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Abstract
The next generation of mobile networks (5G) is currently being standardized, and massive
MIMO (Multiple-Input-Multiple-Output) is a strong candidate to be part of this standard.
Other than providing higher data rates and lower latency, high accuracy positioning is also
required. In this thesis, we evaluate the achievable performance of positioning using mas-
sive MIMO systems in open highway scenarios. Relevant theory from sensor array signal
processing and Bayesian filtering is presented, and is used in a simulation environment
on large antenna arrays representing massive MIMO base stations. Positioning is done by
utilizing the uplink pilot reference signals, where the Direction of Arrival (DOA) of the
pilot signal is estimated, and then used for position estimation. Estimation of the DOA
is done by both a maximum-likelihood method and by using an Extended Kalman Filter
(EKF). A positioning error of less than 8 m is achieved with absolute certainty when the
vehicle is less than 300 m from the base station. It is also concluded that this result could
be improved by using more sophisticated filtering algorithms.

v





Acknowledgments
This thesis concludes my five years at Linköping University, and what a ride it has been.
The completion of this thesis calls for acknowledgement of some of the people that has
made it possible.

First and foremost I would like to thank Dr. Mário Costa, my supervisor from Huawei
Technologies, for giving me the opportunity to do this thesis work, for always having
answers to my questions, and for always being positive and supportive. I would also like
to express my sincere gratitude to Lic. Christopher Mollén, my supervisor at the Division
of Communication Systems, for always having an open door, encouraging discussion,
and for his precise and honest comments on my work. I am also indebted to my examiner
Prof. Erik G. Larsson, whose encouragement, involvement, and sharp eye has been both
inspirational and helpful. I am especially grateful for the discussions we had regarding
nuisance parameters and the Cramér-Rao Bound. I would like to thank Ema Becirovic,
with whom I have shared an office, for the countless coffee-breaks, for her help with the
small things regarding the thesis, and for at times taking my mind off it. Furthermore, I
would also like to thank everyone in the Division of Communication Systems for all being
nice and helpful.

I would also like to take the opportunity of thanking all the people I have met and all the
friends I have made during my five years in Linköping. It is you who have made these
some of the best, and some of the most memorable years of my life.

Finally, I would like to thank my immediate family for always believing in me and for
always supporting me. For this I will always be grateful. You have had a bigger part than
you think in the making of this thesis.

Linköping, June 2017
Markus Petersson

vii





Contents

Notation xi

1 Introduction 1
1.1 Future Cellular Communication . . . . . . . . . . . . . . . . . . . . . 1
1.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Novel Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.5 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Theory 5
2.1 Sensor Array Signal Processing . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Modeling the Sensor Array Output . . . . . . . . . . . . . . . . 5
2.1.2 Parametrization of the Steering Vector by DOAs Under the Geo-

metric Far-Field Assumption . . . . . . . . . . . . . . . . . . . 7
2.1.3 Wavefield Modeling . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.4 Array Manifold Separation Using a 2-D Fourier Basis . . . . . 9

2.2 Classical Estimation Theory . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.1 Maximum-Likelihood Estimation . . . . . . . . . . . . . . . . 11
2.2.2 Deterministic Maximum-Likelihood Estimation . . . . . . . . . 11
2.2.3 The Cramér-Rao Bound . . . . . . . . . . . . . . . . . . . . . 14
2.2.4 Derivation of the CRB for the Used Array Model . . . . . . . . 15

2.3 Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.1 The Grid Search Method . . . . . . . . . . . . . . . . . . . . . 17
2.3.2 The Steepest Descent Algorithm . . . . . . . . . . . . . . . . . 17
2.3.3 The Newton Algorithm . . . . . . . . . . . . . . . . . . . . . . 18
2.3.4 The Fisher-Scoring Method . . . . . . . . . . . . . . . . . . . 19
2.3.5 The Levenberg-Marquardt Method . . . . . . . . . . . . . . . . 19

2.4 Bayesian Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4.1 The Kalman Filter . . . . . . . . . . . . . . . . . . . . . . . . 20
2.4.2 The Extended Kalman Filter . . . . . . . . . . . . . . . . . . . 21
2.4.3 An Alternative Form of the EKF . . . . . . . . . . . . . . . . . 21
2.4.4 Motion Models . . . . . . . . . . . . . . . . . . . . . . . . . . 22

ix



x Contents

3 Simulation Setup 25
3.1 The Madrid Grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2 Base Station . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 User Equipment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.4 Transmission of Pilot Reference Signals . . . . . . . . . . . . . . . . . 26
3.5 Channel Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Simulations 29
4.1 Performance of the Derived DML Estimator . . . . . . . . . . . . . . . 29

4.1.1 Uniform Cylindrical Array . . . . . . . . . . . . . . . . . . . . 29
4.1.2 Uniform Rectangular Array . . . . . . . . . . . . . . . . . . . 30
4.1.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.2 DOA Estimation, Position Estimation and Tracking on the Madrid Grid 32
4.2.1 Performance with Different Number of Antennas . . . . . . . . 35
4.2.2 Performance with Different Transmit Powers . . . . . . . . . . 36
4.2.3 Performance of Filtering with Different Update Intervals . . . . 37
4.2.4 Performance of Filtering and Batch Estimation . . . . . . . . . 39

5 Conclusion 45
5.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
5.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

A Simulation Plots 49

Bibliography 61



Notation

SETS

Notation Meaning
R The set of real numbers
C The set of complex numbers

Cn×m The set of complex n×m matrices
Ω The set of parameters that parameterize the steering vector
ξ The set of nuisance parameters
Ψ The union of Ω and ξ

MATHEMATICAL NOTATION

Notation Meaning
( · )† The Moore-Penrose Pseudo Inverse
H A Hilbert space

( · )H The Hermitian transpose
[v]n The n-th element of a vector v

[M ]n,m The (n,m)-th element of a matrixM
( · )T Transpose
<{ · } Real part
⊗ Kronecker Product
� Schur Product

( · )∗ Complex Conjugate
tr( · ) Trace Operator
∇ω Gradient with respect to the variables in Ω
∇ψ Gradient with respect to the variables in Ψ

xi



xii Notation

ABBREVIATIONS

Abbreviation Meaning
DOA Direction of Arrival

MIMO Multiple Input Multiple Output
ML Maximum Likelihood

DML Deterministic Maximum Likelihood
SML Stochastic Maximum Likelihood
KF Kalman Filter

EKF Extended Kalman Filter
TTI Transmission Time Interval
UE User Equipment
FIM Fisher Information Matrix
CRB Cramér-Rao Bound
MST Manifold Separation Technique
PDF Probability Density Function
MSE Mean Square Error

RMSE Root Mean Square Error
CCDF Complementary Cumulative Distribution Function
SNR Signal-to-Noise-Ratio
LTE (4G) Long Term Evolution



1
Introduction

This thesis is about how a massive MIMO base station can be used to estimate and track
the position of a single user in an open highway. The concept of massive MIMO is briefly
described in this chapter, where the specific questions we answer are also given. Further-
more, we compare the contributions of this thesis to earlier work.

1.1 Future Cellular Communication

In the last five years, the amount of mobile data traffic has grown eighteen-fold and, in
2016 alone, Global mobile data traffic grew by 63%. Hundreds of millions of new mobile
devices and connections are yearly added, and the amount of global mobile data traffic is
projected to increase from 7.2 exabytes per month in 2016 to 49 exabytes per month in
2021 [5].

The new generation of mobile networks (5G) is currently being standardized in order to
meet the quite remarkable goal in increased mobile data-traffic. Massive MIMO is one
of the technologies competing to be the technical enabler of 5G. The concept of massive
MIMO was proposed in [15], where the author considers a base station with an infinite
number of antennas. Later, research has shown that massive MIMO requires neither an
infinite number of antennas, nor expensive high-end hardware to achieve its benefits [2].
This makes massive MIMO viable in practice. Researchers at Lund University and the
University of Bristol have together constructed a real-time testbed for massive MIMO,
which has displayed both great throughput and low latency [22], making another case for
massive MIMO as a candidate for 5G.

In massive MIMO, a base station is equipped with a large number of antennas, and serves
several dozens of users simultaneously. In order to make massive MIMO scalable, the
users transmit pilot reference signals (signals with a known structure), for channel estima-
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2 1 Introduction

tion. The pilot signals are in this thesis assumed to be narrowband signals. Narrowband
signals impinging on an antenna array is a well-studied problem in sensor array signal
processing, where explicit estimators for determining the incident angles [12] of imping-
ing narrowband signals are known. Since the incident angles of the pilot signals can be
estimated, positioning using only a single massive MIMO base station is also possible, if
we assume a height of the user equipment (UE) and have a line-of-sight-scenario.

Although the main reason for the development of 5G is handling the increase in mobile
data traffic, there are also other requirements that the upcoming standard is to fulfill. One
such requirement is high accuracy positioning [17], which is partly motivated by the large
industrial interest in autonomous vehicles (driver-less cars).

In the last few years, there has been an enormous industrial investment into autonomous
vehicles. In Gothenburg, Volvo is already doing trials where fully autonomous vehicles
are driving on public roads [4], and companies such as Zenuity have emerged, who solely
work with technology involving autonomous vehicles [11].

There is still a lot of work and trials to be done before autonomous vehicles will be
commercially available and entitled to driving everywhere. One important technological
feature that would help in hastening this development is more accurate positioning, both
from a security and a traffic efficiency perspective.

Consider the following scenario: Alice and Bob are both riding in autonomous vehicles in
opposite directions on an open highway. In front of Alice’s vehicle there is a slow driving
vehicle that her vehicle needs to overtake. Alice’s and Bob’s vehicles are aware of the
potential crash, since they have exchanged information about both position and velocity.
The vehicles can, based on this information, schedule course and speed accordingly, en-
abling Alice’s vehicle to overtake the hindrance safely. It is self evident that the more
accurate the exchanged information is, the more secure the overtaking would be.

