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Abstract5

The inverse geothermal problem consists of estimating the tempera-6

ture distribution below the earth’s surface using measurements on the7

surface. The problem is important since temperature governs a variety of8

geologic processes, including the generation of magmas and the deforma-9

tion style of rocks. Since the thermal properties of rocks depend strongly10

on temperature the problem is non-linear.11

The problem is formulated as an ill-posed operator equation, where12

the righthand side is the heat-flux at the surface level. Since the problem13

is ill-posed regularization is needed. In this study we demonstrate that14

Tikhonov regularization can be implemented efficiently for solving the op-15

erator equation. The algorithm is based on having a code for solving a16

well-posed problem related to the above mentioned operator. The algo-17

rithm is designed in such a way that it can deal with both 2D and 3D18

calculations.19

Numerical results, for 2D domains, show that the algorithm works20

well and the inverse problem can be solved accurately with a realistic21

noise level in the surface data.22
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1 Introduction23

Temperature controls many physical properties of rocks and governs a variety24

of geologic processes, including the generation of magmas and the deformation25

style of rocks [1, 3, 20, 26], see also [9, 10, 23]. Thus, knowledge of the thermal26

structure of the lithosphere is essential for understanding geophysical observa-27

tions and dynamic processes in the deep interior. However, temperature cannot28

be directly measured beyond a few kilometers depth, in deep mines or drill holes29

[12, 21]. To obtain the information about the temperature distribution in the30

lithosphere, the surface observations, e.g. surface heat flux, are extrapolated to31

the lithosphere base using a heat conduction model [5, 8]. Since the thermal32

conductivity of rocks are temperature and pressure dependent [11] the prob-33

lem is non-linear. For the one-dimensional case an analytical solution can be34

found [7, 14] but for the two or three-dimensional case numerical modeling is35

required. Several previous studies investigated this type of problems using the36

least squares approach, see [32, 29], and also [19, 9], but these authors did not37

strictly treat the nonlinear aspect resulting from the temperature-dependent38

thermal properties of rocks.39

The inverse geothermal problem can be formulated as a boundary value problem40

for the stationary heat equation in a domain, but where the temperature and41

heat-flux data are only known on a part of the boundary. This is often referred42

to as the Cauchy problem for the heat equation [2, 15], see also [4] and [5]. The43

problem is ill-posed and a regularization technique is needed to stabilize the44

computations, see [35] for a good overview of regularization techniques used in45

geophysics.46

We reformulate the problem as a non-linear operator equation; where the oper-47

ator maps the heat-flux at the lower boundary to the heat-flux at the surface48

level. The operator can thus be evaluated by solving a well-posed boundary49

value problem for the temperature distribution inside the domain under con-50

sideration. The inverse problem is solved by using Tikhonov regularization.51

In our implementation we solve the normal equations, that correspond to the52

minimization of the Tikhonov functional, using the conjugate gradient method.53

The bulk of the computational work in the algorithm consists of solving several54

linear systems of equations originating from a finite difference discretization of55

the underlying well-posed boundary value problem. We also show how to treat56

the non-linearity of the problem. An important feature of the algorithm is that57

it can be generalized to the case surface data is available on a 2D area and the58

temperature distribution for a 3D region below the surface is desired.59

The outline of this paper is as follows: In Section 2 we introduce a well-posed60

boundary value problem for the heat-equation that allows us to reformulate the61

inverse geothermal problem as a non-linear operator equation. We also give62

the the details of our thermal model. In Section 3 we start by investigating63
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the inverse geothermal problem for the case of a constant thermal conductivity64

and heat production. For this case we can use the singular value decomposition65

and demonstrate the ill-posedness of the problem. Also we apply Tikhonov66

regularization and give numerical results. The non-linear case is treated in67

Section 4. We show how to implement Tikhonov regularization efficiently by68

using the conjugate gradient method. Finally, we give numerical results in69

Section 4.2 and present conclusions in Section 5.70

2 The Direct Problem71

For geothermal calculations the goal is to estimate the temperature distribution72

in the lithosphere [9]. The model is two dimensional and confined to the domain73

