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Abstract

A very simple specific case of a Polya urn scheme is as follows. At
each trial one draws a ball from an urn with balls of two different colours.
Then, one looks at the ball, and returns the ball to the urn together with
another ball of the same colour. Then one makes another draw. Et cetera.
At the first draw there is one ball of each colour.

The rechargeable Polya urn scheme is essentially the same except that
between each draw there is a fixed probability that the process starts over
with two balls in the urn having different colours.

Now, for n = 1, 2, ..., let B(n) and G(n) denote respectively the num-
ber of blue and yellow balls in the urn and let Y(n) denote the colour
of the ball drawn at the nth draw. Further let Z(n) denote the probabil-
ity distribution of (B(n),G(n)) given that we have observed Y(m), from
m = 1 to m = n. In this note we prove that the sequence Z(1),Z(2),....
converges in distribution.

Keywords: Polya urn scheme, Hidden Markov Models, random sys-
tems with complete connections, asymptotic stability, Blackwell measure
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1 Introduction. The rechargeable Polya urn scheme.

In a special case of the original Polya urn scheme one starts by having two balls
of different colours in an urn. One then draws a ball at random, looks at it, and
returns it to the urn together with another ball of the same colour. Then one
draws another ball from the urn, looks at it and again returns it together with
a ball of the same colour. And then this procedure continues ad infinitum.

Clearly this process is a Markov chain on the set of 2-tuples with positive
integers as components. It is also clear that the Markov chain is transient. A
nice and perhaps somewhat surprising fact is that if N1(n) and N2(n) denotes
the number of the two colours drawn up to and including the nth draw, then
the distribution of N1(n)/n approaches the uniform distribution as n → ∞.
Moreover, if, for n = 1, 2, ..., Yn denotes the colour of the ball drawn at the nth
trial, then, if Ym,m = 1, 2, ..., n are known, then trivially, N1(n) is also known
and hence also N2(n).

The rechargeable Polya urn scheme was introduced in the paper [7] by M.
Coram and S. Lalley. Quoting some lines on page 1262 of [7] ”the rechargeable
Polya urn scheme is a simple variant of the scheme described above, differing
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only in that, before each draw, with probability r > 0, the urn is emptied and
then reseeded with one red and one blue ball”.

Also the rechargeable Polya urn scheme gives rise to a Markov chain on
the set of 2-tuples with positive integers as components, but in contrast to
the Markov chain of the original Polya urn scheme, the rechargeable Polya urn
scheme gives rise to a positively recurrent, aperiodic Markov chain. Further-
more, if again, for n = 1, 2, ..., Yn denotes the colour of the ball drawn at the
nth trial, in contrast to an ordinary Polya urn scheme, for the rechargeable
Polya urn scheme, the sequence Y1, Y2, ..., Yn does not give complete informa-
tion about the number of balls of the two different colours that are in the urn
after Yn is observed, but only a a probability distribution on the set of pairs
of positive integer. This probability distribution, depends on the stochastic se-
quence Y1, Y2, ..., Yn and therefore it itself is of course a stochastic quantity and
therefore has a distribution, µn say.

The purpose of this note is to prove that µn tends to a unique limit measure
as n → ∞, a limit measure which is independent of the initial distribution of
the number of balls in the urn. (When such a unique limit measure exists for a
sequence of conditional distributions of a partially observed Markov chains, it
is often called the Blackwell measure after D. Blackwell.)

The main reason for investigating the limit distribution of the conditional
distributions of the state sequence of the rechargeable Polya urn scheme given
ball colour information is that Coram and Lalley in their paper [7] raised
some questions regarding the colour sequence {Y1, Y2, ...} when the sequence
has the stationary measure of the rechargeable Polya urn scheme as its ini-
tial distribution. They observed that this sequence behaves as a “factor” of a
denumerable-state Markov chain but also pointed out that it does not appear
that {Yn, n = 1, 2, ...} could be represented as a function of a finite Markov
chain; if it could - they point out - ”the results of Kaijser [11] would imply the
existence of the limit

lim
n→∞

n−1 log q(Y1, Y2, ..., Yn) (1)

almost surely under P , and exhibit it as the top Lyaponov exponent of a se-
quence of random matrix products”. (See page 1263 in [7] for the definition of
q in the formula (1) and for the definition of P .)

Coram and Lalley also wrote in their paper that ”unfortunately little is
known about the asymptotic behavior of random operators products so it does
not appear that (65) can be obtained by an infinite extension of Kaijser’s result
in [11]”. (Here of course (65) refers to formula (65) in [7]. However it is possible
(65) should have been replaced by (43).)

In 2006, when [7] was published, there did not exist an extension to denu-
merable Markov chains of the result in [11]. Since then two papers, where such
an extension is made, have been published. In 2009 a version of the paper [13]
was sent to arXiv (see [12]). Then a few months later the paper [6] - which is
partly based on the results in [12] - was also sent to arXiv (see [5]).

What makes the investigation of the limit behaviour of the conditional dis-
tribution of the state sequence of a partially observed Markov chains with de-
numerable state space somewhat complicated is due to the fact that the state
space of the conditional distribution is a nonlocally compact space.

Another reason to study the rechargeable Polya urn scheme with ball colour
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information is due to the fact that it is a quite simple example of a partially
observed Markov chain on a denumerable state space; therefore it seemed as a
good candidate to investigate whether the sufficiency conditions introduced in
[13] by Kaijser are satisfied.

The plan of this note is as follows. In the next section, Section 2, we introduce
some basic facts regarding a class of Hidden Markov Models (HMMs) which we
call HMMs with lumping function, and show that the rechargeable Polya urn
scheme - with information regarding the colour of each ball drawn - can be
regarded as a HMM with lumping function.

