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Abstract

The influence of boundary conditions on the spectrum of the incompressible
Navier-Stokes equations is studied. The spectra associated to different types
of boundary conditions are derived using the Fourier-Laplace technique. In
particular, the effect of various combinations of generalized in- and outgo-
ing variables on the convergence to the steady state is investigated. The
boundary conditions are analysed in both the continuous and semi-discrete
problems. In the latter, high-order schemes in summation-by-parts form with
weakly imposed boundary conditions are used to approximate the equations.
Numerical calculations are performed and show that the discrete behaviour
agrees with the theoretical analysis.

Keywords: Incompressible flow, Navier-Stokes, Fourier-Laplace technique,
continuous spectrum, discrete spectrum, convergence to steady state,
summation-by-parts, weak boundary conditions

1. Introduction

The dissipation mechanism which drives the solution of the incompressible
Navier-Stokes equations to steady state is enclosed in the spectral proper-
ties of the associated initial boundary value problem. The Laplace transform
technique, combined with Fourier transformation for multi-dimensional prob-
lems, can be employed for investigating the influence of different boundary
conditions on the rate of convergence to the steady state. This approach was
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used in [1] for hyperbolic problems and in [2, 3] for the compressible and in-
compressible Navier-Stokes equations. Later, also the influence of weak and
strong imposition of boundary conditions at solid walls on the convergence
to steady state of the compressible Navier-Stokes equations was discussed in
[4].

In this paper, we use the Fourier-Laplace technique to derive the spectrum
of the incompressible Navier-Stokes equations equipped with two different
formulations of boundary conditions. The aim of the study is to investigate
the influence of different types of boundary conditions on the spectrum of
corresponding initial boundary value problem and guide the choice between
the different formulations.

To discretize in space, we use high-order finite difference approxima-
tions in Summation-By-Parts (SBP) form [5, 6, 7] combined with weakly
imposed boundary condition using the Simultaneous-Approximation-Term
(SAT) technique [8, 9]. The discrete spectra for different order of accuracy
are compared with the results of the continuous analysis. In particular, the
position of the eigenvalues is discussed in relation to the convergence rate to
steady state.

The paper will proceed as follows. In Section 2, the initial boundary
value problem is introduced and well-posedness is proved. The spectrum of
the continuous homogeneous problem is derived using the Fourier-Laplace
technique in Section 3. In Section 4, the Fourier transformed equations are
semi-discretised using SBP-SAT schemes. The discrete spectrum and decay
rate for different schemes are derived in the Laplace space and compared
to the continuous one in Section 5. A comparison of different formulations
and types of boundary conditions is presented in Section 6. Conclusions are
drawn in Section 7.

2. The continuous problem

Consider the two-dimensional incompressible Navier-Stokes equations

Ĩvt + Avx +Bvy − εĨ (vxx + vyy) = 0, (x, y) ∈ Ω, t ≥ 0, (1)

where v = (u, v, p)T denotes the velocity field (u, v) and pressure p. In (1),
ε indicates the viscosity, Ω is a bounded domain and the coefficient matrices
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are given by

A(u) =

u 0 1
0 u 0
1 0 0

 , B(v) =

v 0 0
0 v 1
0 1 0

 and Ĩ =

1 0 0
0 1 0
0 0 0

 . (2)

By linearising the system (1) around a constant state v̄ = (ū, v̄, p̄)T , the
linearised incompressible Navier-Stokes equations are obtained

Ĩvt + Āvx + B̄vy − εĨ (vxx + vyy) = 0, (x, y) ∈ Ω, t ≥ 0. (3)

Here, Ā = A(ū) and B̄ = B(v̄) are obtained from (2) and the notation
v = (u, v, p)T is kept for the perturbations.

The initial boundary value problem (IBVP) for (3) is obtained by aug-
menting the equations with initial and boundary conditions of the form

v(x, y, 0) = f(x, y), (x, y) ∈ Ω (4)

and
Hv(x, y, t) = g(t), (x, y) ∈ ∂Ω, t ≥ 0, (5)

where f and g are smooth compatible initial and boundary data, respectively.
The boundary operator H is in general a rectangular matrix including dif-
ferential operators.

In this paper we consider boundary conditions of the special form

Hv = W− −RW+ = g, (6)

with a suitable rectangular matrix R. This formulation introduces general-
ized ingoing variables, W−, specified in terms of generalized outgoing vari-
ables, W+, and data g. A complete roadmap for the implementation of this
type boundary conditions for general IVBPs with constant coefficients has
been presented in [10] and extended to the fully nonlinear incompressible
Navier-Stokes equations in [11]. For completeness, the linearised version of
these boundary conditions are briefly described below.

