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Abstract 
 

In this thesis, the inverse distance weighting, different kriging methods, ordinary least 

squares and two variants of the geographically weighted regression was used to 

evaluate the spatial mapping abilities on an observed dataset and a simulated dataset. 

The two datasets contain the same bioclimatic variable, near-surface air temperature, 

uniformly distributed over the whole world. The observed dataset is the observed 

temperature of a global atmospheric reanalysis produced by ECMWF and the other 

being simulated temperature produced by SMHI’s climate model EC-earth 3.1. The 

data, initially containing space-time information during the time period 1993-2010 

displayed no significant temporal variation when using a spatio-temporal variogram. 

However, each year displayed its own variation so each year was split where the 

different methods were used on the observed dataset to estimate a surface for each year 

that was then used to make comparisons to the simulated data.  

CLARA clustering was done on the observed geographical dataset in the hope to force 

the inverse distance weighting and the kriging methods to estimate a locally varying 

mean. However, the variograms produced displayed an irregular trend that would lead 

to inaccurate kriging weights.  

Geometric anisotropy variogram analysis was accounted for that displayed moderate 

anisotropy. 

Results show that the geographically weighted regression family outperformed the rest 

of the used methods in terms of root mean squared error, mean absolute error and bias. 

It was able to create a surface that had a high resemblance to the observed data.  
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1. Introduction 

1.1. SMHI 

 

Rossby Centre, a climate modelling unit at the Swedish Meteorological and 

Hydrological Institute (SMHI) is the commissioner of this thesis. Their research unit 

pursues research on climate processes and the behavior of the climate system [1][2].  

 

1.2. Background 

 

Based on mathematical representations between important drivers of climate, climate 

models are used to simulate interactions between factors including atmosphere, 

oceans, land surface, ice and the sun. But Earth's climate system is summarized in one 

word, complicated and requires the equations derived from these laws to be solved 

numerically because of complexity. Large and sophisticated computers have been used 

for several decades by scientists to both simulate climate and predict future climate. 

Before selecting a model, models are tested against the past, against what we already 

know happened. If a model can predict trends in the past correctly, we could expect it 

to predict the future with reasonable certainty.  

 

The use of public weather services, including day-to-day site-specific forecasts, 

meteorological information and long range forecasts and warnings has increased. 

Industries such as agriculture, transportation and water management practices need 

expected climate conditions from these models to guide decision making through a 

changing climate. Therefore, it is important that the evaluation of the climate 

predictions is accurate and can regularly assess the model's performance [3]. 

 

The purpose of forecast verification can be split into three main components (although 

there is an overlap between them): administrative, scientific and economic [4]. The 

administrative point of view takes into consideration the monitoring performance 

made by the climate model by using some numerical measure and validating if the 

choice of model or the model configuration has improved. The scientific point of view 

is concerned with understanding and improving the forecast system with a detailed 
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assessment of the strengths and weaknesses of a set of forecasts. And lastly, the 

economic point of view is usually taken to mean something to the users of forecasts, 

regardless of what type of user, be it a farmer interested in the amount of precipitation 

or an insurance company covering risks of event cancellations due to wet weather. A 

benefit of verification common to all three classes is that if it is informative, it gives 

the administrator, scientist or various users concrete information on the quality of 

forecasts that can be used to make rational decisions in a changing climate.  

 

The differences in the observed climate from within a small timespan, one year to 

another is difficult to address and might display random variation. Trying to evaluate 

the predictive power of simulated data models with seemingly random observations is 

difficult and might yield misleading results. The simulated data models might have 

produced satisfactory results that resembles the underlying trend in the observation 

data, but seeing the random variation displayed in the observed data, this information 

is not accounted for and the simulated data produces estimates that appear poor. 

Creating an estimated surface based on the observed data, using statistical methods 

that accounts for the random variation and then compare the estimated surface with the 

simulated data is therefore an approach to examine how well the simulated data 

performed. 

1.3. Objective 
 

In this thesis, I will evaluate, verify and determine the predictive power of simulated 

data models from SMHI using spatial interpolation methods and spatial models. 

Based on the observed dataset, the models will each produce estimated surfaces that 

resembles the observed dataset and prediction surfaces that will be used to calculate 

prediction intervals. The estimated surfaces will be evaluated by statistical 

performance measures to see how large the resemblance is to the observed dataset and 

the prediction intervals will address if the simulated observations are within the range 

of the intervals. Comparisons using statistical performance measures are then made 

between the estimated surfaces and the simulated dataset to address the overall 

prognostic quality.  
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1.4. Previous work 

1.4.1. Traditional pointwise verification 

 

The Brier score is the oldest and most widely used measure in forecast verification. 

Operating as a goodness-of-fit measure, instead of describing it in terms of accuracy, it 

is described as a "score" - which refers to the accuracy and the association of 

prediction to an observation. Brier score is a scalar summary measure of forecast 

performance that measures the accuracy of probabilistic predictions for discrete 

outcomes [6]. The possible outcomes can be either binary or categorical where the 

probabilities of outcomes must sum to one. Since it is a scalar measure, it has practical 

advantages but it does not take into consideration the high dimensionality that comes 

with verification problems which displays incomplete forecast performance. It is 

essentially the mean squared difference between the probability forecasts and the 

actual discrete outcome. The lower the score is, the better the predications are 

calibrated. 

 

Another score is the error-spread score for evaluating ensemble forecasts of 

continuous variables which takes into consideration how well the probabilistic forecast 

is calibrated. It can be decomposed into reliability, resolution and uncertainty [7]. 

Reliability evaluates the reliability of the forecast spread and skewness where it will be 

small if the forecast and the verification are statistically consistent. The second term, 

resolution, evaluates the resolution of the forecast spread and shape where it will be 

large if the spread and skewness vary. The uncertainty in the forecast depends on the 

climatological error distribution where larger variability lead to larger uncertainty.  

 

Both scores mentioned above are scalar summaries of forecast verification by a grid 

point-by-grid point basis that does not consider the underlying spatial structures 

existing leading to misleading results [5]. They give an overall quality assessment but 

not where the quality is adequate or poor geographically. 
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1.4.2. Spatial verification methods 

 

The fraction skill score (FSS) is a measure that is used to assess gridded spatial scales 

from numerical weather prediction models (NWP) where it can provide evaluation of 

displacement errors and forecast skill. FSS may utilize a scale to inform the user at 

which an acceptable level of skill is appropriate to use. It can handle forecast bias 

where a more biased forecast gives lower FSS values at large scales. The optimal use 

of the FSS is when the spatial domain is large enough to address the typical mesoscale 

forcing [8]. If too large, the wet-areas will always be small, if the domain is too small, 

then spatial errors may be missed. Measuring patterns of behavior other than the 

spatial accuracy of precipitation forecasts needs different methods [9]. Even though 

the FSS addresses the spatial structure, it still outputs scalar measures for the overall 

forecast verification. 

 

A different approach that does not only include a scalar measure of performance is 

using texture analysis based on wavelet transforms. It decomposes data into separate 

and orthogonal scales and directions making them a viable option in data reduction. 

Using orthogonal scale decomposition can decompose traditional pointwise 

verification measures, it can handle noisy environments and does not require 

stationarity of the data. In this article [10], the different types of data are transformed 

with a Haar-wavelet into an excessive wavelet frame with the combination of the 

method linear discriminant analysis (LDA). Haar wavelet is equivalent to simple box 

averaging which yields easy to interpret verification scores. The wavelet transforms 

are able to do address the spatial error on different scales and using different data 

resolutions but are not efficient at handling missing values and can only take the space 

information into account, not the space-time information.  

 

Gaussian mixture model (GMM) was used in [11] for precipitation forecast 

verification where precipitation is a crucial component in addressing the quality of a 

forecast. The GMM approach can analyze both the forecast and observational data 

simultaneously and is done by first maximizing the likelihood of the forecast and 

observational data individually, comparing their associated Gaussian distributions and 
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finally calculate the parameters for the matched pairs of rain bands. There are 

limitations to the author’s work since their proposed model could only handle one 

variable, distribution of rainfall and the variable in question needs to be normally 

distributed (which is difficult to assess when working with bioclimatic data).  

 

[12] provides insights into newly developed spatial verification methods and the 

methods could be divided into four categories; neighborhood, object- and feature-

based, scale separation and lastly field deformation. Neighborhood methods evaluates 

closeness of the forecast to the observations within space-time neighborhoods, varying 

the sizes of the neighborhoods which makes it possible to determine the scales for 

which the forecast has sufficient skill for a particular application. With object- and 

feature-based methods, entities are defined using a threshold and horizontally 

translation the forecast is made until a pattern matching criterion is met. With scale 

separation methods, identifiable features of attributes are evaluated and then scale 

information is extracted by isolating scales of interest. And lastly, with field 

deformation methods, distortion and displacement error for whole field are measured. 

However, none of the methods used in [12] are able to deal with ensemble forecasts or 

spatio-temporal data. 
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2. Data 
 

This section will provide information about the types of data that has been used. There 

are two types of datasets: observed data that contains actual uniformly distributed 

information over the whole world and the simulated data, containing simulated 

uniformly distributed information over the whole world that tries to resemble the 

actual information as best as possible. The simulated data has been bias-corrected, see 

section 2.2.1 below. 

2.1. Observed data - ERA INTERIM 

 

The reanalysis dataset, used as the observational data, was produced by the European 

Centre for Medium-range Weather forecasts (ECMWF) [17]. ECMWF is an 

independent intergovernmental organization that is supported by 34 states. The 

organization is both a research institute and a 24/7 operational service and their 

supercomputer facility is one of the largest of its type in Europe. The reanalysis was 

created by periodically using forecast models and data assimilation of the atmosphere, 

land surface and oceans to create global data sets used for monitoring climate change. 

 

The observed data includes the variable near-surface air temperature (NSAT) using 

the Kelvin scale, a unit measure of temperature based upon an absolute scale, gridded 

over the world [18]. The duration covers the period from 16th June 1993 to 16th June 

2010 with 18 annual means, one mean for each year. The grid over the world has 36 

rows, 72 columns and at each grid point there are 18 annual means with a total of 

46656 observations. Both the grid specifications and coordinate specifications are 

identical with the simulated data.  

 

2.2. Simulated data 

 

The simulated data used in this thesis comes from SMHI’s model EC-Earth 3.1 [13]. It 

consists of two parallel chains of ensemble simulations – one producing data with 

standard resolution and one with high resolution. The data produced with standard 

resolution was used in this thesis. The ensemble consists of 10 members in standard 
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resolution with a 10-year-long back testing initialized every 1st of November between 

1992 to 2009. Anomaly initialization was applied on top of a simulated climatology of 

the same model. 

The simulated data includes the same variable (NSAT), described in Kelvin and is 

gridded over the world. The duration covers the period from 1st July 1993 to 1st July 

2010 with 18 annual means, one mean for each year. The grid over the world has 36 

rows, 72 columns and at each grid point there are 18 annual means with a total of 

46656 observations. The coordinates for the surface are in longitude and latitude based 

on the spatial reference system WGS84, which is a unified reference frame for the 

earth [14]. 

2.2.1. Bias correction, anomaly initialization 

 

Climate models display systematic errors (biases) due to a wide range of reasons such 

as simplified physics, limited spatial resolution or insufficient expertise of climate 

system processes and needs therefore to be "initialized" and "bias corrected" to 

produce better estimates of the climate [15]. We regard a sequence of climate forecasts 

which has not yet been neither initialized nor bias corrected, 𝑌𝑗𝜏  where 𝑗 = 1 , … , 𝑛 

identifies the initial times and 𝜏 = 1 , … ,𝑚 identifies the forecast range. The 

corresponding observation-based forecast is 𝑋𝑗𝜏 .  

 

The average of the climate forecasts and the observation-based forecasts are: 

 �̅�𝜏 =
1

𝑛
∑ 𝑌𝑗𝜏

𝑛

𝑗=1
 (2.1) 

 �̅�𝜏 =
1

𝑛
∑ 𝑋𝑗𝜏

𝑛

𝑗=1
 (2.2) 

Climatological averages and forecast averages are typically not the same where 

climatological averages are data sampled more repeatedly and over longer time 

periods. The long-term climatological averages in this section are denoted as < 𝑋 > 

and < 𝑌 >. 
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Anomaly initialization was used on the data, produced by the climate models which 

adds the observed anomaly to the model climatology [16]. The formula is: 

 𝑌𝑗𝜏=0 ≈< 𝑌 > +(𝑋𝑗𝜏=0−< 𝑋 >) (2.3) 

The bias in the anomaly initialization method has been partially removed and is 

identified as the difference between the climatological averages:  

 𝐷 =< 𝑌 > − < 𝑋 > (2.4) 

and the bias corrected forecast is: 

 �̂�𝑗𝜏 = 𝑌𝑗𝜏 − 𝐷 = < 𝑋 > +(𝑌𝑗𝜏− < 𝑌 >) = < 𝑋 > +𝑌𝑗𝜏
′′  (2.5) 

 

2.3. Data preprocessing 

 

The data, initially using the spatial reference system WGS84 with longitude and 

latitude was slightly modified. Initially, the longitude coordinates, which spans from 0 

to 360 (but in both datasets span from -2.5 to 375.5), was rotated so that it spanned 

from -180 to 180 (-177.5 to 182.5). However, in both datasets this rotation was from -

2.5 to 357.5, to, -177.5 to 182.5 in longitude coordinates. This was done to get a more 

comprehensive view of the world and matching a world boundary with actual 

observations that required the longitude coordinates to be in the span of -180 to 180. 

