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Abstract

In this thesis we will brush through fundamental multivariate statistical theory
and then present MIMO-systems briefly in order to later calculate the chan-
nel capacity of a MIMO system. After theory has been presented we will then
look at different properties of the channel capacity and then investigate a sup-
posed MIMO system dataset and use standardized methods to verify it’s model.

The properties of the limiting channel capacity uses the Marčenko-Pastur law.
Therefore we will present some fundamental theorems and definitions of limiting
spectral distribution of Wishart and Wigner matrices, and some fundamental
properties they hold.
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Nomenclature

Most of the reoccurring abbreviations and symbols are described here.

Symbols
hij Matrix element of matrix H in row i and column j
h Vector
H Matrix
HH Hermitian-Transpose of matrix H
H ≥ 0 H is positive semi-definite
Nn(µ,Σ) n-variate Gaussian
In Identity matrix of n× n-dimensions
x , y x is defined as y
|H| the determinant of H

Abbreviations
i.i.d Independent and Identically Distributed
MIMO Multiple-Input-Multiple-Output
p.d.f. Probability Density Function
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Chapter 1

Introduction

In this thesis the purpose is to analyze the channel capacity of particular large
wireless communication systems called Multiple Input Multiple Output (MIMO)
that is introduced in Section 1.1. We accomplish this primarily by investigation
of spectral distribution of channel matrices with some tools of random matrix
theory.

The beginnings of random matrix theory are associated with the work of John
Wishart published in the the late 1920’s [4], and with the results of Eugene
Wigner who used random matrices for solving research questions arising in
physics. Wishart then continued to improve upon this field throughout his
lifetime which ended at age 54 due to an accident while bathing in Acapulco
on a mission to setup a research centre. Some of his work can be found in
Section 2.2. As we are interested in spectral distribution of matrices the results
of the Ukrainian mathematicians Leonid Pastur and Vladimir Marčenko will be
discussed. One of their results, namely the asymptotic spectral distribution of
Wishart matrices, the Marčenko-Pastur law, will be provided in Section 2.3.1.
Using the results of these researchers we will discuss the work of Gerard J.
Foschini and Emre Telatar, who used the Marčenko-Pastur law to calculate a
deterministic value for the channel capacity of MIMO systems.

Modern approaches to random matrices are used in neural networks where each
node is modelled as a neuron and each edge between the neurons are random.
Another modern usage of random matrices, as we will see in later chapters, are
communication networks, where each node is either a receiver or a transmitter
and the edges are randomly distributed. These networks are known today as
3G and 4G networks; MIMO systems. A more modern development in MIMO
systems are the 5G network, which use massive MIMO techniques. We discuss
MIMO systems in this thesis, however, many properties that are discussed are
also used in massive MIMO systems.

Jönsson, 2017. 1



2 Chapter 1. Introduction

1.1 MIMO model

Here we will briefly brush over the basic definition of what a MIMO system is,
specifics will be omitted to the following chapters. A MIMO system consists
of a transmitter with nt antennas that sends to a receiver with nr antennas
which we assume is simple point-to-point communication (p. 293 [2]). This is
very useful to transmit a lot of information simueltaneously to several receivers
without much interference. Often the following linear model y(t) = Hx(t) +w(t)

is used for modelleing MIMO-channel. Here y(t) ∈ Cnr is the output signal,
x(t) ∈ Cnt the input signal, w(t) the error (or white noise) at time t and H
is the channel matrix. Our main focus of this thesis will be on analyzing H
without a dependency on time, due to our assumption that the capacity does
not change over time and also since it has interesting properties to analyze, for
example the channel capacity. H ∈ Cnr×nt is a random matrix assumed to be
among others Gaussian, with each element hij which is the transfer function
from transmitter antenna i to receiver antenna j, illustrated in Figure 1.1.
As said before the channel matrix H is of our interest. Depending on the type of
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Figure 1.1: MIMO model simplified

MIMO model we could have different assumptions on H. For example for Quasi-
Static MIMO fading channels (p. 293 [2]) H is assumed to be Gaussian, linear,
frequency flat, constant over a long time period and perfectly known to the
transmitter. However we consider mobile communication (think 4G network)
to be more interesting to analyze. In this thesis we will focus on Time-varying
Rayleigh channels. The model remains the same, however our assumptions
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about H are different, except that it is still Gaussian (p. 295 [2]). Even though
H is varying fast, we assume, for simplicity that some channel information is
emitted by the transmitter, so that the receiver is at all times fully aware of
H. We also assume that the feedback is negligible in terms of consumed bit
rate, meaning that the total channel capacity will not be effected by feedback.
Therefore we assume that the computation of the mutual information between
the transmitter and the receiver is possible and the exact value of H is unknown
to the transmitter, although the joint probability distribution PH(H) of H is
known.

