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Abstract

The totally ordered conditional independence (TOCI) model N(K)
is defined to be the set of all normal distributions on RI such that for
each adjacent pair (Ki,Ki+1) ∈ K, the components of a multivariate
normal vector x ∈ RI , indexed by the set difference {Ki+1 \ Ki} are
mutually conditionally independent given the variables indexed by Ki.
Here K = {K1 ⊂ ... ⊂ Kq} is a totally ordered set of subsets of a finite
index set I. It is shown that TOCI models constitute a proper subset of
lattice conditional independence (LCI) models. It follows that like LCI
models, for the TOCI models the likelihood function and parameter space
can be factored into the products of conditional likelihood functions and
disjoint parameter spaces, respectively, where each conditional likelihood
function corresponds to an ordinary multivariate normal regression model.

1 Introduction

This paper primarily focuses on the structure and analysis of multivariate nor-
mal statistical models defined by algebraic conditions on the covariance matri-
ces. We define and study a new class of multivariate normal models determined
by totally ordered conditional independence (TOCI) restrictions on the covari-
ance structure. We consider the set of subsets of a finite index set I which
is totally ordered (≡ chain) by inclusion (defined in later section). Given a
non-decreasing chain K = {K1 ⊂ ... ⊂ Kq} of variables indexed by I, the condi-
tional independence is derived by considering adjacent pairs of the elements of
the chain. The totally ordered conditional independence model N(K) is defined
to be the class of all normal distributions on RI such that for each adjacent pair
{Ki,Ki+1} ∈ K, for all i ∈ (1, q), the components of the multivariate normal
vector x ∈ RI , indexed by the set difference Ki+1\Ki are mutually conditionally
independent given the variables xKi

.
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Such normal TOCI models naturally arise in recursive multivariate regres-
sions ([5]), where variables are ordered partitioned such that all variables in
the present partition are dependent on the previous partitions but mutually
conditionally independent with the variables present in the current partition
condition on the union of all variable present in the previous partitions. We
introduce the class of conditional independence models determined by totally
ordered sets through some following simple examples.

Let X1, X2 and X3 follow a joint multivariate normal distribution with
mean zero and covariance matrix Σ (we assume that Σ is non-singular). Here,
I = {1, 2, 3} and let P(I) be the power set of I. Define a set K ⊂ P(I) which
is totally ordered by inclusion. We assume that K always contains the empty
set {∅} and the index set I. For example, the trivial totally ordered chain is
K = {{∅}, I}. The difference I \ {∅} is the set I itself, therefore by definition
elements of I are marginally independent, that is, X1 ⊥⊥ X2 ⊥⊥ X3. Let us
consider another chain, K = {{∅}, {1}, {1, 2, 3}, I} on the same index set.
The conditional independence implied by the first adjacent pair ({∅}, {1}) and
the third adjacent pair ({1, 2, 3}, I) is trivial. Consider the second adjacent pair
{1} and {1, 2, 3} the set difference is the set {2, 3} = {1, 2, 3}\{1} and therefore
X2 ⊥⊥ X3 | X1. This conditional independence among the random variables is
equivalent to the well known covariance condition

Σ−1
23 = Σ−1

32 = 0.

In the previous example the conditional independence model was determined
by the totally ordered set K = {{∅}, {1}, {1, 2, 3}, I}, the factorizations of the
parameter space and the likelihood function are given as follows:

Σ ≡ (Σ11, B2,Σ22.1, B3,Σ33.1), B2 = Σ21Σ
−1
11 , B3 = Σ31Σ

−1
11 (1)

f123 ∝ f1f2/1f3/1, (2)

where f ′
is are probability density functions, and Σ22.1 = Σ22 − Σ21Σ11Σ12 and

Σ33.1 = Σ33 −Σ31Σ11Σ13. The maximum likelihood estimators of the factors of
Σ given in (1) can be easily obtained from the conditional likelihood functions in
(2), using standard techniques from multivariate regression analysis ([3]). Thus
the maximum likelihood estimator of Σ can be constructed from the estimators
of its factors.