In Section 3 we first introduce the random system with complete connections
(RSCC) associated to a HMM with lumping function. We then define the filter
kernel of the HMM as the Markov kernel associated to the state sequence of the
associated RSCC and at the end of the section we point out that the distribution
of the conditional distribution process is exactly the same as the distribution of
the state sequence of the associated RSCC.

In Section 3 we also define asymptotic stability for the filter kernel. We end
Section 3 stating the main theorem of this paper which says that if the HMM is
determined by the rechargeable Polya urn scheme with ball colour information
then the induced filter kernel is asymptotically stable.

In section 4 we recall a condition introduced in [13] called a rank one con-
dition. This condition is a fairly straight forward generalisation of a condition
introduced by F.Kochman and J.Reeds for HMMs with finite state space. (See
[15].) If the transition probability matrix (tr.pr.m) P of the HMM under consid-
eration is aperiodic and positively recurrent then the rank one condition implies
that the filter kernel is asymptotically stable. At the end of the section we
formulate a special version of the rank one condition introduced in [13] and
formulate a limit theorem for filter kernels induced by HMMs; the theorem is a
special version of Theorem 1.1 of [13].

In Section 5, by using the Erdös-Feller-Pollard theorem (see [8]), we verify
that the HMM associated to the rechargeable Polya urn scheme with ball colour
information fulfills the rank one condition. This fact thus implies, that the
filter kernel induced by the HMM of the rechargeable Polya urn scheme, is
asymptotically stable, and therefore the sequence of the conditional distributions
of the number of balls of different colours, given ball colour information up to
and including the nth trial, converges in distribution as n→∞.

In this note we thus restrict our attention to a special case of a partially
observed Markov chain with denumerable state space namely the rechargeable
Polya urn scheme with ball colour information. It seems though likely, that
the technique used in this note in order to verify sufficiency conditions can be
applied to much more general cases of partially observed Markov chains with
denumerable state space.

A question we do not consider at all in this note is the convergence rate
to the limiting Blackwell measure. It is at least conceivable that the conver-
gence rate when considering the rechargeable Polya urn scheme with ball colour
information is in fact exponential in case one uses the Kantorovich metric to
measure the distance between probability measures on the set of probabilities
on denumerable state spaces.

Another interesting question is if one can find a useful estimator for the
parameter r - the restart probability - which determines the probability that
one before next trial to empties the urn and restarts with two balls of different
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colours. We shall touch upon this question at the end of the next section.
The original paper in which the Polya urn scheme is described is the paper

[18] from 1930. For a background on the Kantorovich metric see e.g [20].

2 The rechargeable Polya urn scheme with ball
colour information as a HMM.

In this section we shall first introduce what we call a HMM with a lumping func-
tion and after that show that the rechargeable Polya urn scheme with ball colour
information can be put into the framework of HMMs with lumping function.

Let S be a denumerable state space, let P be a transition probability matrix
(tr.pr.m) on S, let A be another denumerable space, which we call the observa-
tion space, and let g : S → A; we call g a lumping function. We call the 4-tuple
{S,A, P, g} a hidden Markov model (HMM) with a lumping function.

Next let p denote an initial probability distribution on S, let {Xn, n =
0, 1, 2, ...} denote the Markov chain on S generated by the initial distribution
p and the tr.pr.m P and define Yn = g(Xn), n = 1, 2, ...; we call {Xn, n =
0, 1, 2, ...} the hidden Markov chain, and we call {Yn, n = 1, 2, ...} the observation
sequence.

We let {Ω,O, νp} denote the probability space generated by the initial dis-
tribution p and the tr.pr.m P ; thus Ω = {x = (x0, x1, x2, ...), xn ∈ S, n =
0, 1, 2, ...}, the set O is the σ − algebra generated by the cylinder sets in Ω and
νp is the probability on (Ω,O) determined by p and P .

Next set
Zn(i) = Pr[Xn = i|Y1, Y2, ...Yn], n = 1, 2, ... (2)

and set
Zn = (Zn(i), i ∈ S). (3)

We call {Zn, n = 1, 2, ...} the conditional distribution process.
Further, let RS denote the set of all real-valued vectors on the state space S.

For x ∈ RS , let ||x|| be defined by

||x|| =
∑
i∈S
|(x)i| (4)

where thus (x)i denotes the ith element of x, and define

K = {x ∈ RS : (x)i ≥ 0,∀i ∈ S, and ||x|| = 1}. (5)

Next, for each a ∈ A, we define a matrix M(a) by

(M(a))i,j = (P )i,j , if g(j) = a (6)

(M(a))i,j = 0, if g(j) 6= a. (7)

Throughout this paper we denote the ijth element of a generic matrix M by
(M)i,j and we let (x)i denote the ith component of a vector x.

Next, from (6) and (7) it clearly follows that∑
a∈A

M(a) = P.
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We call M(a), a ∈ A, a stepping matrix.
Note also that ∑

a∈A
||xM(a)|| = ||xP || = 1,∀x ∈ K (8)

a relation we shall use when we define the filter kernel of a HMM.
Now, let p ∈ K be an arbitrary initial distribution for the Markov chain

associated to a HMM with lumping function and let {Y1, Y2, ...} be the induced
stochastic sequence of observations. It is well-known, that

Pr[Y1 = a1, Y2 = a2, ..., Yn = an] = ||p
n∏
k=1

M(ak)|| (9)

and that the stochastic variable Zn, as defined by (2) and (3), can be expressed
as

Zn =
p
∏n
k=1M(Yk)

||p
∏n
k=1M(Yk)||

. (10)

For early proofs of (9) and (10) when the state space is finite see [1].
Now let us turn our attention to the rechargeable Polya urn scheme with

ball colour information. It is a simple matter to ”put” this urn scheme into the
framework of HMMs.

