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Abstract 

Considering Ti-V alloys with the body-centered cubic crystal lattice, a system with mechanical 
instability for Ti-rich alloys, we calculate their elastic properties using Projector Augmented 
Wave method and the exact muffin-tin orbital method in a complete interval of V concentrations. 
The substitutional disorder is modeled using the special quasi-random structures technique and 
the coherent potential approximation. The efficiency and accuracy of the simulation techniques 
is analyzed, and a strategy for efficient high-throughput calculations of elastic properties of 
disordered alloys is proposed. Dependences of the single crystal elastic moduli on V 
concentration and a set of mechanical characteristics of polycrystalline alloys are presented and 
discussed. The effect of V content on the mechanical stabilization of the bcc Ti-V alloys is 
investigated. In agreement with experiment, we find that titanium-rich alloys are mechanically 
unstable, however the alloys become mechanically stable with increasing content of V in the 
system. We observe a nonlinear dependence of the alloys Young’s moduli in a vicinity of the 
mechanical stabilization and suggest that this effect can be used to design alloys with low values 
of the elastic moduli.  

 

Keywords: efficient first-principal simulations, elastic moduli, substitutional disorder, Ti-V 
alloys, mechanical stabilization 

 

1. Introduction  

An important challenge related to a data-driven development of new materials is to 
assemble large databases of the physical, chemical and structural properties of the phases. A use 
of the databases and the generated knowledge in combination with improved machine learning 
techniques should significantly reduce the costs for the development of new functional materials 
and shorten their development time. There are different approaches to generate data on elastic, 
thermochemical, thermodynamic and structural properties in a wide range of external conditions. 
First-principles modeling, semi-empirical and empirical methods can be applied, and a work 
focused on obtaining data on the structure and properties of the phases of various materials by 
machine learning methods has been initiated [1]. Unfortunately, materials science databases are 



usually much smaller than those that are available in other areas, where machine learning has 
already proven its usefulness.  Insufficient large sample can lead to over-fitting of model and / or 
poor predictive accuracy of machine learning methods. Moreover, materials science databases 
obtained from the first principles contain information primarily about ordered structures and 
their extension to alloys is an important scientific task on its own, as well as for the development 
of machine learning and data mining techniques within materials science. 

The required expansion leads to the need to deal with a configurational disorder present 
in solid solutions. A thoughtful review of the challenging theoretical task in terms of simulations 
of the alloy thermodynamics is presented in Ref. [2]. The most straight-forward approach 
consists of employing the so-called supercells, e.g. using the Special Quasirandom Structures 
(SQS) method [3]. Consequently, the treatment of the disordered material is technically the same 
as in the standard electronic structure calculations of ordered compounds, e.g. at the same level 
of accuracy. In particular, the full non-spherical shape of the crystal potential can be treated 
explicitly, which makes it possible to carry out the full relaxation of atomic positions in the 
supercell. Unfortunately, the supercells often contain several dozens of atoms, which greatly (as 
N3, where N is number of atoms in the SQS) increases the costs of such calculations in 
comparison to those for ordered compounds. This makes the use of the SQS technique less 
practical in high-throughput calculations needed for the construction of the data-bases. In this 
regard, the use of numerically more efficient, though probably more approximate methods 
becomes important [1]. However, the reliability of properties predicted by those methods must 
be established in advance.  

In particular, the use of the exact muffin-tin orbital (EMTO) method combined with the 
coherent potential approximation (CPA) appears to be promising [4]. The technique allows for 
very efficient, with O(N0) rather than O(N3) scaling of the electronic structure calculations 
needed for the description of thermodynamic and elastic properties of alloys [2,4,5]. 
Unfortunately, the electronic structure problem within this method is solved using the spherical 
approximation for the one-electron potential. Moreover, the CPA is a single-site mean-field 
approximation. Because of these limitations, the EMTO-CPA technique does not allow for 
atomic relaxations and it is not a truly full-potential technique. Therefore, the reliability of the 
EMTO-CPA calculations must be verified in comparison with more accurate calculations. In this 
paper, a detailed comparison of elastic moduli calculated by means of the supercell technique 
with the Projector Augmented Wave method [6] for a set of SQS (PAW-SQS) and by means of 
the EMTO-CPA method is carried out. As a model system, we have chosen bcc Ti-V alloys.  

