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Abstract

Without assuming any background in probability theory whatsoever, we present
the tug-of-war game with noise studied by Manfredi, Parviainen and Rossi in [14]
and [15] from 2010 and 2012 respectively. Furthermore we present the general
framework of stochastic kernels in order to do so, utilizing the Ionescu-Tulcea
extension theorem to construct the tug-of-war game. Using this framework a
more general view of tug-of-war games is given. More speci�cally we provide
the necessary probabilistic background to understand why the functions uε sat-
isfying

uε(x) =
α

2

(
sup

y∈B̄ε(x)

uε(y) + inf
y∈B̄ε(x)

uε(y)

)
+

β

|Bε(x)|

∫
Bε(x)

uε(y)dy,

called p-harmonious functions, converge uniformly to the p-harmonic function
with continuous boundary values in a bounded Poincaré-Zaremba domain in
Rn, for p > 2. Here ε > 0 and α, β > 0 are suitable constants determined by
α+β = 1 and α/β = (p− 2)/(n+ 2). In the context of the tug-of-war game, uε
is the value function of the game, and we supply a proof that the value of the
game exists, that p-harmonious functions exist and are unique and that they
converge uniformly to the unique p-harmonic extension of a continuous function
under additional constraints.
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Sammanfattning

Utan att förutsätta att läsaren har någon bakgrund i sannolikhetsteori, pre-
senteras i denna text ett så kallat tug-of-war with noise (dragkamp) som stu-
derades av Manfredi, Parviainen och Rossi i [14] och [15] från 2010 respektive
2012. Vidare presenteras tug-of-war spelet med hjälp av stokastiska kärnor vilka
tillhandahåller en mer generell konstruktion av tug-of-war spel. Mer speci�kt
studeras varför familjen av funktioner uε för ε > 0 på ett Poincaré-Zaremba
område i Rn, som uppfyller en typ av medelvärdesegenskap

uε(x) =
α

2

(
sup

y∈B̄ε(x)

uε(y) + inf
y∈B̄ε(x)

uε(y)

)
+

β

|Bε(x)|

∫
Bε(x)

uε(y)dy,

kan tolkas som värdet av ett tug-of-war spel med brus. Här är α och β lämpliga
positiva konstanter som bestäms av α+β = 1 och α/β = (p− 2)/(n+ 2). Dessa
funktioner kallas p-harmonious och i texten bevisas att värdet av motsvarande
tug-of-war spel existerar, att p-harmonious funktioner är unika, samt att de kon-
vergerar likformigt till p-harmoniska funktioner med kontinuerliga randvärden
under ytterligare förutsättningar.

Nyckelord:
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Chapter 1

Introduction

Suppose we draw a closed boundary in the plane and place a marble within the
induced area inside the boundary. Fix ε > 0 and a (continuous) function F on
this boundary. We toss a fair coin and whoever wins the toss may move the
marble within a �xed radius ε from the previous position. Then a random noise
is added in all orthogonal directions to the direction of the player's move. The
game ends when the marble reaches the boundary, at some point x, for which
Player I receives F (x) from Player II.

This type of game, called the tug-of-war with noise was studied by Peres
and She�eld [18] in 2008. They showed that the value of this game converged
uniformly to the unique p-harmonic extension of F as ε tends to zero whenever
the boundary of the domain is su�ciently regular (the authors call it game-
regular). The authors also proved a partial converse when the domain is not
game-regular, see Theorem 1.2 in [18]. Similar results using tug-of-war formu-
lations (without noise) by Peres, She�eld, Schramm and Wilson for the in�nity
laplacian were then studied in 2009 [17]. These results can be seen as a gener-
alization of the plentiful connections between Brownian motion and harmonic
functions and harmonic measures discovered by Kakutani in 1944 [10], and they
yield new insights to p-capacities and p-harmonic measures.

In 2012 a new variant of a tug-of-war game with noise was constructed by
Manfredi, Parviainen and Rossi [15]. Let ε > 0 and Ω ⊂ Rn be a (bounded)
domain. Set

Γε := {x /∈ Ω : dist(x,Ω) 6 ε} and Ωε := Ω ∪ Γε.

Let F be a continuous function on Γε, and place a marble on a point x0 ∈ Ω.
Throw a biased coin, with probability α of heads and β of tails. If the coin turns
heads, we throw a fair coin and whoever wins the toss may move the marble

Jönsson, 2018. 1



2 Chapter 1. Introduction

to a point within ε-distance. If the coin turns tails the marble is moved to a
uniformly random point within ε-distance. The game ends when the marble
reaches the boundary strip at a point x ∈ Γε for which Player I receives F (x)
and Player II receives −F (x). As in the game by Peres et al., the value of this
game converges to the unique p-harmonic extension of F .

There are two bene�ts to this approach. The �rst is that the value of this
game will satisfy a generalized version of the mean value property, namely the
value function uε of the game will satisfy

uε(x) =
α

2

(
sup

y∈B̄ε(x)

uε(y) + inf
y∈B̄ε(x)

uε(y)

)
+

β

|Bε(x)|

∫
Bε(x)

uε(y)dy. (1.1)

It is already known that p-harmonic functions satisfy this mean value property
asymptotically, see Manfredi, Parviainen and Rossi [13]. Thus the game provides
a generalization of which there is none well-established.

The second bene�t is that it extends a result by Le Gruyer from 2007 on
the in�nity Laplacian [12]. Indeed for the in�nity Laplacian it was shown that
functions uε satisfying a type of mean oscillation-type property

uε(x) =
1

2
inf

y∈Bε(x)
uε(y) +

1

2
sup

y∈Bε(x)

uε(y) (1.2)

converge uniformly to the solution of the in�nity Dirichlet problem. Comparing
the p-counterpart we see that (1.1) is precisely (1.2) but with some type of noise.
It may also be seen as an interpolation of the mean value properties of harmonic
functions and in�nity harmonic functions.

The proofs of the results by Manfredi et al. in [14] and [15], as well as those
by Peres et al. in [18] and [17], use probabilistic techniques which may or may
not be so familiar to analysts. This thesis is thus an introduction to the tug-
of-war games without assuming any prior exposure to probability theory. In
particular we utilize the theory of stochastic kernels to instructively construct
the tug-of-war game, which provides a general view of both the tug-of-war game
without noise and with noise. This construction may be useful in order to study
general tug-of-war games. Not all results will be proven and some results will
be left without proofs, but the ultimate aim is to provide a su�cient basis in
order to study the tug-of-war games independently.

In Chapter 2 we go into some fundamentals of probability theory and the
bare minimum in order to study the tug-of-war games. An emphasis is put on
martingales and stochastic kernels. When we say bare minimum it means that
we do not even treat independence at all. The construction of the game later
in Chapter 4 will rely on the theory of stochastic kernels and especially the
Ionescu-Tulcea extension theorem.
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Chapter 3 focuses on harmonic and p-harmonic functions, containing a brief
introduction to the relation between probability theory and potential theory.
This relation motivates why it may even be reasonable to think probabilistically
in non-linear potential theory.

Chapter 4 is dedicated to the construction of the tug-of-war game with noise
and some brief and necessary properties of it. Speci�cally we prove that the
game actually ends and that a value for the game exists.

In Chapter 5 we apply the tug-of-war game in order to prove properties
of p-harmonious functions and the important result of p-harmonious functions
converging to p-harmonic ones.





Chapter 2

Probability theory

The results on tug-of-war games by Peres et al. in [17] and [18], and Manfredi et
al. in [14] and [15] all rely on probabilistic methods, with a strong emphasis on
martingale theory and transition probabilities. Surprisingly these methods are
all modest enough (although technical) to be found in an introductory course
in modern probability theory. Thus a self-contained treatment of the absolute
minimum needed for the probabilistic proofs and constructions is found in this
chapter. However, in no way is it enough to satisfactorily grasp probability
theory on its own, so the reader is advised to consult the great textbooks of
Rogers & Williams [19] and Klenke [11] for a more comprehensive reading.

To rigorously study probability theory, one needs the arsenal that is measure
and integration theory. Also, many of the more analytically �avoured results in
this text rely on some basic measure theory. A self-contained treatment of basic
measure theory is well-beyond this text, but a section of the bare minimum is
listed in Appendix A.

2.1 Notions and di�erences from measure theory

In very broad terms, probability theory is measure and integration theory where
the underlying space has unit measure. One major bene�t when dealing with
probability is the probabilistic interpretation of a measure theoretic result. For
this reason alone, it is worthwhile to replace some analytical terminology with
probabilistic terminology, as well as notation, to �t the interpretation. Below is
a somewhat comprehensive list of terminological and notational translations.

• Instead of a property holding almost everywhere (a.e. or µ-a.e. to specify
with respect to which measure) we say it holds almost surely (a.s. or µ-a.s.
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6 Chapter 2. Probability theory

to specify with respect to which measure). The interpretation is that if
a property holds will full measure (probability one), the property must
almost surely happen.

• Instead of a saying a function is measurable we call it a random vari-
able, and random variables are almost exclusively written with capitalized
Roman letters such as X,Y, Z unless otherwise speci�ed.

• For some set A, instead of writing X−1(A) = {ω : X(ω) ∈ A} we will write
{X ∈ A}. This type of set is the event of X lying in a set A. Examples
of this usage include {X 6 a} = X−1((−∞, a]), i.e. the event that X is
less than or equal to a. When P is a probability measure we will write
P(X ∈ A) = P(X−1(A)).

• Instead of writing χA as the characteristic function on A we write 1A.

• Later on when expectation is introduced, almost all integrals
∫

are re-
placed with E.

2.2 The probabilistic setting

Suppose we want to conduct an experiment, where the results from the exper-
iment are assumed to be random in the philosophical sense that there is no
deterministic way of predicting the result. In practice randomness is usually
used as an excuse for far-too-complex-to-understand.

The experiment induces a set of possible outcomes from the experiment,
denote this set of possible outcomes as Ω. Any event of the experiment is a set
of outcomes, i.e. a set of outcomes which satisfy some type of property: The
set of all relevant events is denoted by A. Note that Ω ∈ A, since �something
happening� is a possible event. If A1 ∈ A is a possible event, one would also
ask the question of A1 not happening, so we would want AC

1 ∈ A. If A2 ∈ A is
another event, one would like to ask the question of either A1 or A2 happening,
so we would like A1 ∪ A2 ∈ A for all events. Continuing, if {An}n∈N is a
family of events, then we would like to ask whether An happens for some n, so⋃
n∈NAn ∈ A.
A probability is just a way of determining the proportion of the event in

relation to the set of all possible outcomes Ω, i.e. it takes an event A and
returns a number between 0 and 1, where P(Ω) = 1. We formalize this as
follows.

De�nition 2.1 (Probability space). A triple (Ω,A,P), where Ω is a set, A is
a σ-algebra on Ω and P is a probability measure on A, is called a probability
space.
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De�nition 2.2 (Random variables). A measurable function X : Ω→ R, where
R is equipped with the Borel σ-algebra B(R) in the standard topology, is called
a (real) random variable.

Why require measurability of X? In the experiment testing the values of X
we do not know apriori if X will lie in the subset A ∈ B(R) or not. We would
however want to know which outcomes in Ω give us that X ∈ A or not, and
furthermore that it is even a legitimate question, so X−1(A) ∈ A means that
{X ∈ A} is a legitimate event of the experiment.

De�nition 2.3 (Law and distribution). Let X : Ω → R be a real random
variable. The law or distribution of X is de�ned as the push-forward measure

PX
def.
= X∗(P) = P ◦X−1 on B(R), i.e. the probability measure de�ned by the

action
PX : A 7→ P(X−1(A)) = P(ω ∈ Ω : X(ω) ∈ A)

for A ∈ B(R). The distribution function of X is de�ned as the function

FX : x 7→ PX((−∞, x]) = P(X 6 x).

We say that X has distribution µ, written X ∼ µ, if PX = µ as measures.

Some examples of distributions are given below that will be used throughout
the thesis. Purposely we have characterized them in terms of both laws and
distribution functions.

Example 2.4 (Coin toss). Let (Ω,A,P) be a probability space. A random
variable X is said to be Bernoulli distributed with probability p, written X ∼
Ber(p), if P(X = 1) = p and P(X = 0) = 1 − p. Note that P(X 6= 0, 1) = 0.
The law of X is then

PX = (1− p)δ0 + pδ1.

Indeed X conceptualizes the coin toss with probability p of heads, and the coin
is fair if p = 1

2 .

Example 2.5 (Normal distribution). Let (Ω,A,P) be a probability space. A
random variable X is said to be normally distributed (or Gaussian) with mean
µ and variance σ2, written X ∼ N (µ, σ2), if

P(X 6 x) = FX(x) =

∫ x

−∞

1

σ
√

2π
exp

(
− (x− µ)2

2σ2

)
dt.

The formula for the normal distribution seems a bit convoluted but it is perhaps
fair to say that the normal distribution is the most important distribution. For
analysts, the integrand above should resemble the heat kernel.
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Example 2.6 (Uniform distribution). Let (Ω,A,P) be a probability space. A
random variable X is said to be uniformly distributed on a subset A ∈ B(R) if

P(X ∈ B) =
|A ∩B|
|A|

,

where |A| denotes the Lebesgue measure of A. It is called uniform in the sense
that only the "size" (in the Lebesgue sense) of the subset B determines its prob-
ability, that is all subsets of equal size have the same probability. In the special
case of A = [a, b] ⊂ R we have that the distribution is given by

P(X 6 x) =
x− a
b− a

,

if x ∈ [a, b), 0 if x < a and 1 if x > b. The graph is the line equal to 0 before a,
equal to 1 after b, and having slope 1/(b− a) in between a and b.

The next result is perhaps more common to analysts as the correspondence
between distribution functions and Lebesgue-Stieltjes measures.

Theorem 2.7 (Correspondence of distribution functions and laws). Every dis-
tribution function FX of a real random variable X on (Ω,A,P) is non-decreasing
and right-continuous and limx→∞ FX(x) = 1 and limx→−∞ FX(x) = 0. Con-
versely, if FX is a function satisfying the properties above then there is a real
random variable X on a probability space (Ω,A,P) with law PX determined by
the action FX(x) = PX((−∞, x]).