1.2 Outline of thesis
After a brief introduction of MIMO systems, we describe some random matrix
properties and definitions in Chapter 2, we discuss those properties are used in
later analysis in Chapter 3 and 4, where the reader might want to put emphasis
on Theorem 2.2.3 and Section 2.3.1.
In Chapter 3 we discuss capacity properties of MIMO system, give related def-
initions and some results. In Chapter 4 we discuss results on capacity on real
and simulated data sets using properties from Chapter 2 and 3. We also perform
some standard statistical analysis methods on a data set, to assure fulfillment
of assumptions of methods being introduced in the same chapter.
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Chapter 2

Random Matrices

Random matrices have many applications and are common in, for example,
number theory, theoretical physics and finance. Related to random matrix the-
ory are their eigenvalues, which are known carriers of information. One example
might be the spectra of heavy atoms, or distributions of non-trivial zeros in the
critical strip of the Riemann zeta function, where they yield information of prime
numbers. A property we will look at in this thesis is the spectral distribution,
namely the spectral distribution of the channel matrix of MIMO systems which
are used in signal processing.

2.1 Random matrices
In this thesis we will mostly focus on Gaussian (normally distributed) random
matrices since we assume in our model that H is Gaussian. However for the
sake of generality we will define all n ×m random matrices used, to be of the
proportion n ≥ m. We will begin with a formal definition of a random matrix
and then continue to work our way through all needed tools to do our analysis.

Definition 2.1.1. An n×m matrix H is said to be a random matrix if it is a
matrix-valued random variable on some probability space (Ω,F , P ) with entries
in some measurable space (R,G), where F is a σ-field on Ω with probability
measure P and G is a σ-field on R. As per conventional notations, we denote
H(ω) the realization of the variable H at point ω ∈ Ω.

This definition is often obtuce and remarking the probability space (Ω,F , P )
is not necessary in the scope of this thesis, however the rigor is needed for formal
proofs. We will now look into one of the more important definitions in our thesis,
namely the definition of a Gaussian vector, which will be the working horse of
the thesis together with the Gaussian matrix.

Definition 2.1.2. (p. 5 [3]) The n × 1 random vector h is said to have an
n-variate normal distribution if, ∀α ∈ Rn, the distribution of α′h is univariate
normal.

An informal way to state the definition of a Gaussian matrix is that the n×m
matrix H is a Gaussian random matrix if each element hij ∼ N(µ, σ2) for some
mean µ ∈ R and variance σ2 ∈ R and each of the base vectors H = [e1 . . . em]

Jönsson, 2017. 5



6 Chapter 2. Random Matrices

and each channel element hij are independent identically distributed (i.i.d) and
Gaussian, more on Gaussian distribution later. To be able to present Theorems
2.1.1 and 2.1.2 we define positive semi-definiteness and positive definiteness of
matrices.

Definition 2.1.3. (p. 3 [3]) A n × n symmetric matrix A is called positive
semi-definite if

α′Aα ≥ 0 ∀α ∈ Rn

and positive definite if

α′Aα > 0 ∀α ∈ Rn,α 6= 0

We can denote this as A > 0 if A is positive definite and A ≥ 0 if A is
positive semi-definite. One could show that if each eigenvalue λi ≥ 0 ∀i of A
then A is positive semi-definite, analogous for positive definite.

Now that the necessary formalia is defined then its time to look at some
properties of the random Gaussian matrices. The following theorem will be of
interest to us since the formula y = Hx + w is used to model MIMO systems
(p.293 [2]).

Theorem 2.1.1. (p. 6 [3]) If x∼ Nm(µ,Σ) and A is a n×m matrix, b is a
n× 1 vector and Σ > 0 then

y = Ax + b ∼ Nn(Aµ + b,AΣA′) (2.1)

Proof. Page 7 [3]

Two of the more important, if not most important results in statistical anal-
ysis is the work on Gaussian distribution and the central limit theorem, since
many distributions can be approximated to be Gaussian under the central limit
theorem, given large enough sample size. The bell curve illustrated in Figure
2.1 was found by Abraham de Moivre, 1738 [9] when approximating the bino-
mial distribution of coin tosses for gamblers and later the formula for the two
dimensional bell curve was developed by Carl Friedrich Gauss, 1809 [10] and
independently by Robert Adrain, 1808 [11]. The Gaussian distribution theorem
follows.

Theorem 2.1.2. If H ∼ Nn×m(µ,Σ,Ψ), µ ∈ Rn×m, Ψ ∈ Rm×m and Σ ∈
Rn×n with both Ψ and Σ positive-definite then the probability density function
(p.d.f.) of H is

f(H) =
exp{− 1

2 Tr[Ψ−1(H− µ)′Σ−1(H− µ)]}
(2π)

nm
2 |Ψ|n/2|Σ|m/2

(2.2)

The following figure anyone with an interest for gambling and/or statistics
will be well familiar with. One must note that this probably is the most recog-
nized curve in history. Also its 3-dimensional surface equivalent follows.
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Figure 2.1: 2D bell curve Figure 2.2: 3D bell surface

2.2 Wishart matrices
In this section we will discuss the Wishart matrix which can be seen as the
sample-covariance matrix of the assumed Gaussian channel matrix, which we
will later cover in Chapter 3. The Wishart matrix carries many interesting
properties to analyze. Being an utmost important tool in the field of statistics,
the Wishart distribution, named after John Wishart, is used to approximate
covariance matrices in multivariate statistics. John Wishart is said to have
pioneered the study of random matrices with the p.d.f. of random matrices
of the form HHH [4] where HH denote hermitian transpose. Wishart had
an interest in the behaviour of sample covariance matrices of i.i.d. random
vector processes, the interest coming from eq. (2.5), Wishart also provided an
expression of the joint probability distribution of the matrices in eq. (2.5), also
known as the Wishart distribution.

