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Abstract

Aircraft trailing vortices is an inevitable side effect when an aircraft generates
lift. The vortices represent a danger for following aircraft and forces large spac-
ing between landing and take off at airports. Detailed knowledge about the
dynamics of aircraft trailing vortices is therefore needed to increase airport ca-
pacity and aviation safety.

In this thesis, an accurate numerical simulation of aircraft trailing vortices
is performed. The vortices undergo an expected instability phenomena followed
by a reconnection process. The reconnection process is studied in detail. During
the reconnection, theoretically described structures can be observed.
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Nomenclature

The reoccurring symbols are described here.

Symbols

x, y, z Cartesian coordinates.
r, θ, z Cylindrical coordinates.
u Velocity vector, with components (u, v, w).
u Velocity component in x-direction.
v Velocity component in y-direction.
w Velocity component in z-direction.
ω Vorticity vector, with components (ωx, ωy, ωz).

||ω|| Magnitude of vorticity, defined as the l2-norm of ω,
√
ω2
x + ω2

y + ω2
z .

rc Core radius of vortex, i.e. radius at which maximum circumferential
velocity is attained.

Γ Circulation, vortex strength.
p Pressure.
ρ Density.
e Energy.
T Temperature.
γ Ratio of specific heat.
Lx, Ly, Lz Dimensions of computational domain. x, y and z denote vertical, lateral

and axial directions respectively.
nx, ny, nz Number of grid points in respective dimension.

Subscripts

∞ Freestream value.
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Chapter 1

Introduction

1.1 Motivation

The physical mechanism for generating lift on an aircraft is the pressure im-
balance between the top and bottom surfaces of its wings. A high pressure on
the bottom surface, and a low pressure on the top surface creates lift. Another
result from this pressure imbalance is that air tend to curl around the wing tips
from the high pressure region underneath the wings, to the low pressure region
above. The flow around the wing tips results in a circulatory motion that trails
downstream of the wing [4].

This circulatory flow result in trailing, or wing-tip vortices and are a po-
tential hazard for following aircraft. For large modern airplanes, these vortices
can reach considerable strength [19] and remain on the runway for long peri-
ods, with risk for following planes to lose lift or tilt [4]. Such accidents have
occurred, and is one reason for large spacing between aircrafts landing and take
off at airports. Hence, reduction of the separation distance for increasing traffic
capacity at airports is partly limited by the potential danger of these vortices
[4], [30], [18], [19], [12]. Detailed understanding about the dynamics of wake
vortices is therefore necessary to increase aviation safety and airport capacity
[12], [20].

The far field behind an aircraft is primarily composed of two parallel, counter-
rotating vortices. Due to its practical relevance, the dynamics of a such a pair
have been the object for several studies the past few decades [19]. This type of
flow also represents a relatively simple model for detailed study of vortex inter-
actions. Improved understanding of elementary vortex interactions might also
be relevant for the understanding of more complex transitional and turbulent
flows [20]. The last point is the main motivation for this thesis.

1.2 Instability Phenomena for Trailing Vortices

Sometimes the wake vortices left behind an aircraft can be observed as condensa-
tion trails in the sky. Under certain conditions, the trails can be seen to develop
a symmetric waviness with a wavelength of several times the initial separation
distance between the two vortices [30]. The vortex wave amplitude will grow
until a critical value, when the two vortices undergo a vortex reconnection and
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1.3. Crow instability 10

Figure 1.1: Train of vortex rings observed in the sky behind an aircraft. Photograph
by Brocken Inaglory, distributed under a CC BY-SA 3.0 license [15].

eventually leave a periodic configuration of vortex rings behind. A photograph
of such an event can be seen in figure 1.1. This behaviour, long wavelength
instabilities between a pair of counter-rotating vortices, was first analyzed by
Crow in 1970 [6] and is referred to as Crow instability.

1.3 Crow instability

The first three-dimensional stability analysis of a vortex pair was performed
in 1970 [6]. The analysis showed that the mutual interaction of two slightly
disturbed parallel vortices can lead to an amplification of displacement pertur-
bations with a wavelength of several times the initial vortex spacing [19].

Due to the Crow instability, a sinusoidal instability that grows in time will
develop. When the instability has grown enough, the vortices will split up
and link together to form a train of vortex rings. The phenomena has been
observed in the sky as condensation trails behind aircraft and is confirmed in
numerical simulations and laboratory experiments [14], [19]. Both symmetric
and antisymmetric modes can be unstable but only the symmetric ones involve
strongly interacting long waves [6]. According to existing theory, the symmetric
vortex displacements will lie in planes inclined at 48◦ to the horizontal and
the maximally unstable wavelengths for the vortices trailing from an elliptically
loaded wing has a length of 8.6 times the initial vortex separation [6]. An
illustration of the instability in an early stage can seen in figure 1.2.

