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Abstract

In this thesis we study partial differential equations with random inputs. The
effects that different boundary conditions with random data and uncertain ge-
ometries have on the solution are analyzed. Further, comparisons and couplings
between different uncertainty quantification methods are performed. The nu-
merical simulations are based on provably strongly stable finite difference for-
mulations based on summation-by-parts operators and a weak implementation
of boundary and interface conditions.

The first part of this thesis treats the construction of variance reducing boundary
conditions. It is shown how the variance of the solution can be manipulated by
the choice of boundary conditions, and a close relation between the variance of
the solution and the energy estimate is established. The technique is studied on
both a purely hyperbolic system as well as an incompletely parabolic system of
equations. The applications considered are the Euler, Maxwell’s, and Navier–
Stokes equations.

The second part focuses on the effect of uncertain geometry on the solution.
We consider a two-dimensional advection-diffusion equation with a stochasti-
cally varying boundary. We transform the problem to a fixed domain where
comparisons can be made. Numerical results are performed on a problem in
heat transfer, where the frequency and amplitude of the prescribed uncertainty
are varied.

The final part of the thesis is devoted to the comparison and coupling of different
uncertainty quantification methods. An efficiency analysis is performed using
the intrusive polynomial chaos expansion with stochastic Galerkin projection,
and non-intrusive numerical integration. The techniques are compared using
the non-linear viscous Burgers’ equation. A provably stable coupling procedure
for the two methods is also constructed. The general coupling procedure is
exemplified using a hyperbolic system of equations.
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Sammanfattning p̊a svenska

Många modeller som beskriver fysikaliska, kemiska och biologiska fenomen
baseras p̊a lösning av partiella differentialekvationer. Typiska tillämpning-
somr̊aden är strömningsmekanik, elektromagnetism, ljudutbredning och värmeled-
ning. Gemensamt för de flesta tillämpningarna är att parametrarna och/eller
indata till modellerna inneh̊aller osäkerheter i n̊agon form.

Fältet som beskriver osäkerheter i utdata fr̊an en modell, givet osäkerheter i
dess indata kallas osäkerhetskvantifiering (eng. ”uncertainty quantification”).
De metoder som används inom osäkerhetskvantifiering kan i huvudsak delas
in i tv̊a kategorier: intrusiva (eng. ”intrusive”) och icke-intrusiva (eng. ”non-
intrusive”). Icke-intrusiva metoder löser originalproblemet flertalet g̊anger med
olika indata, vilket betyder att det ursprungliga deterministiska datorprogram-
met kan användas. Intrusiva metoder kräver i sin tur en omskrivning av det
ursprungliga problemet, vilket betyder att ett nytt program behöver utvecklas.

Den första delen av avhandlingen behandlar variansreduktion. Eftersom olika
randvillkor ger upphov till olika spridning av osäkerheterna p̊a lösningen kon-
strueras variansreducerande randvillkor, dvs randvillkor med minimal varians.
Undersökningen av dessa randvillkor är gjord för Eulers, Maxwells och Navier–
Stokes ekvationer som bland annat används inom strömningsmekanik och elek-
tromagnetism.

Avhandlingens andra del best̊ar av en undersökning av effekterna p̊a lösnin-
gen vid användning av osäkra geometrier. Osäkerheter i geometrier uppkom-
mer fr̊an t.ex. inkorrekta nätgeneratorer eller felaktiga tillverkningsmaskiner. I
avhandlingen utvecklas en metod för att analysera och kvantifiera de effekter
som uppst̊ar. Effekterna av osäkerheterna studeras och jämförs för ett problem
inom värmeöverföring.

Den sista delen i avhandlingen behandlar effektiviteten samt kopplingen mellan
intrusiva och icke-intrusiva osäkerhetskvantifieringsmetoder. En prestandautvärder-
ing av de b̊ada metoderna för olika typer av problem presenteras. En teknik
där de b̊ada metoderna kopplas i rummet introduceras. Kopplingen medför
att beräkningsdomänen kan delas upp i flera delar och de olika metoderna kan
användas där de är mest effektiva. Ett exempel p̊a tillämpning är när man
simulerar luftflödet kring en flygplansvinge, där luftflödet beter sig annorlunda
nära vingen jämfört med l̊angt ut i atmosfären.
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Introduction

Partial differential equations (PDE’s) are widely used models describing com-
plex phenomena in physics, chemistry, biology, etc. The parameters and input
data in these models are often not perfectly known, and hence to obtain a re-
liable solution, the uncertainties in these quantities must be addressed. The
fairly recently developed methodology of uncertainty quantification (UQ) [25]
addresses this issue. The methodology aims to quantify the uncertainty in the
output, often in terms of mean value and variance, given uncertainties in the
input and parameters of the model.