(x, z) ∈ Ω = (0, Lx) × (0, Lz), where x is the lateral coordinate, and z is the74

depth.75

The boundary of the domain Ω consists of the surface where measurements76

are available, the base where we specify the heat flux, and the sides where we77

assume a zero flux. Thus the thermal model is the following: The temperature78

T (x, z) ∈ C2(Ω) ∩ C1(Ω̄) satisfies,79






(κTx)x + (κTz)z +Ap = 0, 0 < x < Lx, 0 < z < Lz,
Tx(0, z) = Tx(Lx, z) = 0, 0 < z < Lz,
T (x, 0) = T0(x), 0 < x < Lx,
κTz(x, Lz) = Qm(x), 0 < x < Lx,

(2.1)

where κ := κ(x, z, T ) is the thermal conductivity and Ap := Ap(x, z, T ), or80

more commonly Ap := Ap(x, z), is the heat production. The above problem is81

well-posed [13] and provided that we have access to the heat-flow Qm and the82

surface temperature T0 we can compute the temperature distribution T (x, z)83

in the domain Ω. This allows us to define a non-linear operator as follows: In84

(2.1) we consider the surface temperature T0 to be fixed. If, in addition, we85

specify the heat-flux Qm then we have a well-posed problem that we can solve86

for the temperature distribution T (x, z) in the domain. Having obtained T (x, z)87

we can compute the surface heat-flux Q0. This means that we can introduce a88

mapping from Qm to Q0 that we denote by89

Q0 = κTz(x, 0) = K(κ,Ap, T0)Qm, (2.2)

In order to simplify the notation in the paper we also introduce a function90

[T,Q0] = F(κ,Ap, T0, Qm), Q0 = κTz|z=0. (2.3)

Note that since the model is non-linear an iterative procedure is required for91

evaluating the operator K or the function F . We refer to evaluating the operator92
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K, for a given heat-flux Qm, i.e. solving (2.1), as the direct problem. In contrast93

solving operator equation (2.2), for a given surface heat-flux Q0, is referred to94

as the inverse problem, see Section 3.95

2.1 Numerical Solution of the Direct Problem96

If the thermal conductivity and the heat production are independent of the97

temperature, i.e. κ := κ(x, z) and Ap := Ap(x, z), then solving (2.1) is a98

standard problem.99

By introducing a computational grid (xi, zj), i=1, . . . , N and j=1, . . . ,M , on100

the domain Ω, we represent the function T (x, z) by its values at the grid points,101

i.e. the unknowns are T =(Ti,j)= (T (xi, zj)). Similarily the boundary data T0102

and Qm are represented by vectors, e.g. Qm = (Qm(xi)). Thus, having a code103

for solving (2.1) effectively means that we have have a functional relation104

[T,Q0] = FDM(κ,Ap, T0, Qm), (2.4)

where T , κ, and Ap are matrices, and T0, Q0 and Qm are vectors. The above105

function represents a discrete approximation of the function F , see (2.3), and106

can be used to approximate the operator K, introduced in (2.2).107

In our work we use finite differences [31] to discretize the differential equation.108

The details of our code are described briefly. At interior points we discretize109

the governing equation using a symmetric difference approximation,110

(κTx)x(xi, zj)=
1

∆x2

(
κi− 1

2
,jTi−1,j−(κi− 1

2
,j+κi+ 1

2
,j)Ti,j+κi+ 1

2
,jTi+1,j

)
,

(2.5)
where the values of κ(x, z) at half-index points are evaluated using linear in-111

terpolation. Neumann-type boundary conditions, e.g. κTz(x, Lz) =Qm(x) or112

Tz(0, z)= 0, are implemented using one-sided finite differences. The finite dif-113

ference approximation leads to a linear system of equations Au = b, where u is114

a vector that contains the temperature values at the grid points. Having solved115

for u we can compute the surface heat flux using a one sided difference quotient.116

We remark that the linear system Au = b is large and sparse but can be solved117

effectively using either direct or iterative methods. Also, the matrix A only118

depends on the thermal conductivity κ. The righthand side b contains the119

boundary data, i.e. T0 and Qm, and also the heat production values Ap at120

interior points.121
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Layer κ0 (W/m oC) c (1/oC) Ap (W/m3)

Sediment 3.0 0 1.5 · 10−6

Upper Crust 3.0 1.5 · 10−3 2.0 · 10−6

Lower Crust 2.6 1.0 · 10−4 0.45 · 10−6

Mantle 2.5 −2.5 · 10−4 0.02 · 10−6

Table 1: The parameters used in our model of the thermal conductivity κ and
heat production Ap in the different lithosphere layers, see [6, 11, 14].

