
Linköpings universitet
SE–581 83 Linköping

+46 13 28 10 00 , www.liu.se

Linköping University | Department of Computer Science
Master thesis, 30 ECTS | Theoretical Computer Science

2017 | LIU-IDA/LITH-EX-A--17/046--SE

An extension of the PPSZ
Algorithm to Infinite-Domain
Constraint Satisfaction Prob-
lems
En utökning av PPSZ Algoritmen till Oändlig-Domän
Constraint Satisfaction Problem

Carl Einarson

Supervisor : Peter Jonsson
Examiner : Christer Bäckström

http://www.liu.se


Upphovsrätt

Detta dokument hålls tillgängligt på Internet – eller dess framtida ersättare – under 25 år
från publiceringsdatum under förutsättning att inga extraordinära omständigheter uppstår.
Tillgång till dokumentet innebär tillstånd för var och en att läsa, ladda ner, skriva ut enstaka
kopior för enskilt bruk och att använda det oförändrat för ickekommersiell forskning och för
undervisning. Överföring av upphovsrätten vid en senare tidpunkt kan inte upphäva detta
tillstånd. All annan användning av dokumentet kräver upphovsmannens medgivande. För
att garantera äktheten, säkerheten och tillgängligheten finns lösningar av teknisk och admin-
istrativ art. Upphovsmannens ideella rätt innefattar rätt att bli nämnd som upphovsman i
den omfattning som god sed kräver vid användning av dokumentet på ovan beskrivna sätt
samt skydd mot att dokumentet ändras eller presenteras i sådan form eller i sådant sam-
manhang som är kränkande för upphovsmannenslitterära eller konstnärliga anseende eller
egenart. För ytterligare information om Linköping University Electronic Press se förlagets
hemsida http://www.ep.liu.se/.

Copyright

The publishers will keep this document online on the Internet – or its possible replacement
– for a period of 25 years starting from the date of publication barring exceptional circum-
stances. The online availability of the document implies permanent permission for anyone to
read, to download, or to print out single copies for his/hers own use and to use it unchanged
for non-commercial research and educational purpose. Subsequent transfers of copyright
cannot revoke this permission. All other uses of the document are conditional upon the con-
sent of the copyright owner. The publisher has taken technical and administrative measures
to assure authenticity, security and accessibility. According to intellectual property law the
author has the right to be mentioned when his/her work is accessed as described above and
to be protected against infringement. For additional information about the Linköping Uni-
versity Electronic Press and its procedures for publication and for assurance of document
integrity, please refer to its www home page: http://www.ep.liu.se/.

c© Carl Einarson

http://www.ep.liu.se/
http://www.ep.liu.se/


Abstract

The PPSZ algorithm (Paturi et al., FOCS 1998) is the fastest known algorithm for solving
k-SAT when k ě 4. Hertli et al. recently extended the algorithm to solve the (d, k)´Clause
Satisfaction problem ((d, k)´ClSP) for which it is the fastest known algorithm for all k ě 3
(Hertli et al. CP 2016). We analyze the extended PPSZ algorithm and extend it to solve
problems over an infinite domain. More specifically we show how the extended algorithm
can solve problems that have an infinite domain but where we can, for each instance of the
problem, find a finite subset of the domain which has the following properties: If there ex-
ists a solution to the problem instance, then there exists a solution using only values from
this subset and the size of this subset is polynomial in the size of the problem instance. We
show numerically that our algorithm is the fastest known for problems over bounded dis-
junction languages for some values of k ď 500 and we look at the branching time temporal
language, which is a bounded disjunction language, to show how to transform a specific
problem to (d, k)´ClSP. We also look at Allen’s interval algebra but conclude that there is
already a faster algorithm for solving this problem.
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1 Introduction

1.1 Background

In Theoretical Computer Science, we often talk about the time complexity of problems. Time
complexity is a measurement of the time it takes to solve a problem, usually measured in the
size of the instance. We sometimes also refer to the time complexity of a problem as the run
time. A common type of problems to look at are decision problems, which are problems with
a yes-or-no answer. An example of such a problem would be ”Given two integers X and Y,
does X divide Y evenly?” The answer to this question is obviously either yes or no which
makes it a decision problem. We often want to compare how fast a computer can solve these
problems to see which ones can be solved ’easily’, or fast, by a computer and which problems
are ’hard’ for a computer to solve. The time complexity is often represented using a notation
that ignores constants and lower order terms called the big O notation O(¨). For example if a
problem takes 10n2 + 3n steps we say that it takes O(n2) steps because we want to compare
how fast they are when n grows towards infinity, i.e. asymptotically, so the constants and
lower order terms are uninteresting.

We also talk about complexity classes, which we use to classify problems as well. The two
most common complexity classes are P and NP.

We say that a problem is in P, which stands for polynomial time, if all instances of the prob-
lem can be solved in polynomial time. These are the problems that we usually let computers
solve since they are the ones we can expect a computer to solve efficiently. One example of
such a problem would be list sorting. We know that quicksort, a very famous sorting algo-
rithm, can sort any given list with n values in O(n2) which is polynomial, thus the problem
is in P.

On the other hand we have problems that are in NP, which stands for nondeterministic
polynomial time. Solutions to these problems can be verified in polynomial time but we cannot
necessarily deterministically find a solution for it in polynomial time. All problems in P are
also in NP, however there is a very famous unsolved problem in computer science that asks
if P = NP or not. If P = NP then any problem in NP can be solved in polynomial time. We
assume that they are not equal but there is no proof for it so there is a possibility that all
problems in NP can be solved in polynomial time.

One famous NP problem is the decision version of the Traveling Salesman Problem, we
will call it the Traveling Salesman Decision Problem (TSDP). In it, a salesman travels from
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1.1. Background

Figure 1.1: Relations between P, NP, NP-hard and NP-complete for P‰NP and P=NP

city to city to sell his wares. However, since he has a time schedule, he wants to know if there
is a route he could use to travel through all the cities and return home in time for supper. The
problem can be formulated as ”Given a list of cities and distances between them, is there a
route of lenght L or less that visits every city and ends up back in the starting city?” As we can
see from the question, it has a yes-or-no answer which makes it a decision problem. Given
a solution to the problem it is easy to verify if it is correct, namely by following the given
solution, adding up the distances between the cities visited and then comparing the length
to L when each city is visited. If it is less than or equal to L and each city has been visited
and we ended up in the starting city, then it was a correct solution, otherwise not. There is no
known way to find a solution to the problem in polynomial time but we can verify a solution
in polynomial time by traversing the given route to see if it is less than or equal to L and if it
visits each node. Therefore the problem is in NP.

It has been shown that if a solution can be found for TSDP in polynomial time, we can
solve any problem in NP in polynomial time as well. This makes TSDP what we call an NP-
hard problem, which means that any problem that is in NP can be reduced to TSDP. Reducing
a problem to TSDP means that it is possible to take any instance of the problem and transform
it to an instance of TSDP in polynomial time, so we can solve the problem instance using
any algorithm that solves a TSDP instance. This means that if a very fast solution is found
for TSDP, then any other problem in NP can also be solved using this solution. It is worth
noting that there are NP-hard problems where a solution cannot be verified in polynomial
time which would mean that they are not in NP.

When a problem is both in NP and it is NP-hard, we call that problem NP-complete. As
we stated above TSDP is both in NP and it is NP-hard so therefore it is NP-complete.

In Figure 1.1[6] we show the relations between P, NP, NP-hard and NP-complete if P‰NP
and if P=NP. However in this thesis we assume that P‰NP.
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1.1. Background

Constraint Satisfaction Problems

The problem that we look at in this thesis is called the Constraint Satisfaction Problem (CSP).
Here we will first give a very informal description of a CSP to give an idea of what an instance
of the problem might look like and why we are interested in solving CSPs. A more formal
definition of constraint satisfaction problem is given in chapter 2 (see definition 4).

An instance of the constraint satisfaction problem can be thought of as a set of variables
V, a set of values D, called the domain, and a set of constraints C, where each variable v P V
must be assigned a value d P D such that each constraint c P C containing v is satisfied.

We look at a simple example of a CSP. Let us say there is a teacher who will teach three
classes. The teacher cannot be in more than one class at a time so we need to make sure that
the teacher is not double booked. We can then let V = tv1, v2, v3u where v1, v2 and v3 are
the three classes and let D = td1, d2, d3, d4u where d1, d2, d3 and d4 are the available times the
classes can be taught. Then we can create constraints C = ttv1 ‰ v2u, tv2 ‰ v3u, tv1 ‰ v3uu,
to ensure that no variable can be assigned the same value as another. Let us say that we also
know that v1 has to be taught before v3 because they are contained in the same course. We can
then create another constraint tv1 ă v3u and add it to C as well. When we solve this problem
we will get values from D for each variable in V and each constraint will be satisfied thus the
teacher will be able to teach his classes in the right order without any double booking.

Constraint satisfaction problems are very powerful in the sense that they can describe a
huge amount of computational problems ranging from investigating general properties of
protein folding in the field of computational biology [2], language generation from hyper-
graphs in the field of artificial intelligence [13] to solving sudoku puzzles [12]. There are
many fields that could benefit from finding fast algorithms for solving CSPs.

PPSZ for infinite domain problems

One famous constraint satisfaction problem is the k-SAT problem where the domain is D =
t0, 1u (usually referred to as FALSE and TRUE), and each constraint in C can only contain
disjunctions of relations on the form  v and v, where  is the logical not sign. Here  v is the
same as writing v = 0 and v is the same as v = 1 so, for instance, a constraint c = t v1 _ v2u,
where _ is the logical or sign, is satisfied if at at least one of v1 = 0 and v2 = 1 is true. The
set C is a set of such constraints, i.e. C = tc1, ..., cmu where m = |C|. Each constraint c P C can
contain at most k literals, hence the name k-SAT (k-satisfiability).

The PPSZ algorithm is currently the fastest known algorithm for solving k-SAT when
k ě 4 [16] and it was recently extended for use in problems with a domain size larger than two
[7], i.e. problems where each variable can be assigned values other than just 0 and 1. Hertli
et al. [7] provide a proof, and the time complexity, for the extended PPSZ algorithm and
the algorithm is now the fastest known algorithm for solving the clause satisfaction problem,
which is a type of constraint satisfaction problem, as well. Because of how fast the PPSZ
algorithm is, analyzing how fast it can solve infinite domain problems is an interesting idea
since it might solve these type of problems very fast as well.

In the analysis of the running time for the algorithm, Hertli et al. assume a domain size
that is fixed for the problem. This does not work for infinite domain problems which, in
general, cannot be solved using the PPSZ algorithm. However, numerous infinite domain
problems have what we call non-fixed domain size where we find a finite subset of the do-
main which we can prove is enough to look at to find a solution. These problems can be
solved using PPSZ so we are interested in analysing the algorithm to see if it will solve this
kind of problem fast as well.

The difference between assuming fixed size and not can have a large impact on the time
complexity. For instance, let the time complexity for some problem be O( f (d)n), where d
is the domain size, n is the number of variables and f is a quickly growing function. Then,
if the problem has a fixed domain size, it can be solved in time O(n) since f (d) is now just
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1.2. Research questions

a constant to ignore. For non-fixed domain size, this is not possible and therefore the time
complexity will be different than for the fixed case. It is easy to see that when f (d) is large
it has a huge impact on the time complexity. Therefore we will go through their analysis
thoroughly to see if any such simplifications has been done. If not, we have an algorithm that
we can use to solve non-fixed domain size problems, otherwise we can analyze it and find
out what running time the algorithm has for non-fixed domain size problems.

The non-fixed domain size problems we will look at are problems that have a domain
size that is infinite but where we can find a finite subset of the domain with the following
properites. If there exists a solution to the problem instance, there exists a solution using only
values from this subset and the size of this subset is polynomial in the size of the problem
instance. The subset could be of size n, the amount of variables in a problem instance, or n10

or even larger, but it must be a finite subset. Note that the subset will depend on the problem
instance rather than the problem definition (which would make it fixed domain size). We will
call these problems non-fixed domain problems.

Non-fixed Domain Problems

Given that we can use PPSZ to solve non-fixed domain problems we want to analyze how
fast it solves some problems that have a non-fixed domain size to see if it will improve the
current run time for these problems.

We will look at problems over bounded disjunction languages, which we will explain
in more detail when we look at the definition of constraint satisfaction problem (see defini-
tion 4) but an informal description would be that we have a finite set of relations B over some
domainD (i.e. a finite language) and we let the set B_ω denote the set of relations by disjunc-
tions, without repeating disjunctions, over B. That is B_ω contain all possible combinations
(by disjunctions) of relations over B. We then let B_k, k ě 1, define the subset of B_ω where
each relation has length at most k and we have our bounded disjunction languages. CSPs
over bounded disjunction languages can be used to describe a lot of different problems and
thus we want to analyze how fast our extended algorithm solves these types of problems. We
will call these problems bounded disjunction problems.

We also look at a specific bounded disjunction problem, namely the branching time tem-
poral reasoning problem where variables can be thought of as points in time and constraints
describe their relation to each other by using four relations, namely before, during, after and
unrelated to describe how they affect each other. This problem will be described in detail in
section 4.3.

