
Stability and accuracy for difference methods
using asynchronous processors

Department of Mathematics, Linköping University

Albin Göransson

LiTH-MAT-EX--2018/03--SE

Credits: 30 hp

Level: A

Supervisor: Jan Nordström,
Department of Mathematics, Linköping University

Examiner: Jan Nordström,
Department of Mathematics, Linköping University

Linköping: March 2018



Stability and accuracy for difference methods using
asynchronous processors

Albin Göranssona

aDepartment of Mathematics, Computational Mathematics, Linköping University,
SE-581 83 Linköping, Sweden (albgo739@student.liu.se).

Abstract

We solve initial boundary value problems with information unavailable at
random time-steps. The randomly unavailable information represents asyn-
chrony between processing elements. To approximate the initial boundary
value problem, finite difference operators with summation-by-parts proper-
ties and weak boundary procedures are used. Utilizing the energy method,
we derive energy estimates for synchronous and asynchronous problems. The
simulations show that the solutions may remain accurate and stable, even in
the asynchronous case.

1. Introduction

If multiple processing elements (PEs) are used to solve partial differential
equations, some PEs will finish processing before others. This causes mo-
ments where PEs are idling and reduces performance. In [1] and [2] the idea
to use data from a previous time-level instead of waiting is suggested. We
will systematically investigate this method using a more mature numerical
model. A formulation of the problem where each PE corresponds to a part
of the computational domain is considered. At the interface between the
domains, penalty terms are used to transfer information from one domain to
the other. Since the delay between the PEs can be seen as a random event it
is represented by a stochastic process. We study the accuracy and stability
of the asynchronous problem.

The rapport is organized as follows. To set the stage, in Section 2 well-
posedness and stability results are derived for problems without an interface.
Next, in Section 3, a multiblock formulation is introduced. In Section 4,
5 and 6 energy estimates are derived for asynchronous advection problems,
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hyperbolic systems and advection-diffusion problems. The last two sections
present computational results, summary and conclusions.

2. The synchronous advection problem

To illustrate the theoretical concepts required, consider the model prob-
lem,

ut + aux = 0, 0 ≤ x ≤ 1, t ≥ 0

u(0, t) = g(t), t ≥ 0

u(x, 0) = f(x), 0 ≤ x ≤ 1,

(1)

where g is boundary data, f is initial data and a is a positive constant.

2.1. Well-posedness
We apply the energy method [3] to (1) by multiplying with u and inte-

grating over the spatial domain

d

dt

∫ 1

0

u2dx+ a

∫ 1

0

(u2)xdx = 0. (2)

Integration by parts on the left-hand side (LHS) and adding−2au(0, t)(u(0, t)−
g) (= 0) to the right-hand side (RHS) yields

d

dt
||u||2 + au2(1, t) = ag2 − a(u(0, t)− g)2. (3)

In (3), the L2-norm with respect to space is
∫ 1

0
u2dx = ||u||2.

Finally, integrating (3) in time leads to

||u||2t=T + a

∫ T

0

u2(1, t)dt = ||f ||2 + a

∫ T

0

g2dt− a
∫ T

0

(u(0, t)− g)2dt. (4)

The problem (1) is strongly well-posed [3], since the solution is bounded by
the data of the problem.
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2.2. Semi-discrete stability
Let D be a first-derivative spatial operator

DU ≈ Ux,

where U = (U0, ..., UN)T and Ux = ((Ux)0, ..., (Ux)N)T . D = P−1Q is a
summation-by-parts (SBP) operator where the matrices P and Q satisfies
the following properties [3]

P = P T ≥ 0, QT +Q = diag(−1, 0, ..., 0, 1). (5)

Discretizing (1) in space using N + 1 grid points and applying the SBP-SAT
technique yields

Ut + aP−1QU = σxP
−1(U0 − g)e0 (6)

where e0 = (1, 0, ..., 0)T and σxP−1(U0−g)e0 is the simultaneous approxima-
tion term (SAT).

By applying the discrete version of the energy method [3] (multiplying
(6) by UTP from the left and adding the transpose) we get

UTPUt + aUT (Q+QT )U = 2σx(U2
0 − gU0). (7)

Since P is positive definite and symmetric it defines the norm yTPy = ||y||2P .
The near skew-symmetry of Q in (5) is used on the second term on the LHS
of (7), leading to

d

dt
||U ||2P + aU2

N = aU2
0 + 2σx(U2

0 − gU0). (8)

Next, ag2 is added and subtracted from the RHS and σx is set to −a in (8)

d

dt
||U ||2P + aU2

N = ag2 − a(U0 − g)2. (9)

By integrating (9) in time we get

||U ||2P,t=T + a

∫ T

0

U2
Ndt = ||f ||2P + a

∫ T

0

g2dt− a
∫ T

0

(U0 − g)2dt. (10)

In (10), the solution is bounded by the data of the problem and the semi-
discrete problem (6) is therefore strongly stable [3]. The estimate (10) mimics
the continuous estimate in (4) term by term.
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2.3. The semi-discrete approximation for two domains
The problem (1) is discretized in space using a multi-block formulation

[4] with two subintervals ([0, 1/2] and [1/2, 1]) using N + 1 and M + 1 grid
points

Ut + aP−1
l QlU = σlP

−1
l el(UN − V0)− aP−1

l e0(U0 − g)

Vt + aP−1
r QrV = σrP

−1
r er(V0 − UN).