After the rotation, it looked like below:  

Coordinates −177.5 ≤ 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≤ 182.5 −90 ≤ 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 ≤ 90 
Another transformation on the spatial reference system was made to translate the 

longitude and latitude coordinates to kilometers. This was done to see the distance 

bins in the variograms more easily, see section 3.3.2. After the transformation, it 

looked like below: 

Coordinates −19481 ≤ 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≤ 20038 −24353 ≤ 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 ≤ 24353 
The data was initially spatio-temporal, where data has both space and time 

information but after doing spatio-temporal variograms, it could be concluded that the 

temporal property did not differentiate to the spatial property. See section 4.2. The 

temporal property was almost identical to the spatial property in that it followed the 

same trend. However, even though there were no temporal property, each year 

provided different outputs so all measured data points from both the simulated and the 

observed data was treated as individual datasets, resulting in a total of 18 data sets. 
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3. Methodology 
The different components of the spatial approach to the problem is in this chapter 

organized as follows: 

 The Euclidean distance 

 Clustering (Hopkins statistic, Silhouette, CLARA) 

 Geostatistical modelling (spatial stationarity, spatio-temporal stationarity, 

spatial variograms, parametric variogram functions, robust estimation of the 

variogram, anisotropic variograms, spatio-temporal variograms) 

 Interpolation techniques (inverse distance weighting, ordinary least squares, 

simple kriging, ordinary kriging, isotropic universal kriging, anisotropic 

universal kriging and two variants of the geographically weighted regression) 

 Performance measures (RMSE, MAE and bias) 

3.1. Euclidean distance 

 

To do ordinary least squares regression, universal kriging, anisotropic universal 

kriging and geographically weighted regression, an explanatory variable is needed. 

The explanatory variable distance was used which is the Euclidean distance between 

all spatial points to a reference point. See EQ 3.1 for the formula for the Euclidean 

distance. The reference point in the variable distance was set as the top-left point in the 

map with the longitude and latitude coordinates (using the kilometer grid) as 

(−19481, 24353) respectively. As for the rest, inverse distance weighting, simple 

kriging and ordinary kriging, the only explanatory variable used is the intercept. 

The formula for the Euclidean distance is: 

 𝑑(𝑖, 𝑗) = √(𝑥𝑖1 − 𝑥𝑗1)
2
+ (𝑥𝑖2 − 𝑥𝑗2)

2
+ ⋯+ (𝑥𝑖𝑝 − 𝑥𝑗𝑝)² (3.1) 

   

where 𝑑(𝑖, 𝑗) denotes the distance between point 𝑖 and point 𝑗 and (𝑥𝑖1, … , 𝑥𝑖𝑝) and 

(𝑥𝑗1, … , 𝑥𝑗𝑝) are coordinates of points [19]. 
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3.2. Clustering 

 

Cluster analysis seeks to identify similarities between data points trying to group 

points that have similar attributes to one another within the same cluster and dissimilar 

to other data points in other clusters. This is usually determined in terms of a distance 

measure where the Euclidean distance (EQ 3.1) is one such distance that is frequently 

used.  

When only having input data and no corresponding output variables, unsupervised 

learning is used. The goal is to model the underlying structure in the data to discover 

groups with similar attributes. Clustering is one such unsupervised learning technique. 

Since the data does not include predefined classes, there is no correct answer on how 

each data point should be modeled. The data used in this thesis does not include 

predefined classes [21]. 

3.2.1. Assessing the clustering tendency 

 

Any search on the internet will provide numerous clustering algorithms and more are 

constantly being developed. Everything from partitioning algorithms (where the data 

are divided into various partitions evaluated by some performance criterion) to 

density-based algorithms (with clustering based on connectivity and density) are 

available. One still needs to address the question of clustering validity and the 

clustering tendency – will the clustering method provide meaningful and non-random 

structures? The clustering method itself will not provide this answer and therefore this 

question needs to be addressed separately.  

3.2.2. Hopkins statistic 

 

Hopkins statistic is a comprehensive and easy to use test statistic that examines 

whether data points differ significantly from the assumption that they are uniformly 

distributed. It compares the distances between real points of the data to its neighbors 

and the distance from randomly chosen points within the data space to their nearest 

real data point [20].  
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The hypotheses are defined as follows: 

𝐻0 = 𝑇ℎ𝑒 𝑑𝑎𝑡𝑎𝑠𝑒𝑡 𝐷 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 

𝐻𝑎 = 𝑇ℎ𝑒 𝑑𝑎𝑡𝑎𝑠𝑒𝑡 𝐷 𝑖𝑠 𝑛𝑜𝑡 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 

If we conclude the null hypothesis 𝐻0, the dataset is uniformly distributed, this means 

that there are no substantial clusters in the dataset. If we reject the null hypothesis, the 

dataset is not uniformly distributed and as such, it contains substantial clusters. 

Let 𝑊𝑖 denote the distance from each marked point to its nearest neighbor and 𝑈𝑖  be 

the distance from each artificial point to the nearest real data point. The equation for 

Hopkins statistic is: 

 𝐻 = 
∑ 𝑈𝑖

𝑛
𝑖=1

∑ 𝑈𝑖
𝑛
𝑖=1 + ∑ 𝑊𝑖

𝑛
𝑖=1

 (3.2) 

 

This process is done iteratively resulting in the statistic describing the mean nearest 

neighbor distance between 𝑈𝑖  and 𝑊𝑖. From EQ 3.2, if the Hopkins statistic 𝐻 is 0.5, the 

data is completely uniformly distributed. The closer 𝐻 is to 0.5, the more uniformly 

distributed is the data.  

3.2.3. CLARA 
 

The cluster algorithm Clustering LARge Applications (CLARA) used in this thesis is a 

partitioning cluster algorithm that can handle large data sets thus reducing computing 

time and RAM storage problem. CLARA is based on another cluster algorithm 

Partitioning Around Medoids (PAM) which uses medoids, centrally located objects as 

reference points for each cluster thus also reducing the impact from possible outliers. 

The medoids with the CLARA algorithm are calculated on each sample. In other 

words - with CLARA, multiple samples are drawn, PAM is applied on each sample 

and the best clustering is returned as output from one of the PAM iterations [21][22].  
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Algorithm 1.1. Partitioning Around Medoids, PAM 
 

Let 𝑘 be the number of representative objects, ℎ be the non-selected object, 𝑖 be the 

selected object and 𝑇𝐶𝑖ℎ  be the total swapping cost (sum of distances of points to 

their medoid): 

1. Select 𝑘 arbitrarily 

2. For each pair of ℎ and 𝑖, calculate 𝑇𝐶𝑖ℎ  

3. Select a pair of ℎ and 𝑖 which corresponds to the minimum swapping cost 

a. If 𝑇𝐶𝑖ℎ < 0, 𝑖 is replaced by ℎ 

b. Then assign each ℎ to the most similar 𝑘 

4. Repeat steps 2-3 until there is no change 

Algorithm 1.2. Clustering LARge Applications, CLARA 
Let 𝑛 be the number of samples, 𝑠 be the sample size and 𝑘 be the number of 

mediods: 

1. For 𝑖 = 1 to 𝑛, repeat the following steps: 

2. Draw a sample of 𝑠 objects from the entire dataset and call Algorithm 1.1 

PAM to find 𝑘 medoids of the sample 

3. For each object 𝑂𝑗  in the entire data set, determine which of the 𝑘 medoids is 

the most similar to 𝑂𝑗  

4. Calculate the average dissimilarity of the clustering obtained in the previous 

step. If this value is less than the current minimum, use this value as the 

current minimum, and retain the 𝑘 medoids found in Step (2) as the best set of 

medoids obtained so far.  

5. Return to Step (1) to start the next iteration. 

3.2.4. Silhouette 

 

Silhouette is a useful criterion for determining the number of clusters based on 

partitioning methods and has been used in this thesis to assess the optimal number of 

clusters for the CLARA clustering algorithm. If a clustering method that requires a 

user-specified 𝑘, is told to cluster the data into 𝑘 groups, that is what it is going to do. 

However, it does not provide an assessment of the relative quality of the clusters, the 

clusters might either reflect a clustering structure present in the data or it might cluster 
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the data into artificial groups that does not make sense relative to what the data 

actually portrays. An assessment of determining the number of natural clusters are 

therefore an important task, which Silhouette provides. Input for the method is the 

partition and the dissimilarity matrix between the objects. The average silhouette value 

(since each 𝑘𝑖  is going to output 𝑠(𝑖)) is calculated and is compared to the number of 

clusters. 

The formula for Silhouette [23] is: 

 𝑠(𝑖) =
𝑏(𝑖) − 𝑎(𝑖)

max {𝑎(𝑖), 𝑏(𝑖)}
 (3.3) 

 

where 𝑎(𝑖) is the average dissimilarity of 𝑖 to all other objects of actual cluster A and 

𝑏(𝑖) is the average dissimilarity of 𝑖 to all objects in the next closest cluster (≠ 𝐴). The 

silhouette value 𝑠(𝑖) ranges between −1 ≤ 𝑠(𝑖) ≤ 1 meaning that high positive 

silhouette values has smaller within dissimilarity of 𝑎(𝑖) than the smallest between 

dissimilarity 𝑏(𝑖). We strive to have a high silhouette value which implies that the 

objects belongs to the ”right” or most similar cluster. The silhouette values are usually 

visualized in an intuitive graph. 

3.3. Geostatistical modelling 

 

Temperature, precipitation, or any other bioclimatic phenomena are typical variables 

of interest to analyze in a spatial or spatio-temporal setting. The geostatistical 

modelling used in this thesis has mainly been focusing on the spatial setting, when the 

observational data points are stored in geographical coordinates. The spatio-temporal 

setting, when data points includes both space and time information has also been used 

but with lesser attention.  

3.3.1. Stationarity 

3.3.1.1. Spatial stationarity 

 

A key aspect in statistics (or in science generally) is that it relies on some notion of 

replication, that is, from repeated observations, estimates can be derived and the 

variation and the uncertainty of the estimates can be understood. Addressing the 
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stationarity in the spatial setting is important to achieve necessary replication where it 

allows for predictions and determination of the uncertainty in the predictions.  

Considering all observed values of the near-surface air temperature observed at the 

given locations, we let {𝑍(𝒔𝑖), 𝑖 = 1,… , 𝑛} denote the near-surface air temperature 𝑍 

observed at locations 𝒔 ∈ 𝐷 ⊂ ℝ𝑑 , where 𝐷 is the domain where observations are taken 

and 𝑑 is the dimension of the domain. There are two ways of describing the 

relationship between nearby observations: 

 Second-order stationarity (SOS) 

 Intrinsic stationarity (IS) 

The assumptions for second-order stationarity are defined as: 

𝑖. 𝐸[𝑍(𝒔)] = 𝜇 (3.4.1) 

𝑖𝑖. 
𝐶𝑜𝑣[𝑍(𝒔 + 𝒉), 𝑍(𝒔)] = 𝐶𝑜𝑣[𝑍(𝒉), 𝑍(𝟎)]

= 𝐶(𝒉) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝒉. 
(3.4.2) 

 

SOS, also known as “weak stationarity” assumes that the mean 𝜇 is constant and that 

the covariances 𝐶𝑜𝑣[𝑍(𝒔 + 𝒉), 𝑍(𝒔)] depend only on the lag 𝒉. In other words, second-

order stationarity assumes that the covariance between any two points at the same 

distance and direction are the same. 

The assumptions for intrinsic stationarity (IS) is defined as: 

𝑖. 𝐸[𝑍(𝒔) − 𝜇] = 0 (3.5.1) 

𝑖𝑖. 
𝑉𝑎𝑟[𝑍(𝒔 + 𝒉) − 𝑍(𝒔)] = 𝐸[𝑍(𝒔 + 𝒉) − 𝑍(𝒔)]²

= 2𝛾(𝒉) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝒉. 
(3.5.2) 

Intrinsic stationarity assumes that the variance of the difference between any two 

points at the same distance and direction is the same. Notice that the assumption (𝑖) for 

IS is identical to the assumption (𝑖) in SOS. Combining assumption (𝑖) on IS with 

when the variance between two locations relies only on the spatial lag 𝒉, it is said that 

the process is intrinsically stationary. The IS is a more general assumption than SOS 

due to IS being defined in terms of the variogram function and second-order 
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stationarity is defined in terms of the covariance function [24]. See EQ 3.8 for the 

variogram function and EQ 3.9 for the covariance function. 

3.3.1.2. Spatio-temporal stationarity 

 

When including a temporal dependency, the covariance needs to be extended with the 

temporal dependency. Let 𝜇(𝒔, 𝑡) denote the mean of 𝑍(𝒔, 𝑡). The covariance between 

two space-time variables is as follows: 

 
𝐶𝑜𝑣[𝑍(𝒔, 𝑢), 𝑍(𝒕, 𝑣)]

= 𝐸{[𝑍(𝒔, 𝑢) − 𝜇(𝒔, 𝑢)][𝑍(𝒕, 𝑣) − 𝜇(𝒕, 𝑣)]}. 
(3.6) 

 

The assumptions for second-order stationarity, SOS, requires that for any location, 𝒔, 

and time point, 𝑡, it holds that: 

𝑖. 𝐸[𝑍(𝒔, 𝑡)] = 𝜇 (3.7.1) 

𝑖𝑖. 
𝐶𝑜𝑣[𝑍(𝒔 + 𝒉, 𝑡 + 𝑢), 𝑍(𝒔, 𝑢)] = 𝐶𝑜𝑣[𝑍(𝒉, 𝑢), 𝑍(𝟎, 0)]
=: 𝐶(𝒉, 𝑢) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠𝑝𝑎𝑡𝑖𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠, 𝒉, 𝑎𝑛𝑑 𝑡𝑒𝑚𝑝𝑜𝑟𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠, 𝑢 

(3.7.2) 

 

3.3.2. Spatial variograms 

 

Variograms provide an intuitive description of how spatial observations are correlated 

with distance. Estimating the variogram is more accurate in most cases than estimating 

the covariance function since estimation of 𝜇 is not required as the distance increment 

filters out the mean, 𝜇 [24]. The first step in a variogram analysis is to assess the 

spatial autocorrelation trend between data points. This is done through a graphical 

representation using the empirical variogram. The next step is to fit an appropriately 

shaped theoretical variogram by eye or by trial and error that resembles the same trend 

as the empirical spatial autocorrelation trend.  
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Figure 1.1: Example of an empirical variogram with a fitted theoretical variogram. The 

blue points represent the empirical variogram and the red line represent the fitted 

theoretical variogram.  