During the development of the instability, the vortex behaviour is signif-
icantly influenced by atmospheric turbulence, stratification, wind shear, and
vortex core bursting. These factors are believed to be the main reasons of de-
viations from the instability prediction of the most amplified wavelengths and
vortex lifespan [14]. However, non of these factors will be will be included in
this study.
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Figure 1.2: Visualization of the unstable symmetric modes of Crow’s theory. Top left:
Vortices seen from side view. Bottom left: Vortices seen in front view, i.e. as they
would look for an observer on the aircraft generating them. According to the theory
the vortices will lie in a plane inclined 48◦ to the horizontal. Right: Vortices seen from
above.

1.4 Aim

In this master thesis project, an accurate numerical three-dimensional simula-
tion of a pair of trailing vortices will be performed. The aim is to create a
simulation that undergoes the Crow instability followed by a reconnection of
the two vortices. The main interest in this work is to study the actual recon-
nection process, when the two vortices split up and link together. The results
from the simulations will be compared with earlier simulations. Key features
will be identified and compared with theory and earlier simulations to validate
the results.

It should be mentioned that the Crow instability is not the only instability
phenomena developing during interactions between two parallel vortices. Other
instability phenomena with shorter wavelengths can also be seen in the upcom-
ing simulations but falls outside the scope of this work and will not be discussed
further.



Chapter 2

Governing Equations and
Flow Field Models

2.1 The Navier-Stokes Equations

In the simulations performed in this work, the flow will be governed by the com-
pressible Navier-Stokes equations. The equations describe the relations between
velocity, temperature, pressure and density of a moving fluid and can be written
in three space dimensions as:

∂ρ

∂t
+

3∑
j=1

∂

∂xj
(ρuj) = 0, (2.1)

∂(ρui)

∂t
+

3∑
j=1

∂

∂xj

(
ρuiuj + pδij − (2µSij + λδijSkk)

)
= 0, i = 1, 2, 3,

(2.2)

∂e

∂t
+

3∑
j=1

∂

∂xj

(
(e+ p)uj − κ

∂T

∂xj
−

3∑
i=1

(2µSij + λδijSkk)ui

)
= 0. (2.3)

In the equations, ρ is the density, p is the pressure, ui the velocity in x, y and
z direction respectively, µ the sheer coefficient of viscosity and κ the thermal
conductivity coefficient. The Euler equations are obtained by neglecting the
viscosity, i.e. when µ and κ are set to zero. The viscous strain rate tensor is
given by

Sij =
1

2
(
∂ui
∂xj

+
∂uj
∂xi

). (2.4)

The energy relationship is given by

e =
p

γ − 1
+
ρ

2
uTu (2.5)

where γ is the ratio of specific heat. Air is considered to be a perfect gas with
γ = 7/5.

Olsson, 2018. 12



2.2. Vortex Models 13

2.2 Vortex Models

The initial data should be chosen such that the computational domain mirrors
the far wake of an aircraft as accurate as possible. The far wake can be approxi-
mately described by a pair of parallel counter-rotating vortices. The vortex pair
will be introduced in the computational domain by specifying the velocity, pres-
sure, density and energy fields for such a pair as an initial solution. The initial
solution needs to be an approximate solution to the Navier-Stokes equations to
represent a physically possible flow. No analytic solution for such a two-vortex
system is known. Instead, previous studies introduce a superposition of two
single vortex solutions to the Euler equations into the domain [18], [20], [14].
The same approach will be used in this work.

Three different vortex models have been implemented and used for simula-
tions; one compressible vortex with a small domain of influence, one incompress-
ible Lamb-Oseen vortex, and one compressible Burnham-Hallock vortex. The
two latter models are frequently used for modeling wake vortices [3]. All three
models will be presented in cylindrical coordinates and common to them all is
that their velocity fields only have a component in circumferential direction.

To achieve high accuracy, a fine mesh is necessary. Such a simulation is
time consuming and requires significant computational resources. Thus, before
starting such a simulation, it is important to be confident that the chosen initial
solution will exhibit the desired behavior. Therefore, trial simulations using dif-
ferent vortex models as initial solution will be performed on a coarser grid. The
results will then be compared to choose how the initial data for the simulation
on a fine grid will be modelled.