UQ methods used for solving PDE’s with uncertainties can generally be cate-
gorized in intrusive and non-intrusive methods. Non-intrusive methods [32, 15]
rely on multiple evaluations of an existing deterministic solver augmented with
a particular set of random inputs. Quadrature techniques can then be used to
obtain statistics of interest. Intrusive methods [10, 29] are generally based on
polynomial chaos expansions, leading to systems of equations for the expansion
coefficients. Semi-intrusive methods [3, 2] do exist, usually requiring a limited
amount of modification of the deterministic code.

The first part of this thesis is dedicated to the construction of variance reducing
boundary conditions. A connection between the choice of boundary conditions
and the variance of the solution is established. The analysis is conducted on both
a hyperbolic and incompletely parabolic system of equations. As applications,
problems in fluid mechanics [17] and electromagnetics [18], governed by the
Euler, Navier–Stokes and Maxwell’s equations are considered.

The second part of this thesis consists of a study of how uncertainties in the
geometry affects the solution. These uncertainties can originate from impre-
cise manufacturing machines, non-perfect mesh generators or an inaccurate
computer-aided design (CAD) software. An application in heat transfer [23, 26]
is considered, and the statistical quantities mean and variance are computed in
a non-intrusive way for varying frequency and amplitude of the uncertainty in
the geometry.

The final part of this thesis is devoted to the comparison and coupling be-
tween UQ methods. The intrusive polynomial chaos expansion with stochastic
Galerkin projection technique [24, 16] is compared with the non-intrusive numer-
ical integration technique [12, 27] in terms of efficiency for the viscous Burgers’
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equation. Furthermore, a stable procedure for coupling different UQ methods
in space is constructed. Consequently, different UQ methods can be used in dif-
ferent regions of the computational domain. This allows for potential efficiency
gains by utilizing the UQ methods where they are most efficient.

The introductory part of this thesis is organized as: Chapter 2 introduces the
fundamental concepts stability and well-posedness. In Chapter 3, the main
analytical tools when studying PDE’s i.e. the energy method, the derivation
of well-posed boundary conditions and geometry transformations are presented.
Moreover, the summation-by-parts operators and simultaneous approximation
terms (SBP-SAT) framework [30, 13, 28] on which all numerical approximations
in this thesis are based on, are introduced. The fundamentals of the UQ methods
used in Paper IV and Paper V are presented in Chapter 4. Chapter 5 presents
a brief introduction to the concept of variance reduction which is the main topic
in Paper I and Paper II. Finally, Chapter 6 introduces the idea of coupling the
different UQ methods described in Chapter 4, through domain decomposition.
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Well-posedness and stability

Two essential concepts in the theory of partial differential equations (PDE’s)
and their numerical approximations are well-posedness and stability. In this
chapter we provide a brief introduction of these concepts.

2.1 Well-posedness
Consider a general linear initial boundary value problem posed on the domain
Ω

ut + P(u) = F, x ∈ Ω, t > 0,
L(u) = g, x ∈ ∂Ω, t > 0,

u = f, x ∈ Ω, t = 0,
(2.1)

where u denotes the solution, P is a spatial differential operator and L a bound-
ary operator defined on the boundary ∂Ω. The functions F = F (x, t), f = f(x)
and g = g(x, t) are given forcing, initial and boundary data, respectively. The
problem (2.1) is well-posed (assuming that the data is sufficiently smooth) if a
unique solution exists and can be bounded by data. Two formal definitions of
well-posedness are given below.

Definition 2.1.1. The problem (2.1) with zero boundary data and forcing func-
tion is well-posed if a unique solution exists and satisfies

‖u(·, t)‖2I ≤ K(t) ‖f‖2II ,

where K is bounded for finite times t and independent of the solution and initial
data. The norms ‖·‖I and ‖·‖II are in general the same.

Definition 2.1.2. The problem (2.1) is strongly well-posed if a unique solution
u exists and satisfies

‖u(·, t)‖2I ≤ K(t)
(
‖f‖2II + ‖F‖2III + ‖g‖2IV

)
. (2.2)

In (2.2), K is bounded (for finite times), and independent of the solution and
data. The norms ‖·‖I,II,III involved in (2.2) are in general the same, while
‖·‖IV may differ.
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To illustrate the significance of well-posedness, we introduce a perturbed version
of (2.1)

vt + P(v) = F + δF, x ∈ Ω, t > 0,
L(v) = g + δg, x ∈ ∂Ω, t > 0,

v = f + δf, x ∈ Ω, t = 0,
(2.3)

where δF , δf and δg are small perturbations of the forcing, initial and boundary
data. By subtracting (2.1) from (2.3), and letting w = v − u, we obtain

wt + P(w) = δF, x ∈ Ω, t > 0,
L(w) = δg, x ∈ ∂Ω, t > 0,

w = δf, x ∈ Ω, t = 0.
(2.4)

If (2.1) is well-posed, then also (2.4) is, and satisfies the estimate

‖w(·, t)‖2I ≤ K(t)
(
‖δf‖2II + ‖δF‖2III + ‖δg‖2IV

)
. (2.5)

From (2.5), we conclude that small perturbations in the data, results in small
perturbations in the solution. Furthermore, uniqueness follows directly from
(2.5), by letting δF = δf = δg = 0, leading to w = u− v = 0.