The proposed normal TOCI models can be viewed as a natural extension
of totally ordered multivariate linear models defined in [1]. It has been shown
that general totally ordered multivariate linear models are amenable to explicit
(non-iterative) likelihood analysis. We investigate the relationships among the
Markov type properties of the TOCI models and the Lattice Conditional In-
dependence (LCI) models ([4]), and we show that the class of TOCI models is
included in the class of LCI models. It follows that for the TOCI models also
the likelihood function and parameter space can be factored into the products
of conditional likelihood functions and disjoint parameter spaces, respectively,
and each conditional likelihood function, corresponds to an ordinary multivari-
ate normal regression model.
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The organization of the paper is as follows. In Section 2, we introduce the
background concepts, and notation regarding ordered sets, graphs and lattices,
used throughout the article. In Section 3, we will introduce the TOCI mod-
els, and compare them with LCI models and transitive direct acyclic graphical
models. In Section 4, we discuss the characterization of TOCI models as rooted
directed acyclic graphs. In Section 5, the notion of Markov equivalence among
TOCI models is discussed and finally, in Section 6, the summary of the papery
is provided.

2 Background

In this section, we introduce notations and present a brief overview of ordered
sets, lattices and directed graphical models. For more details on ordered set
and lattices we refer to [6].

2.1 Partially ordered and totally ordered sets

Throughout the paper we consider I as a finite index set. Let P(I) be the power
set of the index set, I, which contains the set of all subsets of I, including the
empty set and I itself. For a finite set I = {1, 2, 3}, its power set is given by

P(I) ={{∅}, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

The order theoretic properties of a power set can be expressed in terms of the
subset relation ⊆. For all A,B,C ⊆ P(I) we have:

(R1) Reflexivity : A ⊆ A. (3)

(R2) Antisymmetry : A ⊆ B and B ⊆ A =⇒ A = B. (4)

(R3) Transitivity : A ⊆ B and B ⊆ C =⇒ A ⊆ C. (5)

(R4) Linearity : A ⊆ B or B ⊆ A. (6)

In the following, we define the partially ordered sets (poset) and totally ordered
sets (chain) by inclusion (⊂). For illustration purpose we consider a finite set
I = {1, 2, 3, 4}.

Definition 1 (Partially ordered set). Relations satisfying (R1)−(R3) are called
partial ordering relations, and the sets coupled with such relations are called
partially ordered sets or posets.

For example, Let L = {{∅}, 1, {1, 2}, {1, 3}, I}, then (L,⊂) is a poset.

Definition 2 (Totally ordered set). A poset (L,⊂) that also satisfies (R4) is
called a totally ordered set or a chain.

For example, let K = {{∅}, 1, {1, 3}, I}, then (K,⊂) is a chain.

Definition 3 (Lattice). A poset (L,⊂) is a lattice if supremum{A∪B} (least
upper bound) and infimum{A∩B} (greatest lower bound) exist for all A,B ∈ L.
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The infimum (∩) and supremum (∪) can be characterized by the following
well known set operations:

A ⊂ B ⇐⇒ A ∩B = A,

A ⊂ B ⇐⇒ A ∪B = B.

Definition 4 (Distributive lattice). A lattice (L,⊂) is distributive if the fol-
lowing additional property holds for all A,B,C ∈ L:

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

For example, let L = {{∅}, 1, {1, 2}, {1, 3}, {1, 2, 3}, I}, then (L,⊂) is a distribu-
tive lattice.

We note that every totally ordered set (chain) by inclusion is also a distribu-
tive lattice ([6]). In the rest of the paper, all lattices will be assumed to be finite
distributive lattices.

Definition 5 (Complete chain). A totally ordered complete lattice is called a
complete chain.

For example, let K = {{∅}, 1, {1, 2}, {1, 2, 3}, I}, then (K,⊂) is a complete
chain we note that every complete chain is also a lattice, since it is closed under
union and intersection.

Definition 6 (Incomplete chain). A totally ordered incomplete lattice is called
an incomplete chain.