2.1. The energy method and the boundary conditions

The energy method applied to (3) together with Green’s formula yield

d

dt
‖v‖2

Ĩ
+ 2ε‖∇v‖2

Ĩ
= BT, (7)
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where ‖v‖2
Ĩ

=
∫

Ω
vT Ĩv is a semi-norm which allows for ‖v‖Ĩ = 0 even for

p 6= 0. In (7), BT denotes the boundary term given by

BT = −
∮

Ω

wTAnw ds, (8)

where

An =


ūn 0 1 −1 0
0 ūn 0 0 −1
1 0 0 0 0
−1 0 0 0 0
0 −1 0 0 0

 , (9)

and ds =
√
dx2 + dy2. In (9), we have introduced the new variable w given

by the transformation

w =


un
us
p

ε∂nun
ε∂nus

 = Tv, T =


nx ny 0
−ny nx 0

0 0 1
ε∂nnx ε∂nny 0
−ε∂nny ε∂nnx 0

 , (10)

where un and us are the outward normal and tangential velocity compo-
nents, respectively, ∂n = n · ∇ = nx∂x + ny∂y is the normal derivative and
n = (nx, ny) is the outward pointing unit normal vector on ∂Ω. The frozen
coefficient normal velocity at the boundaries of the domain is ūn = ūnx+v̄ny.

To derive an estimate for (7), we must bound BT with a minimal set of
boundary conditions. Following [10, 11], the boundary term (9) will be di-
agonalised using two different techniques. The minimal number of boundary
conditions is equal to the number of negative diagonal entries.

2.2. Boundary conditions in characteristic variables

Consider the eigenvalue problem |An − λI5| = 0, which gives with five
distinct real roots λ1 < λ2 < λ3 < λ4 < λ5, namely

λ1,5 =
ūn
2
∓
√( ūn

2

)2

+ 2, λ3 = 0, λ2,4 =
ūn
2
∓
√( ūn

2

)2

+ 1.

Note that λ1, λ2 < 0 and λ4, λ5 > 0 for all values of ūn. By using

(XT )− =

[
λ1 0 1 −1 0
0 λ2 0 0 −1

]
, (XT )+ =

[
0 λ4 0 0 −1
λ5 0 1 −1 0

]
(11)
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which consist of the eigenvectors associated to the negative and positive
eigenvalues, we define the new variables W− = (XT )−w and W+ = (XT )+w
as

W− =

[
λ1un + p− ε∂nun
λ2us − ε∂nus

]
, W+ =

[
λ4us − ε∂nus

λ5un + p− ε∂nun

]
. (12)

The number of negative eigenvalues identifies the minimal number of bound-
ary conditions and the associated eigenvectors define the in- and outgoing
characteristic variables for the linearised IBVP (3),(4),(5) and (6).

The sign of the eigenvalues implies that two boundary conditions are
required. Moreover, we define the diagonal matrices

Λ− =

[
λ1/(2 + λ2

1) 0
0 λ2/(1 + λ2

2)

]
, Λ+ =

[
λ4/(1 + λ2

4) 0
0 λ5/(2 + λ2

5)

]
(13)

which contain the negative and positive eigenvalues scaled with the corre-
sponding eigenvectors weights. By using (12) and (13), the boundary term
(8) can now be written

BT = −
∮ [

W+

W−

]T [
Λ+ 0
0 Λ−

] [
W+

W−

]
. (14)

As shown in [11], the zero eigenvalue and associated eigenvector can not be
included in the boundary conditions.

2.3. Boundary conditions in rotated variables

The same number of boundary conditions is derived by rotating the
boundary matrix An in (9) using the non-singular rotation

M =


ūn 0 1 −1 0
0 ūn 0 0 −1
0 0 0 1 0
0 0 1 −1 0
0 0 0 0 1


−1

. (15)

The diagonal matrix MTAnM = diag(1, 1, 0,−1,−1)/ūn has always two pos-
itive and two negative diagonal entries. Consequently and similarly to the
case above, two boundary conditions at an inflow boundary (ūn < 0) and
two at an outflow boundary (ūn > 0) are required. We denote with Λ− and
Λ+ the matrices which contain the negative and positive diagonal elements,
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respectively, and indicate with W− and W+ the corresponding variables. In
the inflow case we have

W− =

[
ūnun + p− ε∂nun
ūnus − ε∂nus

]
,W+ =

[
p− ε∂nun
ε∂nus

]
,Λ− =

I2

ūn
,Λ+ = −Λ−.

(16)

Similarly, in the outflow case, we have

W− =

[
p− ε∂nun
ε∂nus

]
,W+ =

[
ūnun + p− ε∂nun
ūnus − ε∂nus

]
,Λ− = − I2

ūn
,Λ+ = −Λ−.

(17)

In both situations, W− and W+ are called the in- and outgoing rotated
variables and we can again rewrite (9) in the diagonal form (14).

Remark 2.1. Sylvester’s low of inertia implies [11] that the number of
boundary conditions is independent of the specific non-singular transforma-
tion adopted to obtain (14).

Remark 2.2. The form of the boundary conditions in the rotated variables
formulation changes at an inflow or outflow situation at the boundary. This
means that also the boundary procedure varies in time.