We first define the observation space A of the HMM we shall define. We set

A = {b, g}. (11)

Thus, the observation space consists of two elements. We usually denote a
generic element in A by the letter a.
Remark. We have chosen to denote the two elements of the observation space
A by the two letters b and g. The letter b stands for blue (or bl̊a in Swedish)
and g stands for “gul” (the Swedish word for yellow). 2

Next we need to define the state space of the HMM. First let N = {1, 2, ...}
denote the set of positive integers. Next define

S0 = N× N \ {(1, 1)}. (12)

Then define

S1 = S0 ×A (13)

where thus A = {b, g}.
In order to guarantee that our extended state space will be irreducible we

need to take away some of the elements in S1. Thus define

T1 = {(i, j, g) ∈ S1 : j = 1}, T2 = {(i, j, b) ∈ S1 : i = 1}

and

T3 = T1 ∪ T2.

Finally, we define the state space S of our HMM by

S = S1 \ T3. (14)
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Next we define the tr.pr.m P of the HMM. Let 0 < r < 1. We define P as
follows:

(P )(i,j,a),(2,1,b) = (P )(i,j,a),(1,2,g) = r/2, ∀(i, j, a) ∈ S (15)

(P )(i,j,b),(i+1,j,b) = (1− r)i/(i+ j), ∀(i, j, b) ∈ S (16)

(P )(i,j,b),(i,j+1,g) = (1− r)j/(i+ j), ∀(i, j, b) ∈ S (17)

(P )(i,j,g),(i,j+1,g) = (1− r)j/(i+ j), ∀(i, j, g) ∈ S (18)

(P )(i,j,g),(i+1,j,b) = (1− r)i/(i+ j), ∀(i, j, g) ∈ S. (19)

Finally we need to define the lumping function. Since we have chosen the
letter g as a label for one of the colours of the balls in the urn, we use the
notation gL for the lumping function. Thus we define gL : S → A simply by

gL((i, j, a)) = a, ∀(i, j, a) ∈ S. (20)

We set

H = {S,A, P, gL} (21)

and we call H the HMM associated to the rechargeable Polya urn scheme with
ball colour information.

Remark. Let the state space S0 be defined by (12) and the observation
space A be defined by (11). Define the tr.pr.m M : S0 × (S0 ×A)→ [0, 1] by

(M)(i,j),(k,m,a) = r/2 if (k,m, a) = (2, 1, b) or (1, 2, g)

(M)(i,j),(k,m,a) = (1− r)i/(i+ j) if (k,m, a) = (i+ 1, j, b)

(M)(i,j),(k,m,a) = (1− r)j/(i+ j) if (k,m, a) = (i, j + 1, g)

(M)(i,j),(k,m,a) = 0, elsewhere.

Define P0 : S0 × S0 → [0, 1] by

(P0)(i,j),(k,m) =
∑
a∈A

(M)(i,j),(m,k,a)

If a Hidden Markov Model is defined as in [14], Section 2.2, Definition 2.1, -
a definition which is slightly more general and including the usual one - the
4-tuple

{S0, P0,M,A}

will constitute a HMM which also can be regarded as the HMM induced by
the rechargeable Polya urn scheme with ball colour information. Since this
definition of a HMM is not the usual one and since - as we have shown above - the
rechargeable Polya urn scheme with ball colour information also can be described
by an ordinary HMM, by first expanding the state space and then using a
lumping function, we decided to use this latter representation when investigating
the conditional distribution process, although the stepping matrices become
slightly more complicated to define. 2

Now let H = {S,A, P, gL} be the HMM associated to the rechargeable Polya
urn scheme with ball colour information as defined by (12) to (21). Since the

6



observation space consists of just two states, the HMM H has just two step-
ping matrices M(b) and M(g). Let us for sake of clarity write down the exact
expressions for the elements of M(b) and M(g). We have

(M(b))(i,j,a),(2,1,b) = r/2, ∀(i, j, a) ∈ S (22)

(M(b))(i,j,a),(i+1,j,b) = (1− r)i/(i+ j), ∀(i, j, a) ∈ S (23)

and
(M(b))(i,j,a1),(i1,j1,a2) = 0, otherwise. (24)

Similarly
(M(g))(i,j,a),(1,2,g) = r/2, ∀(i, j, a) ∈ S (25)

(M(g))(i,j,a),(i,j+1,g) = (1− r)j/(i+ j), ∀(i, j, a) ∈ S (26)

and
(M(g))(i,j,a1),(i1,j1,a2) = 0, otherwise. (27)

Remark Let {a1, a2, ..., an} be a sequence of ball colours obtained from the
rechargeable Polya urn scheme, where the first observation a1 is drawn from an
urn with two balls. In order to obtain an estimate r̂ of the parameter r based
on the sequence {a1, a2, ..., an}, a possible procedure is to consider the function
f : [0, 1]→ [0, 1] defined by

f(r) = Pr[Y2 = a2, ..., Yn = an|Y1 = a1], 0 ≤ r ≤ 1,

and determine r̂ by
r̂ = argmax{f(r), 0 ≤ r ≤ 1}.

From (9) follows that

f(r) = ||p0

n∏
k=2

M(ai)||

where p0 ∈ K is such that if a1 = b then

(p0)(2,1,b) = 1

and if a1 = g then instead
(p0)(1,2,g) = 1.