2.2.1 Compressible Vortex

The following vortex model is presented in dimensional form in [25]. It describes
a vortex with its axis along r = 0 and the flow is purely two dimensional. The
model is a stationary solution to the two dimensional Euler equations under the
assumption of isentropy. The velocity field in cylindrical coordinates is given
by:

uθ(r) =
Γ0r

2πr2c
e

1
2 (1−(

r
rc

)2). (2.6)

Here, rc is the core radius, i.e. the radius at which maximum circumferential
velocity is attained and Γ0 is the circulation at rc. Superimposing the vortex
on the freestream gives the density and pressure fields as

p = p∞(1− γ − 1

γ

ρ∞
p∞

Γ2
0

8π2r2c
e1−(

r
rc

)2)
γ
γ−1 , (2.7)

ρ = ρ∞(1− γ − 1

γ

ρ∞
p∞

Γ2
0

8π2r2c
e1−(

r
rc

)2)
1

γ−1 , (2.8)

where p∞ and ρ∞ is the freestream values of pressure and density. In [25], where
the model is presented, a verification that the model indeed is a solution to the
Euler equations is given.

The vortex in (2.6) has a velocity field that decays exponentially fast as
r → ∞. At a distance of 5rc from the vortex center, the relative effect of the
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perturbations of the pressure and density is of the order of 10−10 [10]. Thus
the interactions of the vortex with the outer domain boundary is very small.
On the other hand, this implies that the interactions between the two vortices
might be to weak to develop instabilities in a reasonable amount of time.

2.2.2 Lamb-Oseen Vortex

A Lamb-Oseen vortex is a stationary solution to the incompressible Euler equa-
tions and it is used in several studies to model aircraft wake vortices [3]. The
Lamb-Oseen vortex is two-dimensional with circular streamlines around the vor-
tex axis and the velocity and pressure fields are given in cylindrical coordinates
by [18] as:

uθ =
Γ

2πr
(1− e−β

r2

r2c ), β = 1.2544, (2.9)

dp

dr
=
ρu2θ(r)

r
. (2.10)

Since the flow is assumed to be incompressible, the density can be treated as a
constant. The flow can be assumed to be essentially incompressible when the
Mach number is less than 0.3 [4], which will be the case for the initial solution
in this work. Substituting the expression in equation (2.9) into (2.10) yields:

dp

dr
= ρ

Γ2

4π2r3
(1− e−β

r2

r2c )2 = (
Γ

2π
)2(

1

r3
− 2e

−β r2
r2c

r3
+
e
−β 2r2

r2c

r3
). (2.11)

The right hand side of equation (2.11) is strictly positive and approaches 0
as r →∞. Hence the pressure will increase with the radius and converge to the
freestream value. The pressure at a certain radius r can thus be computed as

p(r) = p∞ −
∫ ∞
r

dp

dr
dr

= p∞ − g(r), with

(2.12)

g(r) = ρ
Γ2

4π2

( 1

2r2
(−1 + 2e

−β r2
r2c − e−β

2r2

r2c )

+ β
1

r2c

( ∫ ∞
n

e−n

n
dn−

∫ ∞
s

e−s

s
ds
)) (2.13)

where n = β r
2

r2c
and s = 2β r

2

r2c
.

The integrals in the two last terms are known as the exponential integrals and
can be computed in MATLAB using the command expint. Here one can no-
tice that the function g(r) is strictly positive and approaches 0 as r → ∞. In
equation (2.12), the function g might therefore be interpreted as the deviation
from the freestream pressure at a distance r from the vortex axis.

This vortex exhibits a much slower decay than the compressible vortex above
and is more commonly used for modelling trailing vortices.
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2.2.3 Burnham-Hallock Vortex

The last vortex model considered has a cylindrical velocity profile given by:

uθ(r) =
Γ

2πr

r2

r2 + r2c
. (2.14)

This equation is in most literature refereed to as the Burnham-Hallock model.
It is the most widely used model for wake vortex applications [3] and is used in
[9], [14], [26] and [8]. In particular, [8] presents a closed form solution which,
according to the authors, fulfills the Euler equation (under the assumption of
constant enthalpy throughout the flow). The model (2.14) is refereed to as a
Lamb-Style vortex model in [8], but Burnham-Hallock will be used here to avoid
confusion with the Lamb-Oseen vortex.

Pressure and density fields are determined from the radial momentum equa-
tion and the assumption of constant enthalpy throughout the flow, which yields:

p = p∞e
f(r), ρ = (

γ

γ − 1

1

h∞ − 1
2v

2
φ

)p (2.15)

where

f(r) =
2D

E1/2

(
atan(

2r2 +B

E1/2
)− π

2

)
, h∞ =

γ

γ − 1

p∞
ρ∞

, (2.16)

and

D =
1

2
(

Γ

2π
)2
ρ∞
p∞

, B = 2r2c −D
(γ − 1)

γ
, E = 4r4c −B2. (2.17)

Here the vortex strength and the core radius must be set such that E >
0. Also, the function f(r) defined in equation (2.16) is strictly negative and
approaches 0 as r →∞. Thus the second factor ef(r) in equation (2.15) will be
in the interval ]0, 1[ and can be interpreted as the deviation from the freestream
pressure at a distance r from the vortex axis.