In Figure 1.1, an example of an empirical variogram can be seen (blue dots) plotted 

with a theoretical variogram (red line). The semivariance, a measure that is half the 

variance of the differences between all two points increases as the distance between 

the points increases indicating that the spatial autocorrelation is larger when the data 

points are closer to each other and smaller when they are farther apart. This 

autocorrelation structure is used as input for Kriging methods.  

 

Figure 1.2: A generic variogram showing the sill, range and the nugget. 

When doing a variogram analysis, several parameters need to be addressed, namely: 

range, sill and the nugget effect. The range defines the distance beyond which the data 

are no longer spatially autocorrelated, displayed when the points in the variogram 

flattens out. The sill, represents the variance of the random field and is defined as the 

semivariance when the range has flattened out. Theoretically, at spatial lag zero, 𝒉 =

0, the variance is equal to zero. However, repeated measurements at any single 
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location might display observational error that cannot be determined from the 

measurement error. This effect is called the nugget effect [25]. See Figure 1.2 for a 

graphical assessment. 

If either the assumptions for IS or SOS holds, the moment estimator, also called the 

sample semivariogram is given by: 

 �̂�(𝒉) =
1

2|𝑁(𝒉)|
∑ {[𝑍(𝒔𝑖) − 𝑍(𝒔𝑗)]

2
}

𝑁(𝒉)

 (3.8) 

 

where 𝑁(𝒉) = {(𝒔𝑖 , 𝒔𝑗): 𝒔𝑖 − 𝒔𝑗 = 𝒉)},  which is the set of all points with Euclidean 

distance equal to vector h. |𝑁(𝒉)| is the number of distinct pairs in 𝑁(𝒉), and 𝑍(𝒔𝑖) 

and 𝑍(𝒔𝑗) are data values at spatial location 𝑖 and 𝑗 respectively. 

The empirical covariance function is defined by:  

 �̂�(𝒉) =
1

|𝑁(𝒉)|
∑[𝑍(𝒔𝑖) − �̅�𝑛][𝑍(𝒔𝑗)

𝑁(𝒉)

− �̅�𝑛]. (3.9) 

where �̅�𝑛 is an estimator of 𝜇. 

Note: By definition 𝛾(𝒉) is the semivariogram and 2𝛾(𝒉) is the variogram but for 

conciseness, this report will refer to 𝛾(𝒉) as the variogram.  

3.3.3. Parametric variogram functions 

 

After the empirical variogram has been calculated displaying the spatial correlation 

structure of the data, the theoretical variogram, or the parametric variogram function is 

assigned based on the empirical variograms. There are many different types of 

parametric models (exponential model, spherical model or tent model to name a few), 

but the one used in this thesis is the Gaussian model. It can be expressed as [24]: 

 𝐶(𝒉, 𝜃) = 𝜎2 exp(−𝑣‖𝒉‖2
) 𝑓𝑜𝑟 𝜎2 > 0, 𝑣 > 0 (3.10) 

 

where 𝜎2 is the scale parameter giving the variability, while 𝑣 regulates the rate of 

decay as a function of distance 𝒉.  
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3.3.4. Robust estimation of the variogram 

 

Outliers and other deviant values can greatly influence the moment estimator since it is 

an average of squared differences. One assumption when using empirical variograms 

is that the data is usually assumed to be normal [26]. This is often not the case, 

especially for spatial phenomena that can vary greatly. Therefore, one might need to 

consider a robust estimator to mitigate the effect of outliers or values with large 

squared differences or data that does not behave like Gaussian. The robust variogram, 

developed by Cressie [35] can be expressed as:  

 �̅�(𝒉) =
{

1
2|𝑁(𝒉)|

∑ |𝑍(𝒔𝑖) − 𝑍(𝒔𝑗)|
1/2

𝑁(𝒉) }
4

(0.457 +
0.494
|𝑁(𝒉)|

)
⁄  (3.11) 

 

By using square-root differences, in place of squared differences as in EQ 3.11, it 

becomes more resilient to outliers in heavy-tailed distributions. Both the spatial 

variograms and the spatio-temporal variograms used throughout the whole thesis has 

been calculated using Cressie’s robust variogram seeing that the data contains a heavy 

tailed distribution, not resembling the normal distribution. 

3.3.5. Anisotropic variogram 

 

For EQ 3.8 and EQ 3.11, we assumed that the variogram and the covariance function 

were isotropic meaning that the variation of the variable is the same in all directions. 

Defining the model in isotropic terms is typically done for the sake of convenience 

since it both proposes a simpler model formulation and requires less computational 

power. However, one might need to answer if an isotropic model is sufficient to model 

the spatial autocorrelation [27].  

Geometric anisotropy assumes that there are varying variations of a variable in 

different directions. With geometric anisotropy, the model becomes more complicated 

seeing that it requires additional parameters to describe how the covariance also 

depends on direction, where it previously was only dependent on the distance. The 

goal in any geostatistical analysis is to define the underlying spatial structure. 
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Assuming isotropy a priori would mean that a model would not detect varying 

variations that are not accounted for and thus the model would fail in finding the true 

underlying structure. Variogram modeling is a step sequence in the Kriging 

interpolation [27] which uses weights and variances (see section 3.5.1). By not 

accounting for anisotropy, this would lead to unequal weights and high variances that 

will ultimately lead to an interpolated surface that does not cover the true underlying 

spatial structure. Four specified directions will be used as defined in Table 1.1. 

Table 1.1: Different directions for the geometric anisotropy. 

Alpha Direction (x,y) 

0 North Increasing y 

45 Northeast Increasing x and y 

90 East Increasing x 

135 Southeast Increasing x and y 
 

Seeing that it is an ellipse that is defined, any direction larger than 𝑎𝑙𝑝ℎ𝑎 = 180 is 

symmetrical, i.e. 𝑎𝑙𝑝ℎ𝑎 = 180 will calculate the anisotropy as 𝑎𝑙𝑝ℎ𝑎 = 0, 𝑎𝑙𝑝ℎ𝑎 =

225 will calculate the anisotropy as 𝑎𝑙𝑝ℎ𝑎 = 45. 

By rotating and rescaling the coordinate axes, the isotropic covariance function can be 

converted to geometric anisotropy leading to instead of using a circular radius as in 

isotropy, that it uses an ellipse [24]. See Figure 1.3a and Figure 1.3b for a graphical 

representation. Calculating the empirical variogram to account for geometric 

anisotropy is not a complicated task in itself. The complicated part is to fit the 

theoretical variogram model to account for the different semivariances each geometric 

angle would have. If there is varying variation at several angles, the theoretical 

variogram would not be able to model them.  
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Isotropy Geometric anisotropy 

 
 

Figure 1.3a (left) and Figure 1.3b (right): A graphical representation of isotropy (left) 

and geometric anisotropy (right). 

If we let 𝒉 = (ℎ𝑥 , ℎ𝑦) be the spatial lag of interest, the vector 𝒉 is rotated in a new 

coordinate system aligned to the main axes of concentric ellipses by: 

 𝒉∗ = 𝑹𝒉 (3.12) 

where 

 𝑹 = [
cos (𝜃) sin (𝜃)

−sin (𝜃) cos (𝜃)
] (3.13) 

and 𝜃 is the angle of rotation. Since it is an ellipsoid, the major axis needs to be shrunk 

as the two axes are not of equal length.  

By considering:  

 𝑻 =

[
 
 
 
 

1

𝑏1
1/2

0

0
1

𝑏2
1/2

]
 
 
 
 

 (3.14) 

where 𝑏1 and 𝑏2 denotes the length of the two principal axes, lastly, we arrive at: 

 �̃� = 𝑻𝑹𝒉 (3.15) 

By plugging in �̃� in EQ 3.8, we get the formula for anisotropic variogram by: 

 𝛾∗(‖�̃�‖) =
1

2|𝑁(�̃�)|
∑{[𝑍(𝒔𝑖) − 𝑍(𝒔𝑗)]

2

𝑁(�̃�)

} (3.16) 
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3.4. Spatio-temporal variogram 

 

Since that the data used in this thesis contains both space and time information, a 

natural step would be to display the spatio-temporal autocorrelation for the data. 

Spatio-temporal variograms describes how spatial observations, temporal observations 

and the interaction between spatial and temporal observations are correlated with 

distance and can provide more accurate results seeing that they include temporal 

information [28]. However, this requires adding the temporal dependency in the model 

which is more complicated than modelling the pure spatial or temporal dependency.  

The space-time semivariogram moment estimator is defined similarly as the formula 

EQ 3.8, this time including the temporal component 𝑢. 

Assuming that either the assumptions for IS or SOS holds, the space-time sample 

semivariogram is given by: 

 �̂�(𝒉, 𝑢) =
1

2|𝑁(𝒉, 𝑢)|
∑ {[𝑍(𝒔𝑖 , 𝑡𝑖) − 𝑍(𝒔𝑗 , 𝑡𝑗)]

2

𝑁(𝒉,𝑢)

} (3.17) 

where 𝑁(𝒉, 𝑢) = {[(𝒔𝑖 , 𝑡𝑖), (𝒔𝑗 , 𝑡𝑗)]: 𝒔𝑖 − 𝒔𝑗 = 𝒉 and 𝑡𝑖 − 𝑡𝑗 = 𝑢}, where 𝒉 is the set of 

all pairwise Euclidean distances and 𝑢 is the set of all temporal observations. |𝑁(𝒉, 𝑢)| 

is the number of distinct pairs in 𝑁(𝒉, 𝑢), and 𝑍(𝒔𝑖 , 𝑡𝑖) and 𝑍(𝒔𝑗 , 𝑡𝑗) are data values at 

spatial locations 𝒔𝑖  and 𝒔𝑗  with time points 𝑡𝑖  and  𝑡𝑗  respectively [24]. 

The covariance function is defined by:  

 �̂�(𝒉, 𝑢) =
1

|𝑁(𝒉, 𝑢)|
∑ [𝑍(𝒔𝑖 , 𝑡𝑖) − �̅�][𝑍(𝒔𝑗 , 𝑡𝑗)

𝑁(𝒉,𝑢)

− �̅�]. (3.18) 
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3.5. Interpolation techniques 

 

This section will provide information of the different interpolation techniques that was 

used in the thesis. 

3.5.1. Kriging 

 

Kriging is a powerful geostatistical method that interpolates to a surface based on the 

spatial autocorrelation. The kriging estimate operates as a weighted linear combination 

of the known sample values around the values to be estimated [27]. In practice, kriging 

operates as a weighted moving average where the weights are estimated based on the 

fitted parametric variogram function that reflects the spatial autocorrelation. The 

weights results in optimal and unbiased estimates [24].  

Kriging can be expressed as: 

 �̂�(𝒔0) = ∑ 𝜆𝑖𝑍(𝒔𝑖)
𝑛

𝑖=1
 (3.19) 

 

where 𝑍(𝒔𝑖) is the measured value at the 𝑖th location, 𝜆𝑖 is the optimal weight for the 

measured value at the 𝑖th location, 𝑛 is the number of measured values and �̂�(𝒔0) is 

the predicted value at the prediction location 𝒔0. We want to minimize the variance of 

the interpolation error, by using: 

 

𝑉𝑎𝑟 (�̂�(𝒔0) − 𝑍(𝒔0)) = 𝐸 {[𝑍(𝒔0) − �̂�(𝒔0)]
2
}

= 2∑𝜆𝑖𝛾(𝒔0 − 𝒔𝑖) − ∑∑𝜆𝑖𝜆𝑗𝛾(𝒔𝑖 − 𝒔𝑗)

𝑛

𝑗=1

𝑛

𝑖=1

𝑛

𝑖=1

 

(3.20) 

 

where the predictor is unbiased if 𝐸[�̂�(𝒔0)] = 𝐸[𝑍(𝒔0)] = 𝜇. Recall that 𝛾(𝒔𝑖 − 𝒔𝑗) is 

the variogram function defined in EQ 3.8. The last expression defines the prediction 

variance using any weights 𝜆𝑖 , 𝑖 = 1,… , 𝑛.  