2.2 A Numerical Example with Artifical Data122

In order to illustrate the geothermal problem we give numerical results for case123

where we picked a realistic heat-flux Qm at the base of the model and solved the124

problem (2.1) using finite differences. Note that this is an artificially generated125

test problem with a known solution. For the actual application the heat-flux at126

the base of the model, i.e. Qm, would be unknown. Having a test problem with127

a known heat flux Qm is convenient for testing purposes.128

In our previous paper [9] we used actual measured data at the surface to estimate129

Qm for the eastern Tibetan margin. In this work we use the same model for130

the thermal conductivity and the heat production. The thermal conductivity,131

at crustal conditions, is assumed to vary inversely with temperature [7, 8], i.e.132

κ =
κ0

1 + cT
, (2.6)

where κ0 is the thermal conductivity at surface conditions and c is an experi-133

mentally determined constant. At low temperatures the thermal conductivity134

generally decreases with increasing temperature, i.e. c > 0, while in the range135

300−500 oC the conductivity varies very little with temperature. At temper-136

atures above 500 oC the conductivity instead increases with temperature, i.e.137

c < 0 [30]. Further we assume that the heat production, i.e. Ap in (2.1), is138

constant in each lithosphere layer. For discussions of more detailed heat pro-139

duction models see [27, 18]. The specific values used in our simulations are listed140

in Table 1, see also Figure 1. Note that the heat production is not temperature141

dependent.142

For the numerical simulations, with the above thermal model, we picked a com-143

putational grid (xi, zj), with N=300 equidistant grid points in the x–direction,144

and M =250 grid points in the z–direction. The physical size of the computa-145

tional domain was where Lx = 560 km and Lz = 80 km. At the surface we used146

a constant temperature T0 = 10 oC. The heat-flux Qm is seen in Figure 1.147

Starting from the initial guess T (0)(x, z) = 0 we used our finite difference code148
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to solve (2.1) iteratively,149

[T (k+1), Q
(k+1)
0 ] = FDM(κ(T (k)), Ap(T

(k)), T0, Qm);

until the update ‖T (k+1) − T (k)‖F is sufficiently small. At each step we solve a150

sparse linear system of size 75000×75000, with 371412 non-zero elements.151

The convergence is rather fast, see Figure 1. The final temperature distribution152

T (x, z), after convergence, is also displayed. We emphasize that the choice of153

the initial approximation T (0)(x, z) = 0 is not very good and thus we start with154

a large error. Still only about five iterations are needed to reach a sufficiently155

small error.156

It is interesting to note that the temperature in the mantle layer varies in the157

interval 500<T < 1150 oC. This means that the thermal conductivity changes158

significantly, 5.1 < κ < 6.3W/moC [34], within the mantle layer. Thus a159

constant value for the thermal conductivity in the whole mantle layer would not160

give an accurate solution.161

3 The Linear Inverse Problem and Regulariza-162

tion163

In the previous section we presented the thermal model that is used for our164

test simulations. Provided that we have access to the heat-flow Qm at the base165

of the model and the surface temperature T0 we can solve (2.1) and obtain166

the temperature distribution T (x, z). In practice we cannot measure the heat-167

flux Qm. Instead we measure both the temperature T0 and the heat-flux Q0168

at surface level; i.e. we have Cauchy data [T0, Q0] and want to compute the169

corresponding heat-flux Qm. Thus we consider (2.2) as a non-linear operator170

equation,171

KQm = Q0, K := K(κ,Ap, T0), (3.7)

that can be solved for the desired heat-flux Qm.172

In our model the thermal conductivity and heat production are temperature de-173

pendent. Even though we are interested in solving the non-linear equation (3.7)174

we begin by studying the case where the coefficients κ and Ap are independent175

of the temperature. We assume that an approximate temperature distribution176

T (0) is available and use the notation177

κ := κ(x, z) := κ(x, z, T (0)), and, Ap := Ap(x, z) := Ap(x, z, T
(0)),

in the remainder of this section.178
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Figure 1: For the test problem we illustrate the heat-flux Qm at the base of
the model (top,left), and the convergence history ‖T (k) − T (k−1)‖F , measured
in the Frobenius norm (top,right). The temperature distribution T (x, z) in the
lithosphere (bottom,left) and the thermal conductivity κ(x, z, T ) (bottom,right)
are also displayed.

