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Abstract

Numerical approximations using high order finite differences on summation-by-
parts (SBP) form are investigated for discontinuous and fully nonlinear systems
of partial differential equations. Stability and conservation properties of the ap-
proximations are obtained through a weak imposition of interface and boundary
conditions with the simultaneous-approximation-term (SAT) technique. The
SBP-SAT approximations replicate the continuous integration by parts rule.
From this property, well-posedness and integral properties of the continuous
problem are mimicked, and energy estimates leading to stability are obtained.

The first part of the thesis focuses on the simulations of discontinuous linear
advection problems. An artificial interface is introduced, separating parts of
the spatial domain characterized by different wave speeds. A set of flexible
stability conditions at the interface are derived, which can be adapted to yield
conservative or non-conservative approximations. This model can be interpreted
as a simplified version of nonlinear problems involving jumps at shocks, or as a
prototypical of wave propagation through different materials.

In the second part of the thesis, the vorticity/stream function formulation of the
nonlinear momentum equation for an incompressible inviscid fluid is considered.
SBP operators are used to derive a new Arakawa-like Jacobian with mimetic
properties by combining different consistent approximations of the convection
terms. Energy and enstrophy conservation is obtained for periodic problems
using schemes with arbitrarily high order of accuracy. These properties are
crucial for long-term numerical calculations in climate and weather forecasts or
ocean circulation predictions.

The third and final contribution of the thesis is dedicated to the incompress-
ible Navier-Stokes problem. First, different completely general formulations of
energy bounding boundary conditions are derived for the nonlinear equations.
The boundary conditions can be used at both far field and solid wall boundaries.
The discretisation in time and space with weakly imposed initial and bound-
ary conditions using the SBP-SAT framework is proved to be stable and the
divergence free condition is approximated with the design order of the scheme.
Next, the same formulations are considered in a linearised setting, whereupon
the spectra associated with the initial boundary value problem and its SBP-SAT
discretisation are derived using the Laplace-Fourier technique. The influence of
different boundary conditions on the spectrum and in particular the convergence
to steady state is studied.
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Sammanfattning p̊a svenska

Numeriska approximationer av ekvationer som styr fysikaliska lagar är avgö-
rande i m̊anga tillämpningar. Förutom en matematisk modell som kan f̊anga
huvuddragen i ett verkligt problem är det nödvändigt att kunna utföra tillförl-
itliga simuleringar.

Denna avhandling behandlar numeriska approximationer som med hög nog-
grannhet bevarar b̊ade rent matematiska aspekter av ekvationerna s̊a väl som
viktiga egenskaper hos modellen. Dessutom ges särskild uppmärksamhet åt
modeller med diskontinuiteter och icke-linjära beteenden.

Den första delen av avhandlingen handlar om diskontinuerliga problem. Det
fysiska rummet kan ha olika egenskaper i olika regioner, n̊agot som kan resul-
tera i instabila lösningar. Tillvägag̊angssättet best̊ar av att införa artificiella
gränssnitt som skiljer dessa regioner åt. P̊a detta sätt kan varje region behand-
las separat, men p̊a liknande sätt. Exempel p̊a naturliga tillämningsomr̊aden är
v̊agutbredning genom olika material och jordbävningssimuleringar.

I den andra delen av avhandlingen visar vi att om den numeriska approximatio-
nen imiterar partiell integration, d̊a följer ocks̊a de väsentliga egenskaperna hos
modellen p̊a ett naturligt sätt. Att fysikaliska egenskaper bevaras är nödvändigt
för att bibeh̊alla stabilitet under l̊anga simuleringstider för bland annat geofy-
siska problem.

Den sista delen av avhandlingen är ägnas åt en av de mest använda modellerna
inom strömningsmekanik, nämligen Navier-Stokes ekvationer. Studien fokuserar
p̊a härledningen av randvillkor som garanterar att lösningen inte växer p̊a ett
oförutsett och okontrollerat vis. Slutligen visas att de härledda randvillkoren
p̊a ett korrekt och noggrant sätt återskapar den dissipativa mekanism som ger
upphov till jämviktstillst̊and.
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During these five years I lived in Linköping and Stockholm, where I made really
good friends. I would like to thank my Stockholm friends Nima, Enrico, Clio
and Nicolas for hosting and feed with good food, but mostly with marvellous
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Introduction

Natural phenomena arise from interactions among physical processes. Mathe-
matically, these processes are modelled using differential equations. The equa-
tions are often nonlinear, such as in the modelling of wave fronts in the ocean,
or the formation of hurricanes and storms. Frequently, they also encompass
discontinuities, e.g. when light passes across a material interface, or when an
earthquake sends vibrations through the ground, water and air.

It is in general non-trivial to determine whether the resulting equations admit
a well-behaved solution. This is nonetheless necessary in order to numerically
obtain an accurate and reliable approximation of the solution. This thesis is
dedicated to the study of discontinuous and nonlinear problems, and their ap-
proximations using high order numerical methods.

The first part of the thesis deals with advection problems with discontinuous
coefficients and solutions. The questions of well-posedness, stability and con-
servation are studied in a general setting and addressed by deriving continuous
and discrete conditions. In the second part, it is shown how to preserve ana-
lytical properties of differential operators in the numerical approximations. In
particular, nonlinear products of convection terms can be reformulated in order
to conserve important quantities. The last contribution of this thesis consists
of a study of energy stable boundary conditions for the incompressible Navier–
Stokes problem in both linear and nonlinear form. Two flexible formulations
are derived, that can be adapted to different types of conditions. Finally, the
influence of different boundary conditions on the convergence to steady state is
studied for both the continuous and discrete problem.

Throughout the thesis, differential equations will be discretised using high or-
der finite difference methods on summation-by-parts (SBP) form [19, 16, 8]. By
combining the SBP discretisation with weakly imposed initial, boundary and in-
terface conditions using the simultaneous-approximation-term (SAT) procedure
[3, 17], the resulting SBP-SAT schemes become stable and high order accurate.

The thesis is organised as follows: In Chapter 2, the concepts of well-posed prob-
lems and the stability of numerical approximations are presented. In Chapter
3, the energy method as a fundamental tool in all the analysis of this work is
introduced. Chapter 4 contains an introduction to the SBP-SAT framework
and a few of its applications. Chapter 5, 6 and 7 are dedicated to the new
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contributions from this work. Although the discussions are carried out for high
order finite difference methods, most of the theoretical findings and numerical
results are equally valid for other approximations on SBP-SAT form, such as fi-
nite volume, finite elements, spectral elements, discontinuous Galerkin and flux
reconstruction schemes.
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Well-posedness and stability

Well-posedness and stability are two fundamental concepts in numerical ap-
proximations of differential equations. To introduce these concepts, consider a
general initial-boundary-value-problem (IBVP) on the spatial domain Ω with
boundary ∂Ω

ut + Pu = F, x ∈ Ω, t ≥ 0, (2.1a)
Hu = g, x ∈ ∂Ω, t ≥ 0, (2.1b)
u = f, x ∈ Ω, t = 0. (2.1c)

Here, P is a spatial differential operator, H is a boundary operator and F, g
and f are given forcing, boundary and initial data, respectively. The data are
assumed to be smooth and compatible functions. The IBVP (2.1) is well-posed
if a unique solution exists and there is an estimate in terms of data of the form

‖u‖2I ≤ K(‖f‖2II + ‖F‖2III + ‖g‖2IV ). (2.2)

in (2.2), K is bounded and may depend on the time, but not on the data. The
norms involved are in general different.

