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Abstract

Multigrid schemes for high order finite difference methods on summation-
by-parts form are studied by comparing the effect of different interpolation
operators. By using the standard linear prolongation and restriction opera-
tors, the Galerkin condition leads to inaccurate coarse grid discretizations.
In this paper, an alternative class of interpolation operators that bypass this
issue and preserve the summation-by-parts property on each grid level is
considered. Clear improvements of the convergence rate for relevant model
problems are achieved.

Keywords: High order finite difference methods, summation-by-parts,
multigrid, restriction and prolongation operators, convergence acceleration.

1. Introduction

The multigrid method is a convergence acceleration technique that im-
proves iterative solvers using grid coarsening [1, 2]. This methodology leads
to improved convergence for elliptic problems in a straightforward way [2, 3],
while partial differential equations with a dominant hyperbolic character are
often handled with additional artificial dissipation [4, 5]. Multigrid methods
are used in various branches of applied mathematics and engineering, such
as electromagnetics [6], magnetohydrodynamics [7] and fluid dynamics [8].
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Two important components in multigrid methods are the restriction and
prolongation operators which transfer the information between grids. Typi-
cally these operators are based on linear interpolation procedures, regardless
of the accuracy of the discretization [3]. Although this is a natural choice for
low order schemes, it may be inappropriate for high order ones. In this work
we make use of a general relation between prolongation and restriction oper-
ators which was originally proposed in a different context [9]. The resulting
interpolation operators lead to a consistent approximation at the boundaries
and guarantee that the formal order of accuracy of the original scheme is
retained at the interior nodes on the coarse grids.

By applying the specific grid transfer operators to Summation-by-Parts
(SBP) formulations with Simultaneous-Approximation-Terms (SATs) [10]
weakly imposing the boundary conditions, we arrive at a multigrid method
with provable energy stable discretizations on each grid level. Moreover, the
procedure allows for the introduction of the stable and accurate artificial
viscosity procedure proposed in [11]. The resulting improved convergence of
the new multigrid method is exemplified for several linear model problems.

The rest of this paper is organized as follows: in Section 2 the main fea-
tures of the two-level multigrid algorithm are presented. Section 3 introduces
the SBP-SAT technique for high order finite difference discretizations. Sec-
tion 4 deals with the construction of multigrid algorithms for linear problems
using the new class of interpolation operators. In Section 5 we compare the
effects of different prolongation and restriction operators on the multigrid
convergence. Conclusions are drawn in Section 6.

2. The multigrid algorithm

Consider the following steady-state problem:

Lu = f, in Ω,
Hu = g, on ∂Ω,

(1)

where L is a differential operator, H is a boundary operator, f and g are
given functions, and Ω is the domain with boundary ∂Ω. The boundary
conditions are assigned in a way such that (1) is well-posed [12, 13].

Remark 2.1. In this paper, we only consider linear operators L in (1).

The construction of a two-level multigrid scheme [2, 3] for solving (1)
consists of the following four steps:
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1. Fine-grid discretization;

2. Error smoothing;

3. Coarse-grid correction;

4. Fine-grid update.

In the following sections, we will outline the main features of these four steps.

2.1. Fine-grid discretization

Consider a grid Ω1, here called the fine grid, on Ω. A discrete problem
associated to (1) on the fine grid Ω1 has the general form

L1u = F, (2)

where L1 is a discrete version of the operator L in (1) which also includes the
boundary conditions. The vector F is a grid function which approximates f
on the nodes of Ω1, augmented with boundary data g, and u is an approx-
imate solution to (1). Typically Ω1 has many nodes, and it is expensive to
solve (2) directly. Furthermore, the discrete operator L1 is assumed to be
invertible and have eigenvalues with strictly positive real parts.

2.2. Error smoothing

An error smoothing procedure is required prior to grid coarsening. First,
we consider marching towards the solution to (2) in pseudo time from an
initial guess u(0) by solving

wτ + L1w (τ) = F, 0 < τ < ∆τ,
w (0) = u(0),

(3)

for ∆τ > 0 called the smoothing step. The solution to (3) is

w (∆τ) = e−L1∆τu(0) +
Ä
I1 − e−L1∆τ

ä
L−1

1 F, (4)

where I1 indicates the identity matrix on Ω1. If the eigenvalues of L1 have
strictly positive real parts, ‖w(∆τ)− u‖ < ‖u(0) − u‖ for any norm.

More generally from (4), we may define a smoothing technique for (2) as

wk = Swk−1 + (I1 − S)L−1
1 F, k = 1, . . . , ν,

w0 = u(0),
(5)
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where the exponential smoother Sexp = e−L1∆τ yields the pseudo time-
marching procedure in (4). After ν steps, the iterative method (5) leads
to

w = Sνu(0) + (I1 − Sν)L−1
1 F. (6)

The procedure (6) converges if the spectral radius ρ(S), i.e. the maximum
among the absolute values of the eigenvalues, is less than one.

As a motivating example, consider the Jacobi method applied to the
2nd order discretization of the one-dimensional Poisson equation on Ω1 with
meshsize ∆x. The resulting smoother S = I1− (∆x2/4)L1 effectively damps
high frequency errors while keeping smooth residuals substantially unchanged
after a number of iterations [2, 14, 15]. This behavior justifies the introduc-
tion of grid coarsening to damp low frequency errors.

2.3. Coarse-grid correction

Next, consider the error e = L−1
1 F−w and the residual problem

L1e = F− L1w. (7)

Rather than solving this system directly, we introduce a subset of Ω1, called
the coarse grid Ω2, and solve the associated correction problem

L2d = Ir (F− L1w) , (8)

on Ω2. The problem (8) is obtained from (7) by making use of

• a restriction operator Ir : Ω1 → Ω2,

• a coarse-grid operator L2 : Ω2 → Ω2.

The coarse-grid operator can be built by using the Galerkin condition [3]

L2 = IrL1Ip, (9)

where Ip : Ω2 → Ω1 is a prolongation operator. However, L2 can also be built
in other ways, for example by using the same discretization as L1 on Ω2. In
section 2.5, the main implications of using (9) are discussed in more detail.

A common choice for Ip is based on linear interpolation. Assume for
example that Ω1 = {xj : xj = j∆x, j = 0, . . . , N} with ∆x = 1/N , and that
Ω2 consists of the even nodes of Ω1. This leads to

(Ipv)m =

 vj, m = 2j,
1
2

(vj + vj+1) , m = 2j + 1,
j = 0, . . . , N/2 (10)
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while the restriction operator is usually given in terms of the prolongation
operator as

Ir = ITp /2. (11)

The choice (11), graphically represented in Figure 1, is justified by requiring
that the two scalar products

(φ1,ψ1)1 = ∆xφT1ψ1, (φ2,ψ2)2 = 2∆xφT2ψ2

on the fine- and coarse-grid respectively, are equal for φ1 = Ipφ2 and ψ2 =
Irψ1. As a consequence, the resulting interpolation operators Ir and Ip are
adjoint to each other with respect to the scalar products (·, ·)1 and (·, ·)2, i.e.
(11) follows.

Figure 1: Graphical representation of the prolongation operator Ip (top) in (10) and the
restriction operator Ir (bottom) in (11).

Remark 2.2. The restriction operator Ir in Figure 1 is not consistent at the
boundaries, since the sum of the coefficients for the first and last nodes of
the coarse grid is not equal to 1. As a result, a constant on the fine grid is
not correctly transferred to the coarse grid.

2.4. Fine-grid update and the final multigrid iteration scheme

Finally, we update the fine grid solution with the correction d as

u(1) = w + Ipd. (12)
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The relation (12), together with (6) and (8), provides an iterative method
for solving (1):

u(n+1) = Mu(n) +NF, (13)

where

M = CSν , C = I1 − IpL−1
2 IrL1 and N = (I1 −M)L−1

1 . (14)

We refer to M as the multigrid iteration matrix and to C as the coarse-grid
correction operator.

The role of M in the convergence of the iterative method (13) is central.
By considering the errors e(n) = u(n) − L−1

1 F, we get

e(n+1) = Me(n),

which leads to convergence if the spectral radius of M , ρ (M), is less than 1.

Remark 2.3. The spectral radius is the asymptotic convergence factor of the
iteration. For n sufficiently large we have

∥∥∥e(n+1)
∥∥∥ ≤ ρ (M)

∥∥∥e(n)
∥∥∥ [2].

2.5. The coarse-grid correction operator

In section 2.3 we claimed that the Galerkin condition (9) can be used to
build a coarse-grid operator L2. This choice leads to interesting theoretical
properties of the coarse-grid correction operator C in (14), as shown in [3].
To start with, we recall the following

Lemma 2.4. If the Galerkin condition (9) holds, then the coarse-grid cor-
rection operator C in (14) is idempotent, i.e. Ck = C for every k ∈ N.

Proof. By multiplying C by itself we get

C2 =
Ä
I1 − IpL−1

2 IrL1

ä Ä
I1 − IpL−1

2 IrL1

ä
= I1 − 2IpL

−1
2 IrL1 + IpL

−1
2 IrL1IpL

−1
2 IrL1 = C,

since the Galerkin condition L2 = IrL1Ip is fulfilled.