Chapter 3

Numerical Tool and
Initialization

3.1 Numerical tool

The numerical tool used for the simulations is called ESSENSE. It is developed
by Jan Nordström at Linköping University, Peter Eliasson at SAAB Aerospace
and Marco Kupiainen at the Swedish Meteorological and Hydrological Institute,
SMHI. The code is a parallel, three-dimensional, finite difference compressible
Navier-Stokes solver [28], [29], [24], [23]. For all the simulations an eighth-order
scheme is used inside the domain with a fourth-order boundary closure resulting
in a global fifth order scheme. The computational grids used are Cartesian and
regular, but with different resolutions.

3.2 Hardware/Computational resources

The simulations are performed at Triolith, a system at the National Supercom-
puter Center in Sweden (NSC). NSC is an independent supercomputer center at
Linköping University that provides leading edge high performance computing
resources [1]. Triolith has 1017 computing nodes, in total 16368 computer cores
and 35 Terabytes of memory [2]. How much resources that has been used for
each simulation will be specified below.

3.3 Initial data for Simulations

As was mentioned above, the far wake of an aircraft is primarily composed of
two counter-rotating vortices [19]. An illustrative figure of the initial scenario
can be seen in figure 3.1. The three different vortex models discussed in section
2.2 will be used as initial data for the simulations. To model the far wake
of an aircraft, the two vortices will be superimposed and introduced in the
computational domain by specifying the vortex pair as an initial solution. The
same procedure is used in [18], [14], [20]. How the superposition should be
performed is not obvious though, since the governing equations are nonlinear
and hence a superposition is strictly speaking not a solution. However, in the

Olsson, 2018. 16
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Figure 3.1: Initial scenario for the simulations.

water tank experiment carried out in [19], the authors show that a linear addition
of the velocity fields of two Lamb-Oseen vortices fits the measured velocity
profile of two counter-rotating vortices remarkably well. This suggests that the
velocity fields from each vortex can simply be added together. The pressure and
density field on the other hand, will be treated in a different way, as discussed
below.

3.3.1 Compressible Vortex Pair

As was mentioned in section 2.2.1, the Compressible Vortex decays fast and has
a small domain of influence. The influence from a Compressible Vortex on the
freestream at a distance of half the initial vortex separation is small and hence
no addition of velocity fields is done. Instead, the domain is split up in two
subdomains along the plane y = 0. The two subdomains are initiated with one
vortex each and then patched together.

3.3.2 Lamb-Oseen Vortex Pair

The velocity field for the two counter-rotating Lamb-Oseen vortices is con-
structed by adding the velocity fields from two single Lamb-Oseen vortices.
The vortices will have the same strength but rotate in opposite direction. The
opposite rotation is obtained by simply flipping the sign of the vortex circulation
Γ. The final expression is:

uθ =
Γ

2πr1
(1− e−β

r21
r2c )− Γ

2πr2
(1− e−β

r22
r2c ), (3.1)

where r1 and r2 are the distances from the two different vortex axis. The
coordinates x, y and z denote vertical, lateral and axial directions respectively.
The vortices will be initiated at every xy-plane in the domain, with their axis
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along y = −b0/2 and y = b0/2 where b0 denotes the initial separation between
the two vortices, see figure 3.1. The expressions for r1 and r2 are

r1 =
√
x2 + (y + b0)2 r2 =

√
x2 + (y − b0)2. (3.2)

As was mentioned in section 2.2.2, the function g(r) in equation (2.12) can be
interpreted as the deviation from the freestream pressure at a certain distance
from a vortex core. Using that interpretation, one can construct the pressure
field for a pair of Lamb-Oseen vortices as:

p = p∞ − g(r1)− g(r2) (3.3)

where g is defined as in equation (2.13). The density field is kept constant at
ρ = ρ∞.

3.3.3 Burnham-Hallock Vortex Pair

The initial solution composed of two Burnham-Hallock vortices is created in
a similar way as with the Lamb-Oseen vortices. The velocity fields are added
together resulting in the expression:

uθ(r) =
Γ

2πr1

r21
r21 + r2c

− Γ

2πr2

r22
r22 + r2c

(3.4)

In section 3.3.3, a motivation was given for interpreting the second factor ef(r)

in equation (2.15) as the deviation from the freestream pressure at a distance r
from the vortex axis. With that interpretation, the pressure field for a pair of
vortices can be constructed as

p = p∞e
f(r1)+f(r2). (3.5)

The density field, equation (2.15), can be calculated using the pressure computed
with equation (3.5) and the velocity field (3.4).