An important implication of a well-posed problem with an estimate of the form
(2.2) is that the solution depends continuously on the data. Therefore, small
perturbations in the data cause small perturbations in the solution. This can
easily be seen in the case of linear operators P and H by considering the solution
v of the perturbed problem with data F + δF, g+ δg and f + δf . Let w = v−u
be the perturbation of the solution satisfying the IBVP

wt + Pw = δF, x ∈ Ω, t ≥ 0,
Hw = δg, x ∈ ∂Ω, t ≥ 0,
w = δf, x ∈ Ω, t = 0.

For this problem, the estimate (2.2) becomes

‖w‖2I ≤ K(‖δf‖2II + ‖δF‖2III + ‖δg‖2IV ).

Hence, small perturbations in the data lead to small perturbations of the solu-
tion.
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Stability is the discrete counterpart of well-posedness. Roughly speaking, the
approximations of an IBVP is stable if a discrete estimate in terms of data,
similar to (2.2), can be derived. Also in the discrete case, this implies that
small perturbations in the data lead to small and controlled variations in the
numerical solution.

Since well-posedness and stability are intimately related, every investigation
in this thesis will contain the study of well-posedness of a continuous model
problem followed by the stability analysis of the discretised version.
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The continuous problem

For many models in applied sciences and engineering, the question of well-
posedness can be addressed by applying the so called energy method. This is
the case for the linear IBVP (2.1). More precisely, if the energy method applied
to (2.1) yields an energy estimate of the form (2.2), uniqueness follows directly
and existence can be guaranteed by imposing the correct (minimal) number of
boundary conditions. We will illustrate the procedure in a simplified setting
below.

3.1 A model problem
Consider the IBVP for a scalar advection problem in one space dimension

ut + ux = F, 0 ≤ x ≤ 1, t ≥ 0, (3.1a)
u = g(t), x = 0, t ≥ 0, (3.1b)
u = f(x), 0 ≤ x ≤ 1, t = 0. (3.1c)

Consider also the inner product and the induced norm

(u, v) =
∫ 1

0
u(x)v(x)dx, ‖u‖2 = (u, u) .

The energy method applied to (3.1) (multiplying the equation by the solution,
integrating by parts and imposing the boundary conditions) yields

d

dt
‖u(·, t)‖2 = g(t)2 − u(1, t)2 + 2

∫ 1

0
u(·, t)F (·, t) dx. (3.2)

By using the inequality 2
∫ 1

0 uF dx ≤ η‖u‖2 + ‖F‖2/η (with a positive constant
η), (3.2) becomes

d

dt
‖u(·, t)‖2 − η‖u(·, t)‖2 ≤ g(t)2 + ‖F (·, t)‖2/η.

Finally, by solving for ‖u‖2 at the final time T , one gets the estimate

‖u(·, T )‖2 ≤ KeηT
(
‖f(·)‖2 +

∫ T

0
‖F (·, τ)‖2 + g(τ)2 dτ

)
, (3.3)



DRAFT
6 3 The continuous problem

which is of the form (2.2).

To summarise, the energy method produces an evolution equation for the norm
of the solution involving boundary terms. Once the boundary conditions have
been imposed and the remaining boundary terms have a clear correct sign, an
energy estimate can be obtained. The energy method applied to more advanced
problems is more complicated, but the core of the procedure remains the same.

3.2 Weak boundary conditions
The same result as the one above can be obtained by weakly imposing the
boundary conditions (3.1b) to (3.1a) as follows

ut + ux = L(g − u) + F, 0 ≤ x ≤ 1, t ≥ 0. (3.4a)
u = f(x), 0 ≤ x ≤ 1, t = 0. (3.4b)

Here, L is a lifting operator [2] defined such that, for smooth functions φ and
ψ, it satisfies ∫ 1

0
φL(ψ) dx = φψ|x=0.

By applying the energy method to (3.4), we get

d

dt
‖u(·, t)‖2 = g2(t)− u(1, t)2 − (u(0, t)− g)2 + 2

∫ 1

0
u(·, t)F (·, t) dx. (3.5)

By ignoring the terms with the correct sign and integrating (3.5) in time, the
same energy estimate as in (3.3) is obtained.

Note that (3.5) is the same as (3.2) with an additional term coming from the
energy method applied to the lifting operator. This term is zero in the contin-
uous case since the boundary condition is identically satisfied. In the discrete
setting, it is not and the term (as we will see), will provide numerical damping.

3.3 The nonlinear case
Well-posedness of the nonlinear version of IBVP (2.1) is still an open question
and a deep discussion on this matter is beyond the scope of this thesis. Here,
we briefly discuss how to relate the question of well-posedness for IBVPs with
quasilinear PDEs (2.1a) to well-posedness of linearised and frozen coefficient
problems.

The operator P in (2.1a) is a quasilinear differential operator of order m if it
has the general form

P (x, t, u, ∂/∂x) =
∑
|ν|≤m

Aν(x, t, u) ∂|ν|

∂ν1x1...∂νsxs
, (3.6)

where |ν| = ν1 + ... + νm for a multi-index ν = (ν1, ..., νs) and the coefficients
Aν are given smooth functions.
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The following linearisation principle holds: An IBVP (2.1) with quasilinear
differential operator (3.6) is well-posed at u if the linear problem obtained by
linearising all functions Aν near u is well-posed.

By freezing the coefficients Aν at an arbitrary fixed point and time, the following
localisation principle holds: If all frozen-coefficient problems are well-posed, then
the original variable coefficient problem is well-posed.

For more details regarding well-posed IBVPs and the linearisation and localisa-
tion principles, see [6].

It should be noted that the localisation principle does not hold for all variable-
coefficient problem. However, without discussing this further, the differential
operators of the vorticity equation in Paper II and the incompressible Navier–
Stokes equations in Paper III belong to the classes of quasilinear operators for
which this principle can be applied.
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The discrete problem

In this chapter, the SBP-SAT approximation in finite difference form for com-
puting the solution for IBVPs is introduced. The SBP operators are high order
discrete differential operators constructed to mimic the integration-by-part rule
in the discrete setting. The discrete version of the energy method is applied to
the discretised equations and the same procedure as in the continuous case is
replicated in order to derive an estimate of the discrete solution. The combina-
tion of the SBP technique with the SAT procedure for imposing initial, boundary
and interface conditions weakly, yield SBP-SAT approximations which are high
order accurate and provably stable.

