1.2 at time t follo-
wed by downdates as presented in Section 5.1.1 for time τ ∈ Z0,t−1. For the case
of adding constraints at time t to the working set, the modification at time t is
done as in Section 5.1.3, followed by updates as presented in Section 5.1.1 of the
factorization for τ ∈ Z0,t−1. When either adding or removing several constraints
at different time indices, the modifications can be handled in two different ways:
either as several separate modifications which are independently performed after
each other, or as modifications that are gradually increasing in size. The first ap-
proach is the naive way to do it. The second approach is described in sections 5.1.2
and 5.1.3, where it is shown how to increase the size of the modification when P̃t

are computed in (5.37) and (5.44), respectively. If the solver both adds and re-
moves constraints in the same as iteration, then several separate modifications of
the Riccati factorization are required. According to Remark 5.4 it can sometimes
be better to recompute parts of the Riccati factorization instead of modifying it.

The procedure for modifying the Riccati factorization using the theory presented
in this chapter is summarized in Algorithm 8, which begins with modifying the
matrices in the Riccati factorization according to Section 5.1.2 or Section 5.1.3
depending on whether constraints are removed or added to the working set, re-
spectively. Let tm be the largest time index where Wj is modified. Then, since
Ptm+1 is not modified, Remark 5.5 or Remark 5.7, respectively, applies for the
modification at time tm. For t < tm the matrices in the Riccati factorization are
modified as in Section 5.1.1 if the working set is not changed at time t, as in
Section 5.1.2 if constraints are removed from the working set at time t, or as in
Section 5.1.3 if constraints are added to the working set at time t. Note that it
is only possible to either add constraints to the working set or remove constraints
from the working set at the same as iteration using Algorithm 8. Furthermore,
the Riccati factorization is only modified for t ≤ tm ≤ N . This is exploited also
in Axehill (2008) in order to avoid re-computing the full Riccati factorization bet-
ween as iterations. To improve performance even further, the factorization of Gt+1
can be modified to avoid re-computing it whenever that is possible as mentioned
in Remark 5.3. Techniques for modifying factorizations are found in for exam-
ple Golub and Van Loan (1996), Stewart (1998), and Nocedal and Wright (2006).
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When using an as method to solve cftoc problems with Qu,t ∈ Snu,t
++ , and where

k constraints are removed at time tm in as iteration j and Cholesky factorizations
of Gt+1 are used, the computational complexity for re-computing the Riccati fac-
torization is approximately O

(
N
(
(nw + k)3 + n3

x + (nw + k)2nx + n2
x(nw + k)

))
.

When the Riccati factorization is instead modified, the computational complex-
ity reduces to approximately O

(
tm

(
n2

wnx + n2
w + knwnx + kn2

x

))
. If the solution

to (5.28) is computed using the Sherman-Morrison-Woodbury formula, the com-
plexity is further reduced to approximately O

(
tm

(
n2

w + kn2
w + knwnx + kn2

x

))
.

Hence, by modifying the Riccati factorization using the theory presented in this
chapter, it can be possible to reduce the computational complexity growth in
the prediction horizon length and the problem dimensions to O (tm), O

(
n2

x

)
and

O
(
n2

w

)
, respectively. However, the exact expression for the complexity depends

on, for example, the choice of factorization and modification techniques for Gt+1
in algorithms 4 and 8.

Algorithm 8 Modification of the Riccati factorization
1: Set tm as the largest t for which Wj is modified
2: if Constraints are removed at time tm then
3: Modify the factorization as in Section 5.1.2 using Remark 5.5
4: else if Constraints are added at time tm then
5: Modify the factorization as in Section 5.1.3 using Remark 5.7
6: end if
7: for t = tm − 1, . . . , 0 do
8: if No modification of Wj at time t then
9: Modify factorization as in Section 5.1.1

10: else if Constraints are removed from Wj at time t then
11: Modify factorization as in Section 5.1.2
12: else if Constraints are added to Wj at time t then
13: Modify factorization as in Section 5.1.3
14: end if
15: end for

To compute the solution to the modified uftoc problem when using the modified
Riccati factorization, the recursions in algorithms 5-7 need to be re-computed.
Since the factorization is only modified for t ∈ Z0,tm , the backward recursion in
Algorithm 5 only needs to be re-computed for t ≤ tm using the modified matrices
B̃w,t, G̃t, H̃t and P̃t. The forward recursions in algorithms 6 and 7 need to be
computed for the full horizon N .

Computing the low-rank modifications in parallel

When several constraints are added to or removed from the working set at as itera-
tion j, the modifications of the Riccati factorization can be handled by performing
several independent modifications after each other as was mentioned in the intro-
duction to this section. Hence, if several computational units are available, the
modifications can be performed in parallel if they are synchronized properly. The
details of how to perform the modifications in parallel are left as future work.
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However, to illustrate the concept, consider a case when one constraint is added at
time t1 and one at time t2 > t1. The Riccati factorization can be modified serially
by first computing the modification for t1 completely, followed by the modification
for t2. However, if two computational units are available it is possible to let unit 1
perform the modification for the constraint that was added at time t1, and to let
unit 2 perform the modification for the constraint added at time t2. Let ti denote
the time index in the Riccati factorization that is currently being modified by
unit i. Then, by enforcing the synchronization t1 < t2 it follows that the modified
Riccati factorization is identical when performing the modifications in parallel or
in serial. This example can easily be extended to the case when constraints are
added at the same time index.

5.3 Extension to more General Inequality Constraints

The cftoc problem that is the core of many mpc problems in industry is often of
a more general type than (3.22) and also includes constraints on the states and the
possibility to control only certain states or a combination of states (Maciejowski,
2002). In this section, it is shown how to exploit low-rank modifications of the
Riccati factorization in order to improve performance when solving more general
problems than (3.22). The purpose of the section is not to introduce complete
new as solvers that can be used to solve the more general cftoc problems, but
rather to present how the theory in this chapter can be useful also when solving
more general problems than (3.22).

5.3.1 Primal and dual problem

Here, a primal cftoc problem of a more general type than (3.1) and a correspon-
ding dual problem is presented. This problem is considered here since it can be
shown that for a certain choice of dual variables, the dual problem is also in the
form of a cftoc problem, see Axehill (2005) and Appendix 5.B. This property
will be exploited in this section. A superscript “p” is used to denote variables in
the primal problem, and a superscript “d” is used to denote variables in the dual
problem.

Primal problem

Consider a cftoc problem with states xp
t ∈ Rnx , controlled variables zp

t ∈ Rnz,t

and control inputs up
t ∈ Rnu,t , and with inequality constraints that involve both

states and control inputs. This cftoc problem is in a general form that covers
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many linear mpc applications, and is given by the following optimization problem

minimize
xp,zp,up

N−1∑
t=0

(1
2

[
zp

t
up

t

]T
[

Qp
z,t Qp

zu,t(
Qp

zu,t

)T
Qp

u,t

] [
zp

t
up

t

]
+
[
lpz,t

lpu,t

]T [
zp

t
up

t

]
+ cp

t

)
+

1
2zp

N
T

Qp
z,N zp

N + lpz,N
T

zp
N + cp

N

subject to xp
0 = x̄

xp
t+1 = Ap

t xp
t + Bp

t up
t + ap

t , t ∈ Z0,N−1

zp
t = Mp

t xp
t , t ∈ Z0,N

Hp
x,tx

p
t + Hp

u,tu
p
t + hp

t � 0, t ∈ Z0,N−1

Hp
x,N xp

N + hp
N � 0,

(5.46)
where Hp

x,t ∈ Rnc,t×nx , Hp
u,t ∈ Rnc,t×nu,t and hp

t ∈ Rnc,t . Here, nc,t is the number
of inequality constraints at time t. Note that the controlled output zp, rather than
the state xp, is penalized in the objective function. Furthermore, let Assump-
tion 5.8 hold for the problem in (5.46).

Assumption 5.8.[
Qp

z,t Qp
zu,t(

Qp
zu,t

)T
Qp

u,t

]
∈ Snz,t+nu,t

++ , t ∈ Z0,N−1, Qp
z,N ∈ Snz,t

++ . (5.47)

The cftoc problem (5.46) can be solved using for example a primal as solver, but
the theory presented in this chapter is not directly applicable in that case due to
the more complex inequality constraints than the ones used in (3.22). Hence, ex-
ploiting low-rank modifications of the Riccati factorization instead of re-computing
it cannot be done to increase performance. However, the primal problem in (5.46)
can also be solved using a dual as solver as in Axehill and Hansson (2006), or
using a dual gradient projection method as in Axehill (2008). In these types of
solvers it is sometimes possible to exploit low-rank modifications of the Riccati
factorization to speed up computations.

Dual problem

In Axehill (2005), an optimization problem which is equivalent to the (Lagrange)
dual problem of a slightly less general problem than (5.46) is introduced. The
primal problem in that work does not have any linear terms in the objective
function and the cross-terms between zp

t and up
t are zero, and it is shown that also

the dual problem can be interpreted as a cftoc problem using a suitable variable
transformation. This dual problem is used in the solvers in Axehill and Hansson
(2006), Axehill (2008), and Axehill and Hansson (2008).

In this thesis, a dual problem to (5.46) is derived using analogous calculations as
in Axehill (2005). The details of the derivation are presented in Appendix 5.B. The
dual problem can be interpreted as a cftoc problem with states xd

τ ∈ Rnx , control
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inputs ud
τ ∈ Rnz,N−τ +nc,N−τ , prediction horizon Nd = N + 1, and no quadratic

cost on the final state, given in the form

minimize
xd,ud

Nd−1∑
τ=0

(
1
2

[
xd

τ

ud
τ

]T
[

Qd
x,τ Qd

xu,τ(
Qd

xu,τ

)T
Qd

u,τ

] [
xd

τ

ud
τ

]
+
[
ldx,τ

ldu,τ

]T [
xd

τ

ud
τ

]
+ cd

τ

)
+(

ld
x,Nd

)T
xd

Nd

subject to xd
0 = 0

xd
τ+1 = Ad

τ xd
τ + Bd

τ ud
τ , τ ∈ Z0,Nd−1[

0 −Inc,N−τ

]
ud

τ � 0, τ ∈ Z0,Nd−1,

(5.48)
where τ = N − t and[

Qd
x,τ Qd

xu,τ(
Qd

xu,τ

)T
Qd

u,τ

]
∈ Snx+nz,N−τ +nc,N−τ

+ , Qd
x,Nd ∈ Snx

+ . (5.49)

The state variables, control inputs and all matrices and vectors in the dual cftoc
problem are defined in Appendix 5.B. The fact that Qd

u,τ is not necessarily positive
definite is the main reason for considering the singular case in this chapter.

The solution to the primal cftoc problem (5.46) can be derived from the solution
to the dual cftoc problem (5.48). The relations between the solutions to the
primal and dual problems are given by (5B.80) and (5B.84) in Appendix 5.B, but
are repeated here for convenience:

xp
t = −λN+1−t, t ∈ Z0,N , (5.50a)

up
t = −

(
Q̄zu,t

)T
lpz,t − Q̄u,tl

p
u,t − Q̄u,t

(
Bp

t

)T
xd

N−t+[(
Q̄zu,t

)T −Q̄u,t

(
Hp

u,t

)T
]

ud
N−t, t ∈ Z0,N−1,

(5.50b)

where λτ are defined in (5B.81a) as the dual variables corresponding to the equality
constraints in the dual problem, and Q̄zu,t and Q̄u,t are defined in (5B.72).

5.3.2 Solving the primal problem by exploiting its dual problem

Here, two approaches for exploiting the theory for modifying the Riccati factori-
zation even in the case with more general inequality constraints than what is used
in (3.22) are presented.

Solving the dual inequality constrained problem

The primal problem (5.46) can be solved using for example a dual as type solver
as proposed in Axehill and Hansson (2006), or a dual gradient projection method
as in Axehill (2008) and Axehill and Hansson (2008). In these types of methods,
the primal problem is solved by constructing the corresponding dual problem and
applying primal methods to solve that dual problem. The solver iterates until dual
optimality is obtained, while maintaining dual feasibility. Since Slater’s condition
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in Definition 2.6 is satisfied for (5.46), strong duality holds (except for a change
of sign to obtain a minimization problem in (5.48)). Hence, if the dual problem
is bounded from below, the dual optimal point for (5.48) corresponds to a primal
feasible and optimal point for (5.46) (Boyd and Vandenberghe, 2004).

When using the previously mentioned solvers, the dual cftoc problem is solved
by iteratively changing the working set to find the optimal active set as in a primal
as method. Furthermore, the dual cftoc problem (5.48) is in the same form as
the cftoc problem (3.22). Hence, it follows that (5.48) is solved by computing
a sequence of search directions corresponding to the solutions to uftoc problems
in the form in (5.1). Since these solvers exploit the structure in (5.1) by using a
Riccati recursion to compute the search directions, the theory presented in this
chapter can readily be applied to perform low-rank modifications of the Riccati
factorization. An outline of the main steps in a dual as type solver such as the
one in Axehill and Hansson (2006) is given in Algorithm 9.

Algorithm 9 Outline of dual as type solver
1: Construct the dual problem (5.48) from the primal problem (5.46)
2: Find a dual feasible point (the origin is a trivial choice for a dual as solver

and no phase I algorithm is needed) and an initial working set
3: repeat
4: Compute the dual search direction by solving the problem in (5.1)
5: Perform a step in the dual variables xd and ud, and update the working set

if needed
6: until Dual optimal point xd∗ and ud∗ is found
7: Compute the primal optimal point from (5.50)

The primal method that is used to solve the dual problem must handle the positive
semidefinite case (Goldfarb and Idnani, 1983). In Axehill and Hansson (2006), this
is done by imposing extra assumptions on the inequality constraints in (5.46).

Computing the search directions in the dual

When a dual solver is used to solve (5.46) primal feasibility is obtained only at
the optimum (Goldfarb and Idnani, 1983; Bartlett and Biegler, 2006). In for
example a real-time mpc control loop, this might be problematic due to real-time
computation time constraints. If the solver that is applied to solve the cftoc
problem is forced to terminate before an optimum is found, the control input that
is returned by the solver is not necessarily primal feasible. Hence, either a control
input which might lead to violation of constraints is used as input to the plant,
or the control input has to be computed in some alternative way. An approach
to address this problem, and still be able to exploit low-rank modifications of the
Riccati factorization, is to use a primal solver which maintains primal feasibility
but that computes the primal search directions by solving dual uftoc problems
for the fixed working sets. The main idea with such a method will described for a
primal cftoc problem in the form (5.46), and a sketch of the main steps is given
in Algorithm 10 at the end of this section.



5.3 Extension to more General Inequality Constraints 69

Let the inequality constraint matrices be decomposed as Hp
x,1,t
...

Hp
x,nc,t,t

 , Hp
x,t,

 Hp
u,1,t
...

Hp
u,nc,t,t

 , Hp
u,t,

 hp
1,t
...

hp
nc,t,t

 , hp
t , (5.51)

and let the notation (i, t) ∈ Wj denote that the inequality constraint

Hp
x,i,tx

p
t + Hp

u,i,tu
p
t + hp

i,t ≤ 0, (5.52)

is in the working set Wj and is hence forced to hold with equality.

From Section 2.6 it follows that when a primal as method like for example the one
given in Algorithm 1 is applied to solve the cftoc problem (5.46), an equality
constrained optimization problem in the form
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[
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t , t ∈ Z0,N

Hp
x,i,tx
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t + Hp

u,i,tu
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i,t = 0, ∀ (i, t) ∈ Wj

Hp
x,i,N xp

N + hp
i,N = 0, ∀ (i, N) ∈ Wj ,

(5.53)
is solved at each as iteration j. In principle, it is possible to solve (5.53) by solving
its dual problem and then computing the corresponding primal solution from the
solution to this dual problem. The dual problem to (5.53) is constructed from the
problem in (5.48) by letting some of the inequality constraints in (5.48) hold with
equality, and temporarily disregarding the rest. How to do this is shown next.

The primal constraints, the dual control inputs and the working set Wj are related
via the dual variables γt for the primal constraints, which are defined in (5B.65d)
and (5B.65e). The relations are given by the following two cases:

• For all primal inequality constraints (i, t) ∈ Wj that are forced to hold with
equality in the primal problem in (5.53), the corresponding dual variable
γi,t is not constrained since the complementarity slackness condition (2.17e)
holds for all choices of γi,t. Hence, by using the definition of ud

τ in (5B.76c)
in Appendix 5.B and the relation τ = N − t, it follows that ud

nz,t+i,N−t is an
unconstrained optimization variable in the dual problem in (5.54).

• For all primal inequality constraints (i, t) ∈ Wc
j that are temporarily disre-

garding, i.e., are not in the working set, the corresponding dual variable is
defined as γi,t = 0 (Nocedal and Wright, 2006). Then, from the definition of
ud

τ , it follows that ud
nz,t+i,N−t = 0.
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To summarize: if the primal constraint (i, t) is in the working set then the corre-
sponding dual control input is unconstrained in the dual problem, and if the primal
constraint (i, t) is not in the working set then the corresponding dual control input
is constrained to zero. Then, the dual problem of the primal equality constrained
problem in (5.53) is given by

minimize
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τ+1 = Ad
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τ , τ ∈ Z0,Nd−1

− ud
nz,N−τ +i,τ = 0, ∀ (i, N − τ) ∈ Wc

j .

(5.54)

The primal solver requests a solution to (5.53) to compute the primal search di-
rection. The update of the primal variables in the primal as solver does not depend
on how the search direction is computed, except for numerical differences. Hence,
the logics involved in performing the update step and possibly adding or removing
constraints from the working set are the same regardless of how the search direction
is computed. As a consequence, instead of solving (5.53) to compute the primal
search direction, it can be computed by solving (5.54). The solution to (5.53) can
then easily be recovered from the solution to (5.54) using (5.50). Hence, the primal
variables in the as solver can be updated using the primal search direction that is
computed from the dual uftoc problem while also maintaining primal feasibility.

By eliminating the constrained variables ud
nz,N−τ +i,τ from the dual problem (5.54),

it can be interpreted as a uftoc problem in the same form as (5.1). Furthermore,
the dual problem (5.54) is constructed such that adding a primal constraint to the
working set Wj corresponds to removing a dual constraint, and vice versa. Hence,
the dual problem is changed as in Section 3.2.2 when primal inequality constraints
are added or removed from the working set. As a result, low-rank modification
of the Riccati factorization as presented in this chapter can be exploited when
computing the solution to the dual uftoc problem. A primal as solver that com-
putes the primal search direction by solving a dual equality constrained problem
is outlined in Algorithm 10. Note that Algorithm 10 is not a detailed description
of an as solver, but it is included to highlight how to exploit the theory presented
in this chapter for problems with more general constraints than in (3.22).

In Algorithm 10 the dual cftoc problem (5.48) is constructed only once, and
in the mpc application for the case with lti systems this can be done once off-
line. By inspecting the structure of the dual uftoc problem that is solved at
each as iteration, it can be seen that only the equality constraints ud

nz,N−τ +i,τ =
0 are changed between different iterations. Hence, only computationally cheap
operations are needed at Line 4 in Algorithm 10.
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Algorithm 10 Outline of primal as solver that computes the search direction by
solving a dual uftoc problem

1: Construct the dual problem (5.48) from the primal problem (5.46)
2: Find a primal feasible point (for example by using a Phase I approach) and

an initial working set
3: repeat
4: Form the dual uftoc problem (5.54)
5: Solve the problem (5.54)
6: Compute the variables xp

j+1 and up
j+1 using (5.50). If needed, compute also

the dual variables αj+1, βj+1 and γj+1 for the primal problem from (5B.76)
7: Perform the update step in the primal variables xp and up and change the

working set as in for example Algorithm 1 if necessary
8: until Primal optimal point xp∗ and up∗ is found

5.4 Numerical Results

In this section, the proposed algorithm for solving the uftoc problem (5.1) by mo-
difying the Riccati factorization between as iterations is compared to re-computing
the standard Riccati recursion. All computation times that are presented are obtai-
ned from computing the full solution of the uftoc problems, including the Riccati
factorization and the backward and forward recursions given in algorithms 5 and 6,
respectively. A proof-of-concept implementation is made in Matlab, where most
of the main operations such as Cholesky factorizations have been implemented in
m-code to get a fair comparison of the computational times. In the implementation
used here, the gaxpy Cholesky in Golub and Van Loan (1996) and the Cholesky
modifications from Stewart (1998) are used. The m-code is converted into C-code
using Matlab’s code generation framework, and the generated C-code is used
to produce the numerical results presented in this section. As always, to get a
completely fair comparison of the algorithms, fully optimized implementations in
a compiled language should be used. However, this is outside the scope of this
thesis and is left as future work.

The numerical results were produced by executing the C-code on an Intel Xeon
W3565 @3.2 GHz processor running Linux (version 2.6.32-504.12.2.el6.x86_64)
and Matlab (version 9.1.0.441655 (R2016b)). The default settings have been
used for the code generation in Matlab, with the exception that the compilation
flag ’-O3’ has been used to optimize the code for speed.

The algorithms are compared by solving random uftoc problems in the form (5.1)
for stable lti systems. The dimensions nx and nw of the problem are chosen as 10
different values that are logarithmically spaced in the interval Z10,200, giving the set
of dimensions as {10, 14, 20, 28, 38, 53, 74, 103, 143, 200}. The computation times
are averaged over 20 different problems of the same dimensions. In Figure 5.1 the
computation times are normalized with respect to the maximum computation time
0.32 seconds for the standard Riccati recursion. In this figure, problems with N =
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10 have been solved after removing a constraint at either tm = 0 (modifying one
step of the factorization) or tm = N −1 (modifying the full factorization), which are
the best and worst cases for the modifying algorithm, respectively. In Figure 5.2 a
similar plot is presented, but for problems with N = 100. Here, the normalization
is with respect to the maximum computation time 3.25 seconds for the standard
Riccati recursion. In the figures 5.3 and 5.5, the normalized computation times
for fixed nx = 10 and nw = 10, respectively, are seen. In the figures 5.4 and 5.6,
zoomed-in versions of these plots are presented. These four plots are re-scaled slices
of the surface plots in Figure 5.1. Furthermore, in Figure 5.7 the performance gains
for different N and tm ∈ {1, N

4 , N
2 , 3N

4 , N} are investigated by plotting the ratio
between the computation times when modifying the Riccati factorization and re-
computing it. The ratios are presented for problems of dimension nx = nw = 10,
nx = nw = 103 and nx = nw = 200, respectively.

The numerical results presented in the figures clearly show that modifying the
Riccati factorization instead of re-computing it can significantly reduce the com-
putation time for solving the uftoc problem (5.1). The proposed algorithm is
especially efficient for large problem sizes and/or when only a small part of the
factorization is modified. However, as indicated in Figure 5.4 and Figure 5.6, it
is also possible to decrease the computation time even for smaller problem di-
mensions than what is seen in figures 5.3 and 5.5. By comparing Figure 5.1 and
Figure 5.2 it is seen that the performance gains are similar even though there is
a factor 10 between the prediction horizons, and hence the advantages of the pro-
posed algorithm is not only for long prediction horizons. In Figure 5.7 it can, for
example, be seen that for the worst case (when the full factorization needs to be
modified), the computation time for solving a uftoc problem with nx = 10 and
nw = 10 using the proposed modification algorithm requires only approximately
70% of the computation time that is required when re-computing the factorization.
The decrease in computation time is even larger for problems of larger dimensions
or when only a part of the Riccati factorization is modified. The O (tm) com-
putational complexity growth for the modifying algorithm, which is presented in
Section 5.2, is numerically verified in Figure 5.7, where it is also shown that the
performance is comparable for all N ∈ {10, 20, 40, 60, 80, 100}.

The accuracies of the numerical solutions have been measured as the Euclidean
norm of the kkt residual for the uftoc problem (5.1). For a problem with
N = 100 and nx = nw = 200, the maximum residual norm is in the order 10−10 for
both the standard Riccati recursion and the proposed algorithm. Hence, practical
experience from the numerical results indicate that the modification algorithm
does not loose in numerical accuracy compared to the standard Riccati recursion.
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Figure 5.1: Normalized computation time for solving a uftoc problem with
N = 10 after one constraint is removed from the working set. The Riccati
factorization is computed using both the standard (Algorithm 4) and mo-
difying (Algorithm 8) algorithms, and the cases where only one step (best
case) and all steps (worst case) are modified are shown. The normalization is
with respect to the maximum computation time 0.32 seconds for the standard
Riccati recursion.
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Figure 5.2: Normalized computation time for solving a uftoc problem with
N = 100 after one constraint is removed from the working set. The Riccati
factorization is computed using both the standard (Algorithm 4) and mo-
difying (Algorithm 8) algorithms, and the cases where only one step (best
case) and all steps (worst case) are modified are shown. The normalization is
with respect to the maximum computation time 3.25 seconds for the standard
Riccati recursion.



5.4 Numerical Results 75

0 20 40 60 80 100 120 140 160 180 2000

0.2

0.4

0.6

0.8

1

nw

N
or

m
al

iz
ed

tim
e

Recursion, nx = 10, N = 10

Modify one step
Modify all steps
Standard

Figure 5.3: A comparison of computation times for problems with nx = 10
and N = 10 as a function of nw. Here the cases where only one step (best
case) and all steps (worst case) are modified are shown. The normalization is
with respect to the maximum computation time 0.11 seconds for the standard
Riccati recursion.
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Figure 5.4: A comparison of computation times for problems with nx = 10,
N = 10 and nw ∈ {10, 14, 20, 28}. Here the cases where only one step (best
case) and all steps (worst case) are modified are shown. The normalization is
with respect to the maximum computation time 0.001 seconds for the standard
Riccati recursion. Note that this is a scaled and zoomed-in version of the plot
presented in Figure 5.3.
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Figure 5.5: A comparison of computation times for problems with nw = 10
and N = 10 as a function of nx. Here the cases where only one step (best
case) and all steps (worst case) are modified are shown. The normalization is
with respect to the maximum computation time 0.04 seconds for the standard
Riccati recursion.
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Figure 5.6: A comparison of computation times for problems with nw = 10,
N = 10 and nx ∈ {10, 14, 20, 28}. Here the cases where only one step (best
case) and all steps (worst case) are modified are shown. The normalization is
with respect to the maximum computation time 0.001 seconds for the standard
Riccati recursion. Note that this is a scaled and zoomed-in version of the plot
presented in Figure 5.5.
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problem when computing the Riccati factorization using Algorithm 8 and
using Algorithm 4, respectively. Here, the ratios for uftoc problems with
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Appendix

In this appendix, the proof of the quotient formula for gscs in Lemma 5.1 is
presented. Furthermore, the derivation of the dual cftoc problem (5.48) and the
definition of the dual variables are presented here.

5.A Proof of Lemma 5.1
Proof: Consider the positive semidefinite matrices M � 0 and M̄ � 0 which are
partitioned as

M =
[
M11 M̂
M̂T M̄

]
, M̄ =

[
M22 M23
MT

23 M33

]
, M̂ =

[
M12 M13

]
. (5A.55)

From Theorem A.10 on page 168 in Appendix A and M̄ � 0 it follows that

M̄/†M22 = M33 − MT
23M †

22M23 � 0. (5A.56)

Furthermore, since M � 0 it follows from Theorem A.10 and Lemma A.4 that
R
(

M̂T
)

⊂ R
(
M̄
)

(Lancaster and Tismenetsky, 1985), and from Theorem A.14
on page 168 it follows that that

R
(

MT
13 − MT

23M †
22MT

12

)
⊂ R

(
M33 − MT

23M †
22M23

)
. (5A.57)

By defining the permutation matrix

Π ,

0 0 I
0 I 0
I 0 0

 , (5A.58)

the matrix A used in Theorem 4 in Carlson et al. (1974) can be written

A = ΠMΠT . (5A.59)

Hence, the relation (
M/†M33

)
/†
(

M̄/†M33
)

= M/†M̄, (5A.60)

80
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follows directly from Theorem 4 in Carlson et al. (1974).