Another problem we look at is Allen’s Interval Algebra problem which is the problem
where all relations are taken from Allen’s Interval Algebra [1]. Allen’s algebra can be used to
compare time intervals by using 13 relations. These relations are before, during, starts, finishes,
meets, overlaps and equal which are used to compare a interval to another interval. Each of these
relations are invertible except for ”equal”, thus we have 13 relations in total. The relations
will be explained in detail in section 4.4. We can use these relations to describe constraints
such as ”Before dinner I cook food otherwise Before dinner I order food”. Thus we can have
variables dinner, cook food and order food to create a constraint that says that I either have to
order food or cook it before I can eat. This problem is a well known problem over an infinite
domain (Q) so it is a good problem to look at.

1.2 Research questions

1. Is it possible to extend the PPSZ Algorithm to non-fixed domain constraint satisfaction
problems?

2. Will using our extended algorithm improve the time complexity of solving constraint
satisfaction problems over bounded disjunction languages?
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1.3. Expected Running time

3. Will using our extended algorithm improve the time complexity of solving the con-
straint satisfaction problem over Allen’s interval algebra?

1.3 Expected Running time

Historically, running time of algorithms has been measured in the size of the problem in-
stance, which is what we will do as well. First we need to define what kind of problems we
will look at.

We are interested in solving CSP(Γ) where Γ is a constraint language over an infinite do-
main. What this means is that Γ is a set of relations over an infinite domain. For instance let
Γ = t=,‰u be some constraint language over N and let CSP(Γ) be the CSP over the language.
Then each constraint in instances of CSP(Γ) contain only relations on the form = or ‰. The
variables in the instance can be assigned values from the domain N since Γ is over N but
they can take any value from it as long as it satisfies the constraints. This means that there
can exist infinitely many solutions since we have infinitely many values to choose from.

Such a problem can, in the worst case, clearly not be solved by enumerating all possible
assignments which is an obvious upper bound for finite-domain CSPs. In fact, in general
infinite-domain CSPs are undecidable [3]. Therefore we need to be a bit more specific than
just infinite-domain CSPs. We will focus on problems where we can find a finite subset of
the domain such that if, and only if, there exists a solution to an instance of the problem, a
solution can be found using only this subset of the domain. The problems we look at will
be in NP and thus, assuming P ‰ NP, we can say that polynomial running time is out of the
question. Because of this, we use the O˚(¨) notation where O˚( f (n)) = f (n) ¨ 2o(n). This
basically means that any subexponential parts of the run time is ignored so we can choose
f (n) to only describe the exponential parts of the run time. This is done to make it easier for
us to compare the run time of different exponential run time algorithms.

As stated above, in general infinite-domain problems cannot be solved by enumerating
all possible assignments. However, for the non-fixed domain problems we only look at a
finite subset D of the domain so we have an obvious upper bound on the running time by
enumerating all possible assignments over D. Let I be a problem instance with a variable set
V. Let D be a finite subset of the domain which is generated for the instance. Let D have the
following property: if a solution exists for I, then a solution exists using only elements from
D. Then we can solve I in time O˚(|D||V|).

1.4 Previous Results

For infinite-domain CSPs that are NP-hard, not a lot of research has been done in finding
upper bounds for the time complexity. However, an initial study on upper bounds has been
done by Jonsson and Lagerkvist [9]. They introduce a concept they call domain enumeration
and present a time complexity for solving non-fixed domain size problems. In particular, they
present a result for solving bounded disjunction problems [9, Theorem 13]. We will use this
to see how fast they solve the branching time temporal reasoning problem to have something
to compare our results to. Stockman presents an algorithm for solving problems over Allen’s
interval algebra in time O˚((0.7506n)2n) [20, Corollary 13]. We will refer to this algorithm as
”Stockman A”.

1.5 Our Results

In chapter 3 we introduce the PPSZ algorithm for domain size larger than two and ana-
lyze it for non-fixed domain problems. We show that we can use the algorithm to solve
non-fixed domain problems,§ and in chapter 4 we present some non-fixed domain size
problems and show how we can transform their instances to instances solvable by the
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1.5. Our Results

PPSZ algorithm and analyze what running time we get for those problems. For prob-
lems over bounded disjunction languages we show that we can solve any such problem
in time O˚(u(|V|) + a|V| ¨ 2n(log2(d)´c)) (see Theorem 4). We compare this to Jonsson and
Lagerkvist’s Theorem 13 [9] for some different arities k ď 500 and see that our algorithm
solves it faster than Theorem 13 for all values of k we looked at (shown in table 4.1). We
then apply this theorem to the branching time temporal problem, which we solve in time
O˚(2nτ(n + 1) + 2nτ(n + 1) ¨ 2n(log2(d)´c)), to show how easily it can be applied to such a
problem. We also solve Allen’s Interval Algebra in time O˚((0.859n)2n) which we compare
to Stockman A which solves it in time O˚((0.7506n)2n) so here we did not get a better result.
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2 Preliminaries

In this chapter we start by going through three notations, namely big O, little O and big
O˚, that we use to classify the time complexity of problems. Then we formally define the
constraint satisfaction problem, the clause satisfaction problem and the bounded disjunction
problems. Then we present a theorem by Jonsson and Lagerkvist for solving bounded dis-
junction problems and we show an error in their analysis of the theorem, which we also
correct. This is done so that we can later compare our algorithm to their theorem. We finish
this chapter by introducing PPZ and PPSZ to better understand the extended PPSZ which we
look at in the next chapter.

2.1 Time Complexity measurement

Usually when we compare the running time of algorithms we look at the growth rate of the
running time based on the input size, ignoring any constants in the algorithms run time. For
instance if an algorithm takes n variables as input and then go through them all 3 times, it
would run in time 3n, but when comparing running time we would say that it is as fast as
an algorithm that go through them all 1 time and run in time n. This is because we are not
interested in the small impact the constant has on the overall run time when we let n grow
towards infinity. A commmon way to express this is by using the big O notation, O(¨). If
an algorithm has a running time O(n) we say that it grows linearly based on the input size.
In our example above with running time 3n we would write it as O(n) since we ignored the
constant 3. Thus both n and 3n can we written as O(n), which means that we classify them
both as linear run time.

Using this we can easily compare and classify algorithms according to how fast their run
times grow as the input size grows. We will look at three such notations, O(¨), o(¨) and
O˚(¨). O˚(¨) is the most useful for us because it ignores polynomial parts of the run time.
This makes it easier for us to compare different algorithms that have exponential run time
since the polynomial parts are so small compared to the exponential part that we want to
ignore them when comparing.

Definition 1. (Big O Notation for growth rate) Let f and g be two functions f : R Ñ R and
g : R Ñ R, i.e. functions with a real number argument that maps to another real number. Then we
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2.2. Constraint Satisfaction Problem

say that f (x) P O(g(x)) if and only if there exists a constant k ě 0 and a real number x0 such that
| f (x)| ď k ¨ |g(x)| for all x ě x0

This means that f cannot grow faster than g when x goes towards infinity, so if we say that
an algorithm has a run time O(g(x)) we know that the algorithm at its worst runs as slow as
g when x grows. It is not necessarily as slow as g, for instance let f (x) = x and g(x) = x2,
then f (x) P O(g(x)), whilst if f (x) = x3 then f (x) R O(g(x)).

Definition 2. (Little o Notation for growth rate) Let f and g be two functions f : R Ñ R and
g : R Ñ R. Then we say that f (x) P o(g(x)) if and only if for every constant ε ě 0 there exists a
real number x0 such that | f (x)| ď ε ¨ |g(x)| for all x ě x0.

The difference between the big O notation and the little o notation is that little o is stricter
than big O. For big O we only need it to be true for some constant k ě 0 whilst for little o we
need it to be true for every constant ε no matter how small.

Definition 3. (Big O*) Let f be a function defined as f : R Ñ R. Then O˚( f (x)) = f (x) ¨ 2o(x).

This is the notation that we will mostly use in this thesis since the algorithms we look at
run in exponential time and thus the subexponential parts are not of interest.

2.2 Constraint Satisfaction Problem

Here, we give the formal definition of CSP when parameterized by a set of relations.

Definition 4. (Constraint Satisfaction Problem). Let Γ be a set of finitary relations over some set
D of values. The constraint satisfaction problem over Γ, CSP(Γ) is defined as follows:
Instance: A set V of variables and a set C of constraints of the form R(v1, ..., vk), where k is the arity
of R, v1, ..., vk P V and R P Γ.
Question: Is there a function f : V Ñ D such that ( f (v1), ..., f (vk)) P R for every R(v1, ..., vk) P C?

A set Γ is referred to as a constraint langauge, which is a set of relations over some set of
values D which we call the domain. Note that neither Γ nor D needs to be finite, for instance
D could be the set of all natural numbers N. An instance of CSP(Γ) is denoted I and it contains
a variable set V and a constraint set C, both of which are finite. The constraint set consists
of relations from Γ and variables from V and are used to restrict which assignments to the
variables are satisfying for the instance. We denote the number of bits required to represent I
as ||I||.

k-Satisfiability

To easier understand CSPs let us look at a special type of constraint satisfaction problem,
namely k-satisfiability (k-SAT). We begin by looking at the definition of the constraint lan-
guage as defined by Jonsson et al. [10]. Let t0, 1uk define the set of k-tuples over t0, 1u. A
k-ary relation is a subset of t0, 1uk. The set of all finitary relations over t0, 1u is denoted BR. A
constraint language over t0, 1u is a finite set S Ă BR.

In k-SAT, we write constraints as disjunctions of literals, where each literal has a variable
and a sign. For instance, let us look at the constraint (x _ y). We have literals x and  y
where x is unnegated and y is negated. For the constraint to be satisfied at least one literal
has to be true. In order for x to be true, x has to be assigned 1 and in order for  y to be true,
y has to be assigned 0.

To define the constraint language for k-SAT we first need to define the sign pattern of a
constraint. Let the sign pattern of a constraint c = R(v1, ..., vk) be the tuple (s1, ..., sk) where
si = + if vi is unnegated, and si = ´ if vi is negated. For each sign pattern we associate a
relation that captures the satisfying assignments of the constraint.
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2.2. Constraint Satisfaction Problem

For the constraint above, (x_ y), we have sign pattern (+,´). Thus, for this sign pattern
we have the relation Rt+,´u

SAT = t0, 1u2\t(0, 1)u, i.e. all 2-tuples from BR except (0, 1). We let
Γk

SAT denote the language where each possible sign pattern of length k is represented by k-ary
relation from BR as the one above. Then k-SAT denotes CSP(Γk

SAT).
Let us look at an example of a k-SAT instance where k = 2.

Example 1. Let I = 〈V, C〉 be an instance of CSP(Γ2
SAT) with V = tx1, x2, x3u and C = t(x1 _

x2), ( x1 _ x2), (x2 _ x3), ( x2 _ x3), (x1 _ x3)u.

To solve this we can start by assigning x1 = 1. We see that the first constraint and the
last constraint is then satisfied. We then assign x2 = 0 since the second constraint says that
either x1 or x2 has to be 0. Then we have satisfied all constraints but the third. Thus we assign
x3 = 1 and all constraints are satisfied. Thus x1 = 1, x2 = 0, x3 = 1 is a satisfying assignment.
In k-SAT we have constraints that say that either a variable has to be 1 or 0 but there exists a
generalized version of this for larger domains than 2. This is known as the clause satisfaction
problem and will be described below.

Clause Satisfaction Problem

The extended PPSZ [7] algorithm solves instances of the clause satisfaction problems which can
be thought of as a generalization of k-SAT. The clause satisfaction problem (ClSP) is a CSP
where each constraint is on the form

Ci = t(xi1 ‰ d1), (xi2 ‰ d2), ..., (xik ‰ dk)u

of variable-domain pairs (xij ‰ dj) where xij P V and dj P D. These variable-domain pairs
are called literals. Just as in k-SAT, these clauses are sometimes written on the form Ci =
t(xi1 ‰ d1)_ (xi2 ‰ d2)_ ..._ (xik ‰ dk)u i.e. as a disjunction over literals and the constraint
set can also be written as a conjunction over these disjunctions. It is easy to see that k-SAt and
(2, k)´ClSP are equivalent. If we look at the literals of k-SAT and rewrite  x as x ‰ 1 and
literal x as x ‰ 0 it is clear that they are equal. Instances of ClSP are commonly referred to as
ClSP formulas. We say that a formula F is a (d, k)´ClSP formula if the variables in V can take
on d = |D| values, and every clause has at most k literals.

Bounded Disjunction Languages

Let us look at some definitions from Jonsson and Lagerkvist [9] regarding constraint lan-
guages based on disjunction. Let D be a set of values and let B = tB1, ..., Bmu denote a finite
set of relations overD, i.e. Bi Ď D j for some j ě 1. Let B_ω denote the set of relations defined
by logical disjunctions over B, which means that B_ω contains every p-ary relation R such
that R(x1, ..., xp) if and only if B1(x1)_ ..._ Bt(xt), where x1, ..., xt are sequences of variables
from tx1, ..., xpu such that the length of xj equals the arity of Bj, and B1, ..., Bt P B. We refer to
B1(x1), ..., Bt(xt) as the disjuncts of R. We assume, without loss of generality, that no disjunct
occurs more than once in a disjunction. We define B_k, k ě 1, as the subset of B_ω where
each relation is defined by a disjunction of lenght at most k. For example, let B = t=,‰u,
then B_2 could contain relations with tx ‰ y _ x = yu but not tx ‰ y _ x = y _ x ‰ zu
since it contains 3 disjunctions. We call these types of relations bounded disjunction relations
and say that any language that only contains such relations is called a bounded disjunction
langauge.