The idempotency of C implies that it is a projection matrix with eigen-
values equal to zeros and ones only [16]. Moreover,

Corollary 2.5. If the Galerkin condition (9) holds, the image of the prolon-
gation operator Ip, Im(Ip), is contained in the nullspace of C.
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Proof. Consider a vector y ∈ Im (Ip), i.e. y = Ipz. When the coarse-grid
correction operator acts on this vector, we find

Cy =
Ä
I1 − IpL−1

2 IrL1

ä
Ipz = Ipz− IpL−1

2 IrL1Ipz = 0,

since the Galerkin condition holds.

Remark 2.6. Corollary 2.5 implies that C cancels all grid functions which
can be represented through the prolongation operator Ip. This indicates that
C deals with smooth parts of the error while S damps high frequency modes.

3. The SBP-SAT discretization

In this section we introduce the SBP-SAT technique [10]. For simplicity,
we only consider equidistant grids x = [x0, . . . , xN ]T which are conforming
to the domain boundaries, although other options exist, see [17, 18].

Definition 3.1. D1 = P−1Q is a (p, q)-accurate first derivative SBP operator
if i) it differentiates xk exactly for k = 0, . . . , p in the interior and k =
0, . . . , q at the boundaries, ii) P is a symmetric positive definite matrix, iii)
Q+QT = B = diag (−1, 0, . . . , 0, 1).

Condition ii) defines a scalar product and a norm by means of

(φ,ψ)P = φTPψ, ‖φ‖P =
»

(φ,φ)P , (15)

while condition iii) causes D1 to mimic the integration-by-parts rule since

(φ, D1ψ)P = φNψN − φ0ψ0 − (D1φ,ψ)P . (16)

SBP operators based on centered finite-differences and diagonal norms P are
available for even orders p = 2q in the interior, while the boundary closure
is qth order accurate. We will for stability reasons [19, 20, 21] only consider
operators with a diagonal P .

Narrow-diagonal second-derivative SBP operators [22, 23] for diagonal
norms P can be also defined.

Definition 3.2. D2 = P−1(−STA+B)S is said to be a (2q, q)th-order accu-
rate compact second-derivative SBP operator if, for any smooth grid function
u, i) D2u = uxx + O(h2q) in the interior, ii) D2u = uxx + O(hq) at the
boundaries, iii) [Su]i = ux(xi) +O(hq+1) for i ∈ {0, N}, iv) A+ AT ≥ 0.
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Remark 3.3. The accuracy requirements on D2 can be specified in the same
form as for D1 (cf. Definition 3.1). In particular, a 2qth-order accurate
SBP operator for the second derivative is such that: i) D2 exactly mimics
the second derivative of xk for k = 0, . . . , 2q + 1 in the interior and for
k = 0, . . . , q + 1 at the boundaries; ii) S differentiates xk exactly for k =
0, . . . , q + 1 at the boundary nodes x0 and xN .

Remark 3.4. It is also possible to build second-derivative SBP operators
by applying the first derivative operator twice as D2 = D1D1, which gives
S = D1 and A = DT

1 PD1. However, this choice does not modify modes with
the Nyquist frequency (the highest frequency that can exist on the grid) [23].

The second derivative operator D2 satisfies the following summation-by-
parts property

(φ, D2ψ)P = φN(Sψ)N − φ0(Sψ)0 − (Sφ)TA(Sψ). (17)

SBP operators together with a strong treatment of the boundary condi-
tions only admits stability proofs for very simple problems. This was shown
in [24], where the weak SAT technique was proposed to complement the
SBP schemes. By discretizing an initial boundary value problem augmented
with well-posed boundary conditions using the SBP-SAT approach leads to
a stable semi-discrete problem. For comprehensive reviews on the SBP-SAT
technique, see [10, 25].

3.1. An example of the SBP-SAT technique

Consider the advection problem

ut + ux = 0, 0 < x < 1, t > 0,
u (0, t) = g (t) , t > 0,
u (x, 0) = h (x) , 0 < x < 1,

(18)

where both g and h are known data. The problem (18) has an energy-
estimate and is well-posed, since the analytical solution is a right traveling
wave, and the boundary condition is imposed at the left boundary.

Consider an (N + 1)-point uniform grid on [0, 1], given by xj = j∆x for
j = 0, . . . , N , where ∆x = 1/N . We introduce the grid function hj = h (xj)
and to each grid point associate the approximate solution uj. By applying
the SBP-SAT discretization in space to (18), we get

ut +D1u = P−1σ (u0 − g) e0, t > 0,
u (0) = h,

(19)
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where u = [u0, . . . , uN ]T , h = [h0, . . . , hN ]T , σ ∈ R is a penalty parameter
which can be tuned for stability, and e0 = [1, 0, . . . , 0]T ∈ RN+1. We want to
find σ such that the problem (19) is strongly stable, i.e. such that

‖u (t)‖2 ≤ K (t)

Ç
‖h‖2 + max

τ∈[0,t]
|g (τ) |2

å
(20)

in a suitable norm. In (20), K (t) is independent of the data and bounded
for any finite t and meshsize ∆x (for further details, see [10, 12]).

By applying the energy method (multiplying equation (19) with uTP and
adding the transpose) in combination with the SBP property (16) we find

d

dt
‖u‖2

P = − σ2

1 + 2σ
g2 − u2

N +
[(1 + 2σ)u0 − σg]2

1 + 2σ
,

which, by time-integration, lead to an estimate of the form (20) for σ < −1/2.

4. A new coarse-grid correction for summation-by-parts schemes

The use of the Galerkin condition (9) together with the prolongation and
restriction operators in (10) and (11) leads to inaccurate coarse-grid operators
that do not mimic the integration-by-parts rule. It is well known that the
accuracy of the coarse-grid discretizations does not affect the accuracy of
the steady-state solution, if the multigrid method converges. On the other
hand, an accurate representation of the coarse-grid correction problem (8)
should reduce the errors due to grid coarsening and could possibly improve
the multigrid convergence rate.

In order to accurately represent the coarse-grid correction problem, a
more suitable class of interpolation operators is required. To avoid ambiguity,
henceforth the operators related to the fine- and coarse-grid will be denoted
with the index 1 and 2, respectively.

4.1. Summation-by-parts preserving interpolation

Consider the following steady model problem

ux = f, 0 < x < 1,
u (0) = g.

(21)

By applying the SBP-SAT method on an equidistant grid Ω1 with meshsize
∆x we get L1u = F, where L1 = D1,1−P−1

1 σe0e
T
0 and F = f−σP−1

1 e0g. Since

9



our problem is written on the form (2), we can apply the multigrid algorithm
in section 2 directly. Note that the time-marching smoothing procedure (3)
yields the semi-discrete problem (19), which for σ < −1/2 is stable.

As in section 2.3, the coarse-grid consists of the even nodes of the fine-
grid, i.e. Ω2 = {xj : xj = 2j∆x, j = 0, . . . , N/2}. However, the restriction
operator chosen in (11) does not produce a coarse-grid operator L2 consistent
with the SBP property (16). To overcome this issue, we rather consider

Ir = P−1
2 ITp P1, (22)

which was first introduced in [9]. The relation (22), involving the coarse grid
SBP norm P2, is obtained by enforcing that the two scalar products

(φ1,ψ1)P1 = φT1 P1ψ1, (φ2,ψ2)P2 = φT2 P2ψ2

are equal for φ1 = Ipφ2 and ψ2 = Irψ1, as in Section 2. As a consequence,
the resulting interpolation operators Ir and Ip are adjoint to each other with
respect to the SBP-based scalar products defined in (15) and

(Ipξ2, ξ1)P1 = (ξ2, Irξ1)P2 . (23)

By using (22), it is possible to build pairs of consistent and accurate pro-
longation and restriction operators. The following definition of the so called
SBP preserving interpolation operators in (22) was given in [9], where the
operators were used to couple SBP-SAT formulations on grids with different
meshsizes in a stable manner.

Definition 4.1. Let the row-vectors xk1 and xk2 be the projections of the
monomials xk onto equidistant 1-D grids corresponding to a fine and coarse
grid, respectively. We say that Ir and Ip in (22) are 2qth-order accurate
SBP-preserving interpolation operators if Irx

k
1 −xk2 and Ipx

k
2 −xk1 vanish for

k = 0, . . . , 2q − 1 in the interior and for k = 0, . . . , q − 1 at the boundaries.

In [26] it was shown that the sum of the orders of the prolongation and
of the restriction operators should at least be equal to the order of the dif-
ferential equation. As a consequence, the use of high-order interpolation
is not required in order to solve (21) with multigrid. However, high-order
grid transfer operators can without drawbacks be used in combination with
high-order discretizations, see for example [27].
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Figure 2: The 2nd-order accurate SBP-preserving restriction operator Ir (cf. Figure 1).