Furthermore, since R
(

M̂T
)

⊂ R
(
M̄
)

there exists a matrix P such that

M̄P = M̂T , (5A.61)

and the matrix M can thus be written

M =
[

M11 P T M̄
M̄P M̄

]
. (5A.62)

By using this representation and Theorem A.10 on page 168, the gsc of M̄ in M
can be written

M/†M̄ = M11 − P T M̄M̄†M̄P = M11 − P T M̄P � 0. (5A.63)

Here, the property (A.1a) on page 165 of the pseudo inverse has been used.

From Theorem A.14 on page 168, a solution to (5A.61) can be computed. By
inserting this solution into (5A.63) and using standard matrix algebra gives

M/†M̄ = M11 − P T M̄P = M11 − M12M †
22MT

12−(
M13 − M12M †

22M23
)(

M33 − MT
23M †

22M23
)† (

MT
13 − MT

23M †
22MT

12

)
,

(5A.64)

which concludes the proof.

5.B Derivation of the Dual Problem

The derivation of the dual cftoc problem (5.48) will be similar to the derivation
of the dual problem in Axehill (2005). However, although the derivations are
essentially a repetition of those in Axehill (2005), the derivation for the slightly
more general cftoc problem (5.46) is presented in this section for completeness.

5.B.1 Constructing the dual problem
Consider a primal cftoc problem given in the form in (5.46) where Assumption 5.8
holds. Introduce the dual variables αt, βt and γt that are associated with the
constraints in the primal cftoc problem (5.46) as

α0 ↔ −xp
0 + x̄ = 0, (5B.65a)

αt+1 ↔ −xp
t+1 + Ap

t xp
t + Bp

t up
t + ap

t = 0, t ∈ Z0,N−1, (5B.65b)
βt ↔ −zp

t + Mp
t xp

t = 0, t ∈ Z0,N , (5B.65c)
γt ↔ Hp

x,tx
p
t + Hp

u,tu
p
t + hp

t � 0, t ∈ Z0,N−1, (5B.65d)
γN ↔ Hp

x,N xp
N + hp

N � 0, (5B.65e)

where the use of the notation ↔ is introduced in Definition 3.5.

The first step to derive the dual problem is to form the Lagrangian of the primal
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cftoc problem using the definitions of the dual variables in (5B.65). By using
the definition of the Lagrangian in (2.8), it follows that it is given by

LP (xp, up, zp, α, β, γ)=
N−1∑
t=0

(
1
2

[
zp

t
up

t

]T
[

Qp
z,t Qp

zu,t(
Qp

zu,t

)T
Qp

u,t

][
zp

t
up

t

]
+
[
lpz,t

lpu,t

]T [
zp

t
up

t

]
+ cp

t

)
+

1
2zp

N
T

Qp
z,N zp

N + lpz,N
T

zp
N + cp

N +
N−1∑
t=0

αT
t+1
(
−xp

t+1 + Ap
t xp

t + Bp
t up

t + ap
t

)
+

αT
0
(
−xp

0 + x̄
)

+
N∑

t=0
βT

t

(
−zp

t + Mp
t xp

t

)
+

N−1∑
t=0

γT
t

(
Hp

x,tx
p
t + Hp

u,tu
p
t + hp

t

)
+

γT
N

(
Hp

x,N xp
N + hp

N

)
,

(5B.66)

with the corresponding Lagrange dual function

g(α, β, γ) = inf
xp,up,zp

LP (xp, up, zp, α, β, γ). (5B.67)

To simplify the minimization over the primal variables xp, up, zp in (5B.67), the
terms in the Lagrangian (5B.66) are re-ordered, resulting in

LP (xp, up, zp, α, β, γ)=
N−1∑
t=0

(
1
2

[
zp

t
up

t

]T
[

Qp
z,t Qp

zu,t(
Qp

zu,t

)T
Qp

u,t

][
zp

t
up

t

]
+
[
lpz,t

lpu,t

]T [
zp

t
up

t

]
+ cp

t

)
+

1
2zp

N
T

Qp
z,N zp

N + lpz,N
T

zp
N + cp

N +
N−1∑
t=0

(
αT

t+1Bp
t + γT

t Hp
u,t

)
up

t −
N∑

t=0
βT

t zp
t +

N−1∑
t=0

(
−αT

t + αT
t+1Ap

t + βT
t Mp

t + γT
t Hp

x,t

)
xp

t +
(

−αT
N + βT

N Mp
N + γT

N Hp
x,N

)
xp

N +

αT
0 x̄ +

N−1∑
t=0

αT
t+1ap

t +
N−1∑
t=0

γT
t hp

t + γT
N hp

N .

(5B.68)

When Assumption 5.8 holds, it follows that (5B.68) is strictly convex in the primal
variables up and zp, and linear in the primal variable xp. Hence, if (5B.68) is
minimized with respect to all primal variables, the optimal value is not bounded
below unless the coefficient in front of xp is zero. As a result, the explicit equality
constraints that exclude all the values of the dual variables αt, βt, γt such that
g(α, β, γ) = −∞ can be formulated as

−αt +
(
Ap

t

)T
αt+1 +

(
Mp

t

)T
βt +

(
Hp

x,t

)T
γt = 0, t ∈ Z0,N−1, (5B.69a)

−αN +
(
Mp

N

)T
βN +

(
Hp

x,N

)T
γN = 0. (5B.69b)

These can be identified as the transpose of the coefficients in front of xp
t and xp

N
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in (5B.68), respectively. By inserting (5B.69a) and (5B.69b) into (5B.68), and
re-arranging some terms, the Lagrangian can be written

LP (up, zp, α, β, γ) =
N−1∑
t=0

(
1
2

[
zp

t
up

t

]T
[

Qp
z,t Qp

zu,t(
Qp

zu,t

)T
Qp

u,t

] [
zp

t
up

t

]
+

[
lpz,t − βt

lpu,t +
(
Bp

t

)T
αt+1 +

(
Hp

u,t

)T
γt

]T [
zp

t
up

t

]
+ cp

t +
(
ap

t

)T
αt+1 +

(
hp

t

)T
γt

)
+

1
2zp

N
T

Qp
z,N zp

N +
(

lpz,N − βN

)T
zp

N + cp
N +

(
hp

N

)T
γN + x̄T α0,

(5B.70)

which is a strictly convex quadratic function in the primal variables zp and up.
From basic optimization results it follows that the minimum of (5B.70) with respect
to zp and up is obtained at[

zp
t

up
t

]
= −

[
Qp

z,t Qp
zu,t(

Qp
zu,t

)T
Qp

u,t

]−1 [
lpz,t − βt

lpu,t +
(
Bp

t

)T
αt+1 +

(
Hp

u,t

)T
γt

]
, (5B.71a)

zp
N = −

(
Qp

z,N

)−1 (
lpz,N − βN

)
. (5B.71b)

Inserting this solution into the Lagrangian (5B.70) and introducing the notation[
Q̄z,t Q̄zu,t(

Q̄zu,t

)T
Q̄u,t

]
,

[
Qp

z,t Qp
zu,t(

Qp
zu,t

)T
Qp

u,t

]−1

, (5B.72)

to simplify notation gives (after standard, but tedious, matrix algebra and re-
arrangements) the Lagrange dual function g(α, β, γ) as

− g(α, β, γ) =

N−1∑
t=0

(
1
2

αt+1
βt

γt

T


Bp

t Q̄u,t

(
Bp

t

)T −Bp
t

(
Q̄zu,t

)T
Bp

t Q̄u,t

(
Hp

u,t

)T

−Q̄zu,t

(
Bp

t

)T
Q̄z,t −Q̄zu,t

(
Hp

u,t

)T

Hp
u,tQ̄u,t

(
Bp

t

)T −Hp
u,t

(
Q̄zu,t

)T
Hp

u,tQ̄u,t

(
Hp

u,t

)T


αt+1

βt

γt

+


Bp

t

(
Q̄zu,t

)T
lpz,t + Bp

t Q̄u,tl
p
u,t − ap

t

−
(

Q̄z,tl
p
z,t +

(
Q̄zu,t

)T
lpu,t

)
Hp

u,t

(
Q̄zu,t

)T
lpz,t + Hp

u,tQ̄u,tl
p
u,t − hp

t


Tαt+1

βt

γt

+
[
lpz,t

lpu,t

]T
[

Q̄z,t Q̄zu,t(
Q̄zu,t

)T
Q̄u,t

][
lpz,t

lpu,t

]
−cp

t

)

+ 1
2

[
βN

γN

]T
[(

Qp
z,N

)−1
0

0 0

] [
βN

γN

]
+
[

−
(

Qp
z,N

)−1
lpz,N

−hp
N

]T [
βN

γN

]
+

1
2 lpz,N

T
(

Qp
z,N

)−1
lpz,N − cp

N − x̄T α0,

(5B.73)
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which is a concave function. Note the “−” sign in the left hand side. Hence, by
explicitly including the constraints (5B.69) for which the Lagrangian is bounded
from below in the primal variables, the dual problem (2.11) corresponding to (5.46)
can be written as

maximize
α,β,γ

g(α, β, γ)

subject to − αt +
(
Ap

t

)T
αt+1 +

(
Mp

t

)T
βt +

(
Hp

x,t

)T
γt = 0, t ∈ Z0,N−1

− αN +
(
Mp

N

)T
βN +

(
Hp

x,N

)T
γN = 0

γt � 0, t ∈ Z0,N ,
(5B.74)

or equivalently

minimize
α,β,γ

−g(α, β, γ)

subject to − αt +
(
Ap

t

)T
αt+1 +

(
Mp

t

)T
βt +

(
Hp

x,t

)T
γt = 0, t ∈ Z0,N−1

− αN +
(
Mp

N

)T
βN +

(
Hp

x,N

)T
γN = 0

γt � 0, t ∈ Z0,N .
(5B.75)

Here (5B.75) is formed by using that maximizing the concave function g(α, β, γ)
subject to the constraints in (5B.74) corresponds to minimizing the convex function
−g(α, β, γ) subject to the same constraints (Boyd and Vandenberghe, 2004).

It will now be shown that the dual problem (5B.75) can be interpreted as a cftoc
problem in the form in (3.1) by introducing new variables xd

τ ∈ Rnx and ud
τ ∈

Rnz,N−τ +nc,N−τ . The dimensions will be clear from the definitions. Now define
τ , N − t and Nd , N + 1, and let xd

τ and ud
τ be defined as

xd
0 , 0, (5B.76a)

xd
τ , αN+1−τ , τ ∈ Z1,N+1, (5B.76b)

ud
τ ,

[
βN−τ

γN−τ

]
, τ ∈ Z0,N . (5B.76c)

Furthermore, define the following matrices, vectors and constants (for τ ∈ Z1,N

unless stated otherwise)

Ad
0 , 0, Qd

x,0 , 0, Qd
xu,0 , 0, ldx,0 , 0, (5B.77a)

Ad
τ ,

(
Ap

N−τ

)T
, (5B.77b)

Bd
τ ,

[(
Mp

N−τ

)T (
Hp

x,N−τ

)T
]

, τ ∈ Z0,N , (5B.77c)

Qd
x,τ , Bp

N−τ Q̄u,N−τ

(
Bp

N−τ

)T
, (5B.77d)
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Qd
u,0 ,

[(
Qp

z,N

)−1
0

0 0

]
, (5B.77e)

Qd
u,τ ,

 Q̄z,N−τ −Q̄zu,N−τ

(
Hp

u,N−τ

)T

−Hp
u,N−τ

(
Q̄zu,N−τ

)T
Hp

u,N−τ Q̄u,N−τ

(
Hp

u,N−τ

)T

 , (5B.77f)

Qd
xu,τ ,

[
−Bp

N−τ

(
Q̄zu,N−τ

)T
Bp

N−τ Q̄u,N−τ

(
Hp

u,N−τ

)T
]

, (5B.77g)

ldx,τ , −ap
N−τ + Bp

N−τ

(
Q̄zu,N−τ

)T
lpz,N−τ + Bp

N−τ Q̄u,N−τ lpu,N−τ , (5B.77h)

ldu,0 ,

[
−
(

Qp
z,N

)−1
lpz,N

−hp
N

]
, (5B.77i)

ldu,τ ,

[
−Q̄z,N−τ lpz,N−τ −

(
Q̄zu,N−τ

)T
lpu,N−τ

−hp
N−τ + Hp

u,N−τ

(
Q̄zu,N−τ

)T
lpz,N−τ + Hp

u,N−τ Q̄u,N−τ lpu,N−τ

]
,

(5B.77j)
ld
x,Nd , −x̄, (5B.77k)

cd
0 ,

1
2 lpz,N

T
(

Qp
z,N

)−1
lpz,N − cp

N , (5B.77l)

cd
τ ,

1
2

[
lpz,N−τ

lpu,N−τ

]T
[

Q̄z,N−τ Q̄zu,N−τ(
Q̄zu,N−τ

)T
Q̄u,N−τ

] [
lpz,N−τ

lpu,N−τ

]
− cp

N−τ . (5B.77m)

Then, the dual problem (5B.75) can equivalently be written

minimize
xd,ud

Nd−1∑
τ=0

(
1
2

[
xd

τ

ud
τ

]T
[

Qd
x,τ Qd

xu,τ(
Qd

xu,τ

)T
Qd

u,τ

] [
xd

τ

ud
τ

]
+
[
ldx,τ

ldu,τ

]T [
xd

τ

ud
τ

]
+ cd

τ

)
+(

ld
x,Nd

)T
xd

Nd

subject to xd
0 = 0

xd
τ+1 = Ad

τ xd
τ + Bd

τ ud
τ , τ ∈ Z0,Nd−1[

0 −Inc,N−τ

]
ud

τ � 0, τ ∈ Z0,Nd−1.

(5B.78)

Using these definitions, the dual problem (5B.78) can be interpreted as a cftoc
problem in the form in (3.1).

5.B.2 Relation between the primal and dual variables

The relation between the primal variables xp
t and up

t , and the solution to the
dual problem (5B.78) is investigated in this section. The relation can be used to
compute the primal solution given the dual solution. The primal control inputs
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can be computed using (5B.71a) giving

up
t = −

(
Q̄zu,t

)T
lpz,t +

(
Q̄zu,t

)T
βt − Q̄u,tl

p
u,t − Q̄u,t

(
Bp

t

)T
αt+1 − Q̄u,t

(
Hp

u,t

)T
γt,

(5B.79)
which, by using the definitions of xd

τ and ud
τ in (5B.76), is equivalent to

up
t = −

(
Q̄zu,t

)T
lpz,t−Q̄u,tl

p
u,t−Q̄u,t

(
Bp

t

)T
xd

N−t+
[(

Q̄zu,t

)T −Q̄u,t

(
Hp

u,t

)T
]
ud

N−t.

(5B.80)
Hence, given the dual state variables xd

τ and dual control inputs ud
τ , the primal

control input is computed using (5B.80).

To compute the primal state variables xp
t , the optimality conditions (2.17a) for

the dual problem (5B.78) is used. Let the dual variables to the dual problem be
defined as

λτ+1 ↔ −xd
τ+1 + Ad

τ xd
τ + Bd

τ ud
τ = 0, τ ∈ Z0,Nd−1, (5B.81a)

µτ ↔
[
0 −Inc,N−τ

]
ud

τ � 0, τ ∈ Z0,Nd−1. (5B.81b)

By using the definitions of Qd
x,τ , Qd

xu,τ , ldx,τ and Ad
τ in (5B.77d), (5B.77g), (5B.77h)

and (5B.77b), respectively, the optimality condition (2.17a) gives (for τ ∈ Z0,Nd−1)

Qd
x,τ xd

τ + Qd
xu,τ ud

τ + ldx,τ +
(

Ad
τ

)T
λτ+1 − λτ = 0 ⇐⇒

λτ = Ap
t λτ+1 + Bp

t Q̄u,t

(
Bp

t

)T
xd

τ − Bp
t

[(
Q̄zu,t

)T −Q̄u,t

(
Hp

u,t

)T
]

ud
τ +

Bp
t

(
Q̄zu,t

)T
lpz,t + Bp

t Q̄u,tl
p
u,t − ap

t = Ap
t λτ+1 − Bp

t up
t − ap

t .

(5B.82)

Here (5B.80) is used in the second equality to simplify the expression. For τ = Nd

the optimality condition is

ld
x,Nd − λNd = 0 ⇐⇒ λNd = ld

x,Nd = −x̄, (5B.83)

where the definition of ld
x,Nd in (5B.77k) has been used. Hence, from (5B.82) and

(5B.83) it follows that if the primal variables xp
t are computed as

xp
t = −λN+1−t, (5B.84)

they will satisfy the dynamics equations in the primal problem (5.46). By inserting
this choice of the primal variables into (5B.82) and (5B.83) gives

xp
t+1 = Ap

t xp
t + Bp

t up
t + ap

t , t ∈ Z0,N−1, (5B.85)

and
xp

0 = x̄. (5B.86)

It is trivial to verify that (5B.85) and (5B.86) are the dynamics constraints and
the initial condition, respectively, in the primal cftoc problem (5.46).
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Furthermore, using the definitions of Qd
xu,τ , Qd

u,τ , ldu,τ and Bp
τ in (5B.77g), (5B.77f),

(5B.77j) and (5B.77c), respectively, in the optimality condition (2.17a) for the dual
problem (5B.78) also gives(

Qd
xu,τ

)T
xd

τ + Qd
u,τ ud

τ + ldu,τ +
[

0
−Inc,N−τ

]
µτ +

(
Bd

τ

)T
λτ+1 = 0 ⇐⇒

[
−Q̄zu,t

(
Bp

t

)T
Hp

u,tQ̄u,t

(
Bp

t

)T
]

xd
τ +

 Q̄z,t −Q̄zu,t

(
Hp

u,t

)T

−Hp
u,t

(
Q̄zu,t

)T
Hp

u,tQ̄u,t

(
Hp

u,t

)T

ud
τ +

[
−Q̄z,tl

p
z,t −

(
Q̄zu,t

)T
lpu,t

−hp
t + Hp

u,t

(
Q̄zu,t

)T
lpz,t + Hp

u,tQ̄u,tl
p
u,t

]
+
[

0
−Inc,t

]
µτ +

[
Mp

t
Hp

x,t

]
λτ+1 = 0.

(5B.87)

The lower block-equations in (5B.87) gives

Hp
u,tQ̄u,t

(
Bp

t

)T
xd

τ + Hp
u,t

[
−
(
Q̄zu,t

)T
Q̄u,t

(
Hp

u,t

)T
]

ud
τ + Hp

u,t

(
Q̄zu,t

)T
lpz,t+

Hp
u,tQ̄u,tl

p
u,t − hp

t + Hp
x,tλτ+1 − µτ = 0 ⇐⇒ Hp

x,tλτ+1 − hp
t +

Hp
u,t

([
−Q̄zu,t

Hp
u,tQ̄u,t

]T

ud
τ +

(
Q̄zu,t

)T
lpz,t + Q̄u,tl

p
u,t + Q̄u,t

(
Bp

t

)T
xd

τ

)
= µτ .

(5B.88)

By using the expressions for xp
t and up

t in (5B.84) and (5B.80), respectively, to-
gether with τ = N − t in (5B.88) the following relation is obtained

− Hp
x,tx

p
t − Hp

u,tu
p
t − ht = µN−t ⇐⇒ Hp

x,tx
p
t + Hp

u,tu
p
t + ht = −µN−t. (5B.89)

Hence, the dual variables µτ corresponding to the inequality constraints in the
dual problem (5B.78) can be interpreted as the slack variables for the inequality
constraints in the primal problem (5.46).





6
Parallel Computations of Search Directions

Two different ways to exploit parallelism when solving cftoc problems are either
to parallelize the solver that is applied to solve the cftoc problem, or to paralle-
lize the computations of the search directions in the solver. Examples where the
parallelism is applied directly to the cftoc problem can be found in for exam-
ple Chang and Luh (1985), Chang et al. (1990), Chang et al. (1989), and Boyd
et al. (2008). In this thesis, the focus is not on solving the cftoc problem itself
in parallel, but rather to solve the uftoc problems which correspond to compu-
ting the second-order search directions within ip and as type solvers when applied
to solve cftoc problems. In Wright (1991) the authors argue that exploiting
parallelism like this at the level of numerical linear algebra is more flexible than
exploiting it directly for the cftoc problem.

In this chapter, different algorithms for solving the uftoc problems in parallel are
presented. Hence, all the proposed parallel algorithms in this thesis are used at
the level of the numerical linear algebra. The algorithms reduce a uftoc problem
of prediction horizon N in parallel to a new, smaller master uftoc problem in the
same form but with prediction horizon N̂ < N . Unlike for example the partitioned
dp algorithm in Wright (1991), the uftoc problem structure is retained in the
master problem. Hence, the same parallel algorithm can be applied recursively
without changing the structure of the master problems. Furthermore, in the al-
gorithms presented here the solution is computed directly without involving any
iterative updates of variables, as is usually done in parallel first-order-methods,
such as the alternating direction method of multipliers (Boyd et al., 2011). The
material presented in this chapter is based on the publications Nielsen and Axehill
(2014, 2015), Nielsen (2015), and Nielsen and Axehill (2016b). However, some new
material is added, mainly to Section 6.3, and the presentation of the results from
the listed publications have been edited and combined into a common framework.
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The uftoc problem (3.30) that corresponds to the second-order search directions
in many ip and as solvers when applied to solve cftoc problems is repeated here
for convenience:

minimize
x,u

N−1∑
t=0

(
1
2

[
xt

ut

]T [Qx,t Qxu,t

QT
xu,t Qu,t

] [
xt

ut

]
+
[
lx,t

lu,t

]T [
xt

ut

]
+ ct

)
+

1
2xT

N Qx,N xN + lTx,N xN + cN

subject to x0 = x̄

xt+1 = Atxt + Btut + at, t ∈ Z0,N−1.

(6.1)

Let assumptions 3.3 and 3.4 hold, let P(N) denote an optimization problem with
the same structure as in (6.1), and let the dual variables corresponding to the
equality constraint in (6.1) be defined as in (3.32).

In Section 6.1, the main steps of the parallel algorithms are outlined. In Section 6.2
and Section 6.3, the different ways of reducing and solving the uftoc problem (6.1)
are presented. How to recursively reduce the uftoc problem to obtain O (log N)
computational complexity growth is presented in Section 6.4.

6.1 Computing the Search Direction via a Master Problem

The original uftoc problem (6.1) can be reduced in different ways to a master
problem in the same uftoc form but with shorter prediction horizon and possibly
fewer control inputs using different techniques. Furthermore, the solution of the
original uftoc problem can be computed from the solution of the master problem
in different ways. The reduction and solution of the original uftoc problem can
be described by four main steps:

1. Split into subproblems: Split the original uftoc problem P(N) in time into
subproblems Pi(Ni) for i ∈ Z0,N̂ .

2. Reduce the subproblems: Reduce the subproblem to depend on fewer vari-
ables using any of the algorithms presented in Section 6.2 or Section 6.3.

3. Form and solve the master problem: Form the master uftoc problem P(N̂)
using the reduced subproblems. Solve the master uftoc problem.

4. Solve subproblems and retrieve solution: Solve the subproblems using in-
formation from the solution to the master uftoc problem. Retrieve the
solution to the original uftoc problem P(N) using the solutions to the
subproblems Pi(Ni) for i ∈ Z0,N̂ .

The structure of the reduction and solution process is presented in Figure 6.1,
where the dots represent repetition of the structure. The problem at the lower
level is the split original uftoc problem (6.1) and the problem at the upper level
is the master uftoc problem.
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P0(N0) Pi(Ni) Pj(Nj) P
N̂

(N
N̂

)P(N) :

P(N̂) : MASTER UFTOC PROBLEM

Red
uc

e
So

lve

R
ed

uc
e Solve

R
ed

uc
e Solve

Reduce
Solve

Figure 6.1: The original uftoc problem can be split into N̂ + 1 smaller sub-
problems Pi(Ni) and reduced into a smaller master uftoc problem. Once
the master uftoc problem is solved, the subproblems can be solved using
information from the solution of the master uftoc problem. The solution
to the original uftoc problem can be retrieved from the solutions to the
subproblems Pi(Ni). The reduction and solution of the subproblems can be
performed in different ways. The dots represent repetition of the structure.

In Section 6.2, it will be shown how the reduction can be done using a parametric
programming approach as is presented in Nielsen and Axehill (2014). In Section 6.3
it is shown how the subproblems can be reduced by combining ideas from partial
condensing, which was introduced in Axehill (2015), with the theory presented
in Nielsen and Axehill (2015). The different proposed approaches presented in this
thesis are similar in the sense that they split the original subproblem into several
smaller subproblems, which can be reduced in parallel to eliminate variables from
the original uftoc problem. However, they differ in the way the problem is split,
how the subproblems are reduced, and how the subproblems are solved. Depending
on which reduction approach that is used, the solution to the subproblem and in
the end the original uftoc problem can be computed in different ways. The
choice of method for computing the solution may vary depending on the use of the
solution. The details of the presented approaches are given in sections 6.2 and 6.3.

6.2 Parametric Programming Approach

In this section, the parallel algorithm for solving uftoc problems using the pa-
rametric programming approach in Nielsen and Axehill (2014) is presented. This
approach extends the original uftoc problem with extra complicating variables,
and splits it into smaller subproblems. In each subproblem (except the last), the
final state has to satisfy a terminal constraint which is dependent on the com-
plicating variables. The connections between the subproblems are given by extra
coupling constraints in the complicating variables, and the subproblems can be
solved parametrically as a function of these variables. The complicating variables
and the coupling constraints are chosen such that when using the parametric solu-
tions to the subproblems to eliminate variables, a master problem which is in the
uftoc form is obtained.
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This approach is similar to primal decomposition (Lasdon, 1970; Boyd et al., 2008),
and to the hierarchical approach presented in Chang (1986) and Chang et al.
(1989) in the sense that the problem is decomposed in time into N̂ + 1 subpro-
blems that share complicating variables. Here, however, the parallel algorithm is
applied at the level of the numerical linear algebra instead of to the inequality
constrained problem. Furthermore, the introduction of the complicating variables
and constraints is made such that feasible subproblems are always obtained, and
the master problem is in the form of a uftoc problem. Since the master problem
is in the same uftoc form as the original uftoc problem, the proposed parallel
algorithm can be applied recursively without making any modifications to it.

6.2.1 Problem decomposition and variable elimination

The structure of the uftoc problem (6.1) can be exploited by splitting it into
smaller subproblems that only share a small number of complicating variables.
Given the value of the complicating variables, the subproblems can be solved
independently. These smaller subproblems are obtained by splitting the prediction
horizon in N̂ + 1 intervals i ∈ Z0,N̂ , where each is of length Ni ∈ Z++ such that∑N̂

i=0 = N . Let t0 = 0 and ti =
∑i−1

k=0 Nk for i ∈ Z1,N̂ , and introduce the local
problem matrices and vectors for i ∈ Z0,N̂ and t ∈ Z0,Ni−1 as

Qx,t,i , Qx,ti+t, Qxu,t,i , Qxu,ti+t, Qu,t,i , Qu,ti+t, lx,t,i , lx,ti+t, (6.2a)
lu,t,i , lu,ti+t, ct,i , cti+t, At,i , Ati+t, Bt,i , Bti+t, at,i , ati+t.

