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Abstract  
 

Variable selection techniques have been well researched and used in many 

different fields. There is rich literature on Bayesian variable selection in linear 

regression models, but only few of them are about mixed effects. 

 

The topic of the thesis is Bayesian variable selection in linear mixed effect 

models. The choice of methods to achieve this goal is to induce different 

shrinkage priors. Both unimodal shrinkage priors and spike-and-slab priors are 

used and compared. The distributions that have been chosen, either as unimodal 

priors or parts of the spike-and-slab priors are the Normal distribution, the 

Student-t distribution and the Laplace distribution. 

 

Both the simulations and the real dataset studies have been carried out, with the 

intention of investigating and evaluating how good the chosen distributions are 

as shrinkage priors. 

 

Obtained results from the real dataset shows that spike-and-slab priors yield 

more shrinkage effect than what unimodal priors does. However, inducing 

spike-and-slab priors carelessly without any consideration if the size of the data 

is sufficiently large enough may lead to poor model parameter estimations. 

Results from the simulations studies indicates that a mixture of Laplace 

distribution for both the spike and slab components is the prior that yields the 

highest shrinkage effect among the investigated shrinkage priors. 
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1 Introduction 
 

1.1 Background  

Regression analysis is a common statistical technique for investigating and 

modeling the relationship between dependent and independent variables. This 

modeling technique has been widely used in many fields, including 

engineering, economics, management, biological, chemical, physical and social 

sciences. One could say that regression analysis may be the most common used 

statistical technique (Montgomery et al. 2012). As an example of a problem 

where regression analysis may be useful, suppose that a school supervisor want 

to examine how well first year high school students perform in a math test. As 

the supervisor has previous experience, he knows that in general if one does the 

recommended math assignments and attends classes, one would normally do 

well in the test. If we let 𝑦 represent the results of the math score, and 𝑥 

represent the number of math classes attended, then we could model the 

relationship between 𝑦 and 𝑥 as a simple linear regression model.  

 

Repeated measures are commonly collected for analysis in the research area of 

epidemiology, clinical trials, biology, sociology, and economic science (Cai 

and Dunson, 2008). Data on students within school classes can be seen as a 

repeated measures study. A class can be seen as an observation, and responses 

from students in the same class can be seen as repeated measures for the class. 

In contrast to studies that collects single measures per subjects, studies on 

subjects within groups (e.g. children in families, students in classes) have the 

added complication of within-group dependence. Such dependence may lead to 

variation in the average level of responses among groups, which justifies the 

regression coefficients in a regression model to be group-specific. A regression 

model with only group-specific regression coefficients is called a random 

effects model. However, there are often variables that are correlated with the 

population averaged response, which implies fixed effects components that are 

not group specific. Linear regression models containing both fixed and random 

effects components are known as linear mixed models (Bates, 2005). 

 

The problem with finding an optimal model from a set of plausible models has 

troubled the minds of many statisticians. In many statistical analyses the 

approach of finding the optimal model is to select the best subset of all 

available variables to be included in the model. Variable selection in the linear 

mixed effects model can be done by using both frequentist and Bayesian 

approaches. The fundamentals of Bayesian inference is the process of inducing 

a probability model on both the parameters and the data, and summarize the 

results by a probability distribution on the parameters of the model. Gelman et 

al. (2014) summarized the process of Bayesian data analysis into three steps: 

1) Set up a full probability model: a joint posterior distribution for all 

observable and unobservable quantities in a problem. 
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2) Obtain the appropriate posterior distribution: calculate and interpret the 

conditional probability distribution of the unobserved quantities of 

interest, given the observed data. 

 

3) Evaluation of the fitted model and implication of the resulting posterior 

distribution: how well does the model fit the data and if the substantive 

conclusions are reasonable.  

 

Bayesian inference about a parameter 𝜃 in terms of a probability statement 

given the observed data 𝑦 can be written as  

 

𝑝(𝜃|𝑦) ∝ 𝑝(𝜃) ∗ 𝑝(𝑦|𝜃)                                            (1.1) 
 

Or in words, the posterior distribution 𝑝(𝜃|𝑦) is proportional (∝) to the prior 

distribution 𝑝(𝜃) times the likelihood 𝑝(𝑦|𝜃). Equation (1.1) is also known as 

Bayes theorem, without the normalizing constant (𝑝(𝑦)). 

 

One might prefer to use Bayesian methods over the frequentist approach when 

working with random effects, given the practical advantages, such as these ones 

mentioned by Kinney and Dunson (2008); 

 Lack of reliance on asymptotic approximations to the marginal 

likelihood or to the distribution of the likelihood ratios test statistic. 

 Allowance for including prior information to fully account for model 

uncertainty through a probabilistic framework. 

 

There is rich literature on both Bayesian (e.g. Lee et al., 2003; Tadesse et al., 

2005;Liang et al., 2008; O’Hara and Sillanpää, 2009) and frequentist methods 

for variable selection in the linear regression with focus on the fixed effects 

component, but variable selection for mixed effects model has received much 

less attention. One reason for this is because the common perspective that the 

primary focus of inference should be on the fixed effect, while the random 

effect is seen as nuisance parameters, needed to account for the complications 

of within subject dependence (Kinney and Dunson, 2007). There have only 

been a few studies on Bayesian variable selection for the linear mixed effects 

model. Most work regarding linear mixed effects models has focused on the 

variance of the random effects, where a very small variance around zero for the 

posterior distribution of a group specific regression coefficient implies no 

random effects. This approach has received most attention for high-

dimensional problems and might be too simplified for a low-dimensional 

random effects problems. Therefore, it has been suggested to implement other 

methods for Bayesian variable selection in random effects models in the low 

dimensional space. Suggestions such as using different priors, e.g. unimodal 

shrinkage priors or spike-and-slab priors were suggested by Fr�̈�hwirth-

Schnatter & Wagner (2010).   
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1.2 Previous work 

O’Hara and Sillanpää (2009) introduced some important concepts and 

properties regarding the methodologies of Bayesian variable selection in linear 

regression model. Concepts and properties that were mentioned were 

sparseness, tuning, adaption, analytical integration and model averaging. 

Different Bayesian variable selection methods were compared, methods such as 

Gibbs Variable Selection, Stochastic Search variable Selection (SSVS) , 

adaptive shrinkage with Jeffrey’s prior or Laplace prior. The chosen methods 

were compared among each other, with respect to an overall qualitative 

assessment of different aspects, such as computational speed and number of 

effective sample sizes. The conclusion of interest from their simulation studies 

is that the Bayesian LASSO appears not to shrink the variables with small 

effect, as the spike is relatively flat. They suggest that sparsity has to be forced 

onto the model, since the data itself may not demand it.  

 

Fr�̈�hwirth-Schnatter & Wagner (2010) were interested to find unit-specific 

random effects that deviate from the overall mean, instead of the classical 

discrimination where the random effects either exist or not. This was achieved 

by using different smoothing unimodal shrinkage priors and smoothing spike-

and-slab priors. They considered unimodal distributions such as Normal, 

Student-t and Laplace as shrinkage priors. Same distributions were used as 

components for the spike-and-slab priors. Four different simulated datasets 

were produced to compare the chosen priors. The diagnostic measurement they 

used to evaluate the shrinkage priors was root mean square error (RMSE) for 

different parameters. Fr�̈�hwirth-Schnatter and Wagner (2010) could not 

identify a consistently best component distribution from the simulated study; 

however they could distinguish a few notable features. 

The results indicated that spike-and-slab priors are preferable as a random 

effects distribution, if individual variable selection is of interest. 

 

Kinney and Dunson (2008) were focusing on the Bayesian approach for 

selecting fixed and random effects simultaneously. Their target models are the 

linear and logistic mixed effects model. They discussed how Markov chain 

Monte Carlo (MCMC) algorithms is typically used to produce autocorrelated 

draws from the parameters joint distribution, when the posterior distribution 

cannot be derived analytically. Other useful Bayesian methods such as 

inclusion probability for a variable to be included in a model, and the 

importance of choosing appropriate priors, were also mentioned. They 

concluded that chains obtained by using Gibbs sampling methods tend to have 

slow mixing and convergence for the random effect model parameters.   

 

Cai and Dunson (2008) follow the same Bayesian approach as Kinney and 

Dunson (2008), but they were looking into a wider class of generalized linear 

mixed models (GLMMs). They utilized the common tactical approach, using 

finite mixture priors with point mass at zero to reduce the fixed effects while 

the random effects component is controlled by choosing a careful 
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decomposition of the random effect covariance matrix. A standard prior for the 

parameters in the covariance matrix is the Wishart prior.  

 

1.3  Thesis Objective  

The lack of existing literature for Bayesian variable selection in linear mixed 

effects (LME) models compared to other mixed regression methods has 

motivated me to work with this type of modeling. The Bayesian approach will 

be used since it clearly has advantages over the frequentist approach, when it 

comes to applying LME models. The objective of this thesis is to do Bayesian 

variable selection in linear mixed effects models by inducing different types of 

spike-and-slab priors. Adhering to Fr�̈�hwirth-Schnatter and Wagner (2010) 

suggestions, I will mainly focus on the low-dimensional space.  

 Here is a list of bullet points that concretizes the aims;   
 

 

 Find out how large the dataset needs to be, for being sufficiently large 

enough to be used when inducing different spike-and-slab priors to both 

the fixed effects and the random effects in linear mixed models. 

 

 Compare unimodal shrinkage priors and spike-and-slab shrinkage priors 

to identify advantages and disadvantages of the usage of spike-and-slab 

priors. 

 

 Identify which among the chosen spike-and-slab priors is the preferable 

one to be used. 

 

 

The continuation of the thesis is structured as follows: Chapter 2 provides 

conceptual theories that are needed to understand the main methods applied in 

this thesis.  Chapter 3 describes the methodology and models applied in the 

thesis. Chapter 4 includes a general description of the datasets used in the 

thesis, followed by the results reported in chapter 5. The relevant findings of 

the results are summarized and discussed in chapter 6. Finally, subjective 

conclusions, as well as suggestions for future work are drawn in chapter 7. 
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2 Theory 
This chapter describe theories that are necessary to know, to be able to 

understand the methods used in the thesis. A general definition, and the goals 

with variable selection in linear regression models are described in section 2.1.   

Section 2.2 describes the Bayesian approach for variable selection in linear 

regression models. The basic concepts, properties and shrinkage priors used in 

the thesis are also introduced here.       

2.1 Variable selection in linear regression models 

2.1.1 General definition 

Variable selection is a statistical technique for selecting, from a potentially 

large set of observed variables, a smaller subset which by itself can provide a 

good explanation of the occurrence under study. More formally, variable 

selection in linear regression models procedure refers to the task of discovering 

the best subset of explanatory variables, by estimating 𝜷 = {𝛽1, 𝛽2 , … , 𝛽𝑝} , a 

set of coefficients that describe a relationship between a set of independent 

variables 𝑿 = {𝑋1, 𝑋2 , … , 𝑋𝑝} and the dependent variable 𝑦. For example, 

consider a simple linear regression model, but extended with 𝑝 independent 

variables, 

 

𝑦𝑖 = 𝛽0 + 𝛽1 ∗ 𝑥𝑖1 + 𝛽2 ∗ 𝑥𝑖2 + ⋯ + 𝛽𝑝 ∗ 𝑥𝑖𝑝 + 𝜖𝑖                      (2.1) 

 

where  𝑖 =  1,2, … , 𝑛 observations and the residuals is assumed to be Normally 

distributed with zero mean with a unknown variance 𝜖𝑖~𝑁(0, 𝜎𝑒
2). 

 Since there are 𝑝 independent variables, where each of them can either be, or 

not be included in the model, implies that there exists 2𝑝 different potential 

models. Stepwise regression, with either forward selection or backward 

elimination may be used to find the best subset with the most influential 

explanatory variables on the dependent variable. However, if 𝑝 is moderately 

large, then stepwise regression will be impractical to use. Therefore, efficient 

search algorithms, such as the SSVS from George and McCulloch (1997), are 

needed to explore all possible 2𝑝 models, or at least the most promising ones. 

Apart from finding the most influential independent variables, investigating the 

correlation and structural relationship between the independent variables is also 

of interest. High correlation between independent variables implies 

redundancies. Two variables that has no influence effect on the dependent 

variable by themselves may be useless. However, an interaction between them 

may yield a significant influence to the dependent variable (Guyon and 

Elisseeff, 2003).  
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2.1.2 Objective of variable selection 

There are two main goals with using variable selection methods in statistical 

analysis: 

(1) Prediction – construct an effective method to predict future observations 

and eliminate redundant predictors that cause over-fitting and might worsen the 

predictive performances.  

(2) Interpretation - find the most influential predictors that explain the main 

variation effect, which leads to a better understanding of the underlying 

process.   

Accomplishing both of these goals simultaneously is typically not possible, 

since prediction accuracy is often compromised by conciseness and 

interpretability. When the aim is to explain the response, the important thing is 

to select only these explanatory variables that have high influence for the 

relationship, between the response and the predictors. When prediction of the 

response is the aim, actual choice of explanatory variables are of less 

importance, as long as the fitted values of the response variable is good. 

However, selecting only the important explanatory variables pays off in terms 

of optimization of prediction error on predicted data. Optimal prediction will 

rarely occur by a single regression model without some form of model 

averaging (Rockova, 2013). 

2.2 Bayesian variable selection in linear regression models 

2.2.1 Introduction 

In the Bayesian framework, the model selection problem is transformed to the 

form of parameter estimation. Often, the task is to estimate the marginal 

posterior probability that a variable should be included in the model. Being able 

to correctly estimate predictors as having (nearly) zero or non-zero effect is 

important. Removing non-zero effect predictors leads to biased estimates, while 

including zero effect predictors’ leads to losses in estimation precision and 

predictive performance of the model (Malsiner-Walli and Wagner, 2016).  

 A commonly used computational method for fitting Bayesian models is 

Markov chain Monte Carlo (MCMC) technique. This technique is used to 

produce autocorrelated draws from the joint parameters posterior distribution. 

For more details about this method see Robert and Casella (2004).  

In many studies, the available candidate predictors have been chosen because 

there is a clear expectation that they influence the response, which makes the 

goal to inferring the influence of each predictor contributions to explain the 

outcome of the response variable. For these studies, the best strategy may 

therefore be to fit the full model, and then interpret the sizes of the posterior 

estimates of the parameters in terms of their importance (O’Hara and Sillanpää, 

2009). 
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2.2.2 Concept and properties 

O’Hara and Sillanpää (2009) description of concept and properties can be 

summarized as follows;  

Sparseness: The degree of sparseness, i.e. how complex the model should be is 

an important property. An approach to handle the model complexity is to use 

the prior probability of variable inclusion. Smaller values of prior inclusion 

leads to more sparse models. George and McCulloch (1993) suggest a value of 

0.5, which makes all models equally likely to occur and may improve the 

mixing properties of the MCMC sampler. Barbieri and Berger (2004) showed 

that the median probability model, i.e. a model including predictors with 

posterior inclusion probability larger than 0.5, is the best model with respect to 

the predictive performance. One can consider the degree of sparseness as a 

trade-off between bias and variance. In general, large sets of explanatory 

variables are desirable for prediction, while small sets are good for inference. 

Tuning and adaption: A practical problem when implementing variable 

selection to ensure good MCMC mixing chains, i.e. allowing the sampler to 

jump efficiently between inclusion and exclusion state, is how to tune the 

model. Components that can be changed by the user are, for example, choices 

of prior distributions and adjustment of hyperparameter settings.  

Model averaging and analytical integration: one characteristic of the Bayesian 

approach is the ability to integrate out the unwanted parameters. This is useful, 

if obtaining the marginal posterior distribution for every parameter is desirable. 

This is in general always the case, since the parameters marginal posterior 

probability is essential in the context of Bayesian variable selection. 

2.2.3 Shrinkage priors. 

2.2.3.1 Unimodal Global-Local priors 

The term global-local shrinkage priors refer to continuous shrinkage priors that 

can be represented as global-local (GL) mixtures of Gaussians,  

𝜃𝑗  ~ 𝑁(0, Ψ𝑗 ∗ 𝜏), Ψ𝑗~ 𝑓, 𝜏~𝑔                     (2.2) 

Where 𝜃𝑗 is the parameters of interest, 𝜏 is the global shrinkage parameter 

which shrink small values towards zero while the Ψ𝑗 are local scales which 

allow the degree of shrinkage to vary, 𝑓 and 𝑔 are probability density 

functions. If one chooses 𝑔 that put a lot of mass near zero and an 

appropriate 𝑓, then GL priors in (2.2) have the desirable properties, which 

shrinks insignificant values towards zero, and at the same time have heavy 

tails, thus allow the rest of the values to deviate considerably from zero.  
 

2.2.3.2 Spike-and-Slab prior  

Many Bayesian variable selection methods use mixtures of two component 

priors: a spike component, having concentrating mass close to zero which 

allows shrinkage of small effects to zero. The second component is called the 

slab component. It has a flat distribution, thus allowing wide range of plausible 

effect values to exist (Malsiner-Walli and Wagner, 2016). Spike-and-slab priors 
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were introduced by Mitchell and Beauchamp (1988), further developed and 

made popular by George and McCulloch (1993; 1997) and the latest 

adjustments were done by Ishwaran and Rao (2005). Basically there are two 

different types of spikes;  

1) Absolutely continuous spike- specified by an absolutely continuous 

distribution. Practically, any unimodal continuous distribution with 

mode at zero is applicable. 

2) Dirac spike- specified by a point mass at zero 

 

Both of these spikes have their own advantages and disadvantages. The Dirac 

spike has the advantage of easier interpretation of the obtained results while 

absolutely continuous spike is a better choice if computational convenience is 

of interest.  
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3 Methods  

Inspired by Fr�̈�hwirth-Schnatter & Wagner (2010), the same distributions that 

will be used as smoothing priors are the Normal distribution, the Student-t 

distribution and the double exponential distribution which is also known as the 

Laplace distribution. Fr�̈�hwirth-Schnatter & Wagner (2010), shows in their 

article that there is almost no difference between using an absolutely 

continuous spike or a Dirac spike as a component for the spike-and-slab priors. 

Hence, the decision of just utilizing the absolutely continuous distribution as 

spike component is applied in the thesis, since this has the benefit of more 

convenient computational speed, compared to the classical Dirac spike which 

was used by Mitchell and Beauchamp (1988).  

3.1 Random Intercept Model (RIM) 

Recall the made up example, with the school supervisor that wanted to analyze 

how well students in a specific class performed in a math test by using a simple 

linear regression model. That example ends with the conclusion that the 

supervisor wanted to expand his investigation; hence he collected more data 

from other classes to investigate if there are any differences in the math results 

between the investigated classes. The well-educated supervisor knows that, 

regression analysis with binary indicator variables is an appropriate approach to 

apply. However, the drawback with this approach, w.r.t. his intentions with the 

investigation, is that there may be too many indicator variables to introduce. He 

did some research and found out that, an alternative approach to model this 

problem is to use the hierarchical modeling technique. He assumes that the 

intercept is likely to be different for different classes, if the within-subject 

dependencies are taken into consideration. Based on this assumption, he can 

use the model (3.1) expression to model his new project;   

 

𝑦𝑖𝑗 = 𝜷𝑿𝑖𝑗
′ + 𝛼𝑗 + 𝝐𝑖𝑗 ,             𝝐𝑖𝑗~𝑁(0, 𝜎𝑒

2),                            (3.1) 

                            𝛼𝑗 = 𝛼0 + 𝑎𝑗 

 

The model equation (3.1) is formally known as the random intercept model 

(RIM), where 𝑦𝑖𝑗 denote the 𝑖:th response for subject 𝑗.  