Jonsson and Lagerkvist presents a theorem [9, Theorem 13] for solving CSP(B_k) when
k is a fixed constant. We will use this theorem as a comparision when we solve problems
over bounded disjunction languages. The idea behind it is to construct a large number of
k-SAT instances which has the following property: if the original instance is solvable, then at
least one of the k-SAT instances constructed are satisfiable and if the original instance is not
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2.3. Solving Constraint Satisfaction Problems

solvable, then none of the k-SAT instances are satisfiable. In the following theorem we let ckp
be an arbitrary real number ckp ă 1 such that there exists a deterministic algorithm that solves
(k ¨ p)-SAT, i.e. satisfiability problem where each constraint can contain up to k ¨ p literals, in
O(2ckp¨|V|) time. Unfortunately they made a mistake in their analysis but we correct this and
present both their original version and the corrected down below:

Theorem 1. (Theorem 13 [9]) Let B be a set of basic relations with maximum arity p over some
infinite domain D and let m = |B|. Assume that the following holds for every n ą 0.

1. there exist finite sets Sn
1 , ..., Sn

an P D, for some an ą 0, such that for every solvable instance
I = (V, C) of CSP(B), there exists a solution f : V Ñ Sn

i for some 1 ď i ď an and

2. the set tSn
i |1 ď i ď anu can be generated in u(n) time.

Let bi = maxt|Si
1|, ..., |Si

ai
|u. Then CSP(B_k) is solvable inO(u(|V|)+ a|V| ¨2

|V|(log b|V|´1+log(ckp)) ¨

poly(||I||)) time.
The corrected version of Theorem 13 solves it in O(u(|V|) + a|V| ¨ 2|V|(log b|V|´1+ckp) ¨

poly(||I||)) time.

That is, they have made a mistake by writing log(ckp) when it should be ckp which we
will prove here below:

Proof. If we look at the proof of Theorem 13 [9] we see that in their last step they have:

u(|V|) + (b|V|/2)|V| ¨ 2ckp¨|V| = u(|V|) + 2|V| log(b|V|/2)
¨ 2|V| log ckp

= u(|V|) + 2|V|(log b|V|´1+log ckp)

They accidentally write log ckp in the second step when it clearly should be ckp which makes
a big difference in the running time. This makes the actual running time O(u(|V|) + a|V| ¨

2|V|(log B|V|´1+ckp)).

After the proof of Theorem 13 they compare it to another theorem in their article called
Theorem 9 to show that Theorem 13 has an exponential speed-up. In Theorem 9 they have
a term: 2|V| log b|V| which they compare to 2|V|(log b|V|´1) in Theorem 13, ignoring the log(ckp).
They show that even if the time complexity difference seem minial it is still an exponential
speed-up since 2|V| log b|V| = 2|V| ¨ 2|V|(log b|V|´1). They can ignore log ckp since it would give
an even bigger difference in time complexity (since log ckp is negative) but they have already
shown that the difference is exponential. However with ckp instead of log ckp we cannot
ignore the term since we now have log b|V| ´ 1 + ckp where 0 ă ckp ă 1. Since ckp ă 1 this is
still an exponential speed-up from Theorem 9 but as ckp Ñ 1 the difference goes toward 0.

2.3 Solving Constraint Satisfaction Problems

Here we look at three common ways to approach CSPs, which are backtracking, arc consis-
tency and resolution.

Backtracking

In backtracking we use a valuable property of CSPs in order to find a solution more efficiently,
namely that we do not care about in which order variables are assigned a value. This is
because eventually all variables will need to be assigned a value to find a solution. This
means that if we, when assigning values to variables, falsify a constraint, we know that all
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2.3. Solving Constraint Satisfaction Problems

possible extensions of the current partial assignment can be rejected immediately, i.e. a local
falsified assignment will never give a global assignments that solves the problem.

Backtracking is a common technique used to solve infinite-domain CSPs but, as shown
by Jonsson and Lagerkvist [9], using backtracking can be very inefficient in the worst case.
The reason this for this is because if an assignment early on ensures that another, unassigned
variable, cannot have any assignment at all and this is not noticed until much later, the back-
tracking did not do much to help. Let us look at an example of when backtracking is not very
helpful.

Example 2. Let I = 〈V, C〉 be an instance of CSP(Γ) for some language Γ over D = t1, 2, 3u. Let
V = tv1, v2, v3u and C = ttv1 ă v2u, tv2 ă v3uu.

Let us say we start by assign 2 to v1. This can obviously not give us a solution since v2
must then be 3 which means that v3 cannot be assigned anything. However, we will not
notice this until both v2 and v3 have recieved an assignment. Imagine if V contained a couple
of thousand variables instead and C also contained a couple of thousand constraints that has
nothing to do with v1, v2 and v3. Then after v1 is assigned a 2 we do not look at v2 and v3
again until all other variables are assigned values. It is pretty obvious that in this scenario
backtracking did not help us that much.

Because of this, there exists several techniques for looking ahead at variables which are
still unassigned. These are called Constraint Propagations and this concept is one of the the
most central concepts in the field of CSPs [18, p. 4]. One type of constraint propagation is
called Arc Consistency.

Arc Consistency

Arc Consistency is a fundamental concept for CSPs [4]. It tries to limit the amount of possible
values variables can be assigned. We will describe the process informally below:
If a variable vi is to be assigned a value x, we look at binary constraints that contains vi, vj and
see that there exist at least one value y such that if vi = x then vj = y satisfies the constraint.
If there exist no such value y, then it is not arc consistent and x can be removed from vi’s
possible values. If a variable vi has at least one possible assignment with at least one possible
assignment for vj then the variables are said to be arc-consistent with one another. If this is
true for all combination of variables, the CSP instance is said to be arc consistant. Let us look
at an example.

Example 3. Let I = 〈V, C〉 be an instance of CSP(Γ) for some language Γ over D = t1, 2, 3u. Let
V = tv1, v2u and C = t(v1 ă v2)u.

If we apply arc consistency to this instance we see that if v1 takes any value at all, v2
cannot have the value 1 since it is the lowest value possible. Also if we apply any value at
all to v2, v1 cannot have the value 3 since that is the highest possible value. Therefore we
can remove 1 from the possible assignments for v2 and do the same with 3 for v1, and we get
D(v1) = t1, 2u and D(v2) = t2, 3u, where by D(v) we mean the domain values that v can be
assigned. Now that we have removed some possibilities for both v1 and v2 we have a smaller
search space, which mean it will take less time to go through the possibilities.

One famous algorithm that uses arc consistency is AC-3 [14], which stands for Arc Consis-
tency Algorithm #3. It was introduced by Alan K. Mackwroth[14] and it uses local node, arc
and path inconsistencies to make problems easier to solve. The AC algorithms before AC-3
were considered too inefficient and many of the later ones are difficult to implement so AC-3
is the one often taught.
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Resolution

Resolution is a preprocessing step used to ease the amount of work a search algorithm has to
do to find a satisfying assignment. It works by looking at conflicting clauses. Two clauses c1
and c2 conflict on a variable v if, for instance in the boolean case, c1 contains v and c2 contains
 v. c1 and c2 is called a resolvable pair if they have exactly one such variable v that they
conflict on. Resolution looks at such pairs and creates new clauses c = c11 _ c12 where c11 and
c12 are c1 respectively c2 with v respectively  v deleted. It is easy to see that any assignment
satisfying c1 and c2 is obviously satisfying c and if c is not satisfiable, then either c1 or c2 is not
satisfiable either. So if F is a satisfiable problem with constraint set C then F1 with constraint
set C1 = C^ c has the same satisfying assignment as F. If we do this for all resolvable pairs
we could in the worst case get a huge amount of new clauses so usually something known as
bounded resolution is used. A resolvable pair c1, c2 is called s-bounded when |c1|, |c2|, |c| ď s
where s is some integer we call a bound. If we apply resolution on all s-bounded pairs we
add at most ns more clauses.

It is easy to see that adding information, in this case clauses, does not make the problem
harder to solve but rather it can make it easier since we might be more likely to assign correct
values to variables. This depends on what way we solve the problem instance but in some
cases, as in PPSZ below, using resolution makes the problem easier to solve.

2.4 PPZ and PPSZ

The extended PPSZ, that we will use for our algorithm later, is an extension of the original
PPSZ which in turn is an improvement on PPZ. So here we want to explain how PPZ and
PPSZ works so that we can more easily analyze the extended PPSZ in the next chapter.

PPZ

PPZ was introduced in by Paturi et al. [17] as a randomized algorithm for solving k-SAT and
it is called PPZ after the authors’ last names (Paturi, Pudlák and Zane). PPZ solves k-SAT by
assuming that the instance has some solution which is isolated or nearly isolated. To explain
isolated solutions we can think of the variables as a string of ones and zeros and look at
their Hamming distance, which is the minimum amount of substitutions we need to make to
transform one string to the other. An isolated solution is one that have a Hamming distance
larger than 1 to all other solutions, meaning that the solution must differ in more than one
variable from all other solutions. For example 0001 and 0011 have a Hamming distance of
1 while 0000 and 1010 have a Hamming distance of 2. They show that if such a solution
exist, the encoding of it has a very short length and thus the search space needed to find
such a solution would be relatively small. If no such solution exists there must exist many
solutions (since none were isolated), so the chance of finding one when randomly guessing
an assignment is high. This gave them the time complexity O(n2|F|2n´n/k) where n is the
number of variables, F is a k-SAT instance and k is the arity of the problem (the k in k-SAT).
We can rewrite this time complexity as O(2(1´1/k)n+o(n)) = O˚(2(1´1/k)n) since n2 and |F|
are both polynomial.

PPSZ

PPSZ is an improvement of PPZ and it is known to be the fastest (randomized) algorithm for
solving the k-SAT problem [16] when k ě 4 and just as PPZ is named after its authors, so is
PPSZ (Paturi, Pudlák, Saks and Zane). It improves upon PPZ by doing a preprocessing stage
by using resolution (see section 2.3) before using ideas similar to PPZ to find the solution.

PPSZ solves the k-SAT problem for k ě 5 in time O(2(1´
µk

k´1 )n+o(n)) = O˚(2(1´
µk

k´1 )n) where
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Algorithm 1 PPZ(Problem Instance P of k-SAT)
1: repeat
2: while there exists an unassigned variable do
3: select an unassigned variable y at random
4: if there is a clause of length one involving y or  y then
5: set y to make that clause true
6: else set y to true or false at random
7: end if
8: end while
9: if the formula is satisfied then

10: output the assignment
11: end if
12: until n22n´n/k runs

µk =
8
ř

j=1

1
j(j+ 1

k´1 )
. For an algorithm solving k-SAT, we let ck ă 1 be a real number such that

the algorithm runs in O˚(2ckn) time. For k = 3 and k = 4 Paturi et al. provide a value for ck
of PPSZ [16, Table 1]. For k larger than that we calculate it using µk above. In Table 2.1 we
look at some values of µk to see how fast PPSZ solves k-SAT. We also include ck for PPZ to
compare with.

k µk ck for PPSZ ck for PPZ
3 - 0.521 0.666...
4 - 0.562 0.750
5 1.399 0.650 0.800
6 1.436 0.711 0.833...
7 1.475 0.755 0.8571...
8 1.493 0.787 0.875
9 1.510 0.811 0.888...
10 1.523 0.830 0.900
11 1.530 0.847 0.9090...
12 1.539 0.860 0.9166...
13 1.552 0.871 0.9230...
14 1.553 0.880 0.9285...
15 1.559 0.888 0.9333...

Table 2.1: ck for PPSZ and PPZ

PPSZ has three subroutines, Resolve, Modify and Search, which we will define here. In
the Resolve subroutine we write R(C1, C2) to define the clause created by C1 _ C2 with the
conflicting variable removed (see 2.3). In order to understand the Modify subroutine we
need to define what a unit clause is and what we mean by P1 = Prα. By unit clause we mean
a clause that contains exactly one literal, for example t v1u is a unit clause. When we write
P1 = Prα, where P1 and P are problem instances and α is a partial assignment, we mean that
P1 is the problem instance obtained from P where each clause c in P has been changed in the
following way: If c is set to 1 by assignment α, we delete c, otherwise replace c by c1 where
c1 is obtained by deleting any literals in c that are set to 0 by α. If we look at subroutines
Search and Modify we can see the similarities to PPZ. In Modify we look for clauses of length
one involving a certain variable and in Search we randomly permute the variable order. The
algorithm either returns a satisfying solution or ’Unsatisfiable’ if no such solution was found.
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Algorithm 2 Resolve(Problem Instance P, integer s)
Ps = P
while Ps has an s-bounded resolvable pair C1, C2 with R(C1, C2) R Ps do

Ps = Ps ^ R(C1, C2)
end while
return Ps

Algorithm 3 Modify(Problem Instance P, permutation pi of t1, 2, ..., nu, assignment y)
P0 = P
for i = 1 to n do

if Pi´1 contains unit clause xπ(i) then
uπ(i) = 1

else if Pi´1 contains unit clause x̄π(i) then
uπ(i) = 0

else
uπ(i) = yπ(i)

end if
Pi = Pi´1rxπ(i)=uπ(i)

end for
return u

Algorithm 4 Search(Problem Instance P, integer M)
loop M times

π = uniformly random permutation of 1, ..., n
y = uniformly random vector P t0, 1un

u = Modify(P, π, y)
if u satisfies P then

return u
end if

end loop
return ’Unsatisfiable’

Algorithm 5 PPSZ(Problem Instance P, integer s, integer M)
Ps = Resolve(P, s)
u = Search(Ps, M)
return u

15



3 PPSZ for the Clause Satisfaction
Problem

In this chapter we will first look at the extended PPSZ algorithm to get an understanding
of how it works. We will then go through the proof presented by Hertli et al. [7] and see
if anything needs to be changed for it to work for non-fixed domain problems. During this
chapter we will refer to Hertli et al.’s article [7] simply as "the article". The definitions and
lemmas used here are mostly taken directly from the article while the rest, including most
explanations, was done during this thesis work.