From the definition of the matrices M(b) and M(g) it is not difficult to see that
the function f : [0, 1] → [0, 1] will be a polynomial in the unknown r of degree
n− 1. 2

3 The filter kernel and the main theorem

We now return to a general HMM (S,A, P, g) with denumerable state space and
with a lumping function g. We let {Xn, n = 0, 1, 2, ...} denote the underlying
Markov chain with a fixed but arbitrary initial distribution, we let {Yn, n =
1, 2, ...} denote the observation sequence and we let {Zn, n = 1, 2, ...} be the
conditional distribution process as defined by (2) and (3).

Our first aim in this section is to define a random system with complete
connections by using the quantities defining H. We shall then define the filter
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kernel induced by the HMM {S,A, P, g}, define the notion asymptotic stability
and finally state the main theorem.

As above, for x ∈ RS , let ||x|| =
∑
i∈S |(x)i|, let K = {x ∈ RS ; : (x)i ≥

0, ||x|| = 1}, define δ : X × X → [0, 2] by δ(x, y) = ||x − y||. Further, let E
be the Borel field on K induced by δ, let P(K, E) denote the set of probability
measures on (K, E), let C[K] denote the set of bounded, continuous functions on
K and, for a ∈ A, let M(a) be a stepping matrix defined by (M(a))i,j = (P )i,j
if g(j) = a and (M(a))i,j = 0 otherwise. We let A denote the σ − algebra
consisting of all subsets of A.

We now define h : K ×A→ K by

h(x, a) =
xM(a)

||xM(a)||
, if ||xM(a)|| > 0,

h(x, a) = x, if ||xM(a)|| = 0,

and define Q : K ×A → [0, 1] from (K, E) to (A,A) by

Q(x,B) =
∑
a∈B
||xM(a)||.

It is not difficult to prove that h : K × A → K it measurable and from (8) it
follows that Q : K ×A → [0, 1] is a transition probability function (tr.pr.f).

We now define
RH = {(K, E), (A,A), Q, h}

and call RH the RSCC associated to the HMM H. For basic facts regarding
RSCCs see e.g [10].

Next, let for a moment R = {(K, E), (A,A), Q, h} denote a generic RSCC,
i.e. a 4-tuple consisting of two measure spaces (K, E) and (A,A), a tr.pr.f
Q : K×A → [0, 1] and a measurable function h : K×A→ K. Define the tr.pr.f
P : K × E → [0, 1] by

P (x,E) = Q(x, h−1(x,E)), (28)

where
h−1(x,E) = {a ∈ A : h(x, a) ∈ E}, (29)

and define the tr.pr.f M : K × E ⊗A → [0, 1] by

M(x,E ×B) = Q(x, h−1(x,E) ∩B).

Note that
P (x,E) = M(x,E ×A), ∀x ∈ S, ∀E ∈ E . (30)

For every x ∈ K, by using the tr.pr.f M : K × E ⊗ A → [0, 1], one obtains
a bivariate stochastic sequence {(Xn(x), Yn(x)), n = 1, 2, ...}. Because of (30)
it is clear that the sequence {Xn(x), n = 0, 1, 2, ...} (where X0(x) = x) is also a
Markov chain, which is called the associated Markov chain or the state sequence
of the RSCC (induced by x). In the theory of learning models ( see e.g [17])
the sequence {Yn(x), n = 1, 2, ...} is called the event sequence; we prefer to call
it the index sequence (induced by x).

We call the tr.pr.f P : K × E → [0, 1], defined by (28) and (29), the Markov
kernel associated to the RSCC. When the RSCC is a RSCC associated to a
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HMM we call the Markov kernel P : K × E → [0, 1] of the state sequence, the
filter kernel of the HMM, and we denote the kernel by P instead of P .

Next, let δ : K×K → [0,∞) be a metric on K and assume that E is the Borel
field induced by δ. Let C[K] denote the set of bounded continuous functions on
K.

If the Markov kernel P : K×E → [0, 1] of the RSCCR = {(K, E), (A,A), Q, h}
is such that there exists a probability measure µ ∈ P(K, E) such that

lim
n→∞

∫
K

u(y)Pn(x, dy) =

∫
K

u(y)µ(dy), ∀x ∈ K, ∀u ∈ C[K]

where thus Pn : K×E → [0, 1] is defined recursively by P 1(x,E) = P (x,E), ∀x ∈
K, ∀E ∈ E and Pn+1(x,E) =

∫
K
Pn(x, dy)P (y,E), ∀x ∈ K, ∀E ∈ E , then we

say that the Markov kernel P : K × E → [0, 1] is asymptotically stable. We call
µ the limit measure.

Note that if the Markov kernel P of a RSCC is asymptotically stable with
limit measure µ, then µ is the unique invariant measure associated to the tr.pr.f
P .

The relation between the observation process {Yn, n = 1, 2, ...} and the con-
ditional distribution process {Zn, n = 1, 2, ...} of the HMM and the state se-
quence and index sequence of the associated RSCC is simply that

νp((Z1, Y1) ∈ E1 ×B1, ..., (Zn, Yn) ∈ En ×Bn) =

= Pr[(X1(p), Y1(p)) ∈ E1 ×B), ..., (Xn(p), Yn(p)) ∈ En ×Bn]

Ei ∈ E , Bi ∈ A, i = 1, 2, ..., n, n = 1, 2, ... ,

where Pr stands for the probability measure on the infinite product of (K ×
A, E ⊗A) generated by the tr.pr.f M : K×E ⊗A → [0, 1] and the starting point
p ∈ K.