2.4. The form of the boundary conditions

The general formulation (6) is obtained by decomposing H as

Hv = (H+ −RH−)v = W− −RW+. (18)

In characteristic variables, the operators H+ and H− are given by

H+v = (XT )+Tv = W+, H−v = (XT )−Tv = W−, (19)

with (XT )+ and (XT )− as in (11).
In the rotated formulation, H+ and H− are given by

H+v = (M−1)+Tv = W+, H−v = (M−1)−Tv = W−, (20)

where for the inflow case

(M−1)+ =

[
ūn 0 1 −1 0
0 ūn 0 0 −1

]
, (M−1)− =

[
0 0 1 −1 0
0 0 0 0 1

]
(21)

while in outflow case they are interchanged.
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2.5. The continuous energy estimate
The following two results were proved in [10, 11].

Proposition 1. The boundary conditions (6) leads to the estimate

d

dt
‖v‖2

Ĩ
+ 2ε‖∇v‖2

Ĩ
≤
∮
∂Ω

gTΓgds, (22)

where Γ ≥ −Λ−+(Λ−R)[Λ+ +RTΛ−R]−1(Λ−R)T is a bounded positive semi-
definite matrix, if

Λ+ +RTΛ−R > 0, (23)

holds.

Corollary 1. The homogeneous boundary conditions (6) leads to the bound
(22) with g = 0, if

Λ+ +RTΛ−R ≥ 0 (24)

holds.

2.6. Solid wall boundary conditions
For boundary conditions at a solid wall, (6) is considered in the form

W− −RW+ = S

[
un
us

]
, (25)

where R and S are 2×2 matrices. Relation (25) defines a system of equations
for the elements in S and R. If a solution exists, the solid wall conditions
are obtained by imposing (25) with zero right-hand side.

In the characteristic variables (12), there exists a unique expression for
the ingoing and outgoing variables given by

R =

[
0 1
1 0

]
and S =

[
d1 0
0 d2

]
, (26)

where d1 = λ1 − λ5 = −
√
ū2
n + 8 and d2 = λ2 − λ4 = −

√
ū2
n + 4.

For the rotated variables (16) in the inflow case, the system (25) has the
solution

R =

[
1 0
0 −1

]
and S = ūn

[
1 0
0 1

]
, (27)

while, in the outflow case (17)

R =

[
1 0
0 −1

]
and S = ūn

[
−1 0
0 1

]
. (28)

Remark 2.3. The sign of ūn changes the form of W± and S in (25).
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3. The Fourier-Laplace transformed problem and the spectrum

In this section, the Fourier-Laplace transform technique will be used to
derive the spectrum of the IBVP given by (3), (18) in the characteristic
variables (12). For a complete presentation of this technique see [12]. Recall
that a necessary condition for convergence to steady state is that the solution
vanishes as t→∞ for homogeneous boundary conditions. In the rest of this
section, we consider (18) with g = 0.

Consider (3) on the strip 0 ≤ x ≤ 1,−∞ ≤ y ≤ ∞. The Fourier
transformed equations (3) in y are

Ĩ ṽt + Āṽx + (iω)B̄ṽ− εĨ
(
ṽxx − ω2ṽ

)
= 0, 0 ≤ x ≤ 1, t ≥ 0, (29)

where

ṽ(x, ω, t) =
1√
2π

∫ ∞
−∞

e−iωyv(x, y, t) dy, ω ∈ R.

Next, by Laplace transforming (29) in time, one gets

M1v̂xx +M2v̂x +M3v̂ = f̂ , 0 ≤ x ≤ 1, (30)

where the coefficient matrices are

M1 =

s̃ 0 0
0 s̃ iω
0 iω 0

 , M2 =

ū 0 1
0 ū 0
1 0 0

 and M3 =

−ε 0 0
0 −ε 0
0 0 0

 . (31)

and f̂ is the Fourier transformed initial condition. In (31), s̃ = s+ iωv̄+ εω2

and s ∈ C is the dual variable with respect to time.
Each pair (ω, s) in (30) defines a homogeneous system of ordinary differ-

ential equations for the Fourier-Laplace transformed variable

v̂(x, ω, s) =

∫ ∞
0

e−stṽ(x, ω, t) dt, s ∈ C. (32)

In (32), Re(s) is sufficiently large, such that the integral exists. The formal
solution to (30) is v̂ = v̂h + v̂p, where v̂h represents the homogeneous part
of the solution, while v̂p is the particular solution which depends on the
initial data. The latter does not influence the rest of the analysis and can be
assumed known.
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To solve (30), we make the ansatz v̂h(x, s) = exp(kx)φ with k = k(s) ∈ C
and φ = φ(s) ∈ C3, which inserted into (30) yields the generalized eigenvalue
problem (

M1k
2 +M2k +M3

)
φ = 0. (33)

A non-trivial solution φ exists if and only if there is k such that

|M1k
2 +M2k +M3| = 0.