(6.2b)

Furthermore, introduce the local variables

xi ,

 x0,i
...

xNi,i

 , ui ,

 u0,i
...

uNi−1,i

 , (6.3)

the initial constraints x0,i = x̂i for each subproblem, and the terminal constraints
xNi,i = di for i ∈ Z0,N̂−1. Here, di will only be used as a dummy variable in an
intermediate step. The connections between the subproblems are introduced as
the coupling constraints x̂i+1 = di for i ∈ Z0,N̂−1. Now, let di be parametrized as

di = Âix̂i + B̂iûi + âi, (6.4)

where the parameters x̂i ∈ Rnx and ûi ∈ Rnû,i with nû,i ≤ nx are introduced as
the complicating variables. How, and also the reason why, to choose the parame-
trization Âi, B̂i and âi will soon be explained.

Now, define the number of variables ni, the number of equality constraints mi and
the number of parameters pi for i ∈ Z0,N̂−1 as

ni , (Ni + 1)nx +
Ni−1∑
t=0

nu,i,t, mi , (N + 2)nx, pi , nx + nû,i. (6.5)
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Furthermore, define Hi ∈ Sni
+ , li ∈ Rni , ci ∈ R, Ai ∈ Rmi×ni , bi ∈ Rmi , and

Gi ∈ Rmi×pi for i ∈ Z0,N̂−1 as

Hi ,



Qx,0,i Qxu,0,i 0 · · · 0
QT

xu,0,i Qu,0,i 0 · · · 0

0 0
. . .

. . .
...

...
...

. . . Qx,Ni−1,i Qxu,Ni−1,i 0
QT

xu,Ni−1,i Qu,Ni−1,i 0
0 0 · · · 0 0 0


, li ,



lx,0,i

lu,0,i
...

lx,Ni−1,i

lu,Ni−1,i

0


,

(6.6a)

ci ,
Ni−1∑
t=0

ct,i, Ai ,



−I 0 · · · · · · 0

A0,i B0,i −I 0 · · ·
...

0 0 A1,i · · ·
...

...
. . . 0

...
... ANi−1,i BNi−1,i −I

0 · · · · · · 0 −I


, (6.6b)

bi ,


0

−a0,i
...

−aNi−1,i

−âi

 , Gi ,


−I 0
0 0
...

...
0 0

−Âi −B̂i

 , Xi ,


x0,i

u0,i
...

uNi−1,i

xNi,i

 . (6.6c)

For i = N̂ , the matrices are defined similarly as in (6.6) but including the cost for
xN

N̂
,N̂ in HN̂ , lN̂ and cN̂ , removing the last block row in AN̂ , bN̂ and GN̂ , and

removing the last block column in GN̂ since no terminal constraint is introduced
in this subproblem.

Then, by using the definitions in (6.6) together with the coupling constraints and
the complicating variables, an extended optimization problem can be constructed
from (6.1), given in the form

minimize
x̂,û,X

N̂∑
i=0

(
1
2XT

i HiXi + lTi Xi + ci

)
subject to AiXi = bi + Gi

[
x̂i

ûi

]
, i ∈ Z0,N̂−1

AN̂ XN̂ = bN̂ + GN̂ x̂N̂

x̂0 = x̄

x̂i+1 = Âix̂i + B̂iûi + âi, i ∈ Z0,N̂−1.

(6.7)

The term extended is used to indicate that the uftoc problem (6.1) is extended
with both extra variables and constraints to form (6.7).
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The extended problem (6.7) can be solved by first optimizing over the local vari-
ables Xi while considering the complicating variables as parameters. By defining

θi ,

[
x̂i

ûi

]
, i ∈ Z0,N̂−1, θN̂ , x̂N̂ , (6.8)

Xi for i ∈ Z0,N̂ can be computed as a function of the parameter θi by solving the
equality constrained mp-qp problem

minimize
Xi

1
2XT

i HiXi + lTi Xi + ci

subject to AiXi = bi + Giθi.

(6.9)

Lemma 6.1. The reduced Hessian of (6.9) is positive definite and hence satisfies
V T HiV � 0, where the columns of V form a basis for N (Ai).

Proof: Consider a subproblem i ∈ Z0,N̂−1. Let Āi, b̄i and Ḡi denote all the rows
in Ai, bi and Gi except the last block row. Now consider a problem as in (6.9),
but with the equality constraints ĀiXi = b̄i + Ḡiθi instead. This problem is a
uftoc problem in the form (3.30) where assumptions 3.3 and 3.4 hold, which
has a unique solution (Maciejowski, 2002). Hence, the reduced Hessian V̄ T HiV̄
is positive definite, where the columns of V̄ form a basis for N

(
Āi

)
(Boyd and

Vandenberghe, 2004). Since N (Ai) ⊂ N
(
Āi

)
, the result follows. For i = N̂ the

result follows immediately since it is in the uftoc form where assumptions 3.3
and 3.4 hold.

The subproblem (6.9) is only feasible when bi + Giθi ∈ R (Ai) (Lancaster and Tis-
menetsky, 1985). Hence, depending on the parametrization and the subproblem,
the introduction of the terminal constraints might result in infeasible subproblems.
In order to obtain feasible subproblems in (6.7) for every choice of the parame-
ters, the parametrizations of the terminal constraints must be chosen such that
it is always possible to reach the desired final state from the initial state of the
subproblem. The final state can be computed using the dynamics constraints as

xNi,i = Ãix̂i + B̃iui + D̃iai, (6.10)
where

Ãi ,
∏Ni−1

t=0 At,i, D̃i ,
[∏Ni−1

t=1 At,i · · · ANi−1,i I
]

, (6.11a)

B̃i ,
[∏Ni−1

t=1 At,iB0,i · · · ANi−1,iBNi−2,i BNi−1,i

]
, (6.11b)

and ai and ui are the stacked at,i and ut,i for t ∈ Z0,Ni−1, respectively. Note that
B̃i is the reachability matrix (Rugh, 1996). The product operator is introduced in
Definition 6.2 given below.
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Definition 6.2 (Product operator). The product operator for a sequence of matrices
Al, Al+1, . . . , Ak is defined as

k∏
t=l

At ,

{
Ak · · · Al+1Al, l ≤ k,

I, l > k.
(6.12)

The feasibility of a subproblem can be managed by parametrizing the problem
such that the parameter di = Âix̂i + B̂iûi + âi is reachable from x̂i. This can be
assured by choosing

Âi , Ãi, B̂i , Ti, âi , D̃iai, (6.13)
where the columns of Ti form a basis for R

(
B̃i

)
. With this choice of parametri-

zation, it is always possible to satisfy the terminal constraint for any choice of
parameters x̂i and ûi. Note that by introducing this parametrization of the sub-
problem, the problem of choosing parameters in the master problem that satisfy
the range constraints bi +Giθi ∈ R (Ai) for i ∈ Z0,N̂−1 to give feasible subproblems
is solved already in the subproblems. For a subproblem where B̃i has full row rank,
Âi = 0, B̂i = I and âi = 0 in the parametrization of the terminal constraint are
valid choices for the parametrization.

Remark 6.3. The terminal state xNi,i in the subproblems i ∈ Z0,N̂−1 can be discarded in
practice, and the two constraints{

xNi,i = ANi−1,ixNi−1,i + BNi−1,iuNi−1,i + aNi−1,i,

xNi,i = Âix̂i + B̂iûi + âi,
(6.14)

can be combined into a single constraint

Âix̂i + B̂iûi + âi = ANi−1,ixNi−1,i + BNi−1,iuNi−1,i + aNi−1,i, (6.15)

and the corresponding parts in the objective function can be discarded. However, for
notational reasons the terminal state xNi,i is used as a local variable in the subproblems.

Now, introduce the dual variables Λi corresponding to the equality constraints
in (6.9) as

Λi ,


λ0,i

λ1,i
...

λNi,i

λtc,i

 , (6.16)

where

λ0,i ↔ −x0,i + x̂i = 0, (6.17a)
λt+1,i ↔ −xt+1,i + At,ixt,i + Bt,iut,i + at,i = 0, t ∈ Z0,Ni−1, (6.17b)

λtc,i ↔ −xNi,i + Âix̂i + B̂iûi + âi = 0. (6.17c)
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The use of the notation ↔ is introduced in Definition 3.5. The subscript “tc” is
an abbreviation of terminal constraint.

The subproblem (6.9) is a very simple mp-qp problem with parameters θi and only
equality constraints. Hence the optimal primal and dual solutions to this problem
are both affine functions of the parameters θi and given by

X∗
i (θi) = Kx

i θi + kx
i , (6.18a)

Λ∗
i (θi) = Kλ

i θi + kλ
i + λN

i , (6.18b)

for some Kx
i ∈ Rni×pi , kx

i ∈ Rni , Kλ
i ∈ Rmi×pi , kλ

i ∈ Rmi and λN
i ∈ N

(
AT

i

)
.

Here i denotes the index of the subproblem. See for example Tøndel et al. (2003a)
for the details on how compute the solution. The primal solution is unique since
the reduced Hessian is positive definite according to Lemma 6.1. When licq holds
for the subproblem (6.9) it follows that N

(
AT

i

)
= {0}, and hence also the dual

solution is unique (Tøndel et al., 2003a). Since the simple mp-qp problem (6.9) is
subject to equality constraints only, it is affine, rather than piecewise affine, in the
parameters. Hence, the solution to this equality constrained mp-qp problem can
be computed cheaply compared to the cost of solving an inequality constrained
mp-qp problem, and it does not suffer from the complexity issues of a general
mp-qp problem.

The local variables Xi can be eliminated from the extended problem (6.7) by using
the parametric solution (6.18a). The value function of (6.9) can be expressed in
the parameter θi by inserting the parametric primal optimal solution (6.18a) into
the objective function in (6.9), resulting in

V̂i(θi) ,
1
2θT

i Q̂iθi + l̂Ti θi + ĉi, (6.19)

where

Q̂i , (Kx
i )T HiK

x
i ∈ Snx+nû,i

+ , (6.20a)

l̂i , (Kx
i )T li + (Kx

i )T Hik
x
i ∈ Rnx+nû,i , (6.20b)

ĉi , ci + 1
2(kx

i )T Hik
x
i + lTi kx

i ∈ R. (6.20c)

Lemma 6.4. Let the relation between θi and x̂i, ûi be given by (6.8), and let Q̂i

in (6.20a) be partitioned into blocks corresponding to the size of x̂i and ûi as[
Q̂x,i Q̂xu,i

Q̂T
xu,i Q̂u,i

]
, Q̂i. (6.21)

Then it holds that Q̂u,i ∈ Snû,i
++ for i ∈ Z0,N̂−1.

Proof: The proof of Lemma 6.4 is presented in Appendix 6.B.1.
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6.2.2 Constructing the master problem

By eliminating all the local variables Xi for i ∈ Z0,N̂ in (6.7), a uftoc problem
in the form (6.1) but with horizon N̂ < N is obtained, which is presented in
Theorem 6.5.

Theorem 6.5. Consider a uftoc problem P(N) as defined in (6.1). Then, this
uftoc problem can be reduced in parallel to a smaller uftoc problem P(N̂)
with N̂ < N , given by

minimize
x̂,û

N̂−1∑
i=0

(1
2

[
x̂i

ûi

]T
[

Q̂x,i Q̂xu,i

Q̂T
xu,i Q̂u,i

]
︸                ︷︷                ︸

=Q̂i

[
x̂i

ûi

]
+
[
l̂x,i

l̂u,i

]
︸  ︷︷  ︸

=l̂i

T [
x̂i

ûi

]
+ ĉi

)
+

1
2 x̂T

N̂
Q̂N̂ x̂N̂ + l̂T

N̂
x̂N̂ + ĉN̂

subject to x̂0 = x̄

x̂i+1 = Âix̂i + B̂iûi + âi, i ∈ Z0,N̂−1,

(6.22)

where Âi ∈ Rnx×nx , B̂i ∈ Rnx×nû,i and âi ∈ Rnx are defined in (6.13), Q̂i ∈
Snx+nû,i

+ , Q̂u,i ∈ Snû,i
++ , l̂i ∈ Rnx+nû,i and ĉi ∈ R are defined in (6.20), and nû,i ≤ nx.

Proof: Given a uftoc problem (6.1), the construction of the extended problem (6.7)
can be done as described in Section 6.2.1. All local variables can be eliminated by
solving the subproblems (6.9) parametrically as functions of the complicating va-
riables, and substituting the parametric solution into the extended problem (6.7).
Then, using the definitions in (6.20) it follows that the extended problem (6.7) is
reduced to (6.22). Âi, B̂i and âi are chosen according to (6.13), and the parame-
trization is introduced such that nû,i ≤ nx. Positive semidefiniteness of Q̂ follows
by construction, and Q̂u,i ∈ Snû,i

++ follows from Lemma 6.4. Furthermore, since
all subproblems can be solved parametrically independently of each other, it is
possible to reduce the uftoc problem (6.1) to (6.22) in parallel, which concludes
the proof.

Let the dual variables for the master uftoc problem in (6.22) be defined as

λ̂0 ↔ −x̂0 + x̄ = 0, (6.23a)

λ̂i+1 ↔ −x̂i+1 + Âix̂i + B̂iûi + âi = 0, i ∈ Z0,N̂−1. (6.23b)

Then, the primal and dual solution given by x̂∗
i for i ∈ Z0,N̂ , û∗

i for i ∈ Z0,N̂−1
and λ̂∗

i for i ∈ Z0,N̂ is unique since licq and assumptions 3.3 and 3.4 hold for
the master problem. The solution can be computed using any method that is
applicable to uftoc problems in the form (6.22).
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6.2.3 Computing the solution
Once the solution to the master problem (6.22) is computed, the solutions to the
subproblems (6.9) can be computed using these optimal values of the parame-
ters θi. The solutions to the subproblems can be computed using (6.18), where
X∗

i is unique since the reduced Hessian of (6.9) is positive definite (Tøndel et al.,
2003a). Furthermore, when licq holds, meaning that Ai has full row rank, also
the dual solution is unique since N

(
AT

i

)
= {0} and thus AT

i λN
i = 0 ⇐⇒ λN

i = 0
holds. Hence, in the case where licq holds, the primal and dual solution can be
computed uniquely from the optimal parameters θ∗

i as

X∗
i = Kx

i θ∗
i + kx

i , (6.24a)
Λ∗

i = Kλ
i θ∗

i + kλ
i . (6.24b)

However, the terminal constraint in a subproblem introduces nx new constraints,
which might result in violation of licq for the subproblem even though this is
not the case in the original uftoc problem (6.1). According to Definition 2.13,
violation of licq is known as primal degeneracy and the dual variables (6.18b) for
a primal degenerate problem are non-unique (Tøndel et al., 2003a). Here it will
be shown how to choose dual variables in the subproblems that satisfy the kkt
optimality conditions of the original uftoc problem (6.1), even in the case with
non-unique dual variables in the subproblems.

Note that if the subproblem violates licq when xNi,i is included as a local va-
riable in (6.9), it violates licq even when xNi,i is excluded as was mentioned in
Remark 6.3 and the constraints are combined as in (6.15).

In the case when licq is violated, the dual variables are computed as in (6.18b)
with λN

i ∈ N
(
AT

i

)
, where the nullspace of Ai is given in Lemma 6.6.

Lemma 6.6. The nullspace of AT
i is given by

N
(

AT
i

)
,
{

z ∈ Rmi | z = Ziwi, with wi ∈ N
(

B̃T
i

)}
, (6.25)

where

Zi ,

−ÃT
i

−D̃T
i

I

 , (6.26)

and Ãi and D̃i are defined in (6.11a), and B̃i is the reachability matrix defined
in (6.11b).

Proof: For the proof of Lemma 6.6, see Appendix 6.B.3.

Note that Zi is computed cheaply since the matrices Ãi and D̃i are already com-
puted when they are used in the computations of Âi and âi defined in (6.13).

How to compute the solution of the original uftoc problem from the solutions of
the subproblems X∗

i and Λ∗
i for i ∈ Z0,N̂ is presented in Theorem 6.7.
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Theorem 6.7. Let assumptions 3.3 and 3.4 hold for the uftoc problem in (6.1),
and let the corresponding extended problem (6.7) be constructed as described in
Section 6.2.1. Furthermore, let x̂∗, û∗ and λ̂∗ be the solution to (6.22). Then, the
primal solution to (6.1) can be computed as

x∗ =



x∗
0
...

x∗
ti+Ni−1
x∗

ti+1
...

x∗
N


=



x∗
0,0
...

x∗
Ni−1,i

x∗
0,i+1

...
x∗

N
N̂

,N̂


, u∗ =



u∗
0
...

u∗
ti+Ni−1
u∗

ti+1
...

u∗
N−1


=



u∗
0,0
...

u∗
Ni−1,i

u∗
0,i+1

...
u∗

N
N̂

−1,N̂


, (6.27)

where the primal solutions to the subproblems are computed as in (6.24a) for
i ∈ Z0,N̂ . Furthermore, the dual solution to (6.1) can be computed as

λ∗ =



λ∗
0
...

λ∗
ti+Ni−1
λ∗

ti+1
...

λ∗
N


=



λ∗
0,0
...

λ∗
Ni−1,i

λ∗
0,i+1

...
λ∗

N
N̂

,N̂


, (6.28)

where the dual solutions to the subproblems in (6.7) where licq holds are compu-
ted as in (6.24b). For the subproblems where licq does not hold the dual solutions
are computed as

Λ∗
i = Kλ

i θ∗
i + kλ

i − Zi

(
ξ∗

tc,i + λ̂∗
i+1

)
, (6.29)

where θi is defined as in (6.8), Zi is given in Lemma 6.6, and

ξ∗
tc,i ,

[
0 · · · 0 Inx

](
Kλ

i

[
x̂∗

i
û∗

i

]
+ kλ

i

)
. (6.30)

Proof: The proof of Theorem 6.7 is given in Appendix 6.B.2.

According to Theorem 6.7, the solution to the original uftoc problem (6.1) can be
computed from the parametric solution to each subproblem (6.9) and the solution
to the master problem (6.22). Since all subproblems can be solved independently
of each other when x̂∗, û∗ and λ̂∗ are given, it is possible to compute the solution to
the N̂ + 1 subproblems, and hence also to the original uftoc problem, in parallel.

6.2.4 Communication
When solving the original uftoc problem (6.1) in parallel on different computati-
onal units, the value functions V̂i(θi) and Âi, B̂i and âi from each subproblem must
be communicated between the computational units when the master problem is
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Table 6.1: The amount of data that is sent for each subproblem to form the
master uftoc problem. Here, the number of real numbers is presented, not
the total number of bytes.

Variable Number of real numbers

Q̂x,i ∈ Snx
+

(
n2

x + nx

)
/2

Q̂u,i ∈ Snû,i
++

(
n2

û,i + nû,i

)
/2

Q̂xu,i ∈ Rnx×nû,i nxnû,i

l̂x,i ∈ Rnx nx

l̂u,i ∈ Rnû,i nû,i

ĉi ∈ R 1

Âi ∈ Rnx×nx n2
x

B̂i ∈ Rnx×nû,i nxnû,i

âi ∈ Rnx nx

Total 3/2n2
x + 5/2nx + 1/2n2

û,i + 3/2nû,i + 2nxnû,i + 1

formed. The amount of data that is needed to communicate for each subproblem
is presented in Table 6.1, where symmetry of the matrices is taken into account.

In order to compute the solution to each subproblem, the solution to the master
problem must be communicated to the computational units where the subproblem
is to be solved. Depending on if the subproblem is primal degenerate or not,
the dual solution λ̂∗

i+1 to the master problem might, or might not be needed in
order to compute the dual solution to the subproblem. Hence, λ̂∗

i+1 is only sent
to subproblems i where licq does not hold. The amount of data that needs to be
sent is presented in Table 6.2.

6.3 Parallel Partial Condensing and Reduction Approach

In Axehill (2015) partial condensing was introduced as a way to lower the compu-
tation time for solving mpc problems by enabling condensing strategies that are in
between the sparse mpc formulation and the fully condensed mpc formulation. As
was remarked in that work, the ideas from partial condensing can also be used in a
parallel setting, where for example the condensing of each block can be performed
in parallel and the sizes of the blocks determine the corresponding workloads. In
this section it will be shown how to exploit, and extend, the ideas from partial
condensing in order to reduce a uftoc problem in parallel to a smaller master
problem in the same uftoc form but with shorter prediction horizon and possibly
fewer control inputs.
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Table 6.2: The amount of data that is communicated to each subproblem to
compute the solution. Note that λ̂∗

i+1 is only sent to subproblems i where
licq do not hold.

Variable LICQ holds Number of real numbers

x̂∗
i ∈ Rnx Yes/no nx

û∗
i ∈ Rnû,i Yes/no nû,i

λ̂∗
i+1 ∈ Rnx Yes 0

No nx

Total Yes nx + nû,i

No 2nx + nû,i

It will also be shown how the parallel Riccati recursion algorithm presented in Niel-
sen and Axehill (2015) and Nielsen (2015) can be included in this framework. Here,
the Riccati recursion is computed in parallel in a similar way as is done in partiti-
oned dp (Wright, 1991), but in the algorithm proposed in this thesis the reduced
master problem remains in the uftoc form, which facilitates the recursive solu-
tion of smaller uftoc problems. It will also be shown how to compute the Riccati
factorization in Algorithm 4 in parallel, which is not part of the work presented
in Wright (1991). The classical serial Riccati recursion that was introduced in
Section 3.4 exploits the causality of the problem. For that reason it is not obvious
that it can be split and parallelized in time, especially without involving some
form of iterative consensus step. In this chapter it is shown how this can be done.

The reduction from the original uftoc problem P(N) to the master uftoc pro-
blem P(N̂) will be done by first splitting the uftoc problem into several smaller
subproblems, and then performing two main steps:

• Condense subproblem: The condensation of a subproblem is the process of
eliminating states using the corresponding dynamics constraints. This is si-
milar to what is done when re-writing the uftoc problem into its condensed
qp form as is shown in Section 3.1 and in for example Maciejowski (2002), Je-
rez et al. (2012), and Axehill (2015). The different condensing techniques
that are used here are presented in Section 6.3.2.

• Reduce subproblem: The reduction of a subproblem is the process of re-
ducing the size of the total control input dimension over the horizon in the
subproblem. Depending on the definition of the original uftoc problem
and the subproblem, it is not always possible to reduce the control input
dimension. It is described in Section 6.3.3 when, and how, this can be done.

In this section, it will be described how to perform these steps in parallel, but first
the decomposition of the uftoc problem P(N) into subproblems is presented.
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6.3.1 Decomposition into subproblems

The decomposition of the original uftoc problem (6.1) can be done similarly as
in Section 6.2. The prediction horizon N in the uftoc problem (6.1) is split into
N̂ + 1 parts of length Ni ∈ Z++ for i ∈ Z0,N̂ , such that

∑N̂
i=0 Ni = N . Let t0 = 0

and tN̂+1 = N , and let ti =
∑i−1

k=0 Nk for i ∈ Z1,N̂ be the time indices where the
prediction horizon is split. Furthermore, for presentational brevity, let x̂i , xti

denote the state at time ti and define the local variables xi and ui for i ∈ Z0,N̂ as

xi ,


xti+1
xti+2

...
xti+Ni−1

 , ui ,


uti

uti+1
...

uti+Ni−1

 . (6.31)

Note that the indexing starts at different values for xi and ui. Then, the uftoc
problem (6.1) can be re-written in the equivalent form

minimize
x̂,x,u

N̂∑
i=0

1
2

x̂i

xi

ui

TQx,ti 0 Qxu,i

0 Qx,i Qxu,i

QT
xu,i QT

xu,i Qu,i

x̂i

xi

ui

+

lx,ti

lx,i

lu,i

Tx̂i

xi

ui

+ c̄i

+

1
2 x̂T

N̂+1Qx,N x̂N̂+1 + lTx,N x̂N̂+1 + cN

subject to x̂0 = x̄

Aixi = A0,ix̂i + Biui + ai, i ∈ Z0,N̂

x̂i+1 = AN,ixi + BN,iui + aN,i, i ∈ Z0,N̂ ,

(6.32)
where the matrices are defined as in (6A.83) in Appendix 6.A.1. Note that from
the definition of Ai it follows that it is an invertible matrix. The notation x̂i , xti

for i ∈ Z0,N̂+1 is introduced to simplify the notation. Hence, no extra variables or
constraints have been added to the original uftoc problem (6.1), as was done in
Section 6.2, to form the equivalent (6.32).

In this section, instead of introducing complicating variables and constraints as
in Section 6.2, the original uftoc problem will be decomposed into several sub-
problems using the cost-to-go function used in dynamic programming, see for
example Bertsekas (2000). To do this, let J(xt) denote the cost-to-go function at
state xt for the uftoc problem (6.1), which in the case of a quadratic objective
function is defined by

J(xt) , xT
t Ptxt − Ψ T

t xt + γt, (6.33)

with Pt ∈ Snx
+ , Ψ t ∈ Rnx and γt ∈ R. Furthermore, let x̄i , x∗

ti
where x∗

ti
is

obtained from the optimal solution to (6.1). Assume, for the moment, that x̄i and
J(x̂i+1) are known for some i ∈ Z0,N̂ . Then it is possible to exploit the principle
of optimality (Bertsekas, 2000) and the structure of the equality constraints in
the uftoc problem to compute the optimal solution in the interval ti ≤ t ≤ ti+1.
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This is done by solving the smaller uftoc problem

minimize
x̂i,xi,ui,x̂i+1

1
2

x̂i

xi

ui

T Qx,ti 0 Qxu,i

0 Qx,i Qxu,i

QT
xu,i QT

xu,i Qu,i

x̂i

xi

ui

+

lx,ti

lx,i

lu,i

T x̂i

xi

ui

+ c̄i +

1
2 x̂T

i+1P̂i+1x̂i+1 − Ψ̂ T
i+1x̂i+1 + ĉi+1

subject to x̂i = x̄i

Aixi = A0,ix̂i + Biui + ai

x̂i+1 = AN,ixi + BN,iui + aN,i.
(6.34)

Here, the notation P̂i+1 , Pti+1 , Ψ̂ i+1 , Ψ ti+1 and ĉi+1 , γti+1 is used for
brevity. Hence, if x̄i and J(x̂i+1) are known for all i ∈ Z0,N̂ it is possible to
solve the original uftoc problem (6.1) by computing the solution in each interval
ti ≤ t ≤ ti+1, which is done by solving the N̂ + 1 corresponding subproblems in
the form (6.34).

Remark 6.8. For the last subproblem with i = N̂ , the cost-to-go function is known and
defined as J(x̂

N̂+1) = 1
2 x̂T

N̂+1Qx,N x̂
N̂+1 + lTx,N x̂

N̂+1 + cN .

6.3.2 Condensing a subproblem
The optimal solutions x̄i and the cost-to-go functions J(x̂i+1) are not available
prior to solving the problem (except for J(x̂N̂+1) in the last subproblem i = N̂

as mentioned in Remark 6.8). However, it is possible to eliminate local variables
from the subproblem (6.34), which is here referred to as condensing the subpro-
blem. Here, it will be shown how to condense the subproblem in two different,
but conceptually similar, ways. The first condensing technique is the one which
is used in for example Maciejowski (2002), Jerez et al. (2012), and Axehill (2015)
and will be referred to as regular condensing, whereas the other is based on the
ideas from Nielsen and Axehill (2015) where the Riccati recursion is used to obtain
a condensed subproblem that can facilitate both efficient communication and effi-
cient computations.