3.3.4 Scaling

The proposed initial data are all presented in dimensional form. Since the vari-
ables in ESSENSE are scaled, the initial solutions must be scaled accordingly.
Let * denote a dimensional variable and ∞ denote the freestream values. Also,
L∗ denotes a typical length and c∗∞ the speed of sound. The variables in ES-
SENSE are non-dimensionalized according to:

t =
t∗c∗∞
L∗

, xi =
x∗i
L∗
, ui =

u∗i
c∗∞

, i = 1, 2, 3

ρ =
ρ∗

ρ∗∞
, p =

p∗

ρ∗∞(c∗∞)2
, e =

e∗

ρ∗∞(c∗∞)2
,

µ =
µ∗

µ∗∞
, Re =

ρ∗∞c
∗
∞L
∗

µ∗∞

(3.6)

The Reynolds number used in ESSENSE is the acoustic Reynolds number. The
typical length L∗ used in this work is the initial vortex separation b0.
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The relation between temperature and speed of sound is [22]:

c∗ =
√
γR∗T ∗ (3.7)

where R is the specific gas constant. Using equation (3.7) and (3.6) one can
derive a relation between the dimensionless speed of sound and temperature as

c =
c∗

c∗∞
=

√
γR∗T ∗√
γR∗T ∗∞

=

√
T ∗

T ∗∞
=
√
T . (3.8)

In the setup for ESSENSE, the dimensionless freestream values for density,
temperature and speed of sound needs to be specified. The velocity and direc-
tion of the freestream also needs to be set. Since the freestream in the simulation
is still air the freestream velocity is set to zero. The values of the remaining
freestream variables can easily be computed using the relations above. The
non-dimensional freestream speed of sound is c∞ = c∗∞/c

∗
∞ = 1. With c∞ = 1,

equation (3.8) then gives T∞ = 1. The density is scaled with the freestream
density which also gives ρ∞ = 1.

The time scaling used while studying the dynamics of vortex pairs is differ-
ent than the one used in ESSENSE. The reference time is given by the time it
takes for the vortex pair to descent one initial vortex separation. In the absence
of perturbations, the vortex pair will initially drift downwards at a rate of V0
m/s due to mutual interaction [14], [6], [19], [12], where the velocity V0 is

V0 =
Γ0

2πb0
. (3.9)

The reference time will then read:

t =
V0t
∗

b0
= t∗

Γ0

2πb20
. (3.10)

When referring to time in the following, it is the dimensionless time defined in
equation (3.10) if nothing else is specified.

3.4 Computational Domain and Boundary Con-
ditions

Periodic boundary conditions are imposed at every domain boundary. Let
Lx, Ly, Lz be the dimensions in the respective directions, see figure 3.1. The
domain size is chosen similar to the one in [14], with (Lx × Ly × Lz) = (5b0 ×
5b0 × 20b0). With Lz = 20b0, the axial dimension is large enough to simulate
the theoretical wavelength of the Crow instability of 8.6b0. The domain size 5b0
in the remaining dimensions, Lx and Ly, is sufficiently large to minimize the
boundary influences [14]. A larger domain would of course be even better since
the influence from the boundaries would decrease. On the other hand, a larger
domain would be more computational expensive since the number of grid points
would need to increase to keep the same resolution. This domain size is a rea-
sonable compromise between low boundary influence and high computational
cost.
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Worth mentioning is that with the chosen domain dimensions, periodical
boundary conditions at the vertical domain boundaries are necessary. As was
explained in section 3.3.4, the vortex pair will drift downward with an initial de-
scend speed V0 presented in equation (3.9). In [14], the reconnection occurred
at t ≈ 15. The vortex pair will therefore descend about 15b0 before the re-
connection occur which would require Lx to be at least 20b0 without periodic
boundaries. Such a big domain would require more than four times as many
grid points as the proposed domain to preserve the same accuracy. With pe-
riodic boundaries the vortex pair can instead pass through the lower vertical
boundary and re-enter through the top boundary.



Chapter 4

Simulations

4.1 Initial simulations on a coarse grid

Initially three simulations using the different initial models were performed on a
coarse grid. The number of grid points used was (nx×ny×nz) = (112×112×324)
resulting in a total of about 4.1 million grid points. The core radius rc and initial
vortex separation b0 is set to 2 meter and 16 meter respectively, as was used in
[14]. The grid spacing then becomes (∆x×∆y×∆z) ≈ (0.71m×0.71m×0.99m)
implying a resolution of approximately 3 grid points per rc. Most of the setup
presented above is similar to what is used in the simulations performed in [14].
In that work rather successful simulations of the Crow instability was performed
which is why similar domain and parameter values were chosen. A summary of
the domain and parameters used can be seen in table 4.1.

