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Abstract: We report on a new technique for entanglement distillation of the bipartite continuous
variable state of spatially correlated photons generated in the spontaneous parametric down-
conversion process (SPDC), where tunable non-Gaussian operations are implemented and the
post-processed entanglement is certified in real-time using a single-photon sensitive electron
multiplying CCD (EMCCD) camera. The local operations are performed using non-Gaussian
filters modulated into a programmable spatial light modulator and, by using the EMCCD camera
for actively recording the probability distributions of the twin-photons, one has fine control of
the Schmidt number of the distilled state. We show that even simple non-Gaussian filters can be
finely tuned to a ∼67% net gain of the initial entanglement generated in the SPDC process.
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1. Introduction

Entanglement represents correlations among quantum systems that cannot be explained by
classical local models [1], and it is at the core of quantum information science. For instance, it is
necessary for entanglement-based quantum cryptography [2, 3], for teleportation of quantum
states [4], for quantum dense coding [5], and for Bell tests of quantum non-locality [6, 7]. In
photonic experiments, a suitable source of entangled photons is the spontaneous parametric down
conversion (SPDC) process. SPDC is widely used to generate pairs of correlated photons that
can be entangled in several degrees of freedom [8, 9]. For instance, the spatial entanglement
of photons generated in the SPDC process has been used for fundamental studies of quantum
mechanics [10, 11], enhanced quantum imaging [12–14], and generation of high-dimensional
quantum states [15–18].
Since the transverse momentum and position of single photons are continuous variables

(CVs), one can use the spatially correlated down-converted photons for CV quantum information
processing [19–22]. Studies regarding the quantification of spatial entanglement in SPDC
have been reported and one way to quantify the spatial entanglement is by using the Schmidt
decomposition technique [23–26]. However, analytical computation of the Schmidt number K is
experimentally demanding since it requires a full state reconstruction [27, 28]. The estimation of
K can be greatly simplified by noting that the spatial state of down-converted photons, under
typical illumination procedure, is well approximated by a pure state [29]. In this case, K can be
obtained only by measuring the marginal distributions of the down-converted photons at the
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near-field (image) and far-field planes of the source. Therefore, the degree of spatial entanglement
depends on the aforementioned distributions and, thus, modifications of them through the use of
local spatial filters allow the entanglement manipulation [30].
In this paper, we report on a novel experimental technique for entanglement distillation of

the continuous variable (CV) spatial state of photons created in the SPDC process. Using
tunable non-Gaussian local operations, and measuring in real time the marginal distributions,
we developed a toolbox which allows a real-time, fine-tuning of the distilled entanglement. The
filtering is achieved by using a spatial light modulator (SLM), which is a programmable liquid
crystal display that can be used to control the amplitude and/or the phase of an incident beam.
They have been used in several quantum information experiments [27,28,31,32], showing the
practicality for generating and manipulating d-dimensional quantum states encoded into the
transverse linear momentum of single photons. The real-time recording of images is done by an
Electron Multiplying Charge Coupled Device (EMCCD). The EMCCD camera is based on a
technology consisting of a CCD image sensor capable of detecting single-photon level intensities
with high frame rates, low readout noise, and with high quantum efficiency [33]. For this reason
EMCCD cameras have been used in several recent quantum information and quantum imaging
experiments [11, 14, 34].

Although SPDC is a widely employed source of entangled photons, the advantage of the com-
bined use of tunable spatial filters and real-time recording of twin-photon marginal distributions
for entanglement distillation has not been explored up to date. Our technique can find applica-
tions in recent applied research, where the propagation of spatially entangled photons through
turbulent channels is considered. As the entanglement may deteriorate due to imperfections of the
channel [35–38], the receiver might need to distillate the received state for quantum information
processing. We also envisage that our technique can be used to generate entangled Bell states of
orbital angular momentum modes with very high quantum numbers [39–43].