𝑖 =  1, … , 𝑛𝑗 observations, 𝑗 = 1, … , 𝐽 subjects.  𝑿𝑖𝑗
′   is a (1 x d) design matrix 

for unknown fixed regression coefficients 𝜷 = (𝛽1, 𝛽2 , … , 𝛽𝑑)′ of dimension 

𝑑. 𝑎𝑗  is the subject specific deviation from the overall intercept 𝛼0. The random 

intercepts 𝛼1, … , 𝛼𝐽 are assumed to be independent given a random 

hyperparameter 𝜽 with prior 𝑝(𝜽) . The smoothing prior p(𝛼1, … , 𝛼𝐽), which 

ties all the random intercepts together and encourage shrinkage towards the 

overall intercept is of interest. Misspecification of this distribution may lead to 

inefficient and even inconsistent estimation of the regression coefficients 𝜷 

(Fr�̈�hwirth-Schnatter & Wagner, 2010). Practically all priors can be 

represented in a hierarchical structure:  

 

 𝛼𝑗|𝜓𝑗~𝑁(0, 𝜓𝑗),       𝜓𝑗|𝜽~𝑝(𝜓𝑗|𝜽),                                   (3.2)      
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where 𝛼1|𝜓1, 𝛼2|𝜓2, … , 𝛼𝐽|𝜓𝐽 are independent and 𝑝(𝜓𝑗|𝜽) depend on a 

hyperparameter 𝜽. The goal is to identify choices of 𝑝(𝜓𝑗|𝜽) which leads to 

strong shrinkage if many 𝛼𝑗 is close to zero, but introduce a little bias, if all of 

𝛼𝑗 are heterogeneous (Fr�̈�hwirth-Schnatter & Wagner, 2010). The marginal 

distribution 𝑝(𝛼𝑗|𝜽) is obtainable by integrating out the unwanted 

parameter 𝜓𝑗; 

 

𝑝(𝛼𝑗|𝜽)  =  ∫ 𝑝(𝛼𝑗|𝜓𝑗)𝑝(𝜓𝑗|𝜽)𝑑𝜓𝑗                                  (3.3) 

 

3.1.1  Unimodal shrinkage priors 

 A standard choice when working with Gaussian data is to induce  

𝜓𝑗|𝑄~𝑁(0, 𝑄) where 𝑄~G−1(𝑐0, 𝑐1). This choice leads to the Gaussian RIM 

(Fr�̈�hwirth-Schnatter & Wagner, 2010); 

 

  𝛼𝑗|𝑄~𝑁(0, 𝑄)                                                  (3.4) 

 

Letting 𝜓𝑗| 𝑣, 𝑄~G−1(𝑣, 𝑄) leads to the Student-t RIM; 

 

𝛼𝑗|𝑣, 𝑄~𝑡2𝑣 (0,
𝑄

𝑣
)                                          (3.5) 

 

Choosing 𝜓𝑗| 𝑄~ 𝑒𝑥𝑝(1/(2𝑄)) leads to the Laplace RIM; 

 

𝛼𝑗|𝑄~𝐿𝑎𝑝(√𝑄)                                              (3.6) 

 

As can been seen from (3.4-3.6), all three different random intercept models 

depend on a scaling factor Q. In the context of random effects model it is 

necessary to introduce a prior 𝑝(𝑄) for Q, since this will transform a shrinkage 

prior for an individual random intercept into a smoothing prior across all the 

random intercepts (Fr�̈�hwirth-Schnatter & Wagner, 2010). 

 

3.1.2 Spike-and-slab smoothing priors 

Spike-and-slab priors, which are a mixture distribution of two components, can 

be applied to the RIM and denoted here as (Fr�̈�hwirth-Schnatter & Wagner, 

2010): 

 

𝑝(𝛼𝑗|𝜔, 𝜽) = (1 − 𝜔)𝑝𝑠𝑝𝑖𝑘𝑒(𝛼𝑗|𝜽) + 𝜔𝑝𝑠𝑙𝑎𝑏   (𝛼𝑗|𝜽)                                (3.7) 

 

𝛼𝑗, 𝑗 =  1, … , 𝐽 assumes to be independent conditional on the hyperparameters  

𝜔 and 𝜽. 
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The value of parameter 𝜔 in (3.7) can be used to classify each random intercept 

𝛼𝑗 into one of the two different components. Classification is based on a 

hierarchical version of: 

               

𝑝(𝛼𝑗|𝛿𝑗 , 𝜽) = (1 − 𝛿𝑗)𝑃𝑠𝑝𝑖𝑘𝑒(𝛼𝑗|𝜽) + 𝛿𝑗𝑃𝑠𝑙𝑎𝑏(𝛼𝑗|𝜽)                         (3.8) 

𝑃𝑟(𝛿𝑗 = 1|𝜔) = 𝜔 

 
𝛿𝒋 is a binary indicator variable. 

The standard spike-and-slab prior for random-effects variable selection, is the 

finite Gaussian mixture distribution, denoted as (Fr�̈�hwirth-Schnatter & 

Wagner, 2010): 

 

𝛼𝑗|𝜔, 𝑄 ~ (1 − 𝜔)𝑁(0, 𝑟𝑄) + 𝜔𝑁(0, 𝑄)                                       (3.9)                      

 

The variance ratio 𝑟 is chosen to be considerably smaller than 1: 

𝑟 =
𝑉𝑠𝑝𝑖𝑘𝑒(𝛼𝑗|𝜃)

𝑉𝑠𝑙𝑎𝑏(𝛼𝑗|𝜃)
≪ 1.                                                           (3.10) 

 

Ishwaran and Rao (2005) modifications to the spike-and-slab technique, where 

a spike-and-slab prior is induced on the variance parameter of the regression 

coefficient prior, is applicable to the random effect settings. This is done by 

inducing a spike-and-slab prior on 𝜓𝑗 in the hierarchical scale mixture prior 

(3.2): 

  

𝜓𝑗|𝜔, 𝑄 = (1 − 𝜔)𝑝𝑠𝑝𝑖𝑘𝑒(𝜓𝑗| … ) + 𝜔𝑝𝑠𝑙𝑎𝑏   (𝜓𝑗| … )            (3.11) 

 

 

Choosing inverted Gamma distribution for both the spike and the slab 

in 𝜓𝑗|𝜔, 𝑄, i.e 𝜓𝑗|𝛿𝑗 = 0 ~ 𝐺−1(𝑣, 𝑟𝑄) and 𝜓𝑗|𝛿𝑗 = 1 ~ 𝐺−1(𝑣, 𝑄) leads to 

two components Student-t mixture distribution for 𝛼𝑗: 

 

𝛼𝑗|𝜔, 𝑄 ~ (1 − 𝜔)𝑡2𝑣 (0,
𝑟𝑄

𝑣
) + 𝜔𝑡2𝑣 (0,

𝑄

𝑣
)                        (3.12) 

 

Choosing the exponential distribution for both the spike and the slab 

in 𝜓𝑗|𝜔, 𝑄, i.e 𝜓𝑗|𝛿𝑗 = 0 ~ 𝑒𝑥𝑝(1/(2𝑟𝑄)) and 𝜓𝑗|𝛿𝑗 = 1 ~ 𝑒𝑥𝑝(1/(2𝑄)) 

leads to the two components Laplace distribution for 𝛼𝑗: 

 

𝛼𝑗|𝜔, 𝑄 ~ (1 − 𝜔)𝐿𝑎𝑝(√𝑟𝑄) + 𝜔𝐿𝑎𝑝(√𝑄)                        (3.13)    

 

Choosing both components to have the same distribution is not a requirement. 

One may combine (3.11) distribution in families which leads to shrinkage for 

the spike and at the same time avoids too much smoothing in the slab. One 
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promising candidate for such task is to combine the exponential density 

𝜓𝑗|𝛿𝑗 = 0 ~ 𝑒𝑥𝑝(1/(2𝑟𝑄)) with inverted Gamma density 𝜓𝑗|𝛿𝑗 =

1 ~ 𝐺−1(𝑣, 𝑄) which leads to a mixture of Laplace distribution for the spike 

component and Student-t distribution for the slab component. 

 

𝛼𝑗|𝜔, 𝑄 ~ (1 − 𝜔)𝐿𝑎𝑝(√𝑟𝑄) + 𝜔𝑡2𝑣 (0,
𝑄

𝑣
)                          (3.14)    

 

 
 

3.2 Linear mixed effects (LME) model 

If we extend the RIM in equation (3.1), by allowing the explanatory variables 

to also have random effects that vary among subjects then we have a new 

regression model, which is known as the linear mixed effects (LME) model. 

More formally, if we have 𝐽 subjects under study, each with 𝑛𝑗 observations, let 

𝑦𝑖𝑗 denote the 𝑖:th response for subject 𝑗, 𝑿𝑖𝑗 is a 𝑝 𝑥 1 vector of predictors 

with fixed effects, and 𝒁𝑖𝑗 is a 𝑞 𝑥 1 vector of predictors with random effects. 

Then the LME model can be written as: 

 

𝑦𝑖𝑗 = 𝜷𝑿𝑖𝑗
′ + 𝜶𝑗𝒁𝑖𝑗

′ + 𝝐𝑖𝑗 ,             𝜖𝑖𝑗~𝑁(0, 𝜎𝑒
2),                            (3.15)  

 

where 𝜶𝑗~𝑁(𝟎, 𝜴). The covariance matrix  𝜴 is assumed to be positive semi-

definite with zero off diagonal values. 𝜷 = (𝛽0, 𝛽1 , … , 𝛽𝑝)′ are the estimated 

coefficients, considered to be fixed effects, and 𝜶𝒋 = (𝛼𝑗0,  … ,  𝛼𝑗𝑞) are the 

random effects. If 𝑿𝑖𝑗 and 𝒁𝑖𝑗 includes all available predictors, then the 

problem of interest is to discover which predictors have fixed effects, random 

effects or both fixed and random effects. However, in practice 𝒁𝑖𝑗 is typically a 

subset of 𝑿𝑖𝑗 which is believed to have random effects.  

 

𝑿𝑖𝑗 = 𝒁𝑖𝑗 is assumed in the thesis, and the linear mixed effect model can hence 

be reformulated as follows: 

𝑦𝑖𝑗 = (𝛽0 + 𝛽0𝑗) +  ∑(𝛽𝑘 + 𝛽𝑘𝑗)𝑥𝑘𝑖𝑗 + 

𝐾

𝑘=1

𝜖𝑖𝑗                               (3.16) 

𝑖 =  1, 2, … , 𝑛𝑗  observations 

𝑗 =  1, 2, … , 𝐽 groups 

𝑘 =  1, 2, … , 𝐾  explanatory variables  

𝜖𝑖𝑗~𝑁(0, 𝜎𝑒
2

 

 
) 

 

 

3.2.1 Prior choice for the fixed effects 

The fixed effect𝑠 , 𝛽𝑘 will be induced with different spike-and-slab priors;  
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𝛽𝑘~ (1 − 𝛿𝑘)𝑃𝑠𝑝𝑖𝑘𝑒(𝛽𝑘| … ) + 𝛿𝑘 ∗ 𝑃𝑠𝑙𝑎𝑏(𝛽𝑘| … )                             (3.17) 

𝛿𝑘 = 1|𝑤𝑘 ~𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑤𝑘) 

𝑤𝑘~𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0,1)  
 

𝛿𝑘 is a binary indicator variable. 𝑤𝑘 can be interpreted as the probability 

inclusion for the fixed effects 𝛽𝑘.            
 

The mixtures of two normal distributions spike-and-slab priors for the fixed 

effects can be expressed as George and McCulloch (1993; 1997) did: 
 

𝛽𝑘~ (1 − 𝛿𝑘)𝑁(0, 𝜎2𝜏𝑘
2) + 𝛿𝑘𝑁(0, 𝜎2𝑐𝑘

2𝜏𝑘
2)                            (3.18) 

 

It can be seen from (3.18) that 𝛿𝑘=1, 𝛽𝑘~ 𝑁(0, 𝜎2𝑐𝑘
2𝜏𝑘

2) and when 

𝛿𝑘=0, 𝛽𝑘~ 𝑁(0, 𝜎2𝜏𝑘
2). The idea behind this formulation is that, one should set 

𝜏𝑘 small so that if 𝛿𝑘=0 then 𝛽𝑘 would most likely be so small that it could 

safely be estimated as the value zero. The parameter 𝑐𝑘 should be set large so 

that if 𝛿𝑘=1, then a non-zero estimate of 𝛽𝑘 should be included in the model.  

  

The hyperparameter 𝜏𝑘 
 will be set as a fixed constant while 𝑐𝑘

  can be 

considered as either a fixed constant or a hyperparameter that could be 

estimated with a none-informative prior, such as the Jeffrey prior. 

 

One could express a mixtures of Student-t densities spike-and-slab priors for 

the fixed effects as; 

 

𝛽𝑘~ (1 − 𝛿𝑘)𝑇(𝑣, 0, 𝜆𝛿𝜏𝑘
2) + 𝛿𝑘𝑇(𝑣, 0, 𝜆𝛿𝑐𝑘

2𝜏𝑘
2)                            (3.19) 

 

 Parameter 𝑣 is the degrees of freedom for the Student-t distribution. A natural 

choice is to set 𝜆𝛿 equal to the prior estimate of �̂�2, since when 𝑣 gets larger, 

then (3.18) and (3.19) should approximately be the same.   

 

A mixture of Laplace densities spike-and-slab prior can with the same structure 

be expressed as: 

𝛽𝑘~ (1 − 𝛿𝑘)𝐿𝑎𝑝 (√𝜎2𝜏𝑘
2) + 𝛿𝑘𝐿𝑎𝑝 (√𝜎2𝜏𝑘

2𝑐𝑘
2)                            (3.20) 

 

A mixture of Laplace density spike component and Student-t density slab 

component can therefore be denoted as: 

 

  

𝛽𝑘~ (1 − 𝛿𝑘)𝐿𝑎𝑝 (√𝜎2𝜏𝑘
2) + 𝛿𝑘𝑇(𝑣, 0, 𝜆𝛿𝑐𝑘

2𝜏𝑘
2)                            (3.21) 
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3.2.2 Prior choice for random effect 

The random effects 𝛽𝑙𝑗 = {𝛽0𝑗 , 𝛽1𝑗 , … , 𝛽𝑘𝑗} will be induced with spike-and-slab 

priors. As in formulas (3.9), (3.12), (3.13) and (3.14), the marginal normal 

mixtures spike-and-slab priors for the random effects in the linear mixed model 

can be expressed as: 

 

    𝛽𝑙𝑗|𝜔𝑙 , 𝑄𝑙  ~ (1 − 𝜔𝑙)𝑁 (0, 𝑟𝑙𝑄𝑙) + 𝜔𝑙𝑁 (0, 𝑄𝑙)                            (3.22)                                        

 

 

 

The Student-t mixtures spike-and-slab prior is denoted as: 

          

    𝛽𝑙𝑗|𝜔𝑙 , 𝑄𝑙  ~ (1 − 𝜔𝑙)𝑡2𝑣 (0,
𝑟𝑙𝑄𝑙

𝑣
) + 𝜔𝑙𝑡2𝑣 (0,

𝑄𝑙

𝑣
)                            (3.23)                   

 

The Laplace mixtures spike-and-slab prior is expressed as: 

                      

𝛽𝑙𝑗|𝜔𝑙 , 𝑄𝑙  ~ (1 − 𝜔𝑙)𝐿𝑎𝑝(√𝑟𝑙𝑄𝑙) + 𝜔𝑙𝐿𝑎𝑝(√𝑄𝑙)                         (3.24) 

 

Thus a combination of a Laplace spike component together with a Student-t 

slab component is hence denoted as: 

  

  

𝛽𝑙𝑗|𝜔𝑙 , 𝑄𝑙  ~ (1 − 𝜔𝑙)𝐿𝑎𝑝(√𝑟𝑙𝑄𝑙) + 𝜔𝑙𝑡2𝑣 (0,
𝑄𝑙

𝑣
)                         (3.25) 

 

 

 

 

 

3.3 Evaluation measurements 

Rstan package is an external R-package that has been developed by Stan 

Development Team (2016). This package allows the user to utilize the Stan 

modelling technique, which is a frame work for doing Bayesian analysis. One 

of the major advantages of using this frame work is the flexibility that allows 

the user to define any model formulation of interest. It is also easy to 

incorporate subject matter knowledge, i.e. by inducing suitable prior 

distributions when estimating the model parameters. The function stan(…) in 

this package yields autocorrelated posterior draws (MCMC draws) for all 

parameters of interest. Measurements of interest that can be obtained with these 

draws are for example the 𝑐𝑟𝑒𝑑𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠, the number of 

𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒 and the 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑠𝑐𝑎𝑙𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 value. 
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3.3.1 Credibility intervals 

In Bayesian statistics, a credible interval, also known as a probability interval is 

an interval estimation of a posterior probability distribution or predictive 

distribution. Credibility intervals in Bayesian statistics are comparable to the 

confidence interval in frequentist statistics. (Brown and Prescott, 2014)     

 

3.3.2 Effective sample size 

A drawback posed by MCMC methods is that the samples obtained will 

typically be autocorrelated within a chain. This increases the uncertainty of the 

estimation of posterior quantities of interest. 𝑛𝑒𝑓𝑓 is a crude measure of 

effective sample size. This measure shows the number of independent samples 

with the same estimation power as number of autocorrelated samples, denoted 

here as 𝑁𝑎𝑠. For example, estimation error is proportional to 1/√𝑛𝑒𝑓𝑓 rather 

than 1/√𝑁𝑎𝑠 , thus implying that high 𝑛𝑒𝑓𝑓 value is desirable. (Stan 

Development Team, 2016) 

 

3.3.3 Potential scale reduction 

 

Markov chain(s) draws must be monitored, either visually or by applying 

diagnostics to monitor their convergence, since samples from the target 

distribution is only generated by the MCMC after the chain has converged. One 

way to monitor whether the chain has converged to the equilibrium distribution 

is to make use of the potential scale reduction �̂�. The value of �̂� = 1 indicate 

that all chain(s) are at equilibrium, thus perfect convergence is obtained.      

If the values of �̂� > 1.1, then convergence has not occurred, thus the obtained 

results should not be used (Gelman and Rubin, 1992; Gelman et al. 2014; Stan 

Development Team, 2016). 

  

 

3.3.4 MCMC trajectories and cumulative mean plots 

 

 An alternative way to show that convergence has occurred for the parameters 

of interest is to directly utilize the posterior draws to make visual diagnostics, 

such as MCMC trajectories and cumulative mean plots. A good indication of 

convergence is when the MCMC trajectories have a good chain mixing 

appearance at some constant value and when the cumulative mean plot shows 

that the parameter of interest has reached the stationary point and converged to 

some value.   
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3.3.5 Root mean squared error 

The measurement root mean squared error (RMSE) can be used to evaluate 

how well the random effects have been estimated. 