(11)

In (11), U is a vector of length N + 1, V is a vector of length M + 1,
el = (0, .., 0, 1)T and er = (1, 0, .., 0)T . The terms σlP−1

l el(UN − V0) and
σrP

−1
r er(V0 − UN) enforce the interface conditions weakly [3].
We introduce

Px =

(
Pl 0
0 Pr

)
, Qx =

(
Ql 0
0 Qr

)
, W =

(
U
V

)
, (12)

where Px, Qx ∈ R(N+M+2)×(N+M+2) and W ∈ C(N+M+2)×1. The vector and
the matrices in (12) are used to express (11) as

Wt + aP−1
x QxW = −aP−1

x Ex
0 (W − g0) + σlP

−1
x (El

N − El
N+1)W

+ σrP
−1
x (Er

N+1 − Er
N)W

(13)

where g0 = (g, 0, ..., 0)T . The matrices Ex
0 , El

N , El
N+1, Er

N and Er
N+1 have

the same size as Px and are zero in all elements except for Ex
0 (1, 1) = 1,

El
N(N + 1, N + 1) = 1, El

N+1(N + 1, N + 2) = 1, Er
N(N + 2, N + 1) = 1 and

Er
N+1(N + 2, N + 2) = 1.
By applying the discrete version of the energy method to (13) we get

d

dt
||W ||2Px

+ aW 2
N+M = ag2 − a(W0 − g)2

+

(
WN

WN+1

)T (−a+ 2σl −σl − σr
−σl − σr a+ 2σr

)(
WN

WN+1

)
.

(14)

We choose σl = 0 and σr = −a and integrate (14) in time, which yields

||W ||2Px,t=T +

∫ T

0

aW 2
N+Mdt =

∫ T

0

ag2dt−
∫ T

0

a(W0 − g)2dt

+ ||f ||2Px
−
∫ T

0

a(WN −WN+1)2dt.

(15)

In (15), the solution is bounded by the data of the problem and (13) is
therefore strongly stable. Compare (15) with (4) and (10), and note the
additional damping term from the interface.
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2.4. The fully discrete approximation for two domains
By also discretizing (13) in time using K+1 time-steps and the SBP-SAT

technique [5] we get

(P−1
t Qt⊗Ix)W + a(It ⊗ P−1

x Qx)W = −a(It ⊗ P−1
x Ex

0 )(W −G)

+σt(P
−1
t Et

0 ⊗ Ix)(W − F)− a(It ⊗ P−1
x (Er

N+1 − Er
N))W,

(16)

where W = (W0,x,W1,x, ...,WK,x)T and Wj,x = (Wj,0,Wj,1, ...,Wj,N+M)T

= (U0(j), ..., UN(j), V0(j), ..., VM(j))T . In (16), F carries the initial data and
G the boundary data at appropriate positions. The matrix Et

0 is zero in all
elements except the first and the penalty coefficient σt will be determined for
stability.

We apply the energy method [5] by multiplying (16) with WT (Pt ⊗ Px)
from the left and adding its transpose. That yields

WT ((Qt +QT
t )⊗ Px)W + aWT (Pt ⊗ (Qx +QT

x ))W =

−2aWT (Pt ⊗ Ex
0 )(W −G)+2σtW

T (Et
0 ⊗ Px)(W − F)

−2aWT (Pt ⊗ (Er
N+1 − Er

N))W.

(17)

Let Wt,i = (W0,i,W1,i, ...,WK,i)
T and the matrices Px and Pt define the

norms ||.||Px and ||.||Pt . We chose σt = −1 and rewrite (17) to get

||WK,x||2Px
+ a||Wt,N+M ||2Pt

= a||Gt,0||2Pt
− a||Wt,0 −Gt,0||2Pt

+||F0,x||2Px
− ||W0,x − F0,x||2Px

− a||Wt,N −Wt,N+1||2Pt
.

(18)

In (18), the solution is bounded by the data of the problem and the problem
(16) is therefore strongly stable [5]. This result mimics the result in the semi-
discrete case (15), with additional damping from the weak initial condition.

3. The asynchronous advection problem

Having determined the stability for the synchronous problem where all
PEs are updated at all times, we now turn to the asynchronous problem. If
there is delay in a time-step, information from that domain is unavailable.
With our choice of penalty coefficients, σl = 0 and σr = −a, the solution on
the left subinterval is independent of the solution on right [6]. Hence, the
solution on left subinterval will not be affected by delay, which is natural
since the information in the advection problem (1) travels from left to right.
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3.1. The semi-discrete asynchronous formulation
Intuitively when modeling an asynchronous problem we think of a time-

grid or time-stepping algorithm, in order to at each time-level be able to
determine if there is delay between the PEs. If there is delay, a value from
a previous time-level will be used instead of the current one. If not, the
problem is synchronous and identical to (11).