De�nition 2.8 (Expectation). Given a random variable X ∈ L1 we de�ne the
expectation E(X) of X as

E(X)
def.
=

∫
X(ω)P(dω). (2.1)

Since E is a linear functional on L1, it is conventional to concatenate E(X)
to EX. Note that the expectation depends on the probability measure, and we
may write EP to specify this dependence when necessary. This dependence will
be clear in the context of strategies in the tug-of-war games.

Example 2.9 (Discrete expectation). In the case of X assuming countably
many values x1, x2, · · · ∈ R on subsets Ai := X−1(xi) = {X = xi} ∈ A, we
have a nicer form of the expectation. Let Xn :=

∑n
i=1 xi1Ai ↑ X as n→∞. By
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the monotone convergence theorem (Theorem A.15) we get

EX =

∫
X(ω)P(dω)

= lim
n→∞

∫ n∑
i=1

xi1{X=xi}(ω)P(dω)

=

∞∑
i=1

xi P(X = xi).

One usually calls pi := P(X = xi) the probability mass function of X. In
general a probability mass function is the Radon-Nikodym derivative of PX with
respect to the counting measure. Similarly one may prove that for any summable
function g : R→ R,

E g(X) =

∞∑
i=1

g(xi)pi. (2.2)

Compare this equation (2.2) to the one in the following example, equation (2.3).

Example 2.10 (Probability density). A real random variable X ∼ µ on (Ω,A,P)
is said to have a probability density f if µ has f as its Radon-Nikodym deriva-
tive with respect to the Lebesgue measure, that is

µ(A) =

∫
A

f(x)dx,

for every A ∈ A. The expectation for an integrable function g : R → R of a
random variable with density f is

E g(X) =

∫
R
g(x)f(x)dx. (2.3)

Indeed, there is so harm in assuming g > 0, so let φn =
∑n
i=1 αi1Ai be a

sequence of simple functions converging increasingly to g. Then

Eφn(X) =

n∑
i=1

αi

∫
1{X∈Ai}(ω)P(dω)

=

n∑
i=1

αiµ(Ai)

=

n∑
i=1

∫
Ai

αif(x)dx

=

∫
R
φn(x)f(x)dx.
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Since φn ↑ g, the monotone convergence theorem (Theorem A.15) yields

E g(X) = lim
n→∞

E(φn(X)) =

∫
g(x)f(x)dx.

Another view on expectation is that if X has distribution function F then expec-
tation is simply Lebesgue-Stieltjes integration with respect to F . This is usually
taught in elementary probability courses. Whenever F is di�erentiable we say
that f is the density function of X if F ′ = f , so in the context of Lebesgue-
Stieltjes integration

E g(X) =

∫
g(x)F (dx) =

∫
g(x)F ′(x)dx =

∫
g(x)f(x)dx

With the example above, we recommend the reader to �nd the expectation
of the di�erent random variables in Example 2.4, 2.5 and 2.6 (with A = [a, b]).

2.2.1 Conditional expectation and probability

The following de�nition is due to Kolmogorov.

De�nition 2.11 (Conditional expectation). Let X ∈ L1(Ω,A,P). Suppose that
F ⊂ A is a σ-subalgebra, then we de�ne the conditional expectation of X given
F , denoted E(X | F), as the random variable Y that satis�es the following two
criteria:

1. Y is F measurable,

2. Y satis�es, for all A ∈ F , the functional equation

E 1AY = E 1AX. (2.4)

The second property is commonly known as the law of total expectation when
A = Ω, which becomes

EX = E(E(X | F)).

We refer to it as such for every A ∈ F . Also, note that the conditional expecta-
tion is a random variable on Ω. It can be shown that E(X | F) is the orthogonal
projection of X onto the subspace L2(Ω,F ,P) when X ∈ L2(Ω,A,P), i.e.

‖X − Y ‖2L2 = E(X − Y )2 > E(X − E(X | F))2 = ‖X − E(X | F)‖2L2 ,

for all other random variables Y ∈ L2(Ω,F ,P), with equality if and only if
Y = E(X | F). For a proof, see Theorem 8.17 in [11].

The astute reader wonders whether the conditional expectation exists, and
why we may refer to it as the conditional expectation.
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Theorem 2.12 (Existence and uniqueness of conditional expectation). Let X ∈
L1(Ω,A,P) and F ⊂ A be a σ-subalgebra. Then E(X | F) exists and is almost
surely unique.

Proof. For existence, �rst assume that X is non-negative. Construct the mea-
sure µ on F as

µ : A 7→ E 1AX, (2.5)

for A ∈ F . Indeed, µ is additive on the σ-algebra F and µ(∅) = 0, hence it
su�ces to check that if An ↓ ∅ then limµ(An)→ 0 to show that µ is a measure.
To this end, let An ↓ ∅ in F . Since 1AnX 6 X ∈ L1 for any n ∈ N, dominated
convergence (Theorem A.16) yields

lim
n→∞

µ(An) = lim
n→∞

E 1AnX = E
(

lim
n→∞

1AnX
)

= 0,

since 1An → 0. µ is �nite on (Ω,F) since µ(Ω) = EX <∞ by hypothesis, and
furthermore µ is absolutely continuous with respect to P. Invoking the Radon-
Nikodym theorem (Theorem A.18), there is an F-measurable function Y such
that

µ(A) =

∫
A

Y (ω)P(dω) = E 1AY.

Thus Y is a conditional expectation of X given F .
Now drop the assumption of X being non-negative, and for its positive and

negative part X+ and X− choose Y + and Y −, respectively, as above. That is,
Y ± = E(X±|F). De�ne now Y := Y + − Y −, which is F-measurable since Y ±

are. Now

E 1AY = E 1AY
+ − E 1AY

− = E 1AX
+ − E 1AX

− = E 1AX,

so Y is a conditional expectation of X given F .
For uniqueness, let Y and Y ′ be two conditional expectations of X given

F ⊂ A, and let A := {Y > Y ′}. A is an F-measurable set since Y and Y ′ are
measurable, hence using the law of total expectation we obtain

E(1A(Y − Y ′)) = E 1AY − E 1AY
′ = E 1AX − E 1AX = 0.

Since 1A(Y − Y ′) > 0 we must have P(A) = 0, hence Y 6 Y ′ almost surely.
Letting B = {Y < Y ′} and using the argument above we arrive at Y > Y ′

almost surely, hence Y = Y ′ almost surely. �

It should then be noted that all equalities regarding conditional expectation
are taken to be almost surely with respect to the underlying probability measure.
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Notation 2.13. If Y is a real random variable and X ∈ L1(Ω,A,P) we write

E(X | Y )
def.
= E(X | σ(Y )), where σ(Y ) = {Y −1(A) : A ∈ B(R)} i.e. the

σ-algebra generated by Y .

De�nition 2.14. With the de�nition of conditional expectation in mind, the

conditional probability of A ∈ A given F is de�ned as P(A | F)
def.
= E(1A|F),

for any A ∈ A.

In view of the law of total expectation, the law of total probability is thus∫
B

P(A | F)(ω)P(dω) = P(A ∩B) (2.6)

for every B ∈ F .

Example 2.15 (Classical conditioning). In introductory probability theory one
usually de�ne conditional probability with respect to non-negligible sets B as

P(A | B) =
P(A ∩B)

P(B)
.

If F = σ(B) = {∅,Ω, B,BC} this is indeed the case, since for any E ∈ F∫
E

P(A ∩ E)

P(E)
(ω)P(dω) = P(A ∩ E).

In this regard, one can show that for an integrable random variable

E(X | B) =

∫
X(ω)P(dω | B),

where the notation is used for integration with respect to the probability measure
A 7→ P(A | B).

The de�nition of the conditional expectation is an abstraction of `best guess
under certain knowledge'. Suppose we throw a fair die, and de�ne a random
variable X as the number of eyes on the die from the throw. The expected value
without any information is 3.5, the mean of all possible outcomes. If I instead
tell you that the outcome is even, without telling you the exact outcome, the
expected value is now 4, the mean of all possible outcomes given that the number
is even. Similarly, if I tell you that the outcome is odd the expected value is
instead 3. Note now how the conditional expectation is a random variable.

In general, in E(X | F) the σ-algebra F contains sets A for which an outcome
ω either belongs to A or not. In the case above A is {ω : X(ω) even}. Since
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we know ω ∈ A or ω /∈ A, the conditional expectation is the expected value
knowing that ω ∈ A or ω /∈ A for every A ∈ F , i.e. a random variable equalling
the expected value depending on containment of known information. All in all,
E(X | F) is the best guess of X given the information F .

Example 2.16 (Memoryless-ness and exponential distribution). A positive ran-
dom variable X is said to be exponentially distributed with parameter λ > 0,
written X ∼ expλ, if

P(X 6 x) =

∫ x

0

λe−λtdt.

One can prove that the exponential distribution satis�es a sort of `memoryless-
ness', in the sense of

P(X > t+ s | X > s) = P(X > t) (2.7)

for all s, t > 0. More surprisingly, it can be proven that if X > 0 is a random
variable satisfying (2.7) for every s, t > 0, then X ∼ expλ for some λ > 0.
Indeed, de�ne f(t) = P(X > t). By law of total probability (2.6) one may prove

P(X > t+ s | X > s) =
P({X > t+ s} ∩ {X > s})

P(X > s)
=

P(X > t+ s)

P(X > s)
,

and so by hypothesis
f(t)f(s) = f(t+ s).

This is of course the functional equation for the exponential, and the details of
proving

f(t) =

∫ ∞
t

λe−λsds

are left for the reader.

We give some basic properties of conditional expectation which will be used in
the thesis. A rule of thumb is that everything that holds for ordinary expectation
(i.e. integration) also holds for conditional expectation and much, much more.

Theorem 2.17 (Properties of conditional expectation). Let X,Y ∈ L1(Ω,A,P)
and G ⊂ F ⊂ A be σ-algebras. Then the following holds:

1. Suppose a, b ∈ R, then E(aX + bY | F) = aE(X | F) + bE(Y | F).

2. If X 6 Y a.s. then E(X | F) 6 E(Y | F).

3. If E |XY | <∞, then E(XY | F) = Y E(X | F). In particular E(X | A) =
X, and if X is F measurable E(X | F) = E(X | X) = X.
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Proof. We only prove 3, as the others follow by the same idea. The idea is to
prove that the right hand side, in this case Y E(X | F), satis�es the law of total
expectation (2.4) and measurability. Then uniqueness (Theorem 2.12) gives us
that Y E(X | F) = E(XY | F) almost surely.

To this end, notice that Y and E(X | F) are F-measurable by hypothesis,
hence the product is as well. Now let A ∈ F . Now without loss of generality
assume X,Y > 0 almost surely (linearity of conditional expectation allows us to
study the positive parts and negative parts separately). Let Yn := 2−nb2nY c,
for every n ∈ N, for which Yn ↑ Y almost surely. Then for any A ∈ F

E(1AYn E(X | F)) =

∞∑
k=1

E(1A1{Yn=k2−n}k2−n E(X | F))

=

∞∑
k=1

E(1A1{Yn=k2−n}k2−nX)

= E(1AYnX)

using that A∩{Yn = k2−n} ∈ F for all k (here F-measurability of Y is crucial).
Two things happen now. One is that the monotone convergence theorem A.15
gives us E(1AYnX)→ E(1AY X). But likewise theorem A.15 gives us

E(1AYn E(X | F))→ E(1AY E(X | F)),

hence
E(1AY E(X | F)) = E(1AY X),

which proves Y E(X | F) = E(Y X | F). �

2.3 Stochastic processes and martingales

We follow the exposition in [19], [11] and [1].

De�nition 2.18 (Stochastic process). Let (Ω,F ,P) be a probability space. A
(real) stochastic process on Ω is a sequence X = (Xt)t∈T of random variables
Xt : Ω→ R, indexed by some totally ordered set T (e.g. T = N of T = R+).

Thus it makes sense to view stochastic processes as function-valued random
variables (or sequence-valued). We will not, however.

Example 2.19 (Wiener process). The canonical example of a continuous-time
stochastic process is the Wiener process (Wt)t>0, also known as Brownian mo-
tion. The (standard) Wiener process is de�ned such that the following hold



2.3. Stochastic processes and martingales 15

1. W0 = 0 almost surely and t 7→Wt is P-almost surely continuous on t > 0
(continuous paths),

2. The random variables Wt2 −Wt1 and Ws2 −Ws1 are independent for each
t2 > t1 > s2 > s1 (stationary independence), in the sense that if Wt2 −
Wt1 has distribution function Ft and Ws2 −Ws1 has distribution function
Fs then the distribution function Ft,s for the combined process (Wt2 −
Wt1 ,Ws2 −Ws1) is Ft · Fs.

3. For all t > 0 and h > 0, Wt+h −Wt ∼ N (0, h2) (stationary Gaussian).

Proving existence of a Wiener process is hefty. Wiener's original proof is an
exercise in Fourier analysis, see [1]. The Wiener process is a building block for
several other process (Lévy processes, Ornstein-Uhlenbeck processes), contained
in almost all interesting classes of stochastic processes (strong Markov processes,
Feller processes, martingales) and has many applications. One wild occurence,
due to Kakutani [10], relates Wiener processes to harmonic functions, which
will be discussed later on. For more on the topic, consider the excellent and
comprehensive treatise on the Wiener process by Mörters and Peres [16].

We will henceforth only consider the case T = N, for which we usually write
n instead of t.

De�nition 2.20 (Martingales). Let (Ω,A,P) be a probability space and Fn ⊂ A
a σ-subalgebra for each n. Then F = (Fn)n∈N is called a �ltration if Fn ⊂ Fn+1

for every n ∈ N. Let X = (Xn)n∈N be a stochastic process. Then X is a
martingale with respect to F if:

1. The process X is adapted to the �ltration F , i.e. Xn is Fn-measurable
for all n ∈ N, and

2. E(Xn+1 | Fn) = Xn for every n ∈ N

If instead E(Xn+1 | Fn) > Xn then X is called a submartingale and if
E(Xn+1 | Fn) 6 Xn then X is called a supermartingale.