2. Spatial entanglement of the down-converted photons

SPDC is a nonlinear optical process in which a laser beam with frequency ω3 and wave vector
k3 pump a nonlinear birefringent crystal, in such a way that it generates two photons with
frequencies ω1 and ω2 and wave vectors k1 and k2. If we assume the paraxial regime, a classical
monochromatic continuous-wave pump beam, and the degenerate case, the spatial quantum state
of the down-converted photons can be written as [9, 44]

|Ψ〉12 =

∬
dq1dq2 v(q1 + q2)g(q1 − q2)|1q1〉|1q2〉. (1)

qj represents the transverse momentum q for the j-th photon, namely q = k − kz . The function
v(q) is the angular spectrum of the pump beam. Typically, this function is a Gaussian distribution,
namely v(q) ∝ exp(−σ2 |q|2/4), where σ is the beam waist. g(q) ∝ sinc L

4k3
|q|2 is the phase-

matching function associated to the process, where L is the crystal length, and k3 = |k3 | is the
wavenumber of the pump beam. The phase-matching function implies that the state of Eq. (1) is
a non-Gaussian CV-state [45, 46]. It can be rewritten in the transverse position domain through
the Fourier transform as [29, 47]

|Ψ〉12 =

∬
dx1dx2 W

(x1 + x2
2

)
G

(x1 − x2
2

)
|1x1〉|1x2〉, (2)

whereW(x) and G(x) are the Fourier transform of v(q) and g(q), respectively. The spatial CV-state
given by Eqs. (1) and (2) is entangled for any value of σ, k3 and L [23].
In order to compute the degree of spatial entanglement, we use the Schmidt number K . This

number is defined as the inverse of the purity of the marginal state ρm of a bipartite state ρ12,
namely K = 1/Tr(ρ2

m). However, a complete knowledge of the bipartite state ρ12 is required
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to calculate the Schmidt number. Although this knowledge can be gathered through quantum
state tomography, it would require one to perform many measurements in different bases to
reconstruct the state [48]. Instead, we resorted to a recently proposed strategy to compute the
Schmidt number associated to the spatial state of the down-converted photons [29]. Assuming
the state is pure, this strategy is based on measuring the probability distributions of the transverse
momentum qj , and the transverse position xj , of one of the twin-photons associated to the state
described by Eqs. (1) and (2). The Schmidt number is given by

K =
1

4π2

[
∫

dxj I(xj)]2∫
dxj I2(xj)

×
[
∫

dqj I(qj)]2∫
dqj I2(qj)

, (3)

where the probability distributions for the j-th photon are

I(qj) =
∫

dqi v
2(qi + qj)g2(qi − qj), and (4)

I(xj) =
∫

dxi W2
(xi + xj

2

)
G2

(xi − xj

2

)
. (5)

Under typical experimental conditions, i.e., considering a thin crystal and a wide pump beam, one
has that σ � L

K . Thus, Eqs. (4) and (5) can be simplified by considering v2(q1+q2) ≈ δ(q1+q2),
and G2 ( x1−x2

2
)
≈ δ (x1 − x2), and one obtains that

I(q) = g2(2q) ∝ sinc2
(

L
K
|q|2

)
, and (6)

I(x) = W2(x) ∝ exp
(
−2|x|2
σ2

)
. (7)

Note that due to the symmetry of the state, the probability distributions are the same for both
down-converted photons. Therefore, the Schmidt number K is given by

K =
3π2σ2

8λ3L
. (8)

Since the spatial entanglement depends on the widths and amplitude of both marginal
probability distributions, it is possible to manipulate the amount of entanglement by adding a
spatial filter at the image plane of the source for both down-converted photons [30]. Considering
a local transmission function F(x), the two-photon state after the spatial filter is given by

|Ψ〉(F)12 =

∬
dx1dx2 W

(x1 + x2
2

)
F(x1)F(x2)G

(x1 − x2
2

)
|1x1〉|1x2〉. (9)

Depending on the shape of the filter, we can increase the spatial entanglement, despite losing
part of the photons sent. This is the protocol known as entanglement distillation. In our case, the
spatial filter is implemented using a programmable SLM, and the modified marginal probability
distributions are recorded in real time using the EMCCD camera.

Please note there are other approaches to certifying the spatial entanglement of down-converted
photons such as the use of separability criteria for entangled CV-states [49–51]. Nonetheless,
in the case of spatially correlated SPDC photons, these criteria require the coincidence rate
measurements in two conjugate planes and this is experimentally demanding [52, 53].