For example, let K = {∅, 1, {1, 2}, I}, then (K,⊂) is a an incomplete chain,
because the term {1, 2, 3} is missing. We say that there is a jump from {1, 2}
to I = {1, 2, 3, 4}.

In our notation and settings, a chain K ⊂ P(I) is incomplete whenever
|K| < |I| + 1, where | · | denotes the cardinality of a set. We note that every
incomplete or complete chain is contained in a distributive lattice and hence we
have the following proposition.

Proposition 1 (K(I) ⊂ L(I)). Let K(I) be the set of all chains of the set P(I),
and let L(I) be the set of all distributive lattices of P(I), then K(I) ⊂ L(I).

Proof. Trivially, all chains are lattices, by definition they satisfy the relations
R1 − R4, therefore K(I) ⊆ L(I). But all lattices may not be chains since it is
not required to satisfy condition R4. Therefore K(I) ⊂ L(I).

Definition 7 (Well ordered (ascending) chain). A chain is called well numbered
or an ascending chain if its elements are ordered in an ascending way.

For example, let K = {{∅}, {1}, {1, 2}, I} be a chain by inclusion which is
well ordered. For the rest of the article, by a chain K = {K1,K2, ...Kq+1}, we
mean a well ordered chain such that K1 ⊂ K2 ⊂ ... ⊂ Kq+1.

4



2.2 Directed acyclic graphical models

We will use the following graph-theoretical notations and concepts throughout
the article. A directed acyclic graph (DAG) D, is a pair D = (V,E), where V
is the set of vertices and E is the set of directed edges between certain pairs
of distinct vertices such that no cycles are present. If we have a directed edge
(a → b), we say that a is a parent of b, The set of all parents of a vertex a is
denoted by pa(a). If there is an edge from (a → b) and (a → c), but there is
no edge between a and c (i.e. (a → c) or (c → a)) then a and c are immoral
parents of b. A DAG is transitive if (a → b) and (b → c) imply there exists a
direct edge (a → c), also known as transitive acyclic graph (TDAG).

A graphical model is a tool for representation of the conditional independence
between variables in a multivariate probability distribution. The vertices in the
graph correspond to random variables. The absence of an edge between two
random variables denotes a conditional independence relation between them.
The class of directed acyclic graphical models provide especially simple statis-
tical analysis. The joint density of the variables that supports a DAG model
is recursively factorized. For example, the probably density function of the
graphical model given by Figure 1 can be factorized as follows:

fI ∝ f1f2|1f3|1.

For more details on graphical models we refer to [7].

1

2

3

Figure 1: An example of a transitive directed acyclic graphical model.

3 Totally ordered conditional independence
models

This section introduces a class of multivariate normal models determined by
totally ordered conditional independence (TOCI) restrictions on the covariance
matrix. Let I = {1, ..., p} be a finite index set, let P(I) denote the power set of
I, and let K ⊂ P(I) be a well-ordered chain. Throughout this article we shall
consider a p-variate normal random vector X = (X1 ... Xp)

T with mean zero
and covariance matrix Σ. For convenience, we refer to a random variable, or a
set of them, by their indexes, i.e. Xi as i and XA as A. Let M(I) denotes the
set of all p× p positive definite matrices, and Σ ∈ M(I).

The TOCI model N(K) is defined to be the set of all normal distribu-
tions with respect to a totally ordered set K, such that for every adjacent pair
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Ki,Ki+1 ∈ K, the elements of the set Ki+1 \ Ki are mutually conditionally
independent given Ki, where K is a totally ordered chain of subsets of the finite
index set I. The model N(K) is mathematically defined as follows;

Definition 8 (TOCI models as N(K)). Let K = {K1 ⊂ ... ⊂ Kq+1} be a totally
ordered set, where |K| = q+1. The family of normal distributions N(K) is said
to satisfy the totally ordered conditional independence property with respect to
K if, for each adjacent pair of elements Ki,Ki+1 ∈ K the following holds for
i = 1, .., q:

A := {A1, ..., Ar} = Ki+1 \Ki,

(A1 ⊥⊥ ... ⊥⊥ Ar) | Ki.
(7)

Note that in the definition A1 ⊥⊥ ... ⊥⊥ Ar) | Ki means that the random vari-
ables which correspond to A1, A2, . . . , Ar are conditionally independent given
the random variables which correspond to Ki. This way of presenting condi-
tional independence will also be applied on many other places in this article.