A �ltration is seen as a sequence of given information such that you know
everything from the past and some new things in the present. A martingale is
a process such that given the past and current information we expect to neither
gain nor lose anything. That is, with the given information there is no �cheating�
strategy.
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2.3.1 Stopping times and the optional stopping theorem

De�nition 2.21. Let (Ω,A,P) be a probability space and F = (Fn)n∈N a �l-
tration on the space. A stopping time with respect to F is a random variable
τ : Ω→ R such that {τ 6 n} ∈ Fn for all n ∈ T .

The idea is that a stopping time is a random variable which tells us whether a
certain event has occurred or not, i.e. the measurability condition {τ 6 n} ∈ Fn
says that at time n we should know if τ 6 n or not.

Example 2.22 (Hitting times). Let Xn be a real valued stochastic process
adapted to the �ltration F generated by the process. We want to describe the
�rst time the process hits the level a, i.e. the random variable

τa(ω) = inf{n ∈ N : Xn(ω) > a}.

This is indeed a stopping time, since

{τa 6 n} =

n⋃
k=1

{τa = k} =

n⋃
k=1

k−1⋂
j=1

({Xj(ω) < a} ∩ {Xk(ω) > a}) ,

and since Xn is adapted to F this proves measurability of {τa 6 n}. It should
not be hard to see how this may be generalized to Xn ∈ A instead of Xn > a for
A ∈ B(R).

Example 2.23 (Arcsine law). Since stopping times are random variables, it
makes sense to consider their distributions. Although a di�cult task, there are
examples when their distributions are explicit. For example, let (Wt)t∈[0,1] be a
standard Wiener process and set

T (ω) = sup{t ∈ [0, 1] : Wt(ω) = 0},

that is T is the last time the Wiener process changes sign. Then it may shown
that

P(T 6 x) =
2

π
arcsin(

√
x)

for x ∈ [0, 1]. This is also known as Levy's second arcsine law.

If τ is the �rst time that a speci�c event A has occurred then (Xτ∧n)n∈N is
the process such that it is constant whenever A has occurred, sometimes called
the stopped process. The next theorem tells us that the martingale property
from X is carried over to the stopped process.
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Theorem 2.24 (Optional stopping theorem). Suppose (Xn) is a (sub/super)
martingale with respect to a �ltration F , and let τ be a stopping time with respect
to F . Then (Xτ∧n)n∈N is a (sub/super) martingale with respect to F .

Proof. We only prove the case when X is a supermartingale. To prove that
Xτ∧n is integrable for every n is easy. Now, {τ > n} ∈ Fn since τ is a stopping
time, and Xn is Fn-measurable by adaptation. Then by Theorem 2.17

E(Xτ∧(n+1) −Xτ∧n | Fn) = E((Xn+1 −Xn)1{τ>n} | Fn)

= 1{τ>n} (E(Xn+1 | Fn)−Xn)

6 0,

since E(Xn+1 | Fn) 6 Xn. Linearity of conditional expectation (Theorem 2.17)
concludes the proof. �

The following theorem has many names, the Optional sampling theorem or
even the Optional stopping theorem, but it is always attributed to Doob. We
will refer to it as the optional sampling theorem.

Theorem 2.25 (Optional sampling theorem). Let X = (Xn)n∈N be a super-
martingale with respect to a �ltration F and τ a stopping time. Suppose there
exists a constant c such that |Xτ∧n| 6 c almost surely. Then EXτ 6 EX0 <∞.
If instead X is submartingale it holds that EXτ > EX0 under the same assump-
tions.

Proof. We prove the supermartingale version. Since the stopped process Xτ∧n
is a supermartingale by Theorem 2.24, monotonicity of conditional expectation
(Theorem 2.17) gives us the following bound

EXτ∧n = E(E(Xτ∧n | Fn−1)) 6 EXτ∧(n−1) 6 . . . 6 EX0.

Using Fatou's lemma (Theorem A.17) we get

EXτ 6 lim inf
n→∞

EXτ∧n 6 EX0.

�

A proof of the general version of Theorem 2.25 relying on Doob's decomposi-
tion can be found in [11], Theorem 10.11 (Doob's optional sampling theorem).
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2.4 Stochastic kernels

The purpose here is to reach the Ionescu-Tulcea extension theorem. In short
the theorem tells that if X = (Xn)n∈N is a stochastic process with transition
probability Pn describing the probability moving from point Xn−1 to Xn, then
there is a unique probability measure P on the whole processX such that P = Pn
on n-dimensional rectangular sets. A problem here is that Xn−1 in turn depends
on previous values as well. This result is far from trivial, indeed existence of
in�nite product measures usually is.

We will develop a general theory of stochastic kernels, which in short are
random probability measures. Although the focus is strictly probabilistic the
theory is not restricted to probability theory, and the analyst should see the
broader usage of kernels.

We follow the exposition in Klenke [11], but restrict ourselves to real random
variables and mostly regular conditional distributions. Most proofs are omitted
due to technicalities, but some are included. Whenever a proof is omitted some
intuition behind it, especially related to conditional distributions, is given.

De�nition 2.26 (Stochastic kernel). Let (Ω1,A1), (Ω2,A2) be measurable spaces.
A map κ : Ω1 ×A2 → [0, 1] is called a stochastic kernel if:

1. ω1 7→ κ(ω1, A2) is A1-measurable for any A2 ∈ A2,

2. A2 7→ κ(ω1, A2) is a probability measure on (Ω2,A2) for any ω1 ∈ Ω1.

Kernels are intuitively viewed as random measures, that is a random variable
that returns measures for every outcome.

Example 2.27 (Kernel densities). Let µ be a non-negative measure on (R,B(R)),
and K : R× R→ R be a measurable function such that∫

R
K(x, y)µ(dy) = 1, (2.8)

for every x ∈ R. The function

κ(x,A2) =

∫
A2

K(x, y)µ(dy)

is then a stochastic kernel. The idea here is that given an initial outcome of
x, we may ask what the probability of the event A2 is. The kernel function
K(x, ·) is thus the Radon-Nikodym derivative with respect to µ of the probability

measure κ(x, ·), i.e. dκ(x,·)
dµ = K(x, ·). When µ is the Lebesgue measure the

kernel K(x, ·) is the density function of κ(x, ·).
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The example above is a special case of the following.

De�nition 2.28 (Regular conditional distribution). Let (Ω,A,P) be a proba-
bility space, X a real random variable on Ω and F ⊂ A a σ-subalgebra. Then
we de�ne the regular conditional distribution of X given F as the stochastic
kernel from (Ω,F) to (R,B(R)) such that

κX|F (ω,A) = P(X ∈ A | F)(ω). (2.9)

Remark 2.29. One may ask if such a stochastic kernel exists. Indeed it does,
an outline of the proof is given here. Start out with r ∈ Q and with P (r, ω) as
a version of the conditional probability P(X ∈ (−∞, r] | F)(ω). Then de�ne

P̃ (x, ω) := inf
r>x

P (r, ω)

for every x ∈ R. Thus P̃ (r, ω) equals P(X ∈ (−∞, r] | F)(ω) on the rationals,
and is increasing and right continuous on R; hence P̃ is a distribution function.
By Theorem 2.7, there exists a probability measure κ(ω, ·) on (Ω,A) which has
P̃ (·, ω) as distribution function. Now if A ∈ F and B = (−∞, r] for some
r ∈ Q, by construction∫

A

κ(ω,B)P(dω) =

∫
A

P(X ∈ B | F)(ω)P(dω) = P(A ∩ {X ∈ B}),

so κ is a version of the conditional distribution. The details lie in using the fact
that {(−∞, r]}r∈Q is closed under �nite intersections and generates the Borel
σ-algebra, and with that in mind extend the equality (2.9) to all of (R,B(R)) via
some approximation argument. For a complete proof see Theorem 8.29 in [11].

The proof relies on that X is real valued, but it should not be di�cult to see
how the proof may be generalized towards Rn. Generally, a regular conditional
distribution exists if the image space of X is a Borel space (Theorem 8.37 in
[11]). Notice that the condition for existence is a topological condition. A
counterexample for its existence without this condition is given by Halmos,
Dieudonné, Andersen and Jessen [19].

Remark 2.30. Let X,Y be real random variables on (Ω,A,P). An important
and motivating special case is when the conditioning is made on an event of the
form {X = x}, that is

P(Y ∈ A | X = x) = κY |σ(X)(X
−1(x), A) =: κY |X(x,A).

Writing out the law of total probability (2.6) gives the idea why this makes sense.
It is important to realize how this conditioning does not make sense via the
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previous framework of conditional probabilities in Section 2.2.1, so taking this
passage via kernels is necessary. Indeed, the expression P(Y ∈ A | X = x) is
de�ned P-a.s. for all A ∈ A where the exceptional set where it is not de�ned
may or may not depend on A. But since there in general exist uncountably many
A ∈ A, the expression P(Y ∈ A | X = x) may not exist at all.

The following theorem is the conditional analogue to Example 2.10, compare
with (2.3). Also note that until now conditional expectation was constructed
abstractly, whereas with this theorem we obtain an expression for it. It will be
heavily used in the tug-of-war games.

Theorem 2.31 (Regular conditional expectation). Let X be an integrable (in
L(Ω)) real random variable on (Ω,A,P) and κX|F a regular conditional distri-
bution given the σ-subalgebra F ⊂ A. Then for any function f ∈ L(R) the
conditional expectation is given P-almost surely by

E(f(X) | F)(ω) =

∫
Ω

f(x)κX|F (ω, dx).

Proof. The proof is a standard approximation argument with simple functions.
Without loss of generality assume that f > 0. Then let φn =

∑n
i=0 αn1Ai be

a simple function for every n ∈ N such that φn ↑ f as n → ∞. Then for any
B ∈ F

E(1Bφn(X)) =

n∑
i=0

αi

∫
1B(ω)1{X∈Ai}(ω)P(dω)

=

n∑
i=0

αi P(B ∩ {X ∈ Ai})

=

n∑
i=0

αi

∫
1B(ω)κX|F (ω,Ai)P(dω)

=

∫
1B(ω)

n∑
i=0

αiκX|F (ω,Ai)P(dω)

= E

(
1B

(∫
φn(x)κX|F (ω, dx)

))
,

so the simple functions satisfy the law of total expectation (2.4). The monotone
convergence theorem (Theorem A.15) gives �rst that∫

φn(x)κX|F (ω, dx)→
∫
f(x)κX|F (ω, dx) as n→∞
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and applying it anew yields

E(1Bf(X)) = lim
n→∞

E(1Bφn(X)) = lim
n→∞

E

(
1B

(∫
φn(x)κX|F (ω, dx)

))
= E

(
1B

∫
f(x)κX|F (ω, dx)

)
,

hence
∫
f(x)κX|F (ω, dx) = E(f(X) | F)(ω) almost surely. �

Example 2.32 (Transition kernels). Let (Xn)n∈N be a real-valued stochastic
process on (Ω,A,P). We want to study the probability of the value Xn+1 given
the values of X1, . . . , Xn, i.e. a stochastic kernel from (Ωn,A⊗n) to (R,B(R)).
To this end we want to determine

κn(x1, . . . , xn, A) = P(Xn+1 ∈ A | Xn = xn, . . . , X1 = x1).

Beware of the abuse of notation, where (x1, . . . , xn) must be viewed as an n-
tuple. Since the image space of X is Borel, the kernel does indeed exist for
every n ∈ N. Now, the problem arises if we want to study the process (Xn)n∈N
as a whole. Questions of limits when n goes to in�nity are not su�ciently
well-de�ned at this moment, though the kernels at the moment answer the local
behaviour at each step. Ideally, we would for any starting point, say x0, have
the process run according to the family of kernels (κn)n∈N. Accordingly we are
introduced to the concept of kernel products.

Theorem 2.33 (Product of kernels). Let (Ωi,Ai), i = 0, 1, 2, be measurable
spaces, κ1 be a stochastic kernel from (Ω0,A0) to (Ω1,A1) and κ2 a stochastic
kernel from (Ω0 × Ω1,A0 ⊗A1) to (Ω2,A2). Then the map

κ : Ω0 × (A1 ⊗A2)→ [0, 1],

de�ned by

(ω0, A) 7→
∫

Ω1

(∫
Ω2

1A((ω1, ω2))κ2((ω0, ω1), dω2)

)
κ1(ω0, dω1)

is a stochastic kernel from (Ω0,A0) to (Ω1 × Ω2,A1 ⊗A2).

Notation 2.34. We call κ1 ⊗ κ2
def.
= κ the product of κ1 and κ2.

Proof. Both the measurability and the measure part of the proof is a technical
(non-standard) approximation argument. A proof can be found at Theorem
14.22 in [11]. �
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Example 2.35. We supply some intuition behind the product kernel. Let
X0, X1, X2 be real random variables on (Ω,A,P), related to each other in some
way, and let

κ1(x0, A1) = P(X1 ∈ A1 | X0 = x0)

κ2(x0, x1, A2) = P(X2 ∈ A2 | X0 = x0, X1 = x1).

Supposing A = A1 × A2, then 1A(ω1, ω2) = 1A1
(ω1)1A2

(ω2). So the expression
for κ1 ⊗ κ2 becomes∫

A1

P(X2 ∈ A2 | X1 = x1, X0 = x0)P(X1 ∈ dx1 | X0 = x0).

where the integration is take with respect to the measure Px0

X1
(·) =

P(X1 ∈ · | X0 = x0) (hence the notation). The law of total probability (2.6)
gives us

(κ1 ⊗ κ2)(x0, A1 ×A2) = P(X2 ∈ A2, X1 ∈ A1 | X0 = x0).

Thus the kernel κ1⊗κ2 allows us to ask the question of visiting the sets A1 and
A2 via the `random walk' of X1 to X2, only by specifying the initial point x0.
Thus we may `remove' all conditionals except the initial one. This intuition is
useful continuing forward, and it is the only one needed in the tug-of-war games.

Compare the next theorem to Example 2.27.