This requirement gives the roots

k1,2 = ± |ω| and k3,4 =
1

2ε

(
ū±
√
ū2 + 4εs̃

)
. (34)

For each ki, i = 1, ..., 4, in (34), the associated eigenvector is obtained from
(33). By solving for each root, we find

φ1 =

 1
ωi
|ω|

− β1
|ω|

 , φ2 =

 1
− ωi
|ω|
β2
|ω|

 , φ3 =

 1
k3i
ω

0

 and φ4 =

 1
k4i
ω

0

 , (35)

where, β1 = −εω2 + ū |ω|+ s̃ and β2 = −εω2 − ū |ω|+ s̃.
Hence, the homogeneous solution to (30) in absence of multiple roots can

be formally written as

v̂(x, s) =
4∑
i=1

σi exp(kix)φi, σσσ = (σ1, ..., σ4) ∈ C4, (36)

where the coefficients σσσ will be determined by the boundary conditions.
Note that, for Re(s) > 0, (34) implies that there are two distinct positive

roots, k1,3, and, if s 6= ūω − v̄ωi (double root case), two distinct negative
roots, k2,4. Hence, (36) has of two growing and two decaying modes. This
implies that two boundary conditions are required at x = 0 and two at
x = 1, in agreement with the result in Section 2.1. By inserting (36) into
the boundary conditions (18) at x = 0, 1, the equation determining σσσ can be
written

E(s)σσσ = h, Re(s) > 0. (37)

The structure of E(s) is given by the boundary operator H in (18) and h
depends on the particular solution.

The continuous spectrum is defined as follows.
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Definition 3.1. A number s ∈ C is a generalised eigenvalue of (30) aug-
mented with homogeneous boundary conditions (18) if |E(s)| = 0.

Remark 3.1. The values s = ±ūω − v̄ωi lead to two different double root
situations in (34). More precisely, k2 = k4 if s = ūω − v̄ωi and k1 = k3

if s = −ūω − v̄ωi. In these cases the exponential ansatz for the solution is
not valid. With a more advanced ansatz involving a polynomial in x, one
can determine whether these values are true eigenvalues. For more details
on multiple roots see [1, 2, 3, 12].

By choosing s to right of the singularities, i.e., Re(s) > η∗, where s∗ =
η∗ + iξ∗ is the eigenvalue with the largest real part, the matrix E(s) is non-
singular and we can solve for σσσ in (37). The solution to (3) is formally
obtained by taking the inverse Laplace transform of v̂. More precisely, for
any fixed value of the dual variable ω, we get

ṽ(x, ω, t) = exp(η∗t)

(
1

2π

∫ +∞

−∞
v̂(η∗ + iξ) exp(iξ) dξ

)
. (38)

If there are no eigenvalues with non-negative real part, i.e. η∗ < 0, the
converge to steady state of v = v(x, y, t) follows directly from (38) and
Parseval’s relation. From now on, we denote η∗ as the continuous decay rate.

3.1. The continuous spectrum and convergence rate

To find the continuous spectrum and the decay rate η∗, we seek the so-
lution to |E(s)| = 0. Since we are dealing with a system of equations with
a non-linear dependence on the unknown s, it must be solved numerically.
We apply the secant method and search through the complex plane. Figure
1 shows the spectra of (30) with boundary conditions (18) in the case of
R = 0. In Figure 1a, we consider v̄ = 0 while, in Figure 1b, v̄ = 10. In both
cases ū = 1, ε = 0.01 and ω = 1, 10, 20. From the comparisons, one can see
that the spectra are located in the left half complex plane which guarantees
convergence to steady state. Moreover, for a fixed frequency ω, we experi-
mentally find that the associated spectrum is symmetric with respect to the
line y = −ωv̄i.

The decay rate η∗ as function of the frequency ω is studied in Figure
2 for, ε = 0.1, 0.05, 0.01. As expected, small values of ε and ω reduce the
decay rate η∗, which implies slow convergence to steady state of the low
frequency modes. On the other hand, at very low frequencies (ω < 2) this
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behaviour changes and the decay rates increases as ε → 0. The kinks on
each curve represent a bifurcation of the eigenvalue corresponding to the
decay rate as exemplified in Figure 3 for ε = 0.05. For increasing values of
ω, the eigenvalue passes from being a couple of complex conjugate numbers,
s∗ = η∗± ξ∗, between 5 and 5.2 to a single complex number, from 5.3 to 5.5.