Regular condensation of a subproblem

In regular condensing, the dynamics constraints in the uftoc problem (6.1) are
used to eliminate state variables from the problem, and describing them as a
function of the initial state and the control inputs over the full horizon of the
subproblem. In the regular condensing technique used here, also the final state
is kept as a variable in the condensed subproblem. The details of the regular
condensing of the subproblem (6.34) are given in Lemma 6.9 below.
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Lemma 6.9 (Regular condensing). Consider an equality constrained qp problem in
the form

minimize
x0,x,u,xN

1
2

x0
x
u

T Q0 0 R
0 Qx S

RT ST Qu

x0
x
u

+

f0
fx
fu

T x0
x
u

+ c +

1
2xT

N QN xN + fT
N xN + cN

subject to x0 = x̄

Ωx = Ω0x0 + Γ u + γ

xN = ΩN x + ΓN u + γN ,

(6.35)

where Ω is invertible andQ0 0 R
0 Qx S

RT ST Qu

 � 0, Qu � 0, QN � 0. (6.36)

Then, by eliminating the variables x using the corresponding equality constraints
Ωx = Ω0x0 + Γ u + γ, an equivalent qp problem can be obtained

minimize
x0,u,xN

1
2

[
x0
u

]T[
Q̃0 R̃
R̃T Q̃u

][
x0
u

]
+
[
f̃0
f̃u

]T[
x0
u

]
+c̃ + 1

2xT
N QN xN +fT

N xN + cN

subject to x0 = x̄

xN = Ω̃N x0 + Γ̃N u + γ̃N ,
(6.37)

with matrices defined as in (6A.84) in Appendix 6.A.2, and[
Q̃0 R̃
R̃T Q̃u

]
� 0, Q̃u � 0, QN � 0. (6.38)

The eliminated variables x and the dual variables λ ↔ −Ωx + Ω0x0 + Γ u + γ = 0
can be computed as

x =Ω−1Ω0x0 + Ω−1Γ u + Ω−1γ, (6.39a)

λ =Ω−T
(

QxΩ
−1Ω0x0 +

(
S + QxΩ

−1Γ
)

u + ΩT
N λN + fx + QxΩ

−1γ
)

. (6.39b)

Proof: The proof of Lemma 6.9 is given in the Appendix 6.C.1.

Note that if Lemma 6.9 is used to eliminate the local state variables for all sub-
problems i ∈ Z0,N̂ , it can be interpreted as partially condensing the uftoc pro-
blem (6.1) as in Axehill (2015).

From the definition of the subproblem in (6.34) and Lemma 6.9, it follows that
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the resulting condensed subproblem is given by

minimize
x̂i,ui,x̂i+1

1
2

[
x̂i

ui

]T [ Q̃x,i Q̃xu,i

Q̃T
xu,i Q̃u,i

] [
x̂i

ui

]
+
[
l̃x,i

l̃u,i

]T [
x̂i

ui

]
+ c̃i+

1
2 x̂T

i+1P̂i+1x̂i+1 − Ψ̂ T
i+1x̂i+1 + ĉi+1

subject to x̂0 = x̄i

x̂i+1 = Ãix̂i + B̃iui + ãi.

(6.40)

The matrices are defined as in (6A.84) in Appendix 6.A.2 but using the matrices
from (6.34). The condensed problem (6.40) can be interpreted as a uftoc problem
P(1) with control inputs ui ∈ Rmi , where mi ,

∑ti+Ni−1
t=ti

nu,t.

Condensation of a subproblem using the Riccati recursion

Later it will be shown that when using the condensing technique from Nielsen and
Axehill (2015), which is based on the Riccati recursion, Assumption 6.10 will be
useful.

Assumption 6.10. For each t ∈ Z0,N−1 in (6.1), at least one of the following pro-
perties holds

(i) Qu,t ∈ Snu,t
++ ,

(ii) Qu,t = Bt ∈ Snx
+ and lu,t = 0.

When using this approach to condense the subproblem, Assumption 6.10 is used
instead of Assumption 3.4 for the uftoc problem (6.1). Even though the origi-
nal uftoc problem that is solved satisfies Assumption 3.4, being able to handle
uftoc problems that only satisfy this alternative assumption will be important
in Section 6.4 when uftoc problems are solved recursively. Note that if Assump-
tion 6.10(i) holds for all t ∈ Z0,N−1, then it coincides with Assumption 3.4.

The idea with this alternative condensing approach is to introduce a change of
variables for the control inputs by solving the subproblem using the Riccati re-
cursion for a preliminary choice of J(x̂i+1). Although this way of condensing the
subproblem is conceptually the same as the regular condensing technique, it will
be shown that it results in a condensed subproblem with a structure that can
facilitate more efficient computations and communications.

To compute this change of variables, a preliminary feedback is computed by letting
the uftoc problem (6.34) be factored and solved using algorithms 4 and 5 for the
preliminary choice P̂i+1 = 0, Ψ̂ i+1 = 0 and ĉi+1 = 0. Let the subindex “0” denote
a variable or matrix associated with the preliminary factorization. Then, the
preliminary feedback is given by u0,t = k0,t+1 + K0,t+1xt for t ∈ Zti,ti+Ni−1.

Since the cost-to-go function

J(x̂i+1) = x̂T
i+1P̂i+1x̂i+1 − Ψ̂ T

i+1x̂i+1 + ĉi+1, (6.41)
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might not be zero, it is necessary to capture the effect from the cost-to-go function
on the solution to the subproblem. Let ūt ∈ Rnu,t be the contribution of the
non-zero J(x̂i+1) on ut. Then, ut can be expressed using the preliminary feedback

ut = k0,t+1 + K0,t+1xt + ūt, t ∈ Zti,ti+Ni−1, (6.42)

which can be interpreted as a change of variables from ut to ūt. Note that ūt

is a full nu,t vector, and hence there is no loss of generality by using the change
of variables (6.42). Now, by using (6.42) a condensed uftoc problem similar
to (6.40) but with a different structure in the objective function can be obtained.
This condensation of the subproblem is described in Lemma 6.11.

Lemma 6.11 (Condensing using the Riccati recursion). Consider a uftoc problem in
the form (6.34) where assumptions 3.3 and 6.10 hold, and assume that algorithms 4
and 5 have been computed for P̂i+1 = 0, Ψ̂ i+1 = 0 and ĉi+1 = 0, giving P0,t, Ψ0,t,
K0,t+1, k0,t+1 and c̄0,t. Then, by using the change of variables (6.42), the uftoc
problem (6.34) can be condensed to a uftoc problem P(1)

minimize
x̂i,ūi,x̂i+1

1
2 x̂T

i P0,ti x̂i − Ψ T
0,ti

x̂i + c̄0,ti + 1
2 ūT

i Q̄ū,iūi+
1
2 x̂T

i+1P̂i+1x̂i+1 − Ψ̂ T
i+1x̂i+1 + ĉi+1

subject to x̂i = x̄i

x̂i+1 = Âix̂i + Siūi + âi,

(6.43)

with ūi ∈ Rmi , mi ,
∑ti+Ni−1

t=ti
nu,t and

Q̄ū,i ,

G0,ti+1
. . .

G0,ti+Ni

 ∈ Smi
+ , Âi ,

ti+Ni−1∏
t=ti

(At + BtK0,t+1) ,

(6.44a)

Si ,
[∏ti+Ni−1

t=ti+1 (At + BtK0,t+1) Bti . . . Bti+Ni−1

]
, (6.44b)

âi ,
ti+Ni−1∑

τ=ti

ti+Ni−1∏
t=τ+1

(At + BtK0,t+1) (aτ + Bτ k0,τ+1) . (6.44c)

If Assumption 6.10(i) holds for all t ∈ Zti,ti+Ni−1 then Q̄ū,i ∈ Smi
++.

Furthermore, by using the notation λ̂i+1 , λti+1 , the eliminated states xt and
dual variables λt for t ∈ Zti+1,ti+Ni−1 can be computed from

xt+1 = Atxt + Btut + at, t ∈ Zti,ti+Ni−2, (6.45a)

λt = P0,txt − Ψ0,t +

ti+Ni−1∏
τ=t

(Aτ + Bτ K0,τ+1)

T

λ̂i+1, t ∈ Zti+1,ti+Ni−1.

(6.45b)

Proof: The proof of Lemma 6.11 is given in Appendix 6.C.2.
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By using Lemma 6.11, it is possible to condense the uftoc problem (6.34) into
the problem (6.43), with the matrices defined as in the lemma. This condensed
problem is in the uftoc form P(1) with mi control inputs, which is in the same
form as the condensed problem (6.40). However, (6.43) possibly has Q̄ū,i ∈ Smi

+
since Assumption 6.10 is used instead of Assumption 3.4, and the cross terms
between x0 and ūi in the objective function in (6.43) are eliminated when using
the change of variables in (6.42). Furthermore, there is no linear penalty term for
ūi and the quadratic cost matrix Q̄ū,i is block diagonal as can be seen in (6.44a).
It will be shown that these properties are important from both a computation
and communication point of view. Note that Si is the reachability matrix for
the subproblem (6.34) when using the change of variables (6.58). Hence, it is
closely related to the reachability matrix B̃i in (6.11b) for the subproblems in the
parametric programming approach.

6.3.3 Reducing the control input dimension in a subproblem

Now it will be shown how to reduce the control input dimension in a subproblem,
whenever that is possible. When using any of the two condensing techniques
described in Section 6.3.2, the resulting condensed subproblems (6.40) and (6.43)
are both in the same uftoc form P(1) with mi number of control inputs, but with
different problem matrices. In some cases it is possible to reduce the number of
control inputs in these condensed subproblems to obtain a subproblem with fewer
variables. This can be done whenever colrank B̃i < mi in (6.40) or colrank Si < mi

in (6.43), respectively. This case corresponds to subproblems which after the
condensation process become over-actuated, and the reduction of the control input
dimension can be interpreted as performing control allocation. It will be shown
how to reduce the control input dimension in the subproblem in three different
ways, where two of them are tailored for subproblems that are condensed using
the Riccati recursion approach as in Lemma 6.11.

For the first reduction approach, the reduction of the control input dimension in
a subproblem in the uftoc form P(1) is shown in the following lemma:

Lemma6.12 (Reduce control input dimension). Consider a uftoc problem in the form

minimize
x0,u,xN

1
2

[
x0
u

]T [
Q0 R
RT Qu

][
x0
u

]
+
[
f0
fu

]T [
x0
u

]
+c + 1

2xT
N QN xN +fT

N xN + cN

subject to x0 = x̄

xN = Ωx0 + Γ u + γ,
(6.46)

with x0, xN ∈ Rn, u ∈ Rm, Ω ∈ Rn×n, Γ ∈ Rn×m, γ ∈ Rn, f0, fN ∈ Rn, fu ∈ Rm,[
Q0 R
RT Qu

]
∈ Sn+m

+ , Qu ∈ Sm
++, QN ∈ Sn

+, (6.47)

and where colrank Γ = r < m holds.
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Then (6.46) can be reduced to an equality constrained qp problem given by

minimize
x0,û,xN

1
2

[
x0
û

]T [
Q̂0 R̂

R̂T Q̂û

][
x0
û

]
+
[

f̂0
f̂û

]T [
x0
û

]
+ĉ + 1

2xT
N QN xN +fT

N xN + cN

subject to x0 = x̄

xN = Ω̂x0 + Γ̂ û + γ̂,
(6.48)

with û ∈ Rr, and Ω̂ ∈ Rn×n, Γ̂ ∈ Rn×r, γ̂ ∈ Rn, f̂0, fN ∈ Rn, f̂û ∈ Rr, and[
Q̂0 R̂

R̂T Q̂û

]
∈ Sn+r

+ , Q̂û ∈ Sr
++, QN ∈ Sn

+, (6.49)

are defined as in (6A.85) in Appendix 6.A.3.

The variable u can be recovered from

u =
(

I−V
(

V T QuV
)−1

V T Qu

)
Uû−V

(
V T QuV

)−1
V T RT x0−V

(
V T QuV

)−1
V Tfu,

(6.50)
where U and V are defined as in the proof in Appendix 6.C.3.

Proof: The proof of Lemma 6.12 is given in Appendix 6.C.3.

From Lemma 6.12 it follows that the subproblems P(1) in (6.40) with colrank B̃i <
mi, and in (6.43) with colrank Si < mi and Q̄ū,i ∈ Smi

++, can be reduced to a uftoc
problem with fewer variables, given by

minimize
x̂i,ûi,x̂i+1

1
2

[
x̂i

ûi

]T
[

Q̂x,i Q̂xu,i

Q̂T
xu,i Q̂u,i

] [
x̂i

ûi

]
+
[
l̂x,i

l̂u,i

]T [
x̂i

ûi

]
+ ĉi +

1
2 x̂T

i+1P̂i+1x̂i+1 − Ψ̂ T
i+1x̂i+1 + ĉi+1

subject to x̂i = x̄i

x̂i+1 = Âix̂i + B̂iûi + âi,

(6.51)

where Âi ∈ Rnx×nx , B̂i ∈ Rnx×nû,i , âi ∈ Rnx , l̂x,i ∈ Rnx , l̂u,i ∈ Rnû,i ,

[
Q̂x,i Q̂xu,i

Q̂T
xu,i Q̂u,i

]
∈ Snx+nû,i

+ , Q̂u,i ∈ Snû,i
++ , (6.52)

are defined as in the lemma. Here nû,i , colrank B̂i = colrank B̃i = colrank Si.
Note that nû,i ≤ nx does always hold. When (6.43) is reduced, it follows from the
definition of the problem and Lemma 6.12 that Q̂xu,i = 0 and l̂u,i = 0. This is a
consequence of using the change of variables (6.42).
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For the case with colrank B̃i = mi in (6.40), the reduced problem (6.51) is obtained
directly by defining

Q̂x,i , Q̃x,i, Q̂xu,i , Q̃xu,i, Q̂u,i , Q̃u,i, l̂x,i , l̃x,i, l̂u,i , l̃u,i, (6.53a)
ĉi , c̃i, Âi , Ãi, B̂i , B̃i, âi , ãi, (6.53b)

and when colrank Si = mi and Q̄ū,i ∈ Smi
++ in (6.43), the reduced problem (6.51)

is obtained directly by defining

Q̂x,i , P0,ti , Q̂xu,i , 0, Q̂u,i , Q̄ū,i, l̂x,i , −Ψ0,ti , l̂u,i , 0, (6.54a)
ĉi , c̄0,ti , B̂i , Si. (6.54b)

For the last subproblem i = N̂ the cost-to-go function is always known according
to Remark 6.8. Hence, all variables except x̂N̂ can be eliminated from the last
subproblem, and the optimal cost-to-go function J(x̂N̂ ) for this problem can be
computed directly using the Riccati recursion presented in Section 3.4. By using
the Riccati recursion for the problem P(1) in (6.40), the cost-to-go function and
the solution are computed from x̂N̂ as

J(x̂N̂ ) = x̂T
N̂

P̂N̂ x̂N̂ − Ψ̂ T
N̂

x̂N̂ + ĉN̂ , (6.55a)
uN̂ = KN̂ x̂N̂ + kN̂ , (6.55b)
xN =

(
ÃN̂ + B̃N̂ KN̂

)
x̂N̂ + B̃N̂ kN̂ , (6.55c)

λ0 = P̂N̂ x̂N̂ − Ψ̂ N̂ , (6.55d)

λN = P̂N̂+1x̂N̂+1 − Ψ̂ N̂+1 = QN xN + fN . (6.55e)

Here, ĉN̂ is computed by inserting the solution into the objective function in (6.40).
The solution for the last subproblem when the Riccati based condensing technique
is used can be derived analogously.

Tailored reduction of the subproblems

The second way of reducing the control input dimension in a subproblem (6.43),
which also works when Q̄ū,i ∈ Smi

+ due to Assumption 6.10, is presented next. This
approach avoids computing the orthonormal basis V which is required to form the
reduced subproblem in Lemma 6.12. To derive this alternative reduction strategy,
Lemma 6.13 will be used.

Lemma 6.13. Let Qu,t = Bt ∈ Snx
+ . Then N (Gt+1) = N (Qu,t) = N (Bt), where

Gt+1 ∈ Snx
+ is defined similarly as in (3.41c).

Proof: Let z ∈ N (Qu,t) be arbitrary. Then, Gt+1z = Qu,tz + BT
t Pt+1Btz = 0

since Qu,t = Bt. Hence N (Qu,t) ⊂ N (Gt+1). Now, let z ∈ N (Gt+1) be arbitrary.
Then z ∈ N (Gt+1) ⇐⇒ Gt+1z = 0 =⇒ zT Gt+1z = 0, and it follows that
zT
(
Qu,t + BT

t Pt+1Bt

)
z = 0 =⇒ zT Qu,tz = 0 since BT

t Pt+1Bt ∈ Snx
+ . However,

since Qu,t ∈ Snx
+ it follows from Lemma A.2 that zT Qu,tz = 0 ⇐⇒ Qu,tz = 0.

Hence, N (Gt+1) ⊂ N (Qu,t). Since also N (Qu,t) ⊂ N (Gt+1) it follows that
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N (Gt+1) = N (Qu,t). From Qu,t = Bt it directly follows that N (Qu,t) = N (Bt),
which concludes the proof.

When using the condensing technique which is based on the Riccati recursion,
the condensed subproblem (6.43) does not have any cross-terms between x̂i and
ūi. This will be exploited here to derive an alternative reduction technique for
a uftoc problem in the form (6.43). By forming the kkt optimality conditions
for the condensed uftoc problem (6.43), it can be seen that the solution to this
problem is obtained by computing the solution to the kkt system


0 −I 0 0 0

−I P0,ti 0 ÂT
i 0

0 0 Q̄ū,i ST
i 0

0 Âi Si 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

ūi

λ̂i+1
x̂i+1

 =


−x̄i

Ψ0,ti

0
−âi

Ψ̂ i+1

 . (6.56)

For the case with ri = colrank Si < mi it is possible to reduce the size of the system
of equations (6.56) into a smaller system of equations with the same symmetric kkt
structure. This will be done by manipulating the kkt matrix (6.56) in several steps
to obtain a kkt system for a smaller uftoc problem. Let [U V ] be an orthogonal
matrix where the columns of U ∈ Rmi×ri form an orthonormal basis for R

(
ST

i

)
and the columns of V ∈ Rmi×(mi−ri) form an orthonormal basis for N (Si), giving
Rmi = U ⊕ V (Lancaster and Tismenetsky, 1985). Then, by multiplying the third
block row in the kkt system (6.56) with [U V ]T from the left, the system of
equations can equivalently be written



0 −I 0 0 0
−I P0,ti 0 ÂT

i 0
0 0 UT Q̄ū,i UT ST

i 0
0 0 V T Q̄ū,i 0 0
0 Âi Si 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

ūi

λ̂i+1
x̂i+1

 =


−x̄i

Ψ0,ti

0
0

−âi

Ψ̂ i+1

 , (6.57)

where V T ST
i = 0 in the (4, 4)-block follows from the definition of V . The fourth

block equation in (6.57) states that V T Q̄ū,iūi = 0 must hold. By exploiting the
orthogonality of [U V ] using the property UT V = 0, it follows that the equation
V T Q̄ū,iūi = 0 holds whenever

Q̄ū,iūi = Uûi ⇐⇒ ūi = Q̄†
ū,iUûi +

(
I − Q̄†

ū,iQ̄ū,i

)
ẑi, (6.58)

where Q̄†
ū,i is the Moore-Penrose pseudo-inverse of Q̄ū,i and ẑi ∈ Rmi is an arbitrary

vector (Penrose, 1955). From Assumption 6.10, Lemma 6.13 and the definitions
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of Q̄ū,i and Si it follows that whenever Q̄ū,i is singular, N
(
Q̄ū,i

)
⊂ N (Si) holds.

Then, from Lemma A.3 it follows that R
(
ST

i

)
⊂ R

(
Q̄ū,i

)
holds. Furthermore,

since the columns of U form a basis for R
(
ST

i

)
⊂ R

(
Q̄ū,i

)
, it implies that

Q̄ū,iQ̄†
ū,iU = U, Si = SiQ̄†

ū,iQ̄ū,i, (6.59)

hold (Penrose, 1955; Albert, 1969). By using (6.58) to eliminate ūi in (6.57), to-
gether with (6.59) and UT U = I gives the following equivalent system of equations


0 −I 0 0 0

−I P0,ti 0 ÂT
i 0

0 0 I UT ST
i 0

0 Âi SiQ̄†
ū,iU 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

ûi

λ̂i+1
x̂i+1

 =


−x̄i

Ψ0,ti

0
−âi

Ψ̂ i+1

 . (6.60)

Finally, to obtain a system of equations which has the symmetric kkt structure,
the third block row in (6.60) is multiplied with UT Q̄†

ū,iU ∈ Sri
++ from the left.

By also noting that UUT ST
i = ST

i follows from the definition of U , the system of
equations (6.60) can be written in the form


0 −I 0 0 0

−I P0,ti 0 ÂT
i 0

0 0 UT Q̄†
ū,iU UT Q̄†

ū,iST
i 0

0 Âi SiQ̄†
ū,iU 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

ûi

λ̂i+1
x̂i+1

 =


−x̄i

Ψ0,ti

0
−âi

Ψ̂ i+1

 . (6.61)

Here UT Q̄†
ū,iU ∈ Sri

++ since R (U) = R
(
ST

i

)
⊂ R

(
Q̄ū,i

)
= R

(
Q̄†

ū,

)
. The last

equality follows from the properties of the Moore-Penrose pseudo-inverse (Lancas-
ter and Tismenetsky, 1985).

Note that since Q̄ū,i is block diagonal, also Q̄†
ū,i is block diagonal and given by

Q̄†
ū,i = blkdiag

(
G†

0,ti+1, . . . , G†
0,ti+Ni

)
. (6.62)

Furthermore, since G†
0,t+1 = G−1

0,t+1 when G0,t+1 is non-singular (Penrose, 1955),
the Moore-Penrose pseudo-inverse is only required for the G0,t+1 that are singular.

This technique for reducing a subproblem is presented in Lemma 6.14 below.
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Lemma6.14 (Tailored reductionof control inputs). Consider a uftoc problem as in (6.43)
in Lemma 6.11, and assume that colrank Si < mi holds. Then, this problem can
be reduced to a uftoc problem

minimize
x̂i,ûi,x̂i+1

1
2

[
x̂i

ûi

]T [
Q̂x,i 0

0 Q̂u,i

] [
x̂i

ûi

]
+
[
l̂x,i

0

]T [
x̂i

ûi

]
+ ĉi +

1
2 x̂T

i+1P̂i+1x̂i+1 − Ψ̂ T
i+1x̂i+1 + ĉi+1

subject to x̂i = x̄i

x̂i+1 = Âix̂i + B̂iûi + âi,

(6.63)

where

Q̂x,i , P0,ti ∈ Snx
+ , Q̂u,i , UT Q̄†

ū,iU ∈ Snû,i
++ , l̂x,i , Ψ0,ti ∈ Rnx , ĉi , c̄0,ti ∈ R,

(6.64a)

B̂i , SiQ̄†
ū,iU ∈ Rnx×nû,i , with nû,i = colrank B̂i = colrank Si, (6.64b)

Âi and âi are defined as in (6.44), and the columns of U form an orthonormal
basis of R

(
ST

i

)
.

The variable ūi can be computed from

ūi = Q̄†
ū,iUûi +

(
I − Q̄ū,iQ̄†

ū,i

)
ẑi. (6.65)

Proof: From the derivation of (6.61) it follows that when colrank Si < mi, the kkt
system (6.56) can be reduced to this equivalent system of equations with fewer
variables and equations. Furthermore, by introducing the definitions (6.64), it
follows that a solution to the kkt system (6.61) is also a primal and dual solution
to the uftoc problem (6.63). The solution (6.58) directly gives (6.65).

Since the use of the preliminary feedback in (6.42) results in a block diagonal Q̄ū
with blocks given by G0,t+1 for t ∈ Z0,N−1, computing Q̂u and B̂ in (6.64) can be
efficiently done by block-wise computations when U is computed. Furthermore,
the factorizations of G0,t+1 from the computation of K0,t+1 can be re-used here.

For the last subproblem i = N̂ , the variables P̂N̂+1 = Qx,N , Ψ̂ N̂+1 = −lx,N

and ĉN̂+1 = cN in (6.34) are known. Hence, the cost-to-go function for the last
subproblem is given by

J(x̂N̂ ) = x̂T
N̂

Q̂x,N̂ x̂N̂ + l̂T
x,N̂

x̂N̂ + ĉN̂ , (6.66)

where the Riccati factorization and backward recursion in algorithms 4 and 5 are
used to compute Q̂x,N̂ , PN̂ , l̂x,N̂ , −Ψ N̂ and ĉN̂ , c̄N̂ .



6.3 Parallel Partial Condensing and Reduction Approach 113

Tailored Riccati-based reduction algorithm

Here, the third way of reducing the control input dimension in a subproblems is
presented. It is similar to the second way, but a transformation ûi = Tiv̂i is used
to avoid computing the orthonormal basis U .

Lemma 6.15. Consider a uftoc problem as in Lemma 6.14. Introduce the trans-
formation ûi = Tiv̂i where T ∈ Rnû,i×nx has full rank, UT = ST and v̂i ∈ Rnx .
Then, the primal and dual solution given by x̂∗

i , v̂∗
i , x̂∗

i+1, λ̂∗
i and λ̂∗

i+1 to

minimize
x̂i,v̂i,x̂i+1

1
2

[
x̂i

v̂i

]T [
Q̂x,i 0

0 Q̂v,i

] [
x̂i

v̂i

]
+
[
l̂x,i

0

]T [
x̂i

v̂i

]
+ ĉi+

1
2 x̂T

i+1P̂i+1x̂i+1 − Ψ̂ T
i+1x̂i+1 + ĉi+1

subject to x̂i = x̄i

x̂i+1 = Âix̂i + B̂v,iv̂i + âi,

(6.67)

with
Q̂v,i = B̂v,i , SiQ̄†

ū,iS
T
i ∈ Snx

+ , (6.68)

is also a solution to (6.63) with û∗
i = Tiv̂

∗
i , and the eliminated variable ūi in (6.65)

can instead be computed from

ūi = Q̄†
ū,iS

T
i v̂i +

(
I − Q̄†

ū,iQ̄ū,i

)
ẑi. (6.69)

Furthermore, if nû,i = nx then Q̂v,i ∈ Snx
++.

Proof: By using Q̂v,i = B̂v,i = SiQ̄†
ū,iST

i = T T UT Q̄†
ū,iUT , the kkt system for the

uftoc problem (6.67) is given by


0 −I 0 0 0

−I Q̂x,i 0 ÂT
i 0

0 0 T T UT Q̄†
ū,iUT T T UT Q̄†

ū,iST
i 0

0 Âi SiQ̄†
ū,iUT 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

v̂i

λ̂i+1
x̂i+1

 =


−x̄i

−l̂x,i

0
−âi

Ψ̂ i+1

 . (6.70)

Now, multiply the third block row with
(
TiT

T
i

)−1
Ti from the left. This does not

change the solution set of (6.70) since rank UT Q̄†
ū,iUT = rank T T UT Q̄†

ū,iUT =
nû,i (Lancaster and Tismenetsky, 1985). Furthermore, by using ûi = Tiv̂i, it
follows that a solution to (6.70) is also a solution to the kkt system of (6.63),
given by
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0 −I 0 0 0

−I Q̂x,i 0 ÂT
i 0

0 0 UT Q̄†
ū,iU UT Q̄†

ū,iST
i 0

0 Âi SiQ̄†
ū,iU 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

ûi

λ̂i+1
x̂i+1

 =


−x̄i

−l̂x,i

0
−âi

Ψ̂ i+1

 . (6.71)

When nû,i = nx, Ti ∈ Rnx×nx is non-singular by definition and hence Q̂v,i ∈ Snx
++.

Furthermore, by inserting ûi = Tiv̂i into (6.65) gives (6.69), which concludes the
proof.

By using Lemma 6.15, the reduced uftoc problem (6.67) can be used instead
of (6.63). This choice of reduced uftoc problem has nx ≥ nû,i = colrank Si cont-
rol inputs, and hence (6.67) might have more control inputs than (6.63). However,
the advantage when using this choice is that Q̂u and B̂ can be easily computed
from the definitions of Q̄ū,i and Si without having to compute the orthonormal
basis U . It will later be seen in Section 6.3.7 that less communication is usually
needed in a parallel setting.