Corollary 2.36 (Semi-direct product of measures). Let (Ω1,A1, µ) be a prob-
ability space and κ a stochastic kernel from (Ω1,A1) to some measurable space
(Ω2,A2). Then there exists a unique probability measure ν on (Ω1×Ω2,A1⊗A2)
such that

ν(A1 ×A2) =

∫
A1

κ(ω1, A2)µ(dω1), (2.10)

for all A1 ∈ A1, A2 ∈ A2.

Proof. Use Theorem 2.33 with κ1(ω, ·) = µ(·) and κ2 = κ. �

Notation 2.37. We write µ⊗ κ def.
= ν.

Continuing on what was built from Example 2.35, now κ1 ≡ µ := P(X1 ∈ A1)
(independent of conditioning on x0). Thus

(µ⊗ κ)(A1 ×A2) = P(X2 ∈ A2, X1 ∈ A1).

The next theorem will be used over and over again when dealing with expec-
tations of random variables under probability measures constructed via kernels.
This can be seen as a generalized (kernel) version of Fubini-Tonelli's theorem,
and extends beyond probability measures.
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Theorem 2.38 (Fubini's theorem for kernels). Let (Ω1,A1, µ) be a probability
space and (Ω2,A2) be a measurable space, with a stochastic kernel κ from Ω1

to Ω2. Suppose f is an A1 ⊗ A2-measurable function on (Ω1,Ω2). If f > 0 or
f ∈ L(µ⊗ κ) then∫

A1×A2

f(ω1, ω2)(µ⊗ κ)(dω1, dω2) =

∫
A1

(∫
A2

f(ω1, ω2)κ(ω1, dω2)

)
µ(dω1).

Proof. This is, once again, an approximation argument from simple functions
and rectangular sets, just like the ordinary Fubini-Tonelli's theorem. �

It should not be hard to see that Theorem 2.33 and Corollary 2.36 can be
used repeatedly to produce new kernels. Following the intuition of Example
2.35 it should be clear what is trying to be achieved. First some notation.

Notation 2.39. Let (Ωj ,Aj) be measurable spaces for each j = 0, . . . , n. We
write Ωn :=

∏n
j=0 Ωj, and An :=

⊗n
j=0Aj.

Corollary 2.40. Let (Ωi,Ai) be measurable spaces for i = 0, . . . , n and κi be a
stochastic kernel from

(
Ωi−1,Ai−1

)
to (Ωi,Ai). Then the recursion

i⊗
j=1

κj
def.
= (κ1 ⊗ · · · ⊗ κi−1)⊗ κi (2.11)

de�nes for any i = 1, . . . , n a stochastic kernel from (Ω0,A0) to
(
Ωi,Ai

)
.

Furthermore, if µ is a probability measure on (Ω0,A0), then

µi
def.
= µ⊗

i⊗
j=1

κj (2.12)

is a probability measure on
(
Ωi,Ai

)
.

Proof. Perform induction on n and apply Theorems 2.33 and 2.36 for the in-
duction steps. �

Note that using Theorem 2.38 or Theorem 2.33 repeatedly, we may rewrite
the measure µi explicitly in terms of an i-tuple integral with kernels as func-
tions. Though it might seem ideal it is seldom possible to arrive at a desirable
expression.

Example 2.41. Once again, we turn to the example where the outcome of
the n-th position Xn depends on the previous n − 1 positions. With stochastic
kernels, we can describe any n-stage experiment where the distribution of n-th



24 Chapter 2. Probability theory

outcome in the space (Ωn,An) depends on (ω0, . . . , ωn−1) ∈ (Ωn−1,An−1) and
where an initial distribution P0 on (Ω0,A0) is given. Indeed the distribution on
(Ωn,An) is given by the stochastic kernel κn from Ωn−1 to Ωn, and thus using
Corollary 2.40 the whole n-stage experiment is described by the coordinate maps
on the probability space (

Ωn−1,An−1,P0⊗
n−1⊗
i=1

κi

)
.

This is the abstract setting with no extra conditions on how the kernels κi behave.

Ionescu-Tulcea extension theorem

We reach the culmination of this section. Given the scenario above in Example
2.41, let

Pn = P0⊗
n−1⊗
i=1

κi.

We see that Pk+1 is basically Pk but with another dimension added to it. That
is,

Pk+1(A× Ωk+1) = Pk(A),

for every A ∈ Ak and for every k. We would like to be able to �let n go to
in�nity� to obtain a measure on the in�nite product of spaces that is equal to
the �nite-dimensional probability measures when the sets themselves are �nite-
dimensional, in the sense of (2.13). This is of course informal, but Theorem
2.42 allows us to do just that. See Theorem 14.32 in [11] for a complete proof.

Theorem 2.42 (Ionescu-Tulcea). Let (Ωi,Ai) be measurable spaces for ev-
ery i ∈ N and set Ω :=

∏∞
i=0 Ωi and A :=

⊗∞
i=0Ai. Suppose κi is a kernel

from (Ωi−1,Ai−1) to (Ωi,Ai), and suppose P0 is a given probability measure on
(Ω0,A0). De�ne a probability measure Pk on (Ωk,Ak) via Theorem 2.33 and
Corollary 2.36 such that

Pk = P0⊗
k⊗
i=1

κi,

for every k ∈ N. Then there is a uniquely determined probability measure P on
(Ω,A) such that

P

(
A×

∞∏
i=k+1

Ωi

)
= Pk(A) (2.13)

for every A ∈ Ak.
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We end the chapter with the ongoing example. We have a stochastic process
X = (Xn)n∈N on (Ω,A,P) and a sequence of regular conditional probability
distributions of Xn given the past history, namely

κn(x0, . . . , xn−1, A) = P(Xn ∈ A | Xn−1 = xn−1, . . . , X0 = x0)

for every n ∈ N. Let κ0(x0, ·) = PX0
(·), i.e give the starting point some initial

distribution. In the Tug-of-war games κ0(x0, ·) = δx0
, meaning that we force

X0 to start in x0 almost surely. Then

Pn(A0 × · · · ×An) =

(
P0⊗

n⊗
i=1

κi

)
(A0 × · · · ×An)

= P(X0 ∈ A0, . . . , Xn ∈ An).

The Extension Theorem 2.42 allows us to �nd a probability measure µ on the
whole process X such that

µ(X0 ∈ A0, . . . , Xn ∈ An, Xn+1 ∈ Ω, Xn+2 ∈ Ω, . . . ) = Pn(X0 ∈ A0, . . . , Xn ∈ An),

in other words µ is equal to Pk on its k-dimensional projections.
In general, via the construction of stochastic kernels we are always guaranteed

a probability measure on the whole stochastic process.





Chapter 3

Harmonic and p-harmonic
functions

In this chapter we present the most basic properties of harmonic functions,
describing the probabilistic relation of harmonic measures and Brownian motion,
and later on presenting the minimally required of p-harmonic functions in order
to study the tug-of-war game in Chapter 4.

3.1 Classical potential theory

As the name suggests, p-harmonic functions are a generalization of harmonic
ones. For harmonic functions there are several equivalent de�nitions, all with
their respective bene�cial characterisations. We will go over some of the main
ones, and in the next section show that there are p-harmonic generalizations to
some of them.

3.1.1 Harmonic functions

In order to study harmonic functions we will need some conditions on the set
and its boundary.

De�nition 3.1 (Domain). We say that a set Ω ⊂ Rn is a domain if Ω is open,
bounded and connected. We say that a domain is a Poincaré-Zaremba domain
if for each x ∈ ∂Ω there is a cone C(x) with vertex at x and a number r > 0
such that

C(x) ∩Br(x) ⊂ Rn \ Ω.

Jönsson, 2018. 27
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In order to solve (3.2) with continuous boundary values we need a regularity
condition on the boundary ∂Ω. Indeed, Gauss conjectured that solutions always
exists to (3.5), which was proven true by Poincaré under some certain boundary
regularity. Zaremba improved this condition in 1911, and Lebesgue showed in
1913 that solutions without some boundary regularity may not exist using a
now-called Lebesgue spine, see [4] for an excellent survey. There are weaker
boundary conditions under which the Dirichlet problem has solutions, namely
the twisted cone condition or Wiener's condition. We will refrain from these
though.

De�nition 3.2. Let Ω be a domain. We say that a function u ∈ C2(Ω) is
harmonic in Ω if

∆u(x) :=

n∑
i=1

uxixi(x) = 0 (3.1)

for all x ∈ Ω. Equation (3.1) is known as Laplace equation, so harmonicity of
u is the same as a solution to Laplace equation.

We will in particular consider the Dirichlet problem associated with the
Laplace equation, i.e. for a given function f : ∂Ω → R �nd u on Ω such
that {

∆u = 0, in Ω,

u = f, on ∂Ω.
(3.2)

Another view on harmonic functions is that their values are the mean value
of surrounding points. See [7], Theorems 2.2.2 and 2.2.3.

Theorem 3.3 (Mean value property). A function u : Ω → R is harmonic in
Ω if and only if u satis�es the mean-value property in Ω: For every r > 0 and
x ∈ Ω such that B̄r(x) ⊂ Ω

u(x) =
1

S(∂Br(x))

∫
∂Br(x)

u(y)S(dy), (3.3)

where S is the surface measure of ∂Br.
Also, if u is harmonic then

u(x) =
1

|Br(x)|

∫
Br(x)

u(y)dy.

Another characterization of harmonic functions can be given through a method
from calculus of variations. Notably this method also works for the Poisson
equation, i.e. the inhomogenous Laplace equation.
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Theorem 3.4 (Dirichlet energy principle). A function u solves the Dirichlet
problem (3.2) if and only if u minimises the functional

J [v] :=

∫
Ω

1

2
|∇v(x)|2dx (3.4)

over all v ∈ C2(Ω) such that v|∂Ω = f .

A proof of the statement can be found in any introductory textbook on partial
di�erential equations, as an example see Theorem 2.2.17 in [7].

3.1.2 Harmonic measure and hitting times

Recall the Riesz representation theorem for Radon (or regular Borel) measures.

Theorem 3.5 (Riesz representation theorem). Let X be a (locally) compact
Hausdor� space (e.g. closed bounded subset of Rn). Let H be a linear functional
on Cc(X). Then there exist precisely one regular Borel measure µ on B(X) for
which

Hf =

∫
X

fdµ,

for all f ∈ Cc(X).

Let Ω be a Poincaré-Zaremba domain. Given a continuous function f : ∂Ω→
R, we may extend f uniquely to a harmonic function Hf (depending on f) on
Ω such that Hf ∈ C(Ω̄) solves the Dirichlet problem{

∆Hf (x) = 0, in Ω,

Hf (x) = f(x), on ∂Ω.
(3.5)

Fix a point x in Ω. Since ∆ is a linear operator, Fx : f 7→ Hf (x) is a linear
functional on the space of compactly supported continuous functions on ∂Ω, for
every x ∈ Ω. Theorem 3.5 gives that there is a measure ωΩ(x, ·) such that

Hf (x) =

∫
∂Ω

f(z)ωΩ(x, dz). (3.6)

De�nition 3.6 (Harmonic measure). Let Ω be a domain with a Poincaré-
Zaremba condition. Let x ∈ Ω. Then the harmonic measure is de�ned as the
measure ωΩ(x, ·) determined by (3.6).

The harmonic measure can be characterized via Wiener processes. This was
originally studied by Kakutani (1944), see [10]. We follow the expositions in
[16] and [6].
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Theorem 3.7. Suppose Ω ⊂ Rn is a domain. Let τ∂Ω be the exit time of the
Wiener process Wt starting inside Ω, that is

τ = inf{t ∈ R : Wt ∈ Rn \ Ω}.

Suppose f : ∂Ω→ R is a measurable function such that for each x ∈ Ω

u(x) = E(f(Wτ )1τ<∞ |W0 = x)

is (locally) bounded. Then u is harmonic in Ω.

Proof. The proof utilizes the strong Markov property of Wiener processes, which
is sadly beyond this text. See [16] for the entire exposition. �

Under the Poincaré-Zaremba condition, we have the following theorem. The
proof is found in Theorem 3.12 in [16].

Theorem 3.8. Suppose Ω ⊂ Rn is a Poincaré-Zaremba domain, and suppose
the function f is continuous on ∂Ω. Let τ∂Ω be the exit time of the Wiener
process Wt. Then

u(x) = E(f(Wτ ) |W0 = x) (3.7)

is the unique solution to the Dirichlet problem (3.2).

With this characterization of harmonic functions, let in particular f = 1E for
some subset E ⊂ ∂Ω. Assuming Ω is a Poincaré-Zaremba domain we get that

u(x) = E(1{Wτ∈E} |W0 = x) = P(Wτ ∈ E |W0 = x) =: ωx,∂Ω(E)

is a regular conditional distribution and using Theorem 2.31 we arrive at this
fantastic corollary.

Corollary 3.9 (Harmonic measure as hitting time). If Ω is a Poincaré-Zaremba
domain and f is a continuous function on ∂Ω, then

u(x) =

∫
Ω

f(z)ωx,∂Ω(dz).

More poignantly, PWτ
(· |W0 = x) = ωx,∂Ω(·).

Here another beautiful result immediately arises. On the unit sphere the
mean-value formula has an explicit expression in terms of the Poisson kernel.
But since the harmonic measure coincides with probability distribution of Wτ

we get that on the unit sphere, Wτ has the Poisson kernel as its probability
density function.

The connections between potential theory and Wiener processes are vast and
well-known at this point. Another interesting example is a proof of Liouville's
theorem utilizing the re�ection principle of Wiener processes, see Theorem 3.16
in [16]. For a comprehensive treatise on probability theory in classical potential
theory, see Doob's classic [6].
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3.2 Sobolev spaces

In the classical sense, di�erentiation is the tangent space to the function at a
given point, and di�erentiable functions satisfy integration by parts. For a more
general approach, one may view the (weak) derivative as the function such that
integration by parts holds. This is what Sobelev discovered, which brings forth
a rich theory of weak derivatives. Schwartz later generalized this notion and
considered di�erentiation on functionals on smooth functions. Here we use the
notation

∂αu =
∂|α|u

∂xα1
1 . . . ∂xαnn

,

where α is a multi-index.
All theorems below are found in Brezis [3] and Evans [7].