4.1 SBP operators
We start by introducing the discrete SBP operators in the one-dimensional case.
Consider a uniform mesh of N + 1 grid points on the interval x ∈ [0, 1] with
coordinates xi = ih, 0 ≤ i ≤ N , where h = 1/N is the spatial step. The
discrete approximation of a variable v = v(x) is indicated by the grid function
v = (v1, ..., vN )T , where vi ≈ v(xi).

4.1.1 The first derivative SBP operator

The SBP approximation of the first derivative of a smooth function v is given
by

Dxv = P−1
x Qxv ≈ vx. (4.1)

In (4.1), Px is a diagonal, positive definite matrix such that it forms a discrete
L2-norm, namely ‖v‖2Px

= vTPxv ≈
∫
v2dx, associated with the discrete inner

product (v,w)Px
= vTPxw. The operator Qx is an almost skew-symmetric

matrix satisfying the SBP property

Qx +Qx = B = −E0 + EN , (4.2)

where E0 = diag(1, 0, ..., 0) and EN = diag(0, ..., 0, 1). By using this property,
the integration-by-parts rule∫ 1

0
vxw dx = −

∫ 1

0
vwx dx+ v(1)w(1)− v(0)w(0) (4.3)
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is mimicked by the following summation-by-parts rule

(Dxv,w)Px
= − (v, Dxw)Px

+ vNwN − v0w0.

A first order derivative SBP operator D is p-th order accurate if it approximates
derivatives of polynomials up to order p exactly, i.e.,

Dxj = jxj−1, j = 0, ..., p.

Here, x = (x0, ..., xN )T is the grid vector and the exponentiation is interpreted
element-wise. In this thesis, we consider first order derivative SBP operators of
order 2p, where p ∈ {1, 2, 3, 4} in the interior and boundary closures of order p.
In combination with diagonal matrices P , the global order of accuracy is p+ 1
for pointwise stable approximations involving first order derivatives [18]. We
refer to a specific SBP operator with the acronym followed by the interior and
then the boundary closure order of accuracy. As an example, the second order
accurate SBP21 operator D = P−1Q is given by the matrices

Q =


− 1

2
1
2

− 1
2 0 1

2
. . . . . . . . .

− 1
2 0 1

2
− 1

2
1
2

 , P = h


1
2

1
. . .

1
1
2

 ,
where h is the grid spacing.

It should be noted that the use of a diagonal P is not a necessary for the con-
struction of an accurate SBP operator. However, for problems involving vari-
able coefficients or nonlinear problems and a non-diagonal P , stability cannot
be proved. For more details on first order derivative operators, see [16].

4.1.2 The second derivative SBP operator

The SBP approximation of the second derivative can be obtained by simply
applying the first derivative operator Dx in (4.1) twice, i.e.

Dxxv = D2
xv ≈ vxx.

Higher order discrete derivatives can be constructed similarly.

By applying the first derivative operator twice, a wide operator is obtained.
Compact second order derivatives are formally defined as follows

Dxxv = P−1(−M +BS)v ≈ vxx, (4.4)

where M+MT is a positive semi-definite matrix, S is a first derivative operator
at the boundary and B is given in (4.2). When (4.4) is used for the wave
equation, M must be also symmetric. For more details on second derivative
operators, see [8].
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4.1.3 Multi-dimensional SBP approximations

Multi-dimensional approximations of partial derivatives are constructed by ex-
tending the one-dimensional operators using tensor (Kronecker) products.

Consider a two-dimensional grid of N × M points with coordinates (xi, yj)
and the discrete approximation of a variable v = v(x, y) given by the vector
v = (v11, ..., v1M , v21..., v2M , ..., vN1, ..., vNM )T , where vij ≈ v(xi, yj).

The SBP approximation of the partial derivatives of v are given by

Dxv = (P−1
x Qx ⊗ IM )v ≈ ∂v

∂x
and Dyv = (IN ⊗ P−1

y Qy)v ≈ ∂v
∂y
,

where Id is the identity matrix of dimension d and ⊗ denotes the Kronecker
product. In this case, the diagonal matrix (Px ⊗ Py) defines a two-dimensional
discrete L2-norm, such that ‖v‖2(Px⊗Py) = vT (Px ⊗ Py)v ≈

∫
v2 dxdy.

The same principle can be applied to three dimensional problems and discreti-
sation in time. For details regarding SBP approximations in time, see [12, 7].

4.2 The SAT procedure
The SBP finite difference approximation requires a suitable boundary treatment
in order to be stable. The SAT technique, originally used for imposing bound-
ary conditions and extended to interface and initial conditions, is the preferred
choice. In this technique, the conditions are weakly imposed by adding a penalty
term to the equations. There exist other ways to enforce boundary conditions
like, for instance, the injection and projection methods. In the first case many
situations lead to instabilities, see [5]. In the second case, the problem is re-
formulated and projection operators are constructed such that stability can be
guaranteed [13]. However, the projection method is rather complicated.

4.2.1 The semi-discrete single domain problem

The semi-discrete SBP-SAT approximation of (3.1) or (3.4) is given by

ut +Dxu = σP−1(u1 − g)e0 + F, (4.5)

where u is the discrete variable, F the discrete forcing function and e0 =
(1, 0, .., 0). In (4.5), σ is a penalty coefficient which will be chosen to ensure
stability.

By applying the discrete energy method to (4.5) (multiplying the equation from
the left by uTPx and adding its transpose) and using the SBP property (4.2),
we get

d

dt
‖u‖2Px

= u2
0 − u2

N + 2σu2
0 − 2σu0g + 2uTPF.
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To mimic the continuous case, we choose σ = −1 and complete the square. This
leads to

d

dt
‖u‖2Px

= g2 − u2
N − (u0 − g)2 + 2uTPF,

which is the discrete version of (3.5). Finally, by using the discrete inequality
2uTPF ≤ η‖u‖2Px

+ ‖F‖2Px
/η (with a positive constant η) and integrating in

time, one gets the discrete energy estimate

‖u‖2Px
≤ Keηt

(
‖f‖2Px

+
∫ t

0
‖F‖2Px

+ g(τ)2 dτ

)
,

where f is the discrete initial condition. This estimate is similar to (3.3) and
implies that the SBP-SAT approximation is stable.

4.2.2 The semi-discrete multi-domain problem

Problems that require geometrical flexibility can be treated in the SBP-SAT
framework by employing stable multi-block approximations. This strategy al-
lows for different mesh sizes and orders of accuracy in different regions.

To exemplify the technique, consider two advection equations in two different
domains

ut + ux = 0, x ≤ 0, t ≥ 0,
vt + vx = 0, x ≥ 0, t ≥ 0, (4.6)

connected at x = 0 by the interface condition v(0, t) = u(0, t).