3.1 Extended PPSZ Algorithm

Here we will explain how the algorithm works so that we have a basic understanding of it.
To understand the algorithm we first need a few definitions from the article. We introduce
L-implication and eligible values.

Definition 5. (L-implication [7, Definition 2.1]). Let F be a satisfiable ClSP formula over V, α0 a
partial assignment, and L P N. We say that (F, α0) L-implies the literal (x ‰ di) and write (F, α0)
(L (x ‰ c) if there is a subset G of F with |G| ď L such that G^ α0 implies (x ‰ di).

This means that given the partial assignment α0, we can look at a subset G of F that has
less than or equal to L variables, and rule out the value di P D for the variable x. In other
words we can, for a partial assignment, rule out values for variables.

Whether or not (F, α0) (L (x ‰ di) holds or not can be checked in O(|F|L ¨ poly(n)) time
and thus if L is a function growing sufficiently slowly in n, this is subexponential time.

Now we need to define the set of unassigned variables for an assignment, namely Uα0 so
that we can then define the set of eligible values for variables in F.

Definition 6. Let F be a satisfiable ClSP formula over V and α0 a partial assignment. Then Uα0 is
the set of unassigned variables in V with regards to α0.

Definition 7. (Eligible values [7, Definition 2.2]). Let F be a satisfiable ClSP formula over V, α0
a partial assignment, x P Uα0 and L P N. Then

A(x, α0) := tdi P D|(F, α0) *L (x ‰ di)u

That is, A(x, α0) is the set of values from D for x currently not ruled out by L-implication.
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Now we can start looking at the algorithm. We begin with a short explanation of the
idea behind it. The extended PPSZ algorithm starts out with an empty assignment α0. It
then attempts to add variables to it by assigning values to them, hoping that this will result
in a satisfying assignment for all variables. Firstly it chooses a permutation π uniformly at
random (u.a.r) of V, just as in PPSZ, and iterates through the variables in the order of π.
When it is looking at a variable x P V, it first computes A(x, α0) based on L (see definition
7). If A(x, α0) is empty then F ^ α0 is unsatisfiable and failure occurs. Otherwise we set
α0 = α0 ^ (x = di) for some di P A(x, α0) chosen u.a.r. and then it continues with the next
variable in π. If we compare this to PPSZ we see that PPSZ sets x to 1 or 0 if there is a unit
clause for x, otherwise it chooses a value u.a.r. of 0 and 1. In the extended PPSZ, if we only
have one choice inA(x, α0) we set x to that value, otherwise we choose a value u.a.r. from the
possible values in A(x, α0) which is similar to what PPSZ does. We show the pseudo-code
for an iterative version of the algorithm below. In the subroutine Search we have a variable
M that needs to be explained. Since the algorithm is randomized we need to repeat Search a
sufficient number of times so that the error probability for the algorithm is o(1). This is where
M comes in. Given a high enough M, Search runs a sufficient number of times to have an
error probability of o(1).

Algorithm 6 Modify(ClSP formula F, permutation π)
Let α0 be the empty assignment
for i = 1 to n do

x = π(i)
di =u.a.r A(x, α0) (return failure if A(x, α0) = H)
α0 = α0 ^ (x = di)

end for
return α0

Algorithm 7 Search(ClSP formula F)
loop M times

π = uniformly random permutation of 1, ..., n.
α = Modify(F, π)
if α satisfies F then

return α
end if

end loop
return ’Unsatisfiable’

Algorithm 8 PPSZ(ClSP formula F)
u = Search(F)
return u

Now let us look at the run time of the algorithm. In subroutine Modify, we have a loop
that runs n times and some polynomial assignments and calculations using L for A(x, α0)
which, as stated above, is polynomial as long as L is a sufficiently slowly growing function.
Thus Modify runs in polynomial time. In search, we have a loop of size M and a call to
polynomial function Modify. This means that search runs in O(M ¨ poly(||I||)) time which,
when M is nonpolynomial, is O˚(M). Thus our run time for the algorithm is dominated by
M. As presented in the article, the algorithm has a run time O˚( |D|

n

2cn ) where c will be defined
later.
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Now let us look at the probability that we find a satisfying assignment. We start with
a snapshot of the algorithm. Let α be a satisfying assignment to F, α0 a partial assignment
compatible with α and x P Uα0 . Then α is returned, for a fixed π, only if the algorithm picks
the ”correct” (according to α) value for every x P Uα0 . The probability of this happening for
some x is 1

|A(x,α0,α,π)|
, where the definition of A(x, α0, α, π) is given below

Definition 8. (Ultimately Eligible Values [7, Definition 2.3]). Let π be a permutation of the
variables, α a satisfying assignment, α0 a partial assignment compatible with α and let x be some
variable in Uα0 . Let y be the first variable of Uα0 according to π.

– If y = x set A(x, α0, α, π) := A(x, α0).

– Otherwise, set A(x, α0, α, π) := A(x, α0 ^ (y = α(y)), α, π)

To understand and analyze |A(x, α0, α, π)| we need to explain what critical clauses are
and then we can analyze the probability of x being assigned a satisfying value, which is what
we will do in the next section.

3.2 Critical Clause Trees

Let F be a satisfiable ClSP formula with a satisfiable assignment α and let x be a variable in F.
Then we say that a clause C is critical for (x, F, α) if C is a clause in F, x is in that clause and,
under the assignment α, the only literal that is true in C is the one corresponding to x. This
means that if C is some critical clause for x under assignment α and α(x) = 1, then changing
α(x) to something other than 1 will ensure that the clause is unsatisfied. We say that x is frozen
under α. Now, let π denote a random permutation such that x is the last variable. Then by
the time we want to assign a value to x, all other variables in C have already been assigned
and falsified, thus we can look at C and choose α(x) to satisfy it.

Let us assume that there exist a critical clause C for x P V. Then we want to analyze the
likelihood that the variable being forced to be assigned the value it needs to satisfy C. To
analyze this, we create critical clause trees for a variable x P V is to find out which values c
that can be eliminated for x for a partial assignment α0. Here, we present how to construct
critical clause trees in the same way it is done in the article. During this construction and
analysis we will assume that there is only one solution to F, a problem which we call Unique-
ClSP. Later we will show how this related to what we call the general ClSP where there can
be more than one possible solution to F.

First we need the definition for frozen variables but for that we need something called
”full implication” ((). Note that this is not L-implication ((L).

Definition 9. (Full Implication) Let F, G be formulas over a variable set V. Then F ( G, if every
total assignment α that satisfies F also satisfies G

Definition 10. (Frozen Variables [7, Definition 2.4]). Let α0 be a partial assignment. A variable
x P Uα0 is frozen (in F with respect to α0) if there is a value c P D such that F^ α0 ( (x = c).

Now for some preliminaries needed to create the tree. We fix a partial assignment α0, a
satisfying assignment α of F that is compatible with α0 and x a variable. We let D = t1, ..., du
and, without loss of generality, we assume that α = (d, ..., d). We assume that F^ α0 ( (x =
d).

To construct a tree, consider a value c P t1, ..., d´ 1u. The critical clause tree Tc has two
types of nodes: clause nodes on even levels (including the root node, which is on level 0) and
variable nodes on odd levels. A clause node u has a clause label clause-label(u) P F and an
assignment label βu; it will always hold that βu is compatible with α0 and violates clause-
label(u); a clause node has at most k ´ 1 children. A variable node v has a variable label
var-label(v) P Uα0 and exactly d´ 1 children. Furthermore, each edge (v, w) from a variable
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node v to a clause node w has an edge color edge-color(e) P t1, ..., d´ 1u. The authors present
an algorithm for creating a tree:

Algorithm 9 CriticalClauseTree( ClSP F, partial assignment α0, satisfying assignment α, vari-
able x, domain value c)

Create a root vertex and set βroot := α[x = c].
while there is a leaf u without a clause label:

- Choose a clause C P C unsatisfied by βu.
- Set clause-label(u) := C.
- for all literals (y ‰ d) P C:

¨ Create a new child v of u. Set var-label(v) = y.
¨ for all i P [d´ 1]:

‚ Create a new child w of v and set βw := βu[y = i],
‚ edge-color(v, w) := i.

Critical Clause tree example

Consider a CSP with V = tx1, x2, x3, x4u, D = t1, 2, 3u, α = (3333), α0 = H, variable x1,
domain value c = 1 and C = t
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3)^ (x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 3)^
(x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 1)^ (x1 ‰ 1_ x3 ‰ 2_ x4 ‰ 3)^
(x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 1)^ (x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 2)^
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 3)^ (x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 1)^
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 2)^ (x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 1)^
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 2)^ (x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 3)u

First, we create a clause node u with an unsatisfying assignment βu = (1333) and find
a clause voilated by βu, we choose (x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3). Thus, we create two new
variable nodes, one for each xi ‰ 3, since α = (3333). Then we add (d ´ 1) clause node
children to both x2 and x3, representing each value that x2 and x3 could be assigned, and
create new βu’s for each clause node. Find a clause voilated by βu for any clause node not yet
assigned one and continue on until the whole tree is completed. Below we show the first four
steps in detail, then the complete tree.
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(1333)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3)

x2 x3

Step 1: Find clause violated by βu and create
variable nodes for each xi ‰ 3 in that clause

(1333)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3)

x2

(1133) (1233)

x3

(1313) (1323)

Step 2: Add (d´ 1) clause node children
for each xi created in the last step.

(1333)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3)

x2

(1133)
(x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 3)

x3

(1233)

x3

(1313) (1323)

Step 3: Choose, for instance, (1133)
and add a clause violated by it.
Then create variable nodes
for each xi ‰ 3

(1333)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3)

x2

(1133)
(x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 3)

x3

(1113) (1123)

(1233)

x3

(1313) (1323)
Step 4: Add (d´ 1) clause node children
for the x3 created in the last step
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Trees

(1333)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 3)

x2

(1133)
(x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 3)

x3

(1113)
(x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 1)

(1123)
(x1 ‰ 1_ x3 ‰ 2_ x4 ‰ 3)

x4

(1121)
(x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 1)

(1122)
(x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 2)

(1233)
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 3)

x3

(1213)
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 1)

(1223)
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 2)

x3

(1313)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 1)

x2

(1113)
(x1 ‰ 1_ x2 ‰ 1_ x3 ‰ 1)

(1213)
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 1)

(1323)
(x1 ‰ 1_ x2 ‰ 3_ x3 ‰ 2)

x2

(1123)
(x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 3)

x4

(1121)
(x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 1)

(1122)
(x1 ‰ 1_ x2 ‰ 1_ x4 ‰ 2)

(1223)
(x1 ‰ 1_ x2 ‰ 2_ x3 ‰ 2)

Complete Critical Clause tree T1 for x1 and value c = 1
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Local Reasoning

The critical clause trees can be utilized to eliminate values for variables by local reasoning.
To do this we first look at a definition and a lemma presented in the article. As before, let
F denote a ClSP instance, α0 be a partial assignment and x be an unassigned variable with
regards to α0.

Definition 11. (Reachable Nodes [7, Definition 3.2]) Let Tc be a critical clause tree and π be a
premutation. A variable node v is dead if its variable label comes before x in π. It is alive if it is not
dead. All clause nodes are alive, too. A node u is reachable if there is a path of alive nodes from the root
to u. Reachable(Tc, π) is the set of all reachable vertices. Let G(Tc, π) be the set of clause labels of the
nodes in Reachable(Tc, π).

Lemma 1. (Critical clause trees model local reasoning [7, Lemma 3.3]). Let π be a permutation
of the variables and c P t1, ..., d´ 1u. Let β be the restriction of α to the variables coming before x in
π. Then G(Tc, π)^ α0 ^ β ( (x ‰ c).

The proof for this is presented in the article and is unnecessary for us here, so we will not
go through it.

Corollary 1. ([7, Corollary 3.4]) If |Reachable(Tc, π)| ď L, then c R A(x, α0, α, π). In other words,
PPSZ can eliminate domain value c for x by local reasoning.

This means that with the critical clause trees and a permutation π, we can eliminate values
for variables very easily. To analyze the probability that we can eliminate values for variables,
we create a random experiment that represent the creation of the critical clause trees.

Random Experiment

The critical clause trees are built by having different nodes on odd-level and even-levels so
this is how the random experiment creates trees as well. However, it is much easier to analyze
trees that look the same on each level, so called regular trees, so in the appendix they intro-
duce a different, but equivalent, random experiment. We will show that these experiments
are equivalent and representing the worst case for the critical clause trees. We know, from
the article, that the worst case for the algorithm is when we have infinite trees that share no
variable labels with each other and each clause has k variables so this is what we will assume
in the experiments. Since we show that the experiments are equivalent we can then do our
analysis on the appendix experiment which is much easier than the article experiment.