The RMSE value for the random effects in the random intercept model can be 

calculated with this formula; 

𝑅𝑀𝑆𝐸𝛼 
= √

1

𝐽
∑(𝛼𝑗 − 𝛼�̂�)

2

𝐽

𝑗=1

                                               (3.27) 

Where 𝑗 = 1,2, … , 𝐽 number of subject. 𝛼𝑗 and 𝛼�̂�, is the true and estimated 

random intercept deviation value for respective groups.  

  

The RMSE value for each explanatory variable with random effect in linear 

mixed effect model can be calculated with this formula; 

𝑅𝑀𝑆𝐸𝑅𝑎𝑛𝑒𝑓𝑓𝛽𝑙 
= √

1

𝐽
∑(𝛽𝑙𝑗 − �̂�𝑙𝑗)

2

𝐽

𝑗=1

                                               (3.28) 

Where 𝛽𝑙 = {𝛽0, 𝛽1, … , 𝛽𝐾}, K is the number of explanatory variables. 𝑗 =

1,2, … , 𝐽  number of subjects. 𝛽𝑙𝑗 and �̂�𝑙𝑗 is the true and estimated random 

effect value for respective subjects w.r.t. the corresponding variables.   
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4 Data  
Chapter 4 describes the obtained real dataset, and simulation data which has 

been manufactured in a strategic structure. For example, the target models for 

simulation study 1 will be the simplest LME model. The targeted model 

complexity will increase with every new simulation study. The purpose behind 

this strategic structure is to discover new knowledge. Knowledge of interest is 

investigating how large do the dataset needs to be, or more specifically, how 

many subjects and observations does the dataset need to have, to be sufficiently 

large enough, when model the linear mixed effect models, using spike-and-slab 

priors.  

4.1 Data simulations 

Five simulation studies will be used for studying and comparing how the 

chosen priors behave in different scenarios. The parameter settings which the 

first four simulation studies have in common are as follows; 

The overall intercept 𝛽0 is set to 4. The specific group deviations from the 

overall intercept 𝛽0𝑗~(1 − 𝜔0)𝑁(0,0.1 ) + 𝜔0𝑁(0,15) where 𝜔0 is the weight 

parameter for the random effects. The noise term 𝜖𝑖𝑗~𝑁(0,0.72 
). The reason 

behind the chosen values of 0.1 as standard deviation for spike component, and 

the arbitrary value 15 as standard deviation for the slab component is because 

the spike distribution is supposed to have all its density mass concentrated 

around zero while the slab distribution should have more spread out density 

mass. The size for all models of interest has been created in such scenarios 

where the number of observations(i) and groups(j) starts from low numbers and 

increases to higher numbers (see table 4.1).   
 

Table 4.1: Size of the dataset 𝑁, depending on how many groups 𝑗 and observations 𝑖 
exists.  

𝑵 = 𝒋 ∗ 𝒊 j=5 j=10 j=30 j=50 

i=10 50 100 300 500 

i=30 150 300 900 1500 

i=50 250 500 1500 2500 

 

 

4.1.1 Study 1 – Random effects study 

 

 The first simulation study is targeting the simplest linear mixed effect model, 

which is a random intercept model with no explanatory variables. 

𝑦𝑖𝑗 =  𝛽0 + 𝛽0𝑗 + 𝜖𝑖𝑗                                                      (4.1) 

 

For this study the weight for the specific group deviation 𝜔0 will be set to 

different fixed values. 𝜔0 = {0.2, 0.4, 0.8}.  
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4.1.2 Study 2 – Fixed effects study 

In the second simulation study, the model complexity of (4.1) has increased 

when adding two explanatory variables to the model, which may or may not 

have fixed effects. 

 

𝑦𝑖𝑗 =  𝛽0 + 𝛽0𝑗 + 𝛽1 ∗ 𝑋1𝑖𝑗 + 𝛽2 ∗ 𝑋2𝑖𝑗 + 𝜖𝑖𝑗                           (4.2) 

 

The true values of the different parameters in this study are as follows: 

 𝜔0 = 0.2, coefficient for the first explanatory variable 𝛽1 is set to the arbitrary 

value 5, and coefficient for the second explanatory variable 𝛽2 is set to zero. 

The two explanatory variables are simulated independently from the standard 

normal distribution, 𝑋1𝑖𝑗~𝑁(0,1), 𝑋2𝑖𝑗~𝑁(0,1). 

  

4.1.3 Study 3 – Fixed and random effects study 

In the third simulation study, the model complexity has been further increased, 

by letting the explanatory variables in (4.2) expand, and now have both fixed 

and random effects. 

 

𝑦𝑖𝑗 =  𝛽0 + 𝛽0𝑗 + (𝛽1 + 𝛽1𝑗) ∗ 𝑋1𝑖𝑗 + (𝛽2 + 𝛽2𝑗) ∗ 𝑋2𝑖𝑗 + 𝜖𝑖𝑗           (4.3) 

 

The true values for the new added random effects for this model are as follows: 

𝛽1𝑗~(1 − 𝜔1)𝑁(0,0.001) + 𝜔1𝑁(0,15) 

𝛽2𝑗~(1 − 𝜔2)𝑁(0,0.001) + 𝜔2𝑁(0,5).  

Where the random effect weight for first explanatory variable 𝜔1 = 0.4 and for 

the second explanatory variable 𝜔2 = 0.6  

4.1.4 Study 4 – Fixed and random effects with correlation study 

The fourth simulation study will also target the model (4.3). However, different 

from the previous study, the explanatory variables are now simulated from the 

bivariate normal distribution with zero means, unit standard deviation and are 

correlated with correlation 𝜌 where 𝜌 = {0, 0.3, 0.9}. 

𝑿 = ( 
𝑋1𝑖𝑗

𝑋2𝑖𝑗
) ~𝑁2 ((

0
0

) , (
1 𝜌
𝜌 1

)),  

 

4.1.5 Study 5 – Fixed and random effects in higher dimensions 
study 

The targeted model for simulation study 5 will be the LME model (3.16). As in 

study 3, this study objective will also be to study both the fixed and random 

effects. The difference between study 3 which target the model (4.3) and study 

5 which target the model (4.4) is the numbers of explanatory variables.  
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𝑦𝑖𝑗 =  𝛽0 + 𝛽0𝑗 + (𝛽1 + 𝛽1𝑗) ∗ 𝑋1𝑖𝑗 + ⋯ + (𝛽10 + 𝛽10𝑗) ∗ 𝑋10𝑖𝑗 + 𝜖𝑖𝑗          (4.4) 

 

 

Where the explanatory variables follows the multivariate normal distribution; 

 

𝑿𝑘𝑖𝑗 = ( 

𝑋1𝑖𝑗

⋮
𝑋10𝑖𝑗

) ~𝑁10 ((
0
⋮
0

) , (
1  0
 ⋱  
0  1

))   

with zero mean value, unit standard deviation and no correlation. 

The group specific deviation for the different explanatory variables will follow 

the same distribution; 

𝛽𝑙𝑗~(1 − 𝜔𝑙)𝑁(0,0.001) + 𝜔𝑙𝑁(0,5), 𝑙 =  0, … , 10 

The true value of the random effects weights and fixed effects coefficients is; 

𝝎 = (0, 0, 0.3, 0.6, 0.3, 0.6, 0.3, 0.6, 0, 0, 0) 

𝜷 = (𝛽0, 𝛽1, 𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6, 𝛽7, 𝛽8, 𝛽9, 𝛽10) = (1,3,3,3, −3, −3,0,0,0,0,0) 
 

The motivation behind the chosen arbitrary values, is that some variables will 

have neither fixed effects nor random effects, some will have either fixed or 

random effects and others will have both fixed and random effects.    

 

 

4.2 Real dataset 

The real dataset were collected in the spring of 2013, with the purpose of 

analyzing classroom relationship, qualities, and social-cognitive associates of 

defending and passive bystanding in school bullying in Sweden. 900 students 

in grades of 4-6, from 43 classes participated in the study (Thornberg et al., 

2017). The obtained raw dataset had 12 available variables. There are eight 

variables left after the process of removing variables which is not of interest. 

Here is a list, including a short description of the eight variables:   

 

 Defending(de), response, mean value from five items (note that items is 

equally to questions in this context) 

 Age, covariate, discrete, (𝑋1) 

 Teacher-Student relationship quality(tsr), covariate, mean value from 15 

items, (𝑋2)  

 Student-Student relationship quality(ssr), covariate, mean value from 

eight items, (𝑋3)  

 Defender self-efficacy(dse), covariate, mean value from five items, (𝑋4) 

 Moral disengagement(mde), covariate, mean value from six items, (𝑋5) 

 Sex, covariate, binary, (𝑋6) 

 Class ID, Identification variable, discrete  
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5 Results 
The results of the simulation studies for the four different targeted models and 

comparison between unimodal shrinkage priors versus spike-and-slab priors 

when analyzing the real dataset will be shown in this chapter. A short 

description of which prior were induced when estimating the different model 

parameters will first be shown, followed by tables with the best estimated 

results that were obtained. The MCMC trajectories and cumulative mean plots 

are also visualized, as indication if convergences has occurred for the estimated 

model parameters.  

 

For all tables that are shown in this chapter, NN is an abbreviation for mixtures 

of Normal distribution spike component and Normal distribution slab 

component (see equation 3.9). LL is an abbreviation for mixtures of Laplace 

density spike component and Laplace density slab component (see equation 

3.13). StSt is an abbreviation for mixtures of Student-t density spike component 

and Student-t density slab component (see equation 3.12). LSt is an 

abbreviation for mixtures of Laplace density spike component and Student-t 

density slab component (see equation 3.14). J is the number of groups, and in 

each group there are I observations. The true values of each table can be seen 

on the top row of the data size column.     

5.1 Study 1 – Random effects study 

The target model for this study is the simplest linear mixed effects model, 

which is the random intercept model with no covariates (4.1). Recall that by 

inducing different spike-and-slab priors, different random intercept models 

were obtained. The prior settings when estimating the model (4.1) are as 

follows; 

𝛽0~𝑁(0,100) 

𝜖𝑖𝑗~𝑈𝑛𝑖𝑓(0,100) 

𝜔0~𝑈𝑛𝑖𝑓(0,1) 

𝛽0𝑗~ (1 − 𝜔0)𝑝𝑠𝑝𝑖𝑘𝑒(𝛽0𝑗| … ) + 𝜔0𝑝𝑠𝑙𝑎𝑏(𝛽0𝑗| … )                                  

The variance ratio parameter 𝑟 and the degree of freedom parameter 𝑣 will be 

set to the same constant value as Fr�̈�hwirth-Schnatter & Wagner (2010) did. 

𝑟 = 0.000025  

𝑣 = 3 
The hyperparameter Q, which exist in all random intercept model has a great 

impact on obtained result. Estimating this value and making sure that 

convergence is reached for all different amounts of data sizes will be tedious 

and cannot be guaranteed. Hence, this parameter will be held as different fixed 

values. Q =  {5, 15 , 45, 135}.  
 Due to the number of priors and parameters of interest, the amount of 

obtainable tables are 16 for each true value of 𝜔0. Presenting them all will be 

tedious and not of interest for the objective of this study. Hence, the best 

estimated results, has been summarized and can be seen in the following tables.    
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Table 5.1.a: Posterior mean estimations of the random effects weight 𝜔0. 

 𝝎𝟎= 0.2 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 0.36 0.43 0.35 0.35 

J=5,I=30 0.36 0.43 0.35 0.35 

J=5,I=50 0.36 0.43 0.35 0.34 

J=10,I=10 0.21 0.22 0.17 0.17 

J=10,I=30 0.20 0.21 0.17 0.17 

J=10,I=50 0.21 0.22 0.18 0.18 

J=30,I=10 0.21 0.22 0.19 0.19 

J=30,I=30 0.21 0.22 0.19 0.19 

J=30,I=50 0.21 0.22 0.19 0.19 

J=50,I=10 0.19 0.20 0.17 0.17 

J=50,I=30 0.19 0.20 0.17 0.17 

J=50,I=50 0.19 0.20 0.17 0.17 

 

Table 5.1.a shows estimated posterior mean values of 𝜔0 for different sizes of 

datasets with different induced priors. The true value of  𝜔0 is 0.2. Having only 

5 different groups seems to yield poor estimation of the weight 𝜔0. The 

estimation of the weight becomes much better for all four different 

combinations of spike-and-slab priors, when the group size is 10 or larger. The 

StSt prior and the LSt prior yields in principal the same results, and their 

estimation of 𝜔0 seems always to be less than the obtained estimated values 

when the NN prior and the LL prior is induced.     

 
Table 5.1.b: Posterior mean estimations of the overall intercept 𝛽0.  

 𝜷𝟎 = 𝟒  NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 3.01 2.71 3.06 2.93 

J=5,I=30 2.74 2.73 2.76 2.93 

J=5,I=50 2.75 2.90 2.93 2.85 

J=10,I=10 5.07 4.89 5.02 4.96 

J=10,I=30 5.03 4.75 4.86 4.83 

J=10,I=50 5.12 4.84 4.92 5.02 

J=30,I=10 3.64 3.58 3.61 3.59 

J=30,I=30 3.71 3.49 3.66 3.70 

J=30,I=50 3.64 3.67 3.69 3.69 

J=50,I=10 3.57 3.40 3.49 3.53 

J=50,I=30 3.53 3.42 3.58 3.63 

J=50,I=50 3.53 3.39 3.56 3.51 

 

The true value of the overall intercept is 4, as can be seen in top-left corner of 

table 5.1.b. The estimated value for 𝛽0 seems fairly good when the size of the 
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group is 30 or more. There are no obvious differences between the four priors 

when it comes to the estimation of the overall intercept. 

 

 

Table 5.1.c: Posterior mean estimations of the noise term 𝜎𝑒.  

 𝝈𝒆 = 𝟎. 𝟕  NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 0.63 0.64 0.64 0.64 

J=5,I=30 0.64 0.64 0.64 0.64 

J=5,I=50 0.70 0.70 0.70 0.70 

J=10,I=10 0.71 0.71 0.71 0.71 

J=10,I=30 0.71 0.71 0.71 0.71 

J=10,I=50 0.73 0.73 0.73 0.73 

J=30,I=10 0.70 0.70 0.70 0.70 

J=30,I=30 0.74 0.74 0.74 0.74 

J=30,I=50 0.71 0.71 0.71 0.71 

J=50,I=10 0.67 0.67 0.67 0.67 

J=50,I=30 0.70 0.70 0.70 0.70 

J=50,I=50 0.72 0.72 0.72 0.72 

 

Table 5.1.c shows estimated posterior mean values of 𝜎𝑒. The true value of the 

standard error is equal to 0.7. The choice of prior does not affect the estimation 

of standard deviation of the noise term. How good the estimation of the noise 

term is achieved depends mainly on how big the data size is; more data seems 

to yield better estimated values of 𝜎𝑒. 
 

Table 5.1.d: RMSE values for the group specific deviation term 𝛽0𝑗. 

 𝑹𝑴𝑺𝑬 𝜷𝟎𝒋 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 1.12 1.41 1.06 1.19 

J=5,I=30 1.21 1.22 1.19 1.02 

J=5,I=50 1.24 1.09 1.06 1.14 

J=10,I=10 1.05 0.87 1.00 0.94 

J=10,I=30 1.07 0.80 0.90 0.88 

J=10,I=50 1.10 0.82 0.91 1.00 

J=30,I=10 0.35 0.40 0.37 0.39 

J=30,I=30 0.30 0.52 0.35 0.32 

J=30,I=50 0.38 0.35 0.33 0.33 

J=50,I=10 0.44 0.60 0.52 0.48 

J=50,I=30 0.48 0.59 0.44 0.39 

J=50,I=50 0.47 0.63 0.46 0.51 
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Results that can be extracted from table 5.1.d are very similar to the results that 

were obtained from table 5.1.b. The best estimated results are obtained when 

the size of the group is equal to 30. There are no trends showing that any 

specific prior choice would be better than the other prior choices.  

 

 
Figure 5.1.a: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.2 and the spike-and-slab prior induced 

were NN. 

 

Figure 5.1.b: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.2 and the spike-and-slab prior induced 

were LL. 
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Figure 5.1.c: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.2 and the spike-and-slab prior induced 

were StSt. 

 

Figure 5.1.d: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.2 and the spike-and-slab prior induced 

were LSt. 

 

 

The figures 5.1.a-5.1.d shows the MCMC trajectories and the cumulative mean 

plots for the different investigated parameters, when the true weight for the 

random effects ω0 = 0.2. The represented chosen figures were for the case 

when the data has 30 groups and in each group, there are 10 observations 

(J=30, I =10). Even though not shown, in majority of the cases, the MCMC 

trajectories and the cumulative mean plots have similar trends, showing that the 

MCMC trajectories have a desired appearance and that the convergence of the 

parameters happens, often in the earlier state, after 100-300 iterations or at a 

late state, after 2000 iterations. 
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Table 5.2.a: Posterior mean estimations of the random effects weight 𝜔0. 

 𝝎𝟎= 0.4 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 0.51 0.55 0.48 0.49 

J=5,I=30 0.52 0.56 0.50 0.50 

J=5,I=50 0.52 0.57 0.49 0.50 

J=10,I=10 0.61 0.60 0.53 0.53 

J=10,I=30 0.61 0.62 0.53 0.53 

J=10,I=50 0.61 0.59 0.54 0.53 

J=30,I=10 0.48 0.44 0.36 0.36 

J=30,I=30 0.48 0.45 0.35 0.35 

J=30,I=50 0.48 0.43 0.35 0.35 

J=50,I=10 0.38 0.38 0.32 0.32 

J=50,I=30 0.39 0.39 0.33 0.32 

J=50,I=50 0.39 0.38 0.33 0.33 

 

Table 5.2.a shows the estimated posterior mean values of  𝜔0 when the true 

value of it is 0.4. The spike-and-slab priors StSt and LSt yields basically the 

same estimations and the estimated value seems always to be lower estimated 

for all data sizes, compared to the NN and the LL spike-and-slab priors. 

Number of groups needed here are at least 30 or larger, for both NN and LL 

priors to be able to provide fairly good estimations.  

  
 

Table 5.2.b: Posterior mean estimations of the overall intercept 𝛽0.  

 𝜷𝟎 = 𝟒  NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 8.26 9.20 8.39 8.33 

J=5,I=30 8.05 9.10 8.19 8.03 

J=5,I=50 8.07 9.05 8.03 8.38 

J=10,I=10 0.85 0.85 0.12 0.17 

J=10,I=30 0.87 0.93 0.26 0.27 

J=10,I=50 0.80 1.14 0.32 0.38 

J=30,I=10 4.46 4.81 5.18 5.14 

J=30,I=30 4.64 4.99 5.22 5.29 

J=30,I=50 4.52 4.92 5.13 5.16 

J=50,I=10 2.05 1.98 1.83 1.84 

J=50,I=30 1.96 1.87 1.87 1.82 

J=50,I=50 1.95 2.01 1.71 1.82 

 

The group size needs now to be 30 or more to get a fairly good estimation of 

the overall intercept when  𝜔0 were changed from 0.2 to 0.4. For the cases 

where the dataset contains 30 or more groups, the NN prior yields the best 
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estimations of the overall intercept, except for the case where the number of 

groups and the number of observations is equal to 50.   

 
 

Table 5.2.c: Posterior mean estimations of the noise term 𝜎𝑒.  