By ignoring the boundary conditions at the outer boundaries, we can write the
approximation of (4.6) with weakly imposed interface conditions as

ut + P−1
l Qlu = P−1

l σL(uN − v0)eN (4.7)
vt + P−1

r Qrv = P−1
r σR(v0 − uN )e0. (4.8)

Here, eN = (0, ..., 0, 1) and e0 = (1, 0..., 0) have length of the left and right
mesh, respectively, uN is the last element of the grid function u and v0 is the
first element of v. P−1

l,r Ql,r are SBP operators, possibly different, operating on
the left and right domain, respectively.

To apply the semi-discrete energy method, we multiply (4.7) from the left with
uTPl and (4.8) with vTPr. By summing the results, we get

d

dt

[
‖u‖2Pl

+ ‖v‖2Pr

]
= IT,

where IT is a quadratic form given by

IT =
(
uN
v0

)T
H

(
uN
v0

)
, H =

[
(−1 + 2σL) −(σL + σR)
−(σL + σR) (1 + 2σR)

]
.
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Hence, we have an energy estimate if IT ≤ 0. This requires H to be a negative
semi-definite matrix, which can be obtained by choosing σL = σR + 1 and
σR ≤ −1/2.

This multi-block technique was extensively studied in paper I, where the dis-
continuities in the model problem were treated as interface conditions.

4.2.3 The fully discrete single domain problem

Consider a computational domain with N grid points on the spatial interval
and L time levels. By recalling the notation introduced in Section 4.1.3, the
fully-discrete approximation of a variable u = u(t, x) is a vector of length LN
arranged as

u =


...

[u]k
...

 , [u]k =


...
uki
...

 , where uki ≈ u(tk, xi).

The fully discrete approximation of (3.4) with zero forcing function and weakly
imposed boundary and initial conditions is

(Dt ⊗ IN )u+(IL ⊗Dx)u =
σx(IL ⊗ P−1

x E0x(u− g)) + σt(P−1
t E0t(u− f)⊗ IN ), (4.9)

where E0x and E0t have the same dimension as the corresponding SPB oper-
ators. Here, the grid functions g and f contain the boundary and initial data,
respectively, at the proper positions.

We apply the discrete energy method to (4.9) (multiplying the equation from
the left by uT (Pt ⊗ Px) and adding its transpose) and use the SBP property.
By also choosing suitable penalty coefficients (σx = σt = −1) and rearranging,
we get

‖uL‖2Px
= ‖f‖2Px

+‖g‖2Pt
−‖(E0t⊗Ix)(u−f)‖2(Pt⊗Px)−‖(It⊗E0x)(u−g)‖2(Pt⊗Px).

Note that we have obtained a fully discrete version of (3.3) with additional
damping terms coming from the spatial and temporal penalty terms.
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Discontinuous interface problems

The interface treatment described in Section 4.2.2 can be extended to advection
equations with different wave-speeds. In addition, one can require that the
solution satisfies a jump-condition at the interface. In this general setting,
fundamental properties such as well-posedness, stability and conservation were
investigated in Paper I.

Consider an interface problem defined by the coupled equations

ut + aux = 0, x ≤ 0, t ≥ 0,
vt + bvx = 0, x ≥ 0, t ≥ 0, with v(0, t) = cu(0, t), (5.1)

where the wave-speeds a and b are real and positive. In (5.1), c is a real constant
which makes the solution discontinuous at the interface x = 0 when it is different
from one.

By applying the energy method to (5.1), using a modified L2−norm and ignoring
the outer boundary terms, we get∫ 0

−∞
u [ut + aux] dx+

∫ ∞
0

αcv [vt + bvx] dx = 0,

where αc is a positive free weight parameter. Integration-by-parts shows that
an energy estimate is obtained by choosing αc such that

−a+ αcbc
2 ≤ 0,

holds. Thus, the interface problem (5.1) is well-posed for positive a, b and c ∈ R.

The conservation conditions are derived by considering the weak formulation of
(5.1) given by∫ ∞
−∞

[φ w]t0 dx−
∫ ∞
−∞

∫ t

0
[φt + φx ū]w dxdt+

∫ t

0
φw [a− bc]x=0 dt = 0, (5.2)

where
w(x, t) =

{
u(x, t), x ≤ 0, t ≥ 0,
v(x, t), x ≥ 0, t ≥ 0.
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In (5.2), φ(x, t) ∈ C∞ has compact support in the spatial interval (−∞,∞),
while ū = a for x ≤ 0 and ū = b for x > 0. Hence, all the terms at the interface
vanish, resulting in a conservative problem, if

c = a/b. (5.3)

Using the notation of Section 4.2.2, the SBP-SAT approximation of (5.1) with
weakly imposed interface conditions is

ut + aP−1
l Qlu = P−1

l σL(cuN − v0)eN ,
vt + bP−1

r Qrv = P−1
r σR(v0 − cuN )e0,

(5.4)

with eN = (0, ..., 0, 1) and e0 = (1, 0..., 0) of the proper length.

The approximation (5.4) can be written in a compact matrix form as follows(
u
v

)
t

= P−1Q̃

(
u
v

)
, (5.5)

where
P =

[
Pl 0
0 Pr

]
, Q̃ = −QΛ + Σ, and QΛ =

[
aQl 0

0 bQr

]
.

The penalty matrix Σ, which contains the penalties coefficients, is zero every-
where except at the boundary and interface points.

The energy method applied to (5.4) (or equivalently to (5.5)) gives

d

dt

[
‖u‖2Pl

+ αd‖v‖2Pr

]
= IT,

where αd is a positive weight (not necessarily the same as in the continuous
case). The right-hand side term IT is given by

IT =
(
uN
v0

)T
H

(
uN
v0

)
, H =

[
(−a+ 2cσL) −(σL + αdcσR)
−(σL + αdcσR) αd(b+ 2σR)

]
.

To get an energy estimate, H must be negative semi-definite. This can be
achieved by choosing σL and σR such that both the following conditions hold

(−a+ 2cσL) + αd(b+ 2σR) ≤ 0,
(−a+ 2cσL)αd(b+ 2σR)− (σL + αdcσR)2 ≥ 0.

By rewriting (5.4) in weak form, one obtains the discrete conservation condition

σR = σL − b. (5.6)
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5.1 Stability and conservation
In this section, we will show that conservation and stability are two indepen-
dent properties of the approximation (5.4). More precisely, there exist penalty
interface coefficients which lead to accurate and stable SBP-SAT schemes which
can be made conservative or non-conservative.

Consider a well-posed interface problem without the conservation condition
(5.3). The SBP-SAT approximation (5.4) is stable for all parameters a, b and c
when the penalty coefficients σL and σR satisfy both

σR ≤ −b/2 (5.7)

and

b+ σR −
√

(b+ 2σR)(b− θ
(
a
c

)
)

θ
≤ σL ≤

b+ σR +
√

(b+ 2σR)
(
b− θ

(
a
c

))
θ

.