The Ti-V alloys are of practical interest for high-temperature structural elements of the 
aerospace and automotive industries, as well as for the development of nuclear reactors. 
Vanadium is one of the so-called β-stabilizers of titanium alloys. That is, the alloying with 
vanadium makes it possible to stabilize the high-temperature bcc phase of titanium at 
temperatures below 1155K, which is often beneficial for the mechanical properties of titanium 
alloys in structural elements operating in a wide range of temperatures. Another advantage of 
vanadium as an alloying element in titanium alloys is the absence of eutectoid reactions and 
intermetallic phases in the Ti-V system. This almost eliminates the appearance of brittleness in 
cases of errors in carrying out technological processes associated with heating. In addition, Ti-V 
alloys have a very narrow range of crystallization [7-9]. Moreover, it is known that vanadium-
rich alloys with Ti additions combine low temperature strength and high ductility with high 
strength at elevated temperature and low creep [10]. An interest in the properties of β-titanium 
alloys has further increased in view of their application to create elements of designs by using 



Selective Laser Sintering (SLS) technology [11]. An applicability of Ti-V alloys for hydrogen 
storage has been considered as well [12-13]. 

Elastic moduli are important characteristics of structural materials and are used to 
evaluate their strength and stability. In this respect, bcc titanium alloys attract attention as alloys 
having a low Young's modulus [14-15]. For this study, it is important to underline that bcc Ti is 
mechanically unstable at temperature T=0K, that is its elastic moduli C' is negative. It is 
therefore important to establish how different computational methods deal with the instability in 
simulations of elastic properties of bcc Ti alloys. The elastic moduli of Ti-V system have been 
studied in several experimental [16-18] and theoretical works [19-21]. In Ref. [20] the elastic 
constant C' was calculated in the Ti-rich region within the virtual crystal approximation, and the 
mechanical instability of the bcc alloy in this region was indeed observed. In Ref. [21] V- rich 
region was examined by the EMTO method and all the elastic constants of the crystal were 
calculated. In Ref. [19], using the ultra-soft pseudopotentials, the elastic properties of several 
ordered Ti-V compounds of different compositions in the intermediate concentration range were 
calculated, and the conclusions have been drawn on the behavior of the elastic properties of 
disordered alloys. At the same time, in the comparison of the energies of ordered and random Ti-
V structures [22], it was shown that SQS supercells used to model the random alloys have 
substantially lower energy, so the calculations of the properties of ordered compounds in the Ti-
V system may not describe the real disordered solution phase. Importantly, the earlier results are 
not complete because they do not cover the entire range of concentration of the alloy. 

The aim of this work consists in a systematic study the of the elastic properties of 
disordered bcc Ti-V alloys in the entire concentration range by using the PAW + SQS and 
EMTO-CPA methods, and carrying out detailed comparative analysis of the accuracy and the 
efficiency of the calculations of elastic properties with these two techniques. Specifically, we are 
interested whether numerically more efficient EMTO-CPA method is suitable for a rapid search 
for trends of the materials elastic properties and for providing data for materials science 
databases in the case of multicomponent disordered solid solutions with mechanical instability. 
 

 
2. Methods 

The first-principles modeling of Ti-V systems was carried out by using the PAW method 
[6] implemented in the Vienna Ab-Initio Simulation Package (VASP) [23-24] and the Exact 
Muffin-Tin Orbitals (EMTO) method in the coherent potential approximation [4]. The exchange-
correlation effects in an electron gas were taken into account within the density functional theory 
in the framework of the generalized gradient approximation (GGA) [25]. 

 

2.1. Details of EMTO-CPA calculations  

In the EMTO method, the total (non-spherically symmetric) charge density is obtained by 
an exact self-consistent solution of the one-electron Kohn-Shem equations for overlapping 
spherical Muffin-Tin (MT) potentials. This makes it possible to achieve accuracy comparable to 
full-potential methods, while retaining the effectiveness of methods based on the use of the MT 
potentials. The combination of the EMTO method with the CPA, presented in Ref. [4] makes it 
possible to carry out calculations for disordered substitutional alloys. In the framework of the 



CPA, the latter is approximated by an effective medium with the same number of atoms N as in 
the corresponding ordered system, making the scaling of simulations O(N0) rather than O(N3) as 
in supercell calculations. The effective medium is constructed in such a way that the electron 
scattering off the effective atoms is the same, on the average, as in the simulated disordered 
alloy. This condition is ensured by a self-consistent solution of a system of CPA equations 
formulated in terms of the Green’s function technique [2].  

To describe an alloy with the body-centered cubic (bcc) crystal lattice within the CPA 
N=1. This makes the simulations very efficient, and allows one to use calculation parameters that 
guaranteed highly converged results. Indeed, even with the parameters specified below the total 
computer time for calculations of the elastic moduli at 13 different concentrations is just 1300 
core/hours on Intel Xeon E5-2650 processors. The disadvantages of this method are the absence 
of local relaxations and the use of the spherical MT potential. 