The development and deployment of systems capable of positioning might be considered
an infringement of personal integrity. However, such systems are already in place, which
is why this thesis work would not enable any additional infringement. Instead, the possi-
ble improved accuracy in positioning could, e.g. be used in saving lives by improving the
security of future autonomous vehicles.

The aim of this thesis is to conduct a performance assessment of massive MIMO systems
for positioning in open-highways, in order to investigate whether it can live up to the
positioning requirements of the next generation mobile networks is expected to provide.

1.2 Problem Statement

We will answer the questions:

• What is the positioning accuracy a massive MIMO system can achieve in open high-
ways?

• Does increasing the number of base station antennas improve positioning accuracy?

• How should base stations be deployed to maintain a high positioning accuracy?
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1.3 Limitations

This work focuses on a scenario where:

• there was only one one vehicle on the highway. Thus, no pilot contamination had
to be handled.

• the base station antennas were modeled as dipoles. Polarization was not taken into
account.

• positioning was only done for a line-of-sight scenario. In real life, there might not
always be a direct path to a base station.

• we only studied base stations with 25 antennas and 100 antennas.

• the results in this thesis are bound to the algorithm that we have used, where we
assume planar waves.

• the base station antenna array is lying on the XZ-axis, thus there is an ambiguity
in the azimuth angle. This ambiguity was assumed to be known.

1.4 Novel Contributions

The contributions in this thesis consists in applying the theory of sensor signal process-
ing and Kalman filtering to massive MIMO antenna arrays. From this we have drawn
conclusions regarding:

• positioning performance of a single massive MIMO base station

• the performance improvement obtained by increasing the number of antennas

• the future deployment of base stations, with regard to required positioning accuracy

1.5 Thesis Overview

This thesis is divided into the following chapters:

Chapter 1, Introduction: In this chapter, we give an introduction to the topic of the thesis,
along with some motivation. The research questions to be answered are formulated in this
chapter.

Chapter 2, Theory: In this chapter, we present the theory used in this thesis. We intro-
duce a system model, derive estimators for the DOAs, present appropriate optimization
algorithms for DOA estimates, and finally give some background in Bayesian filtering.

Chapter 3, Simulation Setup: In this chapter, we present the simulation setup. We give
the models used for the base station, the UE and for the channel.

Chapter 4, Simulations: In this chapter, we provide extensive simulations, both to verify
that the derived estimator bounds hold and are attained, and to evaluate the performance
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of positioning and tracking of Massive MIMO systems using the methods presented in
chapter 2. We discuss and compare the results for different simulation parameters.

Chapter 5, Conclusion: In this chapter we conclude the thesis by giving answers to the
questions posed in the first chapter. We also give some suggestions for future research,
continuing where this thesis was concluded.



2
Theory

In this chapter we introduce the theoretical concepts used throughout this thesis. The
different parts are structured to be read sequentially, since each section builds on the
theory from previous ones. The articles cited in this thesis has mainly been either original
articles or peer-reviewed articles in sensor array signal processing, which is why they are
considered both appropriate to use and credible. Textbooks are cited to provide references
to theory that can be considered generally known.

2.1 Sensor Array Signal Processing

In sensor array signal processing, the problem of extracting information from the output
of a collection of spatially distributed sensors is studied [21]. In this thesis, we study
the case where only one signal is impinging on the sensor array, although, in general, it is
assumed that the number of signals impinging on the array is finite. The signal is assumed
to be a function of a finite number of parameters. Our goal is to estimate these parameters,
which in our case will be the Direction of Arrival (DOA) of the impinging signal, and use
this estimate in order to track vehicles driving in open highways.

2.1.1 Modeling the Sensor Array Output

In this section, we present a model of the sensor array output and the underlying assump-
tions. We show that the problem of parameterizing the impinging signal is in essence
equivalent to parameterizing the time at which the signal arrives to each sensor, also
called the time of arrival (TOA), relative to some reference point.

Consider a single narrowband signal, s̃(t), transmitted on carrier frequency fc, impinging
on a sensor array comprising L sensors, as depicted in Figure 2.1. In general s̃(t) is
considered to be unknown and deterministic.

5



6 2 Theory
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Figure 2.1: Illustration of the setup where a single signal s̃(t) impinges on a sensor
array with DOA (ϑ, ϕ), producing the output x(t).

In complex baseband, the noise-free output, xi(t), at sensor i, is modeled as

xi(t) = αs̃(t− τi) , s(t− τi), (2.1)

where α is a complex scaling factor, and τi ∈ R is the delay at antenna i relative to some
reference point. Note that the complex scaling factor α is assumed to be the same for all
antennas. This is an approximation that is valid when the distance to the source is much
larger than the spatial spread of the antennas in the array. A change in reference point
would only correspond to a phase shift, which can be included in α. Since the impinging
signal is assumed to be narrowband, equation (2.1) can then be approximated as

xi(t) = s(t− τi) ≈ e−j2πτifcs(t). (2.2)

The sensor output was assumed to be parametrized by a finite number of parameters.
Denote the set of these parameters Ω. By analyzing (2.2), we see that the only thing not
independent of Ω is the relative time delay, τi. Thus, we conclude that parameterizing the
sensor output is equivalent to parameterizing the relative time delay. Thus we write (2.2)
as

xi(t) = e−j2πτi(Ω)fc︸ ︷︷ ︸
ai(Ω)

s(t) = ai(Ω)s(t). (2.3)

We can then write the output for the array as

x(t) = a(Ω)s(t), (2.4)

where a(Ω) =
[
a1(Ω) . . . aL(Ω)

]T
. In order to account for noise in our model, we
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introduce additive noise. The noise, n(t), is assumed to be circularly-symmetric complex
white Gaussian, i.e.

n(t) ∼ CN (0, σ2I).

Under these assumptions, we expand the model in (2.4) and obtain

x(t) = a(Ω)s(t) + n(t), (2.5)

which is our final model of the array output.

2.1.2 Parametrization of the Steering Vector by DOAs Under the
Geometric Far-Field Assumption

If the UE emitting s(t) is placed far away from the array, relative to the size of the array,
the incoming wave can be approximated as a planar wave. If so is the case, then the
DOA of the planar wave is identical for all sensors in the array. It is therefore natural to
parameterize the relative time delay, τi, by the DOA, i.e. Ω = {ϑ, ϕ}, where ϑ and ϕ are
the co-elevation and azimuth directions of arrival respectively.

By geometric reasoning, and by neglecting a possible clock-offset between antenna i and
the UE, we get the time delay, using the UE as reference point, can be written as

τ UE
i =

1

c
(sin(ϑ) cos(ϕ)(x− xi) + sin(ϑ) sin(ϕ)(y − yi) + cos(ϑ)(z − zi)) , (2.6)

where (x, y, z) and (xi, yi, zi) are the coordinates of UE and antenna i respectively, and c
is the speed of light in vacuum.

In this work we do not assume that the base station is synchronized with the UE. However,
we do assume that all the sensors within the array are synchronized. I.e. a clock-offset, ε,
is introduced to the expression in (2.7), and we get

τ UE
i =

1

c
(sin(ϑ) cos(ϕ)(x− xi) + sin(ϑ) sin(ϕ)(y − yi) + cos(ϑ)(z − zi)) + ε. (2.7)

However, since the clock-offset ε relative the UE is equal for all antennas, we can cancel
the effect of the clock-offset by choosing one of the antennas as reference for the time
delay. It does not matter which antenna is chosen. The time delay at antenna i relative to
e.g. antenna 1 is then simply

τi = τ UE
i −τ UE

1 =
1

c
(sin(ϑ) cos(ϕ)(x1 − xi) + sin(ϑ) sin(ϕ)(y1 − yi) + cos(ϑ)(z1 − zi))

(2.8)

2.1.3 Wavefield Modeling

In order to make it easier to find the derivatives of the steering vector, which will later be
needed in optimization and tracking, we now introduce the wavefield modeling formal-
ism. Another advantage with using this formalism is that we do not have to make new
derivations of the derivatives if we would change the array. In the wavefield modeling
formalism, the output of the antenna array is decomposed into two factors. The first fac-
tor is the wavefield independent matrix called the Sampling matrix. The term ”wavefield
independent” means that no information regarding the impinging wavefield can be found
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in the sampling matrix, and that it only depends on the array geometry as well as the beam
patterns of the antenna elements. The second factor is the array independent vector called
the Coefficient vector [8]. The term ”array independent” means that no information re-
garding the properties of the array can be found in the coefficient vector, and that it only
depends on the impinging wavefield. This means that we can write the output of the array
as [8]

x(t) = Gd(Ω)︸ ︷︷ ︸
a(Ω)

s(t) + n(t), (2.9)

where G and d(Ω) denotes the sampling matrix and coefficient vector respectively. This
factorization of the array steering vector is sometimes called manifold separation tech-
nique (MST) [1]. In this thesis, the MST is used in the simulator to model the array
steering vector.

The factorization used in the MST is simply a decomposition, of each element of the
steering vector, into some set of basis functions, i.e.

ai(Ω) =

∞∑
n=1

gi,nφn, (2.10)

where ai(Ω) is the i-th element of the steering vector, φl, l = 1, . . . , are the basis func-
tions, and gi,l, l = 1, . . . , are the coefficients. Next, we will give an example of such
a decomposition. In the example we give, the MST is done using a Fourier basis. This
example can also be found in [1], but is included here since it is very illustrative.