SBP-preserving interpolation operators with minimal bandwidth are given
in Appendix A for 2nd, 4th and 6th order accurate operators in the interior.
Note that the 2nd order accurate operator Ip coincides with the prolonga-
tion operator (10) and correctly represents first order polynomials for every
fine-grid node. The corresponding restriction operator Ir, which differs from
the conventional one in (11) at the boundary nodes, is shown in Figure 2. It
is, in contrast to the one in Figure 1, consistent at the boundaries.

4.2. SBP-preserving interpolation applied to the first derivative

Next, we study the correction problem (8) with the coarse-grid operator
L2 given by the Galerkin condition (9) and the SBP-preserving operators in
Definition 4.1. Initially, we only consider the first derivative fine-grid SBP
operator D1,1 and its coarse-grid counterpart D1,2 = IrD1,1Ip.

Proposition 4.2. The interpolation operators in (22) lead to a coarse-grid
first derivative D1,2 with the summation-by-parts property (16).

Proof. To start with, we rewrite the left hand-side of (16) for D1,2 and two
coarse-grid functions φ2 and ψ2 by using the adjoint relation (23)

(φ2, D1,2ψ2)P2 = (φ2, Ir(D1,1Ipψ2))P2 = (Ipφ2, D1,1(Ipψ2))P1 .

Next, the SBP property for the fine-grid operator D1 leads to

(φ2, D1,2ψ2)P2 = (Ipφ2)N(Ipψ2)N − (Ipφ2)0(Ipψ2)0 − (D1,1(Ipφ2), Ipψ2)P1 .
(24)

Since both grids are conforming to the domain boundaries, the prolonga-
tion onto the boundary nodes of the fine-grid is exact (cf. Appendix A).
Furthermore, by applying (23) to the right hand-side of (24), we find

(φ2, D1,2ψ2)P2 = φ2,N/2ψ2,N/2 − φ2,0ψ2,0 − (D1,2φ2,ψ2)P2

and the claim follows.
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The coarse-grid first derivative SBP operator D1,2 retains the order of
accuracy of the original scheme at the interior nodes, if 2qth order SBP-
preserving interpolators are used. In particular, we can prove

Proposition 4.3. Consider the 2qth-order accurate SBP-preserving interpo-
lation operators Ip and Ir. If D1,1 is a (2q, q)-first derivative SBP operator
on the fine-grid, then D1,2 is 2qth-order accurate in the interior nodes and
at least (q − 1)th-order accurate close to the boundaries.

Proof. See Appendix B.

Remark 4.4. The accuracy result for the interior nodes was conjectured in
[9], but not proved.

Remark 4.5. For q = 1 the coarse grid operator D1,2 has the same structure
as D1,1 and is first-order accurate also at the boundaries. If q > 1 the operator
D1,2 has a wider stencil and boundary closure than D1,1.

Consider now the fine-grid operator L1 = D1,1−σP−1
1 e0e

T
0 and the forcing

function F = f − σP−1
1 e0g associated to the SBP-SAT discretization of (21).

The corresponding residual problem (7) becomes

D1,1e = f −D1,1w + σP−1
1 e0

î
eT0 e− (g − w0)

ó
, (25)

where w0 = eT0 w. The Galerkin condition (9) in combination with the inter-
polation operators in (22) leads to

L2 = IrL1Ip = IrD1,1Ip − σIrP−1
1 e0e

T
0 Ip = D1,2 − σP−1

2 (ITp e0)(ITp e0)T ,

and the coarse-grid correction problem (8) becomes

D1,2d = Ir(f −D1,1w) + σP−1
2 (ITp e0)

î
(ITp e0)Td− (g − w0)

ó
. (26)

Since ITp e0 is the counterpart of e0 on the coarse-grid, i.e. it projects any
coarse-grid function onto the first node, (25) and (26) have the same SBP-
SAT structure on different grids. In particular, the coarse-grid correction
problem (8) is consistent and high-order accurate in the interior nodes.

Remark 4.6. If the time-dependent version of the fine-grid problem (25) is
stable, so is the coarse-grid problem (26). In particular, the penalty parameter
remains the same.

12



4.3. SBP-preserving interpolation applied to the second derivative

The SBP-preserving interpolation can also be applied to the second deriva-
tive operator. We end the section by showing that the coarse-grid operator,
D2,2 = IrD2,1Ip, is an SBP operator for the second derivative which retains
the accuracy of the fine-grid operator D2,1 at the interior nodes. First, we
prove

Proposition 4.7. The interpolation operators in (22) lead to a coarse-grid
second derivative operator D2,2 which preserves the summation-by-parts prop-
erty (17).

Proof. As in the proof of Proposition 4.2, we rewrite the left hand-side of
(17) for D2,2 and two coarse-grid functions φ2 and ψ2 by using (23)

(φ2, D2,2ψ2)P2 = (φ2, IrD2,1Ipψ2)P2 = (Ipφ2, D2,1Ipψ2)P1 .

By applying the SBP property (17) for the fine-grid second derivative D2,1,
we find

(φ2, D2,2ψ2)P2 = (Ipφ2)N(SIpψ2)N − (Ipφ2)0(SIpψ2)0− (SIpφ2)TA(SIpψ2).

Both the fine- and coarse-grid are conforming to the domain boundaries,
implying that (Ipφ2)i = φ2,i/2 and (SIpφ2)i = (Sφ2)i/2 for i ∈ {0, N}. Thus

(φ2, D2,2ψ2)P2 = φ2,N/2(Sφ2)N/2 − φ2,0(Sφ2)0 − (SIpφ2)TA(SIpψ2)

mimics the continuous integration-by-parts rule for the second derivative.

Moreover, an accuracy result similar to Proposition 4.3 for D2,2 is

Proposition 4.8. Consider the 2qth-order accurate SBP-preserving inter-
polation operators Ip and Ir. If D2,1 is a (2q, q)th-order accurate second
derivative SBP operator on the fine-grid, then D2,2 is a (2q, q − 2)th order
second derivative SBP operator on the coarse grid.

Proof. See Appendix B.

Remark 4.9. For q = 1 the coarse grid operator D2,2 has zeros on the
first and last row, while its stencil is the same as D2,1 except for the scaling
factor, proportional to the gridsize. Thus, D2,2 is a (2, 0)th order accurate
representation of the second derivative (cf. Remark 3.3). Similarly to the
first derivative, if q > 1 the operator D2,2 has a wider stencil and boundary
closure than D2,1.
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Proposition 4.8 implies that also differential problems involving second
derivatives can be accurately represented on each grid level by using the
Galerkin condition (9) and the SBP-preserving interpolation (22).

5. Numerical experiments

In this section we consider multigrid iteration schemes for relevant model
problems on a square domain. To simplify the notation, we refer to the order
of the discretizations by the order of the SBP operators on the interior nodes.
Hence, the performances of the conventional interpolation (10),(11) for 2qth-
order accurate discretizations are compared with the ones of the 2qth-order
SBP-preserving grid transfer operators.

5.1. An elliptic equation

Since multigrid methods have proven to be very efficient for elliptic bound-
ary value problems [2], we start by considering

−αuxx − βuyy = f, 0 < x < 1, 0 < y < 1,
(u− ux)(0, y) = gW (y), 0 < y < 1,
(u+ uy)(x, 1) = gN(x), 0 < x < 1,
(u+ ux)(1, y) = gE(y), 0 < y < 1,
(u− uy)(x, 0) = gS(x), 0 < x < 1

(27)

with α, β positive constants and f , gW , gN , gE, gS known data. The boundary
conditions in (27) are chosen in order to make the augmented problem in
pseudo time uτ − αuxx − βuyy = f strongly well-posed. Note that (27)
represents the Poisson equation for α = β = 1.

To discretize (27), we consider a grid with Nx + 1 and Ny + 1 equidistant
nodes xj, yk in the x- and y-direction, respectively. Also, let

f = [f(x0, y0), f(x0, y1), . . . , f(x0, yNy), f(x1, y0), . . . , f(xNx , yNy)]
T ,

while u is the approximate solution, with the same arrangement. The vector
u is the solution to the following SBP-SAT formulation

−α(D2x ⊗ Iy)u− β(Ix ⊗D2y)u = f − α(P−1
x E0x ⊗ Iy)[((Ix − Sx)⊗ Iy)u− gW ]

− β(Ix ⊗ P−1
y ENy)[(Ix ⊗ (Iy + Sy))u− gN ]

− α(P−1
x ENx ⊗ Iy)[((Ix + Sx)⊗ Iy)u− gE]

− β(Ix ⊗ P−1
y E0y)[(Ix ⊗ (Iy − Sy))u− gS].

(28)
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The data gW , gN , gE and gS are injected at the appropriate grid points. In
(28), the symbol ⊗ denotes the Kronecker product defined by

A⊗ C =


a11C · · · a1nC

...
. . .

...
am1C · · · amnC

 ∈ Rmr×ns, A = {aij} ∈ Rm×n, C ∈ Rr×s

while the subscripts x, y refer to the coordinate directions. Moreover, E0i =
diag(1, 0, . . . , 0) and ENi = diag(0, . . . , 0, 1), i ∈ {x, y}, are (Ni + 1)-square
matrices.