Let us start with the experiment from the article. Here we have (infinite) trees T, where
every even-level vertex has k ´ 1 children and every odd-level vertex has d ´ 1 children.
We then remove every odd-level vertex of the tree with probability p P [0, 1] uniformly at
random. We do this for d´ 1 trees independently and let Yi = 1 if there is still an infinite path
for the i-th tree after deletion. Let Y = Y1 + ... + Yd´1 be the number of trees that still have
an infinite path after deletion so 0 ď Y ď d´ 1. These d´ 1 trees represent the d´ 1 values
that we create critical clause trees for. The worst case is when each clause has k variables,
which lead to k ´ 1 children for the node and, as stated in the explanation of critical clause
trees, each of these children has d´ 1 new children representing possible values they can be
assigned. Thus we now have d´ 1 trees, each of which is infinite and vertices on even-levels
have k´ 1 children and on odd-levels vertices have d´ 1 children before removal. Let Yi = 1
if This gives us the random variable 0 ď Y ď d´ 1.

Now let us look at the experiment from the appendix. We create an infinite tree T that is
an m-regular rooted tree, where m = (d´ 1)(k ´ 1). For each vertex v choose π(v) P [0, 1]
uniformly at random. We create k´ 1 copies of T and give them a common root, so our tree
now has a root with k´ 1 children, where each child have (d´ 1)(k´ 1) children and there
are no leaves. If every infinite path from the root contains a vertex v with π(v) ă π(root) we
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3.2. Critical Clause Trees

say that extinction occurs. Otherwise we say that survival occurs. SR is the probability that
survival occurs and ER is the probability that extinction occurs. SR is defined as 1´ ER. Do
this for d´ 1 independent copies of the tree and let Yi = 1 if survival occured for the i-th tree.
and 0 otherwise. Let Y = Y1 + ... + Yd´1 be the number of trees for which survival occured
and we get 0 ď Y ď d´ 1. Thus we have d´ 1 trees, each of which is infinite and has vertices
with (d´ 1)(k´ 1) children each.

It is easy to see that the two experiments are equivalent. In the first one we only remove
vertices on the odd levels (at first odd level we have k ´ 1 vertices to check for removal),
which means that every surviving vertex has d ´ 1 children which in turn each have k ´ 1
children, giving us a total of (d´ 1)(k´ 1) children per surviving vertex. This means that we
first have (k´ 1) chances of survival and in each level below we have (d´ 1)(k´ 1) chances
of survival per surviving vertex. We do this for d´ 1 trees and let our Yi = 1 if the tree has an
infinite path and 0 otherwise.

In the second experiment, we remove vertices on every level but there the tree is m-regular
(except for the first level which has k´ 1 children, just as in the first experiment) where m =
(d´ 1)(k´ 1), which means that every surviving vertex in the second experiment has a total
of (d´ 1)(k´ 1) children. This means that we first have (k´ 1) chances of survival and then
for each surviving vertex we now have (d´ 1)(k´ 1) chances of survival, which is the same
as the first experiment. We do this for d´ 1 trees and, just as in the first experiment, we have
Yi = 1 if that tree survives. Thus both experiments have 0 ď Y ď d´ 1.

Now let us compare the probability that each Y survives. In the first experiment we re-
move each vertex with probability p P [0, 1] uniformly at random. In the second experiment
we assign values to each vertex v, including the root, by π(v) P [0, 1] uniformly at random
and compare it to the value of the root π(root) = r. If it is less than r we then remove the
vertex and all its children. This is the same as saying we remove it with probability r. Since
p, r P [0, 1] uniformly at random, the experiments are equivalent.

Now let us simplify even more by looking at X instead of Y. Xi = 1 if there is at least one
child of the root that survives so this is much easier to analyze than Yi that needs an infinite
path to survive. We first define Xi and then show that Y ď X. Later in the chapter we will
show that the difference of X and Y is very small so we can use X as a replacement for Y.

Definition 12. For a tree Tc, let Xc = 1 if for at least one child v of the root π(root) ď π(v).
Otherwise Xi = 0.

Now we need to show that Y ď X.

Lemma 2. For a tree Tc, if Yc = 1 then Xc = 1. So for every Yc it holds that Yc ď Xc ùñ Y ď X.

Proof. If Yc = 1, there must exist an infinite path from the root where π(root) ď π(v) for
all v in that path. This means that at least one of the children of the root, v, needs to satisfy
π(root) ď π(v), which by Xc’s definition means that Xc = 1. Therefore, Yc = 1 ùñ Xc = 1,
which clearly leads to Y ď X since Y = Y1 + ... + Yd´1 and X = X1 + ... + Xd´1.

By the Sandwich Lemma presented later (see Lemma 11), it will be shown that the differ-
ence between Y and X is very small so the analysis can be done on X instead of Y because the
distribution of X is easier to understand than the distribution of Y.

Now let Sr denote the probability of survival in a tree when π(root) = r and let us define
the expected value for the variables below.

Definition 13. We denote π(root) as R and condition E [Yc] on R = r for a specific r P [0, 1] s.t. all
Yc are independent binary random variables with expectation Sr each.

Note that E [Xc] is also dependent on r with expectation ě Sr since Yc ď Xc. This leads to
the following lemma

Lemma 3. Let R = r for a specific r P [0, 1], then we have E [Xc|R = r] = 1´ rk´1.
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Proof. Let R = r, then probability of survival for each child v is Pr[π(v) ě r] = 1´ r, since
π(v), r P [0, 1] uniformly at random. Since there are k´ 1 children of the root, the probability
of no survivors Pr[Xc = 0|R = r] = rk´1r. The probability of survival is Pr[Xc = 1|R = r] =
1´ rk´1. Since Xc only needs one child of the root to survive for it to be 1, this leads to the
following expected value of Xc. E [Xc|R = r] = 1 ¨ (1´ rk´1) + 0 ¨ rk´1 = 1´ rk´1.

General ClSP

As stated earlier, we assumed that there was only one solution to a ClSP instance F, a so called
Unique-ClSP instance. Now we want to generalize this to ClSP instances where multiple
satisfying assignments exists. Let α0 denote the partial assignment as before. Then if x is
frozen with regards to α0 we have the same case as in the Unique-ClSP which we explained
above. If x is not frozen we have at least a 2/|D| chance of guessing a value for x that satisfies
F. Using an important property, namely that adding information to α0 can only decrease the
number of eligible values for x, we still have good use of our L-implication.

In the article they show that by letting L be a slowly growing function in n and let Sd,k
denote E [logd(1 + Y)] we get

E
π
[logd |A(x, α0, α, x)|] ď Sd,k

and go on to show that PPSZ runs in O˚(dGd,kn) time where Gd,k =max(Sd,k, 1´ 1
2 ln(d) ) for

the ”general” ClSP case. They also show that for k ě 4 we have Gd,k = Sd,k. If we compare
this to the Unique-ClSP case from the article we see that it has a run time O˚(dSd,kn) so it is
the same for all k ě 4. Now we are done with the explanation of the algorithm and we can
start looking at the proof.

3.3 Time Complexity for Non-Fixed Domain CSPs

Now that we have a basic understanding of the algorithm, we can look at the time complexity
for it to see if it holds for non-fixed domain problems. We start by defining the savings of the
algorithm.

Definition 14. (Savings [7, Definition E.1]) Let d be the domain size and let k be the arity of some
problem, then we define the savings for some algorithm for (d, k)´ClSP as c if its running time is
O˚(dn/2cn) = O˚(2n(log2d´c)).

This is the running time that is presented for the algorithm so we will focus mainly on is
finding out this value c. Since our domain will change based on the problem instance, we
are mostly interested in what the savings look like for asymptotically large values of d which
leads us to the following theorem, which is redefined in appendix E of the article:

Theorem 2. (Savings for large d [7, Theorem 1.4]) For large d, the savings of PPSZ for (d, k)-ClSP
converge to log2(e)E2,k, where E2,k = ´

ş1
0 ln(1´ rk´1)dr.

To prove the savings they first show that for large values of d, the savings of PPSZ con-
verge to those of PPZ. Then they analyze the time complexity of PPZ and show that the
theorem is true.

Let us begin with an outline of the proof. First we show that for r ě 1´ 1/m where m =
(d´ 1)(k´ 1), the survival probability is 0. This allows us to ignore r greater than this when
we look at the probability of survival. Then we show that we can use

ş1
0 ln(1+E [X|R = r])dr

instead of E [ln(1 + X)] when d is large which is useful for comparing the expected value of
X and Y. Then we compare X and Y to see that the difference is minial for large values of d
so that we can focus on the savings of PPZ instead of PPSZ. Then we calculate the savings c
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and since we go through the proof without ever fixating and removing d we can see that it
works for infinite domain problems as well.

To find the probability of survival or extinction in a tree they use the Galton-Watson
Lemma. This is also used to show that for large r the survival probability is 0. We start
of by presenting the lemma:

Lemma 4. (Galton-Watson Lemma [7, Proposition D.2]). Let m = (d´ 1)(k´ 1). Then let Tm
be an infinite rooted m-regular tree and let r P [0, 1]. We denote the event that extinction occurs for
the tree Tm with E(Tm) then Pr[E(Tm)|R = r] is the smallest root of the equation x = (r + x´ rx)m.
We call this probability Er(Tm).

The idea behind this can be explained as follows:
For extinction to occur, for each child vi of the root either:

1. π(vi) ă π(root), or

2. extinction occurs for each m subtrees rooted at vi.

The probability for (1) to occur is r and the probability for (2) to occur is the same as the
probability for extinction in the original tree, we denote it as p. Thus we get

p = (r + (1´ r)p)m = (r + p´ rp)m (3.1)

In the experiment (see section 3.2) we have a common root for k´ 1 copies of Tm, we call
this tree Td,k and get that the extinction probability Er(Td,k) is the smallest root of the equation
Pr[E(Td,k)|R = r] = (r + Er(Tm)´ r ¨ Er(Tm))k´1. This means that Yi = 0 with probability
Er(Td,k) and Yi = 1 with probability 1´ Er(Td,k).

Now, for a large enough value on the probability r, the survival probability drops to 0,
thus giving us an improved upper bound on r. Here, we show that upper bound and also
that if r is less than that value, the survival must be larger than 0.

Lemma 5. Let m = (d´ 1)(k´ 1) and let r ě 1´ 1/m, then and only then Er(Td,k) = 1 and thus
Sr(Td,k) = 0.

Proof. We denote Er(Td,k) as p and let f (p) = (r + (1 ´ r)p)m (from equation 3.1). Since
f (0) = rm, f (1) = 1 and f is convex, f (p) = p has at least one and at most two solutions in
[0, 1]. p = 1 is the unique root of f (p) = p if and only if f 1(1) ď 1.

f 1(p) = m(1´ r)(r + p´ rp)m´1

f 1(1) = m(1´ r)(r´ r + 1)m´1 = m(1´ r)

m(1´ r) ď 1 ðñ r ě 1´ 1/m

With this, we can gain an lower bound on the survival probability.

Lemma 6. ([7, Lemma D.5]) Sr(Td,k) ě 1´ ( rm
m´1 )

k´1

Proof. Note that for r ě 1´ 1/m we can easily see that the right hand side is at most 0 and
we know that Sr(Td,k) = 0 (see Lemma 5) so we can focus on r ď 1´ 1/m.
Let p = r

(1´r)(m´1) which gives us rm
m´1 = r + p ´ rp and p P [0, 1] for 0 ď r ď 1´ 1/m.

Using the Galton-Watson Lemma we see that Er(Td,k) = (r + Er(Tm) ´ r ¨ Er(Tm))k. Since
Sr(Td,k) = 1´ Er(Td,k) the lemma can be proven by showing that (r + Er(Tm)´ r ¨ Er(Tm))k ď

(r + p´ rp)k. It is enough to show that Er(Tm) ď p = r
(1´r)(m´1) . If we look at the Galton-

Watson Lemma we can rewrite the equation x = (r + x´ rx)m to

x´ (r + x´ rx)m = 0
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and we know that for x = 0 the equation is negative. Then we know that for all x P [0, Er(Tm)[
the equation must be negative as well, since Er(Tm) is the smallest root (i.e. where the two
functions first meet). Thus we only need to show that p ´ (r + p ´ rp)m ě 0 to prove the
lemma.

p´ (r + (1´ r)p)m =
r

(1´ r)(m´ 1)
´

(
r + (1´ r)

r
(1´ r)(m´ 1)

)m

=
r

(1´ r)(m´ 1)
´

(
rm

m´ 1

)m
ě 0 ðñ(

rm
m´ 1

)m
ď

r
(1´ r)(m´ 1)

ðñ

rm´1(1´ r) ď
1
m

(
m´ 1

m

)m´1

Differentiation of the function f(r) = rm´1(1 ´ r) shows that when r P [0, m´1
m ], the max

value for the function is when r = m´1
m ùñ f(r) = 1

m

(
m´1

m

)m´1
. Thus we have proven the

lemma.

To show that we can use
ş1

0 ln(1 + E [X|R = r])dr instead of E [ln(1 + X)] for large d, we
will need to use Jensen’s Inequality and Chebyshev’s Inequality. We also need an upper
bound on the variance of X which we will define here.