Example 2.1
Consider azimuth DOA estimation, i.e. Ω = {ϕ}, for an arbitrary sensor array. Here, the
co-elevation is assumed to be known, and ϑ = π

2 . Fix a cartesian coordinate system in
the centroid of the array. The i-the element of the steering vector is given by

ai(Ω) = e−j2πfcτi(ϕ) = ejκri cos(ϕ−γi), (2.11)

where ri is the distance from the centroid of the array to the i-th sensor, and γi is the
angular coordinate of the same sensor, counted counter-clockwise from the x-axis. Here,
the relative time-delay is given using the centroid of the array as the reference point, and
κ = 2πfc

c is the angular wave number. Equation (2.11) can be rewritten as [1]

ejκri cos(ϕ−γi) =

∞∑
m=−∞

jmJm(κri)e
jm(γi−ϕi)

=
1√
2π

∞∑
m=−∞

√
2πjmJm(κri)e

jmγi︸ ︷︷ ︸
,[G(ri,γi)]i,m

e−jmϕ

=
1√
2π

∞∑
m=−∞

[G(ri, γi)]i,m e
−jmϕ,

(2.12)

where G(ri, γi) is the (i,m)-th element of the sampling matrix and Jm is the Bessel
function of the first kind of order m. From (2.12) we see that the sampling matrix is
independent of the impinging wavefield, and depends only on the geometry on the array.
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In order to obtain the standard form of the MST, as given in (2.9), we write the result from
(2.12) on matrix form as

a(ϕ) = Gd(ϕ), (2.13)

where the (i,m)-th element of the sampling matrix is given by

[G(ri, γi)]i,m =
√

2πjmJm(κri)e
jmγi , (2.14)

and the m-th element of d(ϕ) is given by

[d(ϕ)]m =
1√
2π
e−jmϕ, m = . . . ,−1, 0, 1, . . . . (2.15)

In MST, the sampling matrix is viewed as an operator G : H → CL×1, while d(Ω) ∈ H
contains the basis functions [6]. The sampling matrix provides us with a full description
of the antenna array, including geometry and imperfections e.g. from the manufacturing
process, and the coefficient vector provides us with a full description of the wavefield.
Note that all information about the received wavefield is characterized by the coefficient
vector [7].

Note that both G and d(Ω) must be of infinite dimension if (2.9) is to hold, since it
requires an infinite number of basis functions, and therefore coefficients, to represent an
element of the steering vector. However, in practice the steering vector can be modeled
using a finite number of basis functions without sacrificing much accuracy. Moreover, by
increasing the number of basis functions used, the truncation error can be made arbitrarily
small. In [8] it was shown that the truncation error decays superexponentially as the
number of basis functions tend to infinity.

2.1.4 Array Manifold Separation Using a 2-D Fourier Basis

In section 2.1.3, we saw how the wavefield modeling formalism allowed us, by writing
the steering vector in a basis of orthonormal functions, to write the steering vector as a
product between the sampling matrix G and the coefficient vector d(Ω). However, we
did not specify the basis used in this decomposition.

One possible choice of basis, when Ω = {ϑ, ϕ}, is the 2D Fourier functions. Define

[d(ϑ)]me =
1√
2π
ejmeϑ, me = . . . ,−1, 0, 1, . . . , (2.16)

[d(ϕ)]ma =
1√
2π
ejmaϕ, ma = . . . ,−1, 0, 1, . . . , (2.17)

and

d(ϑ, ϕ) = d(ϕ)⊗ d(ϑ). (2.18)

Here, me and ma are mode indices in co-elevation and azimuth dimensions respectively,
and ⊗ denotes the Kronecker product. The steering vector can then, in this 2D Fourier
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basis, be decomposed as [6]

a(ϑ, ϕ) = Gd(ϑ, ϕ), (2.19)

where again G is the sampling matrix.

An advantage gained by using the MST with a Fourier basis decomposition of the steering
vectors is that the derivatives of the steering vector, which can be used in the computation
of the Cramér-Rao bound (introduced in section 2.2.3), are straightforward to find. The
derivatives of a(ϑ, ϕ) with respect to ϑ and ϕ are

∂

∂ϑ
(a(ϑ, ϕ)) =

∂

∂ϑ
(G [d(ϕ)⊗ d(ϑ)])

= G
[
∂

∂ϑ
(d(ϕ)⊗ d(ϑ))

]
= G

[
∂

∂ϑ
(d(ϕ))⊗ d(ϑ) + d(ϕ)⊗ ∂

∂ϑ
(d(ϑ))

]
= G

[
d(ϕ)⊗ ∂

∂ϑ
(d(ϑ))

]
,

(2.20)

and
∂

∂ϕ
(a(ϑ, ϕ)) =

∂

∂ϕ
(G [d(ϕ)⊗ d(ϑ)])

= G
[
∂

∂ϕ
(d(ϕ)⊗ d(ϑ))

]
= G

[
∂

∂ϕ
(d(ϕ))⊗ d(ϑ) + d(ϕ)⊗ ∂

∂ϕ
(d(ϑ))

]
= G

[
∂

∂ϕ
(d(ϕ))⊗ d(ϑ)

]
,

(2.21)

where [
∂

∂ϑ
(d(ϑ))

]
me

=
jme√

2π
ejmeϑ, me = . . . ,−1, 0, 1, . . . , (2.22)

and [
∂

∂ϕ
(d(ϕ))

]
ma

=
jma√

2π
ejmaϕ, ma = . . . ,−1, 0, 1, . . . . (2.23)

2.2 Classical Estimation Theory

In classical estimation, in contrast to Bayesian estimation, the parameters to be estimated
are considered unknown and deterministic. In this thesis, we seek to estimate a set of
unknown parameters, Ω, that are used to parameterize the steering vector a(Ω). These
parameters will then provide us with, either directly or indirectly, information about the
DOA of the impinging waveform, or the position of the UE.

In the sections that follow, we present the maximum-likelihood (ML) method for parame-
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ter estimation. Assuming that the impinging waveform s(t) is deterministic, we derive an
estimator for the unknown set of parameters, formulated as an optimization problem.

2.2.1 Maximum-Likelihood Estimation

In classical estimation theory the main principle is that we desire to estimate a set of
unknown, deterministic parameters given observations, e.g. we want to estimate the direc-
tion of arrival (DOA) of a waveform impinging on an antenna array, given observations of
the array output.

In this thesis, the observations are snapshots of the array output at times t1 through tN ,
and the set of parameters is e.g the DOA (if far field is assumed) of the impinging sig-
nal. Snapshots at different points in time are assumed to be independent due to the noise
assumptions of temporal and spatial whiteness. This means that the likelihood of a collec-
tion of snapshots is the product of the likelihoods of all the individual snapshots, i.e.

f(x(t1), . . . ,x(tN ) | Ω, ξ, σ2) = f(x(t) | Ω, ξ, σ2) =

N∏
i=1

f(x(ti) | Ω, ξ, σ2). (2.24)

The notation x(t) , {x(t1), . . . ,x(tN )} is introduced in order to simplify notation, and
will be used throughout the thesis. Note that f is used as notation for both the joint PDF
and the PDF for a single array output. They are distinguished by the number of arguments
provided to that function. The set of unknown parameters Ω is then estimated as

Ω̂ = arg max
Ω

(
max
ξ,σ2

f(x(t) | Ω, ξ, σ2)

)
= arg max

Ω

(
max
ξ,σ2

N∏
i=1

f(x(ti) | Ω, ξ, σ2)

)
.

(2.25)

Throughout this thesis we let ξ denote a set of nuisance parameters, i.e. the unknown
signal waveform s(t) ∈ C.

All this means is that, in maximum-likelihood (ML) estimation, we estimate the set of
parameters as the parameter-values that makes the observations made as probable as pos-
sible [3].

2.2.2 Deterministic Maximum-Likelihood Estimation

In sensor array signal processing two different forms of the maximum-likelihood method
are used, the deterministic maximum-likelihood (DML) method, and the stochastic maximum-
likelihood (SML) method. The only difference between these two methods concerns the
assumptions made about the incoming signal waveform, s(t). In the DML estimation,
s(t) is assumed unknown and deterministic, while in SML estimation s(t) is considered
stochastic [12]. In this thesis, s(t) is assumed to be deterministic, thus we only use DML
for parameter estimation.

Under the assumption that s(t) is deterministic, the output of the array at time ti, given in
(2.5), is simply an L-dimensional stochastic variable whose distribution is given by

x(ti) ∼ CN (a(Ω)s(ti), σ
2IL×L). (2.26)
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The noise is assumed to be spatially and temporally white, so we can write the likeli-
hood of observing x(t1), . . . ,x(tN ) jointly as the product of the likelihoods of observing
x(t1), . . . ,x(tN ) individually, as given in (2.24). Using (2.26), and letting ξ = {s(t)},
(2.24) can be rewritten as

f(x(t) | Ω, s(t), σ2) =

N∏
i=1

1

(πσ2)L
e−||x(ti)−a(Ω)s(ti)||2/σ2

, (2.27)

and (2.25) as

Ω̂ = arg max
Ω

(
max
s(t),σ2

f(x(t) | Ω, s(t), σ2)

)
= arg max

Ω

(
max
s(t),σ2

N∏
i=1

1

(πσ2)L
e−||x(ti)−a(Ω)s(ti)||2/σ2

)
.

(2.28)

Instead of solving the maximization problem posed in (2.28), we will solve the equiva-
lent problem of minimizing the negative log-likelihood function, where the log-likelihood
function L is defined by

L(x(t) | Ω, s(t), σ2) = ln
(
f(x(t) | Ω, s(t), σ2)

)
= ln

(
N∏
i=1

1

(πσ2)L
e−||x(ti)−a(Ω)s(ti)||2/σ2

)
= −NL ln(π)−NL ln(σ2)

− 1

σ2

N∑
i=1

||x(ti)− a(Ω)s(ti)||2.

(2.29)

The first term in (2.29) is constant and does not affect the minimization, thus we have that
the DML-estimate of Ω becomes

Ω̂ = arg min
Ω

(
min
s(t),σ2

(
−L(x(t) | Ω, s(t), σ2)

))
= arg min

Ω

(
min
s(t),σ2

(
NL ln(σ2) +

1

σ2

N∑
i=1

||x(ti)− a(Ω)s(ti)||2
))

= arg min
Ω

(
min
s(t),σ2

(
L ln(σ2) +

1

Nσ2

N∑
i=1

||x(ti)− a(Ω)s(ti)||2
))

,

(2.30)

where division byN in the last equality does not affect the optimum, sinceN is a positive
constant. Division by N done in order to obtain a more convenient expression for the
DML estimator.