If we write the right-hand’s equation EQ 3.20 as 𝐹(𝜆𝑖 , … , 𝜆𝑛), we seek to minimize 

𝐹(𝜆𝑖 , … , 𝜆𝑛) subject to 𝐺(𝜆𝑖 , … , 𝜆𝑛): ∑ 𝜆𝑖 − 1 = 0𝑛
𝑖=1 . We then let 𝑚 denote a 

Lagrange multiplier, and set 𝐻(𝜆𝑖 , … , 𝜆𝑛) = 𝐹 − 𝑚𝐺, where differentiating 𝐻 gives: 
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𝑑𝐻

𝑑𝜆𝑖

= 2𝛾(𝒔0 − 𝒔𝑖) − 2∑𝜆𝑗𝛾(𝒔𝑖 − 𝒔𝑗) − 𝑚,

𝑛

𝑗=1

 (3.21) 

and 

𝑑𝐻

𝑑𝑚
= −∑𝜆𝑖 + 1

𝑛

𝑖=1

 

Setting all 𝑛 + 1 derivatives equal to zero, will give 𝑛 + 1 equations. Based on this, 

there is a unique solution given by: 

 ∑𝜆𝑗𝛾(𝒔𝑖 − 𝒔𝑗) +
𝑚

2
= 𝛾(𝒔0 − 𝒔𝑖),       𝑖 = 1,… , 𝑛,

𝑛

𝑗=1

 (3.22) 

 

and  

 ∑𝜆𝑖 = 1.

𝑛

𝑖=1

 (3.23) 

When writing 𝛾𝑖𝑗 = 𝜸(𝒔𝑖 − 𝒔𝑗), we obtain a linear system of equations: 

 

[
 
 
 
 
𝛾11 𝛾12 ⋯ 𝛾1𝑛 1
𝛾21 𝛾22 ⋯ 𝛾2𝑛 1
⋮ ⋯ ⋯ ⋯ ⋮

𝛾𝑛1 𝛾𝑛2 ⋯ 𝛾𝑛𝑛 1
1 1 ⋯ 1 0]

 
 
 
 

[
 
 
 
 

𝜆1

𝜆2

⋮
𝜆𝑛

𝑚/2]
 
 
 
 

=

[
 
 
 
 
𝛾01

𝛾02

⋮
𝛾0𝑛

1 ]
 
 
 
 

. (3.24) 

 

that can be written as 𝚪𝝀 = 𝜸. Assuming the matrix 𝚪 is invertible, we lastly arrive at: 

 𝝀 = 𝚪−𝟏𝜸 (3.25) 

 

where the first 𝑛 elements of the vector 𝝀 gives the weights.  

The interpolated kriging surface includes the kriging variance: 

 𝜎𝑧0
2 = 𝐸{|𝑍(𝒔0) − �̂�(𝒔0)]

2} (3.26) 

 = 2∑𝜆𝑖(𝒔0 − 𝒔𝑖) − ∑∑ 𝜆𝑖𝜆𝑗𝛾(𝒔𝑖 − 𝒔𝑗)

𝑛

𝑗=1

𝑛

𝑖=1

𝑛

𝑖=1

  

 = ∑𝜆𝑖𝛾(𝒔0 − 𝒔𝑖) +
𝑚

2
= 𝝀𝑇𝜸

𝑛

𝑖=1
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where the third equality follows from 𝝀 = 𝚪−𝟏𝜸.  

There are many different Kriging methods that can be used but the ones used in this 

thesis are isotropic simple kriging, isotropic ordinary kriging, isotropic universal 

kriging and anisotropic universal kriging. The isotropic simple kriging and isotropic 

ordinary kriging will be referred to as only simple kriging and ordinary kriging 

respectively. The difference between the different Kriging methods is how the mean 

value 𝜇 is determined.  

Simple kriging is the simplest form and assumes that 𝜇 is known and assumed to be 

constant, estimated by the sample mean of the data with a known covariance.  

The equation EQ 3.19, when 𝜇 is not known, is known as “ordinary kriging”. Since the 

sum of the weights, EQ 3.23 is constrained to be 1, 𝜇 does not need to be known. The 

𝜇 is calculated using the generalized least squares.  

The universal kriging is similar to ordinary kriging except that it assumes a local 

trend, described with an explanatory variable. One might assume that 𝜇 is a function 

between the distance of spatial coordinates. The explanatory variable used in both 

isotropic universal kriging and anisotropic universal kriging is the Euclidean distance 

between all spatial points to a reference point. See section 3.1 for the definition of the 

explanatory variable used. 

3.5.2. Inverse Distance Weighting  

 

Inverse distance weighting (IDW), is a fast and efficient interpolation technique that 

uses weighted averages of a variable to interpolate new values surrounding the 

prediction location. It assumes that nearby sample points have a higher correlation 

than points farther apart [29]. Nearby points are given greater weights closer to the 

prediction location and the weights diminish with distance, hence the name Inverse 

distance weighting.  
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The equation for inverse distance weighting is visually identical to the Kriging 

formula: 

 �̂�(𝒔0) = ∑ 𝜆𝑖𝑍(𝒔𝑖)
𝑛

𝑖=1
 (3.27) 

 

The difference is in how the weights 𝜆𝑖 are calculated. The weights are calculated as 

follows [30]: 

 𝜆𝑖 = 𝑑𝑖0
−𝑝 ∑ 𝑑𝑗0

−𝑝𝑁
𝑗=1⁄   (3.28) 

Where, the same as in the Kriging EQ 3.23, is: 

 ∑𝜆𝑖 = 1.

𝑛

𝑖=1

 (3.29) 

where 𝑑𝑖0 defines the distance between the prediction location, 𝒔0 and the measured 

location 𝒔𝑖. The power parameter 𝑝 defines the influence of the weighting and as 𝑝 

increases, the weights decrease rapidly as can be seen in Figure 1.5. By minimizing the 

root-mean-square prediction error (RMSPE), the optimal 𝑝 is chosen through leave-

one out cross validation.  

 

Figure 1.4: A graphical assessment of the behavior of the power function used in 

IDW. When 𝑝 = 0, the weight is constant as the distance increases. If the data points 

surrounding the prediction location has great variation, the power function should be 

set to a high value.  

Another parameter that is used to define the IDW is the search neighborhood. By 

specifying both the shape and the number of points to include in the search 

neighborhood, the IDW will interpolate based on the neighborhood.  
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Figure 1.5: The blue dot represents the point of prediction without a measurement 

and the red dots represents the neighbors that are included in the search 

neighborhood, yellow circle.  

3.5.3. Ordinary Least Squares 

 

Ordinary least squares (OLS) is a global linear regression that models a dependent 

variable using the relationship to a set of explanatory variables. It is global in the sense 

that it creates a single regression equation to represent the relationship between 

explanatory variables and the dependent variable. The goal is to minimize the sum of 

squared deviations between observed values of the dependent variable and values 

fitted from the model. 

The formula: 

 𝑦 = 𝑿𝛽 + 𝜖 (3.30) 

where 𝑦 is an 𝑛 by 1 vector of observations on the dependent variable, 𝑋 is an 𝑛 by 𝑘 

matrix of observations on the explanatory variables with matching 𝑘 by 1 coefficient 

vector 𝛽, and 𝜖 is an 𝑛 by 1 vector of random error terms. The error terms are assumed 

to be independent and identically distributed. The OLS estimator for 𝛽, �̂� is: 

  �̂� = (𝑿′𝑿)−1𝑿′𝑦, (3.31) 

 

where (𝑿′𝑿) is a 𝑘 by 𝑘 matrix and 𝑿′𝑦 is a 𝑘 by 1 vector. The explanatory variable 

used in OLS is the Euclidean distance from the spatial point with measurement 𝑦 to a 

reference point. See section 3.1 for the definition. 

When implementing OLS using the R package gstat [41], OLS can be used to predict 

values that are refitted within local neighborhoods around a prediction location [31]. 
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The argument nmax, defines the neighborhood size in terms of maximum number of 

nearest points. Optim in R, a general-purpose optimization, was used to generate the 

optimal number of neighborhood points using RMSE.  

OLS operates similarly as IDW, where IDW interpolates values using only the 

intercept and the OLS interpolates using the intercept and possible explanatory 

variables.  

3.5.4. Geographically Weighted Regression 

 

Regression-based models usually do not consider that spatial phenomena will vary 

across a surface. They use global singular equations to assess the overall relationships 

between the dependent and independent variable(s). This is due to the assumption that 

the mentioned relationship is stationary and spatially homogenous [32]. Global 

regression models generate parameter estimates where the assigned values are spatial 

averages that can withhold important information about the spatial phenomena. 

Geographically weighted regression (GWR), fits a local regression equation for each 

feature in the dataset, thus taking into consideration possible spatial non-stationarity. 

By moving a weighted search window over the data, it estimates one set of coefficient 

values at every chosen “fit” point.  

Consider the classical regression equation in matrix form [33]: 

 𝒀 = 𝑿𝜷 + 𝜀 (3.32) 

where 𝑿 denotes the variables and 𝜷 denotes the vector parameters as: 

 �̂� = (𝑿𝑇𝑿)−1𝑿𝑇𝒀. (3.33) 

The GWR is equivalent to: 

 𝒀 = (𝜷⨂𝑿)𝟏 + 𝜀 (3.34) 

where ⨂ is a logical multiplication operator in which each element of 𝜷 is multiplied 

by the corresponding element of 𝑿 and 𝟏 is a vector of 1s. The explanatory variable 

used in GWR is the Euclidean distance from the spatial point with measurement 𝑦 to a 

reference point. See section 3.1 for the definition. 
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The matrix coefficient of 𝜷 is estimated by: 

 �̂�(𝑢𝑖 , 𝑣𝑖) = (𝑿𝑇𝑾(𝑢𝑖 , 𝑣𝑖)𝑿)−1𝑿𝑇(𝑿𝑇𝑾(𝑢𝑖 , 𝑣𝑖)𝒚 (3.35) 

where 𝑾(𝑢𝑖 , 𝑣𝑖) is an 𝑛 𝑥 𝑛 spatial weighting matrix whose off-diagonal elements are 

zero and whose diagonal elements denote the geographical weighting of each of the n 

observed data for regression point 𝑖.  

The matrix 𝜷 has the following structure: 

 𝜷 = [

𝛽0(𝑢1, 𝑣1) 𝛽1(𝑢1, 𝑣1) ∙∙∙ 𝛽𝑘(𝑢1, 𝑣1)

𝛽0(𝑢2, 𝑣2) 𝛽1(𝑢2, 𝑣2) ∙∙∙ 𝛽𝑘(𝑢2, 𝑣2)
∙∙∙ ∙∙∙ ∙∙∙ ∙∙∙

𝛽0(𝑢𝑛, 𝑣𝑛) 𝛽1(𝑢𝑛, 𝑣𝑛) ∙∙∙ 𝛽𝑘(𝑢𝑛, 𝑣𝑛)

] (3.36) 

where the parameters in each row in matrix EQ 3.36 are estimated by: 

 �̂�(𝑖) = (𝑿𝑇𝑾(𝑖)𝑿)−1𝑿𝑇𝑾(𝑖)𝒀 (3.37) 

where 𝑖 represents a row of the matrix based from EQ 3.36 and 𝑊(𝑖) is an 𝑛 by 𝑛 

spatial weighting matrix of the form: 

 𝑾(𝑖) =

[
 
 
 
 
𝑤𝑖1 0 ……… …… . . 0
0 𝑤𝑖2 ……… …… . . 0
. . ……… …… . . .
. . ……… …… . . .
0 0 ……… …… . . 𝑤𝑖𝑛]

 
 
 
 

 (3.38) 

where 𝑤𝑖𝑛 is the weight given to data point 𝑛 in the calibration of the model for 

location 𝑖.  

Calculating the local standard errors is convenient to address the local variations in the 

data within each search window. If we rewrite the EQ 3.37 as: 

 �̂�(𝑢𝑖 , 𝑣𝑖) = 𝑪𝒚 (3.39) 

where 

 𝑪 = (𝑿𝑇𝑾(𝑢𝑖 , 𝑣𝑖)𝑿)−1𝑿𝑇𝑾(𝑢𝑖 , 𝑣𝑖) (3.40) 
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The parameter estimates have the variance expressed as: 

 𝑉𝑎𝑟[�̂�(𝑢𝑖 , 𝑣𝑖)] = 𝑪𝑪𝑇𝜎2 (3.41) 

where 𝜎2 is the normalized residual sum of squares from the local regression and is 

defined as: 

 𝜎2 = ∑(𝑦𝑖 − �̂�𝑖)/(𝑛 − 2𝑣1 + 𝑣2)

𝑖

 (3.42) 

where  

 𝑣1 = 𝑡𝑟(𝑺) (3.43) 

and  

 𝑣2 = 𝑡𝑟(𝑺𝑇𝑺) (3.44) 

The matrix 𝑺 is known as the hat matrix which maps �̂� on to 𝒚: 

 �̂� = 𝑺𝒚 (3.45) 

where each row 𝑟𝑖  of the hat matrix is given by: 

 𝑟𝑖 = 𝑿𝑖(𝑿
𝑇𝑾(𝑢𝑖 , 𝑣𝑖)𝑿)−1𝑿𝑇𝑾(𝑢𝑖 , 𝑣𝑖) (3.46) 

The standard errors of the parameter estimates are then obtained from: 

 𝑆𝐸(�̂�𝑖) = √[𝑉𝑎𝑟(�̂�𝑖) (3.47) 

GWR uses weighting schemes, a set of input parameters that changes the behavior of 

the search window. The weighting scheme requires the specification of a kernel shape. 

These kernels can either operate as a fixed-kernel, which sets the bandwidth at each 

location ℎ to be constant or operate as an adaptive-kernel, which sets the bandwidth so 

that the number of observations with nonzero weights within the search window is 

equal at each location. 
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The kernel that was used in this thesis is a Gaussian function and is calculated as: 

 𝑤𝑖𝑗 = exp [−(
𝑑𝑖𝑗

𝑏
)

2

] (3.48) 

 

where 𝑗 is the weight of the 𝑗th data point at the 𝑖th regression point, 𝑑𝑖𝑗 is the 

Euclidean distance between spatial location 𝑖 and 𝑗 respectively and 𝑏 is the 

bandwidth. In this thesis, both a constant bandwidth and a varying bandwidth has been 

used.  