Furthermore, the relation θ = 1/(αdc) ≥ bc/a must hold for real penalty coeffi-
cients.

Consider now a conservative problem (i.e., (5.3) holds). A stable SBP-SAT ap-
proximation (not necessarily conservative) is obtained if the penalty parameters
σL and σR satisfy (5.7) and

b+ σR −
√
b(b+ 2σR)(1− θ)
θ

≤ σL ≤
b+ σR +

√
b(b+ 2σR)(1− θ)
θ

with θ = b/(aαd) ≥ 1.

Finally, conditions (5.3) and (5.6) lead to a stable and conservative SBP-SAT
approximation (5.4) if

b

1−
√
θ
≤ σL ≤

b

1 +
√
θ

with θ = b/(aαd) ≥ 1.

In Figure 5.1 (from paper I), we show a few frames of the time-evolution of a
conservative solution to (5.1). The initial condition is zero. The boundary data
g(t) = sin(4π(−1 + 3t)) is weakly imposed at the inflow boundary using the
SAT procedure. The wave propagates with velocity a=2 in the left domain and
b=1 in right domain. The jump condition is c=2. The simulation is done using
a standard fourth order accurate Runge-Kutta method in time and a fifth order
accurate SBP-SAT approximation in space.

5.2 Spectrum analysis and strict stability
In this section, we study the influence of the interface treatment on the contin-
uous and discrete spectrum.
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Figure 5.1: Time-evolution of a wave function satisfying a conservative jump condition
and computed with a conservative approximation.

The discrete spectrum is given by the eigenvalues of P−1Q̃ in (5.5). The con-
tinuous spectrum of (5.1) (derived using the Laplace Transform technique) is
given by the infinite sequence

s = ab

a+ b
[log(|cd|) + 2iπk] , k ∈ Z with cd 6= 0. (5.8)

The real constant d defines the outer boundary closure through u(−1, t) −
dv(1, t) = 0. In Figure 5.2 (from Paper I), the discrete spectrum and the
continuous one for a conservative problem and conservative approximation are
presented. As can be seen, the spectra consist only of eigenvalues with negative
real parts. This implies well-posedness and a stable semi-discretisation.
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Figure 5.2: Continuous and semi-discrete 4th order accurate spectrum.
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However, Figure 5.2 also shows that some of the discrete eigenvalues lie to the
right of the continuous spectrum. The time growth rate of a strictly stable
approximation is bounded by the growth rate of the corresponding continuous
problem [10]. Hence, having the eigenvalues of the discrete spectrum on the left
side of the continuous spectrum is preferable. By adding a suitable artificial
dissipation operator to the approximation (5.4), one can shift the discrete spec-
trum to the left of the continuous one without reducing the accuracy [9]. Figures
5.3a-5.3b (from Paper I) show a close-up of the spectrum of a conservative ap-
proximation with and without artificial dissipation. With added dissipation,
the discrete spectrum converges from the left implying strict stability.
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Figure 5.3: Figure 5.3a is a close-up of Figure 5.2. Figure 5.3b shows the same problem
with added artificial dissipation.
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Mimetic SBP properties

Numerical instabilities in simulations of nonlinear problems have been studied
for a long time. The false transfer of energy between different scales and the
non-physical growth of numerical solutions was traced back to an inappropriate
treatment of the nonlinear terms in [14]. In order to overcome this problem,
Arakawa [1] proposed the use of a second order accurate mimetic finite-difference
scheme. The principle behind his technique is the preservation of fundamental
integral properties by using a combination of different discrete derivatives.

In the so called splitting technique [10, 4], combinations of differential terms are
used to correctly replicate the integration-by-parts and chain rule for products
of convective terms. With this method, the Arakawa’s technique can be refor-
mulated using SBP operators to obtain stable high order schemes with mimetic
properties.

6.1 The vorticity equation
Consider an incompressible two-dimensional inviscid fluid. The zero divergence
condition implies the existence of a stream function ψ related to the vorticity ζ
by

ζ = ∆ψ. (6.1)
In this setting, the time evolution of the vorticity can be written as

∂ζ

∂t
+ J(ψ, ζ) = 0. (6.2)

The function J(·, ·) in (6.2) is the Jacobian differential operator given by

J(a, b) = ∂a

∂x

∂b

∂y
− ∂a

∂y

∂b

∂x
. (6.3)

It is a skew-symmetric operator since J(a, b) = −J(b, a). Moreover, for periodic
functions a and b on the domain Ω∫

Ω
J(a, b)dxdy =

∫
Ω
aJ(a, b)dxdy =

∫
Ω
bJ(a, b)dxdy = 0. (6.4)

These properties follow directly from integration-by-parts and periodic bound-
ary conditions.
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6.1.1 Conservation properties

The mean kinetic energy for equation (6.2) is given by

K = 1
2(∇ψ)2, (6.5)

where f =
∫
D
fdxdy/|D|. The enstrophy (mean square vorticity) for equation

(6.2) is defined as

G = 1
2ζ

2. (6.6)

The vorticity equation (6.2) conserves the mean kinetic energy (6.5) and the
enstrophy (6.6). The conservation of these quantities stems from the integral
property (6.4), which, ultimately, comes from the integration-by-parts rule.

6.1.2 Operator splitting

An alternative expression for the Jacobian can be constructed as a linear com-
bination of the following equivalent operators

J1(ψ, ζ) =
(
∂ψ
∂x

∂ζ
∂y −

∂ψ
∂y

∂ζ
∂x

)
,

J2(ψ, ζ) =
(
∂
∂x

(
ψ ∂ζ∂y

)
− ∂

∂y

(
ψ ∂ζ
∂x

))
,

J3(ψ, ζ) =
(
∂
∂y

(
ζ ∂ψ∂x

)
− ∂

∂x

(
ζ ∂ψ∂y

))
.

(6.7)

The general linear combination

J(ψ, ζ) = αJ1 + βJ2 + γJ3 (6.8)

defines a new Jacobian operator equivalent to (6.3) for any set of coefficients
α, β and γ satisfying α+ β + γ = 1.

6.2 Jacobian operators on SBP form
In order to define the discrete SBP version of the nonlinear operator J(ψ, ζ)
in (6.8), we need new notation. For any vector a = (a1, ..., aN ), let diag(a)
be a diagonal matrix with the components of a as diagonal elements and 1 =
(1, · · · , 1)T be a vector of the same length as a.