The calculation parameters were as follows. The basic set of EMTO included s-, p-, d- 
and f - orbitals. The full charge density (FCD) [26] was represented by a single-center expansion 
of the electron wave functions in terms of spherical harmonics with orbital angular moments 
𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚

R  = 8. The integration in the irreducible part of the Brillouin zone was performed over a 
29x29x29 grid of k points. The energy integration was carried out in the complex plane using a 
semielliptic contour comprising 24 energy points. The convergence of energy with respect to the 
calculation parameters was 10-8 Ry. 

In order to determine the elastic constants C' and C44 of Ti-V alloys we applied volume-
conserving orthorhombic (1) and monoclinic (2) distortions, respectively, and calculated the 
internal energy response to the small distortions: 

1 + ε1(η) = �
1+ɳ   0        0  
0         1−ɳ         0
0           0         1

1− ɳ2

�   (1) 

1 + ε2(η) = � 
1              ɳ             0  
ɳ            1                0

     0           0       1
1− ɳ2

�   (2) 

 

The total energy was calculated for six distortions (η = 0.00 – 0.05).  
 

2.2. Calculation details of the PAW-SQS method 

The PAW method [6] was used within the framework of the density functional theory, as 
it implemented in the VASP software package [23-24]. The disorder problem was treated within 
the SQS approach [3]. It allows one to perform simulations of the disordered alloy modelled by a 
quasi-random, but still ordered supercell, enabling the straight-forward use of the PAW method. 
The SQS are constructed in such a way as to ensure that the short-range order parameters for the 
several neighboring coordination shells in the supercell are as close to zero on the average as 
possible, similar to their values in the case of complete disorder [2]. The SQS for bcc Ti-V alloys 
was constructed for a 128-atom supercell consisting of 4 × 4 × 4 simple cubic cells. To 
determine the numerical parameters of elastic constant calculations, a number of tests were 
performed as discussed in Supporting information.  



To achieve accurate stresses, the cutoff energy had to be set to 460 eV. The integration of 
the Brillouin zone was performed using a set of 3 × 3 × 3 k-points. PAW-SQS calculations with 
this set of parameters are time-consuming. Even without taking into account the convergence 
tests, the total computer time to calculate elastic moduli of bcc Ti-V alloys at 7 different 
concentrations using the PAW - SQS method can be estimated as 67200 core/hours on Intel 
Xeon E5-2650 processors, or about 2 orders of magnitude more than EMTO-CPA calculations.   

 To improve the efficiency of PAW-SQS calculations, we used the deformation matrix:  

1 + ε1(η) = �
1+ɳ   ɳ2         0  
ɳ
2         1        0
0           0         1

�   (3) 

which allows us to calculate directly all the necessary moduli [27]. In Eq. (3) η is the magnitude 
of the deformation, which we varied from -0.02 to 0.02 in steps of 0.01. Accordingly, elastic 
constants are determined from the following stress-strain relationships: 

С11 = 𝜕𝜕𝜎𝜎𝑥𝑥𝑥𝑥
𝜕𝜕𝜕𝜕

,   C12 = 𝜕𝜕𝜎𝜎𝑦𝑦𝑦𝑦
𝜕𝜕𝜕𝜕

,    C44 = 𝜕𝜕𝜎𝜎𝑥𝑥𝑦𝑦
𝜕𝜕𝜕𝜕

,   (4) 

We note that calculations of the tensorial quantities (like elastic moduli) by a supercell 
technique is less straight-forward than for the scalar quantities (like total energies). Indeed, the 
SQS approach does not aim to generate structures that preserve the point group symmetry of an 
alloy and thus to provide the proper description of its tensorial properties. In almost all practical 
cases, the use of the SQS method leads to a disordered alloy models, which do not have the full 
cubic symmetry [28]. Therefore, we employ the projection technique introduced by Moakher and 
Norris [29] to derive the closest elastic tensors with cubic symmetry in the modeling of the bcc 
Ti-V alloy. In case of the SQS description of an alloy with a cubic symmetry, it reduces to 
performing calculations of C11, C12, and C44 with Eq. (3) for all permutations of the a, b, and c 
axis [28]. The resulting C11, C12, and C44 for the alloy are then obtained as the averages of those 
calculated from Eq. (4) for every permutation of the axis.  This procedure ensures the correct 
symmetry of the elastic moduli and faster convergence of their calculations with the size of the 
SQS.  

Considering the numerical test presented in Supporting information, we observed that 
conducting the procedure of ionic relaxations does not affect the calculated elastic constants. The 
observation is important for the use of the EMTO-CPA method which neglects the effect of the 
local lattice relaxations.  