Definition 9 (The difference set D(K)). Let K = {K1 ⊂ ... ⊂ Kq+1} be a
chain, where |K| = q + 1. The difference set D(K) of the chain K is defined as
follows.

D(K) = {Ki+1 \Ki | Ki,Ki+1 ∈ K,∀i = 1, ..., q}.

We note that the difference set D(K) = {D1, ..., Dq}, as defined in Definition
9, is an ordered partition of the index set I, and K is uniquely determined by
D(K). In fact for any D(K) of the chain K the following holds:

Ki+1 = D1 ∪ ... ∪Di,∀i = 1, ..., q.

Here, Kq+1 = I =
∪
(D ∈ D).

Conditional independence of a chain K can be represented more conveniently
in terms of the corresponding D(K) as follows.

Definition 10. Let N(K) be a TOCI model, and the difference set is D(K).
The elements of a subset Di ∈ D are mutually conditionally independent given
the corresponding subset Ki ∈ K. The following holds for i = 1, .., q

⊥⊥ (d ∈ Di) | Ki. (8)

For example, a chain and its difference set, and conditional independence in
terms of equation (8) are illustrated in Table 1.

Theorem 1 (Factorization of the likelihood function). Let N(K) be a TOCI
model, and the difference set is D(K). The likelihood function of the model can
be factorized in conditional likelihood functions in terms of the elements of D(K)
as follows:

fI ∝
q∏

i=1

(fd∈Di|Ki
),

where |K| − 1 = q.
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Table 1: An example of a chain K = {{∅}, {1, 2}, I = {1, 2, 3, 4}}, its difference
set and conditional independences (CIs)

index 1 2 3

K ∅ {1, 2} I
D(K) {1, 2} {3, 4}
CIs (1 ⊥⊥ 2) (3 ⊥⊥ 4) | (1, 2)

Theorem 2 (Factorization of parameter space). Let N(K) be a TOCI model,
and the difference set is D(K). The unknown parameter Σ can be reconstructed
from its factors given as follows:

Σ ≡ {Σd∈Di,Ki
Σ−1

Ki
,Σd∈Di.Ki

| Ki ∈ K, Di ∈ D},

where ΣA = ΣA×A, ΣA×B represents A × B sub-matrix of Σ, and ΣA.B =
ΣA − ΣABΣ

−1
B ΣBA.

For the proof of Theorem 1 and Theorem 2 we refer to [4] because TOCI
models are subset of LCI models (proved in later section). We illustrate the
concept in detail using a series of examples with four variables as follows. Let
X1, X2, X3 and X4 follow a multivariate normal distribution with mean zero
and covariance Σ, that is X = (X1, X2, X3, X4)

T ∼ N4(0,Σ) (Σ ∈ M(I)). Here,
I = {1, 2, 3, 4} and let P(I) denotes the power set of I. Now we generate all
possible non-isomorphic chains for the index set I, and for each chain we derive
the difference set and the conditional independence implied by it. Consider a
complete chain KI ⊂ P(I) as follows:

KI = {{∅}, {1}, {1, 2}, {1, 2, 3}, I}. (9)

As there can be only one complete non-isomorphic chain, the remaining non-
isomorphic incomplete chains can be derived from this complete chain, which
are subsets of KI . Because ∅ and I are always included in all the chains, for the
remaining subsets {1}, {1, 2} and {1, 2, 3}, we have two choices, to include or
not to include in the chain, thus we have 2|I|−1 = 23 = 8 total non-isomorphic
chain on the index set I. The eight non-isomorphic chains for the index set I
are discussed as follows.