The connection between RSCCs and HMMs with lumping function was prob-
ably first noticed by Blackwell. (See in particular Theorem 2, section 4 in
[3].) For more information regarding the interrelationship between HMMs and
RSCCs see [14], Section 4.

The main result of this note is the following.

Theorem 3.1 Let H = {S,A, P, gL} be the HMM associated to the rechargeable
Polya urn scheme, and let P be the filter kernel associated to H. Then P is
asymptotically stable.

4 A rank one condition

Many problems within the theory of HMMs concern the conditional distribution
process {Zn, n = 1, 2, ...}.

In the classical paper [3] from 1957 by Blackwell, the author considers HMMs
with a lumping function and with a finite state space. Blackwell showed that
the conditional distribution process is itself a Markov chain on the space of
d−dimensional vectors, where thus d denotes the number of states in the state
space. Furthermore, he showed that if P is aperiodic and irreducible and p0 is
equal to the stationary distribution of P then there exists a measure Q on the
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set of d-dimensional probability (row) vectors Kd say, which is invariant with
respect to the tr.pr.f associated to the process {Zn, n = 1, 2, ...}, and showed
also that the entropy rate HY of the process {Yn, n = 1, 2, ...} can then be
expressed as

Hy = −
∑
a∈A

∫
Kd

||xM(a)|| log(||xM(a)||)Q(dx)

where M(a), a ∈ A, are the stepping matrices associated to the HMM, as defined
above. (See (6) and (7).)

Blackwell also raised the question whether the measure Q is unique, when
P is irreducible and aperiodic - which he conjectured - and gave some sufficient
conditions for when this is the case.

Blackwell’s unicity problem was later investigated by Kaijser [11], Kochman
and Reeds [15], and Chigansky and van Handel [6]. Kochman and Reeds showed
in the paper [15] from 2006, that a certain “a rank one condition” suffices in
order for the filter kernel to be asymptotically stable when the state space is
finite, and a few years later Chigansky and van Handel [6] proved that this
condition is also necessary when the state space is finite.

In the paper [13] from 2011 Kaijser introduced a generalised version of
Kochman and Reeds “rank one condition” to HMMs with denumerable state
space. In order to prove Theorem 3.1 above, it thus suffices to verify that this
condition (called Condition B1 in [13]) is satisfied when the HMM is the HMM
associated to the rechargeable Polya urn scheme with ball colour information.

We shall now recall the definition of Condition B1 of [13] for the case when
the HMM under consideration is a HMM with lumping function.

Thus let {S,A, P, g} be a given HMM with lumping function and let K be
the set of probability vectors on S. We define the norm of an S × S matrix M
in the usual way by

||M || = sup{||xM || : ||x|| = 1, x ∈ RS}.

We now introduce another set of infinite dimensional row vectors namely the
set

U = {u : u = ((u)i, i ∈ S), 0 ≤ (u)i ≤ 1, sup{(u)i, i ∈ S} = 1}, (31)

and we let W denote the set of S × S matrices defined by

W = {W = ucv, : u ∈ U , v ∈ K}

where uc denotes the transpose of u.
An element in W is called a nonnegative rank one matrix of norm one.
Next, letM = {M(a) : a ∈ A} denote the set of stepping matrices associated

to the HMM {S,A, P, g} under consideration. If a1, a2, ..., an is a finite sequence
of elements in A, then we write (a1, a2, ..., an) = an and write

n∏
j=1

M(aj) = M(an).

For i ∈ S we let ei denote the vector in K defined by

(ei)i = 1.

The following condition was introduced in [13].

10



Condition 4.1 There exist a nonnegative rank one matrix W = ucv of norm
one, a sequence of integers {n1, n2, ...} and a sequence {anj

j , j = 1, 2, ...} of

sequences a
nj

j = (a1,j , a2,j , ..., anj ,j), where ak,j ∈ A, 1 ≤ k ≤ nj, such that

||M(a
nj

j )|| > 0, j = 1, 2, ... and such that for all i ∈ S

lim
j→∞

||
eiM(a

nj

j )

||M(a
nj

j )||
− eiW || = 0.

The next condition is a special version of Condition 4.1.

Condition 4.2 There exist a nonnegative rank one matrix W = ucv of norm
one, and an element a0 ∈ A, such that the stepping matrix M(a0) is such that
||M(a0)n|| > 0, n = 1, 2, ... and such that for all i ∈ S

lim
n→∞

|| e
iM(a0)n

||M(a0)n||
− eiW || = 0.

It is easily seen that Condition 4.2 implies Condition 4.1.
The following theorem is a consequence of Theorem 1.1 and Proposition 9.1

of [13].

Theorem 4.1 Let {S,A, P, g} be a given HMM with lumping function g such
that the state space is denumerable. Let P : K × E → [0, 1] be the filter kernel
associated to {S,A, P, g} as defined by (28) and (29). Assume that P is irre-
ducible, aperiodic and positively recurrent. Suppose also that Condition 4.1 is
fulfilled. Then the filter kernel is asymptotically stable.

Remark. The last three decades many papers have been published on Hidden
Markov Models. Quite a few of these have considered a property called filter
stability or the forgetting property. (See e.g. [2] and [16]). This property is
though something different than the property asymptotic stability for the filter
kernel as we have defined above. Loosely speaking the forgetting property deals
with an individual sequence of the conditional distribution of the state sequence
and its dependence of the initial distribution, whereas the property asymptotic
stability of the filter kernel deals with the distribution of the conditional dis-
tribution of the sequence of conditional distributions of the state sequence and
its dependence of the initial distribution. In the much cited book [4], section
4.3 deals with the forgetting property and several conditions are introduced in
subsection 4.3.5 under which the forgetting property is proved. That none of
these conditions is fulfilled for the HMM induced by the rechargeable Polya urn
scheme with ball colour information is easy to verify.