De�nition 3.10 (Weak derivative). Let U ⊂ Rn be open and bounded. Suppose
u ∈ L1

loc(U). Then u has a weak partial derivative v with respect to xi if∫
U

u(x)ϕxi(x)dx = −
∫
U

v(x)ϕ(x)dx

for every ϕ ∈ C∞c (U) (compactly supported in�nitely di�erentiable functions).
The weak derivative of u is denoted uxi . Extending now to multi-indices, we
have ∫

U

u(x)∂αϕ(x)dx = (−1)|α|
∫
U

∂αu(x)ϕ(x)dx,

for all ϕ ∈ C∞c (U).

The name suggests that it is a generalisation of the normal notion of deriva-
tive. Indeed, any continuously di�erentiable function satis�es partial integra-
tion, hence its derivative is a weak derivative. The weak derivative is unique
and satis�es most algebraic properties of the classical derivative, for instance
linearity and the product rule, see Theorem 5.2.1 in [7].

The following theorem, without proof (which may be found in Theorem 8.2.
in [3]) gives a nice idea on how weak derivatives extend the notion of di�eren-
tiation.

Theorem 3.11 (Weak fundamental theorem of calculus). Suppose u is weakly
di�erentiable on an interval I ⊂ R. Then there exists a version ũ ∈ C(Ī) for
which

ũ(b)− ũ(a) =

∫ b

a

u′(t)dt

for all a, b ∈ Ī.
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Thus weak derivatives are in some sense �almost everywhere di�erentiation�.
But a more subdued bene�t is that with weak di�erentiation we recover deriva-
tives using a more well-behaved operation namely integration.

De�nition 3.12 (Sobolev space). Let k ∈ N and p ∈ [1,∞]. The Sobolev space
W k,p(U) is de�ned as the set of functions u ∈ Lp(U) whose (partial) derivatives
∂αu ∈ Lp(U) for all multiindices |α| 6 k.

The next result enables us to properly use functional analytic techniques in
PDE theory.

Theorem 3.13. W k,p(U) is a Banach space for every k ∈ N and p ∈ [1,∞].

Proof. The proof is direct. Proving that ‖ · ‖Wk,p is a norm follows directly
from the Lp-norm. That W k,p is complete comes as follows. If (un) ⊂ W k,p is
a Cauchy sequence, then ∂αun ∈ Lp is a Cauchy sequence for every |α| 6 k, so
∂αun → uα ∈ Lp in Lp-norm. In particular, when α = 0 we get un → u in Lp.
Now let's prove ∂αu = uα. By dominated convergence (Theorem A.16),∫
U

u∂αϕdx = lim
n→∞

∫
U

un∂
αϕdx = lim

n→∞
(−1)|α|

∫
U

∂αunϕdx = (−1)|α|
∫
U

uαϕdx,

for every ϕ ∈ C∞c (U), so ∂αu = uα (a.e.). Now

‖un − u‖Wk,p =
∑
α

‖∂αun − ∂αu‖Lp → 0. �

De�nition 3.14 (Test functions). We de�ne W 1,p
0 as the closure of C∞c in the

‖ · ‖W 1,p-norm.

Since C∞c is dense in W 1,p
0 it su�ces to look at test functions in C∞c for

almost all results involving test functions, and use a standard approximation
via density.

Let u ∈ W 1,p(Ω). Since the weak derivative is in some sense almost every-
where di�erentiation, assigning boundary values for u on ∂Ω is intricate, since
∂Ω may (almost always) have measure zero, so the restriction has no meaning.
This gives rise to the concept of trace. See Theorem 5.5.1 in [7].

Theorem 3.15 (Trace theorem). Suppose Ω is bounded and C1. Then there is
a uniformly bounded linear operator T : W 1,p → Lp(∂Ω) such that

Tu = u|∂Ω

if u ∈W 1,p(Ω) ∩ C(Ω̄). We call Tu the trace of u.
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The following characterization of W 1,p
0 gives us an intuition for why they are

test functions like compactly supported smooth functions.

Theorem 3.16 (Trace zero functions). Let Ω be a C1-domain, and u ∈W 1,p(Ω).
Then

u ∈W 1,p
0 ⇐⇒ Tu = 0 on ∂Ω.

Proof. We prove necessity, for su�ciency (hard direction!) see Theorem 5.5.2
in [7]. Since u ∈W 1,p

0 there is a sequence um ∈ C∞c such that um → u in W 1,p.
Then Tum = 0 for every m so

‖Tum − Tu‖Lp(∂Ω) 6 ‖T‖B(W 1,p,Lp)‖um − u‖W 1,p → 0,

so ‖Tu‖ = 0 i.e. Tu = 0. �

3.3 Non-linear potential theory

We follow the exposition in [9].

3.3.1 p-harmonic functions

Recall the Dirichlet energy principle. Then a function u is harmonic if it min-
imizes the L2-norm of ∇u. The obvious question now is what will happen if
we instead minimize the Lp norm of ∇u for some p ∈ (1,∞]. This, under mild
conditions, yields us the notion of p-harmonic functions, where p = 2 is the
special case of harmonic functions. We will in actuality only need p > 2.

From calculus of variations, the functional J in the Dirichlet energy principle
(Theorem 3.5) is minimized (in some sense) if it solves the so called Euler-
Lagrange equation (3.8). A proof can be found in [7].

Theorem 3.17 (Euler-Lagrange). Suppose v ∈ C1(Ω). Let vj := ∂jv. If

J [v] =

∫
L(x, v,∇v)dx,

where L is smooth enough, then J has an extremum only if the Euler-Lagrange
partial di�erential equation holds:

∂L

∂v
−

n∑
j=1

∂

∂xj

∂L

∂vj
= 0. (3.8)
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A proof of the general version of Theorem 3.17 (and a treatment of partial
di�erential operators associated to bilinear forms) can be found in [3], Corollary
5.8.

Taking it back to basics, the ordinary Dirichlet energy principle (Theorem
3.4) says that if u minimizes the functional J [u] then u is harmonic. Indeed this
may be shown by means of Theorem 3.17 by putting

L(x, u,∇u) =
1

2
|∇u|2,

for which the Euler-Lagrange equation (3.8) associated with J becomes

∆u = 0.

This is of course the ordinary Laplace equation. Now let's generalize. Suppose
u is smooth enough. Suppose now instead that u is a function which minimizes
the Lp-norm of the gradient, that is the functional

Jp[u] =

∫
|∇u(x)|pdx.

Then it must satisfy the Euler-Lagrange equation (3.8) with

L(x, v,∇v) = |∇v|p.

Expanding the Euler-Lagrange equation (3.8) gives us

−
n∑
j=1

∂

∂xj

(
p|∇v|p−1 vj

|∇v|

)
= −∇ · (p|∇v|p−2∇v) = 0.

We therefore obtain the following generalization of the Laplace equation (3.1).

De�nition 3.18 (p-Laplace equation). A function u ∈ C2(Ω) said to be a
strong solution to the p-Laplace equation if

∆pu
def.
= div(|∇u|p−2∇u) = 0. (3.9)

We say that u is a weak solution to the p-Laplace equation if∫
|∇u(x)|p−2〈∇u(x),∇ϕ(x)〉dx = 0 (3.10)

for every test function ϕ ∈W 1,p
0 (Ω).
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One simple solution to the p-Laplace equation in Rn is u(x) = xn. It is
not obvious from the start in what sense equation (3.9) is a generalization of
the ordinary Laplace equation. It turns out that a weak solution to the p-
Laplace equation is precisely the minimizer of the gradient Lp norm among the
functions with the same boundary values (in the trace sense). We formalize this
statement; for the general case and proof see Theorem 5.13 in [9].

Theorem 3.19 (p-Dirichlet energy principle). Let u ∈ W 1,p(Ω) and K be the
convex subset

K = {θ ∈W 1,p(Ω) : u− θ ∈W 1,p
0 (Ω)}.

Then u is a weak solution to the p-Laplace equation if and only if

min
v∈K

Jp(v) = Jp(u).

De�nition 3.20 (p-harmonicity). Let p > 1. We say that a function u : Ω→ R
is p-harmonic in Ω if it is a continuous weak solution to ∆pu = 0.

The case of the in�nity Laplacian is not straightforward

De�nition 3.21 (∞-Laplacian). We say a function u ∈ C2(Ω) is a solution to
the ∞-Laplace equation in Ω if

∆∞u =

n∑
i,j=1

uxiuxjuxixj = 0,

on Ω.

Solutions are often given in the viscosity sense. For the in�nity Laplacian
solutions are almost exclusively viscosity solutions.

De�nition 3.22 (Viscosity solutions to p-Laplace equation). Let p ∈ (1,∞].
We say that an upper semicontinuous function u : Ω → R is a viscosity subso-
lution to the p-Laplacian in Ω if for each ϕ ∈ C2(Ω) such that u−ϕ has a local
maximum in x0 it holds that ∆pϕ > 0.

We say that an upper semicontinuous function u : Ω → R is a viscosity
supersolution to the p-Laplacian in Ω if for each ϕ ∈ C2(Ω) such that u−ϕ has
a local minimum in x0 it holds that ∆pϕ 6 0.

The function u is a viscosity solution when it is both a viscosity super- and
subsolution.

The picture is that we touch the function u at a point from below/above and
provide sub-/supersolutions to the p-Laplacian. It is often nice to work with
viscosity solutions since one needs only to restrict oneself to inequalities. The
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reason why viscosity solutions have gained some recognition is that in many cases
there is a correspondence between weak and viscosity solutions. For instance
p-superharmonic functions are also p-viscosity supersolutions and vice versa if
p <∞. For an excellent survey on viscosity solutions in general see [5].

Proposition 3.23. For su�ciently smooth u we may expand ∆pu as

∆pu = |∇u|p−2 ((p− 2)∆∞u+ ∆u) . (3.11)

This expansion provides some intuition behind p-harmonious functions in
the next section. Indeed, this expansion is the one that Peres et al. as well as
Manfredi et al. used in their papers.

3.3.2 Mean value property and p-harmonious functions

There is currently no complete generalization of the mean value property for
p-harmonic functions. Recall that

Γε := {x /∈ Ω : dist(x,Ω) 6 ε} and Ωε := Ω ∪ Γε.

De�nition 3.24 (Harmonious function). Let ε > 0. We say that a function
uε : Ωε → R is harmonious on Ωε if uε satis�es

uε(x) =
1

2
sup

y∈B̄ε(x)

uε(y) +
1

2
inf

y∈B̄ε(x))
uε(y),

for all x ∈ Ω.

This is a mean value-type property in the sense that locally uε is the mean of
its maximum and minimum. Compare with Theorem 3.3 for harmonic functions.
In 2007 [12] Le Gruyer proved (among other things) that harmonious functions
converge uniformly to ∞-harmonic functions, namely if uε is a harmonious
function on Ωε for each ε > 0 then there is a function u : Ω→ R such that

lim
ε→0
‖uε − u‖∞ = 0

and ∆∞u = 0. A proof is found therein, see also [8] and [17].
Now, using the expansion (3.11) we have

∆pu = |∇u|p−2 ((p− 2)∆∞u+ ∆u) .

Combining the harmonic mean value theorem (Theorem 3.3) and the �∞-mean
value theorem� by Le Gruyer, the intuition here is that one may be able to
approximate solutions to the p-Laplacian via simultaneously harmonious and
harmonic functions. This is of course vague at �rst, but the following asymptotic
result from 2009 by Manfredi, Parviainen and Rossi con�rms this intuition. See
the original article [13] for details.
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Theorem 3.25 (Asymptotic mean value property). Let p > 2, and

α =
p− 2

p+ n
and β =

2 + n

p+ n
.

A p-harmonic function u is a viscosity solution to ∆pu = 0 if and only if u
asymptotically satis�es the generalized mean value property, that is

u(x) =
α

2

(
sup

y∈B̄ε(x)

(y) + inf
y∈B̄ε(x)

u(y)

)
+

β

|Bε(x)|

∫
Bε(x)

u(y)dy + o(ε2)

in the weak sense as ε→ 0.

Note the p-harmonious part and the harmonic part in the equation. With this
asymptotic intuition in mind, Manfredi et al. make the following generalization
of harmonious functions.

De�nition 3.26 (p-harmonious functions). Let ε > 0 and F : Γε → R be a
function. We say a function uε : Ωε → R is p-harmonious in Ω with boundary
values F if uε|Γε = F and

uε(x) =
α

2

(
sup

y∈B̄ε(x)

uε(y) + inf
y∈B̄ε(x)

uε(y)

)
+

β

|Bε(x)|

∫
Bε(x)

uε(y)dy (3.12)

for x ∈ Ω.

What we will see later is that this type of function corresponds to the value of
a tug-of-war game with noise, and that letting ε tend to zero yields the uniform
convergence to p-harmonic functions.





Chapter 4

The Tug-of-War games

In this chapter we go into detail on how the Tug-of-War game with noise is
constructed. We follow the construction given by Manfredi et al. in [14] and
[15]. One detail that is di�erent is that we use the Ionescu-Tulcea extension
theorem instead of the Daniell-Kolmogorov extension theorem. This is not only
more �tting but also instructive, since it also provides a more general view
of tug-of-war games in the sense that one only needs to specify a sequence of
stochastic kernels in order to obtain the measure extension.

Throughout this chapter let Ω be a �xed domain, let

Ωε := {x ∈ Rn : dist(x,Ω) 6 ε}

and Γε := Ωε \ Ω. Let

α =
p− 2

p+ n
and β =

2 + n

p+ n
,

and p ∈ [2,∞).

4.1 Tug-of-war with noise

Fix ε > 0. Suppose F : Γε → R is a given function. Place a marble x0 in
Ω. Toss a coin with probability α for heads, and β for tails. If the coin toss
results in tails, a uniformly random point x1 in Bε(x0) is chosen. If the coin
toss results in heads, we toss a fair coin and the winner of the toss gets to move
the marble to any point x1 in Bε(x0). Continuing in this manner, we obtain a
sequence x0, x1, . . . of points in Ωε. The game ends the �rst time a point xk in

Jönsson, 2018. 39
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the sequence hits the boundary strip Γε, at which point Player I obtains F (xk)
and Player II receives −F (xk) i.e. pays the amount F (xk) to Player I.