In order to identify the value of Ω that maximizes the objective function, we first identify
the ML estimates of s(t) and σ2, starting with s(t). From linear algebra, we know that
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x = A†y provides the least-squares solution to the linear systemAx = y, thus

||x(ti)− a(Ω)s(ti)||2 (2.31)

is minimized by

ŝ(ti) = a(Ω)†x(ti), (2.32)

which then is the ML-estimate of s(ti). From linear algebra, we also have that

a(Ω)a(Ω)†x(ti)

is the orthogonal projection of x(ti) onto the column space of a(Ω). By substituting s(ti)
in (2.31) for ŝ(ti) = a(Ω)†x(ti), we obtain

||x(ti)− a(Ω)s(ti)||2 = ||x(ti)− a(Ω)a(Ω)†x(ti)||2

= ||x(ti)−Πa(Ω)x(ti)||2,
(2.33)

where Πa(Ω) denotes orthogonal projection onto the columns of a(Ω). Finally, (2.33) is
simplified by noting that

x(ti)−Πa(Ω)x(ti) = Π⊥a(Ω)x(ti), (2.34)

where Π⊥a(Ω) denotes the orthogonal projection onto the orthogonal complement of the
columns of a(Ω). Using this result, we can rewrite the term containing the sum in (2.30)
as

1

Nσ2

N∑
k=1

||Π⊥a(Ω)x(ti)||2
(a)
=

1

Nσ2

N∑
k=1

tr((Π⊥a(Ω)x(ti))
HΠ⊥a(Ω)x(ti))

(b)
=

1

Nσ2

N∑
k=1

tr(x(ti)
H(Π⊥a(Ω))

HΠ⊥a(Ω)x(ti))

(c)
=

1

Nσ2

N∑
k=1

tr(x(ti)
HΠ⊥a(Ω)x(ti))

(d)
=

1

Nσ2

N∑
k=1

tr(Π⊥a(Ω)x(ti)x(ti)
H)

(e)
=

1

σ2
tr(Π⊥a(Ω)

1

N

N∑
k=1

x(ti)x(ti)
H)

(f)
=

1

σ2
tr(Π⊥a(Ω)R̂),

(2.35)

where the (2.35.a) is due to the fact that

||u||2 = uHu = tr(uHu).

Moreover, (2.35.b) is due to the properties of the Hermitian transpose, (2.35.c) holds
because orthogonal projections are Hermitian and idempotent, (2.35.d) holds due to the
cyclic properties of the trace-operator, and (2.35.e) holds since the trace operator is linear.
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In (2.35.f) we define the sample covariance R̂ by

R̂ ,
1

N

N∑
k=1

x(ti)x(ti)
H . (2.36)

We now seek to obtain the ML estimate of σ2. Using the result from (2.35) in (2.30) we
get

Ω̂ = arg min
Ω

(
min
σ2

(
L ln(σ2) +

1

σ2
tr(Π⊥a(Ω)R̂)

))
. (2.37)

We find the ML-estimate of σ2 by differentiating the objective function in (2.37) with
respect to σ2, keeping Ω fixed, and equating the derivative to zero. We get

∂

∂ (σ2)

(
L ln(σ2) +

1

σ2
tr(Π⊥a(Ω)R̂)

)
=

L

σ2
− 1

σ4
tr(Π⊥a(Ω)R̂) = 0. (2.38)

Solving (2.38) for σ2 then yields the ML estimate of σ2 as

σ̂2 =
1

L
tr(Π⊥a(Ω)R̂). (2.39)

Using the results from (2.39) in (2.37), we obtain

Ω̂ = arg min
Ω

(
L

(
ln

(
1

L
tr(Π⊥a(Ω)R̂)

)
+ 1

))
, (2.40)

which is equivalent to

Ω̂ = arg min
Ω

(
tr(Π⊥a(Ω)R̂)

)
. (2.41)

This is a derivation of the result found in e.g. [12].

2.2.3 The Cramér-Rao Bound

The Cramér-Rao bound (CRB) is a lower bound on the mean square error (MSE) of any
unbiased parameter estimator Ω̂ of Ω. An estimator is said to be unbiased if it satisfies

E{Ω̂} −Ω = 0.

Let CΩ̂ be the covariance of Ω̂. The CRB then states that the following inequality holds

CΩ̂ = E{(Ω̂−Ω)(Ω̂−Ω)T } � CRBΩ̂, (2.42)

where the notation A � B means that A −B is positive semi definite [18], and CRBΩ̂

is the CRB for Ω.

In this section we derive the CRB for the DML estimate of Ω, given one single snapshot
of the antenna array output, i.e. N = 1. This is done without loss of generality, since
information is additive [9]. The derivation and notation will be based on [18].
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2.2.4 Derivation of the CRB for the Used Array Model

The CRB is given as the inverse of the Fisher Information Matrix (FIM) [9]. Thus, in order
to derive an expression for the CRB, we first need to derive an expression for the FIM.
Note that, even though we are not interested in knowing the nuisance parameters ξ we
need to include them in our calculations of the FIM, since they affect the CRB of Ω. Let
nΩ and nξ be the cardinality of Ω and ξ respectively. We introduce the set

Ψ = {ψ1, . . . , ψnΩ+nξ} , Ω ∪ ξ = {ω1, . . . ωnΩ
, ξ1, . . . , ξnξ}, (2.43)

to simplify notation when deriving the FIM. We can now write the output of the array
given in (2.5) as

x(t) = u(Ψ) + n(t) ∼ CN (u(Ψ), σ2IL×L), (2.44)

where u(Ψ) = a(Ω)s(t).

What we want to derive is an expression for the FIM of the parameters Ψ, I(Ψ, σ2).

The FIM of the parameters is defined as

I(Ψ, σ2) = −E
{(
∇ψL(x(t) | Ψ, σ2)

) (
∇ψL(x(t) | Ψ, σ2)

)T}
, (2.45)

where

∇ψ =
[
∂
∂ψ1

. . . ∂
∂ψnΩ+nξ

]T
,

and L is the same log-likelihood as defined in (2.29), where Ω and ξ have been replaced
by the equivalent Ψ. The element on row k and in column j in the FIM is given by [18]

Ik,j(Ψ, σ2) = −E
{

∂2

∂ψi∂ψj
L(x(t) | Ψ, σ2)

}
. (2.46)

To find (2.46), we start by computing

∂

∂ψj
L(x(t) | Ψ, σ2).

By direct calculation, we obtain:

∂

∂ψj
L(x(t) | Ψ, σ2)

=
∂

∂ψj

(
−NL ln(π)−NL ln(σ2)− 1

σ2
‖x(ti)− u(Ψ)‖2

)

=
∂

∂ψj

(
− 1

σ2
‖x(ti)− u(Ψ)‖2

)
,

(2.47)

which, by using the relation

‖x(ti)− u(Ψ)‖2 = (x(ti)− u(Ψ))
H

(x(ti)− u(Ψ)) ,
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can be rewritten as

=
1

σ2

(
∂

∂ψj

(
uH(Ψ)

)
x(ti)−

∂

∂ψj

(
uH(Ψ)

)
u(Ψ)

+ xH(ti)
∂

∂ψj
(u(Ψ))− uH(Ψ)

∂

∂ψj
(u(Ψ))

)

=
1

σ2

(
∂

∂ψj

(
uH(Ψ)

)
(x(ti)− u(Ψ)) + (x(ti)− u(Ψ))H

∂

∂ψj
(u(Ψ))

)
.

(2.48)

Using the relation z + z∗ = 2<{z} for z ∈ C, where z∗ denotes complex conjugate, we
then obtain

∂

∂ψj
L(x(t) | Ψ, σ2) =

2

σ2
<

{
∂

∂ψj

(
uH(Ψ)

)
(x(ti)− u(Ψ))

}
. (2.49)

By differentiating (2.49) with respect to ψk, we obtain

∂2

∂ψk∂ψj
L(x(t) | Ψ, σ2) =

2

σ2
<

{
∂2

∂ψk∂ψj

(
uH(Ψ)

)
(x(ti)− u(Ψ))

− ∂

∂ψj

(
uH(Ψ)

) ∂

∂ψk
(u(Ψ))

}
.

(2.50)

In order to compute the element on row k and column j of the FIM for the parameters, we
need to compute the negative expectation of (2.50). Note that

E{x(ti)− u(Ψ)} = 0.

Thus, we have that the element on row k and column j of the FIM for the parameters Ψ is
given by

−E
{

∂2

∂ψk∂ψj
L(x(t) | Ψ, σ2)

}
=

2

σ2
<

{
∂

∂ψj

(
uH(Ψ)

) ∂

∂ψk
(u(Ψ))

}

=
2

σ2
<

{
∂

∂ψk

(
uH(Ψ)

) ∂

∂ψj
(u(Ψ))

}
,

(2.51)

where the last equality holds because a real number is equal to its complex conjugate. We
define the matrixD(Ψ) as

D(Ψ) =
[
∂
∂ψ1

(u(Ψ)) . . . ∂
∂ψnΩ+nξ

(u(Ψ))
]
. (2.52)

This definition enables us to write the FIM for the parameters in Ψ compactly as

I(Ψ, σ2) =
2

σ2
<
{
DH(Ψ)D(Ψ)

}
. (2.53)

From the full expression for the FIM given in (2.53), we obtain the CRB for the parameters



2.3 Optimization 17

in Ψ as

CRBΨ = I(Ψ, σ2)−1, (2.54)

and the CRB for Ω, the parameters of interest, as the nΩ× nΩ-dimensional top-left block
of CRBΨ.