5 Verifying Condition 4.2

Our aim is now to verify that the HMM H = {S,A, P, gL} associated to the
rechargeable Polya urn scheme with ball colour information satisfies Condition
4.2. Thus we want to find a rank one matrix W of norm one and a stepping
matrix M such that ||Mn|| > 0, n = 1, 2, ... and such that for all states s ∈ S

lim
n→∞

|| e
sMn

||Mn||
− esW || = 0 (32)
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where thus es ∈ K is the vector defined by (es)s = 1 for all states s ∈ S.
We set M = M(b) where thus M(b) is the stepping matrix corresponding

to the observation b. For simplicity we write α = r/2 and β = 1− r. We shall
denote a generic element in S by s, (i, j, a), t or v. From the definition of M(b)
(see (22), (23) and (24)) it follows that 1) for all s ∈ S we have

(M)s,(2,1,b) = α,

2) if s = (i, j, a) we have

(M)(i,j,a),(i+1,j,b) = β(
i

i+ j
),

and
3) if s = (i, j, a) and (i1, j1, a1) is neither equal to (i+1, j, b) nor equal to (2, 1, b)
then we have

(M)(i,j,a),(i1,j1,a1) = 0.

It is easily seen that ||Mn|| > 0, n = 1, 2... .
Our aim is thus to investigate Mn as n→∞.
The basic idea is to rescale the matrix M in such a way that we can use

the renewal theorem of Erdös-Feller-Pollard. (See [8] and/or [9], Chapter XIII,
sections 3 and 10.)

We let sk ∈ S be defined by

sk = (k + 1, 1, b), k = 1, 2, ... . (33)

The arguments below are inspired by the arguments given in the introduction
of the paper [19] by D. Vere-Jones.

For s, t ∈ S we define f
(0)
s,t = 0, we define f

(1)
s,t = (M)s,t, and we define

recursively

f
(n+1)
s,t =

∑
v 6=t

(M)s,vf
(n)
v,t , n = 1, 2, ... .

Because of the special structure of the matrix M we note that

f (1)
s,s1 = α, ∀s ∈ S

where thus s1 is defined by (33), and it is also easy to see that for n = 2, 3, ...,

f (n)
s1,s1 = α · βn−1 · (2/(n+ 1)).

Next let us compute F =
∑∞
n=1 f

(n)
s1,s1 . We find

F =

∞∑
n=1

f (n)
s1,s1 = α+ α · 2

∞∑
n=2

βn−1/(n+ 1)

= α(1 + 2

∞∑
n=2

βn−1/(n+ 1)).

Since 0 < β < 1 we find that

∞∑
n=2

βn−1/(n+ 1) =
∞∑
n=1

βn−1/(n+ 1)− 1/2 =

12



= (1/β2)(

∞∑
n=1

βn+1/(n+ 1))− 1/2

= (1/β2)(

∞∑
n=0

βn+1/(n+ 1)− β)− 1/2

= −(1/β2) log(1− β)− 1/β − 1/2.

Hence
F = α(1− 2(1/β2) log(1− β)− 2/β − 1)

and hence
F = 2(α/β)(−(1/β)(log(1− β)− 1). (34)

Next let
Λ = λM

where λ is yet to be determined. Similarly to what we did above, for s, t ∈ S
we define g

(0)
s,t = 0, g

(1)
s,t = (Λ)s,t and we define recursively

g
(n+1)
s,t =

∑
v 6=t

(Λ)s,vg
(n)
v,t , n = 1, 2, ... .

From (34) and the definition of the matrix M it follows that

∞∑
n=1

g(n)
s1,s1 = 2(α/β)(−(1/β)(1/λ)(log(1− βλ)− 1). (35)

If we define φ : (0, 1)→ (0,∞) by

φ(x) = −(1/x)(log(1− x)− 1

we note that φ is a strictly increasing function. Since the function tends towards
+∞ as x tends to 1 and tends to 0 as x tends to 0 from above, it follows from
(35) that there is a unique value λ0, say, such that

∞∑
n=1

g(n)
s1,s1 = 1. (36)

It is also clear from (35) that λ0 < 1/β.
From now on we assume that the matrix Λ satisfies

Λ = λ0M.

Next, let us define

γ =

∞∑
n=1

ng(n)
s1,s1 . (37)

We find
γ = αλ0(1 + 2

∑
n=2

nβn−1λn−1
0 /(n+ 1))

and since λ0 < 1/β it is clear that 0 < γ <∞.
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Next, to simplify notations we write

gn = g(n)
s1,s1 , n = 0, 1, 2, ... ,

we write
un = (Λn)s1,s1 , n = 1, 2, ...

and define
u0 = 1.

Then clearly, for n = 1, 2, ...

un =

n∑
m=0

umgn−m

where thus
∑∞
n=0 gn = 1, gn > 0, n = 1, 2, ... , g0 = 0 and u0 = 1.

From the Erdös-Feller-Pollard theorem it follows that

lim
n→∞

un = 1/γ.