The problem (28) can be written in compact form as L1u = F and solved
by using the two-level multigrid method described in section 2, with both Nx

and Ny being even. Since the auxiliary problem

wτ + L1w = F, τ > 0,
w(0) = w(0) (29)

is strongly stable, a smoothing procedure based on time-marching is condi-
tionally stable. Well-posedness for (27) and stability in pseudo time for (29)
are shown in Appendix C.

Finally, the grid transfer operators needed for multigrid are implemented
by means of the Kronecker product defined above. Let Irx, Iry, Ipx, Ipy be
the restriction and prolongation operators in the x- and y-direction. The
restriction and prolongation operators on the two-dimensional grid are given
by Ir = Irx ⊗ Iry and Ip = Ipx ⊗ Ipy, respectively.

5.1.1. The Poisson equation

Consider α = β = 1 and, to start with, a uniform grid such that Nx =
Ny = 60. The multigrid method is applied to (28) by using a third-order
Runge-Kutta (RK3) time integrator as smoother, with ν = 5 smoothing steps
per grid cycle. The multigrid iteration is studied as a function of the CFL
number, which is equal to ∆τ/(∆x)2. The forcing function and boundary
data are given by the manufactured solution v(x, y) = cos(π(3x− y))e−x−y.

We consider a 2nd, 4th and 6th order accurate discretization of (28).
In Figure 3, 4, 5 the logarithm of the spectral radius of the multigrid it-
eration matrix M is shown as a function of the CFL number (left figure),
together with the (Px⊗Py)-norm of the error (right figure) for: i) the single-
grid pseudo-time integration (green triangles), ii) the two-grids iteration with
SBP-preserving interpolation (blue circles), iii) the two-grids iteration with
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Figure 3: The left picture shows the logarithm of the spectral radius for a 2nd-order
accurate discretization with ν = 5 steps of RK3 and Nx = Ny = 60. To the right,
the history of convergence of the multigrid method with CFL = 0.31 (single-grid), 0.27
(SBP-preserving interpolation), 0.28 (conventional interpolation).

conventional interpolation (red crosses). The convergence is shown with the
optimal CFL for each procedure, i.e. the CFL that minimizes the spectral
radius of the correspondent iteration matrix. The SBP-preserving interpola-
tion clearly improves the performances of the multigrid method for all cases.

To investigate the influence of different smoothers, we consider two ad-
ditional smoothing techniques. Table 1 provides the asymptotic convergence
factors ρ(M) for multigrid procedures with RK3, Weighted Jacobi (WJ)
and Successive Over Relaxation method (SOR) for grids with Nx = Ny ∈
{40, 60, 80} grid nodes in each coordinate direction. The values of ρ(M) for
each smoothing techniques are computed with the optimal choices of pa-
rameters, numerically estimated as above. In all cases, the SBP-preserving
interpolation leads to superior convergence. Furthermore, the SOR multigrid
method has excellent perfomances in combination with the SBP-preserving
interpolation. The behavior of the multigrid procedure with the SOR is
shown in Figure 6 for the 6th-order discretization with Nx = Ny = 60 and
different choices of the relaxation parameter ω.

5.1.2. The anisotropic elliptic problem

Next, the multigrid procedure is studied for anisotropic problems, i.e.
for α 6= β. The standard multigrid method for this problem often leads
to unsatisfactory results (which can sometimes be improved by means of a
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accurate discretization with ν = 5 steps of RK3 and Nx = Ny = 60. To the right,
the history of convergence of the multigrid method with CFL = 0.23 (single-grid), 0.21
(SBP-preserving interpolation), 0.22 (conventional interpolation).

0 0.02 0.04 0.06 0.08 0.1
CFL

-1

-0.5

0

0.5

1

1.5

2

2.5

lo
g
(ρ

(M
))

Logarithm of ρ(M), 6th order, ν  = 5

Single grid
Preserving interpolation
Conventional interpolation
ρ(M) = 1

0 10 20 30 40
Iterations

10
-15

10
-10

10
-5

10
0

N
o
rm

 o
f 
th

e
 e

rr
o
r

Convergence for 6th order, ν  = 5

Single grid: CFL = 0.086
Preserving interpolation: CFL = 0.081
Conventional interpolation: CFL = 0.086

Figure 5: The left picture shows the logarithm of the spectral radius for a 6th-order
accurate discretization with ν = 5 steps of RK3 and Nx = Ny = 60. To the right, the
history of convergence of the multigrid method with CFL = 0.086 (single-grid), 0.081
(SBP-preserving interpolation), 0.086 (conventional interpolation).

17



(α, β) = (1, 1)
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.1367 0.0763 0.2774 0.0885 0.5626 0.3786
WJ 0.1541 0.0896 0.2599 0.1143 0.4909 0.3399
SOR 0.0636 0.0213 0.1385 0.0121 0.3926 0.0174

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1373 0.0763 0.2775 0.0823 0.5622 0.3744
WJ 0.1500 0.0896 0.2631 0.1152 0.4908 0.3395
SOR 0.0724 0.0236 0.1513 0.0176 0.4003 0.0188

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1376 0.0763 0.2782 0.0881 0.5633 0.3790
WJ 0.1549 0.0897 0.2649 0.1155 0.4957 0.3395
SOR 0.0700 0.0238 0.1468 0.0145 0.4249 0.0207

Table 1: Asymptotic convergence factors ρ(M) with ν = 5 and optimal choice of coef-
ficients for 3rd-order Runge-Kutta (RK3), Weighted Jacobi (WJ) and Successive Over
Relaxation method (SOR) [28]. The conventional interpolation (C) is compared with the
preserving grid transfer operators (P).
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Figure 6: The left picture shows the logarithm of the spectral radius for a 6th-order
accurate discretization with ν = 5 steps of SOR and Nx = Ny = 60. To the right, the
history of convergence of the multigrid method with ω = 1.95 (single-grid), 1.15 (SBP-
preserving interpolation), 1.75 (conventional interpolation).
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(α, β) = (1, 1/2)
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.1879 0.1521 0.3247 0.1816 0.5930 0.5101
WJ 0.2088 0.1883 0.3253 0.2347 0.5277 0.4612
SOR 0.0715 0.0290 0.1518 0.0193 0.3824 0.0266

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1865 0.1485 0.3271 0.1826 0.6002 0.5087
WJ 0.2096 0.1887 0.3285 0.2370 0.5281 0.4616
SOR 0.0773 0.0314 0.1527 0.0284 0.4091 0.0297

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1894 0.1524 0.3284 0.1830 0.5962 0.5125
WJ 0.2099 0.1889 0.3302 0.2378 0.5283 0.4619
SOR 0.0788 0.0316 0.1622 0.0229 0.4206 0.0328

Table 2: Asymptotic convergence factors ρ(M) with ν = 5 and α = 1, β = 1/2.

frequency decomposition approach [29]). Here, we want to compare the two
classes of interpolation operators for the standard multigrid algorithm.

In Table 2-4, we computed the spectral radius of the multigrid iteration
matrix for RK3, WJ and SOR with optimal parameter choices, different or-
ders of discretization, α = 1 and β ∈ {1/2, 1/4, 1/8}. As for the isotropic
case, the SOR-based multigrid method has excellent perfomances in combi-
nation with the SBP-preserving interpolation. Moreover, the improvements
on the convergence rates are valid for all the smoothers and grids considered.

5.2. The advection-diffusion problem

Next, we add a hyperbolic character to the Poisson equation and consider
the advection-diffusion problem

aux + buy = ε(uxx + uyy) + f, 0 < x < 1, 0 < y < 1,
(au− εux)(0, y) = gW (y), 0 < y < 1,

uy(x, 1) = gN(x), 0 < x < 1,
ux(1, y) = gE(y), 0 < y < 1,

(bu− εuy)(x, 0) = gS(x), 0 < x < 1.

(30)

In (30), a, b, ε are positive constants and f , gW , gN , gE, gS known data.
Again, the boundary conditions in (30) are chosen in order to make the
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(α, β) = (1, 1/4)
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.3126 0.3108 0.4157 0.3562 0.6931 0.6603
WJ 0.3692 0.3686 0.4445 0.4153 0.6562 0.6336
SOR 0.0905 0.0418 0.1701 0.0328 0.4111 0.0470

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.3095 0.3078 0.4188 0.3583 0.6948 0.6624
WJ 0.3700 0.3698 0.4475 0.4186 0.6565 0.6358
SOR 0.0945 0.0442 0.1819 0.0339 0.4383 0.0495

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.3134 0.3120 0.4271 0.3591 0.7036 0.6734
WJ 0.3703 0.3702 0.4491 0.4198 0.6568 0.6368
SOR 0.0971 0.0459 0.1934 0.0367 0.4493 0.0521

Table 3: Asymptotic convergence factors ρ(M) with ν = 5 and α = 1, β = 1/4.