4. The semi-discrete approximation

To compute the discrete spectrum, we discretize the Fourier transformed
system (29) in x using an approximation on SBP-SAT form, [5]. Consider
a uniform mesh of N grid points with coordinates xi and indicate the dis-
crete approximation of a variable v = v(x, ω, t) by v = (v1, ..., vN)T , where
vi ≈ v(xi, ω, t). The SBP approximation of the first derivative of a smooth
function v is given by

Dxv = P−1Qv ≈ vx, (39)

where P is a diagonal, positive definite matrix such that it forms a dis-
crete L2-norm, namely ‖v‖2

P = v∗Pv. The operator Q is an almost skew-
symmetric matrix satisfying the SBP property

Q+Q = B = −E0 + EN , (40)

where E0 = diag(1, 0, ..., 0) and EN = diag(0, ..., 0, 1). For more details, see
[6].

In a similar way, the SBP approximation of the second derivative of v is
given by

Dxxv = P−1(−M +BS)v ≈ vxx, (41)

where M = MT ≥ 0, S is an approximation of the first derivative operator
at the boundary and B is given in (40). For more details see [7].

The semi-discrete approximation of (29) with weakly imposed homoge-
neous boundary conditions is

(Ĩ ⊗ IN)Vt +
{

(Ā×Dx) + (iωB̄ ⊗ IN)− ε
[
(Ĩ ⊗Dxx)− (ω2Ĩ ⊗ IN)

]}
V

= PenWBT + PenEBT , (42)

where V = (u(ω, t),v(ω, t),p(ω, t))T , Id is the identity matrix of dimension
d and ⊗ denotes the Kronecker product [13]. The right-hand side of (42)
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Figure 1: Comparison of continuous spectra of (30) with boundary conditions (18) for
different values of the velocity component v̄ and dual variable ω.
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Figure 2: Decay rates for different viscosity as a function of the frequency ω, with param-
eters ū = 1 and v̄ = 0.

Figure 3: Bifurcation of the decay rate eigenvalue in the complex plane for ε = 0.05.
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contains the penalty terms for imposing the boundary conditions (18). At
the left boundary (x = 0), we have

PenWBT = (I3 ⊗ P−1E0)ΣΣΣWHWV (43)

and at the right boundary (x = 1)

PenEBT = (I3 ⊗ P−1
x EN)ΣΣΣEHEV. (44)

The matrices HW,E are the discrete boundary operators related to H in (6).
Finally, ΣΣΣW,E are penalty matrices that will be chosen to ensure stability.

The scheme (42) can be rewritten in the following compact form

(Ĩ ⊗ IN)Vt +MV = 0, (45)

where

M = (Ā×Dx) + (iωB̄ ⊗ IN)− ε
[
(Ĩ ⊗Dxx)− (ω2Ĩ ⊗ IN)

]
−
[
(I3 ⊗ P−1E0)ΣΣΣWHW + (I3 ⊗ P−1

x EN)ΣΣΣEHE
]
. (46)

4.1. The discrete form of the boundary conditions

As in (18), we construct the boundary operators Hb, b={W,E}, in (43)
and (44) by a discrete decomposition. We exemplify the procedure by con-
sidering the discrete in- and outgoing characteristic variables defined as

H−,bV = W−,b and H+,bV = W+,b, b = W,E, (47)

where H±,b are the discrete version of (19) resulting from the matrix multi-
plications (XT )±T in the discrete case. The explicit form is

H−,b = (I2 ⊗Bb)

[
(λb1IN − εDnb) 0 IN

0 (λb2IN − εDnb) 0

]
, (48)

H+,b = (I2 ⊗Bb)

[
(λb5IN − εDnb) 0 0

0 (λb5IN − εDnb) IN

]
, (49)

where BW = E0 and BE = EN . In (48) and (49), Dnb = nbxDx approximates
the normal derivative at the left and right boundaries identified by the normal
x-component nWx = −1 and nEx = 1, respectively.
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These operators project V onto the boundary denoted by b and transform
it to the discrete in- and outgoing characteristic variables. Thus, the discrete
version of (18) on the boundary b is

HbV = H−,bV−RH+,bV = W−,b −RW+,b, (50)

where R =
[
R⊗ IN

]
is the block-diagonal version of R in (6).

Finally, by following the procedure in [10, 11] we choose as penalty matrix

ΣΣΣb = (H−,b)TΛΛΛ−,b, (51)

where ΛΛΛ−,b given by

ΛΛΛ−,b =

[
(λb1/(2 + (λb1)2)IN 0

0 (λb2/(1 + (λb1)2)IN

]
is the discrete version of Λ− in (13).

The following results were proved in [10, 11].

Proposition 2. The semi-discrete approximation (45) of (29) with penalty
matrix (51) and boundary operators (47) (or (48))-(49)) leads to stability if

ΛΛΛ+,b + RTΛΛΛ−,bR > 0. (52)

Corollary 2. The semi-discrete approximation (45) of (29) with homoge-
neous boundary conditions, penalty matrix (51) and boundary operators (47)
(or (48))-(49)) leads to stability if

ΛΛΛ+,b + RTΛΛΛ−,bR ≥ 0. (53)

4.2. The discrete spectrum

Consider (45) with boundary conditions (50) and penalty matrix (51).
By Laplace transforming the equations, one obtains[

s(Ĩ ⊗ IN) +M
]

V = f, (54)

with M as in (46). The discrete spectrum is defined as follows.