Since, for n = 1, 2, , ... and k = 2, 3, ..., we have

(Λn+k−1)s1,sk = (Λn)s1,s1 · (βλ0)k−12/(k + 1) (38)

which follows from simple calculations and the special structure of the matrix
M , it follows that

lim
n→∞

(Λn)s1,sk = (1/γ)(βλ0)k−12/(k + 1), k = 1, 2, ... . (39)

We shall now compute

G =

∞∑
i=1

(1/γ)(βλ0)k−12/(k + 1). (40)

Since
g(n)
s1,s1 = λn0f

(n)
s1,s1 = λ0α · (βn−1λn−1

0 ) · (2/(n+ 1)) (41)

and ∑
g(n)
s1,s1 = 1, (42)

it follows that

G = (1/γ)(

∞∑
k=1

(βλ0)k−12/(k + 1)) = (1/γ)(1/αλ0)

∞∑
n=1

g(n)
s1,s1 = (1/γ)(1/αλ0).

Remark. The exact value of G is actually of no importance as long as 0 < G <
∞; we simply computed the value of G since it was possible to do so. 2

To simplify notations we shall set

bk = (1/γ)(βλ0)k−12/(k + 1), k = 1, 2, ... . (43)

Thus, by (39)
bk = lim

n→∞
(Λn)s1,sk , k = 1, 2, ... .

14



For later use we shall also define

ρ = βλ0. (44)

Next let us define the vector b ∈ S by

(b)sk = bk

(b)s = 0 elsewhere.

Since
∑∞
k=1 bk = G it is clear that

∑
s∈S(b)s = G and therefore if we define the

vector v by
v = b/G (45)

then v ∈ K.
Next, to each s = (i, j, a) ∈ S we shall associate a constant Cs by

Cs = αλ0(1 +

∞∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)(βλ0)t). (46)

Since i+τ−1
i+j+τ−1 < 1 if τ, i, j ≥ 1 and βλ0 = ρ < 1 it is clear that

Cs < αλ0/(1− ρ), ∀s ∈ S.

Thus
C = sup{Cs : s ∈ S}

is well-defined.
We now define u ∈ U by

(u)s = Cs/C

and we define
W = ucv.

(For the definition of the set U see (31).) Clearly W is a rank one matrix of
norm one.

Proposition 5.1 Let W be defined as above and let M be equal to the stepping
matrix M(b). Then

lim
n→∞

|| e
sMn

||Mn||
− esW || = 0, ∀s ∈ S. (47)

Proof. Clearly, since Λ = λ0M , it suffices to prove (47) with M replaced by Λ.
Next let ε > 0 be given. It is not too difficult - and elementary - to prove that
there exists an integer N independent of s ∈ S such that for n > N

||esΛn − Csb|| < ε, (48)

for all s ∈ S.
Now, since

||Λn|| = sup{||esΛn||, s ∈ S}

it follows from the fact that (48) holds for all s ∈ S, that

lim
n→∞

||Λn|| = sup{Cs||b|| : s ∈ S} = CG.
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Hence, for all s ∈ S we have

lim
n→∞

|| e
sMn

||Mn||
− esW || = lim

n→∞
|| e

sΛn

||Λn||
− esW ||

= (1/CG) lim
n→∞

||esΛn − CGesW || = (1/CG) lim
n→∞

||esΛn − Csb|| = 0

where the last equality follows from (48).
Thereby we have verified that the HMM H associated to the rechargeable

Polya urn scheme with ball colour information satisfies Condition 4.2 and hence
also Condition 4.1 and therefore by Theorem 4.1 it follows that the filter kernel
induced by H is asymptotically stable which was what we wanted to prove.

5.1 Verifying the estimate (48)

For sake of completeness we give a proof of (48). The proof is quite elementary,
- but somewhat tedious, since we have chosen to be quite detailed.

Thus let ε > 0. We want to prove that there exists an integer N such that
for n > N

||esΛn − Csb|| < ε,

for all s ∈ S.
That we can find an integer N1 such that (48) holds for n > N1 if s = s1

follows from 1) the fact that Cs1 = 1 because of (41) and (42), 2) the fact that for
k = 1, 2, ... limn→∞(Λn)s1,sk = bk (see (38)), and 3) the fact that

∑∞
k=1 bk <∞.

It remains to consider the other states. For simplicity we set

S′ = S \ {s1}.

Let us first note that if s = (i, j, a) ∈ S′, then for n = 1, 2, ... we have

(Λn)s,s1 = (αλ0)(Λn−1)s1,s1 + (i/(i+ j))ρ(αλ0)(Λn−2)s1,s1

+(i/(i+ j))((i+ 1)/(i+ j + 1))ρ2(αλ0)(Λn−3)s1,s1+

...+ (

n−3∏
t=0

i+ t

i+ j + t
)ρn−2(αλ0)(Λ1)s1,s1 + (

n−2∏
t=0

i+ t

i+ j + t
)ρn−1(αλ0). (49)

Furthermore we note that for k = 2, 3, ... and n = 2, 3, ... we have

(Λn)s,sk = (αλ0)(Λn−1)s1,sk + (i/(i+ j))ρ(αλ0)(Λn−2)s1,sk

+(i/(i+ j))((i+ 1)/(i+ j + 1))ρ2(αλ0)(Λn−3)s1,sk+

...+ (

n−k−1∏
t=0

i+ t

i+ j + t
)ρn−k(αλ0)(Λk−1)s1,sk . (50)

We also have that if s = (i, j, a) then

(Λn)s,(i+n,j,b) = (

n−1∏
t=0

i+ t

i+ j + t
)ρn, n = 1, 2, ..., (51)

and
(Λn)s,s′ = 0, if s′ 6∈ {(i+ n, j, b), sk, k = 1, 2, ..., n}. (52)
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These formulas follow easily from the simple structure of the matrix M(b).
Let us also define

DΛ = max{1, sup{(Λn)s1,s1 , n = 1, 2, ...}}.