The initial vortex strength is set to Γ0 = 345 m2/s and the freestream values
used are typical values for air at sea level, see table 4.2. The different vortex
pairs are generated with the values and grid prescribed above. A small random
perturbation is then added to each component of the initial velocity field to
trigger the instability. The perturbation consists of a white noise with an am-
plitude range within 1% of the maximum velocity, i.e. |Ar| < 0.01umax, where
Ar is the added perturbation and umax = max|u(x, y, z, 0)|. Finally the initial
data is scaled according to (3.6) before it is introduced in the computational
domain. By inserting values from table 4.2 in equation (3.6), together with the
relation ν = µ

ρ [22], the acoustic Reynolds number becomes

Re =
ρ∗∞c

∗
∞L
∗

µ∗∞
=
c∗∞b

∗
0

ν∗∞
=

340.294 · 16

1.4607 · 10−5
≈ 3.73 · 108. (4.1)

The simulations ran on 256 processor cores. To run these simulations until
t = 15 would consume approximately 4500 processor hours. However, it was
immediately realized that the simulation using an initial solution according to
section 3.3.3, i.e. a Burnham-Hallock vortex pair, showed the most promising
results. Based on these simulations, the initial solution for simulation on a fine
grid was based on a Burnham-Hallock vortex pair.
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Grid (nx × ny × nz) (Lx × Ly × Lz) b0 [m] rc [m] Re
Coarse (112× 112× 324) (5× 5× 20)b0 16 2 3.73 · 108

Fine (250× 250× 600) (5× 5× 20)b0 20 2 4.66 · 108

Table 4.1: Summarize of computational domain and vortex parameters used for the
different simulations.

Altitude [m] p [N/m2] ρ [kg/m3] c [m/s] ν [m2/s]
0 1.01325 · 105 1.2250 340.294 1.4607 · 10−5

Table 4.2: Atmospheric values used as freestream values for all simulations. Values
from [22].

4.2 Simulation on fine grid

The number of grid points used for the fine grid was (nx × ny × nz) = (250 ×
250× 600) resulting in a total of 37.5 million grid points. The same parameter
values are used as for the simulations on the coarse grid except that a slightly
larger initial vortex separation, b0 = 20 m, was used. The grid spacing was
(∆x×∆y×∆z) ≈ (0.4m×0.4m×0.67m) which gives a resolution of 5 grid points
per rc. A typical value of rc for aircraft vortices in the far field is rc = 0.05b0
[31]. As can be seen, the chosen value of rc, is equal to 0.1b0 which is twice the
typical value. The dependency of rc/b0 on the Crow instability is though weak
according to [14] and in this work the vortex reconnection is of interest, not the
instability itself.

A pair of Burnham-Hallock vortices is generated and a random perturbation
is added to the initial velocity field as described in previous section. With the
slightly larger value on b0 the Reynolds number becomesRe ≈ 4.66·108. The fine
grid simulation ran until time 14.8 (corresponding to a physical time of about
108 s) on 384 computer cores and consumed approximately 70000 processor
hours.



Chapter 5

Results

The results from the simulations will be visualized using three different methods.
For the early development of the Crow instability, isosurfaces of the vorticity
magnitude |ω| = (ω2

x + ω2
y + ω2

z)1/2 are used for visualization. The vorticity

ω(x), at a point x = (x, y, z)T is defined as the curl of the velocity field, i.e

ω(x) = ∇× u(x) = (
∂w

∂y
− ∂v

∂z
,
∂u

∂z
− ∂w

∂x
,
∂v

∂x
− ∂u

∂y
). (5.1)

The threshold value of |ω| is arbitrarily chosen (e.g in figure 5.2 the thresh-
old value is approximately 0.34) for each visualization to show the particular
features of interest. A problem with this method is that vorticity cannot distin-
guish between swirling and shearing motions and different threshold values can
result in different geometrical structures [17].

The second visualization method used is the λ2 criterion proposed in [16].
With the λ2 criterion, the velocity gradient tensor ∇u is decomposed into its
symmetric part S, and its antisymmetric part Ω and a vortex core is defined as
a connected region with two negative eigenvalues of S2 + Ω2. This method is
used in several references, e.g. [14], [18]. Like with the vorticity magnitude, a
threshold value of λ2 is arbitrarily chosen to identify the vortices. The threshold
value is a small negative number in all visualizations. As an example, in figure
5.5 the threshold value used is approximately -0.039.