Definition 4.1. A number s ∈ C is a generalised eigenvalue of (54) if
|s(Ĩ ⊗ IN) +M | = 0.

In concert with the continuous case, the discrete decay rate is η∗d = Re(s∗d),
where s∗d is the discrete eigenvalue with the largest real part.
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5. Numerical tests

We start by comparing the continuous and discrete results. In particular,
we will investigate the convergence of the discrete spectrum to the continuous
one using as a reference test (30),(6) in the characteristic variables formula-
tion and its SBP-SAT approximation (45) for R = 0.

5.1. The continuous and discrete spectrum

Analogously to the continuous case, we compute the discrete spectrum by
solving |s(Ĩ ⊗ IN) + M | = 0 using the secant method in the complex plane.
Figures 4a-6b show a comparison between the continuous and discrete spectra
for the frequencies ω = 1, 5, 10. In all tests ū = 1, v̄ = 0, ε = 0.01 are used
and the discrete spectra are computed with N = 30, 50, 70 grid points. We
used SBP21 operators with accuracy of order 2 in Figures 4a, 5a and 6a, and
SBP42 operators with accuracy of order 3 in Figure 4b, 5b and 6b. As one
can see, the discrete spectrum converges to the continuous one as the mesh
size increases.

Since we are interested in the convergence of the discrete decay rate to
the continuous one, we focus on the most right located eigenvalues. To inves-
tigate the convergence behaviour, we considered also SBP84 with accuracy of
order 5. The deviations between the continuous and discrete decay rate with
respect to ω at fixed mesh sizes are presented in Figures 7a-7c for different
orders of accuracy. The plots show that the discrete decay rates converge to
the continuous ones and that the high order approximations converge pro-
gressively faster on finer grids. Note also that, the high frequency cases are
the harder to predict.

5.2. Predicted and practical convergence rates

In this section we show that the convergence to steady state computed
with an SBP-SAT approximation of (3) is well predicted by the discrete
decay rate. In the following, equation (3) is discretised in both time and
space using the SBP-SAT technique presented in Section 4.

5.2.1. The fully discrete linearised Navier-Stokes equations

Consider a two-dimensional spatial grid with N ×M points and L time
levels. The fully-discrete approximation of a variable v = v(t, x, y) is a vector
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(a)

(b)

Figure 4: Comparison between the continuous and discrete spectra of (45) with homoge-
neous boundary conditions (50) for ω = 1.
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(a)

(b)

Figure 5: Comparison between the continuous and discrete spectra of (45) with homoge-
neous boundary conditions (50) for ω = 5.
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(a)

(b)

Figure 6: Comparison between the continuous and discrete spectra of (45) with homoge-
neous boundary conditions (50) for ω = 10.
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(b)
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(c)

Figure 7: Deviations between the continuous and discrete decay rate at fixed meshes.

of length LNM arranged as follows

v =


...

[v]k
...

 , [v]k =


...[

v
]
ki

...

 , [v]ki =


...
vkij

...

 , where vkij ≈ v(tk, xi, yj).

Each vector component vk has length NM and represents the discrete vari-
able on the spatial domain at time level k. The SBP approximation of the
time and spatial derivatives are

(Dt ⊗ IN ⊗ IM)v = (P−1
t Qt ⊗ IN ⊗ IM)v ≈ ∂v

∂t
,

(It ⊗Dx ⊗ IM)v = (It ⊗ P−1
x Qx ⊗ IM)v ≈ ∂v

∂x
,

(It ⊗ IN ⊗Dy)v = (It ⊗ IN ⊗ P−1
y Qy)v ≈

∂v

∂y
.

Here, Px,y,t are positive diagonal matrices which define quadrature rules and
Qt,x satisfy the same properties as the spatial operator in Section 4. Since we
deal with periodic solution in the y-direction, Qy is a periodic skew-symmetric
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operator, satisfying Qy + QT
y = 0. The compact difference operators Dxx =

P−1(−M + BS) in (41) is used to approximate the second derivative with
respect to x, while Dyy = D2

y is adopted for the y-direction.

Consider the fully-discrete variable V = [V1, ...,Vk, ...,VL]T , where each
Vk = (uk,vk,pk)

T represents the variables on the whole spatial domain at
the k-th time level. The SBP-SAT approximation of (3) including a weak
imposition of the boundary and initial conditions can be written

MV = PenWBT + PenEBT + PenTime, (55)

where M is the matrix

M = (Dt ⊗ Ĩ ⊗ IN ⊗ IM) + (It ⊗ Ā⊗Dx ⊗ IM) + (It ⊗ B̄ ⊗ IN ⊗Dy)

−ε
[
(It ⊗ Ĩ ⊗Dxx ⊗ IM) + (It ⊗ Ĩ ⊗ IN ⊗Dyy)

]
.