Definition 15. (Jensen’s Inequality). Jensen’s inequality states that for any concave function f ,
E [ f (x)] ď f (E [X]).

Definition 16. (Chebyshev’s Inequality). Let X be a stochastic variable with expectation E [X] and
Variance Var(X) and k a positive real number, then the probability that X is ’far’ from its expected
value can be described by the following equation:
Pr(|X´E [X] | ě k) ď Var(X)

k2

Lemma 7. Let r ď 1´ 1
4?d´1

. Then Var(X|R = r) ď (d´ 1)

Proof. The variance can be described with the following equation

Var(X|R = r) = E
[
(X1 + ... + Xd´1)

2|R = r
]
´ (E [X|R = r])2, (3.2)

where we have

E
[
(X1 + ... + Xd´1)

2|R = r
]
= (d´ 1)(1´ rk´1) + (d´ 1)(d´ 2)(1´ rk´1)2 (3.3)

(E [X|R = r])2 = (d´ 1)2(1´ rk´1)2. (3.4)

Combining equations 3.3 and 3.4 in 3.2 we get

Var(X|R = r) = (d´ 1)(1´ rk´1)´ (d´ 1)(1´ rk´1)2.

Since r ď 1´ 1
4?d´1

and d´ 1 is positive then Var(X|R = r) ď d´ 1.

Lemma 8. Let ε ě 0 be small. Then ln
(

1´ ε
E[X|R=r]

1+E[X|R=r]

)
ě ´2ε
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Since ln is a concave function and E[X|R=r]
1+E[X|R=r] ă 1 we have ln

(
1´ ε

E[X|R=r]
1+E[X|R=r]

)
ě ln(1´

ε). Using this, we can compare ln(1´ ε) to ´2ε graphically.

0 0.2 0.4 0.6 0.8

´2

´1.5

´1

´0.5

0
´2ε

ln(1´ ε)

It is graphically clear that for at least 0 ď ε ď 0.7, the lemma holds. We only need it for
very small values of ε so this is sufficient.

Lemma 9. ([7, Lemma E.4]) The difference between E [ln(1 + X)] =
ş1

0 E [ln(1 + X)|R = r] dr
and

ş1
0 ln(1 + E [X|R = r])dr converges to 0 for large d.

Proof. First we look at E [ln(1 + X)] =
ş1

0 E [ln(1 + X)|R = r]dr. Since r is obviously be-
tween 0 and 1, and each Xi is an independent binary random variable with an expectation
based on r (see Definition 13), we can easily see that E [ln(1 + X)] =

ş1
0 E [ln(1 + X)|R = r]dr

and we use Jensen’s Inequality (see Definition 15) to see that E [ln(1 + X)|R = r] ď ln(1 +
E [X|R = r]) since ln is a concave function. Thus we have

ż 1

0
E [ln(1 + X)|R = r]dr´

ż 1

0
ln(1 + E [X|R = r])dr ď 0 (3.5)

This means that we can focus on bounding it from below.
We want to find a lower bound for E [ln(1 + X)|R = r] so we look at two events. Let A be
the event that X is at least as large as (1´ ε)E [X|R = r], i.e. X ě (1´ ε)E [X|R = r] for some
ε ě 0. Let B be the complementing event, where X ă (1´ ε)E [X|R = r]. If A occurs then
X ě (1´ ε)E [X|R = r] ùñ ln(1 + X) ě ln(1 + (1´ ε)E [X|R = r]). If B occurs then X is
still at least 0 so X ě 0 ùñ ln(1 + X) ě ln(1 + 0) = 0. We get

E [ln(1 + X)|R = r] ě ln(1 + (1´ ε)E [X|R = r]) ¨ Pr[A] + 0 ¨ Pr[B] (3.6)
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If B occurs then X is far away from its expectaction so that |X´E [X|R = r] | ě εE [X|R = r].
We can get an upper bound for this using Chebyshev’s Inequality (see Definition 16) and get

Pr[A] = 1´ Pr[B] ď Pr
[
|X´E [X|R = r] | ě εE [X|R = r]

]
ď

Var(X|R = r)
ε2E2 (applying Chebyshev’s)

ď
d´ 1

ε2(d´ 1)2(1´ rk´1)2 (Var(X|r) ď d´ 1,

see Lemma 7)

ď
1

ε2(d´ 1)(1´ r)2 (since k ě 2 and 0 ă r ă 1)

ď
1

ε2
?

d´ 1
(Fixate r to satisfy

1´ r ě
1

4
?

d´ 1
)

It is worth noting that using Chebyshev’s Inequality like this also takes into account the val-
ues that are much larger than the expected value of X, not just the ones that are much smaller.
But since we only look at an upper bound of Pr[B], it is still correct, even though it is pos-
sible that a better bound could be found. However, we will later show that the difference
converges to 0 so there is no need to find a better bound. Since this is a maximum for Pr[B],
it gives us a minimum for Pr[A] when r ď 1 ´ 1

4?d´1
. For r ě 1 ´ 1

4?d´1
we can observe

that E [ln(1 + X)|R = r] ě 0 and ln(1 + E [X|R = r]) ď ln(d) since the maximum value for
E [X|R = r] = d´ 1.
For the other part of equation 3.6, we notice that for sufficiently small ε we have

ln(1 + (1´ ε)E [X|R = r]) = ln
(
(1 + E [X|R = r]) ¨ (1´

εE [X|R = r]
1 + E [X|R = r]

)

)
= ln(1 + E [X|R = r]) + ln

(
1´

εE [X|R = r]
1 + E [X|R = r]

)
ě ln(1 + E [X|R = r])´ 2ε (see Lemma 8)

Put together, when r ď 1´ 1
4?d´1

, we get

E [ln(1 + X)|R = r] ě (ln(1 + E [X|R = r])´ 2ε) ¨ (1´
1

ε2
?

d´ 1
)

= ln(1 + E [X|R = r]) +
2

ε
?

d´ 1
´ 2ε´

ln(1 + E [X|R = r])
ε2
?

d´ 1

ě ln(1 + E [X|R = r])´ 2ε´
ln(d)

ε2
?

d´ 1

For r ě 1´ 1
4?d´1

, we have

0´
ż 1

1´ 1
4?d´1

ln(d)dr = ´(ln(d)´ ln(d)(1´
1

4
?

d´ 1
)) =

ln(d)
4
?

d´ 1

Which gives us in total
ż 1

0
E [ln(1 + X)|R = r]dr´

ż 1

0
ln(1 + E [X|R = r])dr ě ´2ε´

ln(d)
ε2
?

d´ 1
´

ln(d)
4
?

d´ 1
(3.7)

With a small enough choice of ε and a large enough d, we see that the right-hand side con-
verges to 0 and thus we have proven the lemma.

28



3.3. Time Complexity for Non-Fixed Domain CSPs

Now we need to show that the difference between using Y and using X is sufficiently
small so that the savings of PPSZ converge to those of PPZ. First we find a lower bound for
E [ln(1 + Y)] when r ď 1 ´ 1/m, then we use a lemma we call Sandwich Lemma to find
an upper bound on the difference between E [ln(1 + Y)] and E [ln(1 + X)] and then we will
show that by letting d grow, the difference converges to 0.

Lemma 10. ([7, Lemma D.6]) Let r ď 1 ´ 1/m. Then E [ln(1 + Y)|R = r] ě

E
[
ln(1 + X)|R = mr

m´1

]
.

Proof. For each 1 ď i ď d´ 1:
E [Yi|R = r] = Sr(Td,k) ě 1 ´ ( mr

m´1 )
k´1 (see Lemma 6). We know from Lemma 3 that

E [Xi|R = r] = 1´ rk´1 which gives us E
[

Xi|R = mr
m´1

]
= 1´ ( mr

m´1 )
k´1. Combining the

two equations we get

E [Yi|R = r] ě E

[
Xi|R =

mr
m´ 1

]
ðñ E [ln(1 + Yi)|R = r] = E

[
ln(1 + Xi)|R =

mr
m´ 1

]
(3.8)

Since this holds for each pair (Yi, Xi) it holds for (Y, X) as well thus we have proven the
lemma.

Lemma 11. (Sandwich Lemma [7, Lemma D.7]) E [ln(1 + X)]´ ln(d)
(d´1)(k´1) ď E [ln(1 + Y)] ď

E [ln(1 + X)].

Proof. The latter inequality is easy to see that it is correct since Y ď X for each point in the
probability space. Now if we focus on the first inequality we can start with E [ln(1 + Y)].
Again, we let m = (d´ 1)(k´ 1).

E [ln(1 + Y)] =
ż 1

0
E [ln(1 + Y)|R = r]dr (each Yi are independent,

binary random variables)

=

ż 1´1/m

0
E [ln(1 + Y)|R = r]dr (if r ě 1´ 1/m then Sr = 0,

see Lemma 5)

ě

ż 1´1/m

0
E

[
ln(1 + X)|R =

rm
m´ 1

]
dr (for the inequality, see Lemma 10)

=
m´ 1

m

ż 1

0
E [ln(1 + X)|R = r]dr (using substitution r =

rm
m´ 1

)

ě

ż 1

0
E [ln(1 + X)|R = r]dr´

ln(d)
m

(the integrand is at most ln(d),

see Lemma 9)

= E [ln(1 + X)]´
ln(d)

m

Now we have enough to show that the savings of PPSZ converge to those of PPZ.

Lemma 12. ([7, Lemma E.3]) For large d, the savings of PPSZ converge to those of PPZ.

Proof. The savings of PPZ are given by ln(d)´E[ln(1+X)]
ln(2) and the savings of PPSZ are given

by ln(d)´E[ln(1+Y)]
ln(2) . By using the Sandwich Lemma (Lemma 11) we get |E [ln(1 + Y)] ´

E [ln(1 + X)] | ď ln(d)
(d´1)(k´1) . Thus, for a large enough d the difference converges to 0.

29



3.3. Time Complexity for Non-Fixed Domain CSPs

Now that we have proven that the savings converge, we can focus on the savings of PPZ
instead of PPSZ. What we have left to do is to calculate E [ln(1 + X)]´ ln(d) for large d:

E [ln(1 + X)]´ ln(d) =
ż 1

0
ln(1 + E [X|R = r])dr´ ln(d) = ... =

ż 1

0
ln(1´

d´ 1
d

rk´1)dr

(3.9)
Since d is large we can set d´1

d = 1 ´ 1
d « 1 and we get

ş1
0 ln(1 ´ rk´1)dr. Now we have

removed our last dependence on d and thus shown that for large d, the algorithm does not
depend on the domain size and it works for infinite domain as well. We will however con-
tinue to see what time complexity we get when we have an infinite domain. We use Taylor
expansion for ln(1´ x) = ´

ř8
q=1

xq

q to get:

´

ż 1

0
ln(1´ rk´1)dr =

ż 1

0

8
ÿ

q=1

r(k´1)q

q
dr =

8
ÿ

q=1

ż 1

0

r(k´1)q

q
dr =

8
ÿ

q=1

1
q((k´ 1)q + 1)

(3.10)

We look at a single term and see that:

1
q((k´ 1)q + 1)

=
1
q
´

k´ 1
(k´ 1)q + 1

=
1
q
´

1
q + 1/(k´ 1)

=

ż 1

0

(
tq´1 ´ tq+1/(k´1)´1

)
dt

Now we put this in to the sum and get

´

ż 1

0
ln(1´ rk´1)dr =

8
ÿ

q=1

ż 1

0

(
tq´1 ´ tq+1/(k´1)´1

)
dt

=
8
ÿ

q=0

ż 1

0
tq
(

1´ t1/(k´1)
)

dt (changed sum to start from to q=0)

=

ż 1

0

(
1´ t1/(k´1)

) 8
ÿ

q=0

tqdt

=

ż 1

0

1´ t1/(k´1)

1´ t
dt

because
8
ÿ

q=0

tq =
1

1´ t



Lemma 13. E2,k = 1´ S2,k =
ş1

0
1´t1/(k´1)

1´t dt

Proof. E2,k is the extinction probability in the k ´ 1-ary tree for d = 2. S2,k is the survival
probability, thus S2,k = E [log2(1 + Y1)|R = r] = Pr[Y1 = 1]. The reason why it is Y1 is
because there exists only 1 tree for d = 2 (recall that we create d´ 1 trees). Conditioned on
that R = r, the probability that extinction occurs is Pr[Y1 = 0|R = r] is the smallest root Q of
the equation

Q = (r + (1´ r)Q)k´1

Which we denote as Q(r) which would give the extinction probability E2,k by
ş1

0 Q(r)dr. Un-
fortunately, we do not have a closed formula for Q(r) but instead solve the equation for
r = r(Q)

r(Q) =
Q1/(k´1) ´Q

1´Q
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3.3. Time Complexity for Non-Fixed Domain CSPs

Note that Q(0) = 0, Q(1) = 1 and that Q is non-decreasing on the interval r P [0, 1]. Thus

1´ S2,k = E2,k =

ż 1

0
Q(r)dr

= 1´
ż 1

0
r(Q)dQ

=

ż 1

0

1´Q
1´Q

dQ´
ż 1

0

Q1/(k´1) ´Q
1´Q

dQ

=

ż 1

0

1´Q1/(k´1)

1´Q
dQ

=

ż 1

0

1´ t1/(k´1)

1´ t
dt.