The computational procedure for both condensing and reducing the uftoc pro-
blem using lemmas 6.11 and 6.15 is summarized in Algorithm 11. This algorithm is
basically a Riccati factorization and backward recursion as in algorithms 4 and 5,
respectively. Algorithm 11 is used to eliminate the local variables and to reduce
the control input in each subproblem i ∈ Z0,N̂−1. Algorithm 11 is similar to the
partitioned dp algorithm presented in Wright (1991), but here the uftoc structure
is conserved.

6.3.4 Constructing the master problem
In Section 6.3.2 it was shown how a subproblem in the form (6.34) can be condensed
to either (6.40) or (6.43), depending on which condensation technique that is
used. Furthermore, in Section 6.3.3 it was shown that it sometimes is possible to
reduce the size of the control input in different ways to obtain a smaller uftoc
problem in either of the forms (6.51), (6.63) or (6.67), depending on the reduction
technique. Furthermore, the last subproblem i = N̂ can be described by the cost-
to-go function J(x̂N̂ ) according to (6.55) and (6.66), respectively. Hence, by using
the definition of x̂i = xti and J(x̂i+1), it is possible to construct a master problem
with shorter prediction horizon N̂ < N from the reduced subproblems. This is
described in Theorem 6.16 below.



6.3 Parallel Partial Condensing and Reduction Approach 115

Algorithm 11 Condensation and reduction using the Riccati factorization
1: PN := 0, ΨN := 0, c̄N := 0

Q̂u := 0, DN := I, dN := 0
2: for t = N − 1, . . . , 0 do
3: Ft+1 := Qx,t + AT

t Pt+1At

4: Gt+1 := Qu,t + BT
t Pt+1Bt

5: Ht+1 := Qxu,t + AT
t Pt+1Bt

6: Compute and store a factorization of Gt+1
7: Compute a solution Kt+1 to

Gt+1Kt+1 = −HT
t+1

8: Compute a solution kt+1 to
Gt+1kt+1 = BT

t Ψ t+1 − lu,t − BT
t Pt+1at

9: Ψ t := AT
t Ψ t+1 − Ht+1kt+1 − lx,t − AT

t Pt+1at

10: Pt := Ft+1 − KT
t+1Gt+1Kt+1

11: Compute a solution Lt+1 to
Gt+1Lt+1 = −BT

t Dt+1
12: Dt :=

(
AT

t + KT
t+1BT

t

)
Dt+1

13: dt := dt+1 + DT
t+1(at + Btkt+1)

14: Q̂u := Q̂u + LT
t+1Gt+1Lt+1

15: end for
16: Â := DT

0 , B̂ := Q̂u, â := d0
Q̂x := P0, l̂x := −Ψ0, ĉ := c̄0

Theorem 6.16 (Construction of themaster problem). Consider a uftoc problem P(N)
given in (6.1) where Assumption 3.3, and either Assumption 3.4 or 6.10, hold.
Then, this problem can be reduced in parallel to the smaller uftoc problem

minimize
x̂,û

N̂−1∑
i=0

(
1
2

[
x̂i

ûi

]T
[

Q̂x,i Q̂xu,i

Q̂T
xu,i Q̂u,i

] [
x̂i

ûi

]
+
[
l̂x,i

l̂u,i

]T [
x̂i

ûi

]
+ ĉi

)
+

1
2 x̂T

N̂
Q̂x,N̂ x̂N̂ + l̂T

x,N̂
x̂N̂ + ĉN̂

subject to x̂0 = x̄

x̂i+1 = Âix̂i + B̂iûi + âi, i ∈ Z0,N̂−1,

(6.72)
with x̂i ∈ Rnx , ûi ∈ Rnû,i , and nû,i ≤ nx.

Proof: Partition the uftoc problem (6.1) into N̂ +1 subproblems in the form (6.32).
Then, each subproblem can be condensed in either of the ways presented in
Section 6.3.2, and reduced as described in Section 6.3.3 to a subproblem with
nû,i ≤ nx control inputs. Since J(x̂N̂ ) is known from (6.66), and it follows
from Bertsekas (2000) that J(x̂i) for all i ∈ Z0,N̂−1 can be computed from the
solution of
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minimize
ûi,x̂i+1

1
2 x̂T

i Q̂x,ix̂i + ûT
i Q̂u,iûi + l̂Tx,ix̂i + ĉi + J(x̂i+1)

subject to x̂i+1 = Âix̂i + B̂iûi + âi,

(6.73)

it follows by induction that the master problem can be defined as (6.72). Furt-
hermore, the condensation and reduction of each subproblem can be performed
independently of each other, which concludes the proof.

The structure of the master uftoc problem in Theorem 6.16 is different depen-
ding on which condensation and reduction technique that has been used. When
the condensing technique based on the Riccati recursion is used, the condensed
problem is given by (6.43) and hence Q̂xu,i = 0 and l̂u,i = 0 for such problems.
Besides this, if the Riccati-based condensation and reduction algorithm presented
in Algorithm 11 is used, then also Q̂u,i = B̂i ∈ Snx

+ holds. Furthermore, if the ori-
ginal uftoc problem (6.1) satisfies Assumption 3.4, then also the master problem
satisfies Assumption 3.4 unless the subproblems are reduced using Algorithm 11.
When the subproblems are reduced using Algorithm 11, then the master uftoc
problem instead satisfies Assumption 6.10.

The master problem (6.72) can be solved using any suitable method to compute
the solution û∗

i for i ∈ Z0,N̂−1, and x̂∗
i and λ̂∗

i for i ∈ Z0,N̂ . If the Riccati recursion
is used then also the cost-to-go function at each stage i, defined by P̂i, Ψ̂ i and ĉi,
is computed. When some of the Q̂u,i ∈ Snû,i

+ are singular, the Riccati recursion
can be computed as presented in Section 3.4.2.

Remark 6.17. When Lemma 6.15 is used to reduce a subproblem it is possible that some
Q̂u,i = Q̂v,i are singular. Even in such cases, there will always exist a solution to the
master problem since Q̂u,i = B̂i and l̂u,i = 0 according to Assumption 6.10. However,
since the optimal control input will be computed as in Section 3.4.2, i.e.,

ûi = k̂i+1 + K̂i+1x̂i + ûN ,i, ûN ,i ∈ N
(
Ĝi+1

)
, (6.74)

it is not unique. From Lemma 6.13 it follows that N
(
Ĝi+1

)
= N

(
B̂i

)
. Since ûN ,i ∈

N
(
Ĝi+1

)
⇐⇒ ûN ,i ∈ N

(
B̂i

)
it follows that

B̂iû
∗
i = B̂i

(
k̂i+1 + K̂i+1x̂∗

i + ûN ,i

)
= B̂i

(
k̂i+1 + K̂i+1x̂∗

i

)
. (6.75)

Hence, by using the state recursion in (3.56) it follows that the optimal states and dual
variables x̂∗

i+1 and λ̂∗
i+1 are still unique even in this case.

Once the master uftoc problem is solved, the solution to the original uftoc
problem (6.1) can be obtained from the solutions to all subproblems (6.34) by
using the definitions of xi and ui in (6.31), together with the definitions x̂i = xti

and λ̂i = λti . Hence, the optimal primal and dual solution to (6.1) is obtained as
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x∗ =



x̂∗
0

x∗
0

x̂∗
1
...

x∗
N̂

x̂∗
N̂+1


, u∗ =


u∗

0
u∗

1
...

u∗
N̂

 , λ∗ =



λ̂∗
0

λ∗
1

λ̂∗
1
...

λ∗
N̂

λ̂∗
N̂+1


. (6.76)

The solutions x∗
i , u∗

i and λi
∗ of the subproblems can be computed in two different

ways: by substitution of the optimal solution to the master problem, or by re-
solving the subproblems in the form in (6.40) using x̂∗

i and the (now known)
cost-to-go function J(x̂i+1). How to solve the original uftoc problem using the
first approach will be described in Section 6.3.5 and using the second approach
will be described in Section 6.3.6.
Remark 6.18. The solution of each subproblem can be computed independently of the
other subproblems. Hence, the solution to the original uftoc problem (6.1) can be
computed in parallel, given the solution to the master problem (6.72).

6.3.5 Solving the subproblems using the solution to the master problem
Depending on which approach that has been used to condense and reduce a sub-
problem, the solution to the subproblem can be computed in different ways using
the solution to the master problem. Here, these are presented in detail.

The control input dimension is reduced using Lemma 6.12

When a subproblem has been reduced using Lemma 6.12, the optimal control input
for subproblem i can be computed directly from x̂∗

i and û∗
i using (6.50). From this

equation it follows that the optimal control input vector u∗
i can be computed from

u∗
i =

(
I − V

(
V T Q̃u,iV

)−1
V T Q̃u,i

)
Uû∗

i −

V
(

V T Q̃u,iV
)−1

V T Q̃T
xu,ix̂

∗
i − V

(
V T Q̃u,iV

)−1
V T l̃u,i,

(6.77)

where U and V are defined as in the definitions of the matrices in (6A.84). Using
x̂∗

i , u∗
i and λ̂∗

i+1, the optimal local variables x∗
i and the optimal dual variables λ∗

i
corresponding to the local constraints can be computed from (6.39), giving

x∗
i =A−1

i A0,ix̂
∗
i + A−1

i Biu∗
i + A−1

i ai, (6.78a)

λ∗
i =A−T

i

(
Qx,iA−1

i A0,ix̂
∗
i +

(
Qxu,i+Qx,iA−1

i Bi

)
u∗

i + AT
N,iλ̂

∗
i+1 + lx,i + Qx,iA−1

i ai

)
.

(6.78b)

For subproblems where Assumption 3.4 holds and that are condensed using the
tailored approach presented in Lemma 6.11, the solution is computed analogously
but where the specific structure of the condensed problem (6.43) is exploited. For
the last subproblem i = N̂ , the solution from (6.55) for x̂∗

N̂
can be used.
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Using the tailored condensation and reduction techniques

For problems that have been condensed using Lemma 6.11 and reduced using the
approaches in lemmas 6.14 or 6.15, the optimal ū∗

i can be computed from (6.65)
or (6.69) as

ū∗
i =

 ū∗
ti
...

ū∗
ti+Ni−1

 = Q̄†
ū,iMû∗

i +
(

I − Q̄†
ū,iQ̄ū,i

)
ẑi, (6.79)

for some ẑi ∈ Rmi . Here, M in (6.79) is given by M , U if Lemma 6.14 is used to
reduce the subproblem, and by M , ST

i if Lemma 6.15 is used. When Lemma 6.15
is used, and if Q̂u,i is singular, then the optimal control input û∗

i for the master
problem is not unique according to Section 3.4.2 and Remark 6.17. However,
Q̄†

ū,iST
i û∗

i is still unique, which follows from Lemma 6.19.

Lemma 6.19. Let Ĝi+1 = Q̂u,i + B̂T
i P̂i+1B̂i. Then N

(
Ĝi+1

)
⊂ N

(
Q̄†

ū,iST
i

)
.

Proof: When Lemma 6.15 is used to reduce the subproblem it follows that B̂i =
Q̂u,i = SiQ̄†

ū,iST
i . Hence, Lemma 6.13 states that N

(
Ĝi+1

)
= N

(
B̂i

)
holds. Let

z ∈ N
(

Ĝi+1
)

be arbitrary. Then, z ∈ N
(

B̂i+1
)

⇐⇒ z ∈ N
(

SiQ̄†
ū,iST

i

)
. Since

Q̄†
ū,i ∈ Smi

+ , Lemma A.2 states that Q̄†
ū,iST

i z = 0, and since z ∈ N
(

Ĝi+1
)

was

arbitrary it follows that N
(

Ĝi+1
)

⊂ N
(

Q̄†
ū,iST

i

)
. Furthermore, if Q̂u,i ∈ Snû,i

++ it

follows that N
(

Ĝi+1
)

= {0}, which concludes the proof.

By using the solution (6.79) in (6.42), the state recursion on Line 4 in Algorithm 6
and the equation for the dual variables in (6.45), and also noting that x∗

ti
= x̂∗

i by
definition, the primal and dual solution of subproblem i can be computed from

u∗
t = k0,t+1 + K0,t+1x∗

t + ū∗
t , t ∈ Zti,ti+Ni−1, (6.80a)

x∗
t+1 = Atx

∗
t + Btu

∗
t + at, t ∈ Zti,ti+Ni−2, (6.80b)

λ∗
t = P0,tx

∗
t − Ψ0,t + DT

t λ̂∗
i+1, t ∈ Zti+1,ti+Ni−1. (6.80c)

Here, P0,t, K0,t+1 and k0,t+1 were computed when the subproblem was condensed,
and

Dt =
ti+Ni−1∏

τ=t

(Aτ + Bτ K0,τ+1) , (6.81)

is computed as in Algorithm 11. Note that the Riccati factorization and backward
recursion in algorithms 4 and 5 do not need to be re-computed.

For the last subproblem i = N̂ , the solution can be computed using the state
recursion in Algorithm 6 given the optimal x̂∗

N̂
= x∗

t
N̂

and the already computed
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Riccati factorization as

u∗
t = k0,t+1 + K0,t+1x∗

t , t ∈ Zt
N̂

,t
N̂

+N
N̂

−1, (6.82a)

x∗
t+1 = Atx

∗
t + Btu

∗
t + at, t ∈ Zt

N̂
,t

N̂
+N

N̂
−2, (6.82b)

λ∗
t = P0,tx

∗
t − Ψ0,t, t ∈ Zt

N̂
+1,t

N̂
+N

N̂
−1. (6.82c)

According to Assumption 6.10, whenever u∗
t is not unique it follows that Qu,t = Bt.

Hence, from Lemma 6.13 it follows that N (G0,t+1) = N (Bt). Using this and the
fact that x̂∗

i and λ̂∗
i+1 are unique, it follows that the optimal states x∗

t and dual
variables λ∗

t for t ∈ Zti,ti+Ni
are still unique.

6.3.6 Solving the subproblems using the cost-to-go function

The other approach to compute the solution to a subproblem uses the cost-to-
go functions J(x̂i+1), which must be returned from the algorithm that is used
to solve the master uftoc problem in (6.72). The cost-to-go functions can be
obtained by for example solving the master uftoc problem using the Riccati
recursion. Once the solution and cost-to-go functions have been obtained from
the master uftoc problem, the solution to each subproblem can be computed by
solving (6.34) using the now known cost-to-go function J(x̂i+1) and initial value
x̄i = x̂∗

i from the master problem. Note that for the last subproblem, the solution
can be obtained from (6.55) since the cost-to-go function is always known for the
last subproblem according to Remark 6.8.

One way to solve the subproblems once x̂∗
i and J(x̂i+1) are known is to use the

Riccati recursion. From the definition of the subproblems and the notation P̂i =
Pti etc., it follows that it is possible to compute the Riccati recursion for the
original uftoc problem in the interval ti ≤ t ≤ ti+1. Hence, the Riccati recursion
for the original uftoc problem can be computed from the N̂ +1 intervals i ∈ Z0,N̂

in parallel. Note that only the uniquely defined x̂∗
i and J(x̂i+1) are used to compute

the solution to the subproblem. Hence, the possibly non-unique û∗
i in the master

problem does not need to be considered when re-solving the subproblems using
the cost-to-go function.

6.3.7 Communication

According to Theorem 6.16 and Remark 6.18 it is possible to form the master
problem by condensing and reducing the subproblems in parallel, and to compute
the solutions to the subproblems in parallel. Hence, the computations can be dis-
tributed on several different computational units which will need to communicate
data with each other.

For each subproblem i, the objective function and Âi, B̂i and âi of the reduced
subproblem need to be sent to the computation unit that is forming the master
problem. While exploiting that some of the matrices are symmetric, the amount
of data that needs to be sent from each subproblem when it is reduced as in
Lemma 6.12 is presented in Table 6.3. In Table 6.4 the amount of data that needs
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Table 6.3: The amount of data that is sent from each subproblem to form the
master problem when Lemma 6.12 is used. Here, the number of real numbers
is presented, not the total number of bytes.

Variable Number of real numbers

Q̂x,i ∈ Snx
+

(
n2

x + nx

)
/2

Q̂u,i ∈ Snû,i
++

(
n2

û,i + nû,i

)
/2

Q̂xu,i ∈ Rnx×nû,i nxnû,i

l̂x,i ∈ Rnx nx

l̂u,i ∈ Rnû,i nû,i

ĉi ∈ R 1

Âi ∈ Rnx×nx n2
x

B̂i ∈ Rnx×nû,i nxnû,i

âi ∈ Rnx nx

Total 3/2n2
x + 5/2nx + 1/2n2

û,i + 3/2nû,i + 2nxnû,i + 1

to be communicated when Lemma 6.14 is used to reduce a subproblem is presented,
and in Table 6.5 the data that need to be communicated when Lemma 6.15 is used
to reduce a subproblem is presented. Note that when Lemma 6.15 is used, Bv,i is
not sent since Bv,i = Q̂u,i by definition.

Depending on which approach that is used to solve a subproblem, different data is
required from the master problem. The data that is used when solving a subpro-
blem using the solution of the master problem is presented in Table 6.6, and the
data that is needed when re-solving the subproblem using the cost-to-go function
is presented in Table 6.7, respectively. For the last subproblem, only the initial
state x̂∗

N̂
∈ Rnx needs to be communicated.

6.4 Computing the Search Direction in Parallel

In sections 6.2 and 6.3, different approaches for both reducing the original uftoc
problem (6.1) to a master uftoc problem, and for computing the solution to the
original uftoc problem using the solution to the master uftoc problem were
presented. Since all subproblems can be reduced independently of each other, the
construction of the master uftoc problem can be computed in parallel on several
computational units. Furthermore, once the solution to the master problem is
computed, the subproblems can be solved independently of each other, which can
also be done in parallel on several computational units. Hence, both forming the
master problem and solving the subproblems can be done in parallel. The solution
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Table 6.4: The amount of data that is sent from each subproblem to form the
master problem when Lemma 6.14 is used. Here, the number of real numbers
is presented, not the total number of bytes.

Variable Number of real numbers

Q̂x,i ∈ Snx
+

(
n2

x + nx

)
/2

Q̂u,i ∈ Snû,i
++

(
n2

û,i + nû,i

)
/2

l̂x,i ∈ Rnx nx

ĉi ∈ R 1

Âi ∈ Rnx×nx n2
x

B̂i ∈ Rnx×nû,i nxnû,i

âi ∈ Rnx nx

Total 3/2n2
x + 5/2nx + 1/2n2

û,i + 1/2nû,i + nxnû,i + 1

Table 6.5: The amount of data that is sent from each subproblem to form the
master problem when using Lemma 6.15. Here, the number of real numbers
is presented, not the number of bytes.

Variable Number of real numbers

Q̂x,i ∈ Snx
+

(
n2

x + nx

)
/2

Q̂u,i ∈ Snx
+

(
n2

x + nx

)
/2

l̂x,i ∈ Rnx nx

ĉi ∈ R 1

Âi ∈ Rnx×nx n2
x

âi ∈ Rnx nx

Total 2n2
x + 3nx + 1
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Table 6.6: The amount of data sent to the subproblem when solving it with the
approach using the solution from the master problem. Here, the number of
real numbers is presented, not the total number of bytes. Note that for the
case where Lemma 6.15 is used nû,i = nx by definition.

Variable Number of real numbers

x̂∗
i ∈ Rnx nx

û∗
i ∈ Rnû,i nû,i

λ̂∗
i+1 ∈ Rnx nx

Total 2nx + nû,i

Table 6.7: The amount of data sent to the subproblem when solving it with the
approach using the cost-to-go function. Here, the number of real numbers is
presented, not the total number of bytes.

Variable Number of real numbers

x̂∗
i ∈ Rnx nx

P̂i+1 ∈ Snx
+

(
n2

x + nx

)
/2

Total 1/2n2
x + 3/2nx
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Figure 6.2: The tree structure that is obtained when a uftoc problem is reduced in
several steps. Each level in the tree forms a uftoc problem that is again split into
several smaller problems. Pk

i (Nk
i ) denotes a subproblem at level k in the tree in

either of the forms (6.9) or (6.34) with prediction horizon Nk
i .

to the original uftoc problem is in principle formed by stacking the solutions to
the subproblems, and hence the solution to the original uftoc problem can be
computed in parallel.

One of the key benefits with the reduction techniques presented in this thesis
and in Nielsen and Axehill (2014), Nielsen (2015), and Nielsen and Axehill (2015)
is that the master problem is in the same form as the original uftoc problem.
Furthermore, the master problem also satisfies the same assumptions as the uftoc
problem that is reduced. As a consequence, instead of solving the master uftoc
problem in Figure 6.1 serially, it can itself be reduced recursively in several a priori
determined steps to an even smaller uftoc problem. This small uftoc problem
can be solved serially, and the solution can be propagated to all the intermediate
uftoc problems to finally compute the solution to the original uftoc problem.
This procedure can be described by the tree in Figure 6.2, where each level k in the
tree is a uftoc problem with horizon N̂k−1 and the original uftoc problem (6.1)
is at the bottom level in the tree. Furthermore, the uftoc problem at each level
is split into N̂k subproblems which are denoted Pk

i (Nk
i ) for i ∈ Z0,N̂k

and are
depicted as the rounded boxes in the tree in Figure 6.2. Hence, each level k and
its parent level k +1 in the tree has the structure as in Figure 6.1. Communication
is only needed between the parent and child nodes in the tree, and hence each level
k can be solved completely in parallel provided that N̂k computational units are
available.

Remark 6.20. Note that the sizes of different subproblems in Figure 6.2 can be different,
both within the same level and between levels. Hence, depending on for example the
communication layout on the computational cluster, different sizes of the subproblems
can be used to reduce the total computation time.
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6.4.1 Algorithms for parallel computation of the search directions

The parallel computation of the search directions by recursively solving uftoc
problems of decreasing size can be divided into two main steps:

1. Reduction step: This step consists of recursively reducing the uftoc pro-
blems in m steps upwards in the tree in Figure 6.2, which is summarized in
Algorithm 12.

2. Solution step: This step consists of propagating the solution to the uftoc
problems in m steps downwards in the tree in Figure 6.2, which is summa-
rized in Algorithm 13.

Note that the parfor-loops in algorithms 12 and 13 can be computed in parallel
using several computation units.

Algorithm 12 Parallel recursive reduction of uftoc problems
1: Set the maximum level number m
2: Set the number of subproblems N̂k + 1 for each level k ∈ Z0,m, with N̂m = 0
3: for k = 0, . . . , m − 1 do
4: parfor i = 0, . . . , N̂k do
5: Create subproblem Pk

i (Nk
i )

6: Reduce subproblem Pk
i (Nk

i )
7: Send the reduced problem matrices to the parent
8: end parfor
9: end for

10: Create the top subproblem Pm
0 (Nm

0 )

Algorithm 13 Parallel propagation of solutions to uftoc problems

1: Get the maximum level number m and all N̂k:s from Algorithm 12
2: for k = m, m − 1, . . . , 0 do
3: parfor i = 0, . . . , N̂k do
4: Solve subproblem Pk

i (Nk
i )

5: if k , 0 then
6: Send solution information to each children at level k − 1
7: end if
8: end parfor
9: end for

10: Retrieve the solution of (6.1) from the solutions of P0
i (N0

i ) for i ∈ Z0,N̂0

When computing the search direction in an as method as described in Section 3.2.2,
the eliminated dual variables are computed as in Section 3.5 using Algorithm 7.
Given the primal and dual solution to the uftoc problem, it can be seen that also
Algorithm 7 can be executed in parallel for the independent intervals i ∈ Z0,N̂ .
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So far no assumptions on the length of the prediction horizon of each subproblem
have been made. Now, assume for simplicity that the length of the subproblems
are all equal to Ns, and that N = Nm+1

s for some m ∈ Z++. Then, if there
are Nm

s computational units available, both the reduction and the propagation of
the solution can be done in m steps. Hence, the solution to the original uftoc
problem can be computed in O (log N) computational complexity growth. The
optimal choice of Ns for each subproblem can be adjusted to fit the hardware on
which the algorithms are implemented. Depending on for example the number
of computational units, the available memory and the communication overhead
between processors, the size of Ns can be chosen differently. How to optimally
adjust the size of the subproblems is not investigated here, but it could possibly
be done by for example benchmarking the algorithms using the desired hardware
and mapping the performance versus different sizes of the subproblems.

At level k in the tree in Figure 6.2 only N̂k computational units are used for
reducing or solving subproblems. However, to use the computational resources
more efficiently, it is possible to for example use standard parallel linear algebra
routines in the reduction and the solution of the subproblems to make sure that
all computational units are always busy.

The main steps in algorithms 12 and 13 are the same for the approaches presented
in Section 6.2 and Section 6.3. However, the details on what is sent and how the
reduction and propagation of the solutions are made differ between them. These
details are given below.

Parametric programming approach

For the parametric programming approach presented in Section 6.2, the reduction
of the subproblems at Line 6 in Algorithm 12 is done as described in Section 6.2.1
to form the master uftoc problem as in Theorem 6.5. The data that is commu-
nicated to the parent at Line 7 in Algorithm 12 is given in Table 6.1.

The uftoc problem P(N̂m−1) at the top level m in the tree in Figure 6.2 can be
solved using any method for solving uftoc problems in the form (6.1). The uftoc
problem at the level below in the tree can be solved as in Theorem 6.7. Hence, the
primal solutions θ∗

i need to be communicated to each child in the tree. For each
child that is primal degenerate, also the dual solution needs to be communicated.
The data that is communicated to the children at Line 6 in Algorithm 13 is given
in Table 6.2.

Parallel partial condensing and reduction approach

In the approach presented in Section 6.3 it is not only shown how to compute
the solution to the uftoc problem (6.1), but also how to compute the Riccati
factorization in parallel. Depending on which condensing and reduction technique
from Section 6.3 that has been used, different sets of data are used in Algorithm 12
and in Algorithm 13. Furthermore, at Line 10 in Algorithm 13 the solution to the
original uftoc problem is retrieved as in (6.76). Note that if the subproblems at
the bottom level in the tree in Figure 6.2 are solved using the Riccati recursion,
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then it follows that both the Riccati factorization and the full Riccati recursion
for the original uftoc problem (6.1) are computed in parallel.

Communication in Algorithm 12:
When a subproblem is condensed and the control input dimension is reduced using
lemmas 6.9 and 6.12 at Line 6 in Algorithm 12, the master uftoc problem satisfies
Assumption 3.4. Hence, a recursive reduction as in Algorithm 12 is possible. The
data that is communicated to the parent node at Line 7 in Algorithm 12 is given
in Table 6.3.

If the condensation and the reduction of the control input dimensions at Line 6 in
Algorithm 12 is done using Lemma 6.11, and either Lemma 6.12 (when possible)
or Lemma 6.14, then the data that is communicated at Line 7 in Algorithm 12 is
given in Table 6.4. Since Q̂xu,i = 0 and l̂u,i = 0, less data need to be communicated
compared to the parametric programming approach and the regular condensing
as in Lemma 6.9. This condensation and reduction is done such that the master
uftoc problem satisfies Assumption 3.4, and hence it can be applied recursively.

When the reduction of the subproblems at Line 6 in Algorithm 12 is done using
Algorithm 11, the condensation and reduction of the control input dimensions
are done as in Lemma 6.11 and Lemma 6.15. For this case it is not certain that
Q̂u,i ∈ Snû,i

++ . For subproblems with colrank Si < nx it follows from Lemma 6.15
that Q̂u,i = B̂i ∈ Snx

+ , and hence the master uftoc problem satisfies Assump-
tion 6.10. In order to apply Algorithm 11 recursively as in Figure 6.2, the case
where Assumption 6.10 holds must be handled. This is the motivation why As-
sumption 6.10 is considered in this thesis. In Table 6.4, the data that needs to be
communicated to the parent node is presented. Besides exploiting that Q̂xu,i = 0
and l̂u,i = 0, it also follows that Q̂u,i = B̂i and hence there might be even more
savings in terms of communication compared to the other approaches, as is seen
in Table 6.5.