In (55), PenW,EBT are penalty terms for weakly imposing the boundary condi-
tions at x = 0, 1, respectively, at each time level, i.e.

PenW,EBT = [(PenBTW,E)0, ..., (PenBTW,E)k, ..., (PenBTW,E)L]T . (56)

For each k, the (PenBTW,E)k have the same form as in (43) and (44) consider-
ing Vk as discrete variable. Finally, PenTime is the penalty term for weakly
imposing the initial condition given by

PenTime = σt(P
−1
t E0 ⊗ Ĩ ⊗ IN ⊗ IM)(V− f). (57)

In (57), f is a vector of the same length as V containing the initial data at
the first time level. In the rest of the paper we choose σt = −1.

Remark 5.1. Note that no initial condition is imposed on the pressure in
(57). This is consistent with the fact that there is no time derivative on the
pressure and in line with the results in [11].

5.2.2. Numerical experiments

To test the predictability of the convergence to steady state, we solve
the discrete initial-boundary value problem (55) on the domain Ω× [0, T ] =
[0, 1]2 × [0, 10]. As initial condition, we consider

u(x, y) = v(x, y) = x2(x− 1)2 sin(2πωy), (58)
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to be the perturbations of the velocity field. All the following numerical tests
are done with homogeneous boundary conditions and ω = 10.

To validate the results of Section 5.1, we used the same number of points
on the x-interval, namely N = 30, 50, 70. On the y-interval, M = 101 points
and a SBP84 approximation are used so that the truncation error from the
y-discretisation is negligible. On the time interval, we used L = 51 levels and
an SBP42 operator in the discretisation of the time derivative.

To include the possibly dissipative effect of the time discretisation, we
consider the initial value problem

ut = η∗u, u(0) = f, (59)

where η∗ is the continuous decay rate and f is the discrete L2 norm of the
solution at the initial time. The SBP-SAT approximation of (59) is

Dtu = ηu− P−1
t E0(u− f), (60)

where u is the discrete variable and f is a zero vector except for the first
component containing the initial condition. After a few manipulations, the
solution of (60) is given by

u = (Qt + E0 − ηPt)−1f, (61)

The solution in (61) represents the time evolution of the perturbation. In
the numerical tests, we refer to it as the discrete theoretical decay.

In Figures 8a-8c, we compare different time evolutions of the discrete
L2-norm computed on different meshes with SBP21, SBP42 and SPB84. In
Figure 9a-9c, we compare different orders of accuracy for fixed meshes. The
theoretical decay rate (represented by the black line in the figures) related to
the frequency ω = 10 is eη

∗
10t with η∗10 = −10.4350. The plots show that the

decay rates of the numerical solutions approach the discrete theoretical one as
the mesh size increases. Moreover, the high order ones become significantly
more accurate on fine grids.

6. Comparison of different boundary conditions

In the previous section we have shown that the continuous decay rate of
(30) is well-predicted by the discrete spectrum obtained using the SBP-SAT
approximation. Therefore, one can compare different choices of boundary
conditions by directly studying the associated continuous decay rate.
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(a)

(b)

24



(c)

Figure 8: Practical and theoretical decay rates. A comparison of different meshes and
fixed order of accuracy. The theoretical decay is eη

∗
10t with η∗10 = −10.4350.

Three types of boundary conditions at x = 1 are studied: type (a) is
(6) with R = 0; type (b) is (6) with the specific R that gives the solid wall
conditions; type (c) is (6) with R such that no data on the pressure are
imposed. At x = 0, (6) with R = 0 is used in all the tests to keep the
influence of this boundary as neutral as possible. We refer to the boundary
conditions in the formulation with characteristic variables as CBC, while
RBC denotes the one with rotated variables.

In Figures 10a-10b the decay rates obtained with both formulations are
shown for ε = 0.1. The CBC formulation in Figure 10a shows that type (a) <
type (c) < type (b). In the RBC case shown in Figure 10b, we find that type
(a) < type (b) < type (c). This means that type (a) (R=0) is less dissipative
in both formulations. The solid wall and the ”no pressure” conditions are
more dissipative, but switched in order in the two cases. Moreover, the same
type of boundary condition has a slightly higher decay rate in the CBC case
than in the corresponding RBC one. In particular, type (a) in the RBC
formulation has significantly lower decay rates than the corresponding CBC
one.

The same test was done for decreasing values of ε and presented in Figures
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(b)
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(c)

Figure 9: Practical and theoretical decay rates. A comparison of different orders of accu-
racy order for fixed meshes. The theoretical decay is eη

∗
10t with η∗10 = −10.4350.

11a-11b and 12a-12b. The calculations show that the behaviour of the two
formulations start to differ as ε → 0. In the CBC case, the decay rates of
the three types of conditions become progressively similar at high frequencies
(especially, types (b) and (c) can not be distinguished), while, in the RBC
formulation, they stay well separated. In particular, for small ε, types (b)
and (c) have greater decay rates in the RBC formulation than in the CBC
one. This makes the former preferable in these types of conditions for fast
convergence to steady state.