(α, β) = (1, 1/8)
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.5066 0.5062 0.5695 0.5532 0.7993 0.7872
WJ 0.5879 0.5877 0.6289 0.6242 0.7799 0.7728
SOR 0.1163 0.0635 0.2046 0.0524 0.4168 0.0833

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.5079 0.5078 0.5720 0.5559 0.8006 0.7891
WJ 0.5893 0.5892 0.6303 0.6274 0.7804 0.7752
SOR 0.1171 0.0674 0.2230 0.0613 0.4675 0.0854

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.5084 0.5084 0.5698 0.5527 0.8066 0.7959
WJ 0.5898 0.5898 0.6311 0.6286 0.7808 0.7762
SOR 0.1260 0.0674 0.2276 0.0647 0.4600 0.0861

Table 4: Asymptotic convergence factors ρ(M) with ν = 5 and α = 1, β = 1/8.
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augmented problem in pseudo time strongly well-posed. The SBP-SAT dis-
cretization of (30) is

[a(D1x ⊗ Iy) + b(Ix ⊗D1y)]u = f + ε[(D2x ⊗ Iy)u + (Ix ⊗D2y)]u

− (P−1
x E0x ⊗ Iy)[((aIx − εSx)⊗ Iy)u− gW ]

− ε(Ix ⊗ P−1
y ENy)[(Ix ⊗ Sy)u− gN ]

− ε(P−1
x ENx ⊗ Iy)[(Sx ⊗ Iy)u− gE]

− (Ix ⊗ P−1
y E0y)[(Ix ⊗ (bIy − εSy))u− gS]

(31)

and the corresponding problem augmented in pseudo time is strongly stable
(see Appendix D). Thus, the smoothing techniques based on pseudo time
marching are conditionally stable for (31).

The asymptotic convergence factors ρ(M) for the multigrid algorithm
applied to (30) with a = b = 1 are displayed in Table 5-7 for RK3, WJ, SOR
and ε ∈ {1, 0.1, 0.01}. Note that for ε = 1, the results are comparable to the
ones in Table 1.

Similarly to the purely elliptic problem (27), the multigrid convergence
rates are improved by the SBP-preserving interpolation when ε = {1, 0.1}
(Table 5 and 6). Conversely, Table 7 suggests that for ε = 0.01 the weighted
Jacobi smoothing technique may produce smaller convergence rates through
the conventional interpolation. Despite this fact, the convergence with the
SBP-preserving grid transfer operators is faster (or comparable) even in these
cases, see for example Figure 7.

Remark 5.1. We stress that the spectral radius of the multigrid iteration
matrix, ρ(M), only indicates an asymptotic convergence behavior (see Re-
mark 2.3). For small ε, the convergence rate of the multigrid method may
have a plateau, as in Figure 7, and hence the spectral radius might not always
be a relevant measure of the speed of convergence.

5.3. Extension to curvilinear domains

Consider the advection-diffusion problem on a curvilinear domain

aux + buy = ε(uxx + uyy) + f, (x, y) ∈ Ω,
Hu = g, (x, y) ∈ ∂Ω,

(32)
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ε = 1
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.1360 0.0758 0.2759 0.0880 0.5582 0.3674
WJ 0.1534 0.0890 0.2588 0.1140 0.4908 0.3397
SOR 0.0685 0.0212 0.1454 0.0127 0.4236 0.0187

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1369 0.0761 0.2765 0.0879 0.5601 0.3788
WJ 0.1542 0.0894 0.2624 0.1151 0.4938 0.3394
SOR 0.0703 0.0232 0.1482 0.0133 0.4314 0.0193

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1373 0.0762 0.2786 0.0879 0.5610 0.3790
WJ 0.1546 0.0895 0.2645 0.1155 0.4957 0.3394
SOR 0.0718 0.0236 0.1508 0.0148 0.4416 0.0209

Table 5: Asymptotic convergence factors ρ(M) with ν = 5 and ε = 1.

ε = 0.1
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.1006 0.0655 0.2135 0.0800 0.4491 0.3538
WJ 0.1158 0.0818 0.1908 0.0965 0.4085 0.3289
SOR 0.0339 0.0145 0.0751 0.0104 0.2605 0.0149

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1155 0.0725 0.2367 0.0848 0.4958 0.3725
WJ 0.1319 0.0859 0.2196 0.1068 0.4275 0.3348
SOR 0.0491 0.0187 0.0972 0.0128 0.3001 0.0186

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.1225 0.0742 0.2499 0.0865 0.5145 0.3754
WJ 0.1391 0.0875 0.2333 0.1107 0.4315 0.3369
SOR 0.0548 0.0205 0.1135 0.0142 0.3469 0.0209

Table 6: Asymptotic convergence factors ρ(M) with ν = 5 and ε = 0.1.
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ε = 0.01
Nx = Ny = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.0498 0.0435 0.1336 0.1137 0.2574 0.2053
WJ 0.2392 0.2422 0.3241 0.3134 0.4900 0.3922
SOR 1.719e-5 1.546e-5 2.665e-5 2.209e-5 0.0141 0.0107

Nx = Ny = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.0603 0.0576 0.1032 0.1028 0.2095 0.1704
WJ 0.0471 0.0448 0.0542 0.1073 0.2201 0.1840
SOR 4.580e-6 4.139e-6 4.976e-5 2.528e-5 0.0162 0.0078

Nx = Ny = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.0260 0.0244 0.0450 0.0407 0.2570 0.1726
WJ 0.0489 0.0495 0.0723 0.0765 0.2611 0.1560
SOR 2.795e-4 2.705e-4 6.392e-4 2.536e-4 0.0324 0.0080

Table 7: Asymptotic convergence factors ρ(M) with ν = 5 and ε = 0.01.
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Figure 7: Two convergence plots for the multigrid procedure with ν = 5 steps of the
weighted Jacobi smoother for ε = 0.01. The left figure shows the optimal convergence for
a 2nd-order accurate discretization with Nx = Ny = 40. To the right, the same test is
repeated for a 4th-order scheme with Nx = Ny = 60.
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where H denotes a linear boundary operator. We start by transforming Ω
to the unit square “Ω = [0, 1]2 through the change of variables

x = x(ξ, η), ξ = ξ(x, y),
y = y(ξ, η), η = η(x, y),

where 0 ≤ ξ, η ≤ 1.
By multiplying (32) with the determinant of the Jacobian, J = xξyη −

xηyξ > 0, we arrive at the variable coefficient problem on “Ω [30]

(φu)ξ + (ψu)η = (µ11uξ +µ12uη)ξ + (µ12uξ +µ22uη)η +Jf, (ξ, η) ∈ “Ω, (33)

where φ = J(aξx+bξy), ψ = J(aηx+bηy), µ11 = εJ(ξ2
x+ξ2

y), µ12 = εJ(ξxηx+
ξyηy) and µ22 = εJ(η2

x + η2
y). The transformation satisfy the Geometric

Conservation Law [31, 32] and hence φξ + ψη = 0. In Appendix E we show
that the semi-discrete SBP-SAT formulation (29) of (33) is stable.

To test our multigrid procedure, we consider the polar transformation

r =
»
x2 + y2, θ = artg

Åy
x

ã
, ξ =

r − r0

r1 − r0

, η =
θ − θ0

θ1 − θ0

,

with r0 = 1, r1 = 2, θ0 = π/12, θ1 = 5π/12. This change of variables maps
the curvilinear domain into the unit square. The asymptotic convergence
factors ρ(M) of the multigrid algorithm for a = b = ε = 1 are displayed
in Table 8 for RK3, WJ, SOR and Nξ = Nη ∈ {40, 60, 80}. Note that
the advection-diffusion problem, with the same parameters a, b and ε, led
to slightly reduced convergence factors compared to the cartesian case (Ta-
ble 5). However, the SBP-preserving interpolation accelerates the multigrid
algorithm also for the curvilinear domain. As in the previous cases, the
improvement is more pronounced for the SOR iterative method.

6. Summary and conclusions

A new class of multigrid schemes for SBP-SAT discretizations has been
proposed, where SBP-preserving interpolation operators have been used to
transfer information between grids. When the Galerkin condition is consid-
ered, these prolongation and restriction operators lead to accurate and stable
coarse-grid approximations.

Numerical experiments show that the SBP-preserving interpolation im-
proves the convergence properties of the multigrid schemes for SBP-SAT dis-
cretizations, irrespective of the order of the discretization and the smoother
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Curvilinear test
Nξ = Nη = 40 C,2nd P,2nd C,4th P,4th C,6th P,6th

RK3 0.3052 0.3042 0.3974 0.3366 0.6736 0.6433
WJ 0.3583 0.3578 0.4185 0.3983 0.6573 0.6365
SOR 0.0802 0.0363 0.1650 0.0282 0.4333 0.0469

Nξ = Nη = 60 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.3122 0.3118 0.4028 0.3495 0.6868 0.6604
WJ 0.3690 0.3688 0.4295 0.4113 0.6636 0.6450
SOR 0.0874 0.0421 0.1731 0.0356 0.4440 0.0527

Nξ = Nη = 80 C,2nd P,2nd C,4th P,4th C,6th P,6th
RK3 0.3160 0.3158 0.4070 0.3598 0.6897 0.6639
WJ 0.3748 0.3747 0.4360 0.4182 0.6667 0.6490
SOR 0.0945 0.0437 0.1796 0.0375 0.4513 0.0543

Table 8: Asymptotic convergence factors ρ(M) with ν = 5 for the curvilinear grid.

chosen. Clear improvements are achieved for the Poisson problem, anisotropic
elliptic equations and advection-diffusion problems. Moreover, the excellent
performance in combination with the smoother SOR, clearly indicate that
multigrid algorithms with SBP-preserving interpolation can be designed to
get very fast convergence.