Communication in Algorithm 13:
The solution of the subproblems in the tree can be computed in two different ways
for this approach: either by substituting the solution from the problem at the
level above as described in Section 6.3.5, or by re-solving the problem using the
cost-to-go function J(x̂i+1) as described in Section 6.3.6.

For the first case, the top problem P(N̂m−1) can be computed using any method for
uftoc problems in the form (6.1). For any subproblem in the tree, the solution can
be computed from (6.78) or (6.80), depending on the condensation and reduction
technique that was applied in Algorithm 12. For the last subproblem at each level
in the tree, the solution is instead computed from (6.55) or (6.82). The data that
is communicated to the children at Line 6 in Algorithm 13 for this case is given in
Table 6.6. Note that for the last subproblem, only x̂∗

N̂
∈ Rnx needs to be sent.

If the subproblems are re-solved using the cost-to-go function, then all subpro-
blems, including the top problem P(N̂m−1), must be solved with an algorithm
that computes the cost-to-go function for each time instance in the uftoc pro-
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blem. One example of such a method is the Riccati recursion. For level k in the
tree, at Line 4 in Algorithm 13 the subproblems Pk

i (Nk
i ) given by (6.34) are hence

solved using the cost-to-go function J(x̂i+1), which is provided by the parent at
level k + 1. At Line 6 in Algorithm 13 the optimal state and cost-to-go function
computed at level k need to be sent to the children, see Table 6.7.

6.5 Numerical Results

In this section the numerical evaluations of the algorithms are presented. The
algorithm based on the parametric approach has been implemented in Matlab,
and the algorithm based on the parallel Riccati approach using Algorithm 11 for
the reduction of the subproblems and re-computing the solution using the cost-
to-go function has been implemented in both Matlab and ansi-c. The parallel
algorithms are compared to the state-of-the-art serial Riccati recursion which is
implemented in both Matlab and ansi-c. Furthermore, in the numerical eva-
luation of the algorithms for linear mhe problems they are also compared to the
well-known rts smoother (Kailath et al., 2000) in Matlab. Note, however, that
although the Riccati algorithms compute the same estimate as the rts smoother,
they do not compute the arrival cost which is done in the rts smoother. All of
the implementations are done by the author of this thesis. In all numerical expe-
riments, the length of each subproblem Ns = 2 and N/2 number of computational
units have been used. Note, however, that different batch lengths can be used for
each subproblem in the tree as is mentioned in Remark 6.20. Similarly as in Axe-
hill (2015), the optimal choice probably depends on for example the problem and
the hardware on which the algorithm is implemented. How to choose these to
minimize computation time is outside the scope of this thesis and left as future
work.

For the evaluation of the Matlab implementation of the algorithms, the paralle-
lism is simulated by executing the algorithms serially using only one computational
thread but still using the same information flow as for an actual parallel execution.
The computation time for these evaluations are estimated by computing the sum
of the maximum computation times for each level in the tree in Figure 6.2. Hence,
for the evaluations in Matlab the communication overhead is neglected.

The ansi-c implementation of the parallel Riccati algorithm has been executed
truly in parallel on a computer cluster consisting of nodes with 8-core Intel Xeon
E5-2660 @ 2.2 GHz cpus with communication over tcp/ip on Gigabit Ethernet
or Mellanox InfiniBand FDR high-speed interconnect (depending on choice). The
computations were performed on resources provided by the Swedish National In-
frastructure for Computing (snic) at nsc. Hence, the evaluation of the ansi-c
implementation of the parallel Riccati algorithm includes also the communication
overhead and shows the actual potential benefits using the parallel Riccati recur-
sion compared to the serial one. The ansi-c implementation uses two different
implementations for communication: one based on tcp/ip and one based on com-
munication over infiniband (ib) using the message-passing interface (mpi). Both
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implementations are rudimentary, where for example no tuning of mpi parame-
ters or tcp/ip settings have been made. However, the implementations serve as
a proof-of-concept that the proposed parallel Riccati algorithm actually increases
performance in terms of computation time when executed truly in parallel on phy-
sical hardware, where the communication time is taken into consideration. The
computation times for the ansi-c implementation have been calculated using wall-
clock time. Note that the scaling on the y-axis of Figure 3 in Nielsen and Axehill
(2015) and Figure 6.5 in Nielsen (2015) are incorrect and must be multiplied by a
factor 103 to be correct.

In Matlab, the algorithms have been evaluated by computing the solution to
uftoc problems with stable lti systems of varying sizes and with varying pre-
diction horizons. The evaluations have been performed on an Intel Core i7-3517U
CPU @ 1.9GHz running Windows 7 (version 6.1, build 7601: Service Pack 1) and
Matlab (8.0.0.783, R2012b). The computation time is obtained by computing
the average time for solving 10 problems of the same dimension. The resulting
computation times for a uftoc problem with nx = 7 and nu = 5 are presented
in Figure 6.3, and for a uftoc problem with nx = 20 and nu = 20 in Figure 6.4.
From the figures it is clear that the parallel Riccati algorithm outperforms the
serial Riccati recursion for N & 18 − 20 for both problem sizes. The parallel Ric-
cati algorithm is outperforming the parallel algorithm based on the parametric
programming approach presented in Section 6.2 for both problem sizes. For the
problem in Figure 6.4 the parallel Riccati algorithm is approximately three times
faster than the parallel algorithm based in Section 6.2. This significant boost in
performance is possible since the parallel Riccati recursion presented in Section 6.3
utilizes the structure in the subproblems.

The evaluation of the Matlab implementations of the algorithms for linear mhe
problems as in (3.9) are presented in Figure 6.5, where stable lti systems of
dimension nx = 20, nw = 20 and ny = 20 have been used. In the figure, the
computation times for the parallel Riccati recursion, the serial Riccati recursion
and the commonly used rts smoother are presented. To make a fair comparison of
the algorithms, the computation time that is required to form the uftoc problem
from the mhe problem is included in the reported computation times for the
parallel and serial Riccati recursions. It is seen that for this implementation of the
parallel Riccati algorithm, it outperforms the serial Riccati for N & 20 and the
rts smoother for N & 30.

The ansi-c implementation of the parallel Riccati algorithm has been evalua-
ted by averaging the computation time when solving 15 uftoc problems of the
same size for stable lti systems of dimension nx = 20 and nu = 20 for different
prediction horizons. Both of the communication implementations have been eva-
luated and compared to a serial Riccati recursion, see Figure 6.6. In this figure,
the communication times are included and for the implementation using tcp/ip
the communication overhead is around 20% of the total computation time for this
problem size. From the figure it can be seen that the implementation using tcp/ip
solves a problem with N = 512 approximately as fast as the serial Riccati solves a
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Figure 6.3: Computation times when solving uftoc problems of order nx = 7
and nu = 5. The parallel Riccati outperforms the serial Riccati for N &
18 − 20, and it is always faster than the parallel algorithm based on the
parametric programming approach presented in Section 6.2. © 2015 IEEE

problem with N = 64. Furthermore, the parallel Riccati algorithm using tcp/ip is
faster than the serial Riccati for N & 23. From Figure 6.6 it can also be seen that
the parallel Riccati algorithm using mpi for communication only requires around
65% − 85% of the total computation time required by the implementation using
tcp/ip, with the largest improvement for long horizons. The implementation using
mpi solves a uftoc problem with N = 512 roughly as fast as the implementation
using tcp/ip solves one with N = 150, and the serial Riccati solves one with
N = 45. The parallel Riccati algorithm using mpi outperforms the serial Riccati
recursion for N & 18, which is similar to the results for the Matlab implemen-
tations where the communication overhead is neglected. This speed-up can be
important in for example optimal control for motion planning problems (LaValle,
2006; Ljungqvist et al., 2017; Bergman and Axehill, 2017), and mhe problems
where long horizons are often used (Rao et al., 1998).
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Figure 6.4: Computation times when solving uftoc problems of order nx = 20
and nu = 20. The parallel Riccati outperforms the serial Riccati for N &
18 − 20, and it is significantly faster than the parallel algorithm based on the
parametric programming approach presented in Section 6.2. © 2015 IEEE
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Figure 6.5: Computation times for solving linear mhe problems of dimension
nx = nw = ny = 20. For the parallel and serial Riccati recursions, the time it
takes to convert the linear mhe problem into a uftoc problem is included in
the computation times to make a fair comparison against the rts smoother.
The parallel Riccati recursion outperforms the commonly used rts algorithm
for N & 32 and it solves a linear mhe problem with N = 512 approximately
as fast as the rts algorithm solves one for N = 64. © 2016 IEEE
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Figure 6.6: Computation times for the ansi-c implementation of the parallel
Riccati algorithm using the different communication implementations. It can
be seen that the parallel Riccati using mpi over ib only requires around 65%−
85% of the total computation time when using the tcp/ip implementation.
Furthermore, the parallel Riccati is outperforming the serial Riccati for N &
18 when communicating over ib using mpi, which is in the same order as the
results for the Matlab implementation in Figure 6.4. The parallel Riccati
using mpi solves a uftoc problem with N = 512 roughly as fast as the serial
Riccati solves one with N = 45. © 2016 IEEE



Appendix

In this appendix, the matrices, vectors and constants for some of the problems
introduced in this chapter are presented. Furthermore, the proofs for some of the
lemmas and theorems are also provided in this appendix.

6.A Definition of Problem Matrices

In this section, the definitions of the problem matrices, vectors and other variables
in Chapter 6 are presented.

6.A.1 Definition of the matrices in the UFTOC problem (6.34)

The problem matrices in the uftoc problem (6.34) are defined as

Qx,i ,

Qx,ti+1
. . .

Qx,ti+Ni−1

 , Qu,i ,

Qu,ti

. . .

Qu,ti+Ni−1

 ,

(6A.83a)

Qxu,i ,
[
Qxu,ti 0 · · · 0

]
, Qxu,i ,

Qxu,ti+1
. . .

Qxu,ti+Ni−1

 ,

(6A.83b)

c̄i ,
ti+Ni−1∑

t=ti

ct, Ai ,


I

−Ati+1 I
. . .

I
−Ati+Ni−2 I

 , A0,i ,


Ati

0
...
0

 ,

(6A.83c)
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Bi ,

Bti

. . .

Bti+Ni−2 0

 , ai ,

 ati

...
ati+Ni−2

 , (6A.83d)

AN,i ,


0
...
0

AT
ti+Ni−1


T

, BN,i ,


0
...
0

BT
ti+Ni−1


T

, aN,i , ati+Ni−1. (6A.83e)

6.A.2 Definition of the matrices used in Lemma 6.9

The matrices in the problem (6.37) in Lemma 6.9 are defined as

Q̃0 , Q0 + ΩT
0 Ω

−T QxΩ
−1Ω0, (6A.84a)

Q̃u , Qu + ST Ω−1Γ + Γ T Ω−T S + Γ T Ω−T QxΩ
−1Γ , (6A.84b)

R̃ , R + ΩT
0 Ω

−T S + ΩT
0 Ω

−T QxΩ
−1Γ , (6A.84c)

f̃0 , f0 + ΩT
0 Ω

−T fx + ΩT
0 Ω

−T QxΩ
−1γ, (6A.84d)

f̃u , fu + ST Ω−1γ + Γ T Ω−T fx + Γ T Ω−T QxΩ
−1γ, (6A.84e)

c̃ , c + fT
x Ω−1γ + 1

2γT Ω−T QxΩ
−1γ, (6A.84f)

Ω̃N , ΩNΩ−1Ω0, Γ̃N , ΓN + ΩNΩ−1Γ , γ̃N , ΩNΩ−1γ. (6A.84g)

6.A.3 Definition of the matrices used in Lemma 6.12

The matrices in the problem (6.46) in Lemma 6.12 are defined as

Q̂0 , Q0 − RV
(

V T QuV
)−1

V T RT , (6A.85a)

Q̂û , UT QuU − UT QuV
(

V T QuV
)−1

V T QuU, (6A.85b)

R̂ , RU − RV
(

V T QuV
)−1

V T QuU, (6A.85c)

f̂0 , f0 − RV
(

V T QuV
)−1

V T fu, (6A.85d)

f̂û , UT fu − UT QuV
(

V T QuV
)−1

V T fu, (6A.85e)

ĉ , c − 1
2fT

u V
(

V T QuV
)−1

V T fu, (6A.85f)

Ω̂, Ω, Γ̂ , ΓU, γ̂ , γ, (6A.85g)

where the columns of U form an orthonormal basis for R
(
Γ T
)

and the columns
of V form an orthonormal basis for N (Γ ), with Γ from (6.46).
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6.B Proofs of theorems and lemmas in Section 6.2

In this section, the proofs of some of the lemmas and theorems for the parametric
programming approach are presented.

6.B.1 Proof of Lemma 6.4

The proof of Lemma 6.4 will be done in three main steps: re-write (6.9) into an
equivalent mp-qp problem, relate V̂i(θ) in (6.20a) between the equivalent problems,
and finally show that Q̂u � 0 must hold due to the structure of the introduced
parametrization.

Proof: Consider the problem (6.9) where the subindex “i” is omitted for brevity.
Let Π be a permutation matrix, satisfying ΠT Π = I, such that

ΠX =
[
x
u

]
, ΠHΠT =

[
Hx Hxu

HT
xu Hu

]
, (6B.86)

where the elements in x and u are the vectors xt and ut, respectively, and Hu =
blkdiag

(
Qu,0, . . . , Qu,N−1

)
� 0 by definition. In Åström and Wittenmark (1984)

it is shown that by introducing the change of variables[
x
u

]
=
[

I 0
−H−1

u HT
xu I

]
︸                ︷︷                ︸

,T

[
x̄
ū

]
⇐⇒

[
x̄
ū

]
=
[

I 0
H−1

u HT
xu I

]
︸              ︷︷              ︸

,T −1

[
x
u

]
, (6B.87)

the problem (6.9) can be re-formulated into the equivalent problem

minimize
x̄,ū

[
x̄
ū

]T [H/Hu 0
0 Hu

] [
x̄
ū

]
+ lT ΠT T

[
x̄
ū

]
+ c

subject to AΠT T

[
x̄
ū

]
= b + Gθ,

(6B.88)

where H/Hu � 0, Hu � 0, and the cross-terms are zero. From Tøndel et al.
(2003a) it follows that the unique primal parametric solution to (6B.88) is given
by an affine function[

x̄∗(x̂, û)
ū∗(x̂, û)

]
,

[
x̄∗(θ)
ū∗(θ)

]
=
[
Ωx Ωu

Γx Γu

] [
x̂
û

]
+
[
ω
γ

]
, (6B.89)

where θ = [x̂T ûT ]T is used. Now, by using the definition of V̂(θ) in (6.20a), the
permutation matrix Π, and the transformation T in (6B.87), it follows that

V̂(x̂, û) , V̂(θ) (6.20a)= 1
2

[
x∗(θ)
u∗(θ)

]T [ Hx Hxu

HT
xu Hu

] [
x∗(θ)
u∗(θ)

]
+ lT ΠT

[
x∗(θ)
u∗(θ)

]
+ c (6B.87)=

1
2

[
x̄∗(θ)
ū∗(θ)

]T [H/Hu 0
0 Hu

] [
x̄∗(θ)
ū∗(θ)

]
+ lT ΠT T

[
x̄∗(θ)
ū∗(θ)

]
+ c.

(6B.90)

By substituting the parametric solution (6B.89) into (6B.90) and expanding all
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expressions, the Hessian of V̂(x̂, û) with respect to û can be identified as

∇2
û V̂(x̂, û) = Q̂u = Γ T

u HuΓu + ΩT
u (H/Hu)Ωu. (6B.91)

Hence, if Γ T
u HuΓu � 0 then Q̂u � 0 since ΩT

u (H/Hu)Ωu � 0 by definition.

The final step is to show that Γ T
u HuΓu � 0 is satisfied, which is equivalent to that

N (Γu) = {0} since Hu � 0 by definition (Lancaster and Tismenetsky, 1985). Now
assume, for contradiction, that there exists a z ∈ N (Γu) such that z , 0. Let û
and x̂ be arbitrary parameters, and define the parameter ẑ , û + z. Then,

ū∗(x̂, ẑ) = Γxx̂ + Γuẑ + γ = Γxx̂ + Γuû + Γuz + γ
z∈N (Γu)= Γxx̂ + Γuû + γ = ū∗(x̂, û),

(6B.92)
holds. By expressing the terminal constraint in (6B.88) equivalently as in (6.10)
and exploiting that ū∗(θ) satisfies the equality constraints (specifically the terminal
constraint) in the mp-qp problem (6B.88), it follows from (6B.92) that

Âx̂ + B̂û + â = Āx̂ + S̄ū∗(x̂, û) + D̄ā (6B.92)= Āx̂ + S̄ū∗(x̂, ẑ) + D̄ā =
Âx̂ + B̂ẑ + â =⇒ B̂û = B̂ẑ.

(6B.93)

By inserting the definition of ẑ into the last equation in (6B.93), it follows that

B̂û = B̂û + B̂z ⇐⇒ B̂z = 0 ⇐⇒ z = 0, (6B.94)

where the last equivalence follows from that B̂ has full column rank from the
definition of B̂ in (6.13). However, z = 0 contradicts the assumption of the exis-
tence of a z ∈ N (Γu) such that z , 0. Hence, it follows that N (Γu) = {0} ⇐⇒
Γ T
u HuΓu � 0 =⇒ Q̂u � 0, which concludes the proof.

6.B.2 Proof of Theorem 6.7
The original uftoc problem is given by (6.1). Let the dual variables λt, corre-
sponding to the dynamics constraints, be defined as in (3.32). By writing down
the equations of the kkt system for the original uftoc problem (6.1) it is seen
that the following equations hold for a primal and dual solution

Qx,txt + Qxu,tut + lx,t − λt + AT
t λt+1 = 0, t ∈ Z0,N−1, (6B.95a)

QT
xu,txt + Qu,tut + lu,t + BT

t λt+1 = 0, t ∈ Z0,N−1, (6B.95b)
Qx,N xN + lx,N − λN = 0, (6B.95c)
xt+1 = Atxt + Btut + at, t ∈ Z0,N−1, (6B.95d)
x0 = x̄0. (6B.95e)

The kkt conditions for the extended problem (6.7) are given by the set of equations

HiXi + AT
i Λi = −li, i ∈ Z0,N̂ , (6B.96a)

AiXi − Gi

[
x̂i

ûi

]
= bi, i ∈ Z0,N̂−1, (6B.96b)
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AN̂ XN̂ − GN̂ x̂N̂ = bN̂ , (6B.96c)
−x̂0 + x̄ = 0, (6B.96d)

−x̂i+1 + Âix̂i + B̂iûi + âi = 0, i ∈ Z0,N̂−1, (6B.96e)

−λ̂i + λ0,i + ÂT
i

(
λtc,i + λ̂i+1

)
= 0, i ∈ Z0,N̂−1, (6B.96f)

−λ̂N̂ + λ0,N̂ = 0, (6B.96g)

B̂T
i

(
λtc,i + λ̂i+1

)
= 0, i ∈ Z0,N̂−1, (6B.96h)

where Xi, Λi and λ̂i are defined as in (6.6c), (6.16) and (6.23), respectively.

Proof: From the definition of the initial and terminal constraint in each subpro-
blem (6.9), and the coupling constraints in (6.7) it follows that

x∗
Ni,i = Âix̂

∗
i + B̂iû

∗
i + âi = x̂∗

i+1 = x∗
0,i+1, i ∈ Z0,N̂−1, (6B.97)

and from the last block row in (6B.96a) it follows that

λ∗
Ni,i = −λ∗

tc,i, i ∈ Z0,N̂−1. (6B.98)

Furthermore, for subproblems where licq holds it follows that rank B̃i = nx which
gives rank B̂i = nx, and hence from (6B.96h) and (6B.96f) it follows that

λ∗
tc,i = −λ̂∗

i+1, λ̂∗
i = λ∗

0,i. (6B.99)

For subproblems where licq is violated, the dual solution is computed as in (6.29)
with ξ∗

tc,i defined as in (6.30). Using this choice of dual variables in the subproblem
results in λ∗

tc,i = λ̂∗
i+1 due to the definition of Zi and ξ∗

tc,i, and hence (6B.99) hold
also for the subproblems where licq is violated.

Since X∗
i for i ∈ Z0,N̂ are the solutions to the subproblems, it follows that they

satisfies the dynamics constraints in the subproblems

x∗
t+1,i = At,ix

∗
t,i + Bt,iu

∗
t,i + at,i, t ∈ Z0,Ni−1. (6B.100)

Specifically, due to (6B.97),

x∗
0,i+1 = ANi−1,ix

∗
Ni−1,i + BNi−1,iu

∗
Ni−1,i + aNi−1,i, (6B.101)

holds for all i ∈ Z0,N̂−1. Note that variables from adjacent subproblems are used
in (6B.101). Hence, using the definitions of At,i, Bt,i and at,i from (6.2) it follows
that the primal solution (6.27) satisfies the dynamics constraints (6B.95d), and
the initial constraint (6B.95e) is trivially satisfied.

Furthermore, since Λ∗
i satisfies (6B.96a) for i ∈ Z0,N̂ , it follows that

Qx,t,ix
∗
t,i + Qxu,t,iu

∗
t,i − λ∗

t,i + AT
t,iλ

∗
t+1,i = −lx,t,i, t ∈ Z0,Ni−1, (6B.102a)

QT
xu,t,ix

∗
t,i + Qu,t,iu

∗
t,i + BT

t,iλ
∗
t+1,i = −lu,t,i, t ∈ Z0,Ni−1. (6B.102b)
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Furthermore, from (6B.98) and (6B.99) it follows that

Qx,Ni−1,ix
∗
Ni−1,i + Qxu,Ni−1,iu

∗
t,i − λ∗

Ni−1,i + AT
Ni−1,iλ

∗
0,i+1 = −lx,Ni−1,i,

(6B.103a)
QT

xu,Ni−1,ix
∗
Ni−1,i + Qu,Ni−1,iu

∗
Ni−1,i + BT

Ni−1,iλ
∗
0,i+1 = −lu,Ni−1,i,

(6B.103b)

hold for all i ∈ Z0,N̂−1. Note that (6B.98) and (6B.99) have been used to substi-
tute λ∗

Ni,i = λ∗
0,i+1. By using the definitions of Qx,t,i, Qxu,t,i, Qu,t,i, lx,t,i and

lu,t,i from (6.2), it follows that the primal and dual solution given by (6.27)
and (6.28) satisfy (6B.95a)-(6B.95c). Hence, (6.27) and (6.28) satisfy the kkt
conditions (6B.95) for the original uftoc problem, and from Theorem 2.8 it fol-
lows that x∗, u∗ and λ∗ is a solution to (6.1), which concludes the proof.

6.B.3 Proof of Lemma 6.6
Proof: From the definition of Ai in (6.6b) and N

(
AT

i

)
=
{

λN
i ∈ Rmi | AT

i λN
i = 0

}
it follows that

−λN
t,i + AT

t,iλ
N
t+1,i = 0, t ∈ Z0,Ni−1, (6B.104a)

BT
t,iλ

N
t+1,i = 0, t ∈ Z0,Ni−1, (6B.104b)

λN
Ni,i = −λN

tc,i, (6B.104c)

must hold. Equations (6B.104a) and (6B.104c) can be combined into

λN
i =


λN

0,i
...

λN
Ni,i

λN
tc,i

 =


−
(∏Ni−1

t=0 At,i

)T

...

−I

I

λN
tc,i =


−ÃT

i

−D̃T
i

I

λN
tc,i, (6B.105)

where D̃i and Ãi are defined as in (6.11a). By combining (6B.104a) and (6B.104b)
it follows that

BT
0,i

(∏Ni−1
t=1 At,i

)T

...
BT

Ni−2,iA
T
Ni−1,i

BT
Ni−1,i

λN
tc,i

(6B.104c)= −B̃T
i λN

tc,i = 0, (6B.106)

where B̃i is defined in (6.11b). Hence λN
tc,i ∈ N

(
B̃T

i

)
must hold. Finally, define

Zi ,

−ÃT
i

−D̃T
i

I

 , wi , λN
tc,i, (6B.107)

which concludes the proof.
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6.C Proofs of lemmas in Section 6.3

In this section, the proofs of some of the lemmas presented in Section 6.3 are given.

6.C.1 Proof of Lemma 6.9
Proof: By forming the kkt optimality conditions for (6.35), the kkt system is
given by



0 −I 0 0 0 0 0
−I Q0 R 0 ΩT

0 0 0
0 RT Qu ST Γ T Γ T

N 0
0 0 S Qx −ΩT ΩT

N 0
0 Ω0 Γ −Ω 0 0 0
0 0 ΓN ΩN 0 0 −I
0 0 0 0 0 −I QN





λ0
x0
u
x
λ

λN

xN


=



−x̄
−f0
−fu

−fx
−γ

−γN

−fN


. (6C.108)

Since Ω is invertible, also the second block matrix on the diagonal is invertible
with the inverse given by

[
Qx −ΩT

−Ω 0

]−1
= −

[
0 Ω−1

Ω−T Ω−T QxΩ−1

]
. (6C.109)

Now, rows 4 and 5 in (6C.108) can be used to compute x and λ as[
x
λ

]
= −

[
Qx −ΩT

−Ω 0

]−1([ 0 S
Ω0 Γ

] [
x0
u

]
+
[
ΩT

N
0

]
λN +

[
fx
γ

])
. (6C.110)

Then (6.39) follows directly from (6C.110). Furthermore, using (6C.110) to elimi-
nate x and λ from the kkt system (6C.108) gives the smaller system of equations

0 −I 0 0 0
−I Q̃0 R̃ Ω̃T

N 0
0 R̃T Q̃u Γ̃ T

N 0
0 Ω̃N Γ̃N 0 −I
0 0 0 −I QN




λ0
x0
u

λN

xN

 =


−x̄

−f̃0
−f̃u
−γ̃N

−fN

 , (6C.111)

where the matrices are defined as in (6A.84). From the definition in (6A.84) the
following factorization can be derived[

Q̃0 R̃
R̃T Q̃u

]
=
[
I 0 ΩT

0 Ω
−T

0 I Γ T Ω−T

]Q0 R 0
RT Qu S
0 ST Qx

 I 0
0 I

Ω−1Ω0 Ω−1Γ

 � 0,

(6C.112)

which is positive semi-definite by construction since (6.36) holds. Furthermore,
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since the kkt system (6C.108) has a unique solution due to assumptions 3.3 and 3.4
and that licq holds, the reduced Hessian of the corresponding uftoc problem
is positive definite (Boyd and Vandenberghe, 2004; Nocedal and Wright, 2006).
Now, define

Z ,


0
I

Ω−1Γ
ΓN + ΩNΩ−1Γ

 . (6C.113)

Then, using the equality constraint matrix from the kkt system (6C.108), it is
straightforward to show that

R (Z) ⊂ N

−I 0 0 0
Ω0 Γ −Ω 0
0 ΓN ΩN −I

 , (6C.114)

and by using the definition of Q̃u and Γ̃N from (6A.84), it follows that

ZT

Q0 R 0
RT Qu S
0 ST Qx

Z = Q̃u + Γ̃ T
N QN Γ̃N � 0, (6C.115)

since the reduced Hessian is positive definite. This holds for all QN � 0, and hence
it follows that Q̃u � 0 must hold.