The discrete versions of (6.7) using SBP operators are given by

J1(ψψψ,ζζζ) =
{[
diag(P−1

x Qx ⊗ Iyψψψ)diag(Ix ⊗ P−1
y Qyζζζ)

]
1

−
[
diag(Ix ⊗ P−1

y Qyψψψ)diag(P−1
x Qx ⊗ Iyζζζ)

]
1
}
,

(6.9)
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J2(ψψψ,ζζζ) =
{

(P−1
x Qx ⊗ Iy)

[
diag(ψψψ)diag(Ix ⊗ P−1

y Qyζζζ)
]
1

− (Ix ⊗ P−1
y Qy)

[
diag(ψψψ)diag(P−1

x Qx ⊗ Iyζζζ)
]
1
}
,

(6.10)

J3(ψψψ,ζζζ) =
{

(Ix ⊗ P−1
y Qy)

[
diag(ζζζ)diag(P−1

x Qx ⊗ Iyψψψ)
]
1

− (P−1
x Qx ⊗ Iy)

[
diag(ζζζ)diag(Ix ⊗ P−1

y Qyψψψ)
]
1
}
,

(6.11)

where ζζζ and ψψψ are vectors with the same size of the mesh. In (6.9)-(6.11), the
matrices Qx,y are skew-symmetric operators satisfying Qx,y +QTx,y = 0.

Thus, the discretisation of (6.8) is obtained by

J = αJ1 + βJ2 + γJ3, (6.12)

where, for consistency, α+ β + γ = 1.

In Paper II, it is proved that (6.12) is skew-symmetric and conserves discrete
enstrophy and kinetic energy if and only if

α = β = γ = 1
3 .

This choice gives the discrete mimetic SBP Jacobian of arbitrary order of accu-
racy as

J∗ = 1
3 [J1 + J2 + J3] . (6.13)

It is also shown that the second order accurate version of (6.13) is the same as
the Jacobian derived in [1].

6.2.1 The order of accuracy

The new Jacobian in (6.13) was tested for accuracy using the manufactured
solution [15]

ψ(x, y, t) = K [sin(2π(ax− t) + cos(2π(by − t))] . (6.14)

The forced equation ζt + J(ψ, ζ) = F, was obtained by inserting (6.14) into
(6.2).

Skew-symmetric SBP operators with accuracy order 2, 4, 6 and 8 were used in
space and the standard fourth order Runge-Kutta in time. In all computations,
we used a = 2 and b = 3. The results are presented in Table 6.1 (from Paper
II) and show that all schemes converge with the design order of accuracy. Note
that, the schemes converge with the interior order of accuracy since no boundary
closure exists in this periodic case.
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SBP 2nd SBP 4th SBP 6th SBP 8th
N Err p Err p Err p Err p
30 2.1 10−2 - 6.6 10−4 - 1.0 10−4 - 8.1 10−6 -
40 1.1 10−2 1.97 4.3 10−4 3.95 1.8 10−5 5.88 8.5 10−7 7.83
50 7.5 10−3 1.94 1.7 10−4 3.94 4.9 10−6 5.93 1.4 10−7 7.90
60 5.3 10−3 2.03 8.6 10−5 3.99 1.6 10−6 5.95 3.4 10−8 7.93
70 3.9 10−3 2.00 4.6 10−5 3.98 6.5 10−7 5.96 1.0 10−8 7.95
80 1.9 10−3 1.97 2.7 10−5 3.98 5.9 10−7 5.97 3.4 10−9 7.96

Table 6.1: Discrete L2-error and rate of convergence for the 2nd, 4th, 6th and 8th SBP
operators. The error is indicated with Err and the order of accuracy with p.
N indicates the number of grid points in the x and y direction, respectively.
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Boundary conditions for the
Navier–Stokes equations

The incompressible Navier–Stokes equations can be considered in various formu-
lations. Although they are mathematically equivalent in the continuous setting,
each formulation can have different advantages or drawbacks in the discrete
case. For instance, the velocity-pressure formulation requires special artificial
techniques to preserve zero divergence. In the velocity-divergence formulation,
the divergence relation provides automatically a divergence-free solution to the
order of the scheme, and this formulation will be analysed below.

7.1 The continuous problem
Consider the two-dimensional incompressible Navier–Stokes equations

Ĩvt +Avx +Bvy − εĨ (vxx + vyy) = 0, (x, y) ∈ Ω, t ≥ 0, (7.1)

where v = (u, v, p)T denotes the velocity field (u, v) and pressure p. In (7.1), ε
indicates the viscosity, Ω is a bounded domain and the coefficient matrices are

A(u) =

u 0 1
0 u 0
1 0 0

 , B(v) =

v 0 0
0 v 1
0 1 0

 and Ĩ =

1 0 0
0 1 0
0 0 0

 . (7.2)

To be able to apply the energy method, the nonlinear convection terms in (7.1)
must be split as

Avx = 1
2 (Av)x + 1

2Avx − 1
2Axv, Bvy = 1

2 (Bv)y + 1
2Bvy − 1

2Byv. (7.3)

By inserting (7.3) into (7.1) and using the divergence relation, the incompressible
Navier–Stokes equations in skew-symmetric form are given by

Ĩvt + 1
2 [(Av)x +Avx + (Bv)y +Bvy]− εĨ∆v = 0, (x, y) ∈ Ω, t > 0. (7.4)

The IBVP for (7.4) is obtained by adding initial and boundary conditions of
the form

v(x, y, 0) = f(x, y), (x, y) ∈ Ω (7.5)
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and
Hv(x, y, t) = g(t), (x, y) ∈ ∂Ω, t ≥ 0. (7.6)

In (7.5)-(7.6), f and g are smooth compatible initial and boundary data, re-
spectively. The boundary operator H in (7.6) is in general a rectangular matrix
including differential operators. It can represent Dirichlet, Neumann or Robin
type of boundary conditions.

In this chapter, we are interested in boundary conditions of the special form

Hv = W− −RW+ = g, (7.7)

where R is a rectangular matrix. This formulation introduces generalized in-
going variables, W−, specified in terms of generalized outgoing variables, W+,
and given data g.

7.1.1 The energy method and the boundary conditions

The energy method applied to (7.4) together with Green’s formula yields

d

dt
‖v‖2

Ĩ
+ 2ε‖∇v‖2

Ĩ
= BT, (7.8)

where ‖v‖2
Ĩ

=
∫

Ω vT Ĩv is a semi-norm which allows for ‖v‖Ĩ = 0 even for p 6= 0.
In (7.8), BT denotes the boundary term given by

BT = −
∮

Ω
wTAnw ds, (7.9)

where

w =


un
us
p

ε∂nun
ε∂nus

 , An =


un 0 1 −1 0
0 un 0 0 −1
1 0 0 0 0
−1 0 0 0 0
0 −1 0 0 0

 , (7.10)

and ds =
√
dx2 + dy2. In (7.10), un and us denote the outward normal and

tangential velocity components, respectively,

To derive an energy estimate for (7.8), we must bound BT with a minimal set
of boundary conditions. By diagonalising BT, (7.9) can be rewritten as

BT = −
∮ [

W+

W−

]T [Λ+ 0
0 Λ−

] [
W+

W−

]
, (7.11)

where Λ− and Λ+ contain the negative and positive diagonal elements, and W−
and W+ indicate the corresponding variables. The minimal number of boundary
conditions is equal to the number of negative diagonal entries.