2.3 Optimization

In order to find the unknown parameters Ω, e.g. by the DML estimator derived in sec-
tion 2.2.2, an optimization problem needs to be solved. The previously derived estimator,
given in (2.41) is a problem of a highly nonlinear nature, making it necessary for us to uti-
lize nonlinear optimization methods in order to solve it. In this section, we present some
methods for non-linear optimization that will later be used in order to obtain parameter
estimates.

Most numerical optimization methods are iterative, i.e. the estimates of the sought after
unknown parameters Ω at iteration k + 1 are dependent on the estimates at iteration k
according to

Ω̂k+1 = Ω̂k + µkζk, (2.55)

where µk is the step size and ζk is the search direction at iteration k [9]. A few such
algorithms will be described in the following sections. Algorithms of this kind must be
provided with an initial estimate of the unknown parameters, Ω̂0.

Using the algorithms described below, we will perform minimization of a general objective-
function C(Ω). For some of the algorithms, we will also discuss the special case most
interesting to us: minimization of the negative log-likelihood function, where the log-
likelihood function was defined in (2.29).

2.3.1 The Grid Search Method

The initial parameter estimates used by the optimization algorithms in this thesis are found
by the grid search method. In the grid search method we sample the objective function
at a set of discrete points and then estimate Ω̂0 as the point that yielded the most optimal
value of the objective function.

Assume that we sample the objective function uniformly for n different values of each
parameter. The time complexity of the algorithm is thenO(nk), where k is the number of
parameters, i.e. the algorithm is not computationally efficient. This is why the objective
function is sampled rather sparsely, and used only to provide an initial estimate.

2.3.2 The Steepest Descent Algorithm

In the steepest-descent method, we choose the search direction in each iteration as the
negative gradient of the objective function [14], i.e.

Ω̂k+1 = Ω̂k − µk∇ωC(Ω), (2.56)
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where ∇ωC denotes the gradient of C with respect to the parameters in Ω. The negative
gradient points in the direction of the parameter space in which the objective function is
decreasing most rapidly.

In theory, assuming infinite computational precision, the steepest descent algorithm con-
verges to a local minimum. One advantage with the algorithm is its low computational
complexity [18]. One drawback of the algorithm is that, even though it might converge
fast in some special cases, it can often converge slowly [14].

2.3.3 The Newton Algorithm

Consider the Taylor expansion about Ω = Ωk of the objective function C, neglecting
terms of order higher than two, i.e.

C(Ω) ≈ C(Ωk) + (Ω−Ωk)T∇ωC(Ωk)

+
1

2
(Ω−Ωk)T

(
∇ω∇TωC(Ωk)

)
(Ω−Ωk)

(2.57)

Using the expansion in (2.57) we obtain the Taylor expansion of the gradient:

∇ωC(Ω) ≈ ∇ωC(Ωk) +∇ω∇TωC(Ωk)(Ω−Ωk). (2.58)

The objective function C is assumed to be quadratic between Ωk and the solution, Ωk+1,
which is a stationary point since the solution is the closest stationary point to the initial
estimate Ω̂0, in our case a local minima of C. Using this, alongside the result from (2.58)
with Ω = Ωk+1 we obtain

0 = ∇ωC(Ωk) +∇ω∇TωC(Ωk)(Ωk+1 −Ωk), (2.59)

which can be rearranged on the form

Ωk+1 = Ωk −
(
∇ω∇TωC(Ωk)

)−1∇ωC(Ωk), (2.60)

which is the update step for the Newton algorithm. Sometimes a (reduced) step-size µk is
introduced in order to improve convergence. The purpose of doing so is to constrain the
algorithm to only taking steps in a region where the quadratic assumption is good [18].
The modified method is called the damped Newton method and is given by [21], [18]:

Ωk+1 = Ωk − µk
(
∇ω∇TωC(Ωk)

)−1∇ωC(Ωk). (2.61)

Consider the special case where the objective function C is the log-likelihood function L.
The negative Hessian

−∇ω∇TωL(x(t) | Ωk, s(t), σ
2)

is called the Stochastic Fisher Information, and is denoted by [18]

Ĩ(Ωk, s(t), σ
2).

Thus, we can write (2.60) as

Ωk+1 = Ωk + µkĨ(Ωk, s(t), σ
2)−1∇ωL(x(t) | Ωk, s(t), σ

2), (2.62)

which then is the Newton step for iterative ML estimation [18].
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2.3.4 The Fisher-Scoring Method

In practice, to simplify the computational complexity, Ĩ(Ωk, s(t), σ
2) in (2.62) is some-

times replaced with its expected value. By definition, we have that

E{Ĩ(Ωk, s(t), σ
2)} = I(Ωk, s(t), σ

2),

which is the Fisher information for Ω. There is also another advantage with replacing the
stochastic Fisher information matrix with the FIM. In particular, the stochastic Fisher in-
formation matrix is not necessarily positive definite (hence it is not necessarily invertible),
which is a property that the FIM has [18], thus the inverse of the FIM can always be found.

The simplified algorithm becomes

Ωk+1 = Ωk + I(Ωk, s(t), σ
2)−1∇ωL(x(t) | Ωk, s(t), σ

2). (2.63)

This modified Newton algorithm is known as The Fisher Scoring Method [19] or The
Gauss-Newton Method [18].

2.3.5 The Levenberg-Marquardt Method

When deriving the Newton method, it was assumed that the objective function is quadratic
near Ωk, which for non-linear functions might only hold approximately for a small region
around Ωk. The Levenberg-Marquardt Method aims to limit the step-size to the extent
that the quadratic assumption holds [18].

The method can be expressed as [18]

Ωk+1 = Ωk −
(
∇ω∇TωC(Ωk) + µkI �∇ω∇TωC(Ωk)

)−1∇ωC(Ωk), (2.64)

where� denotes the Schur product. Note that this update step is very similar to the update
step of the Newton method, where the only difference is the term µkI � ∇ω∇TωC(Ωk)
being added to the Hessian.

The Levenberg-Marquardt method can be seen as a combination of Newtons method and
the steepest descent method. If µk � 1, then the update step is the normal Newton
method update step, as given in (2.60). If instead µk � 1, then the update step becomes

Ωk+1 = Ωk −
(
µkI �∇ω∇TωC(Ωk)

)−1∇ωC(Ωk), (2.65)

which is the steepest descent update step with a so called matched metric [18].

If we approximate the Hessian as the FIM, like in Fisher scoring, the update-step becomes

Ωk+1 = Ωk+
(
I(Ωk, s(t), σ

2) + µkI � I(Ωk, s(t), σ
2)
)−1∇ωL(x(t) | Ωk, s(t), σ

2),
(2.66)

which is the method we will mainly use for optimization throughout this thesis.

2.4 Bayesian Filtering

Filtering can be seen as an extension of estimation, where we allow the parameter to
change over time, according to some dynamic model [9]. In this work, we want to study
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how the DOAs change over time as a transmitter is moving. We consider a non-linear state
space model of the system with additive noise, which is given by

xk+1 = f(xk) + vk

yk = h(xk) + ek,
(2.67)

where xk is the state, yk is the measurement, vk and ek are noise terms, all at time k,
and f and h are two, possibly non-linear, functions, which in general are vector-valued,
hence the use of boldface notation.

2.4.1 The Kalman Filter

In the special case where f and h are linear functions, both the motion model and the
measurement model will be linear, i.e. f and h are simply linear transformations, and the
linear state space model of the system is then given by

xk+1 = Fxk +Gvk

yk = Hxk + ek,
(2.68)

where F and H are matrices, describing the motion and measurement respectively. For
this system, assuming that vk and ek are Gaussian, with covariances Cov(vk) = E{vkvTk } =
Q and Cov(ek) = E{ekeTk } = R, then the best linear unbiased filter is given by the
Kalman filter (KF) [9]. The Kalman filter was first proposed in 1960 by R. Kalman in
[10], providing a more practical solution to the Wiener problem, by operating only in
the time domain, as opposed to operating in the spectral domain. The KF is a recursive
algorithm that consists of two steps. The steps are

x̂k|k = x̂k|k−1 +Kkεk

Pk|k = Pk|k−1 −KkHPk|k−1,
(2.69)

and

x̂k+1|k = F x̂k|k

Pk+1|k = FPk|kF
T +GQGT ,

(2.70)

where

Kk = Pk|k−1H
T
(
HPk|k−1H

T +R
)−1

, (2.71)

and

εk = yk −Hx̂k|k−1. (2.72)

The indices of the state estimate, e.g. x̂k|k and x̂k|k−1, should be interpreted as ”the esti-
mated state at time k given observations up to, and including, time k” and ”the estimated
state at time k given observations up to, and including, time k − 1” respectively. The
indices of the state estimate covariances follow the same convention. Kk is called the
Kalman gain, and εk is called the innovation. Equation 2.69 is called the measurement
update, and equation 2.70 is known as the time update of the Kalman filter. The filter is
initialized with x̂1|0 = x0 and P1|0 = P0, which are chosen based on an initial state
estimate. More in depth information about the Kalman filter is given in e.g. [9].
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2.4.2 The Extended Kalman Filter

The Kalman filter, as described in the previous section, only provides a state estimation
algorithm for linear models. Thus, it is not applicable for general, non-linear, systems.
However, it is common to approximate the non-linear system of interest as linear by lin-
earizing f and h around the current state estimate using a Taylor expansion. From this,
we obtain measurement and time update steps similar to those of the standard Kalman
filter. This is refered to as the Extended Kalman Filter (EKF). In contrast to the KF, we
now also have to perform linearization in each step of the recursion. The measurement-
and time-update steps of the recursion for the EKF are given by [9]

x̂k|k = x̂k|k−1 +Kkεk

Pk|k = Pk|k−1 − Pk|k−1(h′(x̂k|k−1))TS−1k h′(x̂k|k−1)Pk|k−1
(2.73)

and

x̂k+1|k = f(x̂k|k)

Pk+1|k = Q+ f ′(x̂k|k)Pk|k(f ′(x̂k|k))T ,
(2.74)

respectively. Here Sk,Kk, and εk are given by

Sk = R+ h′(x̂k|k−1)Pk|k−1(h′(x̂k|k−1))T , (2.75)

Kk = Pk+1|k(h′(x̂k|k−1))TS−1k , (2.76)

and

εk = yk − h(x̂k|k−1), (2.77)

respectively. Additionally, f ′ and h′ denotes the Jacobians with respect to the state of f
and h, respectively.