By considering the uncertainty at the interface as a function of a stochas-
tic process we can mimic this situation in the semi-discrete case. We intro-
duce a stochastic process

{X(t), t ∈ τ}, (19)

where τ = {0,∆t, 2∆t, . . . , T − ∆t}. The stochastic X(t) takes the values
0 (communication) and 1 (no communication) with probability p and 1− p,
respectively. Further, we define the process UN(t,X(tp)) as

ŨN(t,X(tp)) =

{
UN(t), if X(tp) = 0

UN(tp), if X(tp) = 1,
(20)

where tp = sup{τi ∈ τ |τi ≤ t} is the previous time.
By including (20) in the formulation (11) we get

Ut + aP−1
l QlU = −aP−1

l e0(U0 − g)

Vt + aP−1
r QrV = −aP−1

r er(V0 − ŨN).
(21)

In (21), it is clear that the first equation is independent of the second equation
and will not be affected by the delay.

3.1.1. Stability
Using the notation introduced in (12) we rewrite (21) as a system of

equations, which now reads

Wt + aP−1
x QxW = −aP−1

x Ex
0 (W − g0)− a(P−1

x Er
N+1W − P−1

x Er
NW̃ ). (22)

In (22), the penalty term has a stochastic and non-stochastic part, that is,
P−1
x Er

N+1W corresponds to P−1
r erV0, and P−1

x Er
NW̃ to P−1

r erŨN .
Applying the energy method to (22) yields

d

dt
||W ||2Px

+ aW 2
N+M =ag2 − a(W0 − g)2

+ 2aW̃NWN+1 − aW 2
N+1 − aW 2

N .
(23)
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We rewrite and integrate (23) in time, which yields

||W ||2Px,t=T +

∫ T

0

aW 2
N+Mdt =

∫ T

0

ag2dt−
∫ T

0

a(W0 − g)2dt+ ||f ||2Px

−
∫ T

0

a(WN+1 − W̃N)2dt+

∫ T

0

a(W̃ 2
N −W 2

N)dt.

(24)

The solution in (24) is bounded if the last term is bounded. Note that the
estimate is the same as (15) if X(τi) = 1 for every τi ∈ τ .

We study the last term of (24) with one instance of delay. Let the update
X(td) = 1, td ∈ τ , we get∫ T

0

a(W̃ 2
N −W 2

N)dt =

∫ td+∆t

td

a(W 2
N(tp)−W 2

N(t))dt ≤ aW 2
N(tp)∆t. (25)

In (25), WN resides is on the left side of the grid and tp < td from the
definition of the stochastic process (20). At the time td when the delay
occurs W 2

N(tp) is bounded by the data of the problem, under the energy
estimate (10). Hence, the relation (25) is a valid, but with a small limited
time-growth.

3.2. The fully discrete asynchronous formulation
In the fully discrete problem we use matrices with stochastic elements to

represent the delay. The delay matrix has the form

Ĩt =


1 0 . . .

k̃1 1− k̃1 0 . .

k̃1k̃2 k̃2(1− k̃1) 1− k̃2 0 .

. .
. . . . . . .∏K

i=1 k̃i . . k̃K−1(1− kK) 1− k̃K

 , (26)

where k̃j is a stochastic variable that takes the value 0 with a probability
of 1 − pj and the value 1 with a probability of pj. This means that either
the value from the current time-level is used, or a value from a previous
time-level. In the first time-level we let p0 = 1.
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By including the delay matrix (26) in the formulation (16) we get

(P−1
t Qt ⊗ Ix)W + a(It ⊗ P−1

x Qx)W = −a(It ⊗ P−1
x Ex

0 )(W −G)

− (P−1
t Et

0 ⊗ Ix)(W − F)− a((It ⊗ P−1
x Er

N+1)− (Ĩt ⊗ P−1
x Er

N))W,
(27)

where −a((It ⊗ P−1
x Er

N+1)− (Ĩt ⊗ P−1
x Er

N))W is the interface penalty term.
In both (22) and (27), the penalty term has a stochastic and non-stochastic
part. The property that the left side of the grid is independent of the right
side is retained in (27).

To show that the left side is strongly stable we introduce the matrices

Pxl =

(
Pl 0
0 0

)
, Qxl =

(
Ql 0
0 0

)
.

Using Pxl and Qxl, the energy method can be applied to only the left subin-
terval. It is done by multiplying (27) with WT (Pt ⊗ Pxl) from the left and
adding its transpose, which yields

WT ((Qt +QT
t )⊗ Pxl)W + aWT (Pt ⊗ (Qxl +QT

xl))W =

−2aWT (Pt ⊗ Ex
0 )(W −G)− 2WT (Et

0 ⊗ Pxl)(W − F).
(28)

Let Wj,xl = (Wj,0, ...,Wj,N)T and let Pxl define the semi-norm ||.||Pxl
, by

rewriting (28) we get

||WK,xl||2Pxl
+ a||Wt,N ||2Pt

= a||Gt,0||2Pt
− a||Wt,0 −Gt,0||2Pt

+||F0,xl||2Pxl
− ||W0,xl − F0,xl||2Pxl

.
(29)

In (29), the solution is bounded by the data of the problem. Hence, the left
problem embedded in (27) is strongly stable.