The reduced system of equations (6C.111) can be recognized as the kkt optima-
lity conditions for the qp problem (6.37). Hence, a solution to (6C.108) can be
computed using (6C.110) from a solution to (6C.111). The solution to (6C.111)
is directly obtained from a solution to (6C.108). Hence, the two problems (6.35)
and (6.37) are equivalent, which concludes the proof.

6.C.2 Proof of Lemma 6.11
Proof: The kkt system for the uftoc problem i in the form (6.34) is given by the
following equations

−xti + x̄i = 0, (6C.116a)

−I Qx,t Qxu,t AT
t 0

0 QT
xu,t Qu,t BT

t 0
0 At Bt 0 −I




λt

xt

ut

λt+1
xt+1

 =

−lx,t

−lu,t

−at

 , t ∈ Zti,ti+Ni−1, (6C.116b)

−λ̂i+1 + P̂i+1x̂i+1 = Ψ̂ i+1. (6C.116c)

Let P0,t, Ψ0,t, k0,t and K0,t be obtained by solving this kkt system using the
Riccati recursion for the preliminary choice P̂i+1 = 0 and Ψ̂ i+1 = 0. Then it
follows that P0,ti+Ni

= 0 and Ψ0,ti+Ni
= 0. Note that when Qu,t ∈ Snu,t

+ due to
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Assumption 6.10, the Riccati recursion is computed as in Section 3.4.2. Assume
that the dual variables for some t ∈ Zti,ti+Ni

can be computed from

λt = P0,txt − Ψ0,t + DT
t λ̂i+1, (6C.117)

when P̂i+1 , 0 and Ψ̂ i+1 , 0. Clearly this holds at the end point λti+Ni
= λ̂i+1 if

Dti+Ni
, I. Now, use (6C.117) for t + 1 together with xt+1 = Atxt + Btut + at

to eliminate λt+1 from (6C.116), resulting in

−I F0,t+1 H0,t+1 0 AT
t DT

t+1
0 HT

0,t+1 G0,t+1 0 BT
t DT

t+1
0 At Bt −I 0




λt

xt

ut

xt+1
λ̂i+1

=

−lx,t + AT
t (Ψ0,t+1 − P0,t+1at)

−lu,t + BT
t (Ψ0,t+1 − P0,t+1at)

−at

 ,

(6C.118)
where F0,t+1, H0,t+1 and G0,t+1 are computed as in Algorithm 4. By inser-
ting (6.42) into (6C.116) and using the definitions of P0,t, Ψ0,t, K0,t+1 and k0,t+1
gives the equivalent system of equations

−I P0,t H0,t+1 0 AT
t DT

t+1
0 0 G0,t+1 0 BT

t DT
t+1

0 (At + BtK0,t+1) Bt −I 0




λt

xt

ūt

xt+1
λ̂i+1

 =

 Ψ0,t

0
− (at + Btk0,t+1)

 .

(6C.119)

Finally, by using H0,t+1 = −KT
0,t+1G0,t+1 by the definition of K0,t+1, and then

adding the second block equation multiplied with KT
0,t+1 from the left to the first

block equation gives the system of equations

−I P0,t 0 0 (At + BtK0,t+1)T DT
t+1

0 0 G0,t+1 0 BT
t DT

t+1
0 (At + BtK0,t+1) Bt −I 0




λt

xt

ūt

xt+1
λ̂i+1

 =

 Ψ0,t

0
− (at + Btk0,t+1)

 .

(6C.120)

Hence, by defining
Dt , Dt+1 (At + BtK0,t+1) , (6C.121)

it follows that (6C.117) holds also for time t. Since t is chosen arbitrary and
Dti+Ni

= I it follows from induction that (6.45b) holds for all t ∈ Zti,ti+Ni
.

By using the state recursion xt+1 = (At + BtK0,t+1) xt + Btūt + at + Btk0,t+1,
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the states xt for t ∈ Zti+1,ti+Ni−1 can be eliminated from the kkt system, which
results in the system of equations

0 −I 0 0 0
−I P0,ti 0 ÂT

i 0
0 0 Q̄ū,i ST

i 0
0 Âi Si 0 −I

0 0 0 −I P̂i+1




λ̂i

x̂i

ūi

λ̂i+1
x̂i+1

 =


−x̄i

Ψ0,t

0
−âi

 , (6C.122)

where the matrices are defined as in Lemma 6.11. This system of equations is in
the form of the kkt system of the uftoc problem (6.43). Furthermore, c̄0,ti is
computed from Algorithm 5 for the preliminary choice P̂i+1 = 0, Ψ̂ i+1 = 0 and
ĉi+1 = 0, which concludes the proof.

6.C.3 Proof of Lemma 6.12
Proof: The solution to (6.46) is obtained by solving the corresponding kkt system

0 −I 0 0 0
−I Q0 R ΩT 0
0 RT Qu Γ T 0
0 Ω Γ 0 −I
0 0 0 −I QN




λ0
x0
u

λN

xN

 =


−x̄
−f0
−fu
−γ

−fN

 , (6C.123)

which has a unique solution since assumptions 3.3 and 3.4, and licq hold. Now,
since colrank Γ = r < m holds, it is possible to find a unitary matrix[

U V
]

∈ Rm×m, (6C.124)

where the columns of U ∈ Rm×r form an orthonormal basis for R
(
Γ T
)

and the
columns of V ∈ Rm×(m−r) form an orthonormal basis of N (Γ ). Hence, since
Rm = N (Γ )⊥ ⊕ N (Γ ) = R

(
Γ T
)

⊕ N (Γ ), the vector u can be decomposed as

u = Uû + V ẑ =
[
U V

] [û
ẑ

]
, (6C.125)

where û ∈ Rr and ẑ ∈ Rm−r (Lancaster and Tismenetsky, 1985). By using (6C.125)
and multiplying the third row of the kkt system (6C.123) from the left with the
invertible matrix [U V ]T gives the equivalent system of equations

0 −I 0 0 0 0
−I Q0 RU RV ΩT 0
0 UT RT UT QuU UT QuV UT Γ T 0
0 V T RT V T QuU V T QuV 0 0
0 Ω ΓU 0 0 −I
0 0 0 0 −I QN




λ0
x0
û
ẑ

λN

xN

 =


−x̄
−f0

−UT fu
−V T fu

−γ
−fN

 .

(6C.126)

Here the relation ΓV = 0, which follows from the definition of V , has been
used. Since Qu � 0 and V has full rank, V T QuV � 0 and ẑ can be elimina-
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ted from (6C.126) using the fourth row as

ẑ = −
(

V T QuV
)−1 (

V T RT x0 + V T QuUû + V T fu
)

, (6C.127)

giving the equivalent system of equations
0 −I 0 0 0

−I Q̂0 R̂ Ω̂T 0
0 R̂T Q̂u Γ̂ T 0
0 Ω̂ Γ̂ 0 −I
0 0 0 −I QN




λ0
x0
û

λN

xN

 =


−x̄

−f̂0
−f̂u
−γ̂

−fN

 . (6C.128)

The matrices in (6C.128) are defined as in (6A.85). Now, define

H ,

 Q0 RU RV
UT RT UT QuU UT QuV
V T RT V T QuU V T QuV

 , Ĥ ,

[
Q̂0 R̂

R̂T Q̂u

]
, G ,

[
UT QuU UT QuV
V T QuU V T QuV

]
.

(6C.129)
Then it follows from (6A.85) and Theorem A.10 that

Ĥ = H/
(

V T QuV
)

� 0, (6C.130)

since H � 0, and from Theorem A.11 that

Q̂u = G/
(

V T QuV
)

� 0, (6C.131)

since G � 0. Furthermore, (6.50) follows from (6C.125) and (6C.127), which
concludes the proof.





7
Exploiting Low-Rank Structure in

Multiparametric Quadratic Programming

In Chapter 4, explicit mpc and mp-qp were introduced and it was shown that
the parametric solution to these are given by an affine function defined over R
critical regions. Once the pwa function is determined, the computational effort
to compute the solution for a given parameter is reduced to evaluating the pwa
function. How to solve the mp-qp problem has been considered in previous work
by other authors and is outside the scope of this thesis, see for example Bemporad
et al. (2002), Tøndel et al. (2003c), Spjøtvold et al. (2006), and Gupta et al. (2011).
One of the main limitations with mp-qp and explicit mpc is the large amount of
memory that is required to store the parametric solution and the critical regions.
Some different techniques that can be used to reduce the memory required to store
the parametric solution are discussed in the survey of related work in Section 1.1.2.

In this chapter, the limitation regarding the large memory requirements for sto-
ring the solutions is targeted. The chapter is based on the structure-exploiting
approach for reducing the memory footprint in mp-qp which is introduced in Niel-
sen and Axehill (2016a), where the structure of the parametric solution between
neighboring critical regions for an mp-qp problem is exploited. The proposed ap-
proach can significantly reduce the amount of memory that is required to store
the solution and critical regions by exploiting that only low-rank modifications of
the parametric solution is obtained when making minor changes to the optimal
active sets. As discussed in Chapter 5, the possibility to exploit the structured
low-rank modifications of the kkt matrices when modifying the working set be-
tween as iterations has been crucial to improve the performance of methods for
solving general qp problems. Here, this structure will be exploited for reducing
the memory footprint when storing the parametric solution to an mp-qp problem.
The proposed algorithm stores the solution in a tree structure and can be incor-

145
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porated directly in existing mp-qp solvers, or be applied as a post-processing step
to an already existing parametric solution in order to reduce the memory requi-
red to store it. Hence, the algorithm presented here can be interpreted as a data
compression algorithm.

7.1 Low-Rank Modifications of the Parametric Solution

In this section it will be shown how the parametric solution in a neighboring region
can efficiently be described by small, structured, modifications of the solution in
the first region. Stepping over a facet between two neighboring regions corresponds
to adding or removing constraints to the optimal active set (Tøndel et al., 2003c).
Hence, an equivalent interpretation is that the parametric solution for one set of
optimal active constraints can be used with only minor modifications to describe
the solution for an optimal active set where constraints have been added to, or
removed from, the first one. For notational convenience, the case when licq
and sc hold and where only one constraint is added or removed is presented in
this thesis. The case for k constraints can be shown analogously, and is used in
the implementation of the proposed algorithm. When licq and sc do not hold,
the critical regions can be overlapping and correspond to several optimal active
sets (Tøndel et al., 2003c). The approach presented here can be extended to cover
also these cases.

Here, an mp-qp problem in the form (4.3) with m variables, n parameters and
p constraints is considered. Assume that a parametric solution to this mp-qp
problem is already computed using some existing mp-qp solver. Then, the pwa
function and the critical regions Pi for i ∈ Z1,R in (4.5) are given. If the corre-
sponding optimal active sets are not returned by the parametric solver, they can
be computed from the critical regions by using a fixed θ ∈ Pi and solving the
corresponding qp problem using an as solver. Furthermore, define σi ∈ Rp and
Γi ∈ Rp×n for an optimal active set Ai as

σi ,

{
σi,Ni

= 0,

σi,Ai
= σi,

, Γi ,

{
Γi,Ni

= 0,

Γi,Ai
= Γi,

(7.1)

where σi ∈ R|Ai| and Γi ∈ R|Ai|×n are defined as in (4.8). A double index such
as Γi,Ai

is used to denote the rows in Γi that are indexed by Ai. The boldface
notation is introduced to denote a variable that is related to all the p constraints
in the mp-qp problem (4.3), but with some components trivially equal to zero.
The choice of this notation will later become clear. From (4.7), it follows that the
parametric primal and dual solution to (4.3) for θ ∈ Pi can be described as

λ∗(θ) = σi + Γiθ, (7.2a)
z∗(θ) = ki + Kiθ , −H−1GT

Ai

(
σi,Ai

+ Γi,Ai
θ
)

. (7.2b)
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7.1.1 Adding one constraint to the optimal active set

Let the solution corresponding to an optimal active set Ai ∈ A∗ be given by (7.2).
Consider the case when a constraint l ∈ Ni is added such that the active set
Aj = Ai ∪ l becomes optimal, and hence corresponds to the critical region Pj .
Here Ni is the inactive set introduced in Chapter 4.

Theorem7.1. Let the parametric solution of (4.3) for the optimal active set Ai ∈ A∗

be given by (7.2). Then, the solution for an optimal active set Aj = Ai ∪ l ∈ A∗

with l ∈ Ni is given by

λ∗(θ) = σj + Γjθ , σi + Γiθ − dj

(
cj + vT

j θ
)

, (7.3a)

z∗(θ) = kj + Kjθ , ki + Kiθ + fj

(
cj + vT

j θ
)

, (7.3b)

where cj ∈ R, vj ∈ Rn, fj ∈ Rm and dj ∈ Rp with dj,Nj
= 0, dj,l = −1, and dj,Ai

possibly non-zero.

Proof: For Aj ∈ A∗, the solution to the mp-qp problem (4.3) is given by (7.2),
but with index j instead of i. Without loss of generality, let Gl be the last row in
GAj

. To compute σi and Γi, the block matrix inverse in Theorem A.8 is used for[
W w
wT w0

]
, GAj

H−1GT
Aj

=
[

GAi
H−1GT

Ai
GAi

H−1GT
l

GlH
−1GT

Ai
GlH

−1GT
l

]
. (7.4)

The dual parametric solution (7.2a) for Aj is then given by

λ∗
Aj

(θ) = −
[
W −1 (bAi

+ SAi
θ
)

0

]
−

W −1w
(

cj + vT
j p
)

−
(

cj + vT
j p
) , (7.5)

where cj and vj are defined as

cj , C−1
(

wT W −1bAi
− bl

)
∈ R, (7.6a)

vj , C−1
(

ST
Ai

W −1w − ST
l

)
∈ Rn, (7.6b)

and C is defined as

C ,

[
W w
wT w0

]
/W = w0 − wT W −1w. (7.7)

Furthermore, from (4.8) and the definition of W in (7.4), it follows that the equa-
tion −W −1 (bAi

+ SAi
θ
)

= σi + Γiθ holds. Hence, by defining

dj,Ai
, W −1w ∈ R|Ai|, dj,l , −1, dj,Nj

, 0, (7.8)

the dual solution can be written compactly as (7.3a).
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From (7.2b) it can be seen that the primal solution for the optimal active set Aj

is z∗(θ) = −H−1GT
Aj

λ∗
Aj

(θ), giving

z∗(θ) = −H−1GT
Aj

(
σi,Aj

+ Γi,Aj
θ − dj,Aj

(
cj + vT

j θ
))

=

− H−1GT
Ai

(
σi,Ai

+ Γi,Ai
θ
)

+ H−1GT
Aj

dj,Aj

(
cj + vT

j θ
)

. (7.9)

In the second equality, it is exploited that σi,l = 0 and Γi,l = 0 by definition.
Using −H−1GT

Ai

(
σi,Ai

+ Γi,Ai
θ
)

= ki + Kiθ from (7.2b) and defining

fj , H−1GT
Aj

dj,Aj
∈ Rm, (7.10)

the primal solution (7.3b) can be obtained from (7.9), which concludes the proof.

From Theorem 7.1 it can be seen that the parametric solution in Pj can be com-
puted as a rank-one modification of the parametric solution in Pi.

Corollary 7.2. Let Ai ∈ A∗ be an optimal active set, and let the parametric solution
to (4.3) for an optimal active set Aj = Ai ∪ l ∈ A∗ be given by Theorem 7.1.
Then the hyperplanes that define the corresponding critical region Pj in (4.9) can
equivalently be described as

GNj
(ki + Kiθ) + fj,Nj

(
cj + vT

j θ
)

� bNj
+ SNj

θ, (7.11a)

σi,Aj
+ Γi,Aj

θ − dj,Aj

(
cj + vT

j θ
)

� 0, (7.11b)

where fj , Gfj ∈ Rp with fj,Ai
= 0.

Proof: The critical region Pj is given by (4.9) but with index j instead of i. Hence,
the dual feasibility conditions (7.11b) for Pj follow directly from the dual solu-
tion (7.3a).

By inserting the primal solution (7.3b) into the inequality constraints of (4.3) and
defining fj , Gfj gives

G (ki + Kiθ) + Gfj

(
cj + vT

j θ
)

� b + Sθ ⇐⇒

GNj
(ki + Kiθ) + fj,Nj

(
cj + vT

j θ
)

� bNj
+ SNj

θ.
(7.12)

Here it is exploited that GAj
(ki + Kiθ) + GAj

fj

(
cj + vT

j θ
)

= GAj

(
kj + Kjθ

)
=

bAj
+SAj

θ by the definition of Aj . From the definitions of fj in (7.10), dj in (7.8),
and W and w in (7.4) it follows that

fj,Ai
= GAi

fj = GAi
H−1GT

Aj
dj,Aj

= GAi
H−1

(
GT

Ai
W −1w − GT

l

)
= 0, (7.13)

which concluded the proof.
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Remark 7.3. The hyperplanes given by GNj
(ki + Kiθ) � bNj

+ SNj
θ are a subset of the

primal feasibility conditions in Pi, and σi,l = 0 and Γi,l = 0. Hence, the new information
in the description of Pj is contained in fj,Nj

∈ R|Nj | and dj,Aj
∈ R|Aj |. Note that cj and

vj are already computed when computing λ∗(θ) and z∗(θ) as in the proof of Theorem 7.1.

7.1.2 Removing one constraint from the optimal active set
When a constraint is removed from the optimal active set, the parametric solution
and the description of the critical region change in a similar way as in Section 7.1.1.

Theorem 7.4. Let the solution for the optimal active set Aj ∈ A∗ be given by (7.2)
but with index j instead of i. Then, the parametric solution for the optimal active
set Ai = Aj\l ∈ A∗ with l ∈ Aj is given by

λ∗(θ) = σi + Γiθ , σj + Γjθ − di

(
ci + vT

i θ
)

, (7.14a)

z∗(θ) = ki + Kiθ , kj + Kjθ + fi

(
ci + vT

i θ
)

, (7.14b)

where ci , cj , vi , vj , di , −dj and fi , −fj . Here cj , vj , dj and fj are defined
as in (7.6), (7.8) and (7.10). respectively.

Proof: First, note that Ai = Aj\l ⇐⇒ Aj = Ai ∪ l. Hence, Theorem 7.1 applies
for the optimal active set Aj , and by re-ordering the terms in (7.3a) it can be seen
that

σi + Γiθ = σj + Γjθ + dj

(
cj + vT

j θ
)

, (7.15)

which, by defining the variables ci , cj , vi , vj and di , −dj gives (7.14a).
Furthermore, by re-ordering the terms in (7.3b) it follows that

ki + Kiθ = kj + Kjθ − fj

(
cj + vT

j θ
)

, (7.16)

which, using ci, vi and defining fi , −fj , gives (7.14b).

Similarly as when adding a constraint to the optimal active set, the parametric
solution in Pi is a rank-one modification of the parametric solution in Pj .

Corollary 7.5. Let Aj ∈ A∗ be an optimal active set, and let the parametric solution
to (4.3) for the optimal active set Ai = Aj\l ∈ A∗ be given by Theorem 7.4.
Then the hyperplanes that define the corresponding critical region Pi in (4.9) can
equivalently be described as

GNi

(
kj + Kjθ

)
+ fi,Ni

(
ci + vT

i θ
)

� bNi
+ SNi

θ, (7.17a)

σj,Ai
+ Γj,Ai

θ − di,Ai

(
ci + vT

i θ
)

� 0, (7.17b)

where fi , Gfi ∈ Rp with fi,Ai
= 0.
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Proof: The dual feasibility conditions (7.17b) follow directly from (7.14a). Furt-
hermore, inserting the primal parametric solution (7.14b) into the inequality con-
straints of the mp-qp problem (4.3) gives

GNi

(
kj + Kjθ

)
+ GNi

fi

(
ci + vT

i θ
)

� bNi
+ SNi

θ. (7.18)

By using the definition fi , Gfi , (7.18) gives (7.17a). From Corollary 7.2 and the
definition of fi in Theorem 7.4 it follows that fi,Ai

= −fj,Ai
= 0, which concludes

the proof.

Similar to Remark 7.3, the description of Pj is re-used in Pi. Furthermore,
Gl

(
kj + Kjθ

)
= bl + Slθ since l ∈ Aj . Hence, the new information in the descrip-

tion of Pi is contained in fi,Ni
∈ R|Ni| and di,Ai

∈ R|Ai|.

7.2 Memory Efficient Storage Tree

In this section it will be shown how the theory presented in Section 7.1 can be
used repeatedly to store the parametric solution and critical regions in a memory
efficient manner. The storage of the parametric solution is arranged into a tree
structure, henceforth denoted the storage tree. The tree structure is related to
the tree in Gupta et al. (2011) and the graph in Herceg et al. (2013b). Note,
however, that the results in Section 7.1 do not require a tree structure, but that
the structure is an inherent property of the parametric solution. Hence, the low-
rank structure between neighboring critical regions can be exploited also for more
general graph structures than the tree used in this chapter.

The set of all optimal active sets A∗ can be arranged in a tree structure by choo-
sing the root node r ∈ Z1,R to correspond to the optimal active set Ar ∈ A∗. To
simplify the notation, let pa(i), ch(i), and anc(i) denote the parent, the set of
children and the ordered set of ancestors of node i in the tree, respectively. Furt-
hermore, let desc(i) denote the descendants of node i, let P(i) = i ∪ (anc(i)\r) be
the ordered set of the node and the ancestor nodes except the root, and let D be
the maximum depth in the tree.
Definition 7.6. A storage tree of a set of optimal active sets A∗ is denoted T (A∗, r).
Node r corresponds to the optimal active set Ar ∈ A∗ and is the root node in
T (A∗, r).

Assumption 7.7. For all nodes i ∈ T (A∗, r)\r only one constraint is added to, or
removed from, the optimal active set of the parent node pa(i).

The nodes in a storage tree from Definition 7.6 correspond to the optimal active
sets Ai ∈ A∗. When Assumption 7.7 holds, they are arranged such that either
one constraint is added to or removed from the optimal active set of the parent of
each node. Moving between a parent and one of its children hence corresponds to
stepping over a facet between adjacent critical regions (Tøndel et al., 2003c). For
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P4

P5

P2P1

P3

P6

θ1

θ2

l = 1
l = 2

l = 3

Figure 7.1: An example of a partitioning with critical regions Pi for i ∈ Z1,6 in
two dimensions. The three separating hyperplanes correspond to constraints
1, 2 and 3, respectively. When moving between adjacent critical regions, the
constraint corresponding to the facet is either added or removed from the
optimal active set. An example of a storage tree for this partition is seen in
Figure 7.2. © 2016 IEEE

the case when k constraints are added or removed, Assumption 7.7 does not hold.
However, this case can be derived analogously but is omitted here for brevity.

An example with two parameters and a partitioning consisting of 6 critical regions
Pi for i ∈ Z1,6 is seen in Figure 7.1, and one choice of a corresponding storage
tree T (A∗, 2) is presented in Figure 7.2. Each critical region Pi corresponds to an
optimal active set Ai ∈ A∗, where A∗ = {{}, {1}, {2}, {3}, {1, 2}, {1, 3}} in this
example. Hence, P2 is the critical region for the optimal active set A2 = {1}
etc. In Figure 7.1, the hyperplane between for example P2 and P6 corresponds
to constraint 3. Hence, moving from region P2 to P6 by stepping over the shared
facet corresponds to adding constraint 3 to the optimal active set in P2, i.e.,
A6 = A2 ∪ {3} holds. In the tree in Figure 7.2, the optimal active set A2 = {1}
is chosen as the root node. For this choice of the storage tree it can be seen that,
for example, pa(3) = 1, anc(3) = {1, 2}, P(3) = {3, 1}, and ch(2) = {1, 5, 6}. The
maximum depth is D = 2. The transition from P2 to P6 corresponds to moving
from node 2 to node 6 in the tree by adding constraint 3, indicated by the plus
sign at the edge.

Note that the storage tree is not unique. For example, the tree T (A∗, 1) where
the optimal active set A1 = {} is instead the root node could also be used for this
example. The choice of the particular tree structure will affect the maximum depth
of the tree, and hence also the on-line performance when looking up the solution.
Furthermore, depending on the problem, the structure of the parametric solution
and the number of constraints that are added or removed between neighboring
critical regions, it might be beneficial to store the solution using several trees.
In the case with several trees, each optimal active set is only included in of the
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4:{3}

5:{1, 2}

2:{1}

1:{}

3:{2}

6:{1, 3}

Figure 7.2: One example of a storage tree for the partitioning in Figure 7.1,
where each Pi for i ∈ Z1,6 corresponds to an optimal active set in A∗ =
{{}, {1}, {2}, {3}, {1, 2}, {1, 3}}. The number in front of the colon in each
node corresponds to the index i in A∗. A plus sign at an edge corresponds to
adding a constraint to the optimal active set when moving to the child, and a
minus sign corresponds to removing a constraint. Note that the storage tree
T (A∗, 2) is not unique. © 2016 IEEE

trees. How to choose the number of the trees and the structure of the trees to
obtain maximum performance is outside the scope of this thesis. Note also that
the storage tree can be constructed either after all optimal active sets have been
determined, or while building the solution to the mp-qp problem in the solver.
Hence, the algorithm can be used as a post-processing algorithm to compress the
parametric solution, or as an integrated algorithm in the mp-qp solver.

7.2.1 Computing the parametric solution and critical region

By storing the full description of the critical region Pr together with the affine
function given by kr and Kr for the root node, and repeating the theory in
Section 7.1, it can be shown that the parametric solution and description of the
critical region in each node i can be described by a number rank-one modifications
of the solution in the root node. From the definition of T (A∗, r) it follows that the
modifications that are used to compute the solution and critical region in node i
are stored in the nodes j ∈ P(i) and the root node, i.e., all nodes along the path
from node i to the root node r.

Theorem 7.8. Let A∗ be the set of optimal active sets for the mp-qp problem (4.3),
and let T (A∗, r) be a storage tree for which Assumption 7.7 holds. Then the
parametric solution for θ ∈ Pi with i ∈ T (A∗, r) is given by

z∗(θ) = kr + Krθ +
∑

j∈P(i)
fj

(
cj + vT

j θ
)

, (7.19)

where cj , vj and fj are defined as in Theorem 7.1 or Theorem 7.4 depending on
the type of edge between pa(j) and node j in T (A∗, r). Furthermore, the critical
region Pi is described by the set of parameters θ ∈ Θ that satisfies the inequalities
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bNi
+ GNi

θ +
∑

j∈P(i)
fj,Ni

(
cj + vT

j θ
)

� 0, (7.20a)

−σr,Ai
− Γr,Ai

θ +
∑

j∈P(i)
dj,Ai

(
cj + vT

j θ
)

� 0, (7.20b)

where b , Gkr − b and G , GKr − S.

Proof: Assume that (7.19) holds for some s ∈ T (A∗, r) with ch(s) , ∅, and consider
an arbitrary node i ∈ ch(s). Then it follows from Theorem 7.1 (or Theorem 7.4)
that the parametric solution is

z∗(θ) =kr + Krθ +
∑

j∈P(s)
fj

(
cj + vT

j θ
)

+ fi

(
ci + vT

i θ
)

=

kr + Krθ +
∑

j∈P(i)
fj

(
cj + vT

j θ
)

. (7.21)

Here it has been used that P(i) = i∪P(s) since i ∈ ch(s). Since (7.19) holds for the
root r, and s and i ∈ ch(s) were chosen arbitrarily, (7.19) follows from induction.

The inequalities (7.20) can be shown analogously from Corollary 7.2 (or Corol-
lary 7.5) by utilizing that, for the root node r, the dual feasibility conditions (4.4c)
are −σr − Γrθ � 0 and the primal feasibility conditions (4.4b) are described by

G (kr + Krθ) � b + Sθ ⇐⇒ b + Gθ � 0, (7.22)

where b , Gkr − b and G , GKr − S. Furthermore,

Gz∗(θ)=G (kr + Krθ)+
∑

j∈P(i)
Gfj

(
cj + vT

j θ
)

=G (kr + Krθ)+
∑

j∈P(i)
fj

(
cj + vT

j θ
)

,

(7.23)
follows by the definition of fj , which concluded the proof.