DRAFT
7.1 The continuous problem 27

In Paper III, the matrix An in (7.10) was diagonalised using two different tech-
niques: eigenvalue decomposition and non-singular rotations. Both techniques
lead to matrices Λ− with two negative diagonal entries. This implies that two
boundary conditions are needed.

The number of boundary conditions is independent of the specific transforma-
tion used to arrive at the diagonal form (7.11), as long as the resulting variables
are linearly independent. This follows from Sylvester’s law of inertia.

The two transformations mentioned above lead to different forms of W− and
W+ in (7.7). In the first case, the positive and negative eigenvectors define the
generalised in- and outgoing characteristic variables

W− =
[
λ1un + p− ε∂nun
λ2us − ε∂nus

]
, W+ =

[
λ4us − ε∂nus

λ5un + p− ε∂nun

]
.

In the second case, at an inflow boundary (un < 0) we have

W− =
[
u2
n + p− ε∂nun
unus − ε∂nus

]
, W+ =

[
p− ε∂nun
ε∂nus

]
.

At an outflow boundary (un ≥ 0), they are the same, but interchanged. In both
situations, W− and W+ are called the generalised in- and outgoing rotated
variables.

Finally, the general form (7.7) is obtained by decomposing H as

Hv = (H+ −RH−)v = W− −RW+. (7.12)

Here, H− and H+ are suitable boundary operators which transform the original
vector variable v into the generalised in- and outgoing variables in one or the
other formulation. The two formulations provide completely general sets of
combinations of variables and their derivatives. They can be adapted to yield
far field, solid wall and ”no pressure” type of conditions. The so called ”no
pressure” boundary conditions do not include the pressure.

Note that, in both formulations, the boundary conditions are nonlinear. Note
also that, in the rotated formulation, the variables change at an inflow or outflow
boundary. This means that the boundary procedure varies in time.

The boundary conditions (7.12), in both the characteristic and rotated formu-
lation, lead to the following two results.

Proposition 7.1.1. The boundary conditions (7.12) bounds (7.11) if

Λ+ +RTΛ−R > 0

and a positive semi-definite or positive definite matrix Γ exists such that

−Λ− + (Λ−R)[Λ+ +RTΛ−R]−1(Λ−R)T ≤ Γ <∞.
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Corollary 7.1.1. The homogeneous boundary conditions W− = RW+ lead to
a bound for (7.11) if

Λ+ +RTΛ−R ≥ 0.

In [11], similar results were proved for linear IBVPs, while, in Paper III, they
were extended to the nonlinear incompressible Navier–Stokes problem.

7.2 The discrete problem
In this section, stable semi-discrete and fully discrete SBP-SAT approximations
of (7.4) with weakly imposed boundary and initial conditions are presented.
The derivation of the discrete problem follows the continuous analysis in a step-
by-step manner.

7.2.1 The semi-discrete formulation

Consider a square domain and indicate the west, east, south and north bound-
aries by b ∈ {W,E,S,N} and the corresponding normals by nb = (nbx, nby). We
also introduce the time-dependent vector variable V = (u(t),v(t),p(t))T and
the discrete version of (7.2)

A =

D(u) 0 INM
0 D(u) 0

INM 0 0

 ,B =

D(v) 0 0
0 D(v) INM
0 INM 0

 , Ĩ3 =

INM 0 0
0 INM 0
0 0 0

 .
Here, A,B and Ĩ3 are 3NM × 3NM matrices while 0 is a NM ×NM matrix
of zeros. The operator D(u) is a diagonal matrix with the components of u as
diagonal elements.

With this notation, the semi-discrete SBP-SAT approximation of (7.4) with
weakly imposed boundary conditions can be written

Ĩ3Vt + D̃xV + D̃yV− ε
[
(Ĩ ⊗Dx)2 + (Ĩ ⊗Dy)2]V = PenBT, (7.13)

where the skew-symmetric splitting (7.3) is approximated by the difference op-
erators

D̃x = 1
2(I3 ⊗Dx)A + 1

2A(I3 ⊗Dx), D̃y = 1
2(I3 ⊗Dy)B + 1

2B(I3 ⊗Dy).

In (7.13), PenBT is the penalty term that imposes the boundary conditions. It
can be decomposed into the sum of four terms corresponding to each boundary
of the square domain, namely PenBT = PenWBT +PenEBT +PenSBT +PenNBT, where

PenWBT = (I3 ⊗ P−1
x E0 ⊗ IM )ΣΣΣW (HWV−GW ),

PenEBT = (I3 ⊗ P−1
x EN ⊗ IM )ΣΣΣE(HEV−GE),

PenSBT = (I3 ⊗ IN ⊗ P−1
y E0)ΣΣΣS(HSV−GS),

PenNBT = (I3 ⊗ IN ⊗ P−1
y EM )ΣΣΣN (HNV−GN ).

(7.14)
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Here, HW,E,S,N are discrete versions of H in (7.12) and they can formally be
written as

HbV = H−,bV−RH+,bV = W−,b −RW+,b. (7.15)
The vectors GW,E,S,N contain the boundary data at the appropriate boundary
points and ΣΣΣW,E,S,N are penalty matrices.

The following two results were proven in Paper III.
Proposition 7.2.1. The semi-discrete approximation (7.13) of (7.4) with pe-
nalty matrices

ΣΣΣb = (H−,b)TΛΛΛ−,b, (7.16)
and boundary operators (7.15) leads to stability if

ΛΛΛ+,b + RTΛΛΛ−,bR > 0

holds
Corollary 7.2.1. The semi-discrete approximation (7.13) of (7.4) with penalty
matrix (7.16) and boundary operators (7.15) with homogeneous boundary con-
ditions leads to stability if

ΛΛΛ+,b + RTΛΛΛ−,bR ≥ 0.

7.2.2 The fully-discrete formulation

Consider the fully-discrete variable V = [V1, ...,Vk, ...,VL]T , where each Vk =
(uk,vk,pk)T represents the variables on the whole spatial domain at the k-th
time level. The SBP-SAT approximation of (7.4) including a weak imposition
of the boundary and initial conditions can be written

(Dt ⊗ Ĩ3)V + F(V)V = PenBT + PenTime. (7.17)

Here, F = blockdiag(F (V0), ..., F (VL)) where the blocks are the nonlinear spa-
tial differential operators given by

F (Vk) = (D̃x)k + (D̃y)k − ε
[
(Ĩ ⊗Dx)2 + (Ĩ ⊗Dy)2] , k = 0, ..., L.

In (7.17), PenBT is a vector of penalty terms for imposing the boundary con-
ditions weakly at each time level, i.e.

PenBT = [(PenBT)0, ..., (PenBT)k, ..., (PenBT)L]T . (7.18)

Each (PenBT)k is the sum of the four boundary penalties given in (7.14), con-
sidering Vk as the discrete variable at the time level k. Finally, PenTime is the
penalty term for imposing the initial condition weakly given by

PenTime = σt(P−1
t E0 ⊗ Ĩ ⊗ IN ⊗ IM )(V− f), (7.19)

where f is a vector of the same length as V containing the initial data at k = 0.