Now, put together, we get the savings c:

c =
ln(d)´E [ln(1 + X)|R = r]

ln(2)
=

ş1
0

1´t1/(k´1)

1´t dt
ln(2)

=
E2,k

ln(2)
= log2(e)E2,k. (3.11)

Let us look at a quick reminder of Theorem 2:
For large d, the savings of PPSZ for (d, k)-ClSP converge to log2(e)E2,k, where E2,k = ´

ş1
0 ln(1´

rk´1)dr.
This, as can be seen above, is correct and thus we have proven the theorem.
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4 Non-Fixed Domain Size
Constraint Satisfaction Problems

In this chapter, we first go through how to transform problem instances of a non-fixed domain
problem to clause satisfaction problem instances if they uphold certain conditions. Then
we create an algorithm that first transform an instance and then use PPSZ for more than
two values to solve the instance. Then we present some problems that we solve using the
algorithm and look at how fast it solves them compared to other algorithms. We will look
at solving bounded disjunction problems in general and then we look at the branching time
temporal problem to show how to apply our results to a specific problem. We compare our
results to Jonsson and Lagerkvist’s Theorem 13 [9]. We also look at a problem over Allen’s
interval algebra and compare our time complexity to Stockman’s Algorithm A (Stockman A)
[20].

4.1 Solving Non-Fixed Domain Problems with the Extended PPSZ

To solve non-fixed domain problems, we first transform them to clause satisfaction prob-
lems (ClSPs) which can then be solved using PPSZ. Here we present an algorithm that can
transform any problem that uphold certain conditions presented in the theorem below (see
Theorem 3).

Transformation

First we show how we can transform problems by presenting a theorem for the transforma-
tion and then we present an algorithm for transforming a problem which we will later use
when we solve some problems.

Theorem 3. Let Γ be a set of relations over some infinite domain D and let I = 〈V, C〉 be an instance
of CSP(Γ). Let γ denote the set of relations used in C and let k denote the highest arity of those
relations. Then assume the following holds for each I:

1. there exists a finite set D Ă D, generated for I in u(||I||) time, such that if I has a solution,
there exists a solution f : V Ñ D,

2. it can be verified in t(||I||) time whether a concrete assignment α satisfies a relation R P Γ and

3. The times t(||I||) and u(||I||) are polynomial.
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4.1. Solving Non-Fixed Domain Problems with the Extended PPSZ

Let d = |D|, then any instance I of CSP(Γ) can be transformed to a (d, k)´ClSP instance in
O(u(||I||) + |γ| ¨ |D|k ¨ t(||I||) + |C|) time, which is polynomial.

§

Proof. Since D is finite by the condition above we can transform I to a ClSP instance by enu-
merating all possible assignments using values from D. We do this by going through all the
relations R P γ and create a new relation ri whenever an assignment does not satisfy R. If
we do this for all possible assignments and combine all ri by conjunctions into a new rela-
tion R1 = tr1 ^ r2 ^ ...^ rmu we get a relation which is equal to R. We then go through all
constraints (Ci = Rj(v1, ..., vp)) P C and create a new constraint C1i = R1j(v1, ..., vp). We then
create a new constraint set C1 = tC11, ..., C1

|C|u from these constraints. The constraints C1i P C1

all contain a subset S Ď V, where |S| ď k, and R1 created by the algorithm. This gives us a
problem instance with arity k, domain D where |D| = d, constraints C1 and variables V which
is a (d, k)´ClSP instance.

To transform the problem we first generate the set D in u(||I||) time. Then we need to look
at each relation in γ for |D|k assignments and for each assignment we check if it satisfies the
relation or not. This takes γ ¨ |D|k ¨ t(||I||) time. Then we need to replace the constraint set
C with the set C1 which means that we need to look at each constraint in C. This gives us a
running time O(|γ| ¨ |D|k ¨ check(α, R) + |C|).

We know that |C| and k are finite and |D| is polynomial in the size of the instance and we
know that any assignment can be checked in polynomial time and that D can be generated
in polynomial time by the condition in the theorem. Since γ only contain relations used in C
and C is finite we have γ finite as well.

Thus, for any instance of a constraint satisfaction problem over an infinite domain, if
we can create the function check and find the finite subset D we can transform it to a ClSP
instance.

Next, we present the pseudo-code for the algorithm that transforms problems:

Algorithm 10 Transform-Problem(set γ subset of Constraint Language Γ, instance I = 〈V, C〉
of CSP(Γ), Finite domain subset D)

for all Ri P γ do
Let R1i be an empty set.
for all assignments α = tα(1), ..., α(k)u (|D|k possible assignments) do

if α does not satisfy Ri then
Create relation r = tx1 ‰ α(1)_ ..._ xk ‰ α(k)u
add r to R1i

end if
end for

end for
for all (Ci = Rj(v1, ..., vk)) P C do

C1i = R1j(v1, ..., vk)

end for
C1 = tC11, ..., C1

|C|u

return I1 = 〈V, C1〉

One might think that instead of checking the concrete assignments against the relations,
why not apply them to the constraints directly and look for assignments that satisfy each
constraint. If the algorithm runs in polynomial time, would this not give us a solution in
polynomial time instead of going through PPSZ which is exponential? Well the thing is in
this case the algorithm would not run in polynomial time. The reason for this is that the
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4.2. Bounded Disjunctions

relations do not care which variables they are applied to, they just describe a relation between
up to k possible variables. This leads to exactly |D|k possible assignments for all relations. The
constraints instead use specific variables which could be any k variables from V. Combined,
the constraints could use all variables in V which would mean that we need to look at |D||V|

possible assignments, which is equal to the upper bound we presented in the introduction.
Now that we know how to transform problem instances to ClSP instances let us create the

algorithm.

Algorithm A

Algorithm 11 Algorithm A( instance I = 〈V, C〉 of CSP(Γ), Finite domain subset D)
γ = Find-Relations(C)
ClSP formula F = Transform-Problem(γ, I, D)
Assignment α = PPSZ(F)
return α

The algorithm first finds all relations used by constraints, this takes linear time in the size of
the constraint set since we only need to go through all constraints once. Then we transform
the problem to an instance of ClSP which we then let PPSZ (see Algorithm 8) solve and then
we return the assignment. We assume that PPSZ sends back ’Unsatisfiable’ if no solution was
found. Now that we have an algorithm, we look at some problems to solve.

4.2 Bounded Disjunctions

If we look at Jonsson and Lagerkvist’s Theorem 13 (see Theorem 1) it solves any constraint
problem CSP(B_k) where k is a fixed constant as long as the problem upholds the two condi-
tions stated in Theorem 13. We can solve the same problems using our algorithm and com-
pare it to Theorem 13 to see if ours solves it faster. We write it in the same way as Theorem
13 so we can easily compare them. As stated earlier n = |V|.

Theorem 4. Let B be a set of basic relations with maximum arity p. Assume the following hold for
every n ą 0.

1. there exist finite sets Sn
1 , ..., Sn

an Ă D, for some an ą 0, such that for every solvable instance
I = (V, C) of CSP(B), there exists a solution f : V Ñ Sn

i for some 1 ď i ď an and

2. the set tSn
i |1 ď i ď anu can be generated in u(n) time.

Let bi = maxt|Si
1|, ..., |Si

ai
|u. Then any instance I of CSP(B_k) is solvable in timeO˚(u(|V|) + a|V| ¨

2|V|(log2(d)´c)) where c is the savings of PPSZ.

Proof. We know that there exists a solution in at least one of the sets Sn
i according to condition

1. We begin with creating these sets which takes u(|V|) time according to condition 2. Then
for each set we run Algorithm A. We know that the maximum value for d = b|V| since b|V| is

the maximum size of the sets S|V|1 and their sizes determines the domain size we use. Thus
every time we run the algorithm we use a d ď b|V| so for simplicity we assume that each
d = b|V|. To do the transformation in addition to having a finite domain set we also need to be
able to check a concrete assignment for each relation R in polynomial time. With our relations
represented as logical conjunctions of disjunctions and the assignments represented as binary
numbers, we can check if a concrete assignment is satisfiable for R or not in polynomial time.
Thus we can use Algorithm A.
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4.2. Bounded Disjunctions

We will run the algorithm a|V| times and the algorithm runs in time O˚( dn

2cn ) =

O˚(2n(log2(d)´c)). Since we do this for each set we have time a|V| ¨O˚(2n(log2(d)´c)). In to-
tal we get time u(|V|) + a|V| ¨O˚(2n(log2(d)´c)) = O˚(u(|V|) + a|V| ¨ 2|V|(log2(d)´c)).

We know that Jonsson and Lagerkvist’s Theorem 13 solves CSP(B_k) in timeO˚(u(|V|) +
a|V| ¨ 2

n(log2(b|V|)´1+ckp)) and thus we can easily compare the two by only looking at the ex-
ponent, namely n(log2(b|V|) ´ 1 + ckp) for Theorem 13 compared to n(log2(d) ´ c) for our
theorem. We also know that d ď b|V| so for simplicity we write them both as d. We want to
know for which values of k, p our algorithm is faster, thus we compare them:

n(log2(d)´ 1 + ckp) ą n(log2(d)´ c) ðñ

log2(d)´ 1 + ckp) ą log2(d)´ c ðñ

1´ ckp ă c

Thus we want to know for which values of k, p that satisfies c ą 1´ ckp. c is only affected by k
and not p, so for asymptotically large p and k ăă p we can safely say that our algorithm runs
faster. However for asymptotically large k, we know that c converges to 0 and ckp converges
to 1 which makes both sides go towards 0. Thus for asymptotically large k, the difference
converges to 0. For small values of k, p there exist tables so we can easily compare the two
variables. As stated before ckp is an arbitrary real number ă 1 such that a deterministic

algorithm solves kp-SAT in O(2ckp¨|V|) time. The fastest known algorithm for solving k-SAT
when k ě 4 is PPSZ [16] and it has a table with values of ck for values of 3 ď k ď 6 [16, Table
1]. For values of c there exists a table as well [7, Table 3]. We present these values in table
4.1 for p = 1. Note that if, for instance, p = 2 we use the value 2k for ckp and k for c. For
k = 3 both Schöning [19] and Hofmeister et al. [8] have better results for k-SAT than PPSZ
and thus we include them in the table as well and use the best value for ckp. For values k ą 5
there are no given values for calculating c, likewise with k ¨ p ą 6 for PPSZ, thus we need to
calculate them ourselves. For c we can use the theorem in the last chapter (see Theorem 2)
and for PPSZ we get a function for calculating ckp [16, Theorem 1].

For k ¨ p ě 5 we have ckp = 1´
µkp

k¨p´1 where

µkp =
8
ÿ

j=1

1
j(j + 1

k¨p´1 )

.
We calculate c and ckp for k and k ¨ p up to 15 rounded up to three decimals.
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4.3. Branching Time Temporal Reasoning Problem

k c 1´ ckp PPSZ for k-SAT Schöning Hofmeister et al.
3 0.885 0.59 0.521... 0.415... 0.410...
4 0.642 0.43751... 0.56249...
5 0.504 0.350... 0.650...
6 0.416 0.289... 0.711...
7 0.354 0.245 0.755
8 0.308 0.213 0.787
9 0.272 0.189 0.811
10 0.244 0.169 0.830
11 0.221 0.153 0.847
12 0.202 0.140 0.860
13 0.187 0.129 0.871
14 0.173 0.120 0.880
15 0.162 0.112 0.888
50 0.048 0.033 0.967
100 0.024 0.016 0.984
150 0.016 0.011 0.989
200 0.012 0.008 0.992
300 0.008 0.006 0.995
400 0.006 0.004 0.995
500 0.005 0.003 0.997

Table 4.1: Values of c and ckp for Algorithm A and Theorem 13

As can be seen in the table c and 1´ ckp converge to 0 with c ě 1´ ckp for all values we
have tested. We cannot be sure about the other values without a close analysis but it looks
like c ě 1´ ckp for at least all k ď 500 when p = 1. Note that if we increase p, c is unaffected
while ckp quickly grows so for problems where the basic relations have a high maximum arity
our algorithm is much preferred over Theorem 13.

4.3 Branching Time Temporal Reasoning Problem

The branching time temporal reasoning problem has several real-world applications such as
operating systems, network communication and air traffic control systems. [5] We start by
explaining in an informal way the branching time temporal reasoning language and then
describe it more formally in a similar way to Jonsson and Lagerkvist [9]. We then look at the
constraint problem CSP(P_k) over the language and solve it using our Transformation 10
and PPSZ.

Let us start with the informal description. Variables can be thought of as points in time
and constraints as their relation to each other. For instance, in scheduling, the variables could
be classes held by teachers and constraints could describe which teacher teaches which class
so that no two classes held by the same teacher is taught at the same time. These constraints
are created using four basic relations that can be thought of as a time point occuring before
(ă), during (=), after (ą) another time point or being completely unrelated (||) to another time
point.

A more formal way is to think of all possible directed, finite trees where the indegree of
each node is at most one. Let F be the forest containing all these trees and let DF be the nodes
of F. Then the four relations over F are define as follows:
Let x, y P DF.

1. x ăF y if there is a path from x to y but not from y to x,
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4.3. Branching Time Temporal Reasoning Problem

2. x ąF y if there is a path from y to x but not from x to y,

3. x =F y if there is a path from x to y and from y to x,

4. x ||F y if there is no path from x to y and no path from y to x.