𝝈𝒆 = 𝟎. 𝟕 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 0.70 0.70 0.70 0.70 

J=5,I=30 0.70 0.70 0.70 0.70 

J=5,I=50 0.74 0.74 0.74 0.74 

J=10,I=10 0.71 0.71 0.71 0.71 

J=10,I=30 0.67 0.67 0.67 0.67 

J=10,I=50 0.66 0.66 0.66 0.66 

J=30,I=10 0.68 0.68 0.68 0.68 

J=30,I=30 0.73 0.73 0.73 0.73 

J=30,I=50 0.72 0.72 0.72 0.72 

J=50,I=10 0.74 0.73 0.73 0.73 

J=50,I=30 0.69 0.71 0.71 0.71 

J=50,I=50 0.69 0.70 0.70 0.70 

 

The estimated results of the noise term 𝜎𝑒 are basically the same here, as it was 

before  𝜔0 were increased from 0.2 to 0.4. 
 

Table 5. 2.d: RMSE values for the group specific deviation term 𝛽0𝑗. 

𝑹𝑴𝑺𝑬 𝜷𝟎𝒋 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 4.26 5.20 4.39 4.34 

J=5,I=30 4.09 5.14 4.23 4.07 

J=5,I=50 4.10 5.08 4.06 4.41 

J=10,I=10 3.12 3.12 3.85 3.80 

J=10,I=30 3.18 3.13 3.80 3.79 

J=10,I=50 3.21 2.86 3.69 3.62 

J=30,I=10 0.50 0.85 1.21 1.17 

J=30,I=30 0.62 0.97 1.19 1.26 

J=30,I=50 0.52 0.91 1.12 1.15 

J=50,I=10 1.94 2.00 2.15 2.14 

J=50,I=30 2.02 2.10 2.11 2.15 

J=50,I=50 2.05 1.99 2.29 2.17 

 

The obtained RMSE values for 𝛽0𝑗 are highly correlated with the estimation of 

the overall intercept 𝛽0. The closer the estimated value for the overall intercept 

comes to its true value, the lower RMSE value is obtained for 𝛽0𝑗. 
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Figure 5.2.a: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.4 and the spike-and-slab prior induced 

were NN. 

 

Figure 5.2.b: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.4 and the spike-and-slab prior induced 

were LL. 
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Figure 5.2.c: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.4 and the spike-and-slab prior induced 

were StSt. 

 

 

 

Figure 5.2.d: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.4 and the spike-and-slab prior induced 

were LSt. 

Figure 5.2.a-5.2.d shows the MCMC trajectories and the cumulative mean plots 

for the different investigated parameters when the true weight for the random 

effects ω0 = 0.4. The represented chosen figures here come from the same data 

size as it was before (J=30, I =10). The MCMC trajectories and the cumulative 

mean plots have similar trends as before, a desirable appearance for the 

trajectories and occurrence of convergence happens. 
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Table 5.3.a: Posterior mean estimations of the random effects weight 𝜔0. 

 𝝎𝟎= 0.8 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 0.69 0.67 0.64 0.63 

J=5,I=30 0.68 0.66 0.63 0.63 

J=5,I=50 0.69 0.67 0.64 0.65 

J=10,I=10 0.78 0.73 0.70 0.70 

J=10,I=30 0.78 0.73 0.70 0.70 

J=10,I=50 0.78 0.74 0.71 0.70 

J=30,I=10 0.85 0.84 0.77 0.77 

J=30,I=30 0.62* 0.66* 0.37* 0.39* 

J=30,I=50 0.31* 0.60* 0.38* 0.44* 

J=50,I=10 0.82* 0.81* 0.64* 0.55* 

J=50,I=30 0.31* 0.36* 0.23* 0.32* 

J=50,I=50 0.34* 0.57* 0.37* 0.16* 

 

Table 5.3.a shows the posterior mean estimation of 𝜔0 when the true value is 

0.8. The NN prior outperformed the other three spike-and-slab priors when the 

numbers of groups are equal to 10. As can be seen in Table 5.3.a, non-

convergences for  𝜔0 are obtained, when the size of the groups are equal to or 

larger than 30. The (*) after the estimated values indicates that convergence did 

not occur, hence these results should not be used.  It is not obvious, but the 

same conclusion for the StSt and LSt prior can be drawn here, as it has been 

drawn before, when the true values of  𝜔0 was equal to 0.2 and 0.4. 

 

 
Table 5.3.b: Posterior mean estimations of the overall intercept 𝛽0.  

 𝜷𝟎 = 𝟒  NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 5.69 8.25 6.58 6.79 

J=5,I=30 5.72 8.07 6.65 6.52 

J=5,I=50 5.76 8.23 6.57 6.33 

J=10,I=10 6.13 3.68 5.24 4.97 

J=10,I=30 5.95 3.88 4.97 5.20 

J=10,I=50 6.16 3.87 5.51 4.39 

J=30,I=10 6.07 5.80 5.36 5.58 

J=30,I=30 5.96* 4.38* 4.05* 2.81* 

J=30,I=50 1.78* 2.97* -0.38* 2.22* 

J=50,I=10 2.36* 2.74* 1.56* 2.30* 

J=50,I=30 -0.05* -0.66* -0.43* 0.05* 

J=50,I=50 0.46* 0.43* -0.70* 0.82* 
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With respect to the results shown in table 5.3.b, the only prior that succeeded to 

estimate the overall intercept well is the LL prior. This occurred when the 

number of groups was equal to 10. The same non-convergences occurred here 

for 𝛽0 as it occurred for  𝜔0 in table 3.a, when the size of the groups are equal 

to or larger than 30. 

 

 
Table 5.3.c: Posterior mean estimations of the noise term 𝜎𝑒.  

𝝈𝒆 = 𝟎, 𝟕 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 0.70 0.70 0.70 0.70 

J=5,I=30 0.69 0.69 0.69 0.69 

J=5,I=50 0.71 0.71 0.72 0.72 

J=10,I=10 0.74 0.74 0.74 0.74 

J=10,I=30 0.69 0.69 0.69 0.69 

J=10,I=50 0.69 0.69 0.69 0.69 

J=30,I=10 0.74 0.74 0.74 0.74 

J=30,I=30 3.55* 3.56* 5.76* 5.36* 

J=30,I=50 7.95* 4.25* 9.81* 5.45* 

J=50,I=10 2.66* 1.98* 3.69* 4.41* 

J=50,I=30 10.00* 10.00* 9.99* 9.99* 

J=50,I=50 10.00* 10.00* 10.00* 10.00* 

 

As one may expect, the same poor estimations and non-obtainable 

convergences also happens for 𝜎𝑒. 

 
Table 5.3.d: RMSE values for the group specific deviation term 𝛽0𝑗. 

𝑹𝑴𝑺𝑬 𝜷𝟎𝒋 NN(Q=15) LL(Q=135) StSt(Q=45) LSt(Q=45) 

J=5,I=10 1.67 4.23 2.56 2.77 

J=5,I=30 1.76 4.11 2.69 2.56 

J=5,I=50 1.75 4.21 2.55 2.32 

J=10,I=10 2.28 0.34 1.41 1.14 

J=10,I=30 1.98 0.17 1.01 1.23 

J=10,I=50 2.18 0.15 1.53 0.42 

J=30,I=10 2.14 1.87 1.43 1.65 

J=30,I=30 4.23 3.67 7.16 6.42 

J=30,I=50 9.50 4.67 12.28 6.41 

J=50,I=10 2.65 2.16 4.63 5.67 

J=50,I=30 15.83 14.25 14.22 14.19 

J=50,I=50 14.08 13.13 14.57 14.68 
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 Just as in earlier cases, how well the four different spike-and-slab priors 

succeeded to estimate the RMSE values for  𝛽0𝑗 is highly correlated with how 

well they did succeeded to estimate the true value of the overall intercept 𝛽0.   

 

 

 

Figure 5.3.a: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.8 and the spike-and-slab prior induced 

were NN. 

 

Figure 5.3.b: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.8 and the spike-and-slab prior induced 

were LL. 
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Figure 5.3.c: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.8 and the spike-and-slab prior induced 

were StSt. 

 

 

Figure 5.3.d: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the true value of 𝜔0 = 0.8 and the spike-and-slab prior induced 

were LSt. 

Figure 5.3.a-5.3.d shows the MCMC trajectories and the cumulative mean plots 

for the different parameters when the true weight for the random effects ω0 =

0.8. The chosen figures were just as in earlier cases, origin from the case where 

the data contain 30 groups and each group has 10 observations (J=30, I =10). 

Different from earlier results, there are now cases where the convergence of the 

parameter estimation never occurred and the trajectories looks poor. This 
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occurrence happened for the cases where the number of groups are equal to or 

larger than 30.     

5.2 Study 2 – Fixed effects study 

The target model for this study is (4.2), where the change of the fixed effects 

parameters 𝛽1 and 𝛽2 estimations, depending on size of the data and different 

spike-and-slab priors, is of interest. Hence for this study, it is not necessary to 

look into different values of 𝜔0. The case that will be looked into is when the 

true value of 𝜔0 = 0.2. The prior induce when estimating model (4.2) for study 

2, is as follows; 

𝛽0~𝑁(0,100) 

𝜖𝑖𝑗~𝑈𝑛𝑖𝑓(0,100) 

𝑟 = 0.000025 

𝑣 = 3 

𝜔0~𝑈𝑛𝑖𝑓(0,1) 
The hyperparameter Q and the group specific deviation from the intercept 

parameter 𝛽0𝑗 is not as important now, as it was in simulation study 1. Thus Q 

will be held as a fixed constant and 𝛽0𝑗 will be assumed to follow just one type 

of spike-and-slab prior. With respect to the results obtained from simulation 

study 1, the setting for the parameters will be set as follows; 

Q =  15  
𝛽0𝑗~ (1 − 𝜔0)𝑁(0, 𝑟𝑄) + 𝜔0𝑁(0, 𝑄) 

The parameters of interest will be set as;  

𝛽1~(1 − 𝑤1)𝑝𝑠𝑝𝑖𝑘𝑒(𝛽1| … ) + 𝑤1𝑝𝑠𝑙𝑎𝑏(𝛽1| … ) 

𝛽2~(1 − 𝑤2)𝑝𝑠𝑝𝑖𝑘𝑒(𝛽2| … ) + 𝑤2𝑝𝑠𝑙𝑎𝑏(𝛽2| … ) 

Where the hyperparameters for the fixed effects will be set to: 

𝜏1
2, 𝜏2

2 = 0.0001 

𝑐1
2, 𝑐2

2 = {452, 1352, 4052} 

 

The best estimated results have been collected, and visualized in the following 

tables; 
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Table 5.4: Posterior mean estimations of the fixed effect weight 𝑤1. 

𝑾𝟏 = 𝟏 NN(c=45) LL(c=45) StSt(c=135) LSt(c=135) 

J=5,I=10 0.97 0.93 0.79 0.80 

J=5,I=30 0.99 0.94 0.80 0.79 

J=5,I=50 0.99 0.94 0.80 0.79 

J=10,I=10 0.98 0.94 0.80 0.80 

J=10,I=30 0.99 0.94 0.80 0.79 

J=10,I=50 0.99 0.95 0.79 0.79 

J=30,I=10 0.99 0.95 0.80 0.80 

J=30,I=30 0.99 0.94 0.80 0.79 

J=30,I=50 1.00 0.95 0.80 0.79 

J=50,I=10 0.99 0.95 0.80 0.80 

J=50,I=30 1.00 0.94 0.79 0.80 

J=50,I=50 1.00 0.95 0.80 0.80 

 

The ideal value to be achieved for 𝑤1 is 1. The NN and LL spike-and-slab 

priors estimated the weight 𝑤1 very well when the hyperparameter 𝑐 were set to 

45. StSt and LSt were in principal equally good. The same trend, where the 

StSt and the LSt priors seems to underestimate the true expected weight 

compared to the other two priors also occurs here. When studying the NN prior 

from table 5.4, one may see an indication, showing that larger datasets yields 

better estimates of the fixed weight.    

  
Table 5.5: Posterior mean estimations of the fixed effect weight 𝑤2. 

𝑾𝟐 = 𝟎 NN(c=405) LL(c=405) StSt(c=405) LSt(c=405) 

J=5,I=10 0.25 0.28 0.21 0.20 

J=5,I=30 0.21 0.23 0.18 0.17 

J=5,I=50 0.21 0.22 0.18 0.19 

J=10,I=10 0.23 0.25 0.18 0.19 

J=10,I=30 0.23 0.23 0.18 0.19 

J=10,I=50 0.21 0.21 0.17 0.17 

J=30,I=10 0.20 0.21 0.17 0.18 

J=30,I=30 0.18 0.22 0.15 0.14 

J=30,I=50 0.19 0.19 0.16 0.16 

J=50,I=10 0.19 0.20 0.15 0.18 

J=50,I=30 0.21 0.22 0.17 0.17 

J=50,I=50 0.18 0.20 0.14 0.15 

 

Table 5.5 shows that the StSt prior and the LSt prior provide the best estimated 

results w.r.t the anticipated value of the weight 𝑤2. The ideal value to be 

achieved for 𝑤2 is 0. The NN prior seems to yield a slightly better estimation 

than the LL prior.   
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Table 5.6: Posterior mean estimations of the coefficient 𝛽1. 

𝜷𝟏 = 𝟓 NN(c=135) LL(c=45) StSt(c=135) LSt(c=135) 

J=5,I=10 4.91 4.93 4.97 4.97 

J=5,I=30 4.97 4.98 4.99 4.99 

J=5,I=50 4.97 4.98 4.98 4.98 

J=10,I=10 4.88 4.89 4.90 4.91 

J=10,I=30 4.99 4.99 5.00 5.00 

J=10,I=50 5.00 5.00 5.00 5.00 

J=30,I=10 5.05 5.05 5.06 5.06 

J=30,I=30 5.02 5.02 5.02 5.02 

J=30,I=50 5.03 5.03 5.03 5.03 

J=50,I=10 5.00 5.00 5.01 5.01 

J=50,I=30 4.98 4.98 4.99 4.99 

J=50,I=50 4.99 4.99 4.99 4.99 

 
Table 5.7: Posterior mean estimations of the coefficient 𝛽2. 

𝜷𝟐 = 𝟎 NN(c=135) LL(c=45) StSt(c=45) LSt(c=45) 

J=5,I=10 0.05 0.04 0.02 0.02 

J=5,I=30 0.00 0.00 0.00 0.00 

J=5,I=50 -0.03 -0.02 -0.02 -0.02 

J=10,I=10 -0.02 -0.01 -0.01 -0.01 

J=10,I=30 -0.03 -0.02 -0.02 -0.02 

J=10,I=50 0.02 0.02 0.01 0.01 

J=30,I=10 0.00 0.00 0.00 0.00 

J=30,I=30 0.01 0.01 0.01 0.01 

J=30,I=50 0.00 0.00 0.00 0.00 

J=50,I=10 0.00 0.00 0.00 0.00 

J=50,I=30 -0.03 -0.03 -0.02 -0.02 

J=50,I=50 0.00 0.00 0.00 0.00 

 

The true values of 𝛽1and 𝛽2 are 5 respectively 0, as can be seen top-left corner 

in table 5.6 and table 5.7. Regardless of which spike-and-slab priors were 

induced, the obtained estimations of the fixed coefficients 𝛽1 and 𝛽2 is very 

good. There are no indications, showing that any specific choices of spike-and-

slab priors are better to use than the other priors.  
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Figure 5.5: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the spike-and-slab prior induced were NN. (J=30,I=10) and the 

hyperparameter c=45. 

 

 
Figure 5.6: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the spike-and-slab prior induced were LL. (J=30,I=10) and the 

hyperparameter c=45. 
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Figure 5.7: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the spike-and-slab prior induced were StSt. (J=30,I=10) and the 

hyperparameter c=135. 

 

 

Figure 5.8: MCMC trajectories and cumulative mean plots for the estimated 

parameters when the spike-and-slab prior induced were LSt. (J=30,I=10) and the 

hyperparameter c=135. 

 

 

 

Figure 5.5-5.8 shows the MCMC trajectories and the cumulative mean plots for 

the parameters of interest in this study for the four different spike-and-slab 

priors. As can be seen in the figures, the MCMC chains looks good and the 

posterior mean for the parameters seems to converge relatively fast, 

approximately after 1000 iterations.   
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5.3 Study 3 – Fixed and random effects study 

The target model for this study is model (4.3). The main interest here is to see 

how well the true values of the different parameters can be estimated, when 

inducing spike-and-slab priors for both the fixed and the random effects. The 

parameters of most interest here, are the coefficients for both the fixed and the 

random effect for the explanatory variables 𝑋1𝑖𝑗 and 𝑋2𝑖𝑗. The priors induced 

when estimated the model (4.3) is as follows; 

𝛽0~𝑁(0,100) 

𝜖𝑖𝑗~𝑈𝑛𝑖𝑓(0,100) 

𝑟𝑘 = 0.000025 , k=0,1,2 

Q0  = 15 

𝑣𝑘 = 3, k=0,1,2 

𝜔0, 𝜔1, 𝜔2~ 𝑈𝑛𝑖𝑓(0,1) 

𝛽0𝑗~ (1 − 𝜔0)𝑁(0, 𝑟0𝑄0) + 𝜔0𝑁(0, 𝑄0) 

A good parameter setting were obtained after a careful comparison between the 

obtained estimations when inducing the different combinations of priors with 

different hyperparameter settings in study 2. The parameter setting that yielded 

the best result w.r.t. how precise obtained parameter estimations was estimated 

to its true values, occurred when  

𝛽1~(1 − 𝑤1)𝑁(0, 𝜎𝑒
2𝜏1

2) + 𝑤1𝑁(0, 𝜎𝑒
2𝜏1

2𝑐1
2) 

𝛽2~(1 − 𝑤2)𝑁(0, 𝜎𝑒
2𝜏2

2) + 𝑤2𝑁(0, 𝜎𝑒
2𝜏1

2𝑐2
2) 

where 𝑐1
2, 𝑐2

2 = 1352 and 𝜏1
2, 𝜏2

2 = 0.0001. 

 This setting will hence be used when estimating model (4.3) in study 3 to 

minimize the high amounts of possible combinations of results that would have 

needed to be estimated. When adding the possibility for random effects to the 

two explanatory variables, the additional parameters that needs to be estimated 

in the model is Q1, Q2, 𝛽1𝑗  𝑎𝑛𝑑 𝛽2𝑗 . For the same reason as it was in simulation 

study 1, the scale hyperparameters Q1and Q2 will be held as different fixed 

constant values. 

 Q1, Q2  = {5, 15, 45,135} 

, and the specific group deviation parameters for the two explanatory variables 

will follow the four different spike-and-slab prior combinations. 

𝛽𝑘𝑗~ (1 − 𝜔𝑘)𝑃𝑠𝑝𝑖𝑘𝑒(𝛽𝑘𝑗| … ) + 𝜔𝑘𝑃𝑠𝑙𝑎𝑏(𝛽𝑘𝑗| … ), 𝑘 = 1,2 

 

The best estimated results when estimating model (4.3) can be seen in the 

following tables.  
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Table 5.8.a: Posterior mean estimations of the random effects weight 𝜔1. 