 

2.3. Analysis of mechanical stability 

To determine the mechanical stability of the bcc alloys, we used the mechanical 
stability criterion:   

C′ > 0 (5),  

where C' is defined as: 



C′ = 1
2

(С11 − С12)  (6) 

 

2.4. Elastic moduli of polycrystalline alloys 

The elastic moduli obtained by the EMTO-CPA and PAW-SQS methods are calculated 
assuming that the alloy is a single crystal. One of the most widely used methods to estimate the 
elastic characteristics of polycrystalline materials is the averaging of the single crystal elastic 
moduli, known as the Voigt (V) -Reuss (R) –Hill (H) procedure [30-32]. Voigt averaged the 
elastic moduli over all orientations of the lattice, assuming the uniformity of the deformation 
along the volume of the crystal. On the contrary, Reuss assumed that the stresses are uniform. 
Hill showed that the Voigt approximation leads to overestimated values of the elastic moduli, 
while the Reuss approximation to underestimated values, and suggested to use the average of 
these two approximations [30-32]. The procedure used here is described in [33-34]. 

The bulk modulus in the Hill approximation BH is determined from the relation: 

𝐵𝐵𝐻𝐻 = 𝐵𝐵𝑅𝑅+𝐵𝐵𝑣𝑣
2

     (7) 

However, for cubic crystals BR and BV are equal: 

𝐵𝐵𝑅𝑅 = 𝐵𝐵𝑉𝑉 = (𝐹𝐹11+2 𝐹𝐹12)
3

  (8) 

 

The shear modulus in the Hill approximation GH was calculated by analogy from the relation: 

𝐺𝐺𝐻𝐻 = 𝐺𝐺𝑅𝑅+𝐺𝐺𝑣𝑣
2

     (9) 

Where GR is the shear modulus in the Reuss approximation, Gv is the shear modulus in the Voigt 
approximation, which can be written for cubic crystals as:                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         

𝐺𝐺𝑅𝑅 = 5𝐹𝐹44(𝐹𝐹11−𝐹𝐹12)
4𝐹𝐹44+3(𝐹𝐹11−𝐹𝐹12)

  (10)  

𝐺𝐺𝑣𝑣 = 𝐹𝐹11−𝐹𝐹12+3𝐹𝐹44
5

  (11) 

Knowing B and G, we calculate the Young's modulus E and the Poisson's ratio 𝑣𝑣 from the 

relations: 

𝐸𝐸 = 9𝐵𝐵𝐺𝐺
3𝐵𝐵+𝐺𝐺

               (12)  

 

𝑣𝑣 = 3𝐵𝐵−2𝐺𝐺
2(3𝐵𝐵+𝐺𝐺)

     (13)  



The phenomenological criteria to determine whether a material is expected to be brittle or ductile 
using the Cauchy pressure Pc [35] and the Pugh ratio k [36] are used quite often in practice. They 
are calculated as: 

Pc = (C12-C44)    (14) 

k = 𝐺𝐺
𝐵𝐵
    (15) 

If k> 0.5 and Pc <0, the material is considered to have predominantly covalent character of the 
chemical bonds and is characterized theoretically as a brittle material [4, 5, 25-26, 35-37]. 

 
3. Results and discussion 

 Using the EMTO-CPA and PAW-SQS methods, the dependences of single-crystal 
elastic constants and the polycrystalline elastic moduli for Ti-V alloys on the concentration of 
vanadium in the range from 0 to 100 at.% V were found. In Fig.1 the calculated dependences of 
the elastic constants C11, C12, C44 are displayed. The modules С11 and С12 obtained by the 
PAW-SQS and EMTO-CPA methods for the bcc Ti-V alloys increase monotonously with 
increasing vanadium concentration in the range from 0 to 100%. The experimental data are 
presented in the range from 30-100 at. % V and the increase is almost linear in the whole interval 
of V concentrations. The obtained PAW- SQS results for С11 show good quantitative agreement 
with the experimental data, as well as good agreement with the data obtained on the ordered 
structure [19]. EMTO-CPA calculations predict somewhat higher values of С11. At the same 
time, the concentration dependence of С11 obtained in EMTO-CPA calculations is linear and it is 
in somewhat better agreement with experimental concentration dependence than the one 
predicted by PAW- SQS calculations. One reason for the kinks that we see in PAW-SQS 
calculations of С11 could be incomplete k-point convergence. Indeed, it is much easier to fully 
converge the EMTO-CPA calculations, as they are done for one (effective) atom per cell rather 
than PAW- SQS calculations for a supercell with 128 atoms (Supporting information). In this 
sense, the efficiency of the EMTO-CPA method turns out to be beneficial for the accuracy of the 
trends, predicted with this method, even though the absolute values obtained with PAW-SQS 
calculations are in better agreement with experiment. Simultaneously, we see very good 
agreement between С12 elastic modulus obtained by the PAW-SQS and EMTO-CPA methods. In 
this case, the agreement with experiment is similar for the two methods. Again, the latter predicts 
a smoother concentration dependence than the former, most probably because of the better 
numerical convergence.  In summary, the results of the calculations obtained by the PAW-SQS 
and EMTO-CPA methods correctly reproduce the trends and are in reasonable agreement with 
each other and with experimental data [16,17]. The largest deviation is observed in the 
vanadium-rich region, particularly with regard to the elastic constant С11. A poor reproducibility 
of the experimental data on С11 for pure vanadium is a known problem, and it has been pointed 
out in a number of theoretical papers by other authors [21,38,39,40-42].  