Definition 2.2.1. (p. 19 [2]) The n × n random matrix HHH is a central
Wishart matrix with m degrees of freedom and covariance matrix Σ > 0 if the
columns of the n ×m matrix H are zero mean independent Gaussian vectors
with covariance matrix Σ. Denoted

W = HHH = HHT ∼ Wn(m,Σ) (2.3)

for real Wishart matrices and

W = HHH ∼ CWn(m,Σ) (2.4)

for complex Wishart matrices.

When Σ = Im, it is usual to refer to H as a standard Gaussian matrix. The
interest of Wishart matrices lies primarily in the following remark
Remark. Let h1, ...,hn ∈ Cm be n independent samples of the random process
h1 ∼ CN (0,Σ). Then denoting H = [h1, ...,hn]

HHH =

n∑
i=1

hih
H
i (2.5)

For this reason, the random matrix Σn , 1
nHHH is often referred to as an

(empirical) sample covariance matrix associated with the random process h1.
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Of particular importance is the case when Σ = Im. In this situation, HHH is
referred to as a zero (or null) Wishart matrix and is proportional to the sample
covariance matrix of a white Gaussian process. The null terminology is due to
the decision of whether H is from a noise process or a signal plus noise process.
The noise hypothesis is also referred to as the null hypothesis.

Theorem 2.2.1. (p. 20 [2]) The p.d.f. of the complex Wishart matrix HHH ∼
CWn(m,Σ),H ∈ Cn×m in the space of n × n non-negative definite complex
matrices, for m ≥ n, is

PHHH (W) =
π−

1
2n(n−1)

|Σ|mΠn
i=1(m− i)!

e−Tr (Σ−1W)|W|m−n (2.6)

Proof. Page 20 [2]

Another formula also exists (p.32 [1]) where the p.d.f. of W ∼ Wn(m,Σ)
for m ≥ n and Σ > 0 is given by

PHHH (W) = {2nm
2 Γm

(n
2

)
|Σ|n2 }−1 |W| 12 (n−m−1)e−

1
2 Tr(Σ−1W)

where W > 0 and the multivariate gamma function is given by

Γm

(n
2

)
= π

m(m−1)
4

m∏
i=1

Γ

(
n+ 1− i

2

)
Since we are mainly working with the multivariate case (m < n) in this thesis
we present the following theorem aswell

Theorem 2.2.2. (p. 21 [2] ) The p.d.f. of the complex Wishart matrix HHH ∼
CWn(m,Σ), H ∈ Cn×m, in the space of n × n non-negative definite complex
matrices of rank m, for m < n, is

PHHH (W) =
π−

1
2n(n−1)+m(m−n)

|Σ|mΠm
i=1(m− i)!

e−Tr(Σ−1W)|Λ|m−n, (2.7)

with Λ ∈ Cm×m the diagonal matrix of the positive eigenvalues of W.

We take note that for any n × n unitary matrix U and null Wishart ma-
trices we obtain that PHHH (B) = PHHH (UBUH). We now give one of main
results regarding probability density function of both ordered and unordered
eigenvalues of null Wishart matrices which is of use later in Chapter 3.

Theorem 2.2.3. (p.21 [2]) Let the entries of H ∈ Cn×m be i.i.d. Gaussian
with zero mean and unit variance. Denote s = min(n,m) and S = max(n,m).
The joint p.d.f. P≥λi

of the positive ordered eigenvalues where ≥ denotes the
ordering such that λ1 ≥ · · · ≥ λn of the zero Wishart matrix HHH is given by

P≥λi
(λ1, . . . , λs) = exp{−

s∑
i=1

λi}
s∏

i=1

λS−si

(s− i)!(S − i)!
∆(Λ)2,

where, for a Hermitian non-negative s× s matrix Λ, ∆(Λ) denotes the Vander-
monde determinant of its eigenvalues λ1, . . . , λs

∆(Λ) ,
∏

1≤i<j≤s

(λj − λi).
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The marginal p.d.f. pλ of the unordered eigenvalues is

pλ(λ) =
1

n

s−1∑
k=0

k!

(k + S −m)!
[LS−sk (λ)]2λS−se−λ,

where Lkm are the Laguerre polynomials defined as

Lkm(λ) =
eλ

k!λm
dk

dλk
(e−λλm+k).

2.3 Spectral Distribution
The word spectral in spectral distribution stems from spectral theory in linear
algebra and functional analysis, where one discusses eigenvalues, eigenvectors
and operators in various spaces. First introduced by David Hilbert 1904 [7]
when working on integral equations. Developed mainly without any practical
use in mind, it is now one of the core tools used in statistical analysis, differential
equations, signal processing and the list goes on. Here though we will continue to
focus on statistical analysis and analyze how the eigenvalues are distributed. A
basic, yet central result in spectral distribution theory is the following definition

Definition 2.3.1. Let H be an n × n Hermitian matrix. Define its empirical
spectral distribution (e.s.d.) FH to be the empirical distribution function of the
eigenvalues of H, i.e., for x ∈ R

FH =
1

n

n∑
j=1

1{x,λj≤x}

where λ1, ..., λn are the eigenvalues of H and 1{x,λj≤x} indicator function.

An example of an empirical spectral distribution might be the distribution
of eigenvalues of a Wishart matrix.