In the case where the thermal conductivity κ and heat production Ap are both179

independent of the temperature we can transform the operator (2.2) into a linear180

operator. The procedure is as follows: First, find a function V (x, z) that satisfies181

(2.1) with the heat-flux Tz(Lz, x) = 0 at the base of the model, i.e.182

[V,Q1] = F(κ,Ap, T0, 0). (3.8)

Second, set the surface temperature and the heat production to zero, so that183

W is defined by184

[W,Q2] = F(κ, 0, 0, Qm), (3.9)

Then T = V +W and we have Q0 = Q1 +Q2. We conclude that185

K̃Qm = Q2 = Q0 −Q1, K̃ = K(κ, 0, 0), (3.10)

and that K̃ is a linear operator.186
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3.1 Analysis of the Linear Problem187

In this section we study the linear operator K̃ analytically. In order to be able188

to carry out the analysis we simplify the model and assume that the thermal189

conductivity κ is a constant.190

Taking Ap=0, T0=0 and κ a constant, the problem (2.1) transforms into191





Txx + Tzz = 0, 0 < x < Lx, 0 < z < Lz,
Tx(0, z) = Tx(Lx, z) = 0, 0 < z < Lz,
T (x, 0) = 0, 0 < x < Lx,
κTz(x, Lz) = Qm(x), 0 < x < Lx.

(3.11)

By separation of variables, we can write the solution as192

T (x, z) =

∞∑

n=0

an cos(
nπx

Lx

)(−e−
nπz

Lx + e
nπz

Lx ). (3.12)

The condition κTz(x, Lz)=Qm(x) can also be written as193

κTz(x, Lz) =
∞∑

n=1

κan cos(
nπx

Lx

)(
nπ

Lx

e−
nπ

Lx
Lz +

nπ

Lx

e
nπ

Lx
Lz) = Qm(x),

If we then write Qm(x) as a Fourier cosine series,194

Qm(x) =

∞∑

n=1

An cos(
nπx

Lx

), where An =
2

Lx

∫ Lx

0

Qm(x) cos(
nπx

Lx

)dx, (3.13)

and compare the two expressions we find that the constants an can be written195

as196

an =
2κ−1

nπ(e−
nπLz

Lx + e
nπLz

Lx )

∫ Lx

0

Qm(x) cos(
nπx

Lx

)dx. (3.14)

At the earth’s surface the heat flux κTz(x, 0) = Q0 is then given by197

κTz(x, 0) =

∞∑

n=1

κ
2nπan
Lx

cos(
nπx

Lx

) = Q0(x),

substituting for an and reorganizing the expression gives the result198

∫ Lx

0

∞∑

n=0

4

Lx

(
e−

nπLz

Lx + e
nπLz

Lx

) cos(
nπx′

Lx

) cos(
nπx

Lx

)Qm(x′)dx′ = Q0(x).

The above solution formula can be interpreted as follows: If proper function199

spaces are introduced the operator K̃ is compact and its singular system [13] is200
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given by201

{σn, un, vn} =

{
1

e−nπ
Lz

Lx + enπ
Lz

Lx

,
2√
Lx

cos(
nπ

Lx

x),
2√
Lx

cos(
nπ

Lx

x)

}
. (3.15)

The degree of ill-posedness for an operator equation, e.g. (3.10), is defined in202

terms of its singular values [13, p. 40]. If the singular values decay as O(n−α),203

for some α > 0, then the problem is mildly ill-posed. If on the other hand the204

singular values decay exponentially, i.e. as O(e−nα), then the operator equation205

is severely ill-posed. In our case the singular values decays exponentially, which206

indicates that the operator equation K̃Qm = Q0 is severely ill-posed.207

3.2 Numerical Solution of the Linear Inverse Problem208

After having introduced a computational grid (xi, zj) the functions T , κ, and209

Ap are represented by matrices, and Q0, T0, and Qm are vectors. The linear210

operator K̃, see (3.10), is approximated by a matrix-relation211

K̃Qm := FDM(κ, 0, 0, Qm). (3.16)

The product of the matrix K̃ and a vector Qm can be computed by solving a212

well-posed boundary value problem using our code. Let {ei} be the standard213

basis on R
N . Since the above relation is linear we can compute the matrix K̃214

explicitly by,215

K̃(:, i) = K̃ei = FDM(κ, 0, 0, ei), i = 1, . . . , N. (3.17)