Let P = tăF,ąF,=F, ||Fu denote the branching time temporal reasoning language and let
CSP(P_k) be the problem over P where all relations have at most arity k. Let us look at an
example of a forest from F.

a

b

c d

e

f

g h

Figure 4.1: Branching Time Temporal Example

In the figure above we see a forest in F. Here, among others, we see that a ăF b, d ąF a, b
||F f and c ||F d.

Using Theorem 4 we can solve the branching time temporal reasoning problem with Al-
gorithm A.

Theorem 5. Let CSP(P_k) be the branching time temporal reasoning problem with maximum arity
k and let I = 〈V, C〉 be an instance of CSP(P_k). Let n = |V|, then Algorithm A solves I in time
O˚(2nτ(n + 1) ¨ (1 + 2n(log n´c))) where c is defined as the savings of PPSZ.

Proof. Theorem 3 shows that Algorithm A solves bounded disjunction problems in
O(u(|V|) + a|V| ¨ 2|V|(log d´c) ¨ poly(||I||)) time. We need to define the constants a|V| and b|V|,
the function u and domain size d to make it explicit for the branching time temporal reason-
ing problem. Luckily, this is already done by Jonsson and Lagerkvist [9, proof of Theorem 12]
so we can just copy their results. Let n = |V|, then u(n) is the time it take to generate the sets
Sn

1 , ..., Sn
an which takes at most 2nτ(n + 1) ¨ poly(n). an can be upper bound by 2nτ(n + 1) and

bn = n. τ(n) is the function denoting the number of unlabelled trees on n vertices. Otter [15]
showed that there exist constants C, α such that limnÑ8

τ(n)
Cαnn´5/2 = 1 where C ą 0.53 and

α ă 2.96. Since we know that we look at trees of size n we can set our domain size d = n and
thus we have what we need.

This gives us the run time O(2nτ(n + 1) ¨ poly(n) + 2nτ(n + 1) ¨ 2n(log n´c) ¨ poly(||I||)).
Ignoring the polynomial run time we can rewrite it to O˚(2nτ(n + 1) ¨ (1 + 2n(log n´c))).

Now let us compare this to Jonsson and Lagerkvist’s Theorem 13. To do this we have
to define the constant ckp. The arity of the basic relations p = 2 which gives us c2k. Thus
Theorem 13 that solves the problem in time O˚(2nτ(n + 1) ¨ (1 + 2n(log n´1+c2k))). Thus the
difference between Algorithm A and Theorem 13 is in the exponent, namely log n´ c com-
pared to log n´ 1 + c2k which, as shown above, gives us a better result for Algorithm A for
some values of k ď 500.
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4.4 Allen’s Interval Algebra

Another temporal problem is the problem over Allen’s interval algebra which represents vari-
ables as intervals instead of points. Allen’s interval algebra is, just as branching time temporal
reasoning, over an infinite domain, in this case Q. In Allen’s algebra, we have 13 basic re-
lations which are shown in the table 4.2. This table is a recreation of a table where Allen’s
interval algebra was introduced [1, figure 2] with a transformation of the relations to branch-
ing time temporal relations added as well. This is used in one of the two transformations we
will present later.

Relation Symbol Symbol for
Inverse

Transformation Example

X before Y < > Xend ă Ystart XXX YYY
X equal Y = Xstart = Ystart^ XXX

Xend = Yend YYY
X meets Y m mi Xend = Ystart XXXYYY
X overlaps Y o oi Xstart ă Ystart^ XXX

Xend ą Ystart^ YYY
Xend ă Yend

X during Y d di Xstart ą Ystart^ XXX
Xend ă Yend YYYYY

X starts Y s si Xstart = Ystart^ XXX
Xend ă Yend YYYYY

X finishes Y f fi Xstart ą Ystart^ XXX
Xend = Yend YYYYY

Table 4.2: Allen’s Interval Algebra

Note that the inverse symbol is the same as writing Y(symbol)X instead of X(symbol)Y
and since = has no inverse symbol there are 13 relations in total.

Allen’s lets us express more complex relations such as ”During coffebreak I ate a sand-
wich” which can be very useful in temporal reasoning. Now we need to transform it to the
general csp and here we will present two ways of doing that. First, let I = 〈V, C〉 be an
instance of CSP(Allen) which we call Allen’s interval algebra problem.

Theorem 6. Let CSP(Allen) be the Allen’s interval algebra problem and let I = 〈V, C〉 be an
instance of CSP(Allen). Let n = |V|, then Algorithm A solves I in time O˚((1.276n)2n).

Proof. In the first transformation we take each variable v P V and create two variables vstart
and vend representing the end points of the interval v and add them to V1. Because there are
n = |V| variables in the instance, |V1| = 2n. We use a domain size of |D| = 2n because every
interval can be thought of as a starting point and an end point. This means that there are,
at most, 2n unique points in time for any solution so we choose to use D = t1, 2, ..., 2|V|u
as a domain. The constraints can be transformed to ă,ą and = using the transformation in
table 4.2, which takes polynomial time, and thus we have a transformable problem instance.
The arity of this problem becomes 4 since any constraint will contain up to four variables
(Xstart, Xend, Ystart and Yend). We then transform it using our algorithm above (see Algorithm
10) and solve it using PPSZ. Since |V1| = 2n, |D| = 2n and k = 4, PPSZ solves this in time

O˚( (2n)2n

2c2n ) where c = 0.642 when k = 4. This gives us O˚((1.276n)2n) running time.

The other way to transform the problem is to let the domain represent intervals instead of
values.
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Theorem 7. Let CSP(Allen) be the Allen’s interval algebra problem and let I = 〈V, C〉 be an
instance of CSP(Allen). Let n = |V|, then Algorithm A solves I in time O˚((0.859n)2n).

Proof. We know that we only need to look at a domain of size 2n, so how many intervals are
there in 2n values when each interval [a, b] has the constraint a ă b? We know that there
are 2n´ 1 intervals of size 1, 2n´ 2 intervals of size 2 and so on so we only need to take the
sum from 1 to 2n´ 1 which is 1 + 2 + ... + 2n´ 1 =

ř2n´1
k=1 k = (2n´1)2n

2 = 2n2 ´ n intervals.
Using this, we assign a value to a variable and by knowing which value represents which
interval, for instance letting 1 represent the interval Xstart = 1, Xend = 2n and so on, we
can compare the variables to each other using the original constraints. This means that we
can use the transformation algorithm above to transform the problem into a PPSZ instance,
we just need to change the assignment check so that when it is checking if α R Ri, it checks
that the intervals are correct, according to the relation, instead of the values. Because we do
not increase the number of variables we get k = 2 for this transformation. Using this we
create a PPSZ instance with |V| = n, |D| = 2n2 ´ n and k = 2 which gives us a running

time of O˚( (2n2´n)n

2cn ) where c = 1.44 for k = 2. Removing the ´n part gives us a result of
O˚((0.737n2)n) = O˚((0.859n)2n).

Obviously the second transformation lets us solve instances much faster than the first
transformation. Now, let us compare this to an algorithm by Peter Stockman. Stockman
actually prestents two algorithms that solve instances of CSP(Allen) that he calls Algo-
rithm A and Algorithm B. [20] Since we use Algorithm A as a name as well we will refer
to his algorithms as ”Stockman A” and ”Stockman B”. Stockman A solves CSP(Allen) in
O((0.7506n)2n ¨ poly(n)) = O˚((0.7506n)2n) time [20, Corollary 13] and Stockman B solves
CSP(Allen) in O((0.7356n)2n ¨ poly(n)) = O˚((0.7356n)2n) time [20, Corollary 33].

However in the analysis of Stockman B there seems to have slipped in an error when
counting the number of permutations. When we discussed this with Stockman he agreed
that the analysis might not be correct so we will not use this as a comparision but will instead
compare our results to Stockman A. It is worth noting that Stockman B might very well be
correct, or at the very least faster than Stockman A, but to be sure it would require some
more analysis on the permutations so we focus on Stockman A instead. Our best result, as
presented above, is time O˚((0.859n)2n) which compared to Stockman A is much slower, so
our algorithm is not faster for CSP(Allen).
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5 Conclusion

5.1 Results

By going through the proof for the extended PPSZ algorithm, we have found that it does
indeed work for non-fixed domain size CSPs as well which was the big question in this thesis
work. Using this, we transformed several non-fixed domain size CSPs and then analyzed
their running time using PPSZ to see what running time our algorithms had for solving these
problems. Then we compared the running time to previous results and saw that we had a
faster algorithm than those we compared to. By using these transformations and, using the
concept of domain enumeration, we could use the speed of PPSZ for solving our problems
very fast. We showed how to solve instances of the bounded disjunction problems in time
O˚(u(|V|) + a|V| ¨ 2|V|(log2(d)´c)) (see Theorem 4) and then showed how to solve instances
of a specific bounded disjunction problem, namely the branching time temporal CSP, in time
O˚(2nτ(n+ 1) ¨ (1+ 2n(log2(n)´c))) (see Theorem 5). We also looked at Allen’s interval algebra
which we solve in time O˚((0.859n)2n) (see Theorem 7). However Stockman already has a
faster algorithm that solve Allen’s interval algebra in time O˚((0.7365n)2n).

5.2 Future Work

There are several ways one could continue to work on this result. First of all there are other
non-fixed domain size CSPs that could be transformed using the method presented here and
then solved using PPSZ. A good idea would be to look at the transformable problems and
see what they have in common, one might find some properties such that, if a problem up-
holds these properties, then it can be transformed and solved by PPSZ. There are also several
directions one could go with improving or extending PPSZ which will be presented below.

Thorough analysis of c and ckp

An obvious continuation of the work is to look closer at the difference between c and ckp to
find out for which values the algorithm runs faster than Theorem 13. It would be interesting
to see if it holds for all k ď k0 for some value k0 or if there are specific cases where using
Theorem 13 would be faster. There was unfortunately no time for this during this thesis but
we consider this the most important thing to do for our algorithm.
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Improvements for PPSZ

Because of the possibility of using PPSZ for solving multiple kinds of CSPs, it would be inter-
esting to see what, if anything, could be done to improve the running time for it. There might
exist improvements in the running time by analysing the algorithm more thoroughly. When
Hertli et al. extended the PPSZ algorithm, their analysis did not differentiate between vari-
ables that have two, three or even d viable values. They just differentiate between ”frozen”
variables (variables with only one viable value) and ”non-frozen” variables (every other vari-
able). They hypothesize that by differentiating between different kinds of ”non-frozenness”,
it could give an improved result and if that is true then it would be of great interest. A good
starting point for this would be to first try to differentiate between variables that have just
two viable values as opposed to all other ”non-frozen” variables, then try for three values
and so on to see if any general method could be found. However, this would require a whole
different approach to analyzing PPSZ than what Hertli et al. did.

PPSZ for Optimization Problems

Sometimes we want different kinds of constraints, some that do not necessarily have to be
fulfilled (but preferably are), and some constraints that we need to fulfill. Then we differen-
tiate between them by calling the constraints that has to be fulfilled hard constraints, and the
ones that do not by soft constraints. An example of a hard constraint would be that a teacher
cannot teach two classes at the same time, whilst a soft constraint would be that the classes
held by the same teacher should be close to each other for the teachers benefit. We call this
kind of problem a valued constraint satisfaction problem (VCSP).

VCSP is an optimization problem that is a generalization of CSP where constraints are
cost functions and the goal is to minimize the value of the goal function given by the sum of
the cost functions. Each cost function can take on finite rational values and positive infinity
(8). Normal CSP is a special case of VCSP where each cost function takes on values in t0,8u,
meaning that they if they are not satisfied, they are equal to 8 and the goal function will
equal to8 as well.

It would be interesting to try and use PPSZ for optimization problems. Since PPSZ is
heavily based around randomization, it could be possible that by using probability distribu-
tion techniques for VCSPs as presented by Kolmogorov et al. [11], PPSZ could be used for
optimization problems as well. Analyzing PPSZ with weighted randomization that chooses
values based on if they fulfill soft constraints could give some good results for PPSZ on VC-
SPs.

Algorithms based on PPSZ

PPSZ takes an instance of ClSP as input and permutes it randomly. Then, in the order of
the permutation, it excludes values for variables and choose from the remaining values at
random for each variable. It is not unreasonable to think that this process could be improved
for certain kinds of CSPs. The analysis for PPSZ is based on the domain size for variables and
the arity (the amount of literals in each constraint) and, of course, the amount of variables of
the problem. For certain kinds of CSPs this might be significantly reduced which would give
a much better time complexity for that problem. Say we have a CSP where, for instance, we
can always exclude some amount of values for variables, then we could remove a significant
part of the search space and get a better algorithm just by the limitations on constraints for
that CSP. Another interesting thing would be to analyze certain cases using a fixed parameter
tractable (FPT) approach. In FPT, we say that given a problem X and a parameter k, is there
a computable function f : N Ñ N, a polynomial time p and an algorithm A such that every
instance I of X can be solved by A in time O( f (k)p(||I||))? This would mean that it scales
polynomially with the size of the instance (||I||) which is useful since if we fix parameter k,
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5.2. Future Work

we can then solve the problem in polynomial time, hence the name fixed parameter tractable.
The main problem here is to find out what the parameter k could be.
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