3.2.1. Stability
We apply the energy method to (27) by multiplying with WT (Pt ⊗ Px)

from the left and adding its transpose which yields

WT ((Qt +QT
t )⊗Px)W + aWT (Pt ⊗ (Qx +QT

x ))W =

−2aWT (Pt ⊗ Ex
0 )(W −G)− 2WT (Et

0 ⊗ Px)(W − F)

−2aWT (Pt ⊗ Er
N+1)W + 2aWT (PtĨt ⊗ Er

N)W.

(30)
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Using the near skew-symmetry of Qt and Qx in (5), we rewrite (30) as

WT
0,xPxW0,x + WT

K,xPxWK,x − aWT
t,0PtWt,0

+aWT
t,NPtWt,N − aWT

t,N+1PtWt,N+1 + aWT
t,N+MPtWt,N+M =

−2aWT
t,0Pt(Wt,0 −Gt,0)− 2WT

0,xPx(W0,x − F0,x)

+2aWT
t,N+1Pt(ĨtWt,N)− 2aWT

t,N+1PtWt,N+1.

(31)

Using the norms defined by Px and Pt we express (31) as

||WK,x||2Px
+ a||Wt,N+M ||2Pt

= ||Gt,0||2Pt
−a||Wt,0 −Gt,0||2Pt

+||F0,x||2Px
− ||W0,x − F0,x||2Px

− a||Wt,N+1 − ĨtWt,N ||2Pt

+a||ĨtWt,N ||2Pt
− a||Wt,N ||2Pt.

(32)

In (32), the estimate mimics the asynchronous semi-discrete estimate (24). If
the problem is synchronous (Ĩt = It) the estimate is identical to (18). Since
Wt,N is bounded in (29), the approximation ĨtWt,N is also bounded, but
with a limited time-growth.

4. Hyperbolic systems

In the previous sections we have studied a problem where the information
travels in one direction. In a hyperbolic system we have both left- and right-
going information at the same time.

Consider the simplest possible hyperbolic system,

ut + Aux = 0, 0 ≤ x ≤ 1, t ≥ 0

A+u(0, t) = A+g0(t), t ≥ 0

A−u(1, t) = A−g1(t), t ≥ 0

u(x, 0) = f(x), 0 ≤ x ≤ 1,

(33)

where u = (u1, u2)T and A =

(
0 1
1 0

)
. We define

A = Y TΛY, A± =
1

2
Y T (Λ± |Λ|)Y, (34)

where Y has the eigenvectors of A as columns and Λ holds the eigenvalues.
The data of the problem is A+g0, A−g1 and f = (f1, f2)T .

9



At x = 0 the ingoing information isA+u(0, t) and at x = 1 the information
is A−u(1, t). The matrix A has the eigenvalues Λ1,1 = 1 and Λ2,2 = −1,
and rank(A+) = rank(A−) = 1. In (33), we therefore have one boundary
condition at x = 0 and one at x = 1 [7]. For further reading on hyperbolic
systems see: [3], [8] and [9].

4.1. Well-posedness
By applying the energy method [3] to (33) (multiplying by uT from the

left and integrating over the spatial domain) we get

||u||2t = −
∫ 1

0

(uTAu)xdx = uT (0, t)Au(0, t)− uT (1, t)Au(1, t), (35)

where the L2-norm is
∫ 1

0
u2dx = ||u||2.

Adding 2uT (0, t)Σ0(u(0, t)− g0) and 2uT (1, t)Σ1(u(1, t)− g1) to the LHS
of (35) yields

||u||2t = uT (0, t)Au(0, t)− uT (1, t)Au(1, t)

+ 2uT (0, t)Σ0(u(0, t)− g0) + 2uT (1, t)Σ1(u(1, t)− g1).
(36)

By choosing Σ0 = −A+ and Σ1 = A− in (36) we get

||u||2t − uT (0, t)A−u(0, t) + uT (1, t)A+u(1, t) = gT0 A
+g0 − gT1 A−g1

− (u(0, t)− g0)TA+(u(0, t)− g0) + (u(1, t)− g1)TA−(u(1, t)− g1).
(37)

In (37), the solution is bounded by the data of the problem. Hence, (33) is
strongly well-posed [3].

4.2. Semi-discrete stability
Discretizing (33) in space using N + 1 grid points and applying the SBP-

SAT technique [4] yields

Ut+(P−1Q⊗A)U = −P−1E0⊗A+(U0−g0)e0+P−1EN⊗A−(U0−g1)e1, (38)

where Σ0 and Σ1 given above are used as penalty matrices.
By applying the discrete version of the energy method [3] (multiplying

(38) by UT (P ⊗ I2) from the left and adding the transpose) we get

2UT (P ⊗ I2)Ut + UT ((Q+QT )⊗ A)U = −2UTE0 ⊗ A+(U0 − g0)e0

+2UTEN ⊗ A−(U0 − g1)e1.
(39)
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Let (P ⊗ I2) define the norm ||.||(P⊗I2). Using the near skew symmetry of Q
in (5) we rewrite (39) as

(||U ||2(P⊗I2))t − UT
0 A

−U0 + UT
NA

+UN = gT0 A
+g0 − gT1 A−g1

− (U0 − g0)TA+(U0 − g0) + (UN − g1)TA−(UN − g1).
(40)

In (40), the solution is bounded by the boundary data and the semi-discrete
problem (38) is therefore strongly stable [3]. The semi-discrete estimate (40)
mimics the continuous estimate (37).