2.2 Stability
Let us now consider the semi-discrete (discretized in space but not in time)
version of (2.1)

ut + Dh(u,g) = F, t > 0,
u = f , t = 0, (2.6)

where the vector u denotes the numerical solution. Further, h denotes the
grid spacing and Dh denotes a discrete spatial operator approximating the con-
tinuous differential operator P augmented with the boundary operator L. The
discrete forcing, initial and boundary data F, f and g are obtained by projecting
their continuous counterparts F , f and g onto the spatial grid.

Definition 2.2.1. The problem (2.6) with zero boundary data and forcing func-
tion is stable if

‖u(t)‖2Ih ≤ K(t) ‖f‖2IIh , (2.7)

holds. In (2.7), K is bounded (for finite times) and independent of the solution
u, the grid spacing and the initial data.

Definition 2.2.2. The problem (2.6) is strongly stable if

‖u(t)‖2Ih ≤ K(t)
(
‖f‖2IIh + ‖F‖2IIIh + ‖g‖2IVh

)
, (2.8)

holds. In (2.8), K is bounded (for finite times) and independent of the numerical
solution, the grid spacing and the data.
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We can, as in the continuous setting, subtract a perturbed problem (with solu-
tion v) from (2.6), and define w = v−u. If the problem (2.6) is strongly stable,
then w satisfies the estimate

‖w(t)‖2Ih ≤ K(t)
(
‖δf‖2IIh + ‖δF‖2IIIh + ‖δg‖2IVh

)
. (2.9)

The estimate (2.9) shows that small variations in the data results in small
variations in the numerical solution, for a strongly stable problem.
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The computational technique

In this chapter we introduce the analytical and numerical techniques used through-
out this thesis.

3.1 The continuous problem
Here, we show how the energy method can be used to prove well-posedness. The
method is exemplified on a simple model problem.

3.1.1 Strong imposition of boundary conditions

Consider the scalar advection problem in one dimension

ut + aux = 0, x ∈ (0, 1) t > 0,
u = g(t), x = 0, t > 0,
u = f(x), x ∈ (0, 1), t = 0,

(3.1)

where a > 0. The initial and boundary data are denoted by f and g, respectively.
Next, we introduce the inner product with a corresponding norm

〈u, v〉 =
∫ 1

0
uv dx, ‖u‖2 = 〈u, u〉.

Applying the energy method (multiplying by the solution and integrating by
parts) to (3.1) and imposing the boundary conditions results in

d

dt
‖u‖2 = ag(t)2 − au(1, t)2. (3.2)

From (3.2), we conclude that an energy estimate of the form (2.2) is obtained
after integration in time.

3.1.2 Weak imposition of boundary conditions

Instead of imposing the boundary conditions strongly, one can impose them
weakly as

ut + aux = aL(g(t)− u), x ∈ (0, 1), t > 0,
u = f(x), x ∈ (0, 1), t = 0, (3.3)
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where L is a so-called lifting operator [4], satisfying∫ 1

0
φL(ψ) dx = φψ

∣∣
x=0.

Applying the energy method to (3.3) gives

d

dt
‖u‖2 = ag(t)2 − au(1, t)2 − a(u(0, t)− g(t))2. (3.4)

Note the similarity between (3.4) and (3.2).

3.2 The discrete problem
The numerical formulations throughout this thesis are based on summation-
by-parts operators (SBP) and simultaneous approximation terms (SAT). This
section introduces the SBP-SAT framework and shows how it is designed to
mimic the continuous energy rates in (3.2) and (3.4).

3.2.1 SBP operators

We start by partitioning an interval [a, b] into N + 1 equidistant grid points
with spacing h such that x = [x0, . . . , xN ], where xk = a + kh. The discrete
approximation of a continuous function u = u(x) is denoted by u = [u0, . . . ,uN ],
where uk ≈ u(xk).

An SBP operators can be defined in the following way

Definition 3.2.1. A matrix D = P−1Q ∈ R(N+1)×(N+1) approximating the
first derivative ∂

∂x of order q is called an SBP operator if

• Dxk = kxk−1, k = 0, . . . , q,

• P is symmetric and positive definite.

• Q + QT = B = EN −E0 = diag(−1, 0, . . . , 0, 1),

where E0 and EN are zero matrices of dimension N + 1 except that element
(1, 1) and (N + 1, N + 1) are equal to one, respectively.

The SBP operators are constructed to mimic the integration by parts property

〈u, vx〉 = uv
∣∣∣b − uv∣∣∣

a
+ 〈ux, v〉 with 〈u, v〉 =

∫ b

a

uv dx,

in the discrete setting, i.e.