1. K1 = {{∅}, I}. The difference set is D(K1) = I, therefore by definition
elements of the set I are marginally independent as follows:

CI = X1 ⊥⊥ X2 ⊥⊥ X3 ⊥⊥ X4,

fI ∝ f1f2f3f4,

Σ ≡ {Σ11, Σ22, Σ33,Σ44}.

2. K2 = {{∅}, {1}, I}. The difference set is D(K2) = {{1}, {2, 3, 4}}.
By definition, the elements of the set {2, 3, 4} are mutually conditionally
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independent conditioned on the corresponding K ∈ K, which is {1}. The
only implied conditionally independence (CI) by the chain K2 is given as
follows:

CI = (X2 ⊥⊥ X3 ⊥⊥ X4) | X1,

fI ∝ f1f2|1f3|1f4|1,

Σ ≡ {Σ11,Σ21Σ
−1
11 ,Σ22.1,Σ31Σ

−1
11 ,Σ33.1,Σ41Σ

−1
11 ,Σ44.1}.

3. K3 = {{∅}, {1, 2}, I}. The difference set is D(K3) = {{1, 2}, {3, 4}}.
The elements of the set {1, 2} are marginally independent as the previous
set is an empty set {∅}. Another subset of the difference set is {3, 4}.
The elements of the set {3, 4} are mutually conditionally independent
conditioned on the union of all previous subsets which is {1, 2}. The
following are the implied conditional independencies (CIs) by the chain
K3:

CIs = {X1 ⊥⊥ X2, (X3 ⊥⊥ X4) | (X1, X2)},
fI ∝ f1f2f3|1,2f4|1,2,

Σ ≡ {Σ11,Σ22,Σ3(12)Σ
−1
(12),Σ33.(12),Σ41Σ

−1
(12),Σ44.(12)}.

4. K4 = {{∅}, {1}, {1, 2}, I}. The difference set isD(K4) = {{1}, {2}, {3, 4}}:

CI = (X3 ⊥⊥ X4) | (X1, X2),

fI ∝ f1f2|1f3|1,2f4|1,2,

Σ ≡ {Σ11,Σ21Σ
−1
11 ,Σ22.1,Σ3(12)Σ

−1
(12),Σ33.(12),Σ4(12)Σ

−1
(12),Σ44.(12)}.

5. K5 = {{∅}, {1, 2, 3}, I}.
The difference set is D(K5) = {{1, 2, 3}, {4}}. The following is the only
implied conditional independence (CI) by the chain K5:

CI = (X1 ⊥⊥ X2 ⊥⊥ X3),

fI ∝ f1f2f3f4|1,2,3,

Σ ≡ {Σ11,Σ22,Σ33,Σ4(123)Σ
−1
(123),Σ44.(123)}.

6. K6 = {{∅}, {1}, {1, 2, 3}, I}.
The difference set is D(K6) = {{1}, {2, 3}, {4}}. The following is the only
implied conditional independence (CI) by the chain K6:

CI = (X2 ⊥⊥ X3) | X1,

fI ∝ f1f2|1f3|1f4|1,2,3,

Σ ≡ {Σ11,Σ21Σ
−1
11 ,Σ22.1,Σ31Σ

−1
11 ,Σ33.1,Σ4(123)Σ

−1
(123),Σ44.(123)}.
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7. K7 = {{∅}, {1, 2}, {1, 2, 3}, I}.
The difference set is D(K7) = {{1, 2}, {3}, {4}}. The following is the only
implied conditional independence (CI) by the chain K7:

CI = X1 ⊥⊥ X2,

fI ∝ f1f2f3|1,2f4|1,2,3,

Σ ≡ {Σ11,Σ22,Σ3(12)Σ
−1
(12),Σ33.(12),Σ4(123)Σ

−1
(123),Σ44.(123)}.

8. K8 = {{∅}, {1}, {1, 2}, {1, 2, 3}, I}. The difference set is D(K8) =
{{1}, {2}, {3}, {4}}.
There is no conditional independence implied by the chain K8, and Σ ∈
M(I) is unrestricted.