3. Experiment

The experimental setup is depicted in Fig. 1. Alice uses a continuous-wave, single-mode laser
operating at 355 nm to pump, a β-barium-borate type-I (BBO-I) nonlinear crystal to generate
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Fig. 1. Experimental setup. See the main text for more details.

collinear down-converted photons. The maximum laser power is 350 mW . The nominal pump
beam waist is 600 µm, and the crystal length is 4.5 mm. After the BBO crystal, high-quality
dichroic mirrors are used to remove the remaining pump beam, transmitting only the down-
converted photons. The generated photons are sent to Bob through the transmission channel. In
our case, this channel corresponds to a free space separation between Alice and Bob, composed
of two lenses, L1 and L2, both with 7.5 cm of focal length, in a 4- f configuration.

To test our entanglement distillation protocol, Bob uses a transmissive spatial light modulator
(SLM) working in amplitude-mode to perform the spatial filtering. The SLM is composed of
an array of 800 × 600 pixels (px), which are 32 [µm] wide, sandwiched between cross-aligned
polarizers. Bob places the SLM at the propagation mode of both down-converted photons. Even
though it acts on both photons, the applied spatial filter is local because the total transmission
function is given by F(x1, x2) = F(x1)F(x2). This filter allows the manipulation of the probability
distribution of the transverse position of xj since it is located at the image plane of the source
(see Fig. 1). As it is well known, the modulation of the intensity on the near-field plane of
the BBO-I crystal corresponds to a modification on the transverse position distributions of the
twin-photons [21, 47].

Even though the spatial state of the down-converted photons is non-Gaussian [45,46], it can be
approximated by a Gaussian one [9,14,21,23]. Therefore, it is natural to consider a non-Gaussian
spatial filter since it is impossible to implement an entanglement distillation protocol under
Gaussian states using Gaussian operations [54]. Thus, we consider the local non-Gaussian filter
given by

F(x) = F(x, y) =
[
e−
(x−d)2

4a2 + e−
(x+d)2

4a2

]
·
[
e−
(y−d)2

4a2 + e−
(y+d)2

4a2

]
. (10)

This function, for each transverse direction x, y, is composed of a sum of two Gaussian functions,
where ±d is their offset position, and a is their width. The filter given by Eq. (10) represents
a family of non-Gaussian filters depending on the values of d and a. Then, by finely tuning
the values of d and/or a of the filter addressed in the SLM, one obtains different post-selected
entangled states.

To experimentally monitor in real-time the manipulation of the spatial entanglement after the
photons cross the filter, an EMCCD camera is used to record the marginal probability distribution
of the transverse position and momentum of a down-converted photon. This measurement is
done at the image plane (near-field) and the Fourier plane (far-field) of the filter, respectively.
In particular, we used a Princeton ProEM 512 camera, with a resolution of 512 × 512 px. Each
camera’s pixel has a width equal to 16 µm. In the case of measuring at the near-field plane, we
resort to the use of the lens L3 with a 7.5 cm of focal length. When L4 (15 cm focal length) is
placed instead of L3, the camera is located at the Fourier plane of the SLM. An interference filter
placed at the front of the EMCCD camera was used to select the degenerated down-converted
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photons at a wavelength of 710 nm with 5 nm of bandwidth.
It is worth to note that in our scheme the purity of the post-selected states is guaranteed such

that Eq. (3) is still valid. For instance, decoherence effects generating a mixed spatial state would
arise if the single-photon spatial degree of freedom entangles with other degrees of freedom,
e.g. polarization, time-bin, etc. Nevertheless, in our case this is avoided by using polarization
filters, spectral filters, and the repetition rate of the SLM in large timescales compared with
the coherence time of the down-converted photons [55]. Thus, avoiding spatial-polarization,
spatial-frequency and spatial-temporal correlations, respectively.

4. Results

To compute the Schmidt number of the entangled generated states, we initially fit a surface to
each image recorded by the EMCCD at the near- and far-field planes. According to the state given
by Eq. (9), and the filter function of Eq. (10), the fitting surface must be a sum of four Gaussian
functions for the near-field plane images

INF
f it (x, y) =

4∑
i=1

αi exp

(
−(x − βi)

2

δ2
i

)
exp

(
−(y − γi)

2

ε2
i

)
, (11)

and a sinc function for the far-field plane images

IFF
f it (x, y) = a + b sinc2

(
c
[
(x − x0)2 + (y − y0)2

] )
. (12)

Each integral in Eq. (3) is calculated based on the obtained parameters of the fitted surfaces (i.e.
αi, βi, γi, δi, εi, a, b, c, x0, and y0). That is, the Schmidt number K for the post-selected states can
be calculated directly using these parameters.