Note also that, in the RBC formulation, the same relation among the
three decay rates is clearly preserved for ε = 0.01 and 0.001. In particular,
types (b) and (c) are still the most dissipative conditions. Somewhat surpris-
ing, this implies that the boundary conditions (6) with a non-zero R increase
the convergence to steady state.

Finally, we focus on the boundary conditions of type (a). In the CBC
formulation shown in Figures 13a, the decay rates in the region 0 < ω < 2
increase when ε decreases, in concert with Figure 2. In the RBC formulation
presented in Figures 13b, the decay rates behave very similarly and, contrary
to the CBC case, small values of ε correspond small values of decay rates.
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Over all, for boundary conditions of type (a), the CBC formulation is more
dissipative than the RBC one.

7. Summary and conclusions

An investigation of the influence of different boundary conditions on the
spectral properties of the incompressible Navier-Stokes equations was pre-
sented. Two different formulations of boundary conditions (denoted CBC
and RBC) were derived by considering two different diagonalisations of the
boundary terms. The two formulations of boundary conditions provided two
completely general sets of combinations of variables and their derivatives
which can be adapted to yield far field, solid wall and ”no pressure” type of
conditions. Both formulations lead to an energy estimate.

The Fourier-Laplace technique was used to compute the spectrum of the
continuous problem. The position of the eigenvalues was studied in relation
to the convergence rate to steady state. The investigation showed that the
convergence to steady state is faster for bigger values of the viscosity and
for high frequency modes. However, it was also found that at very low
frequencies, the continuous decay rate increases as the viscosity approaches
zero.

A similar analysis of the governing equations discretised using the SBP-
SAT technique was also performed. In particular, the discrete spectrum was
derived with the same technique as in the continuous case. It was shown
that the discrete spectrum converges to the continuous one as the mesh
size decreases. Finally, the convergence to steady state computed with the
fully discrete SBP-SAT approximation confirmed the theoretically predicted
convergence rates.

Having shown that the continuous decay rate of is well-predicted by the
discrete one obtained using the SBP-SAT approximation, a comparison of
different boundary conditions was presented by directly studying the contin-
uous spectrum. In the comparison, it was found that the most dissipative
types of conditions are the ones where the generalised ingoing variables are
specified in terms of the outgoing ones (the solid wall and ”no pressure”
types). Moreover, in these cases with R = 0, the RBC formulation is prefer-
able for small values of the viscosity since the associated decay rates are
significantly bigger than in the CBC case. When just the generalised ingoing
variables are specified, the CBC formulation converges faster to steady state.
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(a)

(b)

Figure 10: Comparison of different boundary conditions using characteristic variables
(Figure 10a) and rotated variables (Figure 10b).
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(a)

(b)

Figure 11: Comparison of different boundary conditions using characteristic variables
(Figure 11a) and rotated variables (Figure 11b).
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(a)

(b)

Figure 12: Comparison of different boundary conditions using characteristic variables
(Figure 11a) and rotated variables (Figure 12b).
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(a)

(b)

Figure 13: Comparison of decay rates of type (a) for different viscosity using characteristic
variables (Figure 13a) and rotated variables (Figure 13b).

32



References

[1] B. Engquist, B. Gustafsson, Steady state computations for wave prop-
agation problems, Mathematics of Computation 49 (1987) 39–64.

[2] J. Nordström, The influence of open boundary conditions on the con-
vergence to steady state for the Navier–Stokes equations, Journal of
Computational Physics 85 (1989) 210–244.

[3] J. Nordström, N. Nordin, D. Henningson, The fringe region technique
and the Fourier method used in the direct numerical simulation of spa-
tially evolving viscous flows, SIAM Journal on Scientific Computing 20
(1999) 1365–1393.

[4] J. Nordström, S. Eriksson, P. Eliasson, Weak and strong wall bound-
ary procedures and convergence to steady-state of the Navier–Stokes
equations, Journal of Computational Physics 231 (2012) 4867–4884.
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[9] M. Svärd, M. H. Carpenter, J. Nordström, A stable high-order finite
difference scheme for the compressible Navier–Stokes equations, far-field
boundary conditions, Journal of Computational Physics 225 (2007)
1020–1038.

[10] J. Nordström, A Roadmap to Well Posed and Stable Problems in Com-
putational Physics, J Sci Comput. 71 (2017) 365–385.

33



[11] J. Nordström, C. La Cognata, Boundary conditions for the nonlinear
incompressible Navier–Stokes equations, Submitted (2017).

[12] H.-O. Kreiss, J. Lorenz, Initial-boundary value problems and the Navier-
Stokes equations, volume 47, Siam, 1989.

[13] R. A. Horn, C. R. Johnson, Matrix analysis, Cambridge university press,
2012.

34