Regardless if one uses a fixed-kernel or an adaptive-kernel, it is important to select an 

appropriate bandwidth that reflects the geographical distribution of the data points. By 

using cross-validation, an optimal bandwidth might be used.  

The formula for cross-validation on the bandwidth is defined as: 

 𝐶𝑉 = ∑[𝑦𝑖 − �̂�𝑖≠𝑖(𝑏)]2
𝑛

𝑖=1

 (3.49) 

 

where 𝑛 is the number of data points and �̂�𝑖≠1 is the fitted value of 𝑦𝑖 with the 

observations for point 𝑖.  
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3.6. Performance measures 

 

In order to evaluate the different interpolated surfaces, three statistical measures that 

the describe goodness-of-fit will be used. Root mean squared error (RMSE), mean 

absolute error (MAE) and bias [4]. 

The formula for RMSE can be expressed as: 

 𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(�̂�𝑖 − 𝑥𝑖)

2

𝑛

𝑖=1

 (3.50) 

where 𝑛 is the number of points, �̂�𝑖  is the predicted value at location 𝑖 and 𝑥𝑖 is the 

observed value at location 𝑖. RMSE informs how spread out the residuals are based on 

the standard deviation and is a common general purpose error metric used for 

numerical predictions. The RMSE gives a higher weight to large errors and are useful 

when large errors are undesirable. 

The formula for MAE can be expressed as [4]: 

 𝑀𝐴𝐸 = 
1

𝑛
∑|�̂�𝑖 − 𝑥𝑖|

𝑛

𝑖=1

 (3.51) 

where 𝑛 is the number of points, �̂�𝑖  is the predicted value at location 𝑖 and 𝑥𝑖 is the 

observed value at location 𝑖. MAE measures how close prediction values are to the 

observation values and avoids positive or negative forecast errors.  

The formula for bias can be expressed as: 

 𝐵𝑖𝑎𝑠 =  
∑ (𝑦𝑖 − �̂�𝑖)

𝑛
𝑖=1

𝑛
 (3.52) 

where 𝑛 is the number of points, 𝑦𝑖 is the observed value at location 𝑖 and �̂�𝑖 is the 

predicted value at location 𝑖. Bias is used to address if the prediction values are either 

underestimated or overestimated compared to the observed values. A positive bias 

indicates that the prediction values has been underestimated compared to the observed 

data and a negative bias indicates that the prediction values has been overestimated 

compared to the observed data. 



Chapter 3  Methodology 

32 
 

3.7. Technical aspects 

All the analysis in this thesis has been used in the programming language R. However, 

different packages have been used for different purposes. 

 Non-spatial exploratory analysis has been used by the package ggplot2 [36]  

 Exploratory spatial analysis has been used by the packages sp [37], raster [38] 

and rasterVis [39] 

 The cluster analysis and almost all its components has mainly been used by the 

package cluster [40] 

 The geostatistical modelling including the various variograms, the inverse 

distance method, ordinary least squares and the different kriging methods has 

been used in the package gstat [41] 

 The variants of the geographically weighted regressions have been used in the 

package spgwr [42] 
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4. Results 
 

The results chapter is organized as follows:  

 Descriptive statistics of the two datasets 

 Spatio-temporal variogram addressing the temporal component 

 Clustering analysis including Hopkins statistic, Silhouette and CLARA 

 Geometric empirical anisotropic variograms with clusters 

 Geometric empirical anisotropic variograms for full data 

 Isotropic variograms 

 Interpolation results 

 Comparison of interpolation results using performance measures 

For conciseness and not having to iteratively write the whole name “near-surface air 

temperature”, this thesis will use the word “temperature” when describing the 

variable in question. Kelvin will be abbreviated as K and all figure and table references 

in this chapter will only refer to this chapter. 

4.1. Descriptive statistics 

 

 

Figure 1.1a (left) and Figure 1.1b (right): Densities plotted of the observed 

temperature (left) and the simulated temperature (right), displayed in 𝐾.  
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In Figure 1.1a and Figure 1.1b, the observed temperature and the simulated 

temperature both look visually almost identical with the same density. They follow a 

relatively heavy tail distribution where the mode seems to be around 300 𝐾.  

Table 1.1: Summary table of the observed temperature and the simulated 

temperature, including the minimum value, 1st quantile, median, mean, 3rd quartile 

and the maximum value, all displayed in 𝐾. 

 Min 1st Qu. Median Mean 3rd Qu. Max 

Observed data 219.9 265.4 282.6 278.6 296.2 305.1 

Simulated data 220.6 265.6 282.6 278.6 296.3 304.5 
Table 1.1 displays summary statistics for the observed and simulated dataset where 

they differ slightly but remain largely similar. The mean for both is 278.6 𝐾, which is 

5.5 ℃. 

 

Figure 1.2a (left) and Figure 1.2b (right): Box and whisker plots of the observed 

temperature (left) and the simulated temperature (right) for each year, displayed in 𝐾. 

The observed and simulated temperature look visually identical. 
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Observed temperature year 2000 Simulated temperature year 2000 

 

 

 

 

 

 

Figure 1.3a (left) and Figure 1.3b (right): Geographical plot of the observed 

temperature (left) and the simulated temperature at year 2000 (right), displayed in 

longitude and latitude where brighter colors indicate larger 𝐾.  

In Figure 1.3a and Figure 1.3b, the maps look similar and it is difficult to address the 

differences visually. The equator zone displays the highest temperatures while the 

Arctic and especially Antarctic zones display low temperatures. Since both datasets 

contains 18 more years and each year displays visually the same information as Figure 

1.3a and Figure 1.3b, a decision was made to showcase only one year. 

World map with difference on top between 
observed and simulated data year 2000 

Difference between observed and simulated 
data year 2000 

 

Figure 1.4a (left) and Figure 1.4b (right): World map with the difference between 

observed and simulated data year 2000 on top of the world map. Greener values 

imply larger differences (left). Raster plot of the difference between observed and 

simulated data year 2000 where brighter colors indicate larger positive differences 

and darker colors indicate larger negative differences (right).  

Most of the differences are displayed around northern Europe in Figure 1.4a where the 

rest are irregular throughout the map. This can be seen more distinctively in Figure 

1.4b.  
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4.2. Spatio-temporal variograms 

 

A display of the possible spatio-temporal autocorrelation will follow in this section. If 

the data behaves in a spatio-temporal behavior, the temporal component 𝑢 needs to be 

included, otherwise, modeling the spatial setting ℎ is sufficient. This step was done 

before clustering since clustering on annual data is not appropriate. The clustering 

would not consider the years separately but would consider the whole data with all the 

years as input, thus making clusters with different temporal information. Clustering 

separately on each year would also not yield the same type of consistent clusters.  

Spatio-temporal map variogram  Spatio-temporal variogram 

 

Figure 2.1a (left) and Figure 2.1b (right): Spatio-temporal map variogram (left) with 

Distance on the X-axis, Time lag in years on the Y-axis and a legend displaying the 

semivariance where brighter indicates a higher semivariance. The typical spatio-

temporal variogram (right).  

From Figure 2.1a, the map variogram can be seen where there is a negligible temporal 

trend in the data. If there were an actual strong temporal trend, the map variogram 

would display different shades horizontally. A small example of this can be seen in 

Figure 2.1a when 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = 16000. Figure 2.1b shows an easier assessment of the 

insignificant temporal trend in the data. Out of the 18 time lags, 𝑇𝑖𝑚𝑒 𝑙𝑎𝑔 = 1 (the 
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black line) do display a minor temporal trend but it is still analogous to the spatial 

trend whom the rest of the time lags follows. Based on the information provided, it can 

be concluded that there is no temporal component of significance and thus, from this 

point on forward, it will be excluded in the analysis. 

4.3. Clustering 

 

The previous section concluded that the temporal component is insignificant. 

Therefore, the mean was used on the data to collapse the temporal information, leaving 

only the spatial component. From this point on in the thesis, analysis will be made on 

the observed dataset so when writing “the data”, it will refer to the observed dataset. 

4.3.1. Hopkins statistic 

 

A Hopkins test statistic was calculated on the data to verify if there are any substantial 

clusters. 

The previously defined hypotheses are: 

𝐻0 = 𝑇ℎ𝑒 𝑑𝑎𝑡𝑎𝑠𝑒𝑡 𝐷 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 

𝐻𝑎 = 𝑇ℎ𝑒 𝑑𝑎𝑡𝑎𝑠𝑒𝑡 𝐷 𝑖𝑠 𝑛𝑜𝑡 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 

where 𝐻0 implies that the dataset 𝐷 is uniformly distributed (indicating that there are 

no substantial clusters in the data) and 𝐻𝑎 implies that the dataset 𝐷 is not uniformly 

distributed (indicating that there are substantial clusters in the data). If 𝐻 is in the 

interval 0.35 ≤ 𝐻 ≤ 0.65, we conclude the null hypothesis.  

Calculating the Hopkins test statistic with number of selected points set to 𝑛 = 100 

gave 𝑯 = 𝟎. 𝟐𝟎𝟗, implying that we can reject the null hypothesis. The dataset 𝐷 is not 

uniformly distributed and therefore, there are substantial clusters in the data to be 

found.   

4.3.2. Silhouette 

 

The Hopkins 𝐻 calculated in section 4.3.1 above implied that there are substantial 

clusters in the data. One now needs to address the actual number of clusters to be 
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found in the dataset. This is done by the Silhouette method for the CLARA clustering 

algorithm. 

 

Figure 3.1: Silhouette plot for CLARA on the dataset implying that the optimal 

number of clusters is 𝑘 = 4. 

Striving to have as high Silhouette values as possible to reflect an actual clustering 

structure present in the data, from Figure 3.1, the highest Silhouette value is around 

𝟎. 𝟕𝟐, obtained at 𝑘 = 4. The line in Figure 3.1 goes up and down at 𝑘 = 10 and 𝑘 =

17. However, based on the maximum Silhouette value, 𝑘 = 4 was chosen for the 

CLARA algorithm.  

4.3.3. CLARA 

 

An assessment of substantial clusters and the optimal number of clusters has been 

made. Now follows the actual clustering using CLARA using 𝑘 = 4. 

Table 3.2: Clustering information extracted from CLARA showing the cluster sizes, 

the medoids described in 𝐾 of each cluster and the isolation values. 

Cluster Cluster size 𝒏 Percent of datapoints Medoids Isolation 

1 591 23 % 260,74 0,8 

2 757 29 % 279,27 0,5 

3 1060 41 % 297,8 0,5 

4 184 7 % 230,96 0,49 

Sum 2592               100 % 
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In Table 3.2, the cluster sizes vary greatly, where cluster 3 includes the largest portion 

of the data points in the dataset, 41 % to the smallest cluster, cluster 4 including only 

7 %. The medoids between cluster 1 and cluster 2 are not as spread out as the rest. The 

isolation value is a ratio calculated as the maximal dissimilarity between the 

observations in the cluster and the assigned medoid, divided by the minimal 

dissimilarity between the assigned medoid and the medoid of any cluster [34]. Cluster 

1 has a high isolation value implying that it is not well-separated from the other 

clusters.  

 

Figure 3.2: World map with the clusters where each color represents a cluster. 

Figure 3.2 displays the geographical assessment of the clusters. All the clusters are 

split horizontally. However, cluster 1 and cluster 2 has been spatially separated from 

each other resulting in a top and bottom layer. This is because CLARA clusters the 

temperatures but do not take the geographical coordinates into consideration. There 

were some outliers where some points that belonged to cluster 1 was in the cluster 2 

region. These points have been manually added to the corresponding cluster. See 

Figure A.1 in the appendix to see the outliers. 
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4.3.4. Geometric empirical anisotropic variograms with clusters 

 

Geometric empirical anisotropic variograms were made on the clusters with four 

different directions. Seeing that cluster 1 and cluster 2 resulted in a top and bottom 

layer in Figure 3.2, they have been split into separate clusters, now totaling 6 clusters. 

Cluster 5 is the bottom layer of cluster 1 and cluster 6 is the bottom layer of cluster 2. 

This was done to make sure that each region is cohesive for the variogram analysis 

that might be influenced otherwise. 

 

Figure 3.3: Geometrical empirical anisotropic variograms on the clusters with 4 

directions for each cluster. Each colored line represents a direction.  

From Figure 3.3, the varying variation in all variograms can be seen. The red line in all 

variograms displays a highly irregular trend going up and down. This might be due to 

an underlying geological periodicity. The blue line displays a small but fairly constant 

trend in all the variograms. The violet and the green lines do have a similar trend in all 

variograms except for cluster 4. In several of the clusters displayed, the cyan, green 

and violet lines follow the same pattern. However, the red line displays a far to 

irregular trend that would be difficult to model. One explanation for this might be due 

to the red line, being the north direction covers different temperature zones thus 

indicating irregular trends. Based on the information provided, clustering of the data 

with variograms was not successful and will be dismissed from here on now. 
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4.4. Geometric anisotropic variograms for full data 

 

The previous section concluded that clustering on the data was not a viable option. 

From this section forward, only the full data will be used without any clusters.  

 

Figure 4.1a (left) and Figure 4.1b (right): Geometric anisotropic variogram for year 

1993 and a variogram map. The pink colors indicate low variation while brighter 

colors towards white and cyan blue indicate high variation (right). 