We formalize this game.

De�nition 4.1. Let Ωε = Ω∪Γε, endowed with the subspace topology from Rn.
The game space is the measurable space (E, E) where

E :=

∞∏
j=0

Ωε and E :=

∞⊗
j=0

B(Ωε).

Also, let (Ek, Ek) = (
∏k
j=0 Ωj ,B⊗k(Ωε)). We refer to ω ∈ E as game out-

comes and $k ∈ Ek as game history up to point k.

In this setting, consider the k-th point Xk of a game outcome ω as the
projection on the k-th coordinate of a game sequence ω = (ω0, ω1, . . . ) in E.
Formally Xk : E → Rn is de�ned as the random variable Xk(ω) = ωk.

A strategy is thought of as a map such that given a game history $k ∈ Ek,
it gives out the next point in the game, that is a function which determines the
next point in the sequence. Formally:

De�nition 4.2 (Game strategy). A strategy is a measurable function

S :

∞⋃
k=0

Ek → Ωε such that (ω0, . . . , ωk) 7→ ωk+1 ∈ Bε(ωk).

Remark 4.3. Formally, the probabilistic part comes from the coin tosses and
the uniform randomness. Thus, in the strictest sense, the points ω ∈ E are the
"outcome of outcomes" of coin tosses, so in order to be rigorous to the core we
must consider the outcomes of the games as the outcomes of the coin tosses.
For the sake of clarity we will not, and neither do the authors in [14] and [15],
but it should be kept in mind.

4.1.1 The game probability

Let Player I and II have strategy functions SI and SII, respectively, and let
S = (SI, SII). We will start out by constructing the transition probability at
step k+1 given a certain history $k up to point k, i.e. a conditional probability
with given history, and from that construct a kernel as a version of the regular
conditional distribution of the k + 1-th position given the previous k positions.
When the kernels are constructed, the Ionescu-Tulcea extension (Theorem 2.42)
gives us a probability measure on the whole game space (E, E) which provides
the possibility of talking about probabilities of events in the game.

We remind the reader of Remark 4.3 to check that the conditioning below is
admissible.
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The transition probability

Suppose $k = (ω0, ω1, . . . , ωk) ∈ Ek is the game history up to point k. We
determine �rst the probability measure µSk+1 of the next point ωk+1 in the
game sequence given the history $k. To this end, let Zk ∼ Ber(α) be the k-th
coin �ip on the probability space ({0, 1},P({0, 1}),P). Given that Zk = 1, i.e.
the coin turns heads, then the players �ip a fair coin and the winner chooses
the next point. The next point is therefore either SI($k) or SII($k), each with
a probability 1/2. Then the probability of an event A ∈ B(Bε(ωk)) is simply a
matter of containment of either of these points, i.e.

µSk+1(A | Zk = 1) =
1

2
δSI($k)(A) +

1

2
δSII($k)(A).

We remind the reader that δx is the Dirac point measure on x. If Zk = 0, i.e.
the coin turns tails, a uniformly random point in Bε(ωk) is chosen. Hence the
conditional probability of A ∈ B(Bε(ωk)) is

µSk+1(A | Zk = 0) =
|A ∩Bε(ωk)|
|Bε(ωk)|

,

where | · | is the Lebesgue measure on Rn. It follows now by the law of total
probability (2.6) that

µSk+1(A) = µSk+1(A | Zk = 1)P(Zk = 1) + µSk+1(A | Zk = 0)P(Zk = 0)

= α ·
(

1

2
δSI($k)(A) +

1

2
δSII($k)(A)

)
+ β · |A ∩Bε(ωk)|

|Bε(ωk)|
.

Thus we have an explicit expression for the probability given that the history
up to k is $k. Removing the condition that the history is given, i.e. viewing
the measure as a kernel, the following holds:

Proposition 4.4 (The transition kernel). The function

κSk+1($k, A) = α ·
(

1

2
δSI($k)(A) +

1

2
δSII($k)(A)

)
+ β · |A ∩Bε(ωk)|

|Bε(ωk)|
(4.1)

is a stochastic kernel from (Ek, Ek) to (Ωε,B(Ωε)).

Proof. We use the notation Br for an arbitrary open ball of radius r. For
measurability, notice that the function

U($k) :=
|A ∩Bε(ωk)|
|Bε(ωk)|

=
|A ∩Bε(ωk)|
|Bε|
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is continuous, hence measurable. Indeed U is continuous if and only if its co-
ordinate maps are, and since U is constant in ω0, . . . , ωk−1 we restrict our-
selves to continuity in ωk. So let ωmk → ωk as m → ∞. We will show
that |Bε(ωmk )| → |Bε(ωk)|. To this end let ∆m = Bε(ω

m
k )4Bε(ωk). Then

lim supm→∞∆m = ∅ so

lim
m→∞

∣∣|Bε(ωmk )| − |Bε(ωk)|
∣∣ 6 lim sup

m→∞
|∆m| 6

∣∣∣∣lim sup
m→∞

∆m

∣∣∣∣ = 0.

Recall that the de�nition of limes superior for sets as

lim sup
m→∞

∆m =

∞⋂
n=0

∞⋃
m=n

∆m.

It follows that U(ω1, . . . , ωk−1, ω
m
k ) → U(ω1, . . . , ωk−1, ωk) which establishes

continuity. It now su�ces to note that $k 7→ δSI($k)(A) is Ek-measurable
since κSk+1 is then a linear combination of Ek-measurable functions. That A 7→
κSk+1(·, A) is a measure is easily seen since it is a sum of (�nite) measures, and

κSk+1(·,Ωε) = α ·
(

1

2
+

1

2

)
+ β · 1 = α+ β = 1,

so the map is a probability measure on B(Ωε). �

The kernel (4.1) is seen as the regular conditional probability

κSk+1(x0, . . . , xk, A) = P(Xk+1 ∈ A | Xk = xk, . . . , X0 = x0).

The extension

Mirroring the discussion in Remark 2.41, we have a sequence of kernels (κSk )∞k=0,
and will apply Theorem 2.42 to construct a probability measure on (E, E).
Namely, let x0 be some �xed point in Ωε, then set

PS0 (A0) := κS0 (x0, A0) = δx0
(A0)

and de�ne recursively

PS,x0

k+1 (A0 × · · · ×Ak+1) =
(
PS,x0

k ⊗κS,x0

k+1

)
(A0 × · · · ×Ak+1)

=

∫
A0×···×Ak

κS,x0

k+1 ($k, Ak+1) PS,x0

k (x0, d$k),

for each k ∈ N. Applying Theorem 2.42, we obtain the following immediate
result.
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Theorem 4.5. Suppose Player I and Player II have strategies S = (SI, SII),
and let x0 ∈ Ω. Let the game have s kernel κSk given as (4.1) for every k ∈ N.
Let

PS,x0

k = δx0
⊗

k⊗
j=1

κS,x0

j .

Then there exists a unique probability measure PS,x0 on (E, E) such that

PS,x0

(
k∏
i=0

Ai ×
∞∏
k+1

Ωε

)
= PS,x0

k

(
k∏
i=0

Ai

)
, (4.2)

for all A0, . . . , Ak ∈ B(Ωε) and for all k ∈ N.

Thus given an initial point x0 and a strategy pair S, there is a probability
measure on the game space which coincides with its �nite dimensional transition
probabilities. Since the consistency condition (4.2) is satis�ed, this coincides
with the probability measure constructed in [14] and [15] with the aid of the
Daniell-Kolmogorov extension theorem.

4.1.2 Dynamic programming principle and the value of

the game

Until now we have constructed the game as a probability space (E, E ,PS,x0)
whenever an initial point x0 and strategies S are speci�ed. Now we will turn
ourselves towards more speci�c questions. In this section we will among other
things prove that the game almost surely ends and that the game has a value.

De�nition 4.6 (Game stopping time). Let Fk be the σ-algebra generated by the
random variables X0, . . . , Xk. Indeed Fk coincides with the σ-algebra generated
by rectangular cylindrical sets up to the k-th coordinate. Then F := (Fk)∞k=0 is
a �ltration on E. The game stopping time (relative to F) on (E, E) is de�ned
as

τ(ω) = inf{k ∈ N : Xk(ω) ∈ Γε}.

In translation, τ is the �rst time that a point in the game sequence ω =
(X1(ω), X2(ω), . . . ) ∈ E exits Ω. We now prove that the game ends almost
surely, that is �xing a starting point and a strategy pair there exists a point
xτ ∈ Γε. We prove it under a uniform Poincaré-Zaremba constraint, but it holds
without it as well [15].

Theorem 4.7 (Yes, the game ends). Let x0 ∈ Ω and S be a strategy pair.
Suppose Ω satis�es a uniform Poincaré-Zaremba boundary condition, that is
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there exists a choice of cone and ball that works for each boundary point. If
p <∞ then

PS,x0(ω : τ(ω) <∞) = 1.

Proof. Let x0 ∈ Ω be the starting point. It is no harm in assuming that x0

is at the farthest distance from ∂Ω. The idea is that we look at the event of
only having tails at the initial coin toss, which is a subset of all possible events.
We �rst show that, under a certain set of events, with a positive probability
we will end up su�ciently close to the boundary. At that point we �nd that
the probability of exiting Ω is positive. Then repeating the way of arriving to
the boundary, we once again have a positive chance of exiting Ω. Doing this an
in�nite amount of times and never exiting has probability zero.

The probability of the marble arriving after a �nite number of coin tosses at a
distance less than ε/2 from ∂Ω is positive. Indeed, from each point xi ∈ Ω with
at least ε-distance from the boundary ∂Ω there is an ε/8-ball Bε/8 ⊂ Bε(xi)
such that

sup
y∈Bε/8

dist(y, ∂Ω) < dist(xi, ∂Ω)− ε/2. (4.3)

Now if dist(x, ∂Ω) < ε we must be a bit careful since we may be arbitrarily
close to being ε away from the boundary at which the intersection of the ε-
neighbourhood with Γε is almost negligible. Suppose the marble arrives at
the strip {x ∈ Ω : 3ε/4 < dist(x, ∂Ω) < ε}, let x be in that strip and set
d := dist(x, ∂Ω) and ρ := (d − ε/2)/2. Then there is a point y ∈ ∂Ω which is
closest to x. Set z = ρ(x − y) ∈ Ω. Then Bρ(z) lies entirely in the strip {x ∈
Ω : dist(x, ∂Ω) < ε/2}. Since ρ > ε/8 we may choose an ε/8-ball Bε/8 ⊂ Bρ(z).
If x is instead in the set {x ∈ Ω : ε/2 < dist(x, ∂Ω) < 3ε/4} we may choose an
ε/8-ball within the ε/2-strip. Thus we have reached a distance within ε/2 to
the boundary ∂Ω via a sequence of ε/8-balls. Now let x1, . . . , xN be the centers
of the ε/8-balls constructed above. Using Theorem 4.5 by projecting onto the
N -dimensional probability measure,

PS,x0
(
{x0} ×Bε/8(x1) · · · ×Bε/8(xN )

)
> βN

|Bε/8|N

|Bε|N
> 0,

so from any starting point we arrive less than ε/2-close to ∂Ω with positive
probability. It is greater than zero because β > 0, i.e. p <∞.

Now suppose xN is any point within ε/2-distance to ∂Ω. Then we may choose
a ball Bη of radius η > 0 such that Bη ⊂ Γε ∩ Bε(xN ) for some η > 0 (using
the uniform Poincaré-Zaremba property). Hence, choosing our sequence of sets
towards the boundary as (4.3), then

PS,x0(ω : τ(ω) 6 N + 1) > βN
|Bε/8|N

|Bε|N
· β |Bη|
|Bε|

=: q > 0.
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Then the complement event

PS,x0(ω : τ(ω) > N + 1) 6 1− q.

Suppose xN+1 remains in Ω. Then repeat the argument but with starting point
xN+1. One may �nd M number of ε/8-balls before reaching the boundary ∂Ω
again. But since x0 is assumed to be farthest away from ∂Ω we must have
M 6 N and thus

PS,xN+1({xN+1} ×Bε/8(xN+2)× · · · ×Bε/8(xN+M ))

> PS,x0({x0} ×Bε/8(x1)× · · · ×Bε/8(xN ))

Then, once again, one may choose a ball Bη ⊂ Γε∩Bε(x2N ) as before for which

PS,x0(τ 6 2N + 1 | τ > N + 1) > βN
|Bε/8|N

|Bε|N
· β |Bη|
|Bε|

= q > 0

Then repeat the argument for x2N+1 and so on. We get, for every m ∈ N, that

PS,x0 (τ > mN + 1 | τ > (m− 1)N + 1) 6 1− q

and especially using (2.6) and expanding the recursion

PS,x0(τ > mN + 1) = PS,x0({τ > mN + 1} ∩ {τ > (m− 1)N + 1})
6 (1− q)PS,x0(τ > (m− 1)N + 1)

6 . . . 6 (1− q)m.

Thus, �nally, the probability of never exiting Ω becomes via upper semiconti-
nuity and since {τ > mN + 1} ⊃ {τ > (m+ 1)N + 1}

PS,x0(τ =∞) = PS,x0

( ∞⋂
m=1

{τ > mN + 1}

)
= lim
m→∞

PS,x0(τ > mN + 1)

6 lim
m→∞

(1− q)m = 0.

This concludes the proof. �

A quick corollary from this is that the expected hitting time is bounded:

Theorem 4.8. Let x0 ∈ Ω and S be a strategy pair. Then

ES,x0 τ 6
q +N

q
<∞.
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Proof. By using the notation from above,

PS,x0(τ > mN + 1) 6 (1− q)m.