We need some more concepts to compare the TOCI models with transitive
directed acyclic graph models in a later section. If |Ki+1|− |Ki| ≥ 2 we say that
between the subsets Ki+1 and Ki there is a jump.

Definition 11 (Jump). Let K = {K1 ⊂ ... ⊂ Kq+1} be a totally ordered set,
where |K| = q + 1. Let D(K) be the difference set of K. The chain K is said
to have a jump, if at least one inequality is satisfied for i = 1, ..., q − 1 in the
following:

|Ki+1| − |Ki| ≥ 2 or |Di| ≥ 2.

It must be noted that we ignore the last jump, namely |Kq+1| − |Kq|. It
will be more clear when we relate the jumps with immoralities later. We also
remark that the complete chain does not have any jump.

Definition 12 (TOCI as ordered partition of I). TOCI can be represented as
an ordered partition of the index set (I = I1∪ ...∪Iq) such that it forms a totally
ordered set K = {K1 = {∅} ⊂ ... ⊂ Kq ⊂ Kq+1 = I} , where, Kj+1 = I1∪ ...∪Ij
or equivalently Ij = Kj+1 \Kj, for j = 1, ..., q.

Consider the ordering j = 1, .., q as various levels. Then by the definition of
the TOCI, the set of variables at the jth level, Ij , are conditionally independent
given Kj = I1 ∪ ... ∪ Ij−1.

4 TOCI, TDAG and LCI models

In the following we define the lattice conditional independence (LCI) property,
and for more details on LCI and its relation to transitive directed acyclic graphs
(TDAGs) we refer to [2].

Definition 13 (LCI models as N(L)). Let L = {L1, ..., Lq+1} be a partially
ordered set. The family of normal distributions N(L) is said to satisfy the LCI
property with respect to L if, for each pair of elements Li, Lj ∈ L the following
holds:

Li ⊥⊥ Lj | (Li ∩ Lj). (10)
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As discussed previously, the TOCI can be also viewed as an ordered partition
of the index set I. Then, in terms of directed Markov properties (see [7]), this
implies pa(Ij) = Kj . We define the following Markov type property for TOCI
models.

Definition 14 (Totally ordered conditional independence property). Let D =
(V,E) be a DAG. Given a well numbering (ascending order) of v1, v2, ..., vp of
the elements of V . The set of normal distributions on X is said to satisfy the
TOCI property with respect to D if for any pair of nodes, vi, vj, where i < j the
following holds:

pa(vi) = pa(vj) =⇒ (vi ⊥⊥ vj) | pa(vi). (11)

In the following we prove that the TOCI model class is a proper subset of
the LCI model class.

Theorem 3. TOCI property implies the LCI property but the opposite does
not hold.

Proof. We give similar arguments as in [4] to prove that the class of TOCI
models is a proper subset of the class of LCI models. First we prove that the
TOCI property implies the LCI property.

Suppose that for a given DAG model, say D, the TOCI property holds, then
we have the following. Assume V = v1, ..., vp to be well ordered. For each pair
(i < j), we have

pa(vi) = pa(vj) =⇒ (vi ⊥⊥ vj) | pa(vj).

Equivalently the conditional independence constrains (vi ⊥⊥ vj) | pa(vj) can be
written

((vi ∪ pa(vi) ⊥⊥ (vj ∪ par(vj))) | pa(vj).

By the definition of the ancestral set (see [2]) we have

An(vi) = (vi ∪ pa(vi),

An(vj) = (vj ∪ pa(vi),

An(vi) ∩An(vj) = pa(vi).

For each non-adjacent pair in D, from the conditional independence constraints
implied by the TOCI property, we can construct the conditional independencies
among ancestral sets:

(An(vi) \ pa(vi) ⊥⊥ An(vj) \ pa(vi)) | (An(vi) ∩An(vj) = pa(vi)).