From Figure 4.1a, the geometric anisotropic variograms can be seen with different 

directions. When the 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 90, the spatial autocorrelation trend is almost flat, 

implying that there is negligible variation in that direction. 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 0 display the 

highest increase in variance with distance while 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 45 and 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 135 

display moderate increase. 

From Figure 4.1b, the pink colors indicate that the variation is low horizontally. This 

confirms the semivariance for 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 90 in Figure 4.1a with increasing x. The 

largest directional variation can be seen when moving in the north-south direction 

which confirms the semivariance for 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 0 in Figure 4.1a with increasing y. 

The northeast-southwest direction and the southeast-northeast direction also displays 

moderately high variation which can also be confirmed in Figure 4.1a. 

When trying to model for anisotropy in R using gstat, the model fits a joint theoretical 

variogram for the different directions that tries to capture the trend of all the specified 

directions. Minor anisotropic parameters can be used to control the variogram function 

but it still does not fully capture the specified directions. See Figure A.2 in the 

Appendix for a demonstration.  
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A necessary input for doing Kriging in gstat is the theoretical variogram. But since the 

theoretical anisotropic variogram is joint for all specified directions, it will not be able 

to fully regard the directional semivariances displayed in Figure 4.1a. Still trying to 

account for anisotropy, each direction (0, 45, 90 and 135) has had an individual 

theoretical variogram fitted to it which has then been used as input for Kriging, see 

Figures 5.3a-5.3d. Four different Kriging surfaces has therefore been made:  

 Kriging surface when theoretical variogram accounts for 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 0 

 Kriging surface when theoretical variogram accounts for 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 45 

 Kriging surface when theoretical variogram accounts for 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 90 

 Kriging surface when theoretical variogram accounts for 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 135 

An approach to estimate anisotropic kriging surfaces was done by collapsing all the 

mentioned Kriging surfaces to a mean surface. The anisotropic kriging surface is 

therefore the mean kriging surface between all four specified theoretical variograms 

above. A decision was made to only use anisotropy for universal kriging and not for 

simple and ordinary kriging.  

4.5. Isotropic variograms 

 

In this section, only the isotropic variograms will be displayed. So far, the temporal 

component and clustering with variograms has been discarded. However, even though 

the temporal component did not display significant variation, each observed and 

simulated year displays different errors. Collapsing all the years to one mean year 

would mean that important information might be lost and all the years would be 

viewed as homogenous. Therefore, each year has had its own variogram analysis 

assessed. That leads to 72 empirical variograms with 72 fitted theoretical variograms, 

18 of whom are for the isotropic kriging methods (simple kriging, ordinary kriging and 

isotropic universal kriging) when 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 0 and the rest 54 variograms are for the 

anisotropic universal kriging when 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 45, 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 90 and 

𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 135. Each year still displays very similar spatial autocorrelation structure 

and the difference for each year is still not large enough to need radically different 

variogram parameters applied for each year. Only one variogram analysis on year 
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1993 will be addressed here since they all display similar features. See Figure 5.1 for a 

graphical display of the steps taken. 

 

Figure 5.1: A flowchart displaying how the variogram analysis and the interpolation 

has been done.  

Each year has had its empirical variogram calculated. A fitted theoretical variogram 

has then been fitted to each year. Estimation of the interpolation surfaces using 8 

different interpolation methods has been made. For the kriging methods, each 

corresponding theoretical variogram has been used. See Table 5.1 for the full name of 

the abbreviations. The three performance measures that have been used (RMSE, MAE 

and bias) have been calculated separately for each year and for each interpolation 

method. The difference surfaces have been calculated separately between the observed 

values and the interpolated values and between the simulated values and the 

interpolated values for each year. Finally, the interpolation surfaces have been 
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averaged, performance measures have been averaged and the difference surfaces 

averaged.  

Table 5.1: Abbreviation table of the interpolated methods described in Figure 5.1.  

Interpolation method Abbreviation 

Inverse distance weighting IDW 

Ordinary least squares OLS 

Simple kriging SKR 

Ordinary kriging OKR 

Isotropic universal kriging I_UKR 

Anisotropic universal kriging A_UKR 

Geographically weighted regression with fixed-kernel GWR1 

Geographically weighted regression with adaptive kernel GWR2 
 

 

Figure 5.2a (left) and Figure 5.2b (right): Isotropic variograms where the blue dots 

represent the empirical variogram, one without using distance (left) and one using 

distance (right). The red line for both represents the fitted theoretical variogram line. 

They both look visually identical. 

Figure 5.2a and Figure 5.2b look identical implying that using the distance as an 

explanatory variable did not affect the variogram. The theoretical variogram line 

seems to fit the underlying spatial autocorrelation well.  
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Table 5.2: Parameters for the theoretical variograms displaying the nugget, sill, range 

and the type of parametric variogram function that has been used for year 1993. 

Variogram spec. Nugget Sill Range Function 

Without distance 0.738 475.331 11848.08 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 

With distance 0.782 497.408 12156.73 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 

The same conclusion that was implied by Figure 5.2a and Figure 5.2b can be seen in 

table 5.2 more clearly. Both variograms display similar values. The theoretical 

variogram has a slightly larger nugget, sill and range than the one without distance 

specified but overall they are similar. 

 

Figure 5.3a (top-left), Figure 5.3b (top-right), Figure 5.3c (bottom-left) and Figure 

5.3d (bottom-right): Isotropic variograms for the different directions where the blue 

dots represent the empirical variogram and the red lines represents the fitted 

theoretical variogram line. 

In Figures 5.3a-5.3d, the variograms and their respective theoretical variograms for 

different directions can be seen. Visually they all have the same shape. However, the 

semivariance is different in all four figures.  

Table 5.3: Parameters for the theoretical variograms for directions [0,45,90,135] 

displaying the nugget, sill, range and the type of parametric variogram function that 

has been used for year 1993. 

Variogram spec. Nugget Sill Range Function 

𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 = 𝟎 1 1100 12612.9 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 
𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 = 𝟒𝟓 1 444 11530.72 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 
𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 = 𝟗𝟎 1.292 387.262 17508.84 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 
𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 = 𝟏𝟑𝟓 4.8 606.106 13233.85 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 
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The nugget for the different variograms are similar between the different directional 

variograms. They differ mostly in the sill where 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 0 has the largest sill and 

𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = 90 has the lowest. This display can be seen in Figure 4.1a and Figure 

4.1b.  
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4.6. Interpolation results 

 

This section will provide results obtained from the different interpolation techniques. 

Each technique will include: 

 Their mean interpolation surfaces 

 Histogram of the interpolated mean values and the mean variance for 

interpolated values (not IDW) 

 Graphical display of the difference between observed mean values and mean 

interpolated values 

 Graphical display showing if the simulated values lie within the 95 % 

prediction interval produced by the interpolation methods (not IDW) 

See Figure 5.1 for a visual display of how the interpolation has been made. All the 

interpolated methods resulted in an additional variance map of the predicted values, 

where IDW did not. 

When describing the geographical maps, different terms have been used to easier point 

to different regions. The regions have been assessed vertically. See Table 6.1 for more 

information. 

Table 6.1: User-defined temperature zones and their corresponding latitude.  

Temperature zone Latitude 

Arctic 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 > 66°𝑁 

North temperature zone 23°𝑁 < 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 < 66°𝑁 

The equator 23°𝑁 < 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 <  23°𝑆 

South temperature zone 23°𝑆 < 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 < 66°𝑆 

Antarctic 𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 > 66°𝑆 
 

 

4.6.1. Inverse distance Weighting 

 

This section will display the results obtained from the IDW interpolation. The function 

optim in R was used to address the optimal power function and the optimal search 

neighborhood, nmax with the goal to minimize the RMSE. The power parameter was 

chosen as 𝟑. 𝟔𝟒 and the maximum search neighborhood was chosen as 𝟏𝟒. 𝟑𝟏𝟐. 
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Figure 6.1a (left) and Figure 6.1b (right): Geographic display of the mean IDW 

interpolation surface (left) and the observed mean temperature (right) described in 𝐾. 

Darker colors indicate lower temperatures and brighter colors indicate higher 

temperatures. 

The mean interpolation surface based from Figure 6.1a shows that the IDW has 

interpolated a resembling but narrower equator area compared to Figure 6.1b. The 

northern temperature zone and the Arctic zone have been interpolated relatively 

homogenously and the south temperature zone and the Antarctic zone have been 

interpolated with larger surfaces of lower temperatures, not capturing the resemblance 

compared to Figure 6.1b. 

 

Figure 6.2: Histogram of the predicted values based from the IDW mean interpolation 

described in 𝐾. The mode of the histogram is evidently around the mean, 264 𝐾. 

The prediction values shown in Figure 6.2 except for the distinctive mode seems 

relatively uniform with smaller spikes. The IDW has an eminent spike around 260 𝐾, 

close to the mean.  
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Figure 6.3: Geographic display of the difference between the observed mean and the 

IDW interpolation mean surface described in 𝐾. Brighter nuances of blue indicate that 

the difference is positive and darker nuances of red indicate that the difference is 

negative. 

The colors indicating overestimation or underestimation seems to be uniformly 

balanced in Figure 6.3. However, most of the underestimated zones such as the 

southern and northern temperature zone display higher intensity of underestimation 

than overestimation. The equator displays minor over- or underestimation. The 

northern temperature zone displays moderate underestimation and the largest 

underestimation can be seen in the southern temperature where the difference can 

range up to 50 𝐾. Few zones display overestimation and the difference range is mostly 

positive. 

4.6.2. Ordinary Least Squares 

 

This section will display the results obtained from the OLS interpolation. The variable 

distance was used as an explanatory variable and optim in R was used to address the 

optimal search neighborhood with the same goal as with the IDW – to minimize the 

RMSE. The maximum search neighborhood was chosen as 226. 
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Figure 6.4a (upper left), Figure 6.4b (upper right) and Figure 6.4c (lower mid): 

Geographic display of the mean OLS interpolation surface (upper left) and the 

observed mean temperature (upper right). The OLS variance interpolation surface 

(lower mid) is described in 𝐾². Darker colors indicate lower temperatures and brighter 

color indicates higher temperatures. 

The OLS mean interpolation surface in Figure 6.4a displays a relatively resembling 

surface to Figure 6.4b. It has not captured the differences displayed in the Arctic and 

the Antarctic.  

The OLS variance in Figure 6.4c is close to zero around the equator and larger parts of 

bottom-left corner in the southern temperature zone. However, it displays large 

variances in the bottom-right corner in the southern temperature zone.  
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Figure 6.5a (left) and Figure 6.5b (right): Histogram of the prediction values from the 

OLS mean interpolation (left) described in 𝐾 and the variance from this interpolation 

(right) described in 𝐾².  

Prediction values around the mean has now a larger interval displaying two spikes, one 

at 260 𝐾 and one at 300 𝐾. 

Most of the variance is between 0 and 100 𝐾² with some variances ranging up to 

around 400 𝐾².   

 

Figure 6.5: Geographic display of the difference between the observed mean and the 

OLS interpolation mean surface described in 𝐾. Brighter nuances of blue indicate 

that the difference is positive and darker nuances of red indicate that the difference is 

negative. 
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The difference range displayed in Figure 6.5 are more balanced than the one produced 

by Figure 6.3. Most of the overestimation appears in the Antarctic whereas the rest, 

mostly underestimated zones are scattered all over the map.  

 

Figure 6.6: Geographic display showing if the simulated values lie in the 95 % 

prediction interval produced by OLS. The colors are binary, black color indicating that 

the simulated value do not lie in the interval and the beige color indicate that it does.  

The high variances that were displayed in Figure 6.5b ultimately lead to wider 

prediction interval bands. It is no surprise that almost all of the simulated observations 

lies within the prediction interval. The points that were not within the interval are 

displayed as small lines in the Antarctic and the rest scattered randomly throughout the 

plot as in Figure 6.6. 

4.6.3. Simple kriging 

 

This section will display the results obtained from the simple kriging interpolation. 

Each year a different mean was calculated where the difference between each year is 

negligible. The mean was calculated as 278 + 1 𝐾. 
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Figure 6.7a (upper left), Figure 6.7b (upper right) and Figure 6.7c (lower mid): 

Geographic display of the mean simple kriging interpolation surface (upper left) and 

the observed mean temperature (upper right) described in 𝐾. The variance 

interpolation surface (lower mid) is described in 𝐾². Darker colors indicate lower 

temperatures and brighter color indicates higher temperatures. 

The interpolation surface from Figure 6.7a displays prediction values around the 

equator resembling the values in Figure 6.7b. The northern temperature zone and the 

Arctic zone have more shades than the IDW, Figure 6.1a, but are still not displaying 

the same varying values as in Figure 6.7b. A large dark spot can be seen in Figure 6.7a 

in the southern temperature zone that is in the Antarctic in Figure 6.7b.  

The variance surfaces based on Figure 6.7c has low variances in the middle of the 

equator and slightly higher variances around it. The highest prediction variances can 

be found in the Artic and the Antarctic zones.  
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Figure 6.8a (left) and Figure 6.8b (right): Histogram of the prediction values from the 

simple kriging mean interpolation described in 𝐾 and the variance from this 

interpolation described in 𝐾².  

The simple kriging prediction values in Figure 6.8a has a visible spike indicating a 

mode at 260 𝐾 and a smaller spike at 300 𝐾.  

The variance displayed in Figure 6.8b is radically smaller than the OLS variance, 

ranging from 0.8 to 1.6 𝐾². Some minor spikes can be seen within that interval but 

most of them are located around 0.8 𝐾². 