 

Fig. 1. Dependence of elastic constants С11, С12, С44 on V concentration in bcc Ti-V alloy. Red symbols 
correspond to the calculated values of С11. The calculated values of С12 are shown as the blue symbols. 
Purple symbols are the calculated values of С44. The gold dashed lines with filled square symbols denote 
the experimental values of C11 Ref. [16], the experimental values of C11 are shown as the gold empty 
square symbols (Ref. [17]). Green symbols correspond to the experimental values of C12 (Refs. [16-17]). 
Black symbols are experimental values of C44 from Refs. [16-17]. Solid lines with filled circles are the 
data obtained in this work by the EMTO-CPA method. The triangular symbols are the data obtained in 
this work by the PAW-SQS method. The values of Ref. [19] are marked with the asterisks symbols. The 
values of EMTO calculations from Ref. [21] are designated by the empty circular symbols.  

 

Let us now discuss the elastic modulus С44. The experimental data measured for bcc Ti-V 
alloys indicate that the value of С44 is practically independent of the concentration and lies in the 
range from 40 to 43 GPa. It should be noted that the elastic constant С44 obtained in the EMTO-
CPA calculations is monotonously decreasing with increasing V concentration. The curve 
obtained by the PAW-SQS method is not monotonous with a shallow minimum at 75 at. % of V. 
The values obtained by the PAW-SQS method vary from 39 to 21 GPa at vanadium 
concentrations from 0 to 100%. 

Considering results shown in Fig. 1, we did not observe, quite unexpectedly, a strong 
dependence of the elastic constants on the degree of chemical order in the system: our results for 
solid solutions are in very good agreement with those calculated in Ref. [19] for the ordered Ti-V 
alloys. However, we believe that this observation is specific for this particular system.  For 
example, a strong influence of the degree of chemical order on the elastic moduli of Ti0.5Al0.5N 
alloy was reported in Ref. [28]. 



 

 

 

Fig. 2. Dependence of the elastic constant C' on V concentration. Red triangular symbols denote the 
values obtained by the PAW-SQS method in this work. Blue filled circles are the values obtained by us 
with the EMTO-CPA method. The green dashed lines with filled square symbols correspond the 
experimental data from Ref. [16]. The experimental data from Ref. [17] are designated by green empty 
square symbols. Gold color shows results of Ref. [19]. The values of VCA calculations reported in Ref. 
[20] are marked with the yellow symbols. Blue empty circles show PAW values of Ref. [38]. The LAPW 
values of Ref. [39] are indicated by the black symbols. 

Figure 2 shows the dependence of the elastic constant C' on the concentration V in Ti-V 
alloys. Elastic constant C' obtained by the both methods increases monotonously with increasing 
vanadium concentration. The concentration dependence obtained by the PAW-SQS method is 
weakly nonlinear. Once again, there is a strong reason to believe that this is a numerical rather 
than physical effect, as both, the EMTO-CPA method and experiment indicate close to linear 
concentration dependence of C'. In fact, a softening of this elastic constant can be used to 
characterize the mechanical stability of an alloy. Here one sees that C' becomes harder with 
increasing vanadium concentration, indicating the increasing mechanical stability of the system. 
One can also see that C' obtained by using the EMTO-CPA and PAW-SQS methods are in a 
reasonable agreement with the experimental values and with each other in the stability region of 
the solid solution.  

On the other hand, there is an important qualitative difference between the results of 
PAW-SQS and EMTO-CPA calculations. According to the former, the β-phase of Ti becomes 
mechanically unstable at V concentrations below ~ 20 at. %, where C' becomes negative. This is 



in good agreement with the experimental data, as well as with earlier theoretical studies 
[16,20,43]. On the contrary, the mechanical instability of the alloys in Ti-rich region is not 
reproduced by the EMTO-CPA method. Indeed, C' calculated by this technique is above 0 even 
at zero vanadium concentration. One therefore concludes that in critical regions of peculiarities 
associated with elastic constants the EMTO-CPA results must be verified with more accurate 
calculations.  

