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1. Introduction

We consider initial boundary value problems discretized by summation-
by-parts (SBP) operators together with the simultaneous approximation term
(SAT) technique. In [1, 2, 3, 4], it was shown that dual consistent discretiza-
tions on SBP-SAT form, leads to superconvergent linear functionals. For
multi-block/element SBP-SAT based schemes [5, 6, 7, 8, 9], conservation is
one of the most important issues. In this note, we show that dual consistency
and conservation are equivalent concepts for linear conservation laws.

2. The continuous problem

Consider the two coupled linear conservation laws

ut + fL(u)x = 0, −1 ≤ x ≤ 0, t > 0,

vt + fR(v)x = 0, 0 ≤ x ≤ 1, t > 0,

fL(u(0, t)) = fR(v(0, t)), x = 0, t > 0,

(1)

augmented with initial conditions. The m component long solution vectors
u and v are smooth and continuous, also across the interface. The subscripts
L,R refer to the left and right spatial intervals, respectively. For clarity and
ease of presentation, we ignore the boundary conditions at x = ±1.

The coupled problem (1) can be written more compactly as

wt + F (w)x = 0, −1 ≤ x ≤ 1, t > 0,

fL(u(0, t)) = fR(v(0, t)), x = 0, t > 0,
(2)

where the flux is given by

F (w) =

{
fL(u), −1 ≤ x ≤ 0
fR(v), 0 ≤ x ≤ 1,

and w =

{
u, −1 ≤ x ≤ 0
v, 0 ≤ x ≤ 1.

For future reference we define the inner product as (g, h)ba =
∫ b
a
gTh dx.
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2.1. Conservation

We multiply the equation (1) with the transpose of a smooth vector func-
tion ϕ(x) with compact support in −1 ≤ x ≤ 1. Integration in space yields

d

dt
(ϕ,w)1−1 =(ϕx, fL(u))0−1 − ϕTfL(u)|0−1 + (ϕx, fR(v))10 − ϕTfR(v)|10

=(ϕx, fL(u))0−1 + (ϕx, fR(v))10.
(3)

The relation (3) show that the problem (2) is a conservation law.

2.2. The dual problem

The dual problem (see [2]) associated to (1), (2) is

θτ − F (θ)x = 0, −1 ≤ x ≤ 1, τ > 0,

fL(φ(0, t)) = fR(ψ(0, t)), x = 0, τ > 0,
(4)

augmented with homogeneous initial conditions. In (4), θ = φ ∈ [−1 ≤ x ≤
0] and θ = ψ ∈ [0 ≤ x ≤ 1]. The boundary conditions at x = ±1 are ignored,
and similary to the primal problem, (4) can be shown to be conservative.

3. The semi-discrete approximation

We discretize the derivatives by using difference operators on SBP form,

(DL ⊗ I)fL ≈ (fL)x, (DR ⊗ I)fR ≈ (fR)x (5)

where ⊗ denotes the Kronecker product [10] and I is the m × m identity
matrix. In (5), DL,R = P−1

L,RQL,R where the matrices PL,R are symmetric
positive definite, QL,R are almost skew-symmetric and satisfy the SBP prop-
erty QL,R +QT

L,R = diag(−1, 0, ..., 0, 1).
The semi-discrete SBP-SAT formulation of (2) for w = [u,v]T is

wt + P−1(Q+ Σ)F = 0, Σ =


0 . . .
−ΣL ΣL

ΣR −ΣR
. . .

0

 , (6)

where F = [fL, fR]T , Q = diag(QL, QR)⊗ I and P = diag(PL, PR)⊗ I.
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3.1. Conservation of the semi-discrete approximation
Let the discrete scalar product for the two vectors g and h be defined

by (g,h)P = gTPh. Multiplying (6) by ϕϕϕTP, with ϕϕϕ = [ϕϕϕL,ϕϕϕR]T , where ϕϕϕ
is a projection of the smooth function ϕ onto the grid. By using the SBP
property of QL and QR, and (ϕϕϕL)N = (ϕϕϕR)0 := ϕϕϕI this leads to

d

dt
(ϕϕϕ,w)P =−ϕϕϕT (Q+ Σ)F = (DLϕϕϕL)TPLfL + (DRϕϕϕR)TPRfR

+ϕϕϕTI (ΣL − ΣR − Im)[fL(uN)− fR(v0)],

where uN and v0 represent u(0, t) and v(0, t), respectively. The scheme (6)
is conservative (compare with (3)) if

ΣL = Im + ΣR. (7)

3.2. Dual Consistency
The discrete problem (6) can be rewritten as

wt + LF = 0, L = P−1(Q+ Σ). (8)

The discrete dual problem for θθθ = [φφφ,ψψψ]T corresponding to (8) is (see [2])

θθθτ + P−1(L)TPF = 0. (9)

Substituting L into (9), and using the SBP property of QL and QR, leads to

θθθτ − P−1(Q− Σ̃)F = 0, Σ̃ =


0 . . .

Im − ΣL ΣR

ΣL −Im − ΣR
. . .

0

 . (10)

Note that P−1QF approximates F (θ)x in (4). If P−1Σ̃F impose the dual
interface conditions in (4), then the scheme (10) is dual consistent [1, 2].

4. The relation between conservation and dual consistency

We are now ready to state the main result.

Proposition 1. The scheme (6) is conservative if and only if it is dual
consistent.

Proof. The vector P−1Σ̃F impose the dual interface conditions, if Im−ΣL =
−ΣR, which is equal to the conservation condition (7). By inserting the
conservation condition (7) into (10) we find that P−1Σ̃F impose the dual
interface conditions, which implies dual consistency of (10).
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