4.3. Separation of left-going and right-going information
In order to apply the stability results for asynchronous problems derived

in the previous section, it is necessary to decouple the information in (33).
We therefore use the properties of the matrix A to get one problem with
right-going information and one problem with left-going information.

4.3.1. Continous case
Since A is symmetric and |Λ| > 0 we have

A−1A− + A−1A+ = A−1(A+ + A−) = I. (41)

By multiplying (33) with A−1A− and A−1A+, the problem can be separated
in to a problem with right-going information

A−1A+ut + A+ux = 0, 0 ≤ x ≤ 1, t ≥ 0

A+u(0, t) = A+g0(t), t ≥ 0

A−1A+u(x, 0) = A−1A+f(x), 0 ≤ x ≤ 1,

(42)

and one problem with left-going information

A−1A−ut + A−ux = 0, 0 ≤ x ≤ 1, t ≥ 0

A−u(1, t) = A−g1(t), t ≥ 0

A−1A−u(x, 0) = A−1A−f(x), 0 ≤ x ≤ 1.

(43)

The problems (42) and (43) are strongly well-posed, as the boundary condi-
tions are correct in number and placement. By using the relation (41), we
can see also that (33) is the sum of (42) and (43).
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4.3.2. The asynchronous formulation
We discretize (33) using a multiblock procedure and include stochastic

processes at the interface to get the formulation

Ut + (P−1
l Q⊗ A)U = −(P−1

l ⊗ A+)(U0 − g0)e0 + (P−1
l ⊗ Σl)(UN − Ṽ0)el

Vt + (P−1
r Q⊗ A)V = (P−1

r ⊗ A−)(VM − g1)eM + (P−1
r ⊗ Σr)(V0 − ŨN)er,

(44)

where Σl, Σr are interface penalty matrices and Ũ , Ṽ have the properties
given in (20).

At the interface, the penalty matrices are chosen as Σr = −A+ and Σl =
A−. The choice of characteristic interface conditions allows us to separate
the problem (44) into two (or four) decoupled problems. We multiply (44)
by (Il ⊗ A−1A+) and (Ir ⊗ A−1A+) from the left to get the first problem

(Il ⊗ A−1A+)Ut + (P−1Q⊗ A+)U = −(P−1 ⊗ A+)(U0 − g0)e0

(Ir ⊗ A−1A+)Vt + (P−1Q⊗ A+)V = −(P−1 ⊗ A+)(ṼN − U0)eR,
(45)

and by (Il ⊗ A−1A−) and (Ir ⊗ A−1A−) to get the second problem

(Il ⊗ A−1A−)Ut + (P−1
l Q⊗ A−)U = (P−1

l ⊗ A
−)(ŨN − V0)el

(Ir ⊗ A−1A−)Vt + (P−1
r Q⊗ A−)V = (P−1

r ⊗ A−)(VM − g1)eM .
(46)

The problems (44) and (45) have the properties that were shown in Section
4.1 to be sufficient for the solutions to be bounded. In the two decoupled
problems the information travels in one direction. The solution on one side
of the interface is also strongly stable under the estimate (40). Since the sum
of (45) and (46) is (44), the problem (44) is also strongly stable.
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5. The advection-diffusion equation

In the hyperbolic problems previously discussed, the information spreads
in separable directions. Next, we study a problem where that is not the case.

5.1. Well-posedness
Consider the advection-diffusion equation,

ut + aux = εuxx, 0 ≤ x ≤ 1, t ≥ 0

u(0, t)− ε

a
ux(0, t) = g0 t ≥ 0

ε

a
ux(1, t) = g1, t ≥ 0

u(x, 0) = f, 0 ≤ x ≤ 1,

(47)

where a and ε are positive constants.
Applying the energy method to (47) yields the estimate

||u||2t=T + 2ε

∫ T

0

||ux||2dt = ||f ||2 +

∫ T

0

(g2
0 + g2

1)dt

− a
∫ T

0

(u(0, t)− g0)2 + (u(1, t)− g1)2dt,

(48)

and hence (47) is strongly well-posed.

5.2. Semi-discrete stability
The problem (47) is first discretizied in space using N+1 grid points

Ut + aDU − εD2U =σ0P
−1(U0 −

ε

a
(DU)0 − g0)e0

+σNP
−1(

ε

a
(DU)N − g1)eN ,

(49)

where D = P−1Q.
We apply the energy method to (49) by multiplying with UTP from the

left and adding the transpose

d

dt
||U ||2P + 2ε||DU ||2P = aU2

0 − aU2
N − 2εU0(DU)0 + 2εUN(DU)N

+2σ0U0(U0 −
ε

a
(DU)0 − g0) + 2σ1UN(

ε

a
(DU)N − g1).

(50)

13



Choosing the penalty coefficients σ0 = σN = −a in (50) gives us

d

dt
||U ||2P + 2ε||DU ||2P = ag2

0 + ag2
1 − a(U0 − g0)2 − a(UN − g1)2. (51)

Finally (51) is integrated in time, which yields the estimate

||U(T )||2P + 2ε

∫ T

0

||DU ||2Pdt = ||f ||2P + a

∫ T

0

(g2
0 + g2

1)dt

− a
∫ T

0

((U0 − g0)2 + (UN − g1)2)dt.