 Figure 3 shows the Young's modulus E, the bulk modulus B, the shear modulus G, and 
the Cauchy pressure Pc as a function of the concentration V in the Ti-V alloy. One can see that B 
and Pc obtained by the PAW-SQS and EMTO-CPA methods increase almost linearly with 
increasing vanadium concentration. On the contrary, the dependences of G and E are strongly 
nonlinear. In addition, it should be noted that upon the approach to the area of mechanical 
instability the results obtained by the PAW-SQS method predict a sharp decrease of the Young's 
modulus. This fact can be important for a design of new alloys, e.g. for biomedical applications. 
In this case, the materials with relatively low values of Young's moduli close to the values of 
human tissue (10-60 GPa) are needed to ensure biomechanical compatibility and uniform load 
distribution, avoiding bone degradation.   

 

Fig. 3. Dependence of Young's modulus E, bulk modulus B, shear modulus G, and Cauchy 
pressure Pc on V concentration in the bcc Ti-V alloy. The experimental data are shown as dashed lines of 
violet [16], green [18] and black [17] colors. The data obtained by the PAW-SQS method in this paper are 
denoted by red triangles. The data obtained by the EMTO-CPA method are marked with blue filled 
circles. Gold stars display the values of EMTO-CPA calculations from Ref. [21]. 

 



Currently the search for biocompatible materials is very active [44-45]. Though 
vanadium is not used for fabrication of biomedical implants because of its toxicity, alloys with 
low elastic moduli are needed as materials for stents and other biomechanical devices, where the 
materials with high elastic moduli would harm the human tissues.  Usually such devices have 
coatings with special functions that in particular protect humans from toxic content. Besides, the 
materials with low elastic moduli could be useful for sensor systems, such as motion detectors 
and shock absorbers that provide damping of vibrations. Therefore, the results of the Young's 
modulus calculation for Ti-V alloys are of direct concentration behavior of the Young's modulus, 
which is difficult to predict based on either linear interpolations between values for the pure 
elements or by extrapolation of values obtained in the mechanically stable regions. This makes it 
possible to search for the optimal content of the alloying component, which brings the alloy to a 
vicinity of a mechanical instability, providing both mechanical stability and a desired value of 
the Young's modulus. 

 

Fig. 4. Dependence of the Pugh’s coefficient k and the Poisson coefficient ν on Vanadium concentration 
in the bcc Ti-V alloy. Red symbols denote values of the Poisson's ratio. The blue symbols show the 
Pugh’s coefficient values.  Dashed lines with triangles and square symbols denote the experimental data. 
Filled circles show the data obtained by the PAW-SQS method in this paper. The data obtained by the 
EMTO-CPA method are shown as open circles. 

 

Figure 4 shows the dependences of the Pugh’s coefficient k and the Poisson coefficient ν 
on the concentration V in the Ti-V alloy. The dependence of the coefficients on V concentration 
is quite weak in the region of mechanical stability of the bcc alloys, in agreement with 
experiment. On the other hand, it becomes quite strong for mechanically unstable alloys. 



The investigation of the concentration dependences of the G/B ratio and the Cauchy 
pressure PС of the bcc Ti-V alloys carried out by using the phenomenological correlations 
between the ductility and the elastic constants indicates a possible slight increase in ductility 
with increasing vanadium content. The monotonously increasing values of Pc suggest that the 
fraction of the metallic component of the interatomic bond increases with the addition of 
vanadium (C12> C44). The analysis of the density of electronic states (DOS) (Figure 5) shows 
that  strengthening of metallic bonding is provided, mainly, by the increasing occupation of t2g 
and eg orbitals by d-electrons, which leads to a decrease of directional electron charge density 
distribution  that becomes more spherical. It is seen from Fig. 5 that for the considered alloys 
consisting of Ti and V - neighboring elements in the periodic table - the rigid-band 
approximation works well. In fact, when vanadium is added, the number of valence electrons 
increases, and the Fermi level shifts toward the higher energy practically without changing the 
shape of the band. The main deviation from the approximation is an increase in the peak height 
located in the interval -0.2 — -0.1 Ry and formed predominantly by the states of eg symmetry. 
Since eg–orbitals in bcc-type structures provide an atomic bond between the second neighbors, 
this effect leads to an increase in the elastic constant C11 and, as a result, to the mechanical 
stabilization of the alloy. It should be noted, that the applicability of the rigid-band model is 
reflected in the good agreement of our PAW-SQS results and the data obtained by using the 
virtual crystal approximation (VCA) in Ref. [20] for the elastic constant C' (Fig. 2). 

 

Fig. 5. Calculated total density of states of Ti-V alloys. 