𝝎𝟏 = 𝟎. 𝟒 NN(𝐐𝟏=15) LL(𝐐𝟏=135) StSt(𝐐𝟏=45) LSt(𝐐𝟏=45) 

J=5,I=10 0.63 0.59 0.52 0.52 

J=5,I=30 0.62 0.58 0.50 0.52 

J=5,I=50 0.63 0.58 0.52 0.54 

J=10,I=10 0.53 0.57 0.48 0.48 

J=10,I=30 0.54 0.57 0.49 0.48 

J=10,I=50 0.54 0.56 0.49 0.49 

J=30,I=10 0.58 0.54 0.47 0.46 

J=30,I=30 0.57 0.54 0.46 0.46 

J=30,I=50 0.57 0.54 0.47 0.46 

J=50,I=10 0.47 0.53 0.43 0.44 

J=50,I=30 0.46 0.53 0.43 0.43 

J=50,I=50 0.47 0.52 0.43 0.44 

 

The true value of 𝜔1 is 0.4. The information that can be derived from analyzing 

table 5.8.a is that the StSt and LSt priors outperform the NN and LL priors, 

w.r.t. the reason that these priors already yields fairly good estimations for the 

random effects weight parameter 𝜔1 when the number of groups are 10.  In this 

context, fairly good refers to fact that the difference between the estimated 

value and the true value is less or equal to 0.1. The NN prior also yielded fairly 

good estimations, but this does not occur until the numbers of groups are equal 

to 50.    

Table 5.8.b: Posterior mean estimations of the fixed effect weight 𝑤1 .  

𝒘𝟏 = 𝟏 NN(𝐐𝟏=15) LL(𝐐𝟏=135) StSt(𝐐𝟏=45) LSt(𝐐𝟏=45) 𝒘𝟏𝒔𝒕𝒖𝒅𝒚 𝟐 

J=5,I=10 0.51 0.52 0.51 0.51 0.95 

J=5,I=30 0.50 0.50 0.50 0.50 0.96 

J=5,I=50 0.51 0.50 0.50 0.49 0.97 

J=10,I=10 0.52 0.53 0.50 0.51 0.96 

J=10,I=30 0.51 0.53 0.52 0.53 0.96 

J=10,I=50 0.52 0.53 0.52 0.52 0.97 

J=30,I=10 0.62 0.71 0.65 0.66 0.97 

J=30,I=30 0.64 0.69 0.66 0.67 0.97 

J=30,I=50 0.66 0.71 0.65 0.65 0.97 

J=50,I=10 0.91 0.88 0.89 0.90 0.97 

J=50,I=30 0.90 0.88 0.90 0.90 0.97 

J=50,I=50 0.90 0.87 0.90 0.89 0.97 
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Table 5.8.b shows how the NN prior estimation results of the fixed effect 

weight 𝑤1 has changed from model (4.2) to model (4.3), when allowing the 

explanatory variables to have both fixed and random effects. The last column  

𝑤1𝑠𝑡𝑢𝑑𝑦 2
 shows the values that were obtained in model (4.2). All the different 

random effect priors affect the NN prior estimation on 𝑤1 relatively equally. 

The LL prior performed slightly better than the rest when the number of groups 

increased to 30. Unlike in simulation study 2, where the NN prior for the fixed 

weight 𝑤1 only needed 5 groups to be able to make good estimations, now it 

needs at least 50 groups to make fairly good estimations.        
 

 

Table 5.8.c: Posterior mean estimations of the coefficient 𝛽1. 

𝜷𝟏 = 𝟓 NN(𝐐𝟏=15) LL(𝐐𝟏=135) StSt(𝐐𝟏=45) LSt(𝐐𝟏=45) 𝜷𝟏𝒔𝒕𝒖𝒅𝒚 𝟐 

J=5,I=10 0.16 0.19 0.17 0.15 4.91 

J=5,I=30 0.13 0.16 0.11 0.10 4.97 

J=5,I=50 0.09 0.14 0.12 0.10 4.97 

J=10,I=10 0.24 0.29 0.18 0.22 4.88 

J=10,I=30 0.18 0.26 0.22 0.24 4.99 

J=10,I=50 0.18 0.26 0.20 0.21 5.00 

J=30,I=10 0.73 1.08 0.83 0.88 5.05 

J=30,I=30 0.82 1.06 0.92 0.91 5.02 

J=30,I=50 0.89 1.07 0.82 0.85 5.03 

J=50,I=10 2.81 2.48 2.64 2.67 5.00 

J=50,I=30 2.74 2.36 2.65 2.73 4.98 

J=50,I=50 2.64 2.23 2.71 2.50 4.99 

 

Table 5.8.c shows the estimated values of 𝛽1 when the first explanatory 

variable is allowed to have both fixed and random effects. The last column  
𝛽1𝑠𝑡𝑢𝑑𝑦 2

 shows the values that were obtained in model (4.2). How good the 

estimation of 𝛽1 is achieved depends very much on how well the fixed weight 

parameter 𝑤1 is estimated. Hence, the information that can be obtained from 

table 5.8.c is in principal the same information that can be obtained from table 

5.8.b.    

 

 

 

 

 

 

 

 



41 

 

Table 5.9.a: Posterior mean estimations of the random effects weight 𝜔2. 

𝝎𝟐 = 𝟎. 𝟔 NN(𝐐𝟐 =5) LL(𝐐𝟐 =15) StSt(𝐐𝟐 =15) LSt(𝐐𝟐 =15) 

J=5,I=10 0.83 0.77 0.76 0.76 

J=5,I=30 0.83 0.78 0.76 0.76 

J=5,I=50 0.83 0.77 0.77 0.76 

J=10,I=10 0.60 0.67 0.56 0.56 

J=10,I=30 0.63 0.69 0.60 0.60 

J=10,I=50 0.62 0.70 0.61 0.60 

J=30,I=10 0.54 0.58 0.49 0.49 

J=30,I=30 0.54 0.58 0.48 0.48 

J=30,I=50 0.55 0.59 0.49 0.49 

J=50,I=10 0.66 0.68 0.57 0.58 

J=50,I=30 0.66 0.68 0.57 0.58 

J=50,I=50 0.66 0.69 0.58 0.58 

 

The true value of 𝜔2 is 0.6 and the information that could be gained from 

analyzing table 5.9.a is that the StSt and LSt priors outperformed the NN and 

LL priors w.r.t. the estimation accuracy. For the cases where the number of 

groups are equal to 30, the LL prior produced the best estimated values.   

 

 

 

 
Table 5.9.b: Posterior mean estimations for the fixed effect weight 𝑤2 

𝒘𝟐 = 𝟎 NN(𝐐𝟐 =5) LL(𝐐𝟐 =15) StSt(𝐐𝟐 =15) LSt(𝐐𝟐 =15) 𝒘𝟐𝒔𝒕𝒖𝒅𝒚 𝟐 

J=5,I=10 0.50 0.48 0.50 0.49 0.31 

J=5,I=30 0.50 0.49 0.50 0.50 0.27 

J=5,I=50 0.50 0.48 0.51 0.50 0.27 

J=10,I=10 0.47 0.49 0.47 0.47 0.28 

J=10,I=30 0.48 0.50 0.48 0.47 0.28 

J=10,I=50 0.48 0.50 0.48 0.48 0.26 

J=30,I=10 0.55 0.65 0.59 0.59 0.25 

J=30,I=30 0.56 0.62 0.59 0.59 0.22 

J=30,I=50 0.53 0.65 0.61 0.60 0.21 

J=50,I=10 0.42 0.43 0.42 0.42 0.25 

J=50,I=30 0.42 0.43 0.42 0.43 0.27 

J=50,I=50 0.43 0.45 0.44 0.42 0.21 

 

Table 5.9.b shows how the NN prior estimation results of the fixed effect 

weight 𝑤2 has changed from model (4.2) to model (4.3), when allowing the 
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explanatory variables to have both fixed and random effects. The column  

𝑤2𝑠𝑡𝑢𝑑𝑦 2
 shows the value that was obtained in model (4.2) before the random 

effects were induced. All the different random effect priors affect the NN prior 

estimation on 𝑤2 relatively equally. The LL prior performed slightly worse 

estimation than the other three chosen spike-and-slab priors, when the number 

of groups was 30.  

 

Table 5.9.c: Posterior mean estimations of the coefficient 𝛽2. 

𝜷𝟐 = 𝟎 NN(𝐐𝟐 =5) LL(𝐐𝟐 =15) StSt(𝐐𝟐 =15) LSt(𝐐𝟐 =15) 𝜷𝟐𝒔𝒕𝒖𝒅𝒚𝟐 

J=5,I=10 -0.20 -0.02 -0.14 -0.13 0.05 

J=5,I=30 -0.17 -0.06 -0.12 -0.10 0.00 

J=5,I=50 -0.19 -0.03 -0.12 -0.14 -0.03 

J=10,I=10 0.07 0.00 0.07 0.06 -0.02 

J=10,I=30 0.09 0.02 0.06 0.07 -0.03 

J=10,I=50 0.08 0.01 0.04 0.06 0.02 

J=30,I=10 -0.42 -0.73 -0.56 -0.55 0.00 

J=30,I=30 -0.46 -0.66 -0.57 -0.52 0.01 

J=30,I=50 -0.44 -0.73 -0.58 -0.55 0.00 

J=50,I=10 0.03 -0.06 -0.02 0.02 0.00 

J=50,I=30 0.07 -0.04 -0.05 -0.02 -0.03 

J=50,I=50 0.04 -0.10 -0.03 0.01 0.00 

 

Table 5.9.c shows the change of the NN prior estimations of the fixed effect 𝛽2, 

from model (4.2) to model (4.3) when inducing different spike-and-slab priors 

to the random effects. There is an indication, when the numbers of groups are 

10 or less, showing that the LL prior has higher shrinkage effect than the other 

chosen priors.  
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Figure 5.9.a: MCMC trajectories for the estimated parameters when the spike-and-

slab prior induced were NN.  

 

 

Figure 5.9.b: Cumulative mean plots for the estimated parameters when the spike-

and-slab prior induced were NN.  
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Figure 5.10.a: MCMC trajectories for the estimated parameters when the spike-and-

slab prior induced were LL. 

 

 

Figure 5.10.b: Cumulative mean plots  for the estimated parameters when the spike-

and-slab prior induced were LL.  
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Figure 5.11.a: MCMC trajectories for the estimated parameters when the spike-and-

slab prior induced were StSt. 

 

 

Figure 5.11.b: Cumulative mean plots for the estimated parameters when the spike-

and-slab prior induced were StSt.  
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Figure 5.12.a: MCMC trajectories for the estimated parameters when the spike-and-

slab prior induced were LSt. 

 

 

Figure 5.12.b: Cumulative mean plots for the estimated parameters when the spike-

and-slab prior induced were StSt.  



47 

 

The MCMC trajectories and the cumulative mean plots of the estimated 

parameters for the four different spike-and-slab combinations induced to the 

random effects can be seen in Figure 5.9-5.12. The MCMC chains looks good 

and convergences are reached early in most cases. 

5.4 Study 4 – Fixed and random effects with correlation study 

 

The target model for study 4 is the same as in study 3. The difference between 

these two studies is that the explanatory variables now have different degrees 

of correlation with each other. The main interest is to see if the obtained results 

from study 3 changes when the correlation between the explanatory variables 

increases. Hence the prior inducing and parameter settings for model estimation 

are exactly the same as it was in study 3. However looking into all possible 

combinations of priors inducing with different hyperparameter settings will be 

tedious and not of interest w.r.t the goal of this study.  

The prior inducing and hyperparameter settings for this study is as follows: 

𝛽0~𝑁(0,100) 

𝛽1~(1 − 𝑤1)𝑁(0, 𝜎𝑒
2𝜏1

2) + 𝑤1𝑁(0, 𝜎𝑒
2𝜏1

2𝑐1
2) 

𝛽2~(1 − 𝑤2)𝑁(0, 𝜎𝑒
2𝜏2

2) + 𝑤2𝑁(0, 𝜎𝑒
2𝜏1

2𝑐2
2) 

𝜖𝑖𝑗~𝑈𝑛𝑖𝑓(0,100) 

𝜔0, 𝜔1, 𝜔2~ 𝑈𝑛𝑖𝑓(0,1) 

𝛽0𝑗~ (1 − 𝜔0)𝑁(0, 𝑟0𝑄0) + 𝜔0𝑁(0, 𝑄0) 

𝛽1𝑗~ (1 − 𝜔1)𝑁(0, 𝑟1𝑄1) + 𝜔1𝑁(0, 𝑄1) 

𝛽2𝑗~ (1 − 𝜔2)𝑁(0, 𝑟2𝑄2) + 𝜔2𝑁(0, 𝑄2) 

𝜏1
2, 𝜏2

2 = 0.0001 

𝑐1
2, 𝑐2

2 = 1352  

Q0 = 15, Q1 = 5, Q2  = 15  
𝑟𝑘 = 0.000025 ,  𝑣𝑘 = 3  where k=0,1,2 

 

This was the combination of setting that yielded good parameter estimations in 

study 3. The changes of estimated values for the different parameters of interest 

that comes with increased degrees of correlation can be seen in the following 

tables:  
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Table 5.10.a: Posterior mean estimations of the fixed effects weights. 

𝑾𝟏 = 𝟏 𝝆 = 𝟎 𝝆 = 𝟎. 𝟑  𝝆 = 𝟎. 𝟗 𝑾𝟐 = 𝟎 𝝆 = 𝟎 𝝆 = 𝟎. 𝟑  𝝆 = 𝟎. 𝟗 

J=5,I=10 0.51 0.51 0.50 J=5,I=10 0.50 0.49 0.51 

J=5,I=30 0.50 0.51 0.51 J=5,I=30 0.50 0.50 0.50 

J=5,I=50 0.51 0.50 0.51 J=5,I=50 0.50 0.51 0.51 

J=10,I=10 0.52 0.52 0.51 J=10,I=10 0.47 0.47 0.48 

J=10,I=30 0.51 0.51 0.51 J=10,I=30 0.48 0.47 0.47 

J=10,I=50 0.52 0.52 0.52 J=10,I=50 0.48 0.47 0.48 

J=30,I=10 0.62 0.64 0.61 J=30,I=10 0.55 0.57 0.61 

J=30,I=30 0.64 0.62 0.62 J=30,I=30 0.56 0.56 0.57 

J=30,I=50 0.66 0.64 0.61 J=30,I=50 0.53 0.58 0.60 

J=50,I=10 0.91 0.90 0.90 J=50,I=10 0.42 0.43 0.43 

J=50,I=30 0.90 0.90 0.90 J=50,I=30 0.42 0.43 0.43 

J=50,I=50 0.90 0.90 0.89 J=50,I=50 0.43 0.43 0.43 

 

What can be seen in table 5.10.a is that, when the numbers of groups are 10 or 

less, the increasing correlation does not affect the estimation of the fixed effects 

weight parameters. There is a small indication when the groups are of size 30 

or more, showing that 𝑊1 has a semi decreasing trend and 𝑊2 has a semi 

increasing trend when the correlation between the explanatory variables 

increases.   

 

 
Table 5.10.b: Posterior mean estimations of the fixed effects coefficients. 

𝜷𝟏 = 𝟓 𝝆 = 𝟎 𝝆 = 𝟎. 𝟑  𝝆 = 𝟎. 𝟗 𝜷𝟐 = 𝟎 𝝆 = 𝟎 𝝆 = 𝟎. 𝟑  𝝆 = 𝟎. 𝟗 

J=5,I=10 0.16 0.15 0.11 J=5,I=10 -0.20 -0.21 -0.20 

J=5,I=30 0.13 0.10 0.11 J=5,I=30 -0.17 -0.19 -0.15 

J=5,I=50 0.09 0.08 0.15 J=5,I=50 -0.19 -0.17 -0.20 

J=10,I=10 0.24 0.25 0.19 J=10,I=10 0.07 0.08 0.03 

J=10,I=30 0.18 0.21 0.22 J=10,I=30 0.09 0.04 0.07 

J=10,I=50 0.18 0.20 0.24 J=10,I=50 0.08 0.07 0.05 

J=30,I=10 0.73 0.83 0.62 J=30,I=10 -0.42 -0.54 -0.54 

J=30,I=30 0.82 0.73 0.72 J=30,I=30 -0.46 -0.48 -0.47 

J=30,I=50 0.89 0.80 0.70 J=30,I=50 -0.44 -0.53 -0.54 

J=50,I=10 2.81 2.81 2.64 J=50,I=10 0.03 0.02 -0.01 

J=50,I=30 2.74 2.58 2.76 J=50,I=30 0.07 0.03 0.03 

J=50,I=50 2.64 2.67 2.56 J=50,I=50 0.04 0.00 0.01 

 



49 

 

Table 5.10.b shows the changes of the fixed effects coefficients when different 

degrees of correlation between the explanatory variables are induced. However, 

this change seems too random with no clear patterns. Hence, there are no trends 

that can be found with increasing correlations. 
 

 

Table 5.10.c: Posterior mean estimations of the random effects weights. 

𝝎𝟏 = 𝟎. 𝟒 𝝆 = 𝟎 𝝆 = 𝟎. 𝟑  𝝆 = 𝟎. 𝟗 𝝎𝟐 = 𝟎. 𝟔 𝝆 = 𝟎 𝝆 = 𝟎. 𝟑  𝝆 = 𝟎. 𝟗 

J=5,I=10 0.63 0.64 0.63 J=5,I=10 0.83 0.82 0.78 

J=5,I=30 0.62 0.64 0.63 J=5,I=30 0.83 0.83 0.82 

J=5,I=50 0.63 0.63 0.63 J=5,I=50 0.83 0.83 0.83 

J=10,I=10 0.53 0.53 0.53 J=10,I=10 0.60 0.63 0.69 

J=10,I=30 0.54 0.53 0.54 J=10,I=30 0.63 0.64 0.64 

J=10,I=50 0.54 0.53 0.55 J=10,I=50 0.62 0.63 0.65 

J=30,I=10 0.58 0.56 0.57 J=30,I=10 0.54 0.53 0.56 

J=30,I=30 0.57 0.58 0.57 J=30,I=30 0.54 0.55 0.56 

J=30,I=50 0.57 0.57 0.57 J=30,I=50 0.55 0.54 0.54 

J=50,I=10 0.47 0.46 0.48 J=50,I=10 0.66 0.66 0.66 

J=50,I=30 0.46 0.47 0.47 J=50,I=30 0.66 0.66 0.67 

J=50,I=50 0.47 0.46 0.47 J=50,I=50 0.66 0.66 0.66 

 

Table 5.10.c shows the results of the estimated values for both the random 

effect weights for different degrees of correlation between the explanatory 

variables. One can conclude that the estimated values for the random effect 

weights are basically the same, regardless of the degrees of correlation between 

the explanatory variables. 
 

 
Figure 5.13.a: MCMC trajectories for the estimated fixed coefficients parameters. 
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Figure 5.13.b: Cumulative mean plots for the estimated fixed coefficients parameters. 

 
Figure 5.14.a: MCMC trajectories for the estimated random effect weights 

parameters. 
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Figure 5.14.b: Cumulative mean plots for the estimated random effect weights 

parameters. 

 

 
Figure 5.15.a: MCMC trajectories for the estimated parameters of the error term and 

the fixed effect weights. 
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Figure 5.15.b: Cumulative mean plots for the estimated parameters of the error term 

and the fixed effect weights. 