Figure 2.3: e.s.d of 1000× 1000 Wishart matrix
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If we let n→∞ then we see that the e.s.d., if random, converges to a deter-
ministic eigenvalue distribution, denoted FH ⇒ F , called the limiting spectral
distributions (l.s.d.). Wigner first introduced random matrices in the field of
physics 1955 [5] which then later led to the discovery of the following definition.

Definition 2.3.2. (p. 25 [1]) Wigner semicircle law
Let H be a Hermitian random matrix of size n × n with i.i.d. entries and
Gaussian random variables with mean 0 and variance 1/p. Then the empirical
spectral distribution of H converges to the Wigner semicircle law with density
function given by

F (x) =
1

2π

√
4− x21{x:x∈(−2,2)}, as n→∞

Figure 2.4: 1000×1000 Hermitian matrix converging towards The Wigner semi-
circle law

Meaning that the e.s.d. converges to the limiting spectral distribution (l.s.d.),
the Wigner semicircle law, denoted FH ⇒ F .

2.3.1 Marčenko-Pastur

Since this thesis is about the subject of the capacity of telecommunications
network, the 4G network in particular, we are interested in quantifying how
much such a network can send and receive. Our method to quantify this uses
the Marčenko-Pastur law. In Chapter 3 we see that the capacity of the MIMO
model used is in fact the expected value of a Wishart matrix.

The e.s.d. of the Wishart matrix W = HHH , where H ∈ Cn×m converges
weakly and almost surely to a non-random distribution function Fc with den-
sity fc given in Thoerem 2.3.1 below

Theorem 2.3.1. (p. 25 [1]) Marčenko-Pastur law.
Consider the matrix 1

mHHH , where Hn×m ∼ Nn×m(0,Σ, Im), with Σ = σ2In.
Then the asymptotic spectral density function is given by:
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if n
m → c ∈ (0, 1]

fc(x) =

√
(σ2(1 +

√
c)2 − x)(x− σ2(1−

√
c)2)

2πcσ2x
1((1−

√
c)2σ2,(1+

√
c)2σ2) (2.8)

and if n
m → c ≥ 1

(1− 1

c
)δ0 + fc(x) (2.9)

where the asymptotic spectral density function fc(x) follows given above case
c ∈ (0, 1].
In particular, if n

m → c = 1, σ = 1

fc(x) =
1

2πx

√
4x− x2. (2.10)

In Figure 2.5 we see the theoretical spectral density function, fc plotted. We
have omitted the mass points of the lines at 0 and the peak of the line where
c = 1 in Figure 2.6, since it tends to ∞ near 0. One can note that the shape in
Figure 2.5, where c = 0.25, is similar to Figure 2.3

Since we are interested in the case where n < m, Figure 2.6 is of interest. Later
in the analysis chapter, Chapter 4, we will find this result useful to investigate
if our data indeed does follow the Marčenko-Pastur law under the assumption
that the matrix H is Gaussian.
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Figure 2.5: fc plotted for some c ∈ (0, 1]

Figure 2.6: fc plotted for some c ≥ 1



Chapter 3

MIMO

In this chapter we will further study one of the more investigated applications of
random matrix theory to wireless communication, namely systems with multiple
antennas.
Following the work of Telatar [6] and Foschini [12], we will in this chapter discuss
calculations of channel capacity of MIMO systems. MIMO systems are based
upon the idea of CDMA (code division multiple-access) systems, used in early
mobile network standards. Later developed into CDMA2000 systems which
were used in 3G networks. The CDMA2000 systems were later made obsolete
by the MIMO model and the 4G networks and massive MIMO systems for 5G
networks, which will be emerging around the globe in the coming years.
Since each element in the channel capacity matrix H is a random Gaussian
variable, all our previous definitions and properties will be applicable in this
chapter. Here we use the limiting spectral distribution of the Wishart matrix to
study the capacity of the MIMO channel matrix, as well as the joint probability
density function of the null Wishart matrix. As stated in the introduction we
are studying Time-varying Rayleigh Channels.

3.1 Properties of MIMO Channel Matrix
When talking about the properties of MIMO channels one often talks about
ergodic capacity. Ergodic capacity is when we assume that H is drawn from an
ergodic process, meaning that its probability distribution can be deduced from
successive observation i.e., after many observations we can determine the prob-
ability distribution of H. However since we are more interested in Time-varying
Rayleigh channels and H is varying fast then we can only see the ergodic ca-
pacity as EH[C(nr,nt)(σ2)], the expected value for capacity, defined in equation
(3.1).
If the Rayleigh fading channel realization is unknown, the largest rate to which
we can ensure data is transmitted reliably is in fact null. (p. 299 [2]). A
property we will use for the following chapters is the Shannon capacity.

Jönsson, 2017. 13



14 Chapter 3. MIMO

Definition 3.1.1. [8] The Shannon capacity is defined as

C = B log2

(
1 +

S

N

)
,

where C is the channel capacity in bits/second, B the bandwidth of the chan-
nel in hertz (assumed constant, thus neglected in coming calculations), S the
average received signal power and N is the average power of the noise over the
bandwidth and S

N is the signal-to-noise ratio (SNR).

By this definition we are able to calculate the expected value of the ergodic
capacity, discussed in coming section.