4.1. Measuring the initial spatial entanglement

To properly estimate the efficiency of our technique for the spatial entanglement distillation, we
started by measuring the initial spatial entanglement of the down-converted photons generated
at the crystal. For this purpose no filter was addressed in the SLM, and it was set to a “blank
configuration” corresponding to the maximal transmittance setting. The recorded images and the
fitted ones are shown in Fig. 2. The presence of an unwanted vertical diffraction pattern in the
recorded image at the far-field plane can be spotted. It is caused by non-modulated light scattered
on periodic pixel structure of the SLM and, therefore, it corresponds to background noise and
does not affect/impact on the estimation of the degree of entanglement of the distilled states.
From the recorded images, we obtain that the initial Schmidt number is K0 = 842 ± 40. The

error was extracted from the computational routine which gives the goodness of the fitted surfaces.
This result is in a good agreement with the predicted Schmidt number of Ktheo = 834.05,
obtained considering the experimental values of σ, L, and λ3 into Eq. (8).

4.2. Experimental spatial entanglement distillation

We consider two main scenarios with different spatial filter configurations for the spatial
entanglement distillation protocol: (i) in the first case, d is fixed at 20 px while a varies from 4
to 21 px, and (ii) d varies between 0 and 21 px while a is fixed at 7 px. These arbitrary values
for d and a were chosen after simulating the effect of the non-Gaussian filters and noting that
the post-selected entangled states would in some cases show high values of K such that it is
greater than K0. The simulation results are shown in Fig. 3. In Fig. 3(a) we show the ratio K/K0
of the post-selected states when a and d are varying. In Fig. 3(b) we show the success probability
Psucc of the protocol. It is defined as the probability for the transmission of the down-converted
photons through the filter addressed in the SLM, conditioned on their initial state of Eqs. (1)
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(a) (b)

(c) (d)

Fig. 2. Images recorded with the EMCCD camera for computing the initial Schmidt number
K0. In (a) we show the near-field distribution generated by the transverse pump beam. In (b)
we show the far-field distribution that arise from the phase-matching conditions. (c) and (d)
show the corresponding fitting surfaces.

Fig. 3. Numerical simulations for our entanglement distillation protocol. (a) The ratio K/K0
of the post-selected states when a and d are varying. (b) The success probability Psucc as
function of a and d.
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Fig. 4. Some examples of the experimental results obtained for the first scenario considered,
where d is fixed to 20 px and a is varying. In (a), (c) and (e) we show the recorded images
at the near-field plane when a = 6, 8 and 14 px, respectively. (b), (d) and (f) show the
corresponding recorded images at the far-field plane when a = 6, 8 and 14 px, respectively.

and (2). Some experimental results are shown in Figs. 4 and 5. Specifically, Fig. 4 shows the
recorded distributions in the near- and far-field planes of the SLM for three cases belonging to
the first scenario, where a is varying. The first case corresponds to a = 6 px, and the images of
the near- and far-field planes are shown in Figs. 4(a) and 4(b), respectively. Figs. 4(c) and 4(d)
show the case of a = 8 px, corresponding to the maximum amount of distilled entanglement in
our experiment for the first scenario. The third case of Figs. 4(e) and 4(f) corresponds to a = 14
px, thus showing the overall behavior of such probability distributions for the first scenario.
Fig. 5 shows the probability distributions associated to 3 other cases belonging to the second
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Fig. 5. Some experimental results obtained for the second scenario considered, where d is
varying. In (a), (c) and (e) we show the recorded images at the near-field plane when d =0,
14 and 19 px, respectively. In (b), (d) and (f) we show the corresponding recorded images at
the far-field plane when d = 0, 14 and 19 px, respectively.