The third method for visualization is a predictor-corrector method similar
to the one proposed in [5]. While the two first methods visualizes vortices as
regions, the predictor-corrector method produces a line that approximates the
vortex core. The method requires seed points in a vortex core from which it
grows a skeleton, or line, that represents the vortex core. From a seed point,
the algorithm predicts the next point by making a step along the vorticity
vector in the current point. The predicted point is then corrected to a point
with minimum pressure in a plane perpendicular to the vorticity vector in the
predicted point. The way the algorithm is implemented in this work however,
allows the algorithm to correct to points not only in the plane perpendicular
to the vorticity vector in the predicted point. It also searches for the pressure
minimum in points in a volume extended in front of the perpendicular plane.
This algorithm manages to follow the core lines of the vortices well until the
vortices start to split up and link together.
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Figure 5.1: Isosurfaces of vorticity at three different times. From top to bottom, t ≈
12.4, t ≈ 13.4, t ≈ 14.8. The figure shows the vortices through the entire computational
domain, seen from above.

First some qualitative results from the simulation will be presented and com-
pared with theory and previous simulations to validate the simulation performed
in this work. Figure 5.1 and 5.2 visualizes the simulation at three different times
using isosurfaces of vorticity. In the figures one can clearly see how the initially
parallel vortices undergoes the Crow instability followed by a vortex reconnec-
tion resulting in a train of vortex rings.

Figure 5.3 and 5.4 shows the core lines of the vortices generated using the
predictor-corrector algorithm explained above. The figures show the core lines
at dimensionless time t = 12.9 which is somewhere between the top and middle
images in figure 5.1. Figure 5.3 shows the vortex lines from above, from which
one can make a rough estimate of the fastest growing instability mode of the
Crow instability. In the figure, one can see that the two vortices are at a minimal
separation distance at about z = 8 and z = 15.5, which implies an instability
wavelength of about ∆z = 7.5. Since the computational grid is scaled with the
reference length b0, (i.e. the initial separation between the two vortices) one
unit on the figure’s axis correspond to one b0. The wavelength of the fastest
growing mode is then approximately 7.5 b0. As pointed out by the authors in
[11], one result from Crow’s stability theory is that for a ratio rc/b0 = 0.098, the
fastest growing instability mode has a wavelength of 8.6 b0. In the present study,



25

Figure 5.2: Isosurfaces of vorticity at three different times. From top to bottom, t ≈
12.4, t ≈ 13.4, t ≈ 14.8. The figure shows the vortices through the entire computational
domain, seen from the side.
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Figure 5.3: Core lines of the vortices generated by the predictor-corrector method at
time t ≈ 12.9. An estimate of the fastest growing instability mode from the figure
gives a wavelength of 7.5b0 (from z = 8 to z = 15.5).

Figure 5.4: Core lines at time t ≈ 12.9 projected onto the xy-plane. The red lines
represent approximate planes in which the perturbed vortices lie.

the ratio rc/b0 = 0.1, and hence the wavelength in the simulation performed
corresponds reasonably well with the predicted value of 8.6b0.

Figure 5.4 visualizes a front view of the core lines (compare with figure 1.2).
The blue lines are the vortex core lines generated by the predictor-corrector
method projected onto the plane perpendicular to vortex axis. In other words,
the figure shows the vortices as they would look like for an observer at the
aircraft that generated them. The red lines can be seen as planes tilted 53◦

respectively 52◦ from the horizontal plane and are estimations of the planes
the vortex tubes lie in. The Crow theory [6] implies that the planes should be
inclined approximately 48◦ from the horizontal axis.

Next follows a more close look at the actual split up and connection. Figure
5.5 and 5.6 shows a close up look of isosurfaces created using the λ2 criterion.
Figure 5.5 shows a sequence of the reconnection of the vortices at eight different
times seen from above. Figure 5.6 shows the same sequence but seen from
below, and only the left half of what is seen in figure 5.5 is visualized. Also, in
Appendix, a sequence similar to 5.5 can be seen but with smaller time difference
between each image in the sequence.
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In both figure 5.5 and 5.6 one can clearly see that when the two vortices
approaches each other, secondary vortex structures appears. In particular at
the first four images in figure 5.6, one can clearly see a helical vortex structure
around each vortex core. In figure 5.6c a vortex structure shaped like a half circle
are connecting the helical structures around each vortex. Over time, the helical
structures can be seen to travel along the vortices as waves and the half circle
connecting them is growing in size. The helical waves were observed and studied
in [21]. According to the authors, the reconnection process and the combination
of the axial velocity in the vortex cores is suspected to be the source of helical
instability. However, the horse shoe shaped vortex structure connecting the
helical structures continues to grow and finally becomes the main structure of
the vortex ring remaining after the reconnection process. While the half circle
shape is growing, the vortex structures connecting the initially straight vortices
seems to lose strength before they vanish.