 

4. Conclusions 

The elastic properties of the bcc Ti-V alloys were investigated from first-principles in the entire 
range of concentrations using the PAW and the EMTO methods. The substitutional disorder in 
the two methods was modeled using special quasi-random structure technique and the coherent 



potential approximation, respectively. The influence of V addition on the mechanical stability of 
the bcc crystal lattice for the alloys was studied. We have demonstrated that the PAW-SQS 
method reproduces the mechanical instability of Ti-rich alloys and therefore allows not only to 
obtain predictions of the values of elastic moduli in mechanically stable phases, but also to 
estimate the boundaries of the stability region. In the region of mechanical stability of bcc Ti-V 
alloys, the EMTO-CPA method predicts the elastic moduli in agreement with experimental data 
and more accurate theoretical methods. It can be used for an efficient study of concentration 
dependencies of elastic constants in multicomponent crystalline systems, since this method 
requires substantially less computational resources. The values of the elastic constants can be 
refined for alloys of particular interest with, e.g. PAW-SQS calculations, minimizing the total 
resources needed for the modeling. In using the latter methodology, particular care must be taken 
to ensure convergence of supercell calculations for a precise description of the concentration 
dependences of the elastic constants. The described computational strategy simplifies the process 
of high-throughput calculating the elastic constants for disordered alloys needed, e.g. for the next 
generation of data-bases of materials parameters. 

 The results obtained in this study indicate an increase of the mechanical stability of Ti-
V alloys with increasing vanadium content. It is shown that the β phase of Ti stabilizes when 
vanadium content approaches 20 at. % . Our calculations suggest new opportunities for solving 
technologically relevant problems. For example, we have demonstrated that in the region of 
mechanical instability a significant reduction of the elastic moduli E and G are observed. Thus, it 
is possible to design materials with low values of, for instance, the Young's modulus, by 
optimizing the alloy composition in such a way as to be as close as possible to the mechanical 
instability, still remaining within the region of mechanically stable alloy compositions. Alloys 
with low values of the Young's modulus (~50 GPa) are of high interest for, e.g. biomedical 
applications. Though V is not biocompatible, the strategy proposed above appears to be quite 
general, and can be used for a design of Ti-based alloys with biocompatible elements. 
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Optimization of parameters for calculations of elastic properties of Ti-V alloys. 

A set of tests was carried out to determine the optimal calculation parameters. Let us start with 
the pure alloy components, which are modeled using the same size supercells as for the alloys to 
minimize the numerical errors. First, a test was performed on the k-points convergence. For pure 
vanadium, an additional test for a simple cubic cell with 2 V atoms was performed to find elastic 
constants that are fully converged in terms of k-points. The results of this study are shown in 
Table S1.   

In order to determine the elastic constants C' and C44 of Ti-V alloys we applied volume-
conserving orthorhombic (1) and monoclinic (2) distortions as well as volume-non-conservation 
deformation matrix (3). 

1 + ε1(η) = �
1+ɳ   0        0  
0         1−ɳ         0
0           0         1

1− ɳ2

�   (1) 

1 + ε2(η) = � 
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Table SI. Dependence of elastic constants (in GPa) on the number of k-points used for the 
Brillouin zone integration in PAW-SQS calculations for pure titanium and pure vanadium. 
Calculations were carried out for 128 atom Ti supercell, 128 atom V supercell and for simple 
cubic cell with 2 V atoms with the bcc underlying lattice.  
 
 k-points C11 C12 C44 C’ 
Ti (128 
supercell) 

1 111 97.6 102.1 9.2 -2.2 
8 222 86.7 110.5 38.4 -11.9 
14 333 86.8 110.9 39.5 -12.1 
 

V (128 1 111 366.0 69.1 27.4 148.4 



Supercell) 8 222 242.3 153.8 23.3 44.2 
14 333 270.5 134.9 30.9 67.8 
 

V (simple 
cubic cell 
with 2 
atoms) 

260 8x8x8 242.6 157.2 23.2 42.7 
365 9x9x9 245.7 154.8 - 45.4 
504 10x10x10 274.2 141.4 15.9 66.4 
666 11x11x11 268.5 145.6 23.8 61.4 
868 12x12x12 276.8 137.7 28.0 69.5 
1099 13x13x13 271.9 141.2 22.8 65.3 
1376 14x14x14 272.6 139.8 26.6 66.4 
1688 15x15x15 273.3 140.4 25.9 66.5 
2052 16x16x16 267.5 146.0 21.4 60.7 
2457 17x17x17 270.3 143.9 22.2 63.2 
2920 18x18x18 272.3 140.5 24.8 65.9 
3430 19x19x19 271.2 141.2 24.5 65.0 
4004 20x20x20 271.1 143.2 23.2 63.9 
4631 21x21x21 271.0 143.1 23.5 63.9 
5328 22x22x22 271.9 142.3 24.0 64.8 