Hence the TOCI property implies the LCI property.
Next we show that LCI property ≠⇒ the TOCI property. Suppose that for

a given DAG model D the LCI property holds. It is trivial to see that for any
pair A,B ∈ A(D), where A(D) is the ancestral set of D. Given ((A \ B) ⊥⊥
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(B \ A)) | (A ∩ B) does not always imply that pa((A \ B)) = pa((B \ A)).
For example, let us consider the LCI model determined by the lattice L =
{{∅}, {1}, {1, 2}, {1, 3}, {1, 2, 3}, {1, 3, 4}, I}. The corresponding transitive
DAG is given in Figure 2. The subsets {1, 2, 3} and {1, 3, 4} implies (2, 4) | (1, 3).
But pa(2) = {1} ̸= pa(4) = {1, 3}. Hence the LCI property ≠⇒ the TOCI
property.

Thus for each TOCI model there is a LCI model, equivlently a TDAG model,
whereas for some LCI models it may not be possible to represent them as TOCI
models. To illustrate how TOCI models can be represented as TDAG models,
we consider again the example with four variables. For all possible totally
ordered chains (non-isomorphic), the corresponding TDAG models and implied
conditional independence constraints are presented in Appendix A.

4.1 Jumps and immoralities

This section investigates the jumps in a totally ordered set and shows that jumps
imply immoralities in corresponding TDAG models.

Definition 15. Let K be a chain and let D be the corresponding TDAG model.
Then a jump in K coincides with an immorality in D.

Proof. First we prove that a jump in K implies an immorality in D. Consider
a jump between Ki from Ki+1 ̸= I in K. By definition of TOCI, elements of
the different sets Di are conditionally dependent given Ki. Therefore there is
no direct edge among elements of the set Di. Now because Ki+1 ̸= I, there is
an edge from each element of the set Di to its descendants Di+1, ..., I. Two (or
more) elements in the set Di are not directly linked but have a common child,
that arises as an immorality.

Next we prove that an immorality in D implies a jump in K. Consider an
immorality in D, such that there is no edge between v, u ∈ E but (u → w), (v →
w) ∈ E. If there is no direct edge between u and v, then it follows that u and
v belong to the same component of the difference set Di, that is u, v ∈ Di but
u, v ̸∈ Ki. Hence |Di| ≥ 2 which implies a jump in K.

We remark that a complete chain has no jump and no immorality. The
“last jump” from Kq to Kq+1 or |Dq| ≥ 2 does not imply a jump or immorality,
because the last-jump corresponds to the last descendants and they can not have
a common child. For example, the TOCI model K = {∅, I} has no immorality
or jump.

4.2 Markov equivalence of TOCI models

In this section, we investigate the Markov equivalence among TOCI models.
Two models are Markov equivalent if their corresponding graphs capture the
same model of conditional independencies. It has been proven that two DAG
models are Markov equivalent if and only if they have the same skeleton (same
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structure) and the same immoralities, see [8]. Therefore, the simplest way to
determine Markov equivalence for TOCI models is by creating the TDAG and
applying the DAG Markov equivalence concept. However, given a TOCI model,
or a chain, it is trivial to say whether the TOCI model is unique in the sense
that there does not exist any Markov equivalent TOCI model or otherwise it
is easy to infer all Markov equivalent TOCI models. In the example in Section
3 only K4 and K8 have other Markov equivalent TOCI models, because they
contain the complete (sub-chains) chains of a subset of I. Given a TOCI model
determined by the chain K, there can be the following three possibilities:

• When K is a complete chain. If K is a complete chain then the chain
can be represented in |I| = p! ways. However, there is no conditional
independence constraint specified by the complete chain.

• When K contains complete sub-chains then each sub-chain can be re-
arranged in a way such that it does not alter the implied conditional
independence constraints. For example suppose K contains a sub-chain
{1}{1, 2}, then this sub-chain can be also represented as {2}{1, 2}. Hence
there are 2! possible Markov equivalent models. Similarly when K con-
tains k sub-chains of length l1, ..., lk then there will be l1!× ...× lk! Markov
equivalent TOCI models.

• When K has no complete sub-chains then K is the unique representation
of implied conditional independencies. For example, the TOCI model
{{∅}, {1, 2, 3}, I} has no other equivalent TOCI models.