〈u,Dv〉P = uNvN − u0v0 + 〈Du,v〉P with 〈u,v〉P = uTPv.
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The discrete inner product 〈u,v〉P also induces the norm ‖u‖2P = uTPu, which
approximates the continuous L2-norm ‖u‖2 =

∫ b
a
u2 dx.

Extending SBP operators to higher dimensions can be done in a straightforward
manner using Kronecker products. The Kronecker product ⊗ is defined as

A⊗B =

A11B · · · A1nB
...

. . .
...

Am1B · · · AmnB

 ,
for two matrices A ∈ Rm×n and B ∈ Rp×q. To illustrate multi-dimensional SBP
operators, we partition the domain (0, 1)× (0, 1) using Nx+1 and Ny+1 points
in the x- and y-direction. Let the numerical solution u be arranged as

u =

 u0
...

uNx

 , ui =

 ui0
...

uiNy

 ,
where uij ≈ u(xi, yj). The multi-dimensional partial derivatives are then ap-
proximated as

(Dx ⊗ INy )u ≈ ux(x, y), (INx ⊗Dy)u ≈ uy(x, y). (3.5)

In (3.5), Dx,y are SBP operators in the x− and y−direction, respectively. Fur-
ther, INx,y denotes identity matrices of dimension Nx,y+1. The design of partial
derivatives in even higher dimensions follows the same pattern.

Approximating higher-order derivatives can be done by multiplying the first
derivative multiple times [9], i.e. for the second and third derivatives we get

D2u ≈ uxx, D3u ≈ uxxx.

Other, more compact versions of the second derivative operator also exist, see
[14, 8].

3.2.2 The semi-discrete problem

The semi-discrete finite difference approximation of (3.1) based on SBP opera-
tors combined with the SAT technique [7] is

ut + aP−1Qu = aP−1E0(g− u),
u(0) = f . (3.6)

The vectors f and g contain the initial and boundary data projected onto the
spatial grid, respectively. Applying the discrete energy method (multiplying by
uTP, adding the transpose and using the SBP property), results in

d

dt
‖u‖2P = ag2

0 − au2
N − a(u0 − g0)2. (3.7)
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From (3.7), we conclude that the solution is bounded by data, and hence strong
stability is achieved. Note the similarity between (3.7) and (3.4). The SBP-SAT
framework can easily be extended to include time discretizations, see [20, 21].

3.3 Boundary conditions
In general, the position, number and form of the boundary conditions are not as
trivial to find as the ones in the advection equation (3.1). Deriving well-posed
boundary conditions is in fact the most fundamental procedure when solving
PDE’s. In this chapter we provide a general procedure for deriving well-posed
boundary conditions, used throughout this thesis [22, 19]. The technique is
exemplified on a hyperbolic system of equations.

3.3.1 A model problem

Consider a hyperbolic system of equations in two dimensions

ut +Aux +Buy = 0, (x, y) ∈ Ω, t > 0,
L(u) = g(x, y, t), (x, y) ∈ ∂Ω, t > 0,

u = f(x, y), (x, y) ∈ Ω, t = 0,
(3.8)

where u = [u1(x, y, t), . . . , uM (x, y, t)] and A and B are symmetric matrices
of dimension M . Further, L denotes the boundary operator defined on the
boundary ∂Ω of the domain Ω. Finally, f and g are the given initial and
boundary data to the problem.

Applying the energy method (multiplying with the solution u and integrating
in space) to (3.8), results in

‖u‖2t = −
∮
∂Ω
uT Āu ds, (3.9)

where Ā = Anx+Bny and n = (nx, ny)T is the outward pointing normal vector
to ∂Ω. The matrix Ā is symmetric (since A and B are), and hence can be
diagonalized as

Ā = XΛXT , X = [X+, X−, X0], Λ = diag[Λ+,Λ−,Λ0]. (3.10)

Remark 3.3.1. If the system in (3.8) is not symmetric, we assume that it can be
symmetrized by multiplying from the left and right with a suitable symmetrizer.
Examples of symmetrizers for the Euler and Navier–Stokes equations can be
found in [1].

The matrices Λ+, Λ− and Λ0 consists of the positive, negative and zero eigen-
values respectively, with corresponding eigenvectors X+, X− and X0.

Next, we make the variable transformation w = XTu in (3.9), which results in

‖u‖2t = −
∮
∂Ω
wTΛw ds. (3.11)
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Remark 3.3.2. The general structure of the boundary terms in (3.11) can be
obtained also for more complex problems. The characteristic variables w can
potentially contain non-linearities or derivatives of the solution u.