 

 

 

 

Figures 5.13-5.15 shows the MCMC trajectories and cumulative mean plots for 

all estimated parameters in the model. The first column in each figure are the 

results obtained when there is no correlation between the explanatory variables, 

the second column shows the results obtained when correlation between the 

explanatory variables is 0.3 and the third column shows the results when the 

correlation is 0.9. Regardless of the degrees of correlation between the 

explanatory variables, the figures show that, in all different cases, the MCMC 

trajectories have a desired appearance and convergences for the parameter 

estimation are obtained. 
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5.5 Study 5 – Fixed and random effects in higher dimensions 
study 

The target model for this study is model (4.4). The main interest here is to see 

how well the true values of the different parameters can be estimated, when 

inducing smoothing spike-and-slab priors for both the fixed and the random 

effects. The parameters of most interest here are the coefficients for both the 

fixed and the random effect for all explanatory variables.  

 

Only three scenarios will be looked into, and the fixed effects will only be 

induced with the NN prior, due to lack of time. 

The scenarios of different data sizes that are going to be used is when there are 

few groups with many observation (𝐽 = 10, 𝐼 = 50), many groups with few 

observations (𝐽 = 50, 𝐼 = 10) and the last scenario is when there are many 

groups with many observations (𝐽 = 50, 𝐼 = 50). 
 

The prior induced when estimating model (4.4) is as follows; 

𝛽0~𝑁(0,100) 

𝛽𝑘~(1 − 𝑤𝑘)𝑁(0, 𝜎𝑒
2𝜏𝑘

2) + 𝑤1𝑁(0, 𝜎𝑒
2𝜏𝑘

2𝑐𝑘
2), 𝑘 = 1, … , 10 

𝜖𝑖𝑗~𝑈𝑛𝑖𝑓(0,100) 

𝛽𝑙𝑗~ (1 − 𝜔𝑙)𝑃𝑠𝑝𝑖𝑘𝑒(𝛽𝑙𝑗| … ) + 𝜔𝑙𝑃𝑠𝑙𝑎𝑏(𝛽𝑙𝑗| … ) 

𝜔𝑙~ 𝑈𝑛𝑖𝑓(0,1), 𝑙 = 0, … , 10 
 

Knowledge obtained from study 3 is used here to avoid using inappropriate 

hyperparameter settings that leads to poor results. The hyperparameter settings 

will hence be as follows; 

 

𝜏𝑘
2 = 0.0001 

𝑐𝑘
2 = 1352  

𝑄𝑙 = {5 𝑓𝑜𝑟 𝑁𝑁, 15 𝑓𝑜𝑟 𝐿𝐿, 𝑆𝑡𝑆𝑡 𝑎𝑛𝑑 𝐿𝑆𝑡} 

𝑟𝑙 = 0.000025   

𝑣𝑙 = 3   

Where 𝑘 = 1, … ,10 and  𝑙 = 0, … , 10 
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The results are collected and can be seen in the following tables and figures.  

 

 
 

Table 5.11: Posterior mean estimations of the model parameters. 

J=10, I=50 NN(Q=5) LL(Q=15) StSt(Q=15) LSt(Q=15) 

𝜷𝟎 = 𝟏 1.02 1.02 1.02 1.02 

𝜷𝟏 = 𝟑 2.91 2.91 2.91 2.90 

𝜷𝟐 = 𝟑 1.01 1.04 1.00 0.99 

𝜷𝟑 = 𝟑 0.54 0.70 0.58 0.57 

𝜷𝟒 = −𝟑 -1.28 -1.45 -1.28 -1.27 

𝜷𝟓 = −𝟑 -0.65 -0.74 -0.63 -0.60 

𝜷𝟔 = 𝟎 -0.01 -0.11 -0.05 -0.05 

𝜷𝟕 = 𝟎 -0.21 -0.44 -0.25 -0.23 

𝜷𝟖 = 𝟎 0.00 -0.01 -0.01 -0.01 

𝜷𝟗 = 𝟎 -0.04 -0.04 -0.04 -0.04 

𝜷𝟏𝟎 = 𝟎 0.01 0.01 0.01 0.01 

𝝈𝒆 = 𝟎. 𝟕 0.69 0.70 0.69 0.69 

𝒘𝟏 = 𝟏 0.93 0.93 0.93 0.93 

𝒘𝟐 = 𝟏 0.69 0.71 0.69 0.69 

𝒘𝟑 = 𝟏 0.58 0.62 0.60 0.59 

𝒘𝟒 = 𝟏 0.73 0.78 0.74 0.74 

𝒘𝟓 = 𝟏 0.61 0.63 0.60 0.60 

𝒘𝟔 = 𝟎 0.45 0.46 0.45 0.45 

𝒘𝟕 = 𝟎 0.50 0.57 0.51 0.51 

𝒘𝟖 = 𝟎 0.25 0.25 0.25 0.26 

𝒘𝟗 = 𝟎 0.29 0.30 0.29 0.30 

𝒘𝟏𝟎 = 𝟎 0.25 0.25 0.25 0.25 

𝝎𝟎 = 𝟎 0.01 0.00 0.00 0.00 

𝝎𝟏 = 𝟎 0.01 0.01 0.01 0.01 

𝝎𝟐 = 𝟎. 𝟑 0.57 0.59 0.53 0.53 

𝝎𝟑 = 𝟎. 𝟔 0.75 0.71 0.65 0.65 

𝝎𝟒 = 𝟎. 𝟑 0.61 0.64 0.58 0.59 

𝝎𝟓 = 𝟎. 𝟔 0.82 0.79 0.77 0.77 

𝝎𝟔 = 𝟎. 𝟑 0.42 0.45 0.37 0.37 

𝝎𝟕 = 𝟎. 𝟔 0.68 0.72 0.65 0.65 

𝝎𝟖 = 𝟎 0.01 0.01 0.01 0.01 

𝝎𝟗 = 𝟎 0.01 0.01 0.01 0.01 

𝝎𝟏𝟎 = 𝟎 0.01 0.01 0.01 0.01 
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Figure 5.16.a: MCMC trajectories for some of the estimated parameters. 

 
 

Figure 5.16.b: Cumulative mean plots for some of the estimated parameters. 
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Table 5.11 shows the estimated results of all parameters of interest when 

different spike-and-slab priors were induced. The true value for each parameter 

can be seen in the first column of the table. Table 5.11 shows that the parameter 

estimations for the explanatory variables that have no effects are good. All the 

explanatory variables with both fixed and random effects were poorly 

estimated. The estimated value for both the fixed effects and the random effects 

is almost ideal for the intercept. 

There is an indication showing that the LL prior is the best prior among the 

chosen priors to estimate the explanatory variables fixed effect parameters 

when the explanatory variables truly have fixed effects. Table 5.11 also shows 

that the StSt and LSt priors are basically equally good.  

Figures 5.16.a-5.16.b shows that the chosen parameters have a desirable 

MCMC trajectories appearance and convergences is obtained w.r.t. the 

cumulative mean plots.   
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Table 5.12: Posterior mean estimations of the model parameters. 

 

 

 

 

 

 

 

 

J=50, I=10 NN(Q=5) LL(Q=15) StSt(Q=15) LSt(Q=15) 

𝜷𝟎 = 𝟏 1.03 1.03 1.03 1.03 

𝜷𝟏 = 𝟑 3.13 3.14 3.13 3.13 

𝜷𝟐 = 𝟑 2.65 2.56 2.62 2.62 

𝜷𝟑 = 𝟑 1.66 1.84 1.81 1.82 

𝜷𝟒 = −𝟑 -2.84 -2.85 -2.83 -2.83 

𝜷𝟓 = −𝟑 -1.69 -1.46 -1.69 -1.68 

𝜷𝟔 = 𝟎 -0.13 -0.09 -0.12 -0.12 

𝜷𝟕 = 𝟎 -0.05 0.10 0.00 0.00 

𝜷𝟖 = 𝟎 0.05 0.06 0.06 0.06 

𝜷𝟗 = 𝟎 -0.03 -0.02 -0.02 -0.02 

𝜷𝟏𝟎 = 𝟎 -0.01 -0.01 -0.01 -0.01 

𝝈𝒆 = 𝟎. 𝟕 0.79 0.80 0.79 0.79 

𝒘𝟏 = 𝟏 0.92 0.92 0.92 0.92 

𝒘𝟐 = 𝟏 0.90 0.89 0.90 0.90 

𝒘𝟑 = 𝟏 0.82 0.84 0.84 0.84 

𝒘𝟒 = 𝟏 0.91 0.91 0.91 0.91 

𝒘𝟓 = 𝟏 0.82 0.78 0.82 0.82 

𝒘𝟔 = 𝟎 0.39 0.37 0.39 0.39 

𝒘𝟕 = 𝟎 0.42 0.44 0.42 0.43 

𝒘𝟖 = 𝟎 0.30 0.30 0.30 0.30 

𝒘𝟗 = 𝟎 0.28 0.26 0.27 0.27 

𝒘𝟏𝟎 = 𝟎 0.26 0.26 0.26 0.26 

𝝎𝟎 = 𝟎 0.02 0.01 0.01 0.01 

𝝎𝟏 = 𝟎 0.02 0.02 0.02 0.02 

𝝎𝟐 = 𝟎. 𝟑 0.31 0.34 0.28 0.28 

𝝎𝟑 = 𝟎. 𝟔 0.53 0.55 0.46 0.46 

𝝎𝟒 = 𝟎. 𝟑 0.28 0.30 0.26 0.26 

𝝎𝟓 = 𝟎. 𝟔 0.62 0.67 0.55 0.55 

𝝎𝟔 = 𝟎. 𝟑 0.28 0.28 0.24 0.24 

𝝎𝟕 = 𝟎. 𝟔 0.68 0.71 0.61 0.60 

𝝎𝟖 = 𝟎 0.02 0.02 0.02 0.02 

𝝎𝟗 = 𝟎 0.02 0.02 0.02 0.02 

𝝎𝟏𝟎 = 𝟎 0.02 0.02 0.01 0.01 
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Figure 5.17.a: MCMC trajectories for some of the estimated parameters. 

 

Figure 5.17.b: Cumulative mean plots for some of the estimated parameters. 
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Table 5.12 shows the estimated results of all parameters of interest when 

different spike-and-slab priors were induced. The true value for each parameter 

can be seen in the first column of the table. As can be seen in the table, the 

parameters estimation for the explanatory variables that have no effects is 

good. All estimations of the explanatory variables with both fixed and random 

effects are now more accurate, compared to the case where there are few 

groups with many observations. The estimated value for both the fixed effects 

and the random effects are almost ideal for the intercept. All the random effects 

weights are fairly good estimated. As has been mentioned earlier in the thesis, 

fairly good refer to the fact that the difference between the true value and the 

estimated value is less than 0.1. 

Table 5.12 shows that StSt and LSt are basically equally good. There are no 

clear patterns showing which priors among the chosen is better to use given the 

different effects.  

Figures 5.17.a-5.17.b shows that the chosen parameters have a desirable 

MCMC appearance and convergences are obtained w.r.t. the cumulative mean 

plots.  
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Table 5.13: Posterior mean estimations of the model parameters. 

  J=50, I=50 NN(Q=5) LL(Q=15) StSt(Q=15) LSt(Q=15) 

𝜷𝟎 = 𝟏 1.01 1.01 1.01 1.01 

𝜷𝟏 = 𝟑 3.01 3.01 3.01 3.01 

𝜷𝟐 = 𝟑 2.65 2.63 2.66 2.68 

𝜷𝟑 = 𝟑 1.72 1.91 1.85 1.86 

𝜷𝟒 = −𝟑 -2.76 -2.84 -2.79 -2.80 

𝜷𝟓 = −𝟑 -1.65 -1.32 -1.58 -1.61 

𝜷𝟔 = 𝟎 -0.20 -0.08 -0.19 -0.19 

𝜷𝟕 = 𝟎 -0.06 -0.03 -0.01 0.00 

𝜷𝟖 = 𝟎 -0.02 -0.02 -0.02 -0.02 

𝜷𝟗 = 𝟎 0.01 0.01 0.01 0.01 

𝜷𝟏𝟎 = 𝟎 -0.01 -0.01 -0.01 0.00 

𝝈𝒆 = 𝟎. 𝟕 0.69 0.69 0.69 0.69 

𝒘𝟏 = 𝟏 0.93 0.93 0.93 0.93 

𝒘𝟐 = 𝟏 0.92 0.92 0.92 0.92 

𝒘𝟑 = 𝟏 0.85 0.87 0.86 0.86 

𝒘𝟒 = 𝟏 0.92 0.92 0.92 0.92 

𝒘𝟓 = 𝟏 0.84 0.79 0.84 0.84 

𝒘𝟔 = 𝟎 0.44 0.36 0.44 0.44 

𝒘𝟕 = 𝟎 0.44 0.44 0.43 0.43 

𝒘𝟖 = 𝟎 0.24 0.25 0.24 0.24 

𝒘𝟗 = 𝟎 0.21 0.21 0.21 0.22 

𝒘𝟏𝟎 = 𝟎 0.21 0.22 0.22 0.21 

𝝎𝟎 = 𝟎 0.01 0.00 0.00 0.00 

𝝎𝟏 = 𝟎 0.01 0.01 0.00 0.00 

𝝎𝟐 = 𝟎. 𝟑 0.32 0.36 0.29 0.29 

𝝎𝟑 = 𝟎. 𝟔 0.52 0.53 0.46 0.46 

𝝎𝟒 = 𝟎. 𝟑 0.30 0.32 0.28 0.28 

𝝎𝟓 = 𝟎. 𝟔 0.60 0.66 0.55 0.55 

𝝎𝟔 = 𝟎. 𝟑 0.27 0.28 0.23 0.23 

𝝎𝟕 = 𝟎. 𝟔 0.69 0.73 0.61 0.61 

𝝎𝟖 = 𝟎 0.01 0.01 0.01 0.01 

𝝎𝟗 = 𝟎 0.01 0.01 0.00 0.00 

𝝎𝟏𝟎 = 𝟎 0.01 0.01 0.01 0.01 
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Figure 5.18.a: MCMC trajectories for some of the estimated parameters. 

 

 
Figure 5.18.b: Cumulative mean plots for some of the estimated parameters. 
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Table 5.13 shows the estimated results of all parameters when different spike-

and-slab priors were induced. The true value for each parameter can be seen in 

the first column of the table. As can be seen in the table, the parameters 

estimation for explanatory variables that have no effects is good. The 

estimations of the fixed effects for the explanatory variables with both fixed 

and random effects are better here compared to the previous case where the 

amount of groups are the same, but with less observations. The estimated value 

for both the fixed effects and the random effects is also for this case almost 

ideal for the intercept. All the random effects weights are fairly good estimated 

except for 𝜔7 when LL was induced.  

Table 5.13 shows that the StSt prior and the LSt prior are basically equally 

good. There are no clear patterns showing which priors among the chosen ones 

are better to use given the different effects.  

Figures 5.18.a-5.18.b shows that the chosen parameters have a desirable 

MCMC appearance and convergences are obtained w.r.t. the cumulative mean 

plots.  
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5.6 Real dataset 

Unimodal smoothing shrinkage priors: 

The priors settings when using unimodal prior are as follows: 

𝛽0~ 𝑁(0,100), overall intercept 

𝛽𝑘~ 𝑁(0,100), 𝑘 = 1, … , 𝐾 explanatory variables 

 𝜖𝑖𝑗~ 𝑈𝑛𝑖𝑓(0,100),  

𝛽𝑙𝑗~ {𝑁(0, 𝑄𝑙), 𝐿𝑎𝑝(√𝑄𝑙), 𝑡2𝑣 (0,
𝑄𝑙

𝑣
)}, 𝑙 =  0, … , 𝐾 

Where the scale hyperparameter 𝑄  is estimated in the same way as Fr�̈�hwirth-

Schnatter & Wagner, (2010) did in their article; 

 

𝑄 ~𝐺−1(𝐶1, 𝐶2/𝑐), an inverse gamma distribution with fixed shape 

parameter 𝐶1, and a scale value 𝐶2/𝑐. 𝑐 is a specific distribution fixed 

constant. The hyperparameter settings is as follows: 

𝐶1 =  0.5, 𝐶2 =  0.2275, for normal distribution 𝑐 = 1, for Laplace 

distribution 𝑐 = 2 and for Student-t distribution 𝑐 = 1/(𝑣 − 1) where the 

degrees of freedom parameter 𝑣 =  3. This is the same settings that were either 

used or recommended by Fr�̈�hwirth-Schnatter & Wagner, (2010). 

 

Spike-and-slab smoothing shrinkage priors: 

The priors induced when using spike-and-slab priors are as follows: 

𝛽0~ 𝑁(0,100), overall intercept 

𝛽𝑘~(1 − 𝑤𝑘)𝑁(0, 𝜎𝑒
2𝜏𝑘

2) + 𝑤𝑘𝑁(0, 𝜎𝑒
2𝜏𝑘

2𝑐𝑘
2) , 𝑘 = 1,2, … , 𝐾 variables 

 𝜖𝑖𝑗~ 𝑈𝑛𝑖𝑓(0,100),  

𝛽𝑙𝑗~ (1 − 𝜔𝑙)𝑝𝑠𝑝𝑖𝑘𝑒(𝛽𝑙𝑗| … ) + 𝜔𝑙𝑝𝑠𝑙𝑎𝑏(𝛽𝑙𝑗| … ), 𝑙 = 0,1, … , 𝐾 variables 

The weight for the random effects 𝜔𝑘~𝑈𝑛𝑖𝑓(0,1)  

The weights for the fixed effects 𝑤𝑘~𝑈𝑛𝑖𝑓(0,1)  

 

Different from the simulation studies, the scale parameter Q will here be 

estimated as Fr�̈�hwirth-Schnatter & Wagner (2010) did in their article; 

𝑄|𝜔~𝐺−1 (𝐶1,
𝐶2

𝑠∗(𝜔)
)                

𝑠∗(𝜔) = 𝑟(1 − 𝜔)𝑠𝑐1 + 𝜔𝑠𝑐2 

Q conditional on the weight 𝜔 follow the inverse gamma distribution with C1 

and C2 as fixed constants. 𝑠𝑐1 is a specific distribution constant for the spike 

component, 𝑠𝑐2 is a specific distribution constant for the slab component and 𝑟 

is the variance ratio between the two components. 𝐶1 =  0.5, 𝐶2 =  0.2275. 

The specific constant for the Normal distribution is 1, for the Laplace 

distribution it is 2 and for the Student-t distribution it is  1/(𝑣 − 1).  

This is the same settings that were either used or recommended by Fr�̈�hwirth-

Schnatter & Wagner, (2010). 

 

The reason why Q is estimated instead of being held fixed is because we would 

like to turn a shrinkage prior for an individual random effect into a smoothing 

prior across all random effects (Fr�̈�hwirth-Schnatter & Wagner, 2010).  
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The parameter 𝑐𝑘
  will be estimated with a non-informative prior instead of 

being held fixed as in the simulation studies. This is done with the intention of 

minimizing the estimation errors that could occur by setting inappropriate 

values for the hyperparameters. 

The hyperparameter settings are as follows: 

𝑐𝑘
 ~𝑁(0,100) 

𝑣 =  3.  