3.1.1 Channel Capacity
For simplicity, we take the easier model of using Quasi-static MIMO fading
channels before we delve into our current model, Time-varying Rayleigh chan-
nels. The equations are still the same, however some assumptions are different.
In this case the ergodic capacity for a flat fading MIMO point-to-point Gaussian
channel is given by

C(nr,nt)(σ2) = max
P

Tr P≤P

I(nr,nt)(σ2; P), (3.1)

where P is the maximal power allowed for transmission and with I(nr,nt)(σ2; P),
the mutual information defined by

I(nr,nt)(σ2; P) , log2 |Inr
+

1

σ2
HPHH |. (3.2)

Here we can view the variance, σ2, as the noise and HPHH the signal of the
system, by the definition of Shannon capacity. Where P ∈ Cnt×nt is the covari-
ance matrix P , E[x(t)x(t)H ] of the transmitted data and since the channel is
assumed to be constant, then C(nr,nt) can be determined by finding a P such
that

|Inr
+

1

σ2
HPHH | = |Inr

+
1

σ2
HHHP| = |Inr

+
1

σ2
PHHH|

under the trace constraint tr P ≤ P such that P is maximal. Now that we have
a somewhat formal introduction on the channel capacity then we can go into
specifics.
When talking about Time-varying Rayleigh channels we will have two ways
of calculating our capacities. Either the large or small dimensional case, i.e.,
when nr, nt are large enough then nr

nt
→ c ∈ (0,∞) stated in Chapter 2. When

dealing with large matrices one may consider Theorem 2.3.1, the expected value
of the capacity under the Marčenko-Pastur law. Otherwise the analysis is quite
straight forward for the small dimensional case. The calculation of the C(nr,nt)

ergodic

can be seen as EH[C(nr,nt)(σ2)], i.e.,

C
(nr,nt)
ergodic (σ2) , max

P
trP≤P

∫
log2 |Inr +

1

σ2
HPHH |dPH(H), (3.3)

where PH(H) is the joint probability distribution. This equation is the maxi-
mization over P of the expectation over H of the mutual information I(nr,nt)(σ2; P).
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Small Dimensional Analysis

WhenH is i.i.d Gaussian, it is unitarily invariant so that the ergodic capacity for
the channel HU, for U ∈ Cnt×nt unitary, is identical for H itself. The optimal
precoding matrix P > 0 can therefore be considered diagonal. We denote Π(nt)

the set of permutation matrices of size nt×nt, whose cardinality is (nt!). Since
log2 |Int

+ 1
σ2 HPHH | is seen as a function of P, P arbitrary then the matrix

Q , 1
nt!

∑
Π∈Π(nt) ΠPΠH is such that

log2 |Int
+

1

σ2
HQHH | ≥ 1

nt!

∑
Π∈Π(nt)

log2 |Int +
1

σ2
HΠPΠHHH |

= log2 |Int
+

1

σ2
HPHH |.

This relation follows from Jensen’s inequality. Since P is arbitray, then Q
maximizes the capacity. We now notice that Q is a multiple of the identity
matrix

Q =
1

nt!

∑
Π∈Π(nt)

ΠPΠH =
P

nt!

∑
Π∈Π(nt)

ΠΠH = P = /P arbitrary / = Int

since Π and ΠH orthogonal over the sum of Π(nt), therefore Q = Int
. We now

recall equation (3.3) and get the result

C
(nr,nt)
ergodic (σ2) =

∫
log2 |Inr

+
1

σ2
HHH |dPH(H),

We can now diagonalize HHH and get this simplified expression

C
(nr,nt)
ergodic (σ2) =

∫
log2(1 +

x

ntσ2
)px(x)dx,

where px is the marginal eigenvalue distribution of the null Wishart matrix
ntHHH . This follows from the knowledge that PH is the density of the
(nr × nt)-variate Gaussian with entries of zero mean and variance 1

nt
. We can

now use Theorem 2.2.3 and get the following equation for the capacity

C
(nr,nt)
ergodic (σ2) =

∫ ∞
0

log2(1 +
x

ntσ2
)

m−1∑
k=0

nrk!

(k + n−m)!
[Ln−mk (x)]2xn−me−xdx

(3.4)

withm = min(nr, nt), n = max(nr, nt), and L
j
i the Laguerre polynomials stated

in Theorem 2.2.3. This can now be used to obtain a deterministic expected value
for the ergodic capacity.

Large Dimensional Analysis

Since we are under the assumption that we have more transmitter antennas than
receiver antennas and that many of them, we know that under the Marčenko-
Pastur law that nr

nt
→ c ∈ (0, 1], and that we also assume the channel matrix to
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be i.i.d. Gaussian then we acquire from the Marčenko-Pastur law that

dPH(H) = fHHH

(x)dx =

√
(x− (1−

√
c)2)((1 +

√
c)2 − x)

2πcx
dx

and the per-receive antenna capacity 1
nr
C

(nr,nt)
ergodic satisfies

1

nr
C

(nr,nt)
ergodic(σ

2)→
∫ ∞

0

log2(1 +
x

σ2
)

√
(x− (1−

√
c)2)((1 +

√
c)2 − x)

2πcx
dx

(3.5)

as (nt, nr) grow large with asymptotic ratio nr

nt
→ c, 0 < c ≤ 1. Now using (2.8)

we notice that (3.5) has compact support {(1 −
√
c)2σ2, (1 +

√
c)2σ2} which

yields the equation in final form

1

nr
C

(nr,nt)
ergodic(σ

2)→
∫ (1+

√
c)2σ2

(1−
√
c)2σ2

log2(1 +
x

σ2
)

√
(x− (1−

√
c)2)((1 +

√
c)2 − x)

2πcx
dx.