The reconnection process observed here can be compared with theoretical
predictions. Due to the nonlinearity of the Euler equations, complete solutions
for vortex motion is inaccessible. Using mathematical idealizations, a set of
equations governing the inextensional motion of a vortex filament in terms of
time evolution of its curvature and torsion can be derived [27]. The method is
called the localized induction approximation (LIA) and was first derived by Da
Rios in 1906 [7], [13]. Using LIA one can find solutions to initial value problems
similar to the vortex reconnection that can be observed for trailing vortices. In
[13], the initial value problem of a vortex filament with an initial kink is studied.
The initial configuration and the evolution of the filament can be seen in figure
5.7. The left figure shows the initial vortex filament with a corner and the right
figure shows how the solution evolves in time. The center of the solution looks
like a horse shoe that grows in time with helix structures propagating as waves
around the initial vortex filament. That solution is similar to what has been
observed in the simulation performed in this work.
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(a) t ≈ 11.9 (b) t ≈ 13.4

(c) t ≈ 12.6 (d) t ≈ 13.6

(e) t ≈ 12.9 (f) t ≈ 13.9

(g) t ≈ 13.1 (h) t ≈ 14.4

Figure 5.5: Visualization of the vortex reconnection at eight different times using the
λ2 criterion. The figures show the vortices seen from above.
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(a) t ≈ 11.9 (b) t ≈ 13.4

(c) t ≈ 12.6 (d) t ≈ 13.6

(e) t ≈ 12.9 (f) t ≈ 13.9

(g) t ≈ 13.1 (h) t ≈ 14.4

Figure 5.6: Visualization of the vortex reconnection at eight different times using the
λ2 criterion. The figures show the vortices seen from below. Only one side of the
reconnection is shown.
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Figure 5.7: Left: Initial vortex configuration, infinite vortex filament with a corner.
Right: Time evolution of the solution.



Chapter 6

Summary and Conclusion

In this work an accurate, high resolution simulation of two trailing vortices was
performed. Two straight vortices with a small perturbation in the velocity field
were introduced to the computational domain. As predicted, the vortex pair
developed Crow instabilities followed by a reconnection process resulting in a
series of vortex rings. The fastest growing instability mode was approximately
7.5b0 which is about 1.1b0 shorter than predicted by an existing approximate
theory. The estimated planes in which the vortices lay during the development
was tilted slightly more (≈ 52◦) than predicted by the same theory (≈ 48◦).

The reconnection process was studied in detail. When the vortices approach
each other helical vortex structures appear around each vortex. At the point
where the vortices are the closest, a vortex structure in the shape of a half circle
connects the helical structures around each vortex core. The half circle then
grows in time and finally becomes the main structure in the remaining vortex
ring.
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[20] Takashi Misaka, Frank Holzäpfel, Ingo Hennemann, Thomas Gerz, Michael
Manhart, and Florian Schwertfirm. Vortex bursting and tracer transport
of a counter-rotating vortex pair. Physics of Fluids, 24(2):025104, 2012.

[21] H Moet, F Laporte, G Chevalier, and Thierry Poinsot. Wave propagation
in vortices and vortex bursting. Physics of Fluids, 17(5):054109, 2005.

[22] Robert C Nelson. Flight stability and automatic control, volume 2.
WCB/McGraw Hill New York, 1998.

[23] Jan Nordström and Peter Eliasson. New developments for increased per-
formance of the sbp-sat finite difference technique. In IDIHOM: Indus-
trialization of High-Order Methods-A Top-Down Approach, pages 467–488.
Springer, 2015.

[24] Jan Nordström, Jing Gong, Edwin Van der Weide, and Magnus Svärd. A
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Appendix A

Visualization of Vortex
Reconnection

t ≈ 12.5

t ≈ 12.6
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t ≈ 12.7

t ≈ 12.8

t ≈ 12.9
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t ≈ 13.0

t ≈ 13.1

t ≈ 13.2
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t ≈ 13.3

t ≈ 13.4

t ≈ 13.5
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t ≈ 13.6

t ≈ 13.7

t ≈ 13.8
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t ≈ 13.9

t ≈ 14.0

t ≈ 14.1
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t ≈ 14.2

t ≈ 14.3

t ≈ 14.4

Figure A.1: Visualization of the vortex reconnection process at 20 different times using
the λ2 criterion.
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tillst̊and. All annan användning av dokumentet kräver upphovsmannens med-
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