By letting w± = XT
±u and ignoring the contribution from the zero eigenvalues,

we get

‖u‖2t = −
∮
∂Ω

[
w+

w−

]T [Λ+ 0
0 Λ−

] [
w+

w−

]
ds. (3.12)

From (3.12), it is clear that the term (w−)TΛ−(w−) might create an energy
growth, and hence must be bounded by imposing boundary conditions.

We introduce the following combination of the characteristic variables w+ and
w− as boundary conditions

L(w) = w− −Rw+ = g, (3.13)

where our aim is to derive conditions on the matrix R leading to well-posedness.
By inserting (3.13) in (3.12), we get

‖u‖2t = −
∮
∂Ω

[
w+

g

]T [
RTΛ−R+ Λ+ RTΛ−

(RTΛ−)T Λ−
] [
w+

g

]
ds. (3.14)

We add and subtract a (yet unknown) bounded matrix G in (3.14) to obtain

‖u‖2t = −
∮
∂Ω

[
w+

g

]T
M

[
w+

g

]
ds+

∮
∂Ω
gT (|Λ−|+G)g ds, (3.15)

where
M =

[
RTΛ−R+ Λ+ RTΛ−

(RTΛ−)T G

]
. (3.16)

In order for M to be positive semi-definite, we need

RTΛ−R+ Λ+ > 0, (3.17)

and that the Schur complement G−(RTΛ−)T (RTΛ−R+Λ+)−1RTΛ− is positive
semi-definite. The choice

G = (RTΛ−)T (RTΛ−R+ Λ+)−1RTΛ−, (3.18)

makes the matrix M positive semi-definite. Finally, integrating (3.15) in time
results in

‖u(T )‖2 ≤ ‖f‖2 +
∫ T

0

∮
∂Ω
gT (|Λ−|+G)g ds dt. (3.19)

To summarize: we can obtain the energy estimate (3.19), if R satisfies (3.17).
Note that the choice of G as in (3.18) can always be made if (3.17) holds.

Remark 3.3.3. With homogeneous data (g = 0), the condition on R can be
relaxed to

RTΛ−R+ Λ+ ≥ 0. (3.20)
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3.4 Transforming the computational domain
In this chapter we give a brief introduction to the transformation procedure
used in Paper III. The transformation procedure is needed due to the fact that
the SBP operators are constructed for Cartesian grids.

3.4.1 A model problem

Consider the constant coefficient two-dimensional advection equation

ut + aux + buy = 0, (x, y) ∈ Ω, t > 0,
L(u) = g, (x, y) ∈ ∂Ω, t > 0,

u = f, (x, y) ∈ Ω, t = 0,
(3.21)

on the curvilinear domain Ω, with boundary ∂Ω. We transform the domain Ω
to the unit square using a curvilinear transformation

x = x(ξ, η), ξ = ξ(x, y)
y = y(ξ, η), η = η(x, y),

where (ξ, η) ∈ [0, 1]× [0, 1]. The Jacobian matrix of the transformation is

[J ] =
[
xξ yξ
xη yη

]
.

Applying the chain rule to (3.21) and multiplying by J = det([J ]) = xξyη−xηyξ,
results in

Jut + J(aξx + bξy)uξ + J(aηx + bηy)uη = 0. (3.22)

Using the product rule and the geometric conservation law [6] ((Jξx)ξ+(Jηx)η =
(Jξy)ξ + (Jηy)η = 0) in (3.22), results in

Jut + [J(aξx + bξy)u]ξ + [J(aηx + bηy)u]η = 0.

The resulting transformed problem is

Jut + (ãu)ξ + (b̃u)η = 0, (ξ, η) ∈ Φ, t > 0,
L̃(u) = g, (ξ, η) ∈ ∂Φ, t > 0,

u = f, (ξ, η) ∈ Φ, t = 0,

where ã = J(aξx + bξy), b̃ = J(aηx + bηy) and Φ = (0, 1)× (0, 1). Note that we
obtain a system of the same structure as the original problem (3.21) but with
different and varying wave speeds (ã and b̃), posed on a Cartesian domain.
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Uncertainty Quantification

Methods for solving PDE’s with uncertainties can essentially be divided into
intrusive [24, 16] and non-intrusive methods [12, 29]. There are also examples
of semi-intrusive methods [3, 2], however, they are rare. This chapter gives a
brief description of the UQ methods used throughout this thesis.

4.1 Intrusive methods
Intrusive methods results in a reformulation of the original problem arising from
expanding the solution in an orthogonal basis. Since the intrusive formulation
in general is different from the original deterministic formulation, a new code
must often be developed.

4.1.1 Polynomial chaos

Consider the probability space (Ωξ,F ,P), where Ωξ, F and P denotes the
sample space, σ-algebra and probability measure, respectively. We begin by
introducing the inner product between two functions u(ξ) and v(ξ), (where ξ
denotes a random variable)

〈u, v〉 =
∫

Ωξ
uv dP(ξ), (4.1)

which induces the norm
‖u‖2L2(Ωξ,P) = 〈u, u〉.