(3.6)



Chapter 4

Data and Equation Analysis

In this chapter we analyze real and simulated data. We have simulated data on
as to what we might expect from our channel matrix H, and we will have data
which we do not know the model of. However we will assume it is the same
model as described in Chapter 3 as the data is stated to come from a version
of MIMO systems. The tests will then conclude if our assumption about the
model is indeed correct or if the model should be rejected. This is motivated
by experience, as we encountered the data and assumed that it was the same
model presented in Chapter 3, which we will conclude in the following sections
that it is indeed not - though similar in a way. A further motivation for the
analysis is that it might serve as a template of sorts on good tests to perform
to ensure the correct model. Moreover, we analyze the influence of changes in
dimensionality of the problem on capacity of the simulated data.

Data

The data that we use was collected by University of Southern California, in
collaboration with Intel [13]. The data is from a UWB MIMO system which
have been tested in an office environment.

4.1 Histogram and distribution
As the first step of analysing the empirical spectral distribution one could look
at histograms of the eigenvalues of the matrices. Where we would expect the
density of respective bin to be a empirical value of the spectral distribution func-
tion. Here we will present the data and the similarities between the simulated
values, then we will analyze the histograms and draw conclusions from previous
stated theorems. We are to expect that our first plots will take the shape of the
Figure 2.3.

Jönsson, 2017. 17
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Figure 4.1: Eigenvalues of a simu-
lated 1601× 1601 matrix

Figure 4.2: 1601 eigenvalues of col-
lected data

Here we see a somewhat dissimilar, yet not that different enough results
to completely rule out our assumption. We see that the density at the right
side of the peak is greater then the density of the left side of the peak. We
see that we only have one peak, and we see that the density of the left side is
ascending faster to the peak, and the right side is descending slower, similar to
the behavior of the simulated data. Though not as accentuated as the simulated
data. Therefore we cannot draw any conclusion yet regarding whether the data
collected is Gaussian.

4.2 Analyses using qq-plot
The purpose of the quantile-quantile plot (qq-plot) is to determine if a sample
is drawn from a specific distribution. If a sample does come from the assumed
distribution, then the plot will appear to be be linear (or appear somewhat
linear). Two samples sharing distribution have similar shape, even if they are
re-scaled or shifted, thus we can verify the assumption about the distribution.
The reference line, through the first and third quartiles, is helpful for judging
if the sample is linear or not. Since we know that our data looks somewhat
normally distributed, then we assume as such, and, that we can expect a clear
line shape from the plot. Taking the columns of the matrix and comparing them
we get the Figures 4.3 and 4.4:

The graphs on the next page shows us how much the simulated data differs
from the collected data. Answering whether our collected data is indeed normal
is hard to decide due to it having a semblance of the expected shape and due
to possible measure errors and noise. For example, given a noisy environment,
which the data is collected from, can we assume a ’noisy’ qq-plot? Is this the
look of a ’noisy’ qq-plot? If we do a comparison between the two samples then
we can further evaluate how much they differ from eachother and possibly rule
out that the collected data is not normal.
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Figure 4.3: Simulated 1369× 1 vec-
tor of normal data

Figure 4.4: 1369 × 1 vector of vec-
torized matrices of a collected data
set

Figure 4.5: Comparison of two sim-
ulated normal distributions

Figure 4.6: Comparison of collected
data on X-axis and simulated nor-
mal data on Y-axis

Here we can conclude that the collected data surely is different from our
simulated data. However one can wonder what it might mean, going back to
the argument about uncertain environment and noise.

4.3 Tests for Normality
For our tests we will focus mainly on the assumption that the columns of the
channel matrix H is i.i.d. which means that we will first test the matrix for
independence by investigating the rank of the matrix. Full rank means each
column is independent. Furthermore we will use several tests for normality for
each vectorized matrix, where the null hypothesis will be

H0 : H ∼ N(µ,Σ) against H1 : H � N(µ,Σ)

on the significance level α = 5%. Though we will only reject H0 in favor of H1

iff the majority of tests individually reject H0, i.e. if p̄ = 1
n

∑n
i=1 pi /∈ [α, 1].
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Test P-value
kstest 0.42046
jbtest 0.5
lillietest 0.5
adtest 0.8442
chi2gof 0.83448

Table 4.1: simulated data

Test P-value
kstest 0
jbtest 0.001
lillietest 0.001
adtest 0.0005
chi2gof 0

Table 4.2: collected data

The Kolmogorov-Smirnov test (kstest) measures the euclidean distance be-
tween the empirical distribution, hence if our data would be Gaussian we would
receive a value close to 0.5. The Jarque-Bera test (jbtest) is a goodness-of-fit
test looking at the skewness matching a normal distribution, hence we can also
expect a value close to 0.5. The Lilliefors test (lillietet) looks at the discrepency
between empircal distribution and the cumulative distribution of the normal dis-
tribution with an estimated mean and then assesses if the discrepency is large
enough to reject the null hypothesis that the data is Gaussian, similar to the
Kolmogorov-Smirnov test. The Anderson-Darling test is regarded to be one of
the more powerful test in a statisticians toolbox to see if several collections of
observations can be modelled from a single population, in this case, the normal
distribution. It’s a test of quadratic empircal distribution function. We are
to expect a value close to 1. Chi-squared tests (chi2gof) are constructed from
sum of squared errors, or through the sample variance, which are used in an
assumption of data being independent and normally distributed. In conclusion
we can reject H0 on the basis of these tests and claim that our collected data
is indeed not normally distributed. In contrast to simulated data that will be
used for further analysis of capacity.