In the remainder of this section we are concerned with solving the ill-conditioned216

linear system of equations,217

K̃Qm = Q̃0, (3.18)

where the vector Q̃0 is computed as, see (3.10),218

[V,Q1] = FDM(κ,Ap, T0, 0), and Q̃0 = Q0 −Q1. (3.19)

The linear system (3.18) is ill-conditioned and regularization is needed[13, 16].219

We use Tikhonov regularization[25, 33]; i.e. the regularized solution is computed220

by minimizing the Tikhonov functional,221

‖K̃Qλ
m − Q̃0‖22 + λ2‖Qλ

m‖22, (3.20)

where λ > 0 is a regularization parameter. If the matrix K̃ is explicitly known222

then the solution can be computed efficiently using the singular value decom-223

position [16].224
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The above techniques can be summarized as follows: For the case of temperature225

independent coefficients the inverse problem (3.7) can be solved using Tikhonov226

regularization. We obtain a functional relation,227

Qλ
m := LT (κ,Ap, T0, Q0, λ). (3.21)

where, as previously, κ and Ap are matrices, and Qλ
0 , T0, and Q0 are vectors,228

and λ is a scalar.229

The regularization parameter λ controls the weight given to the regularization230

term, λ2‖Qλ
m‖2, relative to the residual ‖K̃Qλ

m − Q̃0‖2. If only a little regular-231

ization is used, i.e. if λ is small, then the noise can be magnified during the232

computations and destroy the solution. If more regularization is used, i.e. a233

larger λ, then the noise is effectively filtered out but the solution may be too234

smooth and the residual might be large.235

The appropriate choice of the parameter λ represents a compromise between236

accuracy, i.e. keeping the residual small, and stability, i.e. preventing the237

noise from being magnified too much. There are several standard methods for238

selecting a good regularization parameter for a concrete problem. Two of the239

most widely used are the Discrepancy principle and the L-curve.240

The Discrepancy principle, attributed to Morozov[24], can be used if the noise241

level in the data is available. The regularization parameter λ is then defined as242

λ := sup{λ > 0 | ||KQλ
m − Q̃δ

0|| ≤ τδ}, (3.22)

where δ is the noise level, and τ ≥ 1 is a suitable constant. This means that the243

method finds a solution where the residual is of the same order of magnitude244

as the noise level in the data. The discrepancy principle is known to work245

well under very general assumptions regarding the ill-posed problem its applied246

to[13].247

The L-curve, originally introduced in [22], see also [17], which is a plot of the248

residual norm ||KQλ
m − Q̃δ

0||2 versus ||Qλ
m||2 for different values of λ, is a con-249

venient graphical tool for analysis of ill-posed problems. The L-curve displays250

the compromise between the minimization of the two quantities. For discrete251

ill-posed problems, the L-curve, when plotted in a log–log scale, often has a char-252

acteristic L-shaped appearance with a distinct corner separating the vertical and253

horizontal parts of the curve. Less regularization corresponds to the uppermost254

part of the curve and more regularization corresponds to the rightmost of the255

curve. The optimal regularization parameter, that ensures a solution with a256

good balance between the noise magnification and the approximation error is257

the value λ that corresponds to the corner[16].258
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Figure 2: The singular values {σk} for the computed matrix K̃. The singular

values decay exponentially, illustrating that the operator equation K̃Qm = Q̃0

is severely ill-posed. Only about 60 of the values σk are above the machine
precision.

3.3 A Numerical Example259

In order to illustrate the ill-posedness of the operator K̃, and also the effects of260

applying Tikhonov regularization we solve a numerically generated test problem261

and present the results. The test problem is the one presented in Section 2.2,262

i.e. the grid (xi, zj) consists of N = 300 points in the x-direction and M = 250263

points in the z-direction.264

By selecting a vector Qm, representing the exact heat flux at the base of the265

model, and solving the direct problem repeatedly until convergence, we obtain266

Cauchy data [T0, Q0], at the surface level, matrices κ and Ap representing the267

thermal conductivity and heat production on the grid.268

First, using the technique described in Section 3, we compute the matrix K̃, of269

size 300 × 300, representing the linear operator. Since the matrix is relatively270

small we can compute its singular value decomposition. The results are dis-271

played in Figure 2. The results clearly demonstrate that the problem is severely272