𝑟 = 0.000025 

𝜏𝑘
 = 0.01, 𝑘 = 1, . . ,6 

 

5.6.1 Random intercept model 

Recall that a RIM can be expressed as equation (3.1). For the real obtained data 

set, the variables explanation is as follows; 

𝜷 = (𝛽1, … , 𝛽6) are estimated coefficients for the six available explanatory 

variables,  𝛼0 is the overall intercept value and 𝛼𝑗 is the class specific deviation 

from 𝛼0. 𝑿𝑘𝑖𝑗 are the available explanatory variables. 𝑦𝑖𝑗 and 𝜖𝑖𝑗 are the 

response and noise error respectively for student 𝑖 in class 𝑗. 𝑖 =
 1, … , 𝑛𝑗   students, 𝑗 = 1, … , 43 classes and 𝑘 = 1, … ,6 explanatory variables. 

 

5.6.1.1 Unimodal priors 

The following tables were obtained when inducing the three chosen unimodal 

priors on the specific class deviation parameter 𝛼𝑗. 

 

Table 5.14.a: Summarized results of the real dataset when inducing unimodal normal 

distribution on the fixed effect and unimodal normal distribution on the random effect.  

𝜶𝒋~𝑵(. ) mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.55 0.34 0.86 2.22 2407 1.00 

𝜷𝟏 0.00 0.03 -0.05 0.05 2394 1.00 

𝜷𝟐 0.16 0.04 0.07 0.24 4000 1.00 

𝜷𝟑 0.03 0.03 -0.03 0.10 4000 1.00 

𝜷𝟒 0.26 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.10 4000 1.00 

𝜷𝟔 -0.15 0.03 -0.21 -0.08 4000 1.00 

𝝈𝒆 0.49 0.01 0.46 0.51 4000 1.00 
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Table 5.14.b: Summarized results of the real dataset when inducing unimodal normal 

distribution on the fixed effect and unimodal Laplace distribution on the random 

effect.  

𝜶𝒋~𝑳𝒂𝒑(. ) mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.55 0.40 0.77 2.36 1487 1.00 

𝜷𝟏 0.00 0.03 -0.06 0.06 1410 1.00 

𝜷𝟐 0.16 0.04 0.07 0.24 4000 1.00 

𝜷𝟑 0.02 0.04 -0.05 0.09 4000 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.09 4000 1.00 

𝜷𝟔 -0.15 0.03 -0.21 -0.08 4000 1.00 

𝝈𝒆 0.48 0.01 0.46 0.51 4000 1.00 

 
Table 5.14.c: Summarized results of the real dataset when inducing unimodal normal 

distribution on the fixed effect and unimodal Student-t distribution on the random 

effect.  

𝜶𝒋~𝒕𝟐𝒗(. ) mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.54 0.34 0.88 2.20 2531 1.00 

𝜷𝟏 0.00 0.02 -0.05 0.05 2525 1.00 

𝜷𝟐 0.16 0.04 0.07 0.24 3480 1.00 

𝜷𝟑 0.03 0.03 -0.03 0.10 4000 1.00 

𝜷𝟒 0.26 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.10 4000 1.00 

𝜷𝟔 -0.15 0.03 -0.21 -0.08 4000 1.00 

𝝈𝒆 0.49 0.01 0.46 0.51 4000 1.00 

 

Table 5.14.a-5.14.c yields in principal same estimations on all the parameters. 

The measurements of interest that can be obtained from the tables are the 

posterior mean estimation, 95% Credibility Interval (CI), 𝑛𝑒𝑓𝑓 and 

�̂�. For example, Table 5.14.b shows that the estimation of the overall intercept 

is 1.55, where the true value of it is expected to be in the interval (0.77; 2.36) 

according to the 95% CI. Convergences of the parameter estimations are 

obtained w.r.t the �̂� values measurement.  
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Figure 5.19: MCMC trajectory and cumulative mean plot for the estimated overall 

intercept, for RIM with unimodal priors. 

Occurrence of convergences can also be confirmed by looking at Figure 5.19, 

where the MCMC trajectory and the cumulative mean plot are shown. 

Table 5.15: Summarized results of the random intercept when inducing unimodal 

normal distribution on the fixed effect and different unimodal distributions on the 

random effect.  

𝜶𝒋~ Potential (P) class ID 

Normal 7 1,11,19,20,31,32,40 

Laplace 10 1,11,14,19,20,29,30,31,32,40 

Student-t 5 1,11,20,31,40 

 

Table 5.15 shows the summarized results of the different classes random 

intercept parameter 𝛼𝑗 that may have random effect when inducing different 

unimodal smoothing priors. The column 𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 shows how many of the 

classes has a ratio value higher than 1 when dividing the posterior mean 

estimation with the posterior standard deviation. This ad hoc measurement is 

utilized to show which classes may have potential random effects values that 

deviate from the overall mean. Table 5.15 indicates that the Laplace unimodal 

prior has the least shrinkage effect. 

5.6.1.2 Spike-and-Slab priors 

The following tables were obtained when inducing the four chosen spike-and-

slab priors on the specific class deviation parameter 𝛼𝑗. 
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Table 5.16.a: Summarized results of the real dataset when inducing NN on the fixed 

effect and NN on the random intercept.  

 𝜶𝒋~𝑵𝑵 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.56 0.28 1.00 2.11 4000 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.04 4000 1.00 

𝜷𝟐 0.15 0.04 0.07 0.24 4000 1.00 

𝜷𝟑 0.03 0.03 -0.03 0.10 4000 1.00 

𝜷𝟒 0.26 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.10 4000 1.00 

𝜷𝟔 -0.14 0.03 -0.21 -0.07 4000 1.00 

𝝎𝟎 0.15 0.06 0.02 0.27 901 1.00 

𝒘𝟏 0.31 0.27 0.01 0.94 4000 1.00 

𝒘𝟐 0.54 0.24 0.16 0.97 4000 1.00 

𝒘𝟑 0.37 0.27 0.02 0.95 4000 1.00 

𝒘𝟒 0.60 0.21 0.23 0.97 4000 1.00 

𝒘𝟓 0.54 0.24 0.16 0.97 4000 1.00 

𝒘𝟔 0.52 0.24 0.15 0.96 4000 1.00 

𝝈𝒆 0.49 0.01 0.46 0.51 4000 1.00 

 

 

Table 5.16.b: Summarized results of the real dataset when inducing NN on fixed effect 

and LL on the random intercept.  

 𝜶𝒋~𝑳𝑳 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.55 0.28 1.01 2.12 4000 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.04 4000 1.00 

𝜷𝟐 0.15 0.04 0.07 0.23 4000 1.00 

𝜷𝟑 0.03 0.03 -0.02 0.10 4000 1.00 

𝜷𝟒 0.26 0.01 0.23 0.28 3936 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.10 4000 1.00 

𝜷𝟔 -0.14 0.03 -0.21 -0.08 4000 1.00 

𝝎𝟎 0.01 0.01 0.00 0.03 854 1.00 

𝒘𝟏 0.30 0.27 0.01 0.93 4000 1.00 

𝒘𝟐 0.53 0.24 0.15 0.98 4000 1.00 

𝒘𝟑 0.37 0.27 0.01 0.94 4000 1.00 

𝒘𝟒 0.60 0.22 0.22 0.98 4000 1.00 

𝒘𝟓 0.54 0.23 0.17 0.96 4000 1.00 

𝒘𝟔 0.52 0.23 0.15 0.97 3398 1.00 

𝝈𝒆 0.49 0.01 0.46 0.51 4000 1.00 
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Table 5.16.c: Summarized results of the real dataset when inducing NN on fixed effect 

and StSt on the random intercept.  

 𝜶𝒋~𝑺𝒕𝑺𝒕 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.55 0.28 1.00 2.11 4000 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.04 4000 1.00 

𝜷𝟐 0.15 0.04 0.07 0.24 4000 1.00 

𝜷𝟑 0.03 0.03 -0.02 0.10 4000 1.00 

𝜷𝟒 0.26 0.01 0.23 0.28 3705 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.10 4000 1.00 

𝜷𝟔 -0.14 0.03 -0.21 -0.08 4000 1.00 

𝝎𝟎 0.11 0.05 0.01 0.20 840 1.00 

𝒘𝟏 0.31 0.27 0.01 0.93 4000 1.00 

𝒘𝟐 0.53 0.24 0.14 0.97 4000 1.00 

𝒘𝟑 0.37 0.27 0.01 0.95 4000 1.00 

𝒘𝟒 0.61 0.21 0.24 0.98 4000 1.00 

𝒘𝟓 0.55 0.24 0.17 0.98 4000 1.00 

𝒘𝟔 0.53 0.23 0.16 0.96 4000 1.00 

𝝈𝒆 0.49 0.01 0.46 0.51 4000 1.00 

 

Table 5.16.d: Summarized results of the real dataset when inducing NN on fixed effect 

and LSt on the random intercept.  

 𝜶𝒋~𝑳𝑺𝒕 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜶𝟎 1.55 0.28 0.98 2.12 4000 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.04 4000 1.00 

𝜷𝟐 0.16 0.04 0.07 0.24 4000 1.00 

𝜷𝟑 0.03 0.03 -0.03 0.10 4000 1.00 

𝜷𝟒 0.26 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.15 0.03 -0.20 -0.09 3977 1.00 

𝜷𝟔 -0.14 0.03 -0.21 -0.08 3947 1.00 

𝝎𝟎 0.11 0.05 0.02 0.21 1114 1.00 

𝒘𝟏 0.30 0.27 0.01 0.93 4000 1.00 

𝒘𝟐 0.54 0.24 0.16 0.96 4000 1.00 

𝒘𝟑 0.37 0.27 0.01 0.94 4000 1.00 

𝒘𝟒 0.61 0.21 0.24 0.97 4000 1.00 

𝒘𝟓 0.54 0.24 0.16 0.97 4000 1.00 

𝒘𝟔 0.53 0.24 0.15 0.97 4000 1.00 

𝝈𝒆 0.49 0.01 0.46 0.51 4000 1.00 

 

 

As expected, table 5.16.a-5.16.d yields in principal the same estimations on all 

parameters, except for 𝜔0 which is the weight parameter for the random 
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intercept. The estimated value for 𝜔0 can be interpreted as the proportion of 

classes that has a random intercept value that deviates from the overall 

intercept 𝛼0. The estimated values of the weights for the fixed effect can be 

interpreted as a probability inclusion rate for the corresponding explanatory 

variables to be included to the model. How high the probability inclusion rate 

should be, to include the explanatory variable to the model is up to each analyst 

to decide. However George and McCulloch (1993) and Barbieri and Berger 

(2004) suggested value of 0.5 which implies that the variables that should be 

kept is X2, X4, X5 and X6. The choice of including these explanatory variables 

is also supported by the 95 % CI. 

 

Table 5.17: Summarized results of the random intercept when inducing different 

spike-and-slab priors.  

𝜶𝒋~ Potential class ID 

NN 5 1,11,20,31,40 

LL 3 11,20,40 

StSt 4 11,20,31,40 

LSt 4 11,20,31,40 

 

Table 5.17 shows the summarized results of the different classes random 

intercept parameter 𝛼𝑗  that may have random effect when inducing different 

spike-and-slab priors. The column  𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 indicates that the spike-and-slab 

prior where both components has the Laplace density (LL) have the highest 

shrinkage effect. The LSt and StSt priors yield the same shrinkage effects, and 

the NN prior has the least shrinkage effect. 

 

Short summarized results for the RIM: 

 The explanatory variables age and student-student relationship (ssr) 

should not be included in the model, if the interest of obtaining a model 

with the best prediction performance is the objective. Defender self-

efficacy (dse) has the highest influence on the response variable 

defending. 

 If one just looks at the spike-and-slab priors, the conclusion of Laplace 

distribution yields the strongest shrinkage effect, followed by Student-t 

distribution and the distribution with least shrinkage effect is the Normal 
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distribution, which is expected. However, these results are not supported 

by the outcomes of unimodal induced priors.  

Regardless of what type of priors is induced, the Student-t distribution 

seems to yield more shrinkage than the Normal distribution.  

 

 

 

5.6.2 Linear mixed effects model 

Recall that a LME model can be expressed as model formulation equation 

(3.16). For the real obtained data set, the variables explanation will hence be as 

follows; 

𝑖 =  1, 2, … , 𝑛𝑗 students 

𝑗 =  1, 2, … , 43 classes 

𝑘 =  1, … , 6  explanatory variables  

𝛽𝑙  , 𝑙 = 0, … ,6 are the estimated fixed effects.  

𝛽𝑙𝑗  , 𝑙 = 0, … ,6 are the estimated random effects.  

𝑥𝑘𝑖𝑗 , are the available explanatory variables. 

𝑦𝑖𝑗 and 𝜖𝑖𝑗 are the response and the noise error for student 𝑖 in class 𝑗 

respectively. 

 

 

 

 

5.6.2.1 Unimodal priors 

The following tables were obtained when inducing the three chosen unimodal 

priors on the specific class deviation parameter 𝛽𝑙𝑗. 

 

Table 5.18.a: Summarized results of the real dataset when inducing unimodal normal 

distribution on the fixed effect and unimodal normal distribution on the random effect.  

𝜷𝒍𝒋~𝑵(. ) mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.33 0.64 0.11 2.57 968 1.00 

𝜷𝟏 0.03 0.06 -0.08 0.13 968 1.00 

𝜷𝟐 0.16 0.05 0.07 0.25 4000 1.00 

𝜷𝟑 0.00 0.04 -0.08 0.07 4000 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.13 0.04 -0.20 -0.06 2636 1.00 

𝜷𝟔 -0.15 0.04 -0.22 -0.07 4000 1.00 

𝝈𝒆 0.47 0.01 0.45 0.49 4000 1.00 
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Table 5.18.b: Summarized results of the real dataset when inducing unimodal normal 

distribution on the fixed effect and unimodal Laplace distribution on the random 

effect.  

𝜷𝒍𝒋~𝑳𝒂𝒑(. ) mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.05 0.89 -0.71 2.82 1781 1.00 

𝜷𝟏 0.05 0.08 -0.11 0.21 1668 1.00 

𝜷𝟐 0.17 0.05 0.06 0.27 2185 1.00 

𝜷𝟑 -0.01 0.05 -0.11 0.08 2381 1.00 

𝜷𝟒 0.25 0.02 0.21 0.29 1210 1.00 

𝜷𝟓 -0.12 0.05 -0.20 -0.03 1767 1.00 

𝜷𝟔 -0.14 0.05 -0.24 -0.05 2335 1.00 

𝝈𝒆 0.45 0.01 0.43 0.48 4000 1.00 

 

Table 5.18.c: Summarized results of the real dataset when inducing unimodal normal 

distribution on the fixed effect and unimodal Student-t distribution on the random 

effect.  

𝜷𝒍𝒋~𝒕𝟐𝒗(. ) mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.41 0.58 0.28 2.55 2261 1.00 

𝜷𝟏 0.02 0.05 -0.08 0.11 2241 1.00 

𝜷𝟐 0.16 0.05 0.07 0.25 4000 1.00 

𝜷𝟑 0.00 0.04 -0.07 0.08 4000 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 4000 1.00 

𝜷𝟓 -0.13 0.03 -0.19 -0.06 4000 1.00 

𝜷𝟔 -0.15 0.04 -0.22 -0.07 4000 1.00 

𝝈𝒆 0.47 0.01 0.45 0.50 4000 1.00 

 

Table 5.18.a-5.18.c yields very similar results on the fixed coefficients for the 

different induced unimodal priors. The overall intercept 𝛽0 is slightly different 

when inducing Normal and Student-t distribution on the random effects. 𝛽0 is 

not significantly different from zero when inducing the Laplace prior on the 

random effects.  
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Table 5.19: Summarized results of which classes may deviates from the overall mean 

for the different random effects, induced by the three different unimodal priors. 
 

𝜷𝒍𝒋~  Potential class ID 

Normal 𝛽0𝑗 0 x 

𝛽1𝑗 0 x 

𝛽2𝑗 0 x 

𝛽3𝑗 0 x 

𝛽4𝑗 0 x 

𝛽5𝑗 4 1,20,25,40 

𝛽6𝑗 4 9,20,30,35 

Laplace 𝛽0𝑗 0 x 

𝛽1𝑗 1 38 

𝛽2𝑗 2 33,34 

𝛽3𝑗 5 11,20,27,38,40 

𝛽4𝑗 11 4,8,9,10,11,14,16,26,32,33,38 

𝛽5𝑗 6 1,19,20,25,33,40 

𝛽6𝑗 7 9,14,19,20,30,35,41 

Student-t 𝛽0𝑗 0 x 

𝛽1𝑗 0 x 

𝛽2𝑗 0 x 

𝛽3𝑗 0 x 

𝛽4𝑗 0 x 

𝛽5𝑗 4 1,20,25,40 

𝛽6𝑗 4 9,20,30,35 

 

Table 5.19 shows the summarized results of classes that may have random 

effect for the different random effects parameters when inducing different 

unimodal smoothing prior. As can be seen in the table, the Normal distribution 

and the Student-t distribution yields exact the same results, w.r.t. number of 

𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 and ID of the classes. Laplace distribution yields same or more 

classes for the corresponding random effects parameters. 
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5.6.2.2 Spike-and-Slab priors 

The following tables were obtained when inducing the four chosen spike-and-

slab priors on the different deviation parameters 𝛽𝑙𝑗. 

 
 

Table 5.20.a: Summarized results of the real dataset when inducing NN on fixed 

effects and NN on the random effects.  

𝜷𝒍𝒋~𝑵𝑵 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.54 0.31 0.91 2.15 8000 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.05 8000 1.00 

𝜷𝟐 0.15 0.04 0.07 0.23 8000 1.00 

𝜷𝟑 0.02 0.03 -0.03 0.08 8000 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 8000 1.00 

𝜷𝟓 -0.13 0.03 -0.19 -0.08 8000 1.00 

𝜷𝟔 -0.14 0.04 -0.22 -0.06 8000 1.00 

𝝎𝟎 0.05 0.04 0.00 0.14 4856 1.00 

𝝎𝟏 0.03 0.02 0.00 0.07 5437 1.00 

𝝎𝟐 0.04 0.03 0.00 0.11 5163 1.00 

𝝎𝟑 0.04 0.03 0.00 0.10 4515 1.00 

𝝎𝟒 0.03 0.03 0.00 0.10 4519 1.00 

𝝎𝟓 0.07 0.04 0.00 0.16 1849 1.00 

𝝎𝟔 0.22 0.06 0.11 0.33 2684 1.00 

𝒘𝟏 0.30 0.27 0.01 0.93 8000 1.00 

𝒘𝟐 0.54 0.24 0.16 0.97 8000 1.00 

𝒘𝟑 0.35 0.28 0.01 0.94 8000 1.00 

𝒘𝟒 0.61 0.21 0.24 0.98 8000 1.00 

𝒘𝟓 0.53 0.23 0.15 0.96 8000 1.00 

𝒘𝟔 0.53 0.24 0.14 0.97 8000 1.00 

𝝈𝒆 0.47 0.01 0.45 0.50 8000 1.00 

 

Table 5.20.b: Summarized results of the real dataset when inducing NN on fixed 

effects and LL on the random effects.  