(52)

In (52), the solution is bounded by the data of the problem and the semi-
discrete problem (49) is therefore strongly stable. The semi-discrete estimate
(52) also mimics the continuous one (48) term by term.

5.2.1. The multiblock formulation
The advection-diffusion equation (47) is discretized in space using a multi-

block formulation [4]. For ease of notation and since we are mainly interested
in the interface, we ignore the terms at the outer boundaries and get

Ut + aDlU − εD2
l U = σl,1P

−1
l (UN − V0)el + σl,2P

−1
l ((DlU)N − (DrV )0)el

Vt + aDrV − εD2
rV = σr,1P

−1
r (V0 − UN)er + σr,2P

−1
r ((DrV )0 − (DlU)N)er,

(53)

where Dl = P−1
l Ql and Dr = P−1

r Qr.
Applying the energy method to (53) and adding the two equations to-

gether yields

d

dt
(||U ||2Pl

+ ||V ||2Pl
) + 2ε||DlU ||2Pl

+ 2ε||DrV ||2Pr
= W TMW, (54)

where W = (UN , V0, (DlU)N , (DrV )0)T ,

M =


−a+ 2σl,1 −σl,1 − σr,1 ε(1 + σl,2) −εσl,2
−σl,1 − σr,1 a+ 2σr,1 −εσr,2 ε(−1 + σr,2)
ε(1 + σl,2) −εσr,2 −2εαl 0
−εσl,2 ε(−1 + σr,2) 0 −2εαr

 .

Following [4], the elements −2αl and −2αr in M are "borrowed" from the
terms 2ε||DlU ||2Pl

and 2ε||DrV ||2Pr
respectively. The energy estimate (54) is
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bounded if the matrix M is negative semidefinite. In [4], it is proven that
choosing the penalty coefficients as

σr,1 = σl,1 − a, σr,2 = σl,2 + 1, σl,1 ≤
a

2
− ε(

σ2
l,2

4αr

+
σ2
r,2

4αl

), (55)

yield a negative semi-definite matrix M .

5.3. The asynchronous problem
In the previous two sections the domains have been separated such that

we have a one way dependency. This has been the primary tool used to get
estimates for asynchronous problems. In (53), this procedure will not work.

5.3.1. Interface and penalty terms
Including the stochastic processes Ũ and Ṽ (with the properties intro-

duced in (20)) in the formulation (53) yields

Ut + aDlU − εD2
l U = σl,1P

−1
l (UN − Ṽ0)el + σl,2P

−1
l ((DlU)N − (DrṼ )0)el

Vt + aDrV − εD2
rV = σr,1P

−1
r (V0 − ŨN)er + σr,2P

−1
r ((DrV )0 − (DlŨ)N)er.

(56)

By applying the energy method to (56) we get an energy estimate of the
following form

d

dt
(||U ||2Pl

+ ||V ||2Pl
) + 2ε||DlU ||2Pl

+ 2ε||DrV ||2Pr
=

W̃ TM̃W̃ + κ1Ũ
2
N + κ2Ṽ

2
0 + κ3(DlŨ)2

N + κ4(DrṼ )2
0,

(57)

where W̃ = (UN , V0, (DlU)N , (DrV )0, ŨN , Ṽ0, (DlŨ)N , (DrṼ )0)T and M̃ is an
8x8 matrix with the 4x4 blocks

M̃1,1 =


−a+ 2σl,1 0 ε(1 + σl,2) 0

0 a+ 2σr,1 0 ε(−1 + σr,2)
ε(1 + σl,2) 0 −2αl 0

0 ε(−1 + σr,2) 0 −2αr

 ,

M̃2,1 =


0 −σr,1 0 0
−σl,1 0 0 0

0 −εσr,2 0 0
−εσl,2 0 0 0

 , M̃2,2 =


−κ1 0 0 0

0 −κ2 0 0
0 0 −κ3 0
0 0 0 −κ4

 ,

and M̃1,2 = M̃T
2,1, where κi ≥ 0, i = 1, 2, 3, 4.
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In (57), the squares of the stochastic variables are subtracted from the
matrix M̃ and added outside of the matrix. By this procedure, M̃ can be
made negative semidefinite for sufficiently large κi.

The block M̃1,1 is M with off-diagonal elements removed symmetrically
and it is negative definite for the same penalty coefficients ((55) with a strict
inequality in the last condition). At time-levels with communication the en-
ergy estimate (57) is identical to the synchronous estimate (53) and therefore
bounded. To see this, insert W̃ T = (W T ,W T ) in (57), that yields

d

dt
(||U ||2Pl

+ ||V ||2Pl
) + 2ε||DlU ||2Pl

+ 2ε||DrV ||2Pr
=(

W
W

)T (
M̃1,1 M̃1,2

M̃2,1 0

)(
W
W

)
= W T (M̃1,1 + M̃1,2 + M̃2,1)W = W TMW.

(58)

5.3.2. Stability
Assume now that both Ũ and Ṽ in (57) are subject to the same stochastic

process (19). That is, we either have full communication or no communica-
tion at random time-levels.