Thus by monotonicity of measure

ES,x0 τ 6 1 +

∞∑
n=1

PS,x0(τ > n)

6 1 +

∞∑
m=0

N PS,x0(τ > mN + 1)

6 1 +N

∞∑
m=0

(1− q)m

= 1 +Nq−1. �

Since τ < ∞ almost surely in PS,x0-measure we may set Xτ (ω) as the �rst
coordinate ωk in ω = (ω1, ω2, . . . ) ∈ E for which ωk ∈ Γε. Accordingly, it makes
sense to de�ne the payo� F when the game ends.

De�nition 4.9 (Payo�-function). The payo�-function of the game is the bounded
Lipschitz function F : Γε → R, such that Player I receives F (Xτ ) and Player II
receives −F (Xτ ).

Since the game is zero-sum, i.e. what one player wins the other loses, any
valuation of the game should be taken such that the opponent is making the
best possible decision for them.

De�nition 4.10 (Value of the game). The value of the game for Player I,
denoted uI, is a function of the initial starting point, and is given by

uI(x0)
def.
= sup

SI

inf
SII

ES,x0(F (Xτ )),

where expectation is understood to be taken under Px0

S . Similarly, the value of
the game for Player II, denoted by uII, is given by

uII(x0)
def.
= inf

SII

sup
SI

ES,x0(F (Xτ )).

The game itself is said to have a value at x0 if uI(x0) = uII(x0).

Remark 4.11. If xτ is the point at which the game ends, then uεI (xτ ) =
uεII(xτ ) = F (xτ ) since the expectation is constant independent of strategy pairs
S. One should also note that the value functions need not be continuous, cf.
Example 2.2 in [15].
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We arrive at one of the main theorems. The proof is quite lengthy and
requires a few lemmas. For a complete proof see [14] in which Lemma 3.1 is just
a special case of our Theorem 2.38.

Theorem 4.12 (Dynamic programming principle). The value function uI for
player I satis�es uεI (x) = F (x) if x ∈ Γε and

uεI (x) =
α

2

(
sup

y∈B̄ε(x)

uεI (y) + inf
y∈B̄ε(x)

uεI (y)

)
+

β

|Bε(x)|

∫
Bε(x)

uεI (y)dy,

if x ∈ Ω. Conversely uεII satis�es u
ε
II(x) = F (x) if x ∈ Γε and

uεII(x) =
α

2

(
sup

y∈B̄ε(x)

uεII(y) + inf
y∈B̄ε(x)

uεII(y)

)
+

β

|Bε(x)|

∫
Bε(x)

uεII(y)dy,

if x ∈ Ω.

The idea is that the optimal strategy for Player I is to choose the point that
maximizes the expectation, and conversely for Player II to minimize it. Thus
the value functions for Player I and II are p-harmonious.

We now prove that the game itself has a value. This is crucially important
since it says that given two p-harmonious functions with the same boundary
values (the payo� function) they must coincide.

Theorem 4.13 (Game value). Let Ω ⊂ Rn be a domain and F a payo� func-
tion. Then uεI = uεII.

Proof. Firstly,
inf
SII

ES,x0 F (Xτ ) 6 sup
SI

ES,x0 F (Xτ )

for all S and x0, so taking supremum and in�mum on each respective side pre-
serves the inequality. This proves uεI 6 uεII. The reverse inequality is trickier.
The idea is to �x a strategy for Player II for which Player I's value is a super-
martingale, that is Player II is doing his best to make it worse for Player I. Then
the optional sampling theorem gives that the value of Player I is the value at
the initial point.

Fix θ > 0. Let Player II have a strategy S∗II such that the next chosen point
almost minimizes Player I's value. That is, at step xk−1 ∈ Ω the chosen point
xk satis�es

uεI (xk) 6 inf
y∈Bε(xk−1)

uεI (y) + 2−kθ.
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Set S∗ = (SI, S
∗
II) and let Mk(ω) = uεI (Xk(ω)) + 2−kθ be a random variable on

E. Then it follows from Theorems 4.5 and 2.31 that

ES
∗,x0(Mk | X0 = x0, . . . , Xk−1 = xk−1)

=

∫
Ωε

(uεI (xk) + 2−kθ)κS
∗,x0

k (x0, . . . , xk−1, dxk)

since Xk's conditional distribution given x0, . . . , xk−1 under strategy S∗ is
κS

∗,x0

k (x0, . . . , xk−1, ·). Theorem 4.12 gives us that under the strategy S∗ the
integral is less than or equal to

α

2

(
sup

Bε(xk−1)

uεI + inf
Bε(xk−1)

uεI + 2−kθ

)
+

β

|Bε(xk−1)|

∫
Bε(xk−1)

uεI (y)dy + 2−kθ.

Collecting the 2−kθ terms we get, using Theorem 4.12 once more, that

ES
∗,x0(Mk | Fk−1) 6 uεI (xk−1) + 2−kθ

(α
2

+ 1
)
6Mk−1,

and therefore is (Mk)k∈N a PS
∗,x0-supermartingale (for each x0) with respect to

the �ltration F . By the choice of strategy S∗, any game value for Player I is at
most displaced by 2−kθ at step k in the game, hence

uεII(x0) = inf
SII

sup
SI

ES,x0(F (Xτ )) 6 sup
SI

ES
∗,x0(F (Xτ ) + 2−τθ)

= sup
SI

ES
∗,x0 Mτ ,

noting that F (Xτ ) = uI(Xτ ). The idea is now that since Mk is a PS
∗,x0 -

supermartingale so is Mτ∧k by the optional stopping theorem (Theorem 2.24).
Note that

lim inf
k→∞

Mτ∧k = Mτ

so by using Fatou's lemma (Theorem A.17),

sup
SI

ES
∗,x0 Mτ 6 sup

SI

lim inf
k→∞

ES
∗,x0 Mτ∧k.

The optional sampling theorem (Theorem 2.25) now gives that

ES
∗,x0 Mτ∧k 6 ES

∗,x0 M0

so in conclusion
uεII(x0) 6 sup

SI

ES
∗,x0 M0 = uεI (x0) + θ.

Because θ > 0 was chosen arbitrarily, we conclude that uεII(x0) 6 uεI (x0). �
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Remark 4.14. Notice how F being Lipschitz is not necessary. The only part
in which some restriction on F is needed is when the optional sampling theorem
(Theorem 2.25) is invoked. In [11] Theorem 10.11 (optional sampling theorem)
as well as [19] Theorem 57.4 (Doob's Optional-Stopping Theorem) there can
be found di�erent necessity conditions in order to invoke Optional sampling,
none of which require any continuity-type assumptions on F but rather only
measurability and (trivially) boundedness. This is also super�uous in the proof of
Theorem 4.12, see [14]. We will refrain from saying anything all-too conclusive,
but there are reasons to drop this assumption.

Remark 4.15 (Tug-of-war without noise). Mimicking the construction above,
we turn to the special case without noise that was studied in [12]. This corre-
sponds to p = ∞ or β = 0. Fix a starting point x0 ∈ Ω and a
strategy pair S. Then let

κSk+1($k, A) =
1

2
δSI($k)(A) +

1

2
δSII($k)(A).

The di�erence here is that the kernel is so tame, that the probability measure
can be explicitly calculated. Though the game will not almost surely end, one
may study the value of the game nonetheless by restricting the expectated value
of F (Xτ ) as E(F (Xτ )1τ<∞).





Chapter 5

Applications of the

Tug-of-War formulation

The more analytically �avoured proofs of the theorems in this chapter are left
out. Instead we focus on the probabilistic ones. Also the hefty proof of the
convergence of p-harmonious functions to p-harmonic functions is left out but
the theorem is stated nonetheless.

We will throughout assume that Ω is a Poincaré-Zaremba domain in Rn.

5.1 Existence and uniqueness of p-harmonious func-

tions

The �rst theorem says that p-harmonious functions satisfy a weak comparison
principle. The proof is almost identical to that of Theorem 4.13.

Theorem 5.1 (Weak comparison principle). Let Ω be a domain in Rn. If vε

is p-harmonious with boundary values v|Γε = Fvε such that Fvε > FuεI , then
vε > uεI in Ωε.

Proof. The proof idea is the same as in proving that the Tug-of-war game has a
value (Theorem 4.13). We �x a strategy S∗II for Player II that almost minimizes
the values of vε. Under this strategy, the value of vε is a supermartingale, and
by utilizing optional sampling (Theorem 2.25) the expectation is bounded by
the initial step.

Let θ > 0. Let S∗II be the strategy for Player II such that given the current

Jönsson, 2018. 51
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point xk he chooses xk+1 ∈ Bε(xk) such that

vε(xk+1) 6 inf
y∈B̄ε(xk)

vε(y) + 2−(k+1)θ.

Set S∗ = (SI, S
∗
II). We will prove that the E-random variable

Mk(ω) = vε(Xk(ω)) + 2−kθ

is a PS
∗,x0-supermartingale with respect to the natural �ltration F , for every

x0 ∈ Ω. Indeed, with x0 as a �xed starting point, Theorems 2.31 and 4.5 give
us

ES
∗,x0(Mk | Xk−1 = xk−1, . . . , X0 = x0)

=

∫
Ωε

(vε(xk) + 2−kθ)κS
∗,x0

k (x0, . . . , xk−1, dxk).

Since v is p-harmonious we may expand v into the mean value formula such
that the integral is less than or equal to

α

2

(
sup

Bε(xk−1)

vε + inf
Bε(xk−1)

vε + 2−kθ

)
+

β

|Bε(xk−1)|

∫
Bε(xk−1)

vε(y)dy + 2−kθ.

Thus using Theorem 4.12 and collecting the 2−kθ terms. Thus, we conclude
that

ES
∗,x0(Mk | Xk−1 = xk−1, . . . , X0 = x0) 6 vε(xk−1) + 2−(k−1)θ = Mk−1,

proving that (Mk)k∈N is a PS
∗,x0-supermartingale for any x0 ∈ Ω. By hypothesis

Fvε > FuεI on Γε, and under the strategy pair S∗ the value of v is displaced by
at most 2−kθ at step k. We have

uεI (x0) = sup
SI

inf
SII

ES,x0 FuεI (Xτ )

6 sup
SI

ES
∗,x0(Fvε(Xτ ) + 2−τθ)

= sup
SI

ES
∗,x0 Mτ

using that v = Fvε on Γε. Now, as in the proof of Theorem 4.13, we apply
the optional sampling theorem (Theorem 2.25) to the supermartingale Mτ∧k.
Indeed

lim inf
k→∞

Mτ∧k = Mτ
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so Fatou's lemma yields us

sup
SI

ES
∗,x0 Mτ 6 sup

SI

lim inf
k→∞

ES
∗,x0 Mτ∧k,

and applying optional sampling gives us ES
∗,x0 Mτ∧k 6 ES

∗,x0 M0 and thus the
ultimate inequality

uεI (x0) 6 vε(x0) + θ.

Since θ and x0 was arbitrary we get uεI 6 v
ε. �

The dynamic programming principle (Theorem 4.12) gives us existence of
p-harmonious functions with �xed boundary values. But also uniqueness of
p-harmonious functions with �xed boundary values holds since given two p-
harmonious functions with the same boundary values there corresponds a tug-
of-war game with the payo� given by the boundary values. By Theorem 4.13
this game has a value, and Theorem 5.1 gives us equality of these two functions.
In summary:

Theorem 5.2 (Existence and uniqueness of p-harmonious functions). Let Ω
be a domain and F a bounded measurable function on Γε. Then the unique
p-harmonious function in Ω is the value function of the tug-of-war game with
noise with payo� function F .

The following two theorems rely only on the dynamic programming principle
(Theorem 4.12) and a technical lemma, and are therefore left out. The complete
proofs can be found in [15], Theorem 1.4 and Theorem 1.3 respectively.

Theorem 5.3 (Strong maximum principle). If uε is p-harmonious in Ω with
boundary values F in Γε then

sup
x∈Ωε

uε(x) = sup
x∈Γε

F (x).

Furthermore, if supx∈Ωε u
ε(x) = uε(x0) with x0 ∈ Ω, then uε is constant.

The next theorem is the �rst in which continuity on F is actually demanded.
Note however that Theorem 5.1 does not require continuity.

Theorem 5.4 (Strong comparison principle). Let Ω ⊂ Rn be a domain. Sup-
pose uε, vε are p-harmonious functions with continuous boundary values Fuε ,
Fvε , respectively, such that Fuε > Fvε in Γε. If there is a point x0 ∈ Ω for
which uε(x0) = vε(x0) then

uε(x) = vε(x) for all x ∈ Ωε.

It is still an open problem whether p-harmonic functions satisfy a strong
comparison principle.
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5.2 Convergence to p-harmonic functions

This section is solely dedicated to the uniform convergence of p-harmonious
functions to p-harmonic ones as ε goes to zero. In this sense, p-harmonious
functions provide a nice approximation of p-harmonic ones, and furthermore for
every p-harmonic function there exists a tug-of-war game that `approximates'
it.

We prove only the case for ∇u 6= 0 since it is not only nicer but also utilizes
the tug-of-war game formulation to its full potential. Recall Theorem 3.25. We
will need a lemma, whose proof is left out, see the second half of Theorem 4.1
in [15].

Lemma 5.5. Let u be p-harmonic such that ∇u 6= 0 in a neighbourhood of Ωε.
There is a C > 0 such that

ES
∗,x0 τ 6

C

ε2
,

where S∗ is the strategy from Theorem 5.1.

Under the assumption that ∇u 6= 0 we also have that Theorem 3.25 can be
improved to O(ε3), which may be found in [15].

Theorem 5.6 (Uniform convergence of harmonious functions). Let u be p-
harmonic in a neighbourhood of Ωε such that ∇u 6= 0 in a neighbourhood of Ωε,
and let uε be the p-harmonious function in Ω with the boundary values of u in
Γε. Then

lim
ε→0

sup
x∈Ω

|uε(x)− u(x)| = 0

Proof. We prove it for p > 2 since p = 2 results in the harmonic case.
Let u be p-harmonic in Ω. Recall that

u(x) =
α

2

(
sup

y∈B̄ε(x)

u(y) + inf
y∈B̄ε(x)

u(y)

)
+

β

|Bε(x)|

∫
Bε(x)

u(y)dy +O(ε3)

for x ∈ Ω̄. Since p-harmonious functions coincide with the value of a tug-
of-war game, one may use the tug-of-war formulation to prove convergence of
p-harmonious functions.