ill-posed.273

Secondly we add artificially generated noise to the Cauchy data [T0, Q0]. For274

this test we use normally distributed noise of variance ǫ1 = 5 · 10−3 oC and275

ǫ2 = 5 · 10−5W/moC to obtain the simulated measurements [T ε1
0 , Qε2

0 ]. The276

simulated data vectors are illustrated in Figure 3. The noise is of a realistic order277

of magnitude. In order to find a good value of the regularization parameter we278

use the L-curve, and minimize the Tikhonov functional for a range of parameter279

values λ. The method predicts that λ = 6.3 ·10−3 is an appropriate value for the280
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Figure 3: We display the data vectorsQǫ2
0 (top,left) and T ǫ1

0 (top,right). In both
cases we display the noisy data (black curve) and the exact data (blue curve).
The L-curve technique is used to identify a suitable value for λ (bottom,left).
The corner point (red,ring) corresponds to λ=6.3 · 10−3. The results obtained
using λ = 6.3 · 10−3 (bottom,left) are also displayed. The Tikhonov solution
Qλ

m (blue curve) and the exact solution Qm (black dashed curve) are presented.

regularization parameter. Even though the data contains significant amounts281

of noise the reconstruction of the heat flux at the base of the model is very282

successful.283

In order to illustrate the ill-posedness of the problem we also solve the equation284

using less regularization. The solution Qλ
m computed using λ = 7 · 10−4 is285

displayed in Figure 4. Clearly the solution is highly oscillating as a result286

of noise magnification during the computations. Also we present a solution287

computed using λ = 9 · 10−2. In this case too much regularization results in a288

too smooth solution and features from the exact solution are not reconstructed289

accurately.290
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Figure 4: We display the Tikhonov solutions Qλ
m, using λ = 7 · 10−4 (left,

blue curve) and λ = 9 · 10−2 (right, blue curve). In the first case the not
enough regularization has been applied and in the second case we have too much
regularization. The exact solution Qm (black dashed curve) is also presented.

4 The Non-linear Problem291

We recall that our goal is to solve the non-linear case, where both the thermal292

conductivity κ and the heat production Ap depend on the temperature. Our293

idea is to solve a sequence of linear problems using Tikhonov regularization. Let294

T (0) be an approximate temperature distribution. The algorithm is as follows:295

First solve the linearized problem using Tikhonov regularization to obtain296

Q(k+1),λ
m := LT (κ(T (k)), Ap(T

(k)), T0, Q0, λ). (4.23)

The new approximate heat-flux Q
(k+1),λ
m , at the base of the model, is then used297

to compute the next temperature distribution298

T (k+1) := FDM(κ(T (k)), Ap(T
(k)), T0, Q

(k+1),λ
m ). (4.24)

The process is repeated until the update ‖T (k+1) − T (k)‖F is sufficiently small.299

The algorithm works well, provided that a sufficiently large regularization pa-300

rameter λ is used, but is computationally demanding. At each step we need to301

form a linear system of equations Au= b, see Section 2.1. For relatively small302

grid sizes, i.e. 2D calculations, it is feasible to solve the linear system using303

Gaussian elimination. If the matrix K̃, see (3.17), is desired then we make use304

of the observation that the matrix A only depends on the thermal conductivity305

κ(T (k)). Thus we can compute the LU decomposition of the sparse matrix A306

and reuse it when evaluating K̃ei, for all the basis vectors ei. After having307

computed the matrix K̃ explicitly we can easily find the regularized solution of308

the inverse problem by solving the least squares problem (3.20).309
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4.1 Modified Normal Equations and an Iterative Method310

For large grid sizes, e.g. 3D calculations, it is necessary to avoid forming K̃,311

see (3.17), explicitly. Instead we note that the minimization problem (3.20) is312

equivalent to solving the modified normal equations,313

(K̃T K̃ + λ2I)Qλ
m = K̃T Q̃0. (4.25)

Instead of forming the matrix K̃ explicitly we solve the normal equations using314

the conjugate gradient method[28]. The matrix-vector product K̃Qm can be315

evaluated by solving the direct problem using finite differences, i.e.316

K̃Qm := FDM(κ, 0, 0, Qm). (4.26)