Let t0 ∈ τ be the first and only time-level without communication. At t0
the solution is bounded by the synchronous estimate (54) (as shown in (58)).
Note that the interface variables in the vector W are also bounded under a
norm defined by −M for penalty coefficients chosen such that M is negative
definite.

Integrating the asynchronous estimate (57) over [0, T ] yields

||U(T )||2Pl
+ ||V (T )||2Pl

+ 2ε

∫ T

0

||DlU ||2Pl
dt+ 2ε

∫ T

0

||DrV ||2Pr
dt =

||f ||2 +

∫ T

0

(W̃ TM̃W̃ + κ1Ũ
2
N + κ2Ṽ

2
0 + κ3(DlŨ)2

N + κ4(DrṼ )2
0)dt ≤

||f ||2 +

∫ t0+∆t

t0

(κ1Ũ
2
N + κ2Ṽ

2
0 + κ3(DlŨ)2

N + κ4(DrṼ )2
0)dt =

||f ||2 + ∆t(κ1U(t0)2
N + κ2V (t0)2

0 + κ3(DlU(t0))2
N + κ4(DrV (t0))2

0).

(59)

In (59), the solution is bounded by the data of the problem. Since the
interface variables are bounded in t0, and κ1, κ2, κ3 and κ4 are real and pro-
portional to the penalty coefficients. The asynchronous advection-diffusion
(56) problem is therefore stable, but with a limited time-growth.
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6. Computational results

The goal of this section is to highlight some properties of the asynchronous
problem.

6.1. Preliminaries
In order to estimate the error introduced by the delay we use

E = ||Wp −Wa||P − ||W0 −Wa||P , (60)

whereW0 is the solution to the synchronous problem,Wa is the manufactured
solution and Wp is the solution with a probability p of delay in every time-
step. Therefore, in (60), ||Wp − Wa||P is the error with delay and ||W0 −
Wa||P is the error without delay. The difference between the two is the error
introduced by the delay.

The MATLAB-operator rand is used to simulate the delay. This opera-
tor is pseudo-random and draws values from a uniform distribution on the
interval [0, 1]. The stochastic processes considered are of Bernoulli type, all
components are independent and identically distributed.

6.2. Error in relation to probability of delay
In the simulations below we use the manufactured solution

w = κ exp(−Θ(x− ct+ b)2) + c, (61)

where κ = 0.5, Θ = 100, a = 1, b = 0.8 and c = 1. We use ε = 0 for the
advection problem and ε = 1 for the advection-diffusion problem (47). The
problem with the manufactured solution (61) has the forcing function [10]

F = −ε(−2Θ + 4κΘ2(x− ct+ b)2κ) exp(−θ(x− ct+ b)2) + c,

and corresponding boundary and initial data.
A problem with one interface is considered first. Table 1 shows the error

E as a function of the probability of delay. Note how the error grows as the
probability increases for the two problems. Note also that the error is larger
for the advection-diffusion case.

The asynchronous advection problem is decoupled and the solution on one
side is strongly stable. The information communicated from the stable side
is therefore directly bounded by the data of the problem. On the other hand,
for the asynchronous advection-diffusion problem the solution will after the
first instance of delay be polluted on both sides. The result is an exponential
growth of the bound (see: Appendix A).
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Table 1: Mean error E for 100 solutions in the last time-step for the advection and
advection-diffusion problem with the manufactured solution (61). T = 3, σr,1 = −a,
σl,1 = 0, σr,2 = 1/2, σl,2 = −1/2, two subdomains in space with 61 points each separated
at x = 0.5, 120 time-steps, the differential operator (4,2) is used both in space and time.

ε p = 0.1 p = 0.2 p = 0.3 p = 0.4 p = 0.5
0 0.0016 0.0032 0.0044 0.0067 0.0099
1 0.0015 0.0037 0.0059 0.0093 0.0158

6.3. Multiple interfaces for the advection-diffusion problem
In the rapport we have focused on the case of one interface and depen-

dency on one stochastic process. All stability results presented can be ex-
tended to problems with dependency on multiple stochastic processes. To
illustrate that the results hold for multiple PEs we consider a numerical ex-
periment with 100 interfaces. At each individual interface i the right-going
communication is dependent on the process {Xi(t), t ∈ τ} and the left-going
communication on {Yi(t), t ∈ τ}.

Due to increasing matrix sizes it becomes less practical to use SBP in
time for simulations with a large number of interfaces. A simple forward
Euler method is therefore used.

In this subsection we solve the advection-diffusion problem (47) with the
manufactured solution

w = sin (2π(x− at)), (62)

where a = 1 and ε = 1. The problem with the manufactured solution (62)
has the forcing function

F = (2π)2ε sin(2π(x− at)),

and corresponding boundary and initial data.
First, we consider a case that is likely to be unstable. In Figure 1 the error

E on each PE is shown. Naturally the error is large, but the solution remain
stable even with multiple interfaces and a high probability (95 % chance) of
no communication. Next, we assume at least one-sided communication. It
is a reasonable assumption since at every interface one connected PE should
finish processing before the other. That is, Yi(t) = 0 or Xi(t) = 0 for every
interface i and t ∈ τ .