2.4.3 An Alternative Form of the EKF

In this work we will not use the standard EKF as presented in [9], but rather the EKF given
in [13] and [20]. The reason for using this alternative form is motivated by computational
complexity. For a 100 antenna array, in the standard EKF we need to invert a 100 × 100
matrix, while for the alternative form we only need to invert a p×p matrix, where p is the
number of states in the model. In this thesis, we have that p = 6. Even though we assume
a linear motion model, we cannot use standard KF, since the measurement model is still
assumed to be non-linear.

In this form of the EKF, the measurement update is given by

Pk|k =
((
Pk|k−1

)−1
+ Jk

)−1
x̂k|k = x̂k|k−1 + Pk|k−1vk,

(2.78)

and the time update is given by
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x̂k+1|k = F x̂k|k

Pk+1|k = FPk|kF
T +Q.

(2.79)

In equation (2.78), Jk and vk are the FIM and score function respectively, both evaluated
at x̂k|k−1.

The Fisher information Jk is computed, with the formula given in [21], as

Jk = 2<{(DHΠ⊥a(Ω)D)� (wTa(Ω)†R̂(a(Ω)†)Hw)T }, (2.80)

where w =
[
1 1

]
. Note that Jk is only the FIM for the two incident angles, ϑ and ϕ.

Assume that we have m states other than ϑ and ϕ in our model. The FIM for all states is
then given by

J full
k = blkdiag (Jk,0m×m) , (2.81)

since we cannot deduce any information about the other states from the array output. The
score function vk is computed, with the formula given in [21], as

vk = −2<{diag(wTa(Ω)†R̂Π⊥a(Ω)D)}. (2.82)

Again, this is not as general as the EKF given in section 2.4.2, since a linear motion model
is assumed, which simplifies computations considerably. However, the linear constant
angular acceleration model, presented in section 2.4.4, still proves to yield good results,
despite only being an approximation of the true motion model.

2.4.4 Motion Models

In the previous sections, we have given an overview of different Kalman filter algorithms.
These were given for arbitrary systems, without any assumption on the governing func-
tions f and g. In practice, having a model that provides a good description of the system
dynamics at hand is of great importance [9], especially if we have high demands on accu-
racy, since a model that is a good approximation of the system will yield better filtering
results than one that is not.

In this thesis, we will use simple linear models to describe the dynamics of the system.
In the sections that follow, we will present three different motion models: the constant
angle, the constant angular velocity model, and the constant angular acceleration model.
These three motion models are all linear. The three models are closely related, and the
only difference is how many derivatives of the incident angles ϑ and ϕ that are included
in the state vector.

Constant Angle Model

The constant angle model is the first, and simplest, motion model we will use in this thesis.
The model assumes that the angles to be estimated, ϑ and ϕ, remain constant through time,
and that any change in these, driven by the process noise, is to be interpreted as a change
in ϑ and ϕ. The model is given by[

ϑk+1

ϕk+1

]
= I2×2

[
ϑk
ϕk

]
+ τI2×2w, (2.83)
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where the process noise, w, is assumed to be a two-dimensional real Gaussian random
variable, where the covariance ofw is assumed to be on the form σwI2×2. τ is the sample
time.

Constant Angular Velocity Model

In the constant angular velocity model, the incident angles ϑ and ϕ, are assumed to be
varying with a constant angular velocity. The process noise is to be interpreted as angular
acceleration, change in the angular velocity. The model is given by

ϑk+1

ϕk+1

ϑ̇k+1

ϕ̇k+1

 =

[
I2×2 τI2×2
02×2 I2×2

]
ϑk
ϕk
ϑ̇k
ϕ̇k

+

[
τ2

2 I2×2
τI2×2

]
w, (2.84)

where the process noise, w, is assumed to be a two-dimensional real Gaussian random
variable, where the covariance ofw is assumed to be on the form σwI2×2. τ is the sample
time.

Constant Angular Acceleration Model

In the constant angular acceleration model, the incident angles ϑ and ϕ are assumed to
be varying with a constant angular acceleration. The process noise is to be interpreted as
change in the angular acceleration. The model is given by

ϑk+1

ϕk+1

ϑ̇k+1

ϕ̇k+1

ϑ̈k+1

ϕ̈k+1

 =

I2×2 τI2×2
τ2

2 I2×2
02×2 I2×2 τI2×2
02×2 02×2 I2×2




ϑk
ϕk
ϑ̇k
ϕ̇k
ϑ̈k
ϕ̈k

+

 τ3

6 I2×2
τ2

2 I2×2
τI2×2

w, (2.85)

where the process noise, w, is assumed to be a two-dimensional real Gaussian random
variable, with covariance ofw is assumed to be on the form σwI2×2. τ is the sample time.
The constant angular acceleration model is the motion model used in the EKFs throughout
this thesis.





3
Simulation Setup

In this section we present simulation results generated in the same simulation environment
as used in [13]. There are, however, a few key differences. In this work, we consider the
case where the antennas of the antenna array observe different angles (i.e. no geometric
far-field assumption). Also, we only use vertical dipoles (both at the UE and base station),
i.e. we do not employ polarimetric antennas in the antenna array, which could possibly
improve performance.

3.1 The Madrid Grid

The Madrid Grid refers to the METIS Madrid grid environmental model, is a model
of a dense urban city. It is a compromise between a realistic urban setting, i.e. non-
homogenous building layout, and existing models like the Manhattan grid [16].

The Madrid Grid represents the urban Madrid street grid. In particular interest to us is the
Gran-Via, a large street in central Madrid. An overview of the Madrid Grid, where the
Gran-Via is highlighted, is depicted in Figure 3.1.

3.2 Base Station

In all the simulations the same base station position will be used. This base station will
be placed at the bottom of the Gran-Via at a height of 50 m.

All simulations are done using a URA of either 25 or 100 antennas in the base station. The
antenna elements in the array are modeled as vertical dipoles.

At each antenna, noise is added according to the model given in equation 2.5. The noise
variance is chosen as σ2 ≈ −115 dBm, which is thermal noise in addition to a 5 dB noise

25
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Figure 3.1: An illustration of the Madrid grid, where the Gran-Via is highlighted in
yellow.

figure. The bandwidth is 240 kHz.

3.3 User Equipment

Throughout the simulations, the UE will be modeled as a vertical dipole. In the simula-
tions, the UE will use transmit powers of 21 dBm and 10 dBm. These values follow from
that, in LTE, 21 dBm is the maximum allowed transmit power, and 10 dBm was consid-
ered reasonable from a UE power consumption perspective. The UE will, throughout this
thesis always be 1.5 m above the ground. This is assumed to be known at the base station.
The orientation of the UE is fixed throughout the simulation, which is reasonable, since it
is assumed to be mounted on a vehicle.

3.4 Transmission of Pilot Reference Signals

Tracking will be done using two different rates of transmitted pilot signals, 10 pilots
per second, and 100 pilots per second. In massive MIMO, a pilot signal is sent in each
coherence interval. The coherence time depends on the UE velocity and the propagation
channel, but is in the order of a milli-second. In the simulator, there is a pilot signal
opportunity every 0.2 ms. This means that with the pilot rates we have chosen, we utilize
every fiftieth or five-hundredth pilot signal opportunity in our tracking.

3.5 Channel Model

The simulator uses a ray-tracing based model, meaning that we have a multipath channel.
In a multipath channel, the transmitted signal reaches the receiver by several paths. An
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illustration of a multipath channel can be seen in Figure 3.2. The ray-tracing takes the
3D-structure of the Madrid Grid into account [13].

TX RX

Scatterer

Line of Sight Path

Multipath

Figure 3.2: An illustration of a multipath channel.

Intuitively, one would assume that the channel gain would be smaller for positions further
away on the highway. However, since multipath components are included in the simula-
tions, this is not the case for us, which can be seen in figure 3.3. Note that the path loss
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Figure 3.3: Heat map of the channel gain for different positions on the Gran-Via,
illustrating the effects of the multipath channel

is smaller than in a typical outdoor scenario because the Gran-Via constitutes an urban
canyon.

Since the simulator uses vertical dipoles both at the base station and at the UE, the signal



28 3 Simulation Setup

power received at the base station is extremely small when the UE is close to the base
station or directly underneath it. This is why the bottom 20 % of the Gran-Via are not
included in the presented results.



4
Simulations

In this chapter, the simulations that were done as part of this thesis work are presented
and discussed. First we present simulations that were conducted in order to verify that the
derived DML estimator attains the CRB in high SNR. Secondly, we give the simulations
done in the simulator provided by Huawei Technologies, that is based on the METIS
Madrid Grid.

4.1 Performance of the Derived DML Estimator

In this section we present a performance analysis of the DML estimator derived in section
2.2.2. The data used was generated using the exact model given in 2.5, for a two different
antenna geometries (UCA and URA), using both 25 and 100 antennas for both geometries,
where the 100 antenna array were used to represent a Massive MIMO antenna array. The
carrier frequency used was 2.5 GHz. The same incident angles were used when generating
the data for all antenna configurations considered. The MSEs were obtained by averaging
the square estimation errors over 1000 realizations.

4.1.1 Uniform Cylindrical Array

In this section we compare the theoretical performance between two antenna arrays with a
different number of antennas, but the same geometric structure. The Uniform Cylindrical
Array (UCA) consists of several Uniform Circular Arrays, stacked on top of each other.
Both the 25 and the 100 antenna array were comprised of five Uniform Circular Arrays,
where each layer was composed of 5 and 20 antennas respectively.