scenario considered, where d is varying. The first case corresponds to d = 0 px, and the recorded
images of the near- and far-field planes are shown in Figs. 5(a) and 5(b), respectively. Figs. 5(c)
and 5(d) show the case of d = 14 px. The third case depicted in Figs. 5(e) and 5(f) corresponds
to d = 19 px, thus also showing the overall behavior of such probability distributions.
As we mentioned before, our technique is based on tunable spatial filters addressed in

programmable SLMs to finely tune the distilled entanglement of the post-selected states. For the
first scenario considered, we gradually generate 15 new states by only varying a. For the second
scenario where d is varying, we continuously generate 13 new states. The Schmidt numbers were
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Fig. 6. Experimental results for both scenarios considered for the entanglement distillation
procedure. In (a) we show the recorded K values when d is fixed at 20 px while a is varying.
In (b) we show the obtained K values when a is fixed at 7px and d is varying. Black dots
correspond to the experimental results and the blue dashed line shows the initial value of the
spatial entanglement K0. The pink area represents the confidence bound of K obtained by
Monte-Carlo simulations and based on the experimental errors.

Table 1. Experimental results for K when d is fixed at 20 px while a is varying.
a (px) K ∆K

4 397 65
5 558 54
6 745 38
7 1071 40
8 1404 31
9 1238 56
10 1031 48
11 902 15
12 825 7
13 779 12
14 753 12
16 717 12
18 699 12
20 695 12
22 694 13

computed for each configuration adopted. The corresponding results for the first scenario are
shown in Fig. 6(a), and explicitly given in Table 1. The obtained results related to the second
scenario are shown in Fig. 6(b) and given in Table 2. The dashed blue line in Figs. 6(a) and
6(b) corresponds to the initial entanglement K0. The black dots correspond to the experimental
results obtained with different non-Gaussian filters. The pink areas represent confidence bounds
computed using the Monte Carlo method and the uncertainty of σ and L values. As it was
mentioned above, σ = 600 µm and L = 4.5 mm. The corresponding errors are ∆σ = 13 µm and
∆L = 0.3 mm, and they are consequence of systematic errors in the used measuring devices.
Therefore, in the Monte Carlo method the computation of K , for each non-Gaussian filter, was
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Table 2. Experimental results for K when a is fixed at 7 px while d is varying.
d (px) K ∆K

0 309 19
2 316 18
4 324 15
6 355 12
8 393 12
10 463 15
12 544 22
14 646 36
16 815 58
18 1011 56
19 1132 94
20 1266 131
21 1435 242

done by randomly adopting σ and L values within σ±∆σ and L±∆L. Please note the agreement
between the experimental data and the expected values within the confidence bounds. In Fig. 6(a)
one can observe an increment of the initial entanglement when 6 < a < 12 px. The most
entangled post-selected state is obtained when a = 8 px. In this case, K = 1404 ± 31, which
corresponds to a ∼67% net gain of the initial measured spatial entanglement.

Fig. 6(b) shows that with a = 7 px entanglement distillation occurs when d ≥ 18 px, with no
apparent upper bound within the observed range. The reason why larger values of d were not
tested lies in the fact that the probability of the photons to successfully pass through the filter
becomes smaller, making the number of detected photons smaller as well. In turn, a smaller
number of detected photons produces poorer signal-to-noise ratios, as evidenced in the larger
error bars of the experimental data as d grows. This observation suggests that keeping a constant
value for d while searching for a good value of a yields better results for the entanglement
distillation than the other way around.

5. Conclusion

We report on a toolbox technique that allows one to increase the amount of spatial entanglement
of the down-converted photons. It is based on the implementation of tunable local non-Gaussian
filters encoded onto programmable spatial light modulators, while the post-processed distilled
entanglement is measured in real-time using an EMCCD single-photon sensitive camera to register
the probability distributions of the transverse position and momentum of the down-converted
photons. We showed that by finely tuning simple non-Gaussian filters one can already obtain a
∼67% net gain of the initial spatial entanglement generated at the SPDC process. As entanglement
is the core resource for quantum information processing, this procedure should find applications
in several different scenarios. For instance, in quantum cryptography schemes where OAM
correlated photons are propagated through the turbulent atmosphere and then used to establish a
secret key for secure communications [56,57]. Other CV schemes, such as computation based on
continuous-variable cluster states might also benefit from this technique [58–60].
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