In Figure 2, the error for three different formulations of one-sided com-
munication is shown:
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1. If Xi(t) = Yi(t) = 1 then set Yi(t) = 0 (blue).
2. If Xi(t) = Yi(t) = 1 then set Xi(t) = 0 (green).
3. If Xi(t) = Yi(t) = 1 then set Xi(t) = 0 or Yi(t) = 0 (50/50) (red).

The first thing to note is that E is smaller with the forced one-sided com-
munication than without it. Secondly, compare the error for the solutions
with a high probability of right-going communication (green) to the ones
with a high probability of left-going communication (blue). In this case the
right-going information is more important since a > 0 in (47) and we are
using the penalty coefficients σr,1 = −a and σl,1 = 0, which is an upwind
formulation. Finally, we note that the error is small for third formulation of
one-sided communication (red). It is small since all PEs will generally have
recent updates both from the left and the right.

Figure 1: Mean error E for 100 solutions in the last time-step for the advection-diffusion
problem (47) with the manufactured solution (62). T = 1, σr,1 = −a, σl,1 = 0, σr,2 = 1/2,
σl,2 = −1/2, p = 0.95, 101 subdomains in space with 31 points each, 2000 time-steps, the
differential operator (4,2) is used.
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Figure 2: Mean error E for 100 solutions in the last time-step for the advection-diffusion
problem (47) with the manufactured solution (62). Figure shows different cases of one-
sided communication. Bias towards left-going (blue), bias towards right-going (green) and
random (red). T = 1, σr,1 = −a, σl,1 = 0, σr,2 = 1/2, σl,2 = −1/2, p = 0.95, 101
subdomains in space with 31 points each, 2000 time-steps, the differential operator (4,2)
is used.

7. Summary and conclusions

This work has presented a formulation of asynchronous initial boundary
value problems that uses the SBP-SAT technique. In the formulation, the un-
certainty introduced by asynchrony between PEs is represented by stochastic
processes.

It was shown for all asynchronous problems studied that the solution is
bounded by the data of the problem. Even in the worst-case scenario of
completely random delay with the possibility of no communication at all.
The solutions are bounded since all transferred information is bounded. The
sharpness of the bound depends on the problem type.
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Appendix A. Bound (asynchronous advection-diffusion problem)

In Section 6 it was shown that the solution to the asynchronous advection-
diffusion problem is bounded by the data of the problem. Here, a bound is
formulated that accounts for the time-growth with multiple instances of delay.

Assume that we have no communication at time-levels ti, i = 1, ..., n, for
periods of length ∆ti and that

Ũ(t) = U(ti), Ṽ (t) = V (ti),

for t ∈ [ti, ti + ∆ti]. If we define B1 := ||f ||2 + G(0, t1) and Bi := (1 +
ti−1ci−1)Bi−1 +G(ti−1, ti) then the asynchronous advection-diffusion problem
has the energy estimate

||U(T )||2Pl
+ ||V (T )||2Pr

≤ (1 + ∆tncn)Bn +G(tn, T ), (A.1)

where G(tk, tl) := a
∫ tl
tk

(g2
0(τ) + g2

1(τ))dτ , and the bound Bn is a function of
the bounded constants c1, ..., cn−1, the penalty coefficients and the data of
the problem (47).

We get the energy estimate (A.1) by integrating (57), time interval by
time interval, where each interval corresponds to a period either with com-
munication or without communication.

First, (57) is integrated over [0, t1], the problem is synchronous on the
interval and we get

||U(t1)||2Pl
+ ||V (t1)||2Pr

=

∫ t1

0

W TMWdt+ ||f ||2 +G(0, t1), (A.2)

where G(0, t1) accounts for the contribution from the boundary data and the
penalty coefficients are chosen such that M is negative definite.

Next, we integrate (57) over the first time-interval without communication
[t1, t1 + ∆t1], which yields

||U(t1 + ∆t1)||2Pl
+ ||V (t1 + ∆t1)||2Pr

≤ ||U(t1)||2Pl
+ ||V (t1)||2Pr

+

G(t1, t1 + ∆t1) + ∆t1(κ1U
2
N(t1) + κ2V

2
0 (t1) + κ3(DlU(t1))2

N + κ4(DrV (t1))2
0).

(A.3)

Note that U(t1) and V (t1) are fixed in (A.3) and that κ1, κ2, κ3 and κ4 are
real and proportional to the penalty coefficients.
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Since W is bounded in (A.2) there exists a constant c1 such that the
estimate (A.3) can be expressed as

||U(t1 + ∆t)||2Pl
+ ||V (t1 + ∆t)||2Pr

≤ (1 + ∆t1c1)B1 +G(t1, t1 + ∆t1).
(A.4)

The problem (56) is therefore bounded by the data of the problem after the
first interval without communication.

Finally, we integrate the problem over [t1 + ∆t1, t2], the second syn-
chronous interval and get

||U(t2)||2Pl
+ ||V (t2)||2Pr

≤ ||U(t1 + ∆t1)||2Pl
+ ||V (t1 + ∆t1)||2Pr

+G(t1 + ∆1t, t2)

≤ (1+∆t1 c1)B1 +G(t1, t2) = B2.
(A.5)

At this point a clear pattern has emerged, and by integrating interval by
interval till the final time T we get the bounded estimate (A.1).
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