 

Figure 6.9: Geographic display of the difference between the observed mean and the 

simple kriging interpolation mean surface described in 𝐾. Brighter blue colors indicate 

that the difference is positive and darker red colors indicate that the difference is 

negative. 
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The range for the differences are slightly positively skewed as can be seen in Figure 

6.9. The southern and northern temperature zones display positive differences whereas 

the equator, the Arctic and the Antarctic zones displays either no differences or 

negative differences. The southern temperature zone displays the largest negative 

difference. 

 

Figure 6.10: Geographic display showing if the simulated values lie in the 95 % 
prediction interval produced by simple kriging. The colors are binary, black color 
indicating that the simulated values do not lie in the interval and the beige colors 
indicate that they do.  

Since the variances were small, this ultimately leads to narrower prediction interval 

bands. Most the simulated observations that do lie within the prediction interval are at 

points around the equator and the Arctic zone as can be seen in Figure 6.10. Seeing 

that the prediction values were mostly concentrated around 260 𝐾 in Figure 6.8a, the 

simple kriging underestimates the values.  
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4.6.4. Ordinary kriging 

 

This section will display the results obtained from the ordinary kriging interpolation. 

 

 

Figure 6.11a (upper left), Figure 6.11b (upper right) and Figure 6.11c (lower mid): 

Geographic display of the mean ordinary kriging interpolation surface (upper left) and 

the observed mean temperature (upper right) described in 𝐾. The variance 

interpolation surface (lower mid) is described in 𝐾². Darker colors indicate lower 

temperatures and brighter color indicates higher temperatures. 

The mean interpolation surface in Figure 6.11a displays similar results as the one 

produced by the simple kriging, Figure 6.7a.  

The variance surface based on Figure 6.11c is also similar to the one produced in 

Figure 6.8a where it has small variances in the middle of the surface but higher around 

the Arctic and the Antarctic. 
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Figure 6.12a (left) and Figure 6.12b (right): Histogram of the prediction values based 

from the ordinary kriging mean interpolation described in 𝐾 and the variance from this 

interpolation described in 𝐾².  

Figure 6.12a has similar values as the simple kriging, Figure 6.8a with a big spike 

indicating the mode at 260 𝑘𝑒𝑙𝑣𝑖𝑛.  

The variance displayed in Figure 6.12b has most of the variances around 0.8 𝐾².  

 

Figure 6.13: Geographic display of the difference between the observed mean and 

the ordinary kriging interpolation mean surface described in 𝐾. Brighter blue colors 

indicate that the difference is positive and darker red colors indicate that the 

difference is negative. 

The difference plot in Figure 6.13 displays almost identical nuances as in Figure 6.9. 

The Arctic, the equator and the Antarctic zones display small or negative differences. 
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The southern temperature zone displays the highest differences indicating 

overestimation. 

  

Figure 6.14: Geographic display showing if the simulated values lie within the 95 % 

prediction interval produced by ordinary kriging. The colors are binary, black color 

indicating that the simulated values do not lie in the interval and the beige colors 

indicate that they do.  

The narrow prediction interval bands produced by the small variances led to many of 

the simulated observations not lying within the intervals as can be seen in Figure 6.14. 
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4.6.5. Isotropic universal kriging 

 

This section will display the results obtained from the universal kriging interpolation. 

 

 

Figure 6.15a (upper left), Figure 6.15b (upper right) and Figure 6.15c (lower mid): 

Geographic display of the mean universal kriging interpolation surface (upper left) 

and the observed mean temperature (upper right) described in 𝐾. The variance 

interpolation surface (lower mid) is described in 𝐾². Darker colors indicate lower 

temperatures and brighter color indicates higher temperatures. 

The mean interpolation surface in Figure 6.15a displays similar results as the one 

produced by the simple kriging and ordinary kriging, Figure 6.7a and Figure 6.11a 

respectively with more homogenous surfaces around the Arctic and the northern 

temperature zones.  

The variance surface based on Figure 6.15c deviates from the ones produced by simple 

kriging and ordinary kriging, Figure 6.7b and Figure 6.11b respectively by having a 

wider range and displaying the variances on different locations. The southern 

temperature zone and parts of the equator at 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≈ 150°W displays a large 

surface with brighter colors. At the same 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 in the northern temperature zone, 

there is a large variance surface but still smaller than the southern temperature zone. 
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Figure 6.16a (left) and Figure 6.16b (right): Histogram of the prediction values from 

the universal kriging mean interpolation described in 𝐾 and the variance from this 

interpolation described in 𝐾².  

Figure 6.16a has a big spike at around 250 𝐾, similar to the previous kriging methods. 

The variance displayed in Figure 6.16b however, differs from the previously 

mentioned interpolation methods. Some spikes can be seen around 0.8 𝐾² but the 

frequency of the increasing variance has a smooth downward trend ranging to around 

10 𝐾². 

 

Figure 6.17: Geographic display of the difference between the observed mean and 

the universal kriging interpolation mean surface described in 𝐾. Brighter blue colors 

indicate that the difference is positive and darker red colors indicate that the 

difference is negative. 
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The difference plot in Figure 6.17 displays almost identical nuances as both the simple 

kriging interpolation and the ordinary universal kriging, Figure 6.9 and Figure 6.13 

respectively. 

 

Figure 6.18: Geographic display showing if the simulated values lie within the 95 % 

prediction interval produced by universal kriging. The colors are binary, black color 

indicating that the simulated values do not lie in the interval and the beige colors 

indicate that they do.  

Only a small portion of the simulated values are within the 95 % prediction interval 

produced by the universal kriging in Figure 6.18 where they are located around the 

equator, the Arctic and minor parts of the Antarctic. 

 

 

 

 

 

 

 

 



Chapter 4  Results 

62 
 

4.6.6. Anisotropic universal kriging 

 

This section will display the results obtained from the anisotropic universal kriging. 

 

 

Figure 6.19a (upper left), Figure 6.19b (upper right) and Figure 6.19c (lower mid): 

Geographic display of the mean anisotropic universal kriging interpolation surface 

(upper left) and the observed mean temperature (upper right) described in 𝐾. The 

variance interpolation surface (lower mid) is described in 𝐾². Darker colors indicate 

lower temperatures and brighter color indicates higher temperatures. 

Figure 6.19a displays similar shading as the isotropic universal kriging in Figure 6.15a 

but with slightly more shading in the northern and southern temperature zone. The 

equator zone is still intact as with the rest of the kriging surfaces. 

The variance surface in Figure 6.19c displays the same shape as in Figure 6.15c but 

now with higher variances. The northern and southern temperature zone displays the 

largest variance.  
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Figure 6.20a (left) and Figure 6.20b (right): Histogram of the prediction values from 

the anisotropic universal kriging mean interpolation described in 𝐾 and the variance 

from this interpolation described in 𝐾².  

Figure 6.20a has a visible spike at around 255 𝐾, slightly lower than the isotropic 

universal kriging in Figure 6.16a. Another spike can be seen around 300 𝐾. 

The variance displayed in Figure 6.20b also displays the variance values as a relatively 

continuous distribution and not as a discrete distribution as with the simple kriging and 

ordinary kriging. The higher variances from Figure 6.19c can be confirmed here. 

 

Figure 6.21: Geographic display of the difference between the observed mean and 

the anisotropic universal kriging interpolation mean surface described in 𝐾. Brighter 

blue colors indicate that the difference is positive and darker red colors indicate that 

the difference is negative. 
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The largest positive difference can be seen in Figure 6.21 in the northern temperature 

zone and in the southern temperature zone.  

 

Figure 6.22: Geographic display showing if the simulated values lie within the 95 % 

prediction interval produced by anisotropic universal kriging. The colors are binary, 

black color indicating that the simulated values do not lie in the interval and the beige 

colors indicate that they do.  

Figure 6.22 differs slightly from the other prediction intervals produced with simple 

kriging and ordinary kriging. It still resembles Figure 6.18 but the simulated values 

within the prediction interval in Figure 6.22 can now be found in the bottom left corner 

which could not be seen previously. The equator also displays a slightly larger 

acceptance rate within the prediction interval. 
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4.6.7. Geographically Weighted Regression fixed-kernel 

 

This section will display the results obtained from the GWR with fixed-kernel. The 

bandwidth set was identified separately for each year, ranging between 340.93 <

𝑓𝑖𝑥𝑒𝑑 𝑘𝑒𝑟𝑛𝑒𝑙 < 361.39. See appendix table A.1 to see the individual bandwidths set 

for both the fixed-kernel and the adaptive-kernel using the GWR. 

 

 

Figure 6.23a (upper left), Figure 6.23b (upper right) and Figure 6.23c (lower mid): 

Geographic display of the mean GWR fixed-kernel interpolation surface (upper left) 

and the observed mean temperature (upper right) described in 𝐾. The variance 

interpolation surface (lower mid) is described in 𝐾². Darker colors indicate lower 

temperatures and brighter color indicates higher temperatures. 

The prediction values in Figure 6.23a has a high resemblance to the values in Figure 

6.23b. The GWR fixed-kernel has estimated a smooth surface not capturing all the 

minor details as in Figure 6.23b but has a high overall resemblance. 

The variance surface in Figure 6.23c displays particularly low variance values around 

the equator and low variance around towards the Arctic and the Antarctic. The highest 

variance values can be seen as the two vertical lines in the leftmost and the rightmost 

parts of the surface, 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≈ 180°W and 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≈ 180°E respectively.  
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Figure 6.24a (left) and Figure 6.24b (right): Histogram of the prediction values based 

on the GWR with fixed-kernel interpolation described in 𝐾 and the variance based on 

the GWR with fixed-kernel mean interpolation described in 𝐾².  

Figure 6.24a has a distribution resembling the observed mean distribution as in Figure 

1.1a.  

The variance displayed in Figure 6.24b has discrete distribution with a large spike at 

around 0.5 𝐾². The range is from 0.25 𝐾² to 1.125 𝐾² where the bins after 0.6 𝐾² are 

minimal. 

 

Figure 6.25: Geographic display of the difference between the observed mean and 

the GWR fixed-kernel mean surface described in 𝐾. Brighter colors of blue indicate 

that the difference is positive and darker colors of red indicate that the difference is 

negative. 
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Figure 6.25 resembles the actual world map. Most of the nuances are bright, indicating 

that the differences are close to zero. Outlier zones that display either nuances of blue 

or red are located close to each other. Those can be seen in the northern temperature 

zone at around 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≈ 90°E and around the equator around 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≈

80°W. The range between positive and negative difference is balanced.  

 

Figure 6.26: Geographic display showing if the simulated values lie within the 95 % 

prediction interval produced by GWR with fixed-kernel. The colors are binary, black 

color indicating that the simulated values do not lie in the interval and the beige 

colors indicate that they do.  

In contrast to the previous comparisons with prediction intervals, most the simulated 

observations lie within the prediction interval as can be seen in Figure 6.26. The black 

dots resemble some parts of the continents and the outlier zone displays the largest 

connected zone where the simulated observations are not present in the prediction 

interval.  

4.6.8. Geographically Weighted Regression adaptive-kernel 

 

This section will display the results obtained from the GWR with adaptive-kernel. The 

bandwidth set was identified separately for each year, ranging between 

0.000255324 < 𝑎𝑑𝑎𝑝𝑡𝑖𝑣𝑒 𝑘𝑒𝑟𝑛𝑒𝑙 < 0.0006517572. See appendix table A.1 to see 

the individual bandwidths set for both the fixed-kernel and the adaptive-kernel using 

the GWR. 
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Figure 6.27a (upper left), Figure 6.27b (upper right) and Figure 6.27c (lower mid): 

Geographic display of the mean GWR adaptive-kernel interpolation surface (upper 

left) and the observed mean temperature (upper right) described in 𝐾. The variance 

interpolation surface (lower mid) is described in 𝐾². Darker colors indicate lower 

temperatures and brighter color indicates higher temperatures. 

The prediction values in Figure 6.27a looks visually identical to the one produced by 

the GWR fixed-kernel in Figure 6.23a. The resemblance to the observed mean 

temperature as in Figure 6.27b is very large. 

The variance surface in Figure 6.27c is visually identical to the one produced in Figure 

6.23c. The variance ranges from 0 to 1.2 𝐾². 
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Figure 6.28a (left) and Figure 6.28b (right): Histogram of the prediction values based 

on the GWR with adaptive-kernel mean interpolation described in 𝐾 and the variance 

based from the GWR with adaptive-kernel mean interpolation described in 𝐾².  

Figure 6.28a has similar values as the observed mean values seen in Figure 1.1a.  

The variance displayed in Figure 6.28b has a discrete distribution with two large 

spikes, the first at around 0.2 𝐾² and the second one at around 0.5 𝐾². The range is 

from 0.25 𝐾² to 1.25 𝐾² where the bins after 0.5 𝐾² are minimal. 

 

Figure 6.29: Geographic display of the difference between the observed mean and 

the GWR adaptive mean surface described in 𝐾. Brighter colors of blue indicate that 

the difference is positive and darker colors of red indicate that the difference is 

negative. 
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Figure 6.29 displays similar coloring nuances as Figure 6.26. The outlier zone in the 

northern temperature zone at 𝐿𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑒 ≈ 90°E is present. Most of the difference are 

displayed as either zero or slightly positive. 

 

Figure 6.30: Geographic display showing if the simulated values lie within the 95 % 

prediction interval produced by GWR with weighting scheme. The colors are binary, 

black color indicating that the simulated values do not lie in the interval and the beige 

colors indicate that they do.  