𝜷𝒍𝒋~𝑳𝑳 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.52 0.41 0.65 2.30 2197 1.00 

𝜷𝟏 0.01 0.03 -0.06 0.08 2032 1.00 

𝜷𝟐 0.15 0.04 0.07 0.24 8000 1.00 

𝜷𝟑 0.01 0.03 -0.05 0.07 3987 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 8000 1.00 

𝜷𝟓 -0.13 0.03 -0.19 -0.06 4765 1.00 

𝜷𝟔 -0.14 0.04 -0.22 -0.05 4137 1.00 

𝝎𝟎 0.01 0.01 0.00 0.02 2148 1.00 
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𝝎𝟏 0.00 0.00 0.00 0.00 2166 1.00 

𝝎𝟐 0.00 0.00 0.00 0.01 2144 1.00 

𝝎𝟑 0.00 0.00 0.00 0.01 1806 1.00 

𝝎𝟒 0.00 0.00 0.00 0.01 2155 1.00 

𝝎𝟓 0.01 0.01 0.00 0.03 811 1.01 

𝝎𝟔 0.03 0.01 0.00 0.05 779 1.00 

𝒘𝟏 0.34 0.27 0.01 0.93 1580 1.00 

𝒘𝟐 0.53 0.24 0.15 0.97 2423 1.00 

𝒘𝟑 0.33 0.27 0.01 0.95 2582 1.00 

𝒘𝟒 0.61 0.21 0.25 0.98 2732 1.00 

𝒘𝟓 0.51 0.24 0.13 0.96 992 1.00 

𝒘𝟔 0.52 0.24 0.14 0.97 1515 1.01 

𝝈𝒆 0.47 0.01 0.45 0.50 4058 1.00 

 

Table 5.20.c: Summarized results of the real dataset when inducing NN on fixed 

effects and StSt on the random effects. 

𝜷𝒍𝒋~𝑺𝒕𝑺𝒕 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.54 0.30 0.93 2.14 8000 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.05 8000 1.00 

𝜷𝟐 0.15 0.04 0.07 0.23 8000 1.00 

𝜷𝟑 0.02 0.03 -0.03 0.08 8000 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 7742 1.00 

𝜷𝟓 -0.13 0.03 -0.19 -0.08 8000 1.00 

𝜷𝟔 -0.14 0.04 -0.22 -0.05 6459 1.00 

𝝎𝟎 0.04 0.03 0.00 0.10 4189 1.00 

𝝎𝟏 0.01 0.01 0.00 0.02 4778 1.00 

𝝎𝟐 0.02 0.02 0.00 0.06 3997 1.00 

𝝎𝟑 0.01 0.01 0.00 0.03 3724 1.00 

𝝎𝟒 0.01 0.00 0.00 0.02 3747 1.00 

𝝎𝟓 0.06 0.04 0.00 0.15 1526 1.01 

𝝎𝟔 0.16 0.04 0.08 0.26 1695 1.00 

𝒘𝟏 0.30 0.27 0.01 0.93 8000 1.00 

𝒘𝟐 0.54 0.24 0.15 0.97 8000 1.00 

𝒘𝟑 0.35 0.27 0.01 0.94 8000 1.00 

𝒘𝟒 0.61 0.22 0.23 0.98 6492 1.00 

𝒘𝟓 0.53 0.24 0.16 0.97 8000 1.00 

𝒘𝟔 0.52 0.24 0.13 0.97 8000 1.00 

𝝈𝒆 0.47 0.01 0.45 0.50 8000 1.00 
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Table 5.20.d: Summarized results of the real dataset when inducing NN on fixed 

effects and LSt on the random effects.  

 𝜷𝒍𝒋~𝑳𝑺𝒕 mean sd 2.5% 97.5% 𝒏𝒆𝒇𝒇 �̂� 

𝜷𝟎 1.54 0.32 0.89 2.18 4800 1.00 

𝜷𝟏 0.00 0.02 -0.04 0.05 4275 1.00 

𝜷𝟐 0.15 0.04 0.07 0.23 8000 1.00 

𝜷𝟑 0.02 0.03 -0.04 0.08 8000 1.00 

𝜷𝟒 0.25 0.01 0.23 0.28 8000 1.00 

𝜷𝟓 -0.13 0.03 -0.19 -0.08 8000 1.00 

𝜷𝟔 -0.14 0.04 -0.22 -0.06 4906 1.00 

𝝎𝟎 0.04 0.03 0.00 0.13 3367 1.00 

𝝎𝟏 0.04 0.03 0.00 0.12 3130 1.00 

𝝎𝟐 0.05 0.04 0.00 0.13 3674 1.00 

𝝎𝟑 0.05 0.04 0.00 0.13 3076 1.00 

𝝎𝟒 0.04 0.03 0.00 0.12 3435 1.00 

𝝎𝟓 0.09 0.05 0.00 0.20 1175 1.00 

𝝎𝟔 0.18 0.05 0.07 0.28 1246 1.00 

𝒘𝟏 0.32 0.27 0.01 0.93 4787 1.00 

𝒘𝟐 0.54 0.24 0.16 0.97 3996 1.00 

𝒘𝟑 0.35 0.27 0.01 0.94 4788 1.00 

𝒘𝟒 0.61 0.21 0.24 0.98 3327 1.00 

𝒘𝟓 0.53 0.24 0.15 0.97 3145 1.00 

𝒘𝟔 0.54 0.24 0.15 0.97 3453 1.00 

𝝈𝒆 0.47 0.01 0.45 0.50 6656 1.00 

 

Table 5.20.a-5.20.d shows that the fixed effects are approximately the same for 

all four tables, independent on which spike-and-slab prior was induced to the 

random effects. Following the median probability model, the variables that 

should not be chosen in the final model is X1 and X3, since they both have a 

probability inclusion value less than 0.5. The same conclusion can also be 

obtained by looking at the 95 % CI for the fixed coefficients estimation. Note 

that a LME model with spike-and-slab priors are more complex than the RIM, 

thus the number of posterior draws on the different parameters has increased 

from 4000 to 8000 to make sure that convergence is obtained.  
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Table 5.21: Summarized results of which classes may deviates from the overall mean 

for the different random effects, induced by the four different spike-and-slab priors. 

 

𝜷𝒍𝒋~  Potential class ID 

NN 𝛽0𝑗 0 x 

𝛽1𝑗 0 x 

𝛽2𝑗 0 x 

𝛽3𝑗 0 x 

𝛽4𝑗 0 x 

𝛽5𝑗 4 1,20,25,40 

𝛽6𝑗 13 1,9,14,19,20,29-33,35,40,41 

LL 𝛽0𝑗 0 x 

𝛽1𝑗 0 x 

𝛽2𝑗 0 x 

𝛽3𝑗 0 x 

𝛽4𝑗 0 x 

𝛽5𝑗 2 20,25 

𝛽6𝑗 3 20,30,35 

StSt 𝛽0𝑗 0 x 

𝛽1𝑗 0 x 

𝛽2𝑗 0 x 

𝛽3𝑗 0 x 

𝛽4𝑗 0 x 

𝛽5𝑗 3 1,20,25 

𝛽6𝑗 12 1,9,14,19,20,29-32,35,40,41 

LSt 𝛽0𝑗 0 x 

𝛽1𝑗 0 x 

𝛽2𝑗 0 x 

𝛽3𝑗 0 x 

𝛽4𝑗 0 x 

𝛽5𝑗 3 1,20,25 

𝛽6𝑗 11 9,14,19,20,29-32,35,40,41 

 

Table 5.21 indicates that the LL prior has the strongest shrinkage effects, 

followed by the LSt and StSt priors. The NN prior has the least shrinkage effect 

among the chosen spike-and-slab priors. 
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Short summarized results for LME model: 

 The explanatory variables age and student-student relationship (ssr) 

should not be included in the model, if adhering to George and 

McCulloch (1993), Barbieri and Berger (2004) suggested inclusion 

probability value of 0.5. Defender self-efficacy (dse) has the highest 

influence on the response variable defending. Moral disengagement 

(mde) has a negative effect on the response variable defending. 

 Taking both the unimodal smoothing prior and the spike-and-slab 

smoothing prior results into account, the prior that yields the most 

shrinkage is the Laplace distribution. The Student-t distribution yields 

the second most shrinkage and the Normal distribution yields least 

shrinkage effect.  
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6 Discussion  
Critical assessment of the obtained result, in terms of adequacy of the method 

choices, and the scientific context, for both the simulations and the real dataset 

studies will be discussed in this chapter.  

 

6.1 Simulation studies   

To begin with, throughout the whole simulation studies, regardless of the 

model choices, the value of the common scale parameter 𝑄 differs for all spike-

and-slab priors when obtaining similar results. This indicates that the chosen 

priors have different shrinkage effects. As expected, the NN prior with 𝑄 value 

equal to 15 yielded good parameter estimations. However, even the rest of the 

chosen spike-and-slab priors succeeded to provide good estimations. After 

analyzing formulas (3.4-3.6) carefully, I believe that, when the true distribution 

for the random intercepts is from a Normal distribution with a constant scale 

value Q, then the Student-t distribution needs to have a scale value of 𝜈 ∗ 𝑄 and 

the Laplace distribution needs to have a scale value of 𝑄2 to yield similar 

results. These results can then be used to conclude which among the chosen 

distributions has the most shrinkage effects. Even though 𝑄 values for the 

Laplace distribution were set to 135, which is significant lower than 152, it still 

managed to produce, in principal the same results as the other distributions, and 

in some cases even better (see study 1). This indicates that the Laplace 

distribution as a slab component has the highest shrinkage effect among the 

chosen distributions. This conclusion was also concluded by Fr�̈�hwirth-

Schnatter & Wagner (2010).    

  

The objective with model (4.1) was to see if the chosen shrinkage spike-and-

slab priors can estimate the true values of the random effect weight  𝜔0 and 

study how this value affect the estimation of the parameters of interest. What 

can be concluded from study 1 is that, having just 5 different groups is not 

enough to be able to make a good estimation of the weight parameter for the 

random effects. It is common knowledge that more data gives better 

estimations, thus implying that if the number of the group increases then the 

estimation of  𝜔0 should be more accurate, since more data is available to be 

used. I believe that this is the main reason behind the pattern of the obtained 

results from study 1. Results from study 1 shows that the closer the estimation 

of the random effect weight is to its true value the better estimation will be 

obtained for the overall intercept 𝛽0 and the random effects 𝛽0𝑗. I think that this 

pattern should be expected. After all, the consequence of a poorly estimated 

 𝜔0 is that the estimations of the different random effect 𝛽0𝑗 will also be poor. 

However, the data want to be biased, and therefor forcing the overall intercept 

𝛽0 towards the value which would correct the error made by the poorly 

estimated 𝜔0. For example, let us say that the true value of the overall intercept 

𝛽0 = 1 and the true values for the random effects 𝛽01 = 0.5,  𝛽02 = 0.2,  𝛽03 =
0.3. Let us assume that  𝜔0 has been poorly estimated and the consequence of 
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this is that we obtained �̂�01 = 1, �̂�02 = 0.7, �̂�03 = 0.8. The data will hence be 

biased and forces the estimated overall intercepts �̂�0 towards 0.5 to keep the 

same random effects estimates for the different groups. The spike-and-slab 

priors that yields the best results w.r.t. parameter estimations is when both the 

spike component and slab component are from either the Normal distribution 

(which is expected, since this is the true distribution in the experimental trial) 

or from the Laplace distribution.    

 

 

In study 2, the model (4.1) was made more complex by adding two explanatory 

variables to the model. This has been done with the intention of studying how 

the chosen spike-and-slab priors affect the fixed effects of 𝛽1 and 𝛽2. This is 

different from simulation study 1, where the focus was to study the effect of 

inducing spike-and-slab priors to the random effects. Results obtained from 

study 2 shows that regardless of the choice of priors, the estimation of the two 

fixed effects 𝛽1 and 𝛽2 is equally good. These results show the pattern which 

every person that have some basic knowledge about Bayesian learning should 

expect. That is, when the data size increases, the influence of prior information 

decreases. Unlike estimation of 𝜔0 which are influenced by the size of the 

groups, the estimation of 𝛽1 and 𝛽2 are influenced by the size of the data, which 

is at least ten times larger than the number of groups w.r.t. structured data 

simulations. The parameters of interest in study 2 are the fixed weights 𝑊1 

and 𝑊2. The reason behind the setting of the constant 𝛽1 = 5, a non-zero value 

and the other fixed constant  𝛽2 = 0 is that when inducing the spike-and-slab 

priors on the fixed effect, the estimated values of 𝑊1 and 𝑊2 are expected to be 

as close as possible to 1 and 0. Table 5.4 and table 5.5 from the study 2 shows 

that the desirable values, or at least values close to it, can be obtained if the 

tuning parameters 𝑐𝑘 is set properly, which in general is hard to do.  

  

In study 3, the model (4.2) was revised and made even more complex. Now the 

explanatory variables in the model are allowed to have both fixed and random 

effects. The primary objective of interest is to see what changes occurs, from 

model (4.2) to model (4.3) when inducing chosen spike-and-slab priors on both 

the fixed and random effects. Results from the study 3 shows that the 

estimations of all parameters of interest are less accurate in study 3 compared 

to the study 2. I think these less accurate estimations is to be expected, since the 

dataset itself is the same as before but now there are more parameters that 

needs to be estimated, which leads to more uncertainty in the estimations. 

Before inducing spike-and-slab priors on both the fixed and random effect, one 

should consider if the dataset is sufficiently large enough. 

 

 

The change that was made from the study 3 to the study 4 is that the 

explanatory variables now have some degrees of correlations. 

The objective of interest for simulation study 4 is to see if the results will 

change when correlations between the explanatory variables increases. 
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The different degrees of correlation between the explanatory variables seem to 

yield small changes in the estimated values for parameters that are a part of the 

fixed effects. These changes do not seem to display patterns with increasing 

correlations taken into consideration. I think that the change occurs more likely 

because of randomness, rather than existing correlation between the 

explanatory variables. The weights for the random effects yielded in principal 

the same estimated values, regardless of the degrees of correlation between the 

explanatory variables.  Based on these findings, I would draw the conclusion 

that the correlations between the explanatory variables do not have any 

significant effect on the estimated values for the different parameters of interest 

when inducing spike-and-slab priors. 

 

The objective of study 5 is basically the same as it was in study 3; to 

investigate how well we can estimate the model parameters when inducing 

spike-and-slab priors to both the fixed effects and the random effects. The 

difference between these two studies is the amount of explanatory variables in 

the model. The new knowledge learned from study 5 that I did not learn from 

study 3 is that the LL prior seems to be the best prior among the chosen priors 

to estimate the explanatory variables fixed effect parameters when the fixed 

effects truly exist. At the same time LL prior performed worst regarding 

estimations of either small or non-fixed effects. These notations make me 

believe that Laplace distribution is the distribution among the chosen ones that 

have highest shrinkage power. However, this shrinkage effects is perhaps only 

effective towards the parameters which have values that deviate significantly 

from zero.      

 

6.2 Real dataset 

The obtained real dataset has been used with the intention of comparing 

unimodal priors against spike-and-slab priors for the random intercept model 

and linear mixed effects model. The main interest is to see if both of these 

methods yield the same results regarding the selection of the explanatory 

variables. Investigating which of the chosen distributions have the most 

shrinkage effect is also of interest.  

 

Starting with the random intercept model; trying to conclude which one of the 

unimodal distributions has the strongest shrinkage effect is not possible given 

the output that can be obtained from using the Stan function in the R program. 

Hence an ad hoc measurement, the tables with numbers of 𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 classes 

that may deviate from the overall mean were created. Using results from this 

table, the unimodal prior that seems to have the least shrinkage effect is the 

Laplace distribution. This conclusion should be questioned, since the Laplace 

distribution is expected to have the most shrinkage effect between the priors 

that has been chosen in this thesis. I strongly believe that the unimodal Laplace 

distribution has the strongest shrinkage effect, however this shrinkage effect 

may only be efficient towards the classes that have a significant large value that 
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deviates from overall mean value, while the classes with insignificant small 

value do not get as much affected by the unimodal Laplace distribution 

shrinkage power. 

 

 The benefits by inducing spike-and-slab priors are that the weight parameter 

𝜔0 can be obtained. 𝜔0 is useful in many ways, e.g. the interpretation of the 

parameter is convenient, more options to incorporate a priori information and 

the parameter can also be used to compare different prior distributions. 

According to the estimations of the value 𝜔0, the LL prior has the most 

shrinkage effect followed by the LSt and the StSt which has the same where 

NN has the least shrinkage effect. These results are also supported by the ad 

hoc measurement with potential ratios that may have a random intercept value 

that deviates from the overall mean. I think this conclusion is expected to be 

drawn. Basically the component that contributes the most information to the 

estimated results is the slab component, since the setting that have been used in 

the spike component is so small that they all can safely be estimated with the 

value zero. That is why it is expected that the spike-and-slab priors that have 

the Laplace distribution as slab component should yields more shrinkage than 

spike-and-slab priors that have the Student-t distribution or the Normal 

distribution as slab component.  

When comparing the unimodal priors against the spike-and-slab priors, the 

results that were obtained indicate that using spike-and-slab priors yields more 

shrinkage than using the unimodal priors. However, both prior techniques still 

yields the same best subset variable selection choices when analyzing the 

obtained real dataset. 

 

 

When applying the unimodal shrinkage priors and spike-and-slab priors to the 

linear mixed effect model, the results that can be concluded is basically the 

same as it was for the random intercept model. Just as in the random intercept 

model, the Laplace distribution seems to yield least shrinkage effect when 

utilizing the unimodal prior, w.r.t. the ad hoc measurement. The spike-and-slab 

prior, where both components consists of the Laplace distribution has the 

strongest shrinkage effect. The mixtures of Laplace spike distribution and 

Student-t slab distribution has slightly better shrinkage effect than mixtures of 

Student-t distributions. The mixture distribution of Normal distributions is the 

one that seems to yield least shrinkage effect. This is to be anticipated w.r.t. the 

results of the simulations studies and the previous work of Fr�̈�hwirth-Schnatter 

& Wagner (2010).   
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7 Conclusions 
This thesis has examined three different distributions, the Normal distribution, 

the Student-t distribution and the Laplace distributions as unimodal priors or a 

component in the spike-and-slab priors for variable selection in the linear 

mixed effect model.  

 

There are numerous benefits with inducing spike-and-slab priors as shrinkage 

priors instead for utilizing unimodal shrinkage priors. Benefits including (I) 

convenient interpretation; obtainable weight parameters that has a convenient 

interpretation, i.e. the weight for the fixed effect can be interpreted as an 

inclusion probability for the fixed effect. The weight for the random effects 

could be seen as a measurement of how large portion of all groups is expected 

to have values that deviates from the overall mean value. (II) Convenient way 

to incorporate subject matter knowledge, i.e. by inducing a suitable prior 

directly to the weight parameters.  (III) More adaptable shrinkage effects can be 

achieved, i.e. by having mixtures of distributions that come from different 

distribution families. However, inducing spike-and-slab priors instead of using 

unimodal shrinkage priors also has it disadvantages. If one is careless enough 

and induce spike-and-slab priors without any consideration if the size of the 

data is sufficiently large enough, then getting bad model parameter estimations 

is to be expected.  

 

Based on the results obtained from the simulations studies, the number of 

groups existing in the dataset is recommended to be around 50, preferably 

more, where each group should at least have a minimum of 10 observations, 

before one would consider inducing spike-and-slab priors to both the fixed and 

random effects for variable selection in linear mixed effect models.  

The most preferable choice of prior distribution for all cases could not be 

concluded. However, the Laplace distribution should be used as spike-and-slab 

shrinkage prior, if high shrinkage effect is of interest. 
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