A second order random field u, i.e. satisfying
∫

Ωξ u
2 dP(ξ) < ∞ [33], can be

expanded as

u(ξ) =
∞∑
k=0

ukψk(ξ),

where {ψk(ξ)}∞k=0 is a set of orthonormal basis functions in L2(Ωξ) with respect
to the inner product (4.1). The coefficients {uk}∞k=0 are given by the projection

uk = 〈ψk, u〉. (4.2)



DRAFT
14 4 Uncertainty Quantification

The statistical quantities, such as the mean and variance are given by

E[u] =
∫

Ωξ

∞∑
k=0

ukψk dP(ξ) =
∞∑
k=0

uk

∫
Ωξ
ψk dP(ξ) = u0, (4.3)

and

Var[u] = E[u2]− E[u]2 =
∫

Ωξ

( ∞∑
k=0

ukψk

)2

dP(ξ)−
(∫

Ωξ

∞∑
k=0

ukψk dP(ξ)
)2

=
∞∑
k=0

u2
k − u2

0 =
∞∑
k=1

u2
k,

(4.4)
respectively. In (4.4), the orthonormality property of the basis functions have
been used.

4.1.2 Galerkin projection

To illustrate the Galerkin projection procedure, consider the scalar advection
equation with random data

ut + aux = F (x, t, ξ), x ∈ (0, 1), t > 0,
u = g(t, ξ), x = 0, t > 0,
u = f(x, ξ), x ∈ (0, 1), t = 0,

(4.5)

where u = u(x, t, ξ) and a = a(x, t) > 0. We start by expanding the solution u
in a truncated series

u(x, t, ξ) =
M∑
k=0

uk(x, t)ψk(ξ). (4.6)

Inserting (4.6) in (4.5) results in

M∑
k=0

(uk)tψk + a
M∑
k=0

(uk)xψk = F (x, t, ξ), x ∈ (0, 1), t > 0,

M∑
k=0

ukψk = g(t, ξ), x = 0, t > 0,

M∑
k=0

ukψk = f(x, ξ), x ∈ (0, 1), t = 0.

(4.7)
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Multiplying (4.7) by ψl and integrating over Ωξ gives

M∑
k=0

(uk)t〈ψk, ψl〉+ a
M∑
k=0

(uk)x〈ψk, ψl〉 = 〈F (x, t, ξ), ψl〉, x ∈ (0, 1), t > 0,

M∑
k=0

uk〈ψk, ψl〉 = 〈g(t, ξ), ψl〉, x = 0, t > 0,

M∑
k=0

uk〈ψk, ψl〉 = 〈f(x, ξ), ψl〉, x ∈ (0, 1), t = 0,

(4.8)
for l = 0, 1, . . . ,M . By using the fact that the basis functions {ψk}Mk=0 are
orthonormal in L2(Ωξ), i.e. 〈ψi, ψj〉 = δij , in (4.8), we obtain

(ul)t + a(ul)x = 〈F (x, t, ξ), ψl〉, x ∈ (0, 1), t > 0,
ul = 〈g(t, ξ), ψl〉, x = 0, t > 0,
ul = 〈f(x, ξ), ψl〉, x ∈ (0, 1), t = 0,

(4.9)

for l = 0, 1, . . . ,M . Note that (4.9) consists of an uncoupled system of M + 1
equations. A non-linear equation or a coefficient a = a(ξ) would result in a
coupled system.

4.2 Non-intrusive methods
Unlike intrusive methods, non-intrusive methods rely on solving the original
problem (in this case (4.5)) multiple times for a fixed sample of stochastic in-
puts. Statistical quantities such as the mean, variance, skewness, etc. are then
computed using these samples. An obvious advantage of non-intrusive methods
is that it can be done using the existing deterministic solver, hence no code
development is necessary.

4.2.1 Numerical integration

Non-intrusive UQ methods rely on approximations of integrals when computing
statistics of a given quantity of interest. To approximate these integrals, a
numerical integration technique based on quadrature relations can be used. A
one-dimensional quadrature relation approximating the integral of f can be
written ∫ b

a

f(x)ρ(x) dx ≈
M∑
m=1

f(xm)wm. (4.10)

In (4.10), ρ(x) > 0 denotes the density function. The integer M denotes the
number of quadrature points xm with corresponding positive weights wm. The
distribution of the quadrature points and choice of weights determines the ac-
curacy of the integral approximation.
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Quadrature relations in higher dimensions can easily be generalized from (4.10),
as ∫

Ω
f(~x)ρ(~x) d~x ≈

M1∑
m1=1

· · ·
Mp∑
mp

f(xm1
1 , . . . , xmpp )wm1 · · ·wmp ,

where ~x = [x1, . . . , xp] and Ω is a p-dimensional domain, while xmi and wmi
are the quadrature point and weights of dimension i. The number of quadra-
ture points in dimension i is denoted Mi. Computing quadratures in higher
dimensions is computationally demanding (curse of dimensionality [31]), hence
adaptive sparse grids have been developed to reduce these computational efforts
[5].
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Variance reduction

This chapter introduces the variance reduction technique developed in Paper I
and Paper II. We show that different boundary conditions with the same data
leads to different amounts of uncertainties in the solution.