The following result is proven is Paper III.
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Proposition 7.2.2. The discretization (7.17) of (7.4), with spatial penalty
terms (7.18) satisfying the assumptions of Proposition 7.2.1 (or Corollary 7.2.1)
and the temporal penalty term (7.19) is stable if σt = −1.

7.3 Spectral analysis
In this section (and in Paper IV), we discuss the continuous and discrete spec-
trum of the linearised Navier–Stokes problem. In particular, we show how to
use the spectrum in order to predict the convergence rate to steady state.

7.3.1 The continuous and discrete spectrum

Consider (7.1) linearised around a constant state v̄ = (ū, v̄, p̄)T on the strip
0 ≤ x ≤ 1,−∞ ≤ y ≤ ∞. The continuous and discrete spectrum of the
associated IBVP with homogeneous boundary conditions can be derived using
the Fourier-Laplace technique [6]. Details on how to compute the spectrum are
given in Paper IV.

Let v̂ = v̂(x, ω, s) be the solution to the Fourier-Laplace transformed equations,
where iω, ω ∈ R, is the dual variable to y and s ∈ C is the dual variable to
time. Let the eigenvalue of the continuous spectrum with the largest real part
be s∗ = η∗ + iξ∗. By applying the inverse Laplace transform to v̂, we get

ṽ(x, ω, t) = exp(η∗t)
(

1
2π

∫ +∞

−∞
v̂(η∗ + iξ) exp(iξ) dξ

)
. (7.20)

If there are no eigenvalues with non-negative real part, i.e. η∗ < 0, the conver-
gence to steady state of the solution follows directly from (7.20) and Parseval’s
relation. From now on, we denote η∗ as the continuous decay rate.

In concert with the continuous case, the discrete decay rate is η∗d = Re(s∗d),
where s∗d is the discrete eigenvalue with the largest real part.

Figure 7.1 (from Paper IV) shows a comparison between the continuous and
discrete spectra for ū = 1, v̄ = 0, ε = 0.01 and ω = 10. The discrete spectra
are computed using N = 30, 50, 70 grid points and SBP42 operators. As can
be seen, the spectra consist of eigenvalues with negative real parts, thus, the
decay rates are negative. Hence, the convergence to steady state is guaranteed.
Furthermore, it can be seen that the discrete spectrum converges to the con-
tinuous one as the mesh size decreases. In particular, this is true for the most
right located eigenvalues, i.e., the discrete decay rate converges to the contin-
uous one as the mesh size decreases. Similar results were obtained with other
higher order accurate SBP operators.
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Figure 7.1: Comparison between the continuous and discrete spectra.

7.3.2 Predicted and practical convergence rates

The decay rates discussed above can be used to predict the convergence rate
to steady state. To exemplify, we consider numerical results obtained from the
linearised IBVP (7.1) equipped with homogeneous boundary condition and the
initial condition u(x, y) = v(x, y) = x2(x− 1)2 sin(2πωy).

In Figures 7.2a-7.2b (from paper IV), we compare different SBP-SAT approx-
imations of the problem at fixed meshes with N = 30, 70 grid points. The
considered operators are SBP21, SBP42, and SBP84 with accuracy of order 2, 3
and 5, respectively. The theoretical decay rate (represented by the black line in
the figures) is obtained using the frequency ω = 10 is eη∗

10t with η∗10 = −10.4350.
The discrete theoretical decay rate (black line with stars) includes the dissipa-
tive effect of the time discretisation. The plot shows that the decay rates of the
numerical steady state calculations approach the theoretical predictions as the
mesh size decreases. Moreover, the high order ones were more accurate on fine
grids.

7.4 Comparison of different boundary conditions
Since the discrete decay rate converges to the continuous one, we can compare
different choices of boundary conditions by directly studying the continuous
decay rate.
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(a)

(b)

Figure 7.2: Practical and theoretical decay rates. A comparison of different orders of
accuracy for fixed meshes.



DRAFT
7.4 Comparison of different boundary conditions 33

We consider three types of boundary conditions, namely, purely in-going con-
ditions (R = 0 in (7.7)), solid wall and conditions (7.7) with R such that no
pressure data are imposed. We refer to the formulation with characteristic vari-
ables as CBC, while we use RBC for the one with rotated variables.

In Figures 7.3a-7.3b (from Paper IV), the decay rates obtained with both for-
mulations are shown for ε = 0.1. It was found (somewhat surprisingly) that
the least dissipative types of boundary conditions are the ones where only the
ingoing variables are specified. Further investigations with smaller viscosity also
revealed that, for this type of conditions, the CBC formulation converges faster
to steady state. In the other cases with a non-zero R, the RBC formulation is
preferable since the associated decay rates are significantly larger than in the
CBC case.
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(a)

(b)

Figure 7.3: Comparison of different boundary conditions using characteristic variables
(Figure 7.3a) and rotated variables (Figure 7.3b).
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Summary of papers

Paper I: Well-posedness, stability and conserva-
tion for a discontinuous interface problem
Paper I deals with discontinuous linear advection problems where the solution
propagates with different wave speeds in different regions satisfying jump con-
ditions. An artificial interface is introduced which separates those regions and
interface conditions are derived to guarantee stability and, optionally, conser-
vation properties. A spectral analysis shows that by adding a suitable artificial
dissipation operator to the SBP-SAT approximation with an interface treat-
ment, the resulting discretisation is strictly stable.

Paper II: A new high order energy and enstro-
phy conserving Arakawa-like Jacobian differential
operator
In Paper II, the vorticity equation is considered. We prove by mimicking the
integration-by-part rule in the discrete setting, that several properties (such as
conservation of quantities) follow naturally. SBP operators are used to derive
a new Arakawa-like Jacobian differential operator with mimetic properties by
combining different consistent approximations of the convection terms. Skew-
symmetry and kinetic energy and enstrophy conservation are obtained for peri-
odic problems using schemes with arbitrarily high order of accuracy.

Paper III: Energy stable boundary conditions for
the nonlinear incompressible Navier–Stokes equa-
tions
Paper III is dedicated to the derivation of completely general and flexible en-
ergy stable boundary conditions for the nonlinear incompressible Navier–Stokes
problem. Two different formulations are studied. A theoretical and numerical
analysis are performed in order to provide continuous and discrete energy esti-
mates and show that the boundary conditions can be adapted to different solid
wall and far field situations.
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Paper IV: Spectral analysis of the incompressible
Navier–Stokes equations with different boundary
conditions
Paper IV extends the analysis in Paper III by providing a comparison of different
boundary condition and investigating their effect on the spectral properties of
the associated linearised incompressible Navier–Stokes problem. The theoretical
and practical convergence to steady state are compared for different boundary
conditions and formulations.
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