4.4 Capacity Equations Analysis
Finally, we conduct an analysis of capacity calculations. Note that when we
refer to equation (3.6) we refer to the total capacity, C(nr,nt)

ergodic(σ
2) instead of the

per-receive antenna capacity 1
nr
C

(nr,nt)
ergodic(σ

2).
We are interested in the effects of what happens after we vary the dimension
and variance parameters for (3.4) and (3.6). What can be said if c ↘ 0 or
conversely? When should we favor using (3.6) instead of (3.4) and for what
reason?
The section will be divided into dimensional analysis, capacity analysis and,
focusing on mainly (3.6), ratio analysis. Ratio analysis for (3.4) might be a bit
dull, as we’ll see in section 4.4.1. Each graph is of the capacity C(nr,nt)

ergodic (σ2),
discussed in Chapter 3, where the horizontal axis is the noise, σ2. We are to
expect that lower values of σ2 yields greater capacity, hence each graph will be
of σ2 ∈ [0, 1]. Commonly when looking at capacity plots one varies the signal
to noise ratio, where σ2 is the noise and HPHH the signal, however looking at
eq. (3.2) we decide to vary noise.
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4.4.1 Dimensional Analysis
In this section we try to answer a number of questions. At which dimensions
is it more interesting to use the higher dimensional case instead of the smaller
dimensional case? Is it better to use equation (3.4) instead of (3.6) in lower di-
mensions? Or can they both be used interchangeably? What is it that makes the
lower dimensional equation less interesting then the higher dimensional equa-
tion? What is the highest dimension we can calculate both using matlab? Here
in this section we will focus on when nr = nt = n and in a later section see
what happens when we vary nr and nt.
Focusing on equation (3.4), we will investigate how much each increment in di-
mensions will contribute to the capacity, do we have linear increments? When
might it be interesting to use the limiting spectral distribution, equation (3.6)?
We start off with the capacity related questions.

hi − hj ∆
h2 − h1 5.156
h3 − h2 5.3284
h4 − h3 5.3889
h5 − h4 5.4193
h6 − h5 5.4373

Table 4.3: Differences
of distance between
curves in graph

Figure 4.7: Curves for changing dimension n (in-
crementing n by 1)

We see that we have consistent capacity increments per dimension increments.
Can we conclude that it is linear? In table 4.3 we are taking the maximal dis-
tance of two curves denoted ∆ = hi+1 − hi = max(yi+1(x), yi(x)), x ∈ [0, 1].
If per each dimension increment we have the same ∆, we can conclude that
equation (3.4) indeed has linear increments with respect to dimension n. We
see in table 4.3 that we get different ∆ between each line. Thus we do not have
linear increments, though each ∆ is very similar, with only small increments.
We also note that with each increment of n we also have increased computation
time. With linear increments we yield an exponential increase in computation
time, illustrated in table 4.4.

Below we see that when we increase the dimension the computation time in-
creases exponentially for eq. (3.4) also that eq. (3.6) has almost constant
computation time. Thus further analysis of higher dimensions for eq. (3.4) was
deemed uninteresting since the symbolic toolbox of matlab gave errors on dimen-
sions above n = 26. One way to improve the computation time and the higher
dimension calculations might be to use approximation algorithms instead of us-
ing symbolic toolbox. Though we have the calculations of the limiting spectral
distribution to our disposal and both will yield similar results in lower dimen-
sions and the l.s.d. equation will yield results for even greater dimensions, thus
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n eq. (3.6) eq. (3.4)
2 18.1305 16.8755
4 11.8858 20.1774
6 11.6000 41.1529
8 12.1892 42.7764
10 11.3049 43.6356
12 11.5667 55.6536
14 11.6849 67.3911
16 11.4821 82.2825
18 11.2011 96.3274
20 11.5066 117.9050
22 11.6835 135.6614
24 10.9588 217.1769
26 11.5056 300.8267

Table 4.4: Computation
time(s)

Figure 4.8: Graph of computation time as function
of dimension n

we choose to analyze equation (3.6) instead.

Difference Analysis

We have now concluded that equation (3.4) is no longer interesting for analysis
due to computational reasons. However, going back to the claim that equation
(3.6) would yield same results as equation (3.4), how well does this claim hold?
We therefore analyze each equation respectively then analyze them together and
look at the differences of the equations. How well does the higher dimensional
case approximate the capacity in lower dimensions?