Fix Player II's strategy similar to before, namely a strategy S∗II which at a
point xk he chooses the next point xk+1 such that

u(xk+1) = inf
y∈B̄ε(xk)

u(y).
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This is possible since u is continuous. Choose a constant C for which |O(ε3)| 6
Cε3, and de�ne

Mk = u(Xk(x))− Ckε3.

By similar proceedings as before, Mk is a supermartingale under PS
∗,x0 where

S∗ = (SI, S
∗
II). Indeed by Theorems 2.31 and 4.5

ES
∗,x0(Mk+1 | Xk = xk, . . . , X0 = x0)

=

∫
Bε(xk)

(u(xk+1)− C(k + 1)ε3)κS
∗,x0

k (x0, . . . , xk, dxk+1).

By the choice of strategies S∗ we write out u(xk+1) such that the integral above
is less than or equal to

α

2

(
sup
Bε(xk)

u+ inf
Bε(xk)

u

)
+

β

|Bε(xk)|

∫
Bε(xk)

u(y)dy − C(k + 1)ε3

6 u(xk)− Ckε3,

where the second inequality is due to the estimate above from Theorem 3.25.
In summary E(Mk+1 | Fk) 6Mk, so (Mk)k∈N is a PS

∗,x0-supermartingale with
respect to the natural �ltration F .

The next idea is essentially the same as the previous martingale proofs using
the optional sampling theorem to obtain a upper bound on the expectation of
Mk. To this end,

uεII(x0) 6 sup
SI

ES
∗,x0 u(Xτ ) = sup

SI

(
ES

∗,x0 Mτ + Cε3 ES
∗,x0 τ

)
We now apply Fatou's Lemma to the �rst expectation

sup
SI

(
ES

∗,x0 Mτ + Cε3 ES
∗,x0 τ

)
6 sup

SI

(
lim inf
k→∞

ES
∗,x0 Mτ∧k + Cε3 ES

∗,x0 τ

)
6 sup

SI

(
u(x0) + Cε3 ES

∗,x0 τ
)

= u(x0) + Cε3 sup
SI

ES
∗,x0 τ

where the inequality is due to the Optional sampling theorem for supermartin-
gales (Theorem 2.25), since M0 = u(x0). The game has a value (Theorem 4.13)
so uε = uεI = uεII and thus

uε(x0) 6 u(x0) + Cε3 sup
SI

ES
∗,x0 τ.
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The converse inequality, by �xing Player I's strategy, is done similarly, such that

uε(x0) > u(x0)− Cε3 inf
SII

ES
∗∗,x0 τ,

where S∗∗ = (S∗I , SII) and S∗∗I is the strategy like S∗II but exchanging supremum
for in�mum. By Lemma 5.5 we have that

|uε(x0)− u(x0)| 6 ε

and we are done. �

The assumption ∇u 6= 0 is not necessary, as previously noted, but the proof
becomes much harder. We nonetheless cite the theorem and refer the reader to
the completed proof of Theorem 4.9 by Manfredi et al. in [15].

We arrive at a �nal theorem, without proof, concluding the relation between
p-harmonious and p-harmonic functions. See [15] for the complete proof. The
proof and all its lemmas use the Tug-of-war to its fullest potential, but it is
beyond this text.

Theorem 5.7 (Uniform convergence of p-harmonious functions). Let Ω be a
Poincaré-Zaremba domain in Rn and F a continuous function on ∂Ω, extended
continuously to Γε (using Tietze's extension theorem). Suppose u is a viscosity
solution to the p-Dirichlet problem{

div(|∇u|p−2∇u) = 0, x ∈ Ω

u(x) = F (x), x ∈ ∂Ω.

Let uε be the p-harmonious function with boundary values F . Then

lim
ε→0

sup
x∈Ω

|uε(x)− u(x)| = 0.

One can weaken the boundary regularity to the twisted cone condition.



Appendix A

Measure and integration

theory

The results from measure and integration theory are taken from [2] and [11].

A.1 Measure theory

A.1.1 Classes of sets

De�nition A.1 (Algebras and σ-algebras). Let Ω be a set. A set A ⊂ P(Ω) of
subsets of Ω is called an algebra if Ω ∈ A and A \B ∈ A for all A,B ∈ A. An
algebra A is called a σ-algebra if for any An ∈ A then also

⋃∞
n=1An ∈ A.

Proposition A.2 (Generated σ-algebras). Let Ω be a set and E ⊂ P(Ω). Then
there exists a smallest σ-algebra containing E, called the generated σ-algebra of
E, denoted σ(E).

Proof. Take the intersection of all σ-algebras containing E . �

Example A.3. Let (Ω, τ) be a topological space. Then there exists a σ-algebra
generated by τ . We call it the Borel σ-algebra, denoted B(Ω).
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A.1.2 Set functions

De�nition A.4 (Measure). Let Ω be a set and A ⊂ P(Ω). A set function
µ : A → [0,∞] is called countably additive if for all pairwise disjoint An ∈ A

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ(An)

whenever the union belongs to A. If A is a σ-algebra then µ is called a measure.
If µ(Ω) = 1 then µ is called a probability measure.

One has a class A of nicely behaving sets on which a way of determining size
is possible. The outer measure allows us to �approximate� the size of any set
from above via nicely behaving sets.

De�nition A.5 (Outer measure). Let Ω be a set and A ⊂ P(Ω) containing ∅,
and let µ : A → [0,∞] be a set function such that µ(∅) = 0. We de�ne the outer
measure of µ, denoted µ∗, as the set function

µ∗(A)
def.
= inf

{ ∞∑
i=0

µ(An)

∣∣∣∣∣ An ∈ A, A ⊂
∞⋃
i=0

An

}

on P(Ω), where we set µ∗(A) =∞ if there is no cover of A with sets in A.

Example A.6. Let A be the set of half open bounded intervals (a, b] on the real
line, for a < b. Then de�ne µ((a, b]) = b−a for all (a, b] ∈ A. Then µ∗ is called
the outer Lebesgue measure.

De�nition A.7. A set A ∈ A is called µ-measurable if for each ε > 0 there is
a set Aε ∈ A for which

µ∗(Aε4A) < ε.

The set of all µ-measurable sets is written Aµ.

Note that A ⊂ Aµ. Furthermore, σ(A) ⊂ Aµ. In most measure theory
texts measurability is in the Carathéodory-sense, but when µ is a measure on
an algebra these two notions coincide.

The next theorem tells us that the outer measure is an extension of the
measure µ.

Theorem A.8 (Measure extension). Let µ be a non-negative countably additive
set function on an algebra A. Then Aµ is a σ-algebra and µ∗ is a measure on
Aµ and µ∗ = µ on A.
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It should be noted that the Carathéodory extension theorem is a bit more
general than the one above, but a bit less intuitive.

Thus the outer Lebesgue measure on Aµ (the Lebesgue measurable sets) is
really a measure, and is thus called the Lebesgue measure.

De�nition A.9 (Measure space). Let Ω be a set. A pair (Ω,A) where A is a
σ-algebra on Ω is a called a measurable space. If µ is a measure on A we call
(Ω,A, µ) a measure space. If µ is a probability measure on A then (Ω,A, µ) is
called a probability space.

De�nition A.10. Let (Ω, τ) be a topological space and endow Ω with the Borel
σ-algebra B. A measure µ on B is called a Borel measure. A Borel measure is
called regular if

µ(A) = inf{µ(U) : U ∈ B open, A ⊂ U}
= sup{µ(K) : K ∈ B compact, K ⊂ A},

for all A ∈ B.

Despite the name, measurable functions do not require a measure.

De�nition A.11. Let (Ω1,A1) and (Ω2,A2) be measurable spaces. A mapping
f : Ω1 → Ω2 is A1-A2-measurable if f−1(A) ∈ A1 for all A ∈ A2. A function
g : Ω1 → (R,B(R)) is measurable precisely when f−1((−∞, x]) ∈ A1 for all
x ∈ R. If µ is a measure on A1 then the function g is µ-measurable if g is
Aµ-B(R) measurable.

A.2 Integration

De�nition A.12 (Integration of simple functions). Let (Ω,A, µ) be a �nite
measure space. A (real) simple function is an A-measurable function φ : Ω→ R
that attains �nitely many values. For any simple function there are distinct
α1, . . . , αn ∈ R and pairwise disjoint sets A1, . . . , An ∈ A such that

φ(ω) =

n∑
i=1

αi1Ai(ω).

We de�ne the integral of φ as∫
Ω

φ(ω)µ(dω)
def.
=

n∑
i=1

αiµ(Ai).
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We de�ne the general integral in a manner of L1-completion of simple func-
tions, similar to constructing measurable sets from an approximating class of
"simple" sets. See the extensive book by Bogachev [2].

De�nition A.13 (Lebesgue integral). Let f be a µ-measurable function on a
�nite measure space (Ω,A, µ). If there exists a sequence of simple functions fn
such that fn → f almost everywhere and fn is L1-Cauchy, i.e.

‖fn − fm‖L1 =

∫
Ω

|fn(ω)− fm(ω)|µ(dω)→ 0 as m,n→∞,

then f is called Lebesgue integrable with respect to µ and the Lebesgue integral
of f with respect to µ is de�ned as∫

Ω

f(ω)µ(dω)
def.
= lim

n→∞

∫
Ω

fn(ω)µ(dω).

If A ∈ A, we de�ne the Lebesgue integral of f over A with respect to µ, denoted∫
A
fdµ, as the integral of f1A.

Some details have been left out, but brie�y discussed. First of all, if (fn) is
an L1-Cauchy sequence, then limn→∞

∫
Ω
fn(ω)µ(dω) exists. Thus the de�nition

of the integral makes sense. If (fn), (gn) are two L1-Cauchy simple sequences
converging a.e. to the same function f , then their integrals converge to the
same number (the integral of f). Hence the integral is independent of its ap-
proximating sequences. It may also be shown that the integral of a non-negative
measurable function f exists if and only if

I(f) := sup

{∫
φdµ : φ 6 f, φ simple

}
is �nite, in which case I(f) coincides with the integral. This is a more common
de�nition of the integral, where integration for an arbitrary measurable function
f is de�ned as I(f+)− I(f−).

Notation A.14. Let (Ω,A, µ) be a �nite measure space. To say that f is
µ-integrable is written f ∈ K(µ) or f ∈ L1(Ω,A, µ).

A.2.1 Integration theorems

We cite a few very useful theorems from integration theory.

Theorem A.15 (Monotone convergence theorem). Let fn be integrable and f
measurable, such that fn ↑ f µ-almost everywhere as n→∞. Then

lim
n→∞

∫
fndµ =

∫
fdµ,
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where both sides may be equal to ∞.

Theorem A.16 (Dominated convergence theorem). Let fn → f be µ-measurable
functions converging µ-almost everywhere. Suppose there is an integrable func-
tion g for which |fn| 6 g µ-almost everywhere. Then

lim
n→∞

∫
fndµ =

∫
fdµ.

Theorem A.17 (Fatou's lemma). Let f be µ-integrable and fn be µ-measurable
with fn > f µ-almost everywhere. Then∫

lim inf
n→∞

fndµ 6 lim inf
n→∞

∫
fndµ.

Let µ be a measure on (Ω,A). A measure ν on (Ω,A) has a density with
respect to µ if there is a non-negative measurable function f on Ω such that

ν(A) =

∫
A

fdµ

for all A ∈ A. The Radon-Nikodym theorem gives a pleasant characterisation
for such measures. For two �nite measures µ and ν on A we say that µ is
absolutely continuous with respect to ν, written µ � ν, if for all A ∈ A such
that ν(A) = 0 we also have µ(A) = 0.

Theorem A.18 (Radon-Nikodym). Let µ and ν be �nite measures on (Ω,A).
Then ν has a density with respect to µ if and only if ν � µ. In this case, the
density is A-measurable and �nite µ-a.e.

A.3 Product measures

We do not explicitly use product measures, but we do use product kernels which
are a generalization of product measures. Thus the basic background in product
measures is useful.

De�nition A.19 (Product space). Let {Ωi}i∈I be a family of sets. Then the
product of Ωi, denoted

∏
i∈I Ωi, is the set of all maps ω : I →

⋃
i∈I Ωi such that

ω(i) ∈ Ωi.

De�nition A.20 (Product σ-algebra). The product σ-algebra is de�ned as the
smallest σ-algebra A such that the projection maps Xi :

∏
i∈I Ωi → Ωi, given by

Xi(ω) = ω(i), are A-Ai-measurable. Equivalently A = σ(X−1
i (Ai) : i ∈ I).
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Notation A.21. If Ωi = Ω and Ai = A for i = 1, . . . n then we write

Ωn :=

n∏
i=1

Ωi and A⊗n :=

n⊗
i=1

Ai.

Theorem A.22 (Finite product measures). Let (Ωi,Ai, µi) be �nite measure
spaces for i = 1, . . . , n, and set A :=

⊗n
i=1Ai. Then there exists a unique

measure on A such that

µ(A1 × · · · ×An) =

n∏
i=1

µi(Ai)

for Ai ∈ Ai for every i. µ is called the product measure and is written

µ =

n⊗
i=1

µi.

If all spaces involved are equal to (Ω0,A0, µ0) then we write

µ⊗n0 =

n⊗
i=1

µ0

Theorem A.23 (Fubini-Tonelli). Let (Ω1,A1, µ1) and (Ω2,A2, µ2) be �nite
measure spaces. Let f : Ω1 × Ω2 → R be an (A1 ⊗A2)-measurable function. If
f > 0 or f ∈ L(µ1 ⊗ µ2) then∫

Ω1×Ω2

fd(µ1 ⊗ µ2) =

∫
Ω1

(∫
Ω2

f(x1, x2)µ2(dx2)

)
µ1(dx1)

=

∫
Ω2

(∫
Ω1

f(x1, x2)µ1(dx1)

)
µ2(dx2).
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