We now investigate the performance of the derived DML estimator. We also investigate
if there is an increase in performance by using an increased number of antennas. To do
so, we compare the MSE and the CRB for variable SNR. We do this both for co-elevation

29



30 4 Simulations

estimation and azimuth estimation, and for the 25 and 100 antenna arrays. This is de-
picted for co-elevation estimation and azimuth estimation in Figure 4.1 and Figure 4.2
respectively.
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Figure 4.1: MSEs vs CRBs in co-elevation estimation for variable SNR for UCA of
25 and 100 antennas respectively

In these figures we clearly see that the CRBs are attained, in high SNR, both for co-
elevation estimation and azimuth estimation, and also using both 25 antennas and 100
antennas. We also observe that the CRB is lower for the 100 antenna array than for the 25
antenna array, meaning that performance increases with the number of antennas.

4.1.2 Uniform Rectangular Array

In this section we compare the theoretical performance between two antenna arrays with a
different number of antennas, but the same geometric structure. The Uniform Rectangular
Array (URA) consists of n× n equispaced antennas in the same plane, i.e. the 25 and 100
URAs used are arranged in grids of 5× 5 and 10× 10 antennas respectively.

We now investigate the performance of the derived DML estimator, as well as investigate
the increase in performance by using an increased number of antennas. To do so, we
compare the MSE and CRB for variable SNR, both for co-elevation estimation and azimuth
estimation, and for both using 25 and 100 antennas. This is depicted for co-elevation
estimation and azimuth estimation in Figure 4.3 and Figure 4.4 respectively.

Just like for the UCA, we clearly see that the CRBs are attained, in high SNR, both for
co-elevation estimation and azimuth estimation, and also using both 25 antennas and 100
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Figure 4.2: MSEs vs CRBs in azimuth estimation for variable SNR for UCA of 25
and 100 antennas respectively
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Figure 4.3: MSEs vs CRBs in co-elevation estimation for variable SNR for Uniform
Rectangular Arrays of 25 and 100 antennas respectively

antennas. We also observe that the CRB is lower for the 100 antenna array than for the 25
antenna array, meaning that performance increases with the number of antennas.
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Figure 4.4: MSEs vs CRBs in azimuth estimation for variable SNR for Uniform
Rectangular Arrays of 25 and 100 antennas respectively

4.1.3 Discussion

We have seen that the CRB is attained for the derived DML estimator for both antenna
geometries, and for both numbers of antennas, that were studied.

For both antenna geometries, we also note that the CRB is lower for the antenna with
more antennas. We conclude that an antenna array with more antennas is capable of more
accurate positioning.

4.2 DOA Estimation, Position Estimation and
Tracking on the Madrid Grid

In this section we present the simulation results from the simulator provided by Huawei
Technologies. The simulation results are mainly presented using complementary cumu-
lative distribution functions CCDFs. In order to visualize the RMSE for estimation of the
different parameters for different positions on the Gran-Via, color plots (which we will
call heat maps) are used. An example of a heat map can be found in Figure 3.3. To make
small differences distinguishable, the errors equal to or larger than some threshold will be
visualized as the same color (yellow). This truncation does disregard some information.
However, this data is instead preserved in the CCDFs.

Since the base station will receive different signal powers for different distances to the
UE, it is natural to present simulation results for different parts of the Gran-Via. We will
divide the Gran-Via into three parts. These are called Cell A, Cell B and Cell C. Cell A
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is the full Gran-Via, Cell B is the upper half of the Gran-Via (300 m−500 m from the
base station) and Cell C is the lower half of the Gran-Via (100 m−300 m from the base
station). A visualization of the three cells can be seen in Figure 4.5
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Figure 4.5: Cell A, Cell B and Cell C highlighted on the Gran-Via.
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In all simulations, the car starts at the far end of the Gran-Via and drives towards the base
station in a straight line at 50 km/h.

Instead of presenting plots for all possible parameter configurations, e.g. 25 and 100 an-
tennas, 10 dBm and 21 dBm UE transmit power, we will reduce the number of plots
presented by doing head to head comparisons. For instance, we will compare the posi-
tioning performance for the 25 antenna array to the positioning performance of the 100
antenna array. After this comparison is made, we will only use the better one, since we
are only interested in the best possible positioning performance we can achieve. Not all
plots will be presented in these comparisons, but for all parameter configurations that are
discussed, all CCDF plots and all heat maps can be found in the appendix.

4.2.1 Performance with Different Number of Antennas

In this section we compare positioning performance between base stations of 25 and 100
antennas, in order to investigate whether we obtain a performance gain by increasing the
number of antennas.

The comparison is made by studying the CCDF of the position estimation error for both
number antennas for a fixed transmit power of 10 dBm, and the same method for position
estimation (DML). These CCDFs for 100 and 25 antenna arrays can be found in Figure 4.6
and Figure 4.7 respectively.
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Figure 4.6: CCDF for a 100 antenna array using the DML and a transmit power of 10
dBm.

By studying these figures we conclude that the antenna array with 100 antennas yields
better performance for positioning, e.g. the 100 antenna array can provide positioning
with an error less than 15 m in 80 % of all cases, while the 25 antenna array can only
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Figure 4.7: CCDF for a 25 antenna array using the DML and a transmit power of 10
dBm.

provide an error less than 20m in 80 % of all cases.

Since we have concluded that the 100 antenna array provides better performance, we
will only use the 100 antenna array in the coming simulations, and instead vary other
parameters, such as the transmit power.

4.2.2 Performance with Different Transmit Powers

In this section we compare positioning performance for two different UE transmit powers,
10 dBm and 21 dBm. We do this in order to investigate whether we could obtain a
performance gain by an increase in UE transmit power.

The comparison is made by studying the CCDF of the position estimation error for both
transmit powers for a 100 antenna array, and the same method for position estimation
(DML). The CCDF:s for 10 dBm and 21 dBm UE transmit powers can be found in Fig-
ure 4.6 and Figure 4.8.

By studying these two figures, we can conclude that there is no significant gain from using
a UE transmit power of 21 dBm over a UE transmit power of 10 dBm. The performance
using these two transmit powers is almost identical, while the UE has roughly ten times
the transmit power. Since energy consumption is a concern of the UE we will henceforth,
without significant loss in positioning accuracy, only use a UE transmit power of 10 dBm.

One reason for not observing a performance improvement with increasing signal power
is believed to be that we are operating in the high-SNR regime, where the errors in posi-
tioning are caused by errors in our model instead of by the additive noise. Our estimator
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Figure 4.8: CCDF for a 100 antenna array using the DML and a transmit power of 21
dBm.

assumes that all antennas in the array see the same DOA, while this is not the case in
reality, nor in the channel generation.

4.2.3 Performance of Filtering with Different Update Intervals

In this section, we compare the positioning performance using EKFs with different update
intervals, both using the constant angular acceleration model. In every transmission time
interval (TTI), there is a pilot signal opportunity. One TTI corresponds to the coherence
time. The different update intervals are given by how many TTIs there are in between
two utilized pilot signals. The two update intervals used are 50 TTI and 500 TTI, corre-
sponding to utilizing 100 pilot signals and 10 pilot signals, respectively, for positioning
every second, assuming a 0.2 ms coherence time. The comparison will be made for a 100
antenna array and for a 10 dBm UE transmit power.

The positioning error CCDFs for EKFs with update intervals of 50 TTI and 500 TTI can
be found in Figure 4.9 and Figure 4.10 respectively. By studying these two figures we
can conclude that the EKF using an update interval of 500 TTI yields a slightly better
result for Cell C, where it could guarantee a positioning error less than 8 m. However,
the EKF using the 50 TTI update interval has a CCDF with a slightly less heavy tail, with
a worst case positioning error of 47.5 m. The EKF using the 50 TTI update interval is
expected to perform better, since it would utilize more measurements, an effect expected
to be more apparent for higher velocities of the UE. The reason why it is not achieving
better accuracy for the entire highway in our simulations, compared to the 500 TTI EKF,
is believed to be due to model errors and tuning of the state noise. Since the performance
of the two filters was so similar, it is difficult to deduce which one is better. However, in
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Figure 4.9: CCDF for a 100 antenna array using the EKF with 50 TTI update interval
and a transmit power of 10 dBm.
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Figure 4.10: CCDF for a 100 antenna array using the EKF with 500 TTI update
interval and a transmit power of 10 dBm.

future comparisons, we chose to only use the 500 TTI EKF, due to its accuracy in Cell C,
which is the highest we have achieved so far.
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4.2.4 Performance of Filtering and Batch Estimation

In this section we compare positioning performance using an EKF with 500 TTI update
interval, and positioning performance using only a DML estimate. We do this in order
to investigate whether we could obtain a performance gain by using an EKF over only
using DML estimates. The EKF is expected to perform better, since it accounts for how
the vehicle is expected to move, and utilizes previous state estimates.

We start by studying the CCDF of the position estimation error both using the EKF and
using the DML estimator. These can be found in Figure 4.10 and Figure 4.6. Even though
there is not a large difference, the EKF outperforms the DML in Cell C, e.g. the EKF can
with absolute certainty perform positioning with an error less than ≈ 8 m, while the
DML guarantes an error less than ≈ 8.5 m. Remember that the EKF was expected to out-
perform the DML. For Cell A however, the DML could perform positioning with an error
of less than 18.5 m with 90 % certainty, while the EKF could only achieve an error less
than ≈ 19.5 m with the same certainty.