In this paper we focused on steady model problems to compare the effect
of different grid transfer operators. Our future efforts will be devoted to the
study of multigrid techniques for time-dependent problems and systems of
equations, for which an exact solve on coarse levels is not feasible.
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A. SBP-preserving interpolation operators

The SBP-preserving interpolation operators for the second and fourth
order of accuracy are taken from [33].
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A.1. Second order

The discrete norm associated to the 2nd-order accurate interpolation op-
erators is P = ∆x diag

Ä
1
2
, 1, · · · , 1, 1

2

ä
. The prolongation and restriction

operators are given by

Ip =



1
1
2

1
2

1
1
2

1
2

. . . . . .

1
1
2

1
2

1


, Ir =

1

2



1 1
1
2

1 1
2
1
2

1 1
2

. . . . . . . . .
1
2

1 1
2

1 1


.

A.2. Fourth order

The discrete norm associated to the 4th-order accurate interpolation oper-
ators is P = ∆x diag

Ä
17
48
, 59

48
, 43

48
, 49

48
, 1, . . .

ä
. The prolongation and restriction

operators are given by

Ip =



1
429
944

279
472

− 43
944

1
−103

784
549
784

387
784

− 1
16

− 5
48

5
24

43
48

− 9
256

5
256

129
256

147
256

− 1
16

1
24

− 1
16

0 49
48

23
768

− 37
768
− 43

768
147
256

9
16

− 1
16

1
− 1

384
1

256
0 − 49

768
9
16

9
16

− 1
16

1
− 1

16
9
16

9
16

− 1
16

. . . . . . . . . . . .



,

Ir =


1
2

429
544

0 −103
544
− 5

34
− 27

544
1
17

23
544

0 − 1
272

279
944

43
118

549
1888

5
59

15
1888

− 3
118
− 37

1888
0 3

1888

− 1
32

0 9
32

1
2

9
32

0 − 1
32

. . . . . . . . . . . . . . . . . . . . .

 .
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A.3. Sixth order

The discrete norm associated to the 6th-order accurate interpolation op-
erators is P = ∆x diag

Ä
13649
43200

, 12013
8640

, 2711
4320

, 5359
4320

, 7877
8640

, 43801
43200

, 1, . . .
ä
. The upper

left corner of the restriction operator Ir has as nonzero elements

a1,1 = 0.5, a1,2 = 0.802123495768921, a1,4 = −0.104402537502747,
a1,6 = −0.238706103698074, a1,7 = −0.380613964392996, a1,8 = 0.035545186460547,
a1,9 = 0.419261484357828, a1,10 = 0.205429427064253, a1,11 = −0.132097589567002,
a1,12 = −0.122804755613961, a1,14 = 0.017813375750967, a1,16 = −0.001548018627737
a2,2 = 0.390683205173562, a2,3 = 0.225672188462499, a2,4 = 0.234617900919837,
a2,6 = 0.136350496597436, a2,7 = 0.259468908682261, a2,8 = 0.000056091577874,
a2,9 = −0.254058103720969, a2,10 = −0.130230011237826, a2,11 = 0.075043702655457,
a2,12 = 0.071821932489801, a2,14 = −0.010305729990425, a2,16 = 0.000879418390493,
a3,2 = −0.173222951632239, a3,4 = 0.609132930652896, a3,5 = 0.726392475101439,
a3,6 = 0.108261192825525, a3,7 = −0.574880118037625, a3,8 = −0.156462531123202,
a3,9 = 0.422168941350055, a3,10 = 0.247894140769089, a3,11 = −0.110844706750277
a3,12 = −0.112912382423456, a3,14 = 0.015771970675023, a3,16 = −0.001298961407228.

while its interior stencil is [a3, 0, a2, 0, a1, a0, a1, 0, a2, 0, a3] with

a0 = 1/2, a1 = 75/256, a2 = −25/512, a3 = 3/512.

B. Proofs in section 4

We start by discussing the claim of Proposition 4.3 and the accuracy
properties of the coarse grid SBP-operator D1,2 = IrD1,1Ip. Here D1,1 is
the standard first derivative of order (2q, q) on the fine-grid and Ip,Ir are
2qth-accurate SBP-preserving interpolators.

B.1. Proof of Proposition 4.3

To prove that D1,2 is an accurate representation of the first derivative on
the coarse grid, we use Ipx

k
2 = xk1, Irx

k
1 = xk2, k = 0, . . . , q− 1 (cf. Definition

4.1), and the accuracy conditions D1,1x
k
1 = kxk−1

1 , k = 0, . . . , q. We find

D1,2x
k
2 = IrD1,1Ipx

k
2 = IrD1,1x

k
1 = kIrx

k−1
1 = kxk−1

2 , k = 0, . . . , q − 1,

which proves that D1,2 is at least a (q − 1)th-order accurate approximation
of the first derivative on Ω2.

By reusing the previous argument, it is straightforward to verify that
the accuracy conditions for D1,2 on the interior nodes are satisfied for k =
0, . . . , 2q−1. To finalize the proof of Proposition 4.3 we must show that D1,2

is 2qth-order accurate in the interior. We will use the following
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Lemma B.1. Consider the interior stencil of a 2qth-order accurate prolon-
gation operator

(Ipf)j =

 fi, j = 2i∑q
k=1 αk (fi+k + fi+1−k) , j = 2i+ 1,

(B.1)

where the coefficients αk are such that∑q
k=1 αk = 1

2
,∑q

k=1 αk(2k − 1)2m = 0, m = 1, . . . , q − 1, q > 1.
(B.2)

The truncation error of the interpolation operator Ip on the odd interior nodes
is

Te((2i+1)∆x) =
q∑

k=1

2αk[(2k − 1)∆x]2q

(2q)!
f (2q)((2i+1)∆x)+O(∆x2q+1). (B.3)

Proof. The interpolation on the even nodes is exact, while the truncation
error of the interpolation on the odd nodes can be estimated by Taylor ex-
pansion. For clarity, we show the result for q = 1. The result for higher
orders follows in a straightforward way.

The relation (B.1) on the odd nodes leads to

(Ipf)2i+1 =
q∑

k=1

αk[f(2(i+ k)∆x) + f(2(i+ 1− k)∆x)].

A Taylor expansion at x = 2i+ 1 gives

(Ipf)2i+1 = f((2i+ 1)∆x)
q∑

k=1

2αk

+
q∑

k=1

αk[(2k − 1)∆x]2f ′′((2i+ 1)∆x) +O(∆x3).

By using (B.2) we find

(Ipf)2i+1 − f((2i+ 1)∆x) =
q∑

k=1

αk[(2k − 1)∆x]2f ′′((2i+ 1)∆x) +O(∆x3).

which proves (B.3) for q = 1.
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Consider the function f(x) = x2q. By Lemma B.1, the truncation error
of the prolongation on the interior nodes for this function has the structure
Te = c(∆x)2q[. . . , 0, 1, 0, 1, 0, . . . ]T . This fine-grid function is canceled by
all skew-symmetric stencils. In particular, the result of D1,1Ipx

2q
2 is exact

on the interior nodes, i.e. D1,1Ipx
2q
2 = 2qx2q−1

1 . The restriction operator Ir
operating on this vector does not generate error, since Ir exactly restricts
(2q − 1)th-order polynomials on the interior nodes. Therefore, the order of
accuracy of the first derivative operator on the coarse grid is (2q, q − 1) and
Proposition 4.3 follows.

B.2. Proof of Proposition 4.8

Next, we discuss Proposition 4.8. It is straightforward to verify that
D2,2 = IrD2,1Ip exactly mimics the second derivative of xk for k = 0, . . . , 2q−
1 in the interior nodes and for k = 0, . . . , q − 1 at the boundaries. To prove
that the accuracy of D2,2 in the interior nodes is the same as the one of D2,1,
we use Lemma B.1 for k ∈ {2q, 2q + 1}.

Remark B.2. Since we are only interested to the behavior of D2,2 in the
interior, we consider an infinite grid with equidistant nodes.

Let f(x) = x2q. From Lemma B.1, the truncation error of Ipf has the
structure Te = c(∆x)2q[. . . , 0, 1, 0, 1, 0, . . . ]T . Thus, by applying the fine-
grid operator we find D2,1Te = c(∆x)2q[. . . , se, so, se, so, . . . ]

T , where se, so
are the sums of the elements of D2,1 on even (e) and odd (o) column posi-
tions, respectively. Since D2,1 is at least 0th-order accurate so = −se, and
D2,1Te = cse(∆x)2q[. . . , 1,−1, 1,−1, . . . ]T . This vector is in the nullspace of
any consistent restriction operator such that (cf. Appendix A and (B.1))

(Irv)j =
1

2

[
v2j +

q∑
k=1

αk(v2j−1+2k + v2j+1−2k)

]
(B.4)

and (B.2) hold. Hence D2,2 is exact on 2qth-order polynomials.
Next, consider f(x) = x2q+1. Lemma B.1 implies that the truncation

error of Ipf has the structure Te = c(∆x)2q+1[. . . , 0, 2i+ 1, 0, 2i+ 3, 0, . . . ]T .
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This vector can be decomposed as

Te = c(∆x)2q+1

ñ
. . . , i,

2i+ 1

2
, i+ 1,

2i+ 3

2
, i+ 2, . . .