There are the same amounts of black dots in Figure 6.30 as with the GWR method 

with fixed-kernel. The black dots clearly resemble the continents implying that the 

oceans for the simulated values has been addressed correctly. The outlier zone is still 

present.  
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4.7. Comparison of interpolation techniques 

 

This section will provide a comparison of the interpolation techniques based on the 

performance metrics RMSE, MAE and the bias. The performance metrics will firstly 

be addressed between the observed dataset and each corresponding interpolation 

technique. Then they will be addressed between the simulated dataset and each 

corresponding interpolation technique. 

Table 7.1: Performance metrics for the comparison between the observed dataset 

and each of the corresponding interpolation technique addressing RMSE, MAE and 

the bias.  

Observed data RMSE MAE Bias 

IDW 19.249 14.627 14.33 

OLS 7.33 5.687 3.268 

Simple kriging 19.249 15.002 13.379 

Ordinary kriging 19.251 14.999 13.325 

Isotropic universal kriging 18.537 15.064 12.467 

Anisotropic universal kriging 18.294 14.736 12.852 

GWR fixed-kernel 0.704 0.316 0.001 

GWR adaptive-kernel 0.705 0.316 0.001 
 

Table 7.1 displays the performance metrics between the observed dataset and the 

corresponding interpolation technique. The interpolated method with the overall best 

performance was GWR fixed-kernel. It has a low RMSE, a small MAE and negligible 

positive bias. The other GWR variant used, GWR adaptive-kernel, displays almost 

identical performance measures with the same MAE and bias but with an almost 

negligible difference in RMSE, from 0.704 to 0.705. The difference figures produced 

by IDW, OLS and the different kriging methods concludes that these methods 

underestimate the predictions. The ordinary kriging method displays the highest 

RMSE and high MAE and bias compared to the rest of the methods. Simple kriging 

and IDW displays similar performance as the ordinary kriging and the universal 

kriging displays slightly better estimates. The OLS outperformed the different kriging 

methods but was still outperformed by the GWR variants.  
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Table 7.2: Performance metrics for the comparison between the simulated dataset 

and each of the corresponding interpolation technique addressing RMSE, MAE and 

the bias.  

Simulated data RMSE MAE Bias 

IDW 19.347 14.815 14.572 

OLS 7.304 5.741 5.47 

Simple kriging 19.322 15.128 13.621 

Ordinary kriging 19.324 15.12 13.567 

Isotropic universal kriging 18.567 15.161 13.111 

Anisotropic universal kriging 18.341 14.839 13.094 

GWR fixed-kernel 1.197 0.848 0.243 

GWR adaptive-kernel 1.197 0.848 0.235 
 

Table 7.2 displays the performance metrics between the simulated dataset and the 

corresponding interpolation technique. A similar performance pattern can be seen here 

as in Table 7.1. The two GWR variants display slightly larger values of RMSE, MAE 

and bias but show good overall performance where the GWR adaptive-kernel displays 

identical performance measures in terms of RMSE and MAE with three decimals but 

has a slightly lower bias. The kriging methods display similar values as in Table 7.1, 

where the ordinary kriging has slightly less RMSE and bias than IDW but a higher 

MAE.  
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5. Discussion 
 

Geographically weighted regression, regardless of the kernel type used, outperformed 

all the interpolation techniques used including inverse distance weighting, ordinary 

least squares and four different kriging methods. The choice of using either using a 

fixed-kernel or an adaptive-kernel provided almost identical performance measures 

implying that this choice is negligible. The two geographically weighted regression 

variants had the lowest RMSE, MAE and a low bias, so small that it was negligible. A 

reason why they performed so well in terms of performance measures might be 

because of its core functionality -  it moves a search window over the geographical 

data points to estimate a set of coefficients. So, given that the observations in the 

search window are relatively homogenous, GWR performs an excellent job in 

estimating the temperature values. The datasets that were used in this thesis display 

only a few isolated zones where heterogeneity is present. They both displayed two 

vertical lines with higher variances, seen in Figure 6.23c and Figure 6.27c respectively 

and this might be due to the search window being too large to cover those edges. The 

kriging methods might have outperformed the GWR if there were larger heterogenous 

zones seeing that the kriging methods would have tried to estimate a mean surface 

whereas the GWR would have tried to capture the irregular variations in that zone. 

Most of the research that was made for this thesis was on different interpolation 

techniques. All the research redirected to the kriging method as being the optimal 

interpolation method. Four types of kriging methods were used – simple, ordinary, 

isotropic universal kriging and the anisotropic universal kriging where the general 

difference between them is how the mean is predicted. Based on the prediction values 

and the performance measures produced between simple and ordinary kriging, it seems 

that the mean obtained from ordinary kriging is surprisingly analogous to the one 

calculated for simple kriging. Ordinary kriging has a higher flexibility in calculating 

the mean accounting for the local variations of the mean implying that this flexibility 

is redundant. Including an explanatory variable defined as the Euclidean distance 

between all spatial points to a reference point was made to operate universal kriging. 

Visually, when examining the different interpolation surfaces, all three methods 
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looked identical and displayed similar characteristics. However, the choice of the 

explanatory variable did not seem to provide enough relevant information to the 

kriging process to yield significantly better estimates implying that it was not an 

optimal choice. The empirical variograms used with distance as explanatory variable 

displayed almost identical semivariance, strengthening the previous claim. One could 

argue though that the kriging methods was not an optimal choice of interpolation 

method for this type of problem. Not in terms of the performance measures but 

considering that kriging, estimates a mean surface based on the observed temperatures 

for the whole data, not intending to capture the full range of the different observed 

temperatures. In a sense, one might say that the kriging methods has underfitted the 

data whereas geographically weighted regression has overfitted it, yielding 

performance measures that favors the geographically weighted regression and 

displaying the kriging methods as of poor quality. The kriging methods main use is to 

estimate a variable at unmeasured locations from observed values at surrounding 

locations. In that type of problem, the comparison of the kriging methods and 

geographically weighted regression might have played out differently. 

The ordinary least squares method performed surprisingly well in terms of RMSE, 

MAE and bias - lower than inverse distance weighting and the different kriging 

methods. However, some parts of its corresponding prediction variance surface 

displayed very large values so even if it did perform better in terms of RMSE and 

MAE, this method is questionable when using it as an interpolation method. The high 

variance values ultimately produced very wide prediction intervals thus accepting 

almost all the simulated values, even if the difference between the simulated values 

and the observed values were far different in some regions to begin with.  

Inverse distance weighting is a simpler method than the kriging method, in the sense 

that it establishes weights based on the distance surrounding the measured values. The 

kriging method however, establishes these weights on the distance but also by 

quantifying the spatial autocorrelation. It comes as no surprise that the inverse distance 

weighting produced low performance measures. However, it comes as a surprise that 

the different kriging methods used and inverse distance weighting displayed similar 
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performance measures. One explanation to why the inverse distance weighting 

performed similarly as the different kriging methods is because the data locations are 

uniformly distributed on a regular surface. Each location is equally distant to the next 

location implying that addressing the weights solely on distance might be sufficient. 

This implies that the weights calculated by the kriging methods based on the spatial 

autocorrelation might be redundant. Unfortunately, these weights cannot capture the 

software functions used for kriging as only the prediction surface and the prediction 

variance are obtained.  

The idea behind the clustering was to create local homogenous surfaces that would 

lead to better kriging surfaces. This would allow the kriging mean surface to vary 

more locally from zone to zone thus producing a total mean surface that would capture 

the underlying mean trend in the data. Nonetheless, the empirical variograms 

displayed high irregularity and fitting a theoretical model based on them was not 

viable. The interpretations made of the Hopkins statistic and the Silhouette plot do not 

display this and nor do they intend to. A possible explanation for this irregularity in the 

variograms might be because of the clustering was made horizontally, thus covering a 

wide range of temperature zones. The mean temperature at one location, far west in 

longitude is radically different from another mean temperature at one location, far east 

in longitude. The equator zone which has a relatively similar temperature throughout 

the horizontal line, displayed less irregularity in the variograms. Some regular trends 

for other zones than the equator could be observed in the variograms implying that the 

spatial autocorrelation for the equator zone was regular. When moving further away 

horizontally from one zone to a radically different zone, the lines displayed irregularity 

even though CLARA clustered on data points based on similar values. If the clustering 

would have divided the zones in a quadratic form, then the variograms might have 

displayed different values. One could also question the choice of using CLARA as 

clustering method. CLARA was used due to that it tries to find medoids based on 

multiple samples in the data, medoids that were thought to represent each geographical 

cluster well. Another alternative would have been to cluster the data using Getis-ord, a 

hot spot analysis tool that calculates Z-scores for all features to indicate how the high 

or low values cluster spatially.  
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The temporal component in the spatio-temporal variogram displayed a negligible 

temporal trend. One conclusion is that when using annual mean temperature, this 

removes the seasonal variation that might otherwise have displayed a stronger 

temporal component in the sense that it would differentiate from the spatial trend. The 

relationship between one mean temperature to another might be random and be due to 

climate system being chaotic. The temporal component might have displayed a higher 

spatio-temporal autocorrelation if it included a longer time span of the data, longer 

than the one that was used, year 1993-2010.  

Varying variation in some directions could be located which the joint theoretical 

variogram in gstat could not fully account for leading to full anisotropic kriging not 

being obtained. A choice might have been to use other R packages or another 

programming language that would be able to account for the different directional 

semivariances displayed in the geometric anisotropic variogram. The performance 

measures would have mostly likely improved if full anisotropic universal kriging 

could be obtained since the theoretical variogram would have had a better fit to the 

data, providing more reasonable weights. However, it is unlikely that the performance 

measures would have improved greatly to the extent of being better the geographically 

weighted regression variants, let alone the ordinary least squares. The proposed 

solution, albeit an imperfect solution, used in this thesis for the anisotropic universal 

kriging performed slightly better than the isotropic universal kriging since the 

combined surface now could at least partially account for the different directional 

semivariances but it does not make the comparison between the kriging methods and 

the geographically weighted regression fair seeing that anisotropy for kriging could 

not fully be obtained.  

Temperature, and more specifically, near-surface air temperature that was used in this 

thesis is just one bioclimatic variable that is of great importance to analyze in the midst 

of a climate change. It would have been interesting to include other bioclimatic 

explanatory variables such as precipitation or wind speed to display their relationship 

to each other. For future work in the sense of spatial data, a more advanced 

geographically weighted regression could be tried including different bioclimatic 
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explanatory variables to see if the predictive accuracy remains the same for the 

response variable. To deal with potentially highly correlated explanatory variables 

(multicollinearity), one might use geographically weighted lasso which stabilizes and 

shrinks estimated regression coefficients that might otherwise be too large.   

The use of geographically weighted regression might be extended to larger purposes 

than for environmental studies – from finding the relationship of residential house 

prices in London to addressing the diarrheal disease risk in Bangladesh.  

  



Chapter 6  Conclusions 

78 
 

6. Conclusions 
 

In this thesis the spatial mapping using the spatial interpolation methods inverse 

distance weighting, ordinary least squares regression, different kriging methods and 

two variants of geographically weighted regression was used on an observation dataset 

including the variable near-surface air temperature to determine the predictive power 

of prognostic model forecasts from SMHI. The data, having initially space-time 

information was split by each year to contain only space information separately. Each 

year displayed different variations which was accounted for by doing the interpolation 

on each year separately. The use of geographically weighted regression gave favorable 

results in terms of RMSE, MAE and a negligible bias and is a promising technique to 

use as a spatial mapping method. It was able to estimate a surface that resembled the 

observation dataset and thus making comparisons between the simulated prognostic 

dataset and the estimated surface easier and more valid in terms of stationarity. 

Fortunately, the data displayed high homogeneity over the different regions which the 

geographically weighted regression could account for.  

Inverse distance weighting and ordinary least squares regression were also used. 

Seeing that the inverse distance weighting does not produce prediction variance and 

the ordinary least squares produced very large variances, both these methods are 

arguable for this type of problem. 

The kriging methods, although an advanced geostatistical interpolation technique, 

estimated a mean surface of the observation dataset, not capturing the range of the 

observed temperatures. Varying variations could be detected that the variograms used 

in this thesis could not fully model. The simple kriging and ordinary kriging, although 

they estimate the mean differently, produced very similar results implying that the 

mean estimated was very similar. The isotropic and anisotropic universal kriging, 

using an explanatory variable defined as the Euclidean distance between all spatial 

points to a reference point was made produced slightly better performance measures 

but was still unable to capture the range of the observed temperatures. 
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A. Appendix 
 

 

Figure A.1:  World map with the clusters made from CLARA before manually 

reordering the observations that lie within other clusters. Each color represents a 

cluster. 

Table A.1: Fixed-kernels and adaptive-kernels that was set for the GWR. 

GWR bandwidths Fixed-kernel Adaptive-kernel 

𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟑 359.0629 0.0006353070 
𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟒 356.9235 0.0006340595 
𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟓 353.2711 0.0006351397 
𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟔 353.5890 0.0006485754 
𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟕 363.3820 0.0006387381 
𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟖 353.8435 0.0006345146 
𝒀𝒆𝒂𝒓 𝟏𝟗𝟗𝟗 354.7695 0.0006339790 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟎 347.3496 0.0006360922 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟏 353.1776 0.0006339058 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟐 351.9324 0.0006433288 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟑 360.5907 0.0006345561 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟒 349.2626 0.0006465623 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟓 344.3169 0.0006517572 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟔 358.5330 0.0006405089 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟕 345.8466 0.0005923938 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟖 340.9228 0.0002553240 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟎𝟗 345.2328 0.0006490805 
𝒀𝒆𝒂𝒓 𝟐𝟎𝟏𝟎 343.9607 0.0006428798 
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Figure A.2: Geometric anisotropic variograms with a fitted joint theoretical variogram. 
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