5.1 A model problem
Consider a hyperbolic problem with uncertainties in the initial data

ut +Aux = 0, x ∈ (0, 1), t > 0,
L0(u) = g0(t), x = 0, t > 0,
L1(u) = g1(t), x = 1 t > 0,

u = f(x, ξ), x ∈ (0, 1), t = 0,

(5.1)

where for simplicity [A]11 = [A]22 = 0 and [A]12 = [A]21 = 1. The initial data
f can be split into the mean (E[f ]) and variation from the mean (δf). The
expected value (or mean) of f is defined as E[f ] =

∫
Ωξ f dρ(ξ), where ρ is the

probability density function. By taking the expected value of (5.1), we get

vt +Avx = 0, x ∈ (0, 1), t > 0,
L0(v) = g0(t), x = 0, t > 0,
L1(v) = g1(t), x = 1, t > 0,

v = E[f ], x ∈ (0, 1), t = 0,

(5.2)

with v = E[u]. Subtracting (5.2) from (5.1) and letting e = u− v yields

et +Aex = 0, x ∈ (0, 1), t > 0,
L0(e) = 0, x = 0, t > 0,
L1(e) = 0, x = 1, t > 0,

e = δf, x ∈ (0, 1), t = 0.

(5.3)

By following the path in Section 3.3, we apply the energy method to (5.3) and
obtain

‖e‖2t = −eTAe
∣∣∣1
0

= −wTΛw
∣∣∣1
0

= −(w+)2 + (w−)2
∣∣∣1 + (w+)2 − (w−)2

∣∣∣
0
, (5.4)

where A = XΛXT , w = XT e and
e = [e1, e2]T , w = [w+, w−]T , w+ = e1+e2√

2 ,

w− = −e1+e2√
2 , Λ =

[
1 0
0 −1

]
, ‖e‖2 =

∫ 1

0
eT e dx.
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The boundary conditions imposed are of the general form (3.13), that is

L0(w) = w+ −R0w
− = 0, L1(w) = w− −R1w

+ = 0. (5.5)

Inserting the boundary conditions (5.5) in (5.4) results in

‖e‖2t = (R2
1 − 1)(w+)2

∣∣∣1 + (R2
0 − 1)(w−)2

∣∣∣
0
. (5.6)

Note the similarity between (5.6) and (3.14) with homogeneous data (g = 0).

Furthermore, we note

E
[
‖e‖2

]
= E

[∫ 1

0
e2 dx

]
=
∫ 1

0
E
[
e2] dx =

∫ 1

0
E [(u− E[u])2] dx

=
∫ 1

0
Var [u] dx = ‖Var [u]‖1 ,

(5.7)

where we have used the fact that Var[u] = E[u2]− E[u]2 and that ‖·‖1 denotes
the L1-norm. Taking the expected value of (5.6) and using (5.7), results in

d

dt
‖Var[u]‖1 = (R2

1 − 1)Var
[
w+] ∣∣∣1 + (R2

0 − 1)Var[w−]
∣∣∣
0
. (5.8)

From (5.8) we have a clear description of how the variance of the solution relates
to the choice of boundary conditions. It varies depending on the choices of R0
and R1.

Remark 5.1.1. If in (5.7), e and u are vectors with M components then
‖Var[u]‖1 =

∫ 1
0
∑M
k=1 Var[ui] dx.
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Coupling different UQ methods

The general conclusion from Paper IV was that the UQ methods mentioned in
Chapter 4 are efficient for different types of problems. It was concluded that
polynomial chaos with stochastic Galerkin projection seems more efficient than
numerical integration for slowly varying problems, and vice versa for fastly
varying problems. Given this indication, we construct a hybrid method by
combining the strengths of the UQ methods to potentially increase the efficiency.
This chapter introduces the idea behind Paper V where a hybrid method is
constructed by splitting the spatial domain into different parts and coupling
the UQ methods at the interface between these domains in a stable way.

6.1 Domain decomposition
Consider again problem (4.1) posed on the domain Ω = (−1, 1). The splitting
of the domain Ω at Γ = {0}, results in

vt + avx = 0, x ∈ ΩR, t > 0,
v = gR(t, ξ), x ∈ ∂ΩR \ Γ, t > 0,
v = fR(x, ξ), x ∈ ΩR, t = 0,
v = w, x ∈ Γ, t > 0,

wt + awx = 0, x ∈ ΩL, t > 0,
w = gL(t, ξ), x ∈ ∂ΩL \ Γ, t > 0,
w = fL(x, ξ), x ∈ ΩL, t = 0,

(6.1)

where v and w are the solutions at the domains ΩR = (0, 1) and ΩL = (−1, 0),
respectively, see Figure 6.1.