Figure 4.9: different dimensions of
equation (3.4)

Figure 4.10: different dimensions of
equation (3.6)

We see that apart from a slight differences in capacity, they both share the same
shape. So does the difference increase or decrease by dimension increments?
We will denote nt = nr = nl as the dimensions for (3.4) and nh for (3.6),
and hi the maximal value for line i ∈ [2, 4, 6, 8, 10, 12, 14, 16] which denotes
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the lines for the high capacity equation and hj the maximal value for line j ∈
[1, 3, 5, 7, 9, 11, 13, 15] which denotes the lines for the low capacity equation. We
also denote ∆ as the difference of hi and hj .

hi − hj ∆
h2 − h1 -7.3877
h4 − h3 -7.1398
h6 − h5 -7.0312
h8 − h7 -6.9715
h10 − h9 -6.9098
h12 − h11 -6.8923
h14 − h13 -6.8791
h16 − h15 -6.869

Table 4.5: Table of maximal
difference of the lines

Figure 4.11: Comparative plot between eq. (3.4) and
eq. (3.6)

Here we decided to plot only a few lines with the risk of more lines making the
graph unreadable. However I can assure the reader that nothing extraordinary
occurs, at least not visually. We can conclude from this, with an assumption that
∆→ 0 as n increases, that equation (3.4) will converge to the same value as eq.
(3.6) in higher dimensions. Therefore one can conclude that both equations are
valid in higher dimensional case. Also that we can continue to analyze equation
(3.6) instead of regarding both equations, which will yield similar results.

4.4.2 Ratio Analysis
As stated earlier equation (3.4) is no longer of interest to analyze asymptoti-
cally. Hence, this section will be devoted to equation (3.6) and the properties
that varying nt, nr will yield. At which ratio c of nr, nt do we get a certain
behaviour? How will c affect the capacities? When can one say at which ratio
of transmitter and receiver antenna the system is efficient?

Below we can see that varying nt yields a capacity graph that seem to converge
towards some specific capacity as nt gets higher (corresponding to c↘ 0), yield-
ing smaller and smaller increments in capacity, so it seems that having many
more transmitter antenna than receive antenna is not efficient. We also see that
increasing nr (corresponding to c↗∞) increases the capacity at a greater rate,
so one can deduce which ratio of transmit and receive antennas that is the most
efficient. We look at the difference of the different increments and see if one of
the increments is more profitable.
In these tables we take the difference of the max values of different lines i and
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Figure 4.12: Vary nr by one as nt = 2 Figure 4.13: Vary nt by one as nr = 2

hi − hj ∆
h2 − h1 2.2481
h3 − h2 1.2176
h4 − h3 0.84531
h5 − h4 0.65027
h6 − h5 0.52921

Table 4.6: Difference table
of figure 4.9

hi − hj ∆
h2 − h1 1.1051
h3 − h2 0.38863
h4 − h3 0.20174
h5 − h4 0.12432
h6 − h5 0.084487

Table 4.7: Difference table
of figure 4.10

j, hi and hj respectively. This will give us the difference of each increment,
∆ = hi − hj . We see from the tables 4.4.2 and 4.4.2 that when fixating nt
and increasing nr we get a greater ∆, meaning that our diminishing returns are
far less when increasing nr and fixating nt, than they are when increasing nt
and fixating nr. Thus increasing the number of receive antennas must be more
efficient. Now the question that remains to be answered is, at which ratio of
nr

nt
→ c will the capacity be regarded as most efficient? Will it be more efficient

increasing the number of receive antennas, such that nr >> nt?

Here we are interested in the difference of max values from the max value of line
one, with c = 1 and lines with c > 1. As we saw earlier, values for c ∈ (0, 1) did
not yield any significant increments in capacity, i.e adding transmitter antenna
instead of receiver antenna does not increase capacity of the whole channel, as
one would maybe not expect. We therefore will investigate the ratio of receiver
antenna to transmitter antenna which is more effective for the capacity. We
compare each increment with line one from the figure, with c = 1. We take the
max value of line i, hi and compare it with the max value of line 1, h1. To get
the capacity increase per increment, we take the value ∆ = hi − h1 and divide
it with the ratio coefficient c to get the efficiency of each increment.
It is clear from the table that when we have 2 receive antenna to 1 transmitter
antenna we gain more capacity per increment. Se we can conclude with our
analysis that a 2:1 ratio is the most efficient. A maybe surprising result, since
having more transmitter antenna will yield more information to the receiver
antenna, though one could view the channel capacity as the send/receive ca-
pacity, meaning that for the whole MIMO system to be balanced, a good ratio
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Figure 4.14: Varying c

hi − h1 c ∆ ∆/c
h2 − h1 1.5 2.2481 1.4987
h3 − h1 2 3.4657 1.7328
h4 − h1 3 4.9613 1.6538
h5 − h1 4 5.9369 1.4842
h6 − h1 5 6.6636 1.3327
h7 − h1 6 7.2431 1.2072

Table 4.8: calculations of ratio comparison

of receivers and transmitters must be achieved. Obviously from the table one
could have many transmitter antenna to few receieve antenna to achieve more
capacity. However in order to remain efficient, our statement still holds. By
efficient we mean the ratio which has the highest ∆/c value.

4.5 Conclusion
To summarize our results we can now conclude that the collected data was not
normally distributed, thus could not be used for channel capacity analysis under
given model. We can also conclude that for calculation purposes eq. (3.6) is
preferable asymptotically, since (3.6) has similar values to (3.4), but is more
efficient numerically as concluded in section 4.4.2. We have also concluded that
when c = 2 we achieve the most network capacity per antenna increment. So for
our simulated data anything above the ratio of two receiever to one transmitter
antenna might be an excessive cost.
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