The core of the finite difference code is a linear system of equations Au = b,317

where uk = T (xi, zj), k = (i−1)n+j. The right hand side b is zero except for a318

block that contains the vector Qm. In matrix form this can be written as319

b = W2Qm, W2 ∈ R
NM×N ,

where W2 is a matrix that places the values in Qm at the correct locations in320

the vector b. After having computed the temperatures Tij at the grid points a321

finite difference formula is used to obtain the heat-flux at the surface level. This322

can also be represented in matrix form as323

Q̃0 = W1u, W1 ∈ R
N×NM ,

where W1 is a matrix that computes a finite difference approximation of the324

surface heat flux given the temperature values stored in the vector u. The325

matrix K̃ can be written in factorized form as,326

Q̃0 = W1u = W1A
−1b = W1A

−1W2Qm = K̃Qm, (4.27)

and its transpose can be written as,327

K̃T = WT
2 (AT )−1WT

1 . (4.28)

In order to evaluate a matrix-vector product K̃TQ we need to solve a system328

of equations involving the matrix AT . Our finite difference code is written so329

it can compute matrix-vector products involving both K̃ and K̃T . In order to330

evaluate the product,331

(K̃T K̃ + λ2I)Qm

we need to form the matrix A once and we need to solve two linear systems of332

equations (one with A and one with AT ). Note that if the LU decomposition333

of A is computed then the relation ATPT = UTLT can be used to solve the334

system involving AT efficiently. If the matrix A is too large, e.g. the 3D case,335

then instead we use an iterative method, e.g. CG or GMRES[28].336
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Thus in the implementation of (4.23) the minimization problem (3.20) is solved337

by finding the solution Q(k+1),λ of the linear system of equations,338

((K̃(k))T K̃(k) + λ2I)Q(k+1),λ
m = (K̃(k))T Q̃0, (4.29)

where K̃(k) is the matrix defined by the relation (4.26) above; with κ := κ(T (k)).339

The previous solution Q
(k),λ
m can be used as an initial guess to start the CG340

iterations.341

4.2 Numerical Tests for the Non-Linear Problem342

Here we present the results from the numerical testing of the methods. For all343

tests we use the numerically constructed example from Section 2.2. The grid344

(xi, zj) consists of N = 300 points in the x–direction and M = 250 points in345

the z–direction. For the tests a vector Qm, representing the exact heat-flux at346

the base of the model, was selected and the direct problem solved repeatedly347

until convergence. In all cases the direct problems were solved with sufficient348

accuracy that the generated Cauchy data [T0, Q0] can be considered exact.349

To the generated Cauchy data we add normally distributed noise of variance ǫ1350

and ǫ2 to obtain the simulated measurements [T ε1
0 , Qε2

0 ]. The vectors T0 and351

Q0 are of different orders of magnitude so it is important to use different noise352

levels for the temperature and heat-flux vectors respectively. For our tests we353

used the noise levels ǫ1 = 5 · 10−3 oC and ǫ2 = 5 · 10−5W/moC. The simulated354

data vectors are illustrated in Figure 5. The noise levels are realistic. The same355

data vectors and noise are are used for all tests presented in the text below.356

The purpose of the tests is to illustrate how the algorithm for solving the non-357
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Figure 5: The simulated Cauchy data at the surface level. We display the heat-
flux Q0 (left) and the temperature T0. In both cases we display both the exact
function (blue,dashed curve) and the noisy function (black, solid curve).
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Figure 6: Results for non-linear Tikhonov regularization. We display the heat-
flux Qm at the base of the model (right,dashed blue curve) the approximation

Q
(10),λ
m (right,black curve), and the convergence history ‖T (k),λ − T (k−1),λ‖F ,

measured in the Frobenius norm (left).

linear problem, i.e. the steps (4.24) and 4.24), works in practice. For the358

Tikhonov regularization to work well a good regularization parameter is needed.359

We suggest that the L-curve is used and in our tests we use the value λ =360

6.3 · 10−3 that was obtained by the L-curve for the constant coefficient case, see361