Corollary 7.9. The hyperplanes that describe the minimal representation of the
critical region Pi in (4.10) can equivalently be described as

bHp
i

+ GHp
i
θ +

∑
j∈P(i)

fj,Hp
i

(
cj + vT

j θ
)

� 0, (7.24a)

−σr,Hd
i

− Γr,Hd
i
θ +

∑
j∈P(i)

dj,Hd
i

(
cj + vT

j θ
)

� 0, (7.24b)

where Hp
i and Hd

i are defined in Section 4.3.

Proof: The corollary follows directly from Theorem 7.8 since each hyperplane that
is indexed by s in (7.20), corresponding to either the primal or dual feasibility
constraints, is described only by the components and rows indexed by s in (7.20).



154 7 Exploiting Low-Rank Structure in Multiparametric Quadratic Programming

Note that the full parametric solution and description of the critical region is
only stored for the root node r. For the nodes i ∈ T (A∗, r)\r, only the rank-one
modifications ci, vi, di, li, and fi need to be stored.

One algorithm to compute the solution as in Theorem 7.8 is presented in Al-
gorithm 14, where the parameter θ and the node i are inputs, and the optimal
solution z∗(θ) is returned.

Algorithm 14 On-line evaluation of the parametric solution
1: input θ and i
2: Initialize z = kr + Krθ
3: for j ∈ P(i) do
4: z := z + fj

(
cj + vT

j θ
)

5: end for
6: z∗ := z

In Algorithm 15 the evaluation of a hyperplane using Corollary 7.9 is presented.
The parameter θ, the node i, and the hyperplane index s are given as inputs to
the algorithm, and the value of the hyperplane, denoted q, is returned.

Algorithm 15 On-line evaluation of a hyperplane
1: input θ, i and s
2: if s ∈ Hp

i then
3: Initialize q := bs + Gsθ
4: for j ∈ P(i) do
5: q := q + fj,s

(
cj + vT

j θ
)

6: end for
7: else if s ∈ Hd

i then
8: Initialize q := −σr,s − Γr,sθ
9: for j ∈ P(i) do

10: q := q + dj,s

(
cj + vT

j θ
)

11: end for
12: end if

Note that for a given parameter θ the value of cj + vT
j θ only has to be computed

once for each Pj when evaluating hyperplanes, and bs + Gsθ and −σr,s − Γr,sθ
only need to be computed once for each parameter and can be re-used by all nodes
in the storage tree.

In algorithms 14 and 15 the order of summation can be chosen to facilitate the
on-line performance by taking for example memory access into consideration.

7.2.2 Storing the parametric solution and the critical regions
From Theorem 7.8 it follows that computing the parametric solution in node i
only requires the storage of cj ∈ R, vj ∈ Rn and fj ∈ Rm for each node j ∈ P(i).
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However, in the root node r the full parametric solution defined by kr ∈ Rm and
Kr ∈ Rm×n needs to be stored. In Corollary 7.9 it is shown that the description
of the critical region in node i only requires the describing hyperplanes. Hence,
the full vectors and matrices in (7.24) do not need to be stored, but only the
components and rows of b, σr, G, Γr, fj and dj for j ∈ P(i) that correspond to
the describing hyperplanes.

Furthermore, from Corollary 7.9 it follows that the rank-one modification in node i
is also used by all descendants desc(i) ⊂ T (A∗, r). Hence, the components and
rows with indices corresponding to the defining hyperplanes for Pj with j ∈ desc(i)
also need to be stored in node i. Let Sp

i and Sd
i be the indices of the hyperplanes

corresponding to primal and dual feasibility conditions in the description of Pi

that need to be stored in node i. These sets of indices are given by

Sp
i ,

⋃
j∈desc(i)∪i

Hp
j , Sd

i ,
⋃

j∈desc(i)∪i

Hd
j . (7.25)

The components in fi and di that are equal to zero by definition should not be
taken into consideration when computing Sp

i and Sd
i in (7.25), since they do not

need to be stored. In each node i ∈ T (A∗, r)\r, the rank-one modifications ci ∈ R,
vi ∈ Rn, fi ∈ Rm, fi,Sp

i
∈ R|Sp

i | and di,Sd
i

∈ R|Sd
i | need to be stored. For node i

this requires
1 + n + m + |Sp

i | + |Sd
i |, (7.26)

real numbers to be stored. For the root node r, the vectors kr ∈ Rm, bSp
r

∈ R|Sp
r |,

and σr,Sd
r

∈ R|Sd
r |, and the matrices Kr ∈ Rm×n, GSp

r
∈ R|Sp

r |×n and Γr,Sd
r

∈
R|Sd

r |×n need to be stored. This requires

m (n + 1) +
(

|Sp
r | + |Sd

r |
)

(n + 1) , (7.27)

real numbers to be stored. Hence, the total number MLR of stored real numbers
for T (A∗, r) is

MLR = m (n + R) + Mcr
LR, (7.28)

where Mcr
LR is the number of real numbers required to store the critical regions,

defined as

Mcr
LR ,

(
|Sp

r | + |Sd
r |
)

(n + 1)+(R − 1) (1 + n)+
∑

i∈T (A∗,r)\r

(
|Sp

i | + |Sd
i |
)

. (7.29)

Note that the storage of ci and vi is included in Mcr
LR.

Storing the full parametric solution and the minimal description of the critical
regions that were presented in Chapter 4 require

MF , Rm (n + 1) + Mcr
F , (7.30)

real numbers to be stored. Here Mcr
F is the number of real numbers that is required
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in order to store the critical regions, given by

Mcr
F ,

R∑
i=1

(
Hp

i + Hd
i

)
(n + 1) . (7.31)

In Section 4.4 explicit mpc was presented, and it was shown that the cftoc
problem (4.11) that arises in linear mpc for lti systems can be re-written as an
mp-qp problem. Hence, storing the explicit solution of (4.11) can be done using the
theory presented in this chapter. However, only the first control input u∗

0 is used as
input to the plant in the mpc control loop, and hence the full parametric solution
does not need to be stored in the case of explicit mpc. Instead only the first nu

rows of ki and Ki are stored, respectively. For the traditional, non-compressed,
solution this results in that

Mmpc
F = Rnu (n + 1) + Mcr

F , (7.32)

real numbers are stored. This is a slightly modified version of MF in (7.30).
Similarly for the compressed solution, only the rank-one modifications that are
affecting the first nu rows need to be stored in T (A∗, r). Hence, for the explicit
mpc solution, the number of stored real numbers is

Mmpc
LR = nu (n + R) + Mcr

LR, (7.33)

which is a slightly modified version of MLR in (7.28).

7.3 Experimental Evaluation

In this section, the memory requirement for storing the solution and the criti-
cal regions when using the proposed algorithm is compared to storing the full
solution and critical regions. The mp-qp problems have been solved using mpt
(version: 3.1.2 (R2011a) 28.10.2015) in Matlab (version: 8.4.0.150421 (R2014b)).
Although the optimal active sets are computed in the mp-qp solver, it was not pos-
sible to access them in the solution returned by the solver. They have instead been
retrieved by solving a qp problem for each critical region with the corresponding
Chebychev center as parameter.

7.3.1 Defining the problems

The comparison has been made for three different examples where explicit mpc
controllers are applied to stable lti systems. In the first example, referred to as
Problem 1, the continuous-time system 1/(s + 1)nx which is studied in Kvasnica
et al. (2015) is used. This system has nx states and nu = 1 control inputs. The
transfer function has been discretized using a unit sampling time, the weight ma-
trices in (4.11) are Q̃x = I and Q̃u = 1, and the terminal cost P̃N is chosen as the
discrete time lq cost. The states and control inputs are subject to the constraints

− 10 ·1nx � xt � 10 ·1nx , t ∈ Z0,N , −1 ≤ ut ≤ 1, t ∈ Z0,N−1. (7.34)
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After re-writing this explicit mpc problem into an equivalent mp-qp problem as
in Section 4.4, the problem has n = nx parameters and m = Nnu = N variables.

Both the second and third problems use a system which is similar to the one
used in for example Wang and Boyd (2010) and Axehill (2015). It consists of nM

unit masses which are coupled with springs and dampers. The spring constants
are chosen as 1, the damping constants as 0, the weight matrices in (4.11) to
Q̃x = 100 · I and Q̃u = I and the terminal cost P̃N is chosen as the discrete
time lq cost. The continuous-time system is discretized using the sampling time
0.5 seconds. Two different cases have been studied, referred to as Problem 2 and
Problem 3. In Problem 2, the control input is a force acting between terra firma
and the first mass, and in Problem 3 there is also an extra control input acting
as a force applied between the first two masses. In both problems, the states and
control inputs are subject to the inequality constraints

− 4 ·1nx � xt � 4 ·1nx , t ∈ Z0,N , −0.5 ·1nu � ut � 0.5 ·1nu , t ∈ Z0,N−1.
(7.35)

Each mass introduces two states, and nu = 1 in Problem 2 and nu = 2 in Pro-
blem 3 by construction. Hence, by re-writing the mpc problem into the equivalent
mp-qp problem as in Section 4.4, the corresponding mp-qp problem has n = 2nM

parameters and m = Nnu variables.

7.3.2 Experimental results

The relative memory reduction has been computed for the three problems for
different parameter dimensions and prediction horizons, and the results are sum-
marized in tables 7.1-7.3. The storage tree T (A∗, r) is chosen such that the root
node corresponds to the optimal active set Ar = {}, i.e., the unconstrained mini-
mum, and as few constraints as possible (preferably one constraint) are added to
each child of the nodes. When the mp-qp problem is defined, all redundant con-
straints are removed, giving p number of non-redundant constraints. Furthermore,
R is the number of regions, D is the maximum depth of T (A∗, r), and

∆cr ,
Mcr

LR
Mcr

F
, ∆ ,

MLR
MF

, ∆mpc ,
Mmpc

LR
Mmpc

F
, (7.36)

are the relative reductions in the number of stored real numbers for only the cri-
tical regions, for the full solution and the critical regions, and for storing the first
nu control inputs and the critical regions, respectively. Hence, for the case of
explicit mpc, ∆mpc determines the total relative memory reduction, whereas for
a full mp-qp problem it is given by ∆. No symmetry or other properties which
are inherited from the explicit mpc problems are exploited in the comparison. In
some cases, for large problems with many parameters and variables, the solution
computed by the proposed algorithm is inaccurate in a few regions. This is proba-
bly a consequence of difficulties with finding the correct optimal active set given
the critical region, and has not been investigated further in this thesis.

In Table 7.1, the result for Problem 1 is presented, and it can be seen that the rela-
tive memory reduction becomes increasingly beneficial with increasing parameter
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Table 7.1: Experimental results for the memory reduction using the proposed
algorithm for Problem 1. © 2016 IEEE

n/N p R D ∆cr ∆ ∆mpc

2/2 10 5 2 0.909 0.729 0.827
4/2 20 11 2 0.446 0.403 0.431
6/2 28 45 2 0.258 0.239 0.252
8/2 44 153 2 0.176 0.167 0.173
10/2 52 192 2 0.130 0.126 0.129
12/2 66 255 2 0.107 0.105 0.107
14/2 80 336 2 0.090 0.088 0.090
2/3 12 5 2 0.909 0.694 0.827
4/3 24 13 3 0.476 0.411 0.456
6/3 36 89 3 0.258 0.234 0.252
8/3 56 575 3 0.187 0.175 0.184
10/3 66 1186 3 0.139 0.133 0.138
12/3 86 1679 3 0.124 0.119 0.123
14/3 102 2664 3 0.115 0.111 0.114
2/4 14 5 2 0.909 0.667 0.827
4/4 26 13 3 0.476 0.400 0.456
6/4 42 129 4 0.252 0.226 0.246
8/4 66 1222 4 0.207 0.189 0.203
10/4 80 4300 4 0.161 0.151 0.159
12/4 104 5408 4 0.181 0.172 0.179

dimension. For N = 2 and N = 3, the memory is reduced by approximately an
order of magnitude for the parameter dimensions n = 12 and n = 14. The result
for Problem 2 is presented in Table 7.2, and for this problem the relative memory
reduction is an order of magnitude for problems with nM ≥ 6. In Table 7.3 the
numerical results for Problem 3 are presented, and it can be seen that also for this
problem the relative memory reduction is increased for larger parameter dimensi-
ons. Note that for all evaluated problem dimensions the memory required for the
storage tree is lower than for storing the full solution.
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Table 7.2: Experimental results for the memory reduction using the proposed
algorithm for Problem 2. © 2016 IEEE

nM /N p R D ∆cr ∆ ∆mpc

2/2 28 45 2 0.392 0.351 0.378
3/2 40 161 2 0.220 0.206 0.217
4/2 52 225 2 0.159 0.153 0.158
5/2 64 229 2 0.131 0.127 0.130
6/2 76 238 2 0.102 0.100 0.102
7/2 88 239 2 0.087 0.086 0.087
8/2 100 238 2 0.082 0.081 0.082
2/3 38 127 3 0.393 0.341 0.379
3/3 54 920 3 0.244 0.222 0.239
4/3 70 1953 3 0.169 0.159 0.167
5/3 86 2577 3 0.132 0.127 0.131
6/3 102 2861 3 0.102 0.100 0.102
7/3 118 3096 3 0.086 0.085 0.086
8/3 134 3084 3 0.078 0.077 0.078
2/4 48 282 4 0.406 0.336 0.388
3/4 68 2593 4 0.275 0.242 0.268
4/4 88 9479 4 0.203 0.187 0.200
5/4 108 18707 4 0.148 0.140 0.146
6/4 128 24629 4 0.111 0.108 0.111

Table 7.3: Experimental results for the memory reduction using the proposed
algorithm for Problem 3. © 2016 IEEE

nM /N p R D ∆cr ∆ ∆mpc

2/2 32 267 4 0.360 0.299 0.333
3/2 44 1589 4 0.250 0.221 0.238
4/2 56 3765 4 0.173 0.160 0.168
5/2 68 4922 4 0.135 0.128 0.133
2/3 44 1114 6 0.381 0.296 0.348
3/3 60 12712 6 0.295 0.244 0.277
4/3 76 60206 6 0.236 0.205 0.226
2/4 56 3119 8 0.400 0.294 0.363
3/4 76 47797 8 0.347 0.267 0.322





8
Conclusions and Future Work

There are two main focuses in this thesis: structure-exploiting algorithms that
can be used as important subroutines in popular second-order methods for solving
certain types of optimal control problems, and an algorithm that can be used
to reduce the memory footprint of mp-qp and explicit mpc solutions. Here, the
conclusions of the thesis are presented together with some suggestions for future
work that can extend the contributions presented in this thesis.

8.1 Conclusions
In this thesis, it is shown that it is possible to perform structured low-rank mo-
difications of the Riccati factorization when the Riccati recursion is used to solve
the uftoc problems that correspond to the second-order search directions in an
as type solver applied to solve a cftoc problem. By exploiting the structured
modifications of the working set between as iterations, the computational com-
plexity for computing the Riccati factorization of the corresponding kkt matrix
is reduced from cubic to only quadratic in the state and control input dimensions.
Furthermore, the full Riccati factorization does not always need to be modified,
which increases performance even further. Numerical results from a Matlab im-
plementation indicate large performance gains for relevant problem sizes.

Furthermore, parallel algorithms for solving uftoc problems that arise as impor-
tant subproblems in many methods for solving cftoc problems are presented.
This results in a logarithmic computational complexity growth in the prediction
horizon length. The parallel algorithms decompose the uftoc problem in time,
and it is shown how to reduce a uftoc problem into a master uftoc problem of
shorter prediction horizon. When the proposed algorithms are applied recursively,
the logarithmic computational complexity growth is obtained. It is also shown
how to compute the Riccati factorization and the Riccati recursion in parallel by

161
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using the time decomposition. Numerical results from Matlab and ansi-c imple-
mentations indicate significant performance gains in terms of computation time
over serial state-of-the-art algorithms for problems with long horizons. The ansi-c
implementation has been executed truly in parallel on a computer cluster, showing
the actual performance gains when also communication times are considered.

Finally, it is shown how structure in the parametric solution of an mp-qp problem
can be exploited to reduce the amount of memory that is required to store the
parametric solution. It is shown that for all but one critical region, only low-
rank modification terms need to be stored instead of the full solution and full
description of the critical regions as is standard today. Numerical results from
example problems show gains of an order of magnitude for relevant problem sizes.

8.2 Future Work
Some suggestions for future work in the direction of the contributions presented
in this thesis are:

• Investigate when low-rank modifications of the Riccati factorization should
be performed, and when it is more beneficial to re-compute the factorization.

• Investigate how to choose the sizes of the subproblems in the parallel algo-
rithms that are presented in this thesis. This can be done either theoretically,
or by using some automatic benchmarking procedure.

• Investigate how the ideas from the parallel Riccati algorithm can be extended
to develop a parallel rts smoother using a similar time decomposition.

• Extend the parallel Riccati algorithm to perform parallel low-rank modifica-
tions of the Riccati factorization.

• Fully exploit problem structure when solving the subproblems in the parallel
algorithm that is based on parametric programming.

• Investigate how to perform low-rank modifications of the Riccati factoriza-
tion in parallel when several modifications are made in the same as iteration.

• Investigate how to choose the number of trees and the tree structure for the
storage tree for mp-qp problems. This is probably dependent on for example
the structure of the problem and which point location algorithm that is used.

• Investigate which point location algorithm that is most efficient to combine
with the storage tree, and if more general graph structures can be beneficial
for the performance of the point location algorithm.

• Develop high-performance implementations of the proposed algorithms, and
investigate if fpgas or gpus can be used to further increase the performance
of the implementations of the parallel algorithms.

• Develop the theory for the primal as solver that computes the search di-
rection by solving a dual subproblem.
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A
Linear Algebra

In this appendix, some notation and results from linear algebra that are used
throughout the thesis are listed. For further details, the reader is referred to stan-
dard literature such as Lancaster and Tismenetsky (1985), Golub and Van Loan
(1996), and Stewart (1998).

Definition A.1 (Moore-Penrose pseudo-inverse). Consider a matrix A ∈ Rm×n. Then
the matrix A† ∈ Rn×m that satisfies the four equations

AA†A = A, (A.1a)
A†AA† = A†, (A.1b)(
AA†

)T
= AA†, (A.1c)(

A†A
)T

= A†A, (A.1d)

is the Moore-Penrose pseudo-inverse, or simply the pseudo-inverse of A. Further-
more, A† is unique and if A is non-singular then A† = A−1 (Penrose, 1955).

Lemma A.2. Consider a positive semidefinite matrix Q ∈ Sm
+ . Then

zT Qz = 0 ⇐⇒ Qz = 0, z ∈ Rm. (A.2)

Proof: The relation Qz = 0 =⇒ zT Qz = 0 is trivial. Furthermore,

zT Qz = 0 =⇒ Qz = 0, z ∈ Rm, (A.3)

is stated as an exercise in Lancaster and Tismenetsky (1985).
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Lemma A.3. Consider the matrices Q ∈ Sm
+ and M ∈ Rn×m. Then

N (Q) ⊂ N (M) ⇐⇒ R
(

MT
)

⊂ R (Q) . (A.4)

Proof: From Theorem 3.17 in Stewart (1998) and the properties of the orthogonal
sum ⊕ described in Lancaster and Tismenetsky (1985) it follows that

N (Q)⊥ = R
(

QT
)

= R (Q) , N (M)⊥ = R
(

MT
)

. (A.5)

Furthermore, for two complementary orthogonal subspaces S1 and S2, the relation

S1 ⊂ S2 =⇒ S⊥
2 ⊂ S⊥

1 , (A.6)

is given as an exercise in Lancaster and Tismenetsky (1985). Hence, by first
choosing S1 = N (Q) and S2 = N (M), the =⇒ direction in (A.4) follows.
Furthermore, by exploiting that

(
S⊥)⊥ = S for any subspace S of a unitary

space (Lancaster and Tismenetsky, 1985) and choosing S1 = R
(
MT

)
and S2 =

R (Q), it follows that

R
(

MT
)

⊂ R (Q) =⇒ N (Q) ⊂ N (M) , (A.7)

which concludes the proof.

Lemma A.4. The system of equations

AX = B, (A.8)

with A ∈ Rn×m and B ∈ Rn×p is solvable if and only if

AA†B = B ⇐⇒ R (B) ⊂ R (A) . (A.9)

Proof: From Theorem 2 in Penrose (1955) it follows that a solution to (A.8) exists if
and only if AA†B = B. Since AA† is the orthogonal projector onto R (A) (Lancas-
ter and Tismenetsky, 1985), it follows that AA†B = B ⇐⇒ R (B) ⊂ R (A).

Now study a square matrix M which is partitioned into blocks as

M ,

[
M11 M12
M21 M22

]
, (A.10)

where M11 and M22 are square matrices.

The definition of the generalized Schur complement (gsc) in Definition A.5 is
repeated from Carlson et al. (1974), but with slightly different notation.

Definition A.5 (Generalized Schur complement). The generalized Schur complement of
M22 in M is denoted M/†M22 and is defined as

M/†M22 , M11 − M12M †
22M21. (A.11)
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Similarly, the generalized Schur complement of M11 in M is defined as

M/†M11 , M22 − M21M †
11M12. (A.12)

When M22, or M11, is non-singular the Schur complement is defined as in Defini-
tion A.6.

Definition A.6 (Schur complement). The Schur complement of M22 in M is denoted
M/M22 and is defined as

M/M22 , M11 − M12M−1
22 M21. (A.13)

Similarly, the Schur complement of M11 in M is defined as

M/M11 , M22 − M21M−1
11 M12. (A.14)

Assumption A.7. The matrix M in (A.10) is non-singular.

Theorem A.8. Let Assumption A.7 hold. Then the inverse of M in (A.10) is

M−1 =
[
M−1

11 + M−1
11 M12 (M/M11)−1 M21M−1

11 −M−1
11 M12 (M/M11)−1

− (M/M11)−1 M21M−1
11 (M/M11)−1

]
.

(A.15)

Proof: Write M as[
M11 M12
M21 M22

]
=
[

I 0
M21M−1

11 I

] [
M11 0

0 M/M11

] [
I M−1

11 M12
0 I

]
, (A.16)

where the outer matrices on the right-hand-side are invertible. Taking the inverse
of both sides gives[
M11 M12
M21 M22

]−1
=
[
I −M−1

11 M12
0 I

] [
M−1

11 0
0 (M/M11)−1

] [
I 0

−M21M−1
11 I

]
=[

M−1
11 + M−1

11 M12 (M/M11)−1 M21M−1
11 −M−1

11 M12 (M/M11)−1

− (M/M11)−1 M21M−1
11 (M/M11)−1

]
,

(A.17)

which completes the proof.

Assumption A.9. The matrix M in (A.10) is symmetric, giving

M21 = MT
12, M11 = MT

11, M22 = MT
22. (A.18)

The following two theorems are repeated from Albert (1969).
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Theorem A.10. Consider a block partitioned matrix M in (A.10) where Assump-
tion A.9 holds. Then the following hold

M � 0 ⇐⇒ M11 � 0, (I − M11M †
11)M12 = 0, M/†M11 � 0, (A.19a)

M � 0 ⇐⇒ M22 � 0, (I − M22M †
22)MT

12 = 0, M/†M22 � 0. (A.19b)

Proof: The proof follows from Theorem 1(i) in Albert (1969).

Theorem A.11. Consider a block partitioned matrix M in (A.10) where Assump-
tion A.9 holds. Then the following hold

M � 0 ⇐⇒ M11 � 0, M/M11 = M22 − MT
12M−1

11 M12 � 0, (A.20a)
M � 0 ⇐⇒ M22 � 0, M/M22 = M11 − M12M−1

22 MT
12 � 0. (A.20b)

Proof: The proof follows from Theorem 1(ii) in Albert (1969).

Now consider the system of equations[
A1 A2
AT

2 A3

]
︸         ︷︷         ︸

A

[
X1
X2

]
︸  ︷︷  ︸

X

=
[
H1
H2

]
︸  ︷︷  ︸

H

. (A.21)

Assumption A.12. The system of equations given in (A.21) satisfies,

R (H) ⊂ R (A) ⇐⇒ AA†H = H. (A.22)

Assumption A.13. The matrix A in (A.21) satisfies A � 0.

Theorem A.14. Consider the system of equations in (A.21) where assumptions A.12
and A.13 hold. Then one solution X∗ is given by[

X∗
1

X∗
2

]
=
[

A†
1 + A†

1A2
(
A/†A1

)†
AT

2 A†
1 −A†

1A2
(
A/†A1

)†
−
(
A/†A1

)†
AT

2 A†
1

(
A/†A1

)†
] [

H1
H2

]
, (A.23)

and the following properties hold

R
(

H1 − A2A†
3H2

)
⊂ R

(
A1 − A2A†

3AT
2

)
, (A.24a)

R
(

H2 − AT
2 A†

1H1
)

⊂ R
(

A3 − AT
2 A†

1A2
)

. (A.24b)

Proof: From Assumption A.12 and Lemma A.4 it follows that the system of equa-
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tions (A.21) is solvable. Now, factor A as[
A1 A2
AT

2 A3

]
=
[

I 0
AT

2 A†
1 I

]
︸           ︷︷           ︸

,U

[
A1 0
0 A/†A1

]
︸              ︷︷              ︸

,Ā

[
I A†

1A2
0 I

]
= UĀUT . (A.25)

Note that U is invertible with

U−1 =
[

I 0
−AT

2 A†
1 I

]
. (A.26)

Using this factorization of A, re-write the system of equations (A.21) as

AX =
[

I 0
AT

2 A†
1 I

] [
A1 0
0 A/†A1

] [
I A†

1A2
0 I

] [
X1
X2

]
=
[
H1
H2

]
. (A.27)

Since U is invertible it follows that the system of equations[
A1 0
0 A/†A1

] [
Z1
Z2

]
=
[
W1
W2

]
, (A.28)

with

Z , UT X =
[
X1 + A†

1A2X2
X2

]
, W , U−1H =

[
H1

−AT
2 A†

1H1 + H2

]
, (A.29)

is also solvable (Lancaster and Tismenetsky, 1985). In Penrose (1955); Lancaster
and Tismenetsky (1985) it is shown that all solutions Z∗ are given by[

Z∗
1

Z∗
2

]
=
[

A†
1W1 + ν1(

A/†A1
)†

W2 + ν2

]
, ν1 ∈ N (A1) , ν2 ∈ N

(
A/†A1

)
. (A.30)

By using the definition of Z and W , X∗ can be computed from Z∗ as[
X∗

1
X∗

2

]
=
[

A†
1 + A†

1A2
(
A/†A1

)†
AT

2 A†
1 −A†

1A2
(
A/†A1

)†
−
(
A/†A1

)†
AT

2 A†
1

(
A/†A1

)†
][

H1
H2

]
+
[
I −A†

1A2
0 I

][
ν1
ν2

]
.

(A.31)

Hence, by choosing the solution corresponding to ν = 0 it is clear that one solution
to (A.21) is given by (A.23).

Furthermore, (A.24b) follows from the fact that (A.28) is solvable, and hence

R (W2) ⊂ R
(

A/†A1
)

⇐⇒ R
(

H2 − AT
2 A†

1H1
)

⊂ R
(

A/†A1
)

, (A.32)

follows from Lemma A.4. Analogous calculation proves (A.24a). This concludes
the proof.

Note that the solution (A.23) is not in general the same as X∗ = A†H. The
requirements for them to coincide are listed in for example Burns et al. (1974).
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