ôT
+ c(∆x)2q+1

ñ
. . . ,−i, 2i+ 1

2
,−(i+ 1),

2i+ 3

2
,−(i+ 2), . . .

ôT
= Tn + Tp,

where Tn is proportional to x1 and hence vanishes when D2,1 is applied to
it for q ≥ 1. The vector Tp can be written element-wise as c(∆x)2q+1(−1)jj.
Since D2,1 has a symmetric stencil, i.e.

(D2,1v)j = c0vj +
q∑

k=1

cj(vj+k + vj−k)

we find (D2,1Tp)j = (−1)j+1j(−c0 + 2
∑q
k=1 ck) = C(−1)jj. Finally, by

applying Ir in (B.4) to this vector and using the accuracy requirement (B.2),
we find

(IrD2,1Tp)j = 2j(1− 2
q∑

k=1

αk) = 0.

Thus, D2,2 is exact on (2q + 1)th-order polynomials, as well.

C. Energy estimates for the elliptic problem

Consider the problem (27) augmented in pseudo time, i.e.

uτ − αuxx − βuyy = f, 0 < x < 1, 0 < y < 1, τ > 0,
(u− ux)(0, y, τ) = gW (y), 0 < y < 1, τ > 0,
(u+ uy)(x, 1, τ) = gN(x), 0 < x < 1, τ > 0,
(u+ ux)(1, y, τ) = gE(y), 0 < y < 1, τ > 0,
(u− uy)(x, 0, τ) = gS(x), 0 < x < 1, τ > 0,

u(x, y, 0) = u(0)(x, y), 0 < x < 1, 0 < y < 1.

(C.1)

By using the energy-method (multiplying (C.1) by u, integrating on the
square domain Ω = (0, 1)2 and applying integration-by-parts) we find

d

dτ
‖u(·, τ)‖2

2 = 2α
∫ 1

0
[uux(1, y, τ)− uux(0, y, τ)]dy

+ 2β
∫ 1

0
[uuy(x, 1, τ)− uuy(x, 0, τ)]dx

− 2
∫

Ω
(αu2

x + βu2
y)dxdy + 2(f, u)2,
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where (·, ·)2 and ‖ · ‖2 denote the scalar product and the norm on L2(Ω),
respectively. To start with, consider the case with f = 0. Since both α and
β are positive constants, the only terms that can lead to a positive energy-
rate are related to the boundaries. In particular

2uux =
1

2
(u+ ux)

2 − 1

2
(u− ux)2, 2uuy =

1

2
(u+ uy)

2 − 1

2
(u− uy)2

and the strong imposition of the boundary conditions of (C.1) leads to an
energy estimate, since all the positive contributions to the energy-rate are
controlled by the data. If f 6= 0, the energy-estimate includes a limited
exponential growth.

Likewise, the proof of strong stability of (29) relies on the discrete energy-
method (multiplying the formulation from the left by wT (Px ⊗ Py) and ap-
plying the summation-by-parts properties), which leads to

d

dτ
‖w(τ)‖2

Px⊗Py = −2αwT (STxAxSx ⊗ Py)w − 2βwT (Px ⊗ STy AySy)w

− 2αwT (E0x ⊗ Py)(w − gW )− 2βwT (Px ⊗ ENy)(w − gN)

− 2αwT (ENx ⊗ Py)(w − gE)− 2βwT (Px ⊗ E0y)(w − gS)

+ 2(w, f)Px⊗Py .

Similarly to the continuous case, the boundedness of the discrete energy-rate
depends only on the boundary terms, since Ax + Ax ≥ 0 and Ay + ATy ≥ 0.
As an example, the western-boundary terms can be rewritten as

−2αwT (E0x ⊗ Py)(w − gW ) =− 2α(w − gW )T (E0x ⊗ Py)(w − gW )

+
1

2
αgTW (E0x ⊗ Px)gW ,

which yields a bounded contribution. The remaining boundary terms can be
recast in the same fashion, leading to a discrete energy-estimate.
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D. Energy estimates for the advection-diffusion problem

Consider the problem (30) augmented in pseudo time, i.e.

uτ + aux + buy = ε(uxx + uyy) + f, 0 < x < 1, 0 < y < 1, τ > 0,
(au− εux)(0, y, τ) = gW (y), 0 < y < 1, τ > 0,

uy(x, 1, τ) = gN(x), 0 < x < 1, τ > 0,
ux(1, y, τ) = gE(y), 0 < y < 1, τ > 0,

(bu− εuy)(x, 0, τ) = gS(x), 0 < x < 1, τ > 0,
u(x, y, 0) = u(0)(x, y), 0 < x < 1, 0 < y < 1,

(D.1)
and the corresponding semi-discrete formulation

wτ + [a(D1x ⊗ Iy) + b(Ix⊗D1y)]w = f + ε[(D2x ⊗ Iy)w + (Ix ⊗D2y)]w

− (P−1
x E0x ⊗ Iy)[((aIx − εSx)⊗ Iy)w − gW ]

− ε(Ix ⊗ P−1
y ENy)[(Ix ⊗ Sy)w − gN ]

− ε(P−1
x ENx ⊗ Iy)[(Sx ⊗ Iy)w − gE]

− (Ix ⊗ P−1
y E0y)[(Ix ⊗ (bIy − εSy))w − gS].

(D.2)

The proof of well-posedness follows from the energy-method, which leads
to

d

dτ
‖u(·, τ)‖2

2 =
∫ 1

0
[2εuux − au2] |x=1

x=0 dy +
∫ 1

0
[2εuuy − bu2] |y=1

y=0 dx

− 2ε
∫

Ω
(u2

x + u2
y)dxdy + 2(f, u)2.

Since

2εuux − au2 =
1

a

î
ε2u2

x − (au− εux)2
ó
,

2εuuy − bu2 =
1

b

î
ε2u2

y − (bu− εuy)2
ó
,

the boundary conditions in (D.1) yield a solution bounded by the data.
To prove strong stability of (D.2) we apply the discrete energy-method
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as in Appendix C, which gives

d

dτ
‖w(τ)‖2

Px⊗Py =− 2εwT [(STxAxSx ⊗ Py) + (Px ⊗ STy AySy)]w

+ awT (E0x ⊗ Py)w − 2wT (E0x ⊗ Py)(aw − gW )

− bwT (Px ⊗ ENy)w + 2εwT (Px ⊗ ENy)gN
− awT (ENx ⊗ Py)w + 2εwT (ENx ⊗ Py)gE
+ bwT (Px ⊗ E0y)w − 2wT (Px ⊗ E0y)(bw − gS)

+ 2(w, f)Px⊗Py . (D.3)

The western-boundary terms are equivalent to

−1

a
(aw − gW )T (E0x ⊗ Py)(aw − gW ) +

1

a
gTW (E0x ⊗ Py)gW ,

and the northern-boundary terms can be recast as follows

−1

b
(bw − εgN)T (Px ⊗ ENy)(bw − εgN) +

ε2

b
gTN(Px ⊗ ENy)gN .

The eastern- and southern-boundary terms can be treated in a similar man-
ner. Thus, (D.3) leads to a discrete energy-estimate.

E. Stability for the advection-diffusion problem on a curvilinear
domain

Consider the advection-diffusion problem (32). It is shown in [30] that
the following set of boundary conditions

HWu = gW , ξ = 0, 0 < η < 1,
HNu = gN , 0 < ξ < 1, η = 1,
HEu = gE, ξ = 1, 0 < η < 1,
HSu = gS, 0 < ξ < 1, η = 0,
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leads to the well-posedness of the augmented problem in pseudo time if

HW =


φ(0, η)− (µ11∂ξ + µ12∂η), if φ(0, η) > 0,

1− (µ11∂ξ + µ12∂η), if φ(0, η) = 0,

µ11∂ξ + µ12∂η, if φ(0, η) < 0,

HN =


µ12∂ξ + µ22∂η, if ψ(ξ, 1) > 0,

1 + (µ12∂ξ + µ22∂η), if ψ(ξ, 1) = 0,

ψ(ξ, 1)− (µ12∂ξ + µ22∂η), if ψ(ξ, 1) < 0,

HE =


µ11∂ξ + µ12∂η, if φ(1, η) > 0,

1 + (µ11∂ξ + µ12∂η), if φ(1, η) = 0,

φ(1, η)− (µ11∂ξ + µ12∂η), if φ(1, η) < 0,

HS =


ψ(ξ, 0)− (µ12∂ξ + µ22∂η), if ψ(ξ, 0) > 0,

1− (µ12∂ξ + µ22∂η), if ψ(ξ, 0) = 0,

µ12∂ξ + µ22∂η, if ψ(ξ, 0) < 0.