Section 3.2.362

For the first test we use the simplest implementation of Tikhonov regularization,363

i.e. in each step the matrix K̃(k), defined by the relation (3.18), is computed364

explicitly and the minimization problem (3.20) is solved by computing the SVD365

of the matrix. It is also assumed that the linear systems of equations that366

arise due to the finite difference discretizations are solved using a sparse LU367

decomposition.368

The results are presented in Figure 6. The convergence is rapid and only 3369

iterations is enough to reach a level where the first decimal digits of the temper-370

atures T (k) stops changing. The large initial error is due to the poor starting371

guess T (0) = 0.372

We remark that this is a very inefficient approach. At each step of the algorithm373

we need to solve two different types of finite difference equations. First, the374

functional relation (3.19) is implemented by first forming the matrix in the finite375

difference equations and computing its LU decomposition. Second, we need376

to form the finite difference equations defined by the relation (3.16), compute377

its LU decomposition and solve 2N triangular linear systems to obtain the378

matrix K̃(k). Minimizing the small Tikhonov functional, e.g. (3.20), is cheap379

by comparison and the cost can be neglected.380

In our second test we solve the same problem again using the iterative implemen-381
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Figure 7: Results obtained using the iterative implementation of Tikhonov reg-
ularization. We display the convergence history ‖T (k),λ−T (k−1),λ‖F , measured
in the Frobenius norm (left) and also the number of CG iterations needed to
reach the stopping criteria at each step of the algorithm (right). The stopping
criteria for the CG iterations were set at either 10−9 (blue curves) and 10−5

(red curves).

tation of Tikhonov regularization, see Section 4.1.The starting guess T (0) = 0382

was used and the stopping criteria for the CG iterations was a relative resid-383

ual of magnitude less than 10−9. The results are illustrated in Figure 7. Note384

that after iteration 8 the solution from the previous step already satisfies the385

stopping criteria and the algorithm can be said to have converged to desired386

precision, also as the quality of the solution improves fewer CG iterations are387

needed. The obtained solution Q
(8),λ
m is presented in Figure 8. The quality of388

the obtained solution is the same as the one seen previously in Figure 6. Note389

that even Q(k),λ has converged the temperature T (k),λ can still change due to390

the fact that the problem is non-linear and κ(T (k),λ) is recomputed in each step.391

The computational work for the second test is as follows. For each step of the392

algorithm we need to form two linear systems corresponding to (3.19) and (3.16).393

The first system is solved once and the second needs to be solved twice during394

each step in the CG algorithm. The amount of work required is significantly395

less than for the first test above.396

In order to further reduce the amount of computational work we stop the CG397

iterations when the relative residual is less than 10−5. This means the linear398

systems are solved less accurately. The results are also displayed in Figure 7.399

Here it is enough to perform 5 iterations to reach convergence. A total 10400

systems of finite difference equations needs to be formed, and 58 linear system401

solves are needed. The obtained solution Q
(5),λ
m , after 5 steps of the algorithm,402

is displayed in Figure 8.403
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Figure 8: Results for the iterative implementation of Tikhonov regularization.
We display the heat-flux Qm at the base of the model (dashed blue curves)

and the computed approximations Q
(8),λ
m (left,black curve), for the case then

the stopping in the CG algorithm criteria was set to 10−9 and also the solution

Q
(5),λ
m (right,black curve) for the case when the stopping criteria were 10−5. The

two solutions are of equally good quality.

5 Concluding Remarks404

In this paper we have presented the inverse geothermal problem. The application405

is important since many geophysical process are influenced by the temperature.406

The physical properties of rocks depend strongly on the temperature and the407

problem is non-linear.408

We have demonstrated that the problem is severely ill-posed and regularization409

is needed. One of the most popular regularization techniques is Tikhonovs410

method. The method requires that we rewrite the geothermal problem as an411

operator equation, and minimize a related least squares problem. The tests in412

the paper demonstrates that this approach works well. Though the results may413

be sensitive with respect to the thermal model used the influence from random414

measurement errors is relatively small and the computations are numerically415

stable.416

Our implementation is based on having a finite difference solver for a related,417

well-posed, direct problem. We show how to use software for the direct prob-418

lem when implementing Tikhonov regularization for the inverse problem. Our419

algorithm is iterative and the conjugate gradient method is used for solving the420

normal equations that appear due to the Tihonov regularization. The method421

is efficient and solving the inverse problem requires only about an order of mag-422

nitude additional work compared to solving only the direct problem. It is worth423

noting that instead starting from a finite element solver for the direct problem424

would work equally well.425
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In our work we consider only 2D models however the algorithm can be expected426

to work well for 3D calculations as well. As long as the corresponding direct427

problem can be solved we can also solve the inverse problem. Calculations on a428

realistic full 3D model is something we intend to do in the future.429
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