4.3 Comparison of the model classes TOCI and LCI mod-
els

In the following, we provide a representative (but not exhaustive) comparison
of TOCI models and LCI models.

• Since the model class TOCI is a subclass to LCI, LCI models are more
expressive than TOCI models. For example, the TDAG given in Figure
2, can not be expressed as a TOCI model.

1

2

3

4

Figure 2: An example of a TDAG model which cannot be expressed as a TOCI
model
.

• TOCI models are more economical than LCI models. For any TOCI
model we always have an equivalent LCI model, but corresponding TOCI
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model representation is substantially smaller and easier to interpret than
the LCI model representation. For example, for the conditional indepen-
dence model (X1 ⊥⊥ X2 ⊥⊥ X3 ⊥⊥ X4) the corresponding TOCI model-
and LCI model-representations are as follows:

TOCI : {{∅}, I}
LCI : {{∅}, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}, {1, 2, 3, 4}}

• Search space is smaller for the TOCI models.

• The TOCI Equivalent Markov models are easier to find out.

5 Conclusion

The main contributions of this work are summarized as follows. The totally
ordered conditional independence model is proposed. It is shown that TOCI
models are a proper subset of LCI models. It follows that, like LCI models,
for the TOCI models the likelihood function and parameter space can be fac-
tored into the products of conditional likelihood factors and disjoint parameter
spaces, respectively, where each conditional likelihood function corresponds to
an ordinary multivariate normal regression model.

It is left for future investigation, to check whether TOCI models are invariant
to various transformations and based on that more useful applications can be
developed.
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Series A, 55, 370–394, 1993.

[2] Steen A. Andersson, David Madigan, Michael D Perlman, and Christo-
pher M Triggs. On the relation between conditional independence mod-
els determined by finite distributive lattices and by directed acyclic graphs.
Journal of Statistical Planning and Inference, 48, 25–46, 1995.

[3] Steen A. Andersson and Michael D. Perlman. Normal linear models with
lattice conditional independence restrictions, volume Volume 24 of Lecture
Notes–Monograph Series, 97–110. Institute of Mathematical Statistics, Hay-
ward, CA, 1994.

[4] Steen Arne Andersson and Michael D Perlman. Lattice models for condi-
tional independence in a multivariate normal distribution. The Annals of
Statistics, 21, 1318–1358, 1993.

13



[5] Mathias Drton. Iterative conditional fitting for discrete chain graph models.
COMPSTAT 2008–Proceedings in Computational Statistics, 93104, Physica-
Verlag/Springer, Heidelberg, 2008.

[6] George Grätzer. General lattice theory. With appendices by B.A. Davey, R.
Freese, B. Ganter, M. Greferath, P. Jipsen, H.A. Priestley, H. Rose, E.T.
Schmidt, S.E. Schmidt, F. Wehrung and R. Wille. Reprint of the 1998 second
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A Appendix A

Table 2: TDAG models with four variables. CI stands for conditionally inde-
pendent.

TOCI model Graph CIs

{{∅}, I}

1

2

3

4

X1 ⊥⊥ X2 ⊥⊥ X3 ⊥⊥ X4

{{∅}, {1}, I} 1

2

3

4
(X2 ⊥⊥ X3 ⊥⊥ X4) | X1

{{∅}, {1, 2}, I}
1

2

3

4
(i) X1 ⊥⊥ X2 ,
(ii) (X3 ⊥⊥ X4) | (X1, X2)
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{{∅}, {1}, {1, 2}, I} 1 2

3

4
(X3 ⊥⊥ X4) | (X1, X2)

{{∅}, {1, 2, 3}, I}

1

2

3

4
(X1 ⊥⊥ X2 ⊥⊥ X3)

{{∅}, {1}, {1, 2, 3},
I}

1

2

3

4
(X2 ⊥⊥ X3) | X1

{{∅}, {1, 2},
{1, 2, 3}, I}

1

2

3

4
X1 ⊥⊥ X2

{{∅}, {1}, {1, 2},
{1, 2, 3}, I}.

1

2 3

4

No CI constraints
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