(E.1)

To write the SBP-SAT discretization of (33), (E.1) we first recast the
advective terms using the splitting technique described in [19] as

(φu)ξ + (ψu)η =
1

2
[(φu)ξ + φuξ + (ψu)η + ψuη].

The SBP-SAT final approximation of (32), using (33), is

1

2
[(D1ξ ⊗ Iη)Φ + Φ(D1ξ ⊗ Iη) + (Iξ ⊗D1η)Ψ + Ψ(Iξ ⊗D1η)]u = Jf

+ [D
(µ11)
ξξ +D

(µ12)
ξη +D

(µ12)
ηξ +D(µ22)

ηη ]u

+ (P−1
ξ E0ξ ⊗ Iη)ΣW (HWu− gW )

+ (Iξ ⊗ P−1
η ENη)ΣN(HNu− gN)

+ (P−1
ξ ENξ ⊗ Iη)ΣE(HEu− gE)

+ (Iξ ⊗ P−1
η E0η)ΣS(HSu− gS),

where Φ = diag(φ), Ψ = diag(ψ) and the second derivative terms are com-
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pact discretizations containing the nonconstant coefficients [34], i.e.

D
(µ11)
ξξ =

Nη∑
k=0

î
P−1
ξ (−STξ Aµ11(ξ,ηk) +Bµ11(ξ,ηk))Sξ ⊗ eke

T
k

ó
≈ (µ11(ξ, η)∂ξ)ξ,

D
(µ12)
ξη = (D1ξ ⊗ Iη)diag(µ12)(Iξ ⊗D1η) ≈ (µ12(ξ, η)∂η)ξ,

D
(µ12)
ηξ = (Iξ ⊗D1η)diag(µ12)(D1ξ ⊗ Iη) ≈ (µ12(ξ, η)∂ξ)η,

D(µ22)
ηη =

Nξ∑
k=0

î
eke

T
k ⊗ P−1

η (−STη Aµ22(ξk,η) +Bµ22(ξk,η))Sη
ó
≈ (µ22(ξ, η)∂η)η.

(E.2)
In (E.2) we denoted with ek the indicator vector for the kth component, such
that (ek)j = δjk. The compact operators damp high-frequency modes on the

fine grid (cfr. Remark 3.4). Note that the operators D
(µ11)
ξξ and D(µ12)

ηη are
based on Definition 3.2, with A andB depending on a nonconstant coefficient.
As an example, Bµ11(ξ,ηk) = diag(−µ11(0, ηk), 0, . . . , 0, µ11(1, ηk)).

Finally, the boundary matrices HW , HN , HE, HS are discrete represen-
tations of HW , HN , HE, HS in (E.1). For example, the boundary matrix for
the western edge is

HW =


Φ− [diag(µ11)(Sξ ⊗ Iη) + diag(µ12)(Iξ ⊗D1η)], if Φ > 0,

I − [diag(µ11)(Sξ ⊗ Iη) + diag(µ12)(Iξ ⊗D1η)], if Φ = 0,

diag(µ11)(Sξ ⊗ Iη) + diag(µ12)(Iξ ⊗D1η), if Φ < 0,

(E.3)
since the mixed derivative terms in (E.2) are obtained by applying the first
derivative twice.

In this section we show that the semi-discrete SBP-SAT formulation in
pseudo time

wτ +
1

2
[(D1ξ ⊗ Iη)Φ + Φ(D1ξ ⊗ Iη) + (Iξ ⊗D1η)Ψ + Ψ(Iξ ⊗D1η)]w = Jf

+ [D
(µ11)
ξξ +D

(µ12)
ξη +D

(µ12)
ηξ +D(µ22)

ηη ]w

+ (P−1
ξ E0ξ ⊗ Iη)ΣW (HWw − gW )

+ (Iξ ⊗ P−1
η ENη)ΣN(HNw − gN)

+ (P−1
ξ ENξ ⊗ Iη)ΣE(HEw − gE)

+ (Iξ ⊗ P−1
η E0η)ΣS(HSw − gS) (E.4)
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is stable if

ΣW,N,E,S =


−1, Φ > 0,

−1, Φ = 0,

1, Φ < 0.

(E.5)

To make the proof easier to read, we neglect the forcing function and all the
boundary terms except the ones related to the western edge of the square
domain. Moreover, we consider homogeneous boundary conditions, i.e. gW =
0. Hence, the discrete energy-methods leads to

d

dτ
‖w(τ)‖2

Px⊗Py = wT (E0ξ ⊗ Pη)Φw + 2wT (Pξ ⊗ Pη)D(µ11)
ξξ w

+ 2wT (Pξ ⊗ Pη)D(µ12)
ξη w + 2wT (Pξ ⊗ Pη)D(µ12)

ηξ w

+ 2wT (Pξ ⊗ Pη)D(µ22)
ηη w + 2wT (E0ξ ⊗ Pη)ΣWHWw, (E.6)

where

wT (Pξ ⊗ Pη)D(µ11)
ξξ w =−wT (Pξ ⊗ Pη)

Nη∑
k=0

(P−1
ξ (STξ A

µ11(ξ,ηk)Sξ)⊗ eke
T
k )w

−wT (E0ξ ⊗ Pη)diag(µ11)(Sξ ⊗ Iη)w,

wT (Pξ ⊗ Pη)D(µ12)
ξη w =−wT (DT

1ξ ⊗ Iη)(Pξ ⊗ Pη)diag(µ12)(Iξ ⊗D1η)w

−wT (E0ξ ⊗ Pη)diag(µ12)(Iξ ⊗D1η)w,

wT (Pξ ⊗ Pη)D(µ12)
ηξ w = −wT (Iξ ⊗DT

1η)(Pξ ⊗ Pη)diag(µ12)(D1ξ ⊗ Iη)w,

wT (Pξ ⊗ Pη)D(µ22)
ηη w = −wT (Pξ ⊗ Pη)

Nξ∑
k=0

(eke
T
k ⊗ P−1

η (STη A
µ22(ξk,η)Sη))w.

As a consequence, the energy-rate in (E.6) can be recast as

d

dτ
‖w(τ)‖2

Px⊗Py = BT + DI,

where BT and DI denote the boundary and dissipative terms, respectively.
It is straightforward to verify that the boundary operators in (E.3) and

the penalty matrices in (E.5) give

BT =


−wT (E0ξ ⊗ Pη)Φw, if Φ > 0,

−2wT (E0ξ ⊗ Pη)w, if Φ = 0,

wT (E0ξ ⊗ Pη)Φw, if Φ < 0,
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which means that BT < 0 irrespectively of the sign of Φ. To prove the
boundedness of the dissipative terms DI, an additional property of the com-
pact second derivative operators is needed [34].

Definition E.1. Let D1 = P−1Q and D
(µ)
2 = P−1(−STA(µ) +B(µ))S be pth-

order accurate narrow-diagonal first- and second-derivative SBP operators.
If STA(µ)S = DT

1 Pdiag(µ)D1 + R(µ), and the remainder R(µ) is positive

semi-definite, D1 and D
(µ)
2 are called compatible.

The second derivative operators used in the numerical simulations are
compatible with the first derivative. This implies that the dissipative terms
can be recast as

DI = −wT ∑Nη
k=0(DT

1ξPξdiag(µ11(ξ, ηk))D1ξ ⊗ PηekeTk )
−wT (DT

1ξ ⊗ Iη)(Pξ ⊗ Pη)diag(µ12)(Iξ ⊗D1η)w
−wT (Iξ ⊗DT

1η)(Pξ ⊗ Pη)diag(µ12)(D1ξ ⊗ Iη)w
−wT ∑Nξ

k=0(Pξeke
T
k ⊗DT

1ηPηdiag(µ22(ξk,η))D1η)w

−wT ∑Nη
k=0(Rµ11(ξ,ηk) ⊗ PηekeTk )w

−wT ∑Nξ
k=0(Pξeke

T
k ⊗Rµ22(ξk,η))w

= −“wT (I2 ⊗ Pξ ⊗ Pη)K“w −wT ∑Nη
k=0(Rµ11(ξ,ηk) ⊗ PηekeTk )w

−wT ∑Nξ
k=0(Pξeke

T
k ⊗Rµ22(ξk,η))w,

where “w = [((D1ξ ⊗ Iη)w)T , ((Iξ ⊗D1η)w)T ]T and

K =

[∑Nη
k=0(diag(µ11(ξ, ηk)), eke

T
k ) diag(µ12)

diag(µ12)
∑Nξ
k=0(eke

T
k ⊗ diag(µ22(ξk,η)))

]

=

ñ
diag(µ11) diag(µ12)
diag(µ12) diag(µ22)

ô
=

Nξ∑
i=0

Nη∑
j=0

Çñ
µ11(ξi, ηj) µ12(ξi, ηj)
µ12(ξi, ηj) µ22(ξi, ηj)

ô
⊗ ej+i(Nη+1)e

T
j+i(Nη+1)

å
.

Since K is symmetric and positive semi-definite, DI ≤ 0 and the stability of
(E.4) follows.
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