 
As can be seen from the Table SI, different sets of parameters are needed to obtain 

convergence for different elements. Indeed, for 128 atom supercell of pure titanium a grid of 
2x2x 2 k-points is enough, but vanadium behaves differently.  Comparing the test calculations 
carried out for 128 atom supercell of pure V with fully converged results obtained for the simple 
cubic cell with 2 atoms, one sees that for V a grid of at least 3x3x3 k-points is required to 
converge elastic constants С11 and С’. The modulus С12 is converged with ~6% at this k-points 
grid. Unfortunately, even denser k-point mesh seems to be needed to converge the elastic 
modulus С44. We note, however, that its value is very low, explaining larger relative error. 
Giving this fact, and considering too high computational costs of further increase of the k-point 
density in our PAW-SQS calculations, we limit the grid of k-points to 3x3x3 in this work. 

Further, a series of tests using various calculation parameters were performed for an alloy 
with vanadium concentration 75 at. %. The calculations were carried out with various SQS with 
and without relaxation of the local atomic positions in the SQS. The deformation matrices that 
do not conserve the volume of the cell, and also the orthorhombic and monoclinic matrices 
preserving the volume were used. The integration of the Brillouin zone was performed using two 
sets of k-points, 2 × 2 × 2 and 3 × 3 × 3. 

The following enumeration of the calculations will be used in the following discussion. In 
calculation №1 a deformation matrix given in Eq. (3) was employed. Remember that the 
deformation matrix does not conserve the volume, and that all the obtained values are averaged 
over 3 independent directions. Calculation №2 was carried out in the same way as calculation 
№1. However, a different SQS (with the same composition) was used to verify the quality of our 
SQS structures in calculations of elastic moduli. In the both calculations the alloy components 
occupied the ideal positions of the bcc underlying lattice, that is the effect of the local lattice 
relaxations was neglected. Calculation №3 was carried out by analogy with the calculation №1. 
However, here local relaxations were carried out on undeformed SQS-1, and then the local 
positions of the atoms in the SQS were not re-optimized in the calculations of the supercells 
distorted according to Eq. (3). In calculation №4, on the other hand, the local relaxations were 



performed for SQS-1 at each degree of deformation. Calculation №5 was performed using 
monoclinic and orthorhombic deformation matrices (1) - (2) and an ideal SQS structure. Again, 
all the calculated elastic moduli were averaged over 3 independent directions. Calculation №6 
was carried out in the same way as calculation №1, but it used a different set of k-points. For 
comparison, we used the experimental data on the alloy with V concentration 73 at. % [1]. The 
results of the study are presented in Table SII. 

Table SII. Elastic constants of Ti- 75% V (in GPa), calculated using the PAW-SQS method with 
different setups. 

Calculat
ion  

Type of 
structure 

Relax matrix  Grid K-
points 

С11 С12 С44 С’ 

№ 1 SQS1 No Eq. (3) 2x2x2 222.5 

 

124,5 

 

26.8 

 

49.0 

 

№ 2 SQS2 No Eq. (3) 2x2x2 222.7 123.5 27.0 49.6 

№ 3 SQS1 Yes, for 
initial 
structure 

Eq. (3) 2x2x2 229.2 125.1 34.1 52.0 

№ 4 SQS1 Yes, for 
each 
structure
s for 
each 
deforma
tion 

 

Eq. (3) 2x2x2 219.1 122.8 25.2 48.1 

№ 5 SQS1 No  Eq. (1-
2) 

2x2x2   26.3 46.9 

№ 6 SQS1 No Eq. (3) 3x3x3 203.9 131.1 21.4 36.4 

Calculat
ion, Ref. 
[2] 

Ordered 
structure 

   213.0 132.2 29.6 40.4 



 
Table SII shows that the results of the calculations of C11 and C12 carried out with the different 
computational schemes differ within 5%. In the case of C44 and C', the absolute error does not 
exceed 5.2 GPa. It was found that the calculated values of the elastic moduli depend primarily on 
the set of k-points and do not depend on the type of SQS. The form of the matrix used in the 
calculations does not affect the result either. Importantly, we observed that conducting the 
procedure of ionic relaxations does not affect the calculated elastic constants. The observation is 
important for the use of the EMTO-CPA method which neglects the effect of the local lattice 
relaxations. Quite unexpectedly, we did not observe strong dependence of the elastic constants 
on the degree of chemical order in the system: our results are in very good agreement with those 
calculated in Ref. [2] for the ordered Ti-V alloys. However, we believe that this observation is 
accidental.  For example, a strong influence of the degree of chemical order on the elastic moduli 
of Ti0.5Al0.5N alloy was observed in Ref. [3].  
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