The idea outlined in Paper V is to couple the UQ methods numerical integration
and polynomial chaos with stochastic Galerkin projection in a numerically stable
manner at the interface Γ. This means that information must be exchanged
between the solutions v and w at the interface. Moreover, a special kind of
projection operators, projecting the solutions through the interface is required.
The coupling also allows that the same UQ method is used in both domains
but with different numbers of stochastic grid points (or coefficients when using
stochastic Galerkin).
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x
ΓΩL ΩR

ξ

w v

Ωξ

Figure 6.1: An illustration of the computational domains, where the solutions v and w
are defined in ΩR and ΩL, respectively.
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Summary of papers

PAPER I: Variance reduction through robust de-
sign of boundary conditions for stochastic hyper-
bolic systems of equations
In Paper I, we consider a general hyperbolic system with random data. We start
by deriving a family of strongly well-posed boundary conditions. The problem
was discretized using a provably strongly stable numerical formulation based on
SBP operators with a weak imposition of the boundary conditions. Using the
energy method, a complete description of how the choice of boundary conditions
affects the variance of the solution was derived.

Several types of boundary conditions were compared in different scenarios in
terms of the norm of the variance. The scenarios considered were i) per-
fect boundary knowledge ii) decaying variance on the boundary iii) large non-
decaying variance on the boundary. Numerical experiments were performed
on a model problem and applications in fluid mechanics and electromagnetics.
The statistical quantities such as the mean and variance were calculated using
quadrature rules. It was shown that the characteristic boundary conditions in
general were a good choice in terms of variance reduction.

PAPER II: Robust Boundary Conditions for Stoc-
hastic Incompletely Parabolic Systems of Equa-
tions
In Paper II, we extend the analysis in Paper I to general incompletely parabolic
systems with random data. A formulation relating the choice of strongly well-
posed boundary conditions to the evolution of the variance of the solution was
derived. It was further proven that the expected value of the solution for linear
problems is independent of the choice of boundary condition. An incompletely
parabolic problem was analyzed analytically as well as numerically through
numerical experiments. It was shown that the dissipation has a reducing effect
on the size of variance of the solution.

The different scenarios studied included i) large, ii) decaying and iii) zero vari-
ance in the boundary data. As an application, the one-dimensional Navier–
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Stokes equations were considered. Five different boundary conditions were com-
pared numerically. It was concluded that the generalized characteristic bound-
ary conditions are optimal in terms of variance reduction for zero or decaying
variance in the boundary data. For large variances in the boundary data how-
ever, no general conclusions could be drawn.

PAPER III: The effect of uncertain geometries on
advection-diffusion of scalar quantities
In Paper III, a two-dimensional advection-diffusion equation posed on an un-
certain geometry was considered. The effects on the solution by imposing the
boundary data on the uncertain boundary was investigated. The problem posed
on an uncertain geometry was transformed to a stochastically varying coefficient
problem posed on the unit square. Statistical quantities such as the mean and
variance of the solution were computed using numerical integration.

As an application, heat transfer on a randomly varying boundary was consid-
ered. Mean and variances were computed when varying the amplitude and
frequency of the uncertain geometry. It was concluded that an increased am-
plitude leads to an increased variance and that a higher frequency leads to a
larger variance. The correlation length of the geometry was also studied but
numerical experiments indicated no significant change in the variance.

PAPER IV: Stochastic Galerkin Projection and
Numerical Integration for Stochastic Investigations
of the Viscous Burgers’ Equation
Paper IV deals with the comparison between intrusive and non-intrusive UQ
methods. The UQ methods considered were polynomial chaos with stochastic
Galerkin projection and numerical integration. The comparison was performed
on the non-linear viscous Burgers’ equation where non-linear boundary condi-
tions leading to an energy estimate were derived.

The continuous problem was discretized using a provably stable high-order fi-
nite difference formulation based on the SBP-SAT framework on which the UQ
methods were employed. As a measure of comparison, the error of the variance
of the solution was computed. Numerical experiments indicated that numeri-
cal integration was advantageous for fastly varying problems, while polynomial
chaos performed better for slowly varying problems.

PAPER V: An efficient hybrid method for uncer-
tainty quantification
In Paper V, a provably stable hybrid method for UQ was constructed. The cou-
pling between the non-intrusive numerical integration and intrusive polynomial
chaos with stochastic Galerkin extends the work in [11]. The coupling procedure
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was developed for a general hyperbolic system. The numerical approximation
was based on a high-order finite difference formulation using SBP operators with
a weak imposition of the boundary conditions. Various couplings were demon-
strated on a hyperbolic model problem, corroborating the theoretical analysis.
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