From (50), (51), (52) and the fact that

(Λn+k−1)s1,sk = (Λn)s1,s1ρ
k−1(2/(k + 1))

(see (38)) it follows that for every integer K > 1, every s = (i, j, a) ∈ S′ and
every integer n = K + 1,K + 2, ...

∞∑
k=K+1

(Λn)s,sk <

∞∑
k=K+1

(αλ0)Dλρ
k−1 + (i/(i+ j))ρ(αλ0)DΛρ

k−1 + ...

...+ (

n−k−1∏
t=0

i+ t

i+ j + t
)ρn−k(αλ0)DΛρ

k−1 + (

n−1∏
t=0

i+ t

i+ j + t
)ρn

< (αλ0)(1/(1− ρ))(ρK/(1− ρ))DΛ + ρn. (53)

Hence using the fact that
∑∞
k=1 bk < ∞ and the fact that sup{Cs : s ∈

S′} <∞ it is clear from (53) that we can find integers K and N2 such that for
all s ∈ S′ both

∞∑
k=K+1

Csbk < ε/3

and
∞∑

k=K+1

(Λn)s,sk < ε/3, ∀n > N2

hold. Therefore, if n > N2 we find that

∞∑
k=1

|(Λn)s,sk − Csbk| ≤
K∑
k=1

|(Λn)s,sk − Csbk|+
∞∑

k=K+1

(Λn)s,sk +

∞∑
k=K+1

Csbk

<

K∑
k=1

|(Λn)s,sk − Csbk|+ 2ε/3

for all s ∈ S′. Therefore, in order to prove that we can find an integer N such
that (48) holds it remains to find an integer N ≥ N2 such that for all s ∈ S′

K∑
k=1

|(Λn)s,sk − Csbk| < ε/3 (54)

for all n > N .
In order to accomplish this let us choose the integer T - independent of

s ∈ S′ - so large that firstly

(αλ0)ρT /(1− ρ) < ε/9K (55)
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and secondly for t > T and all s = (i, j, a) ∈ S′

|Cs − αλ0(1 +

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt)| < ε/(9Kb1). (56)

That we can do this follows easily from the definition of Cs (see (46)), the fact
that for all s = (i, j, a) ∈ S′ we have

∏t
τ=1( i+τ−1

i+j+τ−1 ) < 1 and the fact that
βλ0 = ρ < 1.

Next let us choose N3 so large that for all n > N3

(αλ0)(1/(1− ρ))|(Λn)s1,sk − bk| < ε/9K, (57)

for k = 1, 2, ...,K. This we can do since {1, 2...,K} is a finite set and
limn→∞(Λn)s1,sk = bk.

Now, let N = N3 +K + T . Then, if n > N, we find that

|(Λn)s,s1−Csb1| = |(αλ0)(Λn−1)s1,s1+(αλ0)

T∑
t=1

(
t∏

τ=1

(
i+ τ − 1

i+ j + τ − 1
))ρt(Λn−1−t)s1,s1

+(αλ0)

n−2∑
t=T+1

(

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1−t)s1,s1+αλ0(

n−1∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρn−1−Csb1|

= |(αλ0)((Λn−1)s1,s1 − b1) +

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(αλ0)((Λn)s1,s1 − b1)

+(αλ0)

n−2∑
t=T+1

(

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1−t)s1,s1 + αλ0(

n−1∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρn−1

−(Cs − (αλ0)(1 +

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt))b1|. (58)

Now using (57) it follows that

|(αλ0)((Λn−1)s1,s1−b1)+

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(αλ0)((Λn)s1,s1−b1)| < ε/9K,

using (55) it follows that

|(αλ0)

n−2∑
t=T+1

(

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1−t)s1,s1

+αλ0(

n−1∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρn−1| < ε/9K

and using (56) we find that

|(Cs − (αλ0)(1 +

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt))b1| < ε/9K.
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Hence if n > N3

|(Λn)s,s1 − Csb1| < ε/3K. (59)

Similarly, for k = 2, 3, ...,K, we find that, if n > N , where as above N =
N3 +K + T , then

|(Λn)s,sk−Csbk| = |(αλ0)(Λn−1)s1,sk+(αλ0)

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1)s1,sk

+(αλ0)

n−k−1∑
t=T+1

(

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1−t)s1,sk − Csbk| =

|(αλ0)((Λn−1)s1,sk − bk) + (αλ0)

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt((Λn−1)s1,sk − bk)

+(αλ0)

n−k−1∑
t=T+1

(

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1−t)s1,sk

+(αλ0(1 +

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt)− Cs)bk|. (60)

As above, using (57) it follows that

|(αλ0)((Λn−1)s1,sk−bk)+(αλ0)

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt((Λn−1)s1,sk−bk) < ε/9K,

using (55) it follows that

(αλ0)

n−k−1∑
t=T+1

(

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt(Λn−1−t)s1,sk < ε/9K

and using (56) we find that

|(αλ0(1 +

T∑
t=1

t∏
τ=1

(
i+ τ − 1

i+ j + τ − 1
)ρt)− Cs)bk| < ε/9K.

Hence if n > N
|(Λn)s,sk − Csbk| < ε/3K (61)

for all s ∈ S′ and k = 2, 3, ...,K.
Finally by combining (59) and (61) we find that if n > N then for all s ∈ S′

K∑
k=1

|(Λn)s,sk − Csbk| < ε/3

and thereby we have proved that (54) holds if n > N . Hence (48) holds.
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