In order to explain why the DML is sometimes better than the EKF, we study the CCDF
of the co-elevation estimation error, both using the DML and the EKF. These CCDFs are
depicted in Figure 4.11 and Figure 4.12, respectively. In these plots, we observe two
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Figure 4.11: CCDF for a 100 antenna array using DML and a transmit power of 10
dBm.

things that one might consider strange. The DML seems to yield similar accuracy both in
Cell B and Cell C, even though the base station receives less signal power in Cell B. This
can be explained by the fact that the model errors outweigh the estimation errors (i.e. that
we are operating in a high-SNR regime). Secondly, and more interestingly, from Figure 4.9
we get that the positioning using the EKF was more accurate in Cell C than in Cell B, but
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Figure 4.12: CCDF for a 100 antenna array using the EKF with 500 TTI update
interval and a transmit power of 10 dBm.

from Figure 4.12 we see that estimation of the co-elevation DOA is more accurate in Cell
B. Moreover, if we instead study the CCDFs of the azimuth estimation errors for both
DML and the EKF, depicted in Figure 4.13 and Figure 4.14, we see that the DML again
yields similar performance in both cells, while the EKF has more accurate azimuth DOA
estimation in Cell C. This is because the filter was tuned based on positioning accuracy
for the full highway, where accuracy in co-elevation estimation is more important further
away and accuracy in azimuth estimation has more impact nearby.

We will now present an illustration regarding tuning the state noise. Consider the simpli-
fied scenario depicted in Figure 4.15. Here, the UE is moving towards the base station
with velocity v = 50 km/h ≈ 14 m/s. The height of the UE and base station is 1.5 m and
50 m respectively. The UE is assumed to be at distance d meters from the base station at
time t = 0. The DOA, θ can then be written as

θ(t, d) = arctan

(
48.5

d− 14t

)
. (4.1)

The design parameter when using the constant angular acceleration model with the EKF
is the state noise, which corresponds to the third derivative with respect to time of θ,

...
θ .

Estimates of the appropriate process noise magnitude for the different parts of the highway
can be obtained by evaluating

...
θ (0, d) for d = 100 m and d = 500 m respectively. We

obtain
...
θ (0, 100) ≈ 4 · 10−3 rad/s3 and

...
θ (0, 500) ≈ 1.2 · 10−5 rad/s3. This means that

the state noise should have different orders of magnitude for different parts of the highway,
at least when tracking the co-elevation.

The state noise was tuned to obtain as good position estimation CCDF for the entire Gran-
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Figure 4.13: CCDF for a 100 antenna array using DML and a transmit power of 10
dBm.
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Figure 4.14: CCDF for a 100 antenna array using the EKF with 500 TTI update
interval and a transmit power of 10 dBm.

Via, but since the state noise for the change in co-elevation should be of different orders
of magnitude for different parts of the Gran-Via, the state noise for the tuned filter is
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θUE

BS

v

Figure 4.15: A simplified overview of the simulation setup.

a compromise between a filter that is good for the parts near the base station and the
parts further away. Another issue is that the state noise for both co-elevation and azimuth
is identical in our model, which is not realistic, since, in our case, the co-elevation is
expected to change, while the azimuth is expected to remain somewhat constant. We have
now given a reason as to why the EKF is not outperforming the DML as would be expected.

When tuning the state noise, it is much more important for the EKF to provide accurate co-
elevation estimation for the parts of the highway that are far away from the base station,
since there a small co-elevation DOA estimation error gives rise to a larger positioning
error than near the base station. This is depicted in Figure 4.16. Using the notation in

Δ

θ
θ+Δθ

Δh

Figure 4.16: An illustration of the positioning error caused by an error in estimation
of the co-elevation DOA

Figure 4.16, we obtain an expression for the positioning error ∆d caused by an estimation
error of the co-elevation DOA, ∆θ as

∆d = ∆h(tan(θ + ∆θ)− tan(θ)). (4.2)
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A plot of ∆d for 0 ≤ θ < π
2 , with ∆θ = 0.01 rad, can be seen in Figure 4.17. We
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Figure 4.17: An plot of the positioning error caused by an error in estimation of the
co-elevation DOA.

conclude that since it is of much greater importance that the state noise is tuned so that
the EKF performs well, co-elevation-wise, in the parts of the highway that are far away,
the best EKF, which was tuned with respect to positioning accuracy for the full highway,
has better co-elevation estimation performance in these parts.

The positioning error due to error in azimuth estimation is proportional to the distance
between the UE and the base station. For the areas that are far away from the base station,
this error is dominated by the error caused by errors in the co-elevation estimation. This
means that the errors in azimuth estimation are more significant in areas near the base
station, where the errors in co-elevation estimation have less impact. This is why the
tuned filter has better accuracy in azimuth estimation in the parts of the highway that is
near the base station.

In order to improve performance, we could e.g. either estimate the state noise (by having
it as a state), or a filter bank, where many separate Kalman filters are used, and then
choosing the one with the smallest prediction error, see e.g [9].

The results from the simulations presented in this section also makes it possible to draw
conclusions regarding the deployment of base stations. We showed that, using a massive
MIMO base station of 100 antennas we could achieve a positioning error of less than 8 m
when the UE was 100 m-300 m from the base station. Thus, if this accuracy is considered
satisfactory, one should deploy base stations every 600 m. If the accuracy achieved for
the full highway, where we could guarantee a positioning error of less than 18.5 m with a
90% certainty, is considered satisfactory, then it would be enough to deploy base stations
so that it is at most 1000 m in between them. Significant improvement of positioning
accuracy is believed to be possible by using more sophisticated filtering methods.





5
Conclusion

In this chapter we conclude the thesis. We present the conclusions we have made, but
also give some suggestions for future work, that should improve positioning performance
even more.

5.1 Concluding Remarks

In this thesis the performance of massive MIMO systems for positioning, using both fil-
tering and batch estimation was studied. By simulations, we have found answers to the
questions we aimed to answer in this thesis:

1. What is the positioning accuracy a massive MIMO system can achieve in open high-
ways

Using the EKF we managed to achieve a position estimation error of less than 8
meters when the UE was near (100 m-300 m) the base station. This is a result that
most likely could be improved by using better filtering methods, where the state
noise is varying, or where different models could be used for different parts of the
highway.

We also saw that using a UE transmit power of 21 dBm instead of a UE transmit
power of 10 dBm yields no significant improvement in positioning performance.
This means that we can reduce power consumption in the UE, without sacrificing
positioning accuracy.

2. Does increasing the number of base station antennas improve positioning accu-
racy?

We concluded that positioning accuracy was improved, both in theory and practice,
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when using a larger number of antennas in the base station array.

3. How should base stations be deployed to maintain a high positioning accuracy?

The base station deployment depends on the desired positioning accuracy. If an
accuracy of 8 m is needed, then base stations should be deployed every 600 m. If
instead it would be considered acceptable to have a positioning error less than 18.5
m with a 90 % certainty, then it is sufficient for the base stations to be deployed
every 1000 m.

5.2 Future Work
In the very beginning of this thesis, a number of limitations were posed on its scope. It
is therefore natural to let these limitations be the starting point for future work. A list of
suggestions for future work follows. In particular,

• only positioning and tracking of a single vehicle is studied. In order to ensure that
the results in this thesis are also achievable in practice, one should study the case
where there are pilot contamination from UEs in neighbouring cells.

• positioning was done by assuming the height of the UE, and we saw that a small er-
ror in the estimated DOA could result in a large positioning error. It would therefore
be interesting to study what positioning performance we could obtain, if we could
take the curvature of the wavefront into account.

• we concluded that using the same process noise for the entire highway did not yield
better results than the ones obtained from raw DML. It is therefore natural to study
what performance we could achieve if we were to use a better filtering method, such
as an adaptive Kalman filter or a filter bank approach.

• we only studied the performance gain of using more antennas in the antenna ar-
ray. It would also be interesting to study the positioning performance for different
antenna geometries and for different apertures.

• parameterization of the steering vector was only done by the co-elevation and az-
imuth DOAs. It would be interesting to study the positioning performance if we
instead were to parameterize the steering vector by the position of the vehicle, it
is possible that we could circumvent the large positioning errors caused by small
errors in the co-elevation estimation for positions far away on the Gran-Via.



Appendix





A
Simulation Plots

In this chapter of the appendix present some plots that were omitted in the thesis itself. We
give CCDFs and heat maps for the position estimation error, the co-elevation estimation
error, and the azimuth estimation error, for all parameter configurations that were used in
the simulations chapter. The reason that some plots are given both here and in the thesis is
to aid in interpretation of the simulation results. The plots for the different configurations
are given in the same order as they appear in the thesis.
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Figure A.1: CCDFs for position, co-elevation and azimuth estimation for a 25 antenna array using the DML and a transmit power of
10 dBm.
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Figure A.2: Heat maps for position, co-elevation and azimuth estimation for a 25 antenna array using the DML and a transmit power
of 10 dBm.
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Figure A.3: CCDFs for position, co-elevation and azimuth estimation for a 100 antenna array using the DML and a transmit power of
10 dBm.
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Figure A.4: Heat maps for position, co-elevation and azimuth estimation for a 100 antenna array using the DML and a transmit power
of 10 dBm.
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Figure A.5: CCDFs for position, co-elevation and azimuth estimation for a 100 antenna array using the DML and a transmit power of
21 dBm.
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Figure A.6: Heat maps for position, co-elevation and azimuth estimation for a 100 antenna array using the DML and a transmit power
of 21 dBm.
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Figure A.7: CCDFs for position, co-elevation and azimuth estimation for a 100 antenna array using the EKF with an update interval of
50 TTI and a transmit power of 10 dBm.
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Figure A.8: Heat maps for position, co-elevation and azimuth estimation for a 100 antenna array using the EKF with an update interval
of 50 TTI and a transmit power of 10 dBm.
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Figure A.9: CCDFs for position, co-elevation and azimuth estimation for a 100 antenna array using the EKF with an update interval of
500 TTI and a transmit power of 10 dBm.
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Figure A.10: Heat maps for position, co-elevation and azimuth estimation for a 100 antenna array using the EKF with an update
interval of 500 TTI and a transmit power of 10 dBm.
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