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Abstract

Cosmology is the study of the universe as a whole, and attempts to describe the
behaviour of the universe mathematically. The simplest relativistic cosmological
models are derived from Einstein’s field equations with the assumptions of
isotropy and homogeneity. In this thesis, a few simple cosmological models
will be derived and evaluated with respect to their description of our universe
i.e., how well they match observational data from e.g., the cosmic background
radiation and redshift from distant supernovae. The models are derived from
Einstein’s field equations, which is why a large portion of the thesis will lay the
ground work for the field equations by introducing and explaining the language
of tensors.
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Sammanfattning

Kosmologi är läran om universum i stort samt dess matematiska beskrivning.
De enklaste relativistiska kosmologiska modellerna kan härledas från Einsteins
fältekvationer med hjälp av antaganden om isotropi och homogenitet. I denna
rapport kommer ett par av de enklaste modellerna att härledas, samt evalueras
baserat på hur väl de beskriver vårt universum, det vill säga hur bra de passar
de observationer som gjorts på exempelvis den kosmiska bakgrundsstrålningen
och rödskifte från avlägsna supernovor. Modellerna härleds utifrån Einsteins
fältekvationer, varför en stor del av rapporten består av en introduktion till
tensoranalys.

Nyckelord:
Tensorer, Allmän relativitetsteori, Einsteins fältekvationer, Kosmologi,
Friedmanns ekvation, FLRW-rumtider

URL för elektronisk version:

Gustafsson, 2018. v





Acknowledgements

First of all I would like to thank my family for their support and encouragement
throughout my studies. To my supervisor Fredrik Andersson, I would like to
express my gratitude for shaping my unstructured thoughts into a concrete thesis
topic, as well as providing me with extremely helpful discussions and suggestions
along the way. I would also like to thank my examiner Magnus Herberthson for
providing me with helpful comments and feedback. Lastly, I would like to thank
my opponent Sandra Grabmüller for the valuable insights a fresh pair of eyes
provides.

Gustafsson, 2018. vii





Contents

1 Introduction 1

2 The language of tensors 3
2.1 Manifolds and coordinate systems . . . . . . . . . . . . . . . . . . 3
2.2 Coordinate transformations . . . . . . . . . . . . . . . . . . . . . 4
2.3 Tensors and tensorial operations . . . . . . . . . . . . . . . . . . 6
2.4 The problem with the ordinary derivative . . . . . . . . . . . . . 10
2.5 The curvature tensor . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Einstein’s field equations 17
3.1 The vacuum field equations . . . . . . . . . . . . . . . . . . . . . 17
3.2 Observations and predictions . . . . . . . . . . . . . . . . . . . . 17

3.2.1 The perihelion precession of Mercury’s orbit . . . . . . . . 18
3.2.2 The deflection of light by the Sun . . . . . . . . . . . . . 18
3.2.3 The gravitational redshift of light . . . . . . . . . . . . . . 18

3.3 The full field equations of general relativity . . . . . . . . . . . . 19
3.3.1 The energy-momentum tensor . . . . . . . . . . . . . . . . 19

3.4 The coupling constant . . . . . . . . . . . . . . . . . . . . . . . . 23
3.5 The cosmological term . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Relativistic cosmology 27
4.1 The cosmological principle . . . . . . . . . . . . . . . . . . . . . . 27
4.2 Weyl’s postulate . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.3 The structure of the metric . . . . . . . . . . . . . . . . . . . . . 28
4.4 The Robertson-Walker line element . . . . . . . . . . . . . . . . . 32
4.5 Friedmann’s equation . . . . . . . . . . . . . . . . . . . . . . . . 34

Gustafsson, 2018. ix



Emil Gustafsson

5 Cosmological models 37
5.1 Measuring the cosmic curvature . . . . . . . . . . . . . . . . . . . 37
5.2 Flat space models . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.3 The accelerating expansion of the universe . . . . . . . . . . . . . 41
5.4 The early universe . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.5 Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

6 Conclusions 47

x



Chapter 1

Introduction

Throughout history humans have been curious about what kind of world we live
in. In ancient Greece the earth was thought to be the center of the universe,
which seems to be a reasonable assumption without any advanced measuring
equipment. Copernicus suggested instead a heliocentric model with the sun
in the center in 1543, which was formalized by Kepler in 1609 in his book As-
tronomia nova. Observations made by Galileo supported this model. The model
was used by Newton when he formulated the theory of gravitation in his book
Philosophiæ Naturalis Principia Mathematica in 1687. Newton’s first application
of the theory was to describe the motion of the planets in our solar system, and
thus the celestial mechanics was born. Newtons theory of gravitation would
remain unchallenged until 1916 when Einstein presented his theory of general
relativity which solved a lot of issues with the Newtonian model in the universe.

In the following chapters, Einstein’s theory of general relativity, together with
current observational data, will be used to derive a few models for the universe,
and the best fitting model will be presented, based on additional observational
data.

Gustafsson, 2018. 1





Chapter 2

The language of tensors

To start off, we will need to familiarize ourselves with tensor calculus. This
chapter will introduce the language of tensors, explain some of the advantages
with the tensor notation, and derive some important tensors for later use.

2.1 Manifolds and coordinate systems
Consider the surface of the earth. Globally, it is hard to describe exactly how
the earth looks at every point on one map, but locally we can draw maps of the
earth on a flat sheet. This works for small areas, but any attempt to draw the
entire earth on a map results in a skewed picture.

The same is true for objects called manifolds. They consist of pieces that
look like open subsets of Rn, which can be "glued together" smoothly. Each of
these pieces is assigned a coordinate system which, in general, will be different
for every piece. More precisely, if we let M be a manifold, then for every point
p ∈ M there exist a neighbourhood, D, of p, such that there is a continuous
one-to-one map, f , with a continuous inverse from D to an open subset, U , of
Rn, where n denotes the dimension of the manifold. This one-to-one map, f , is
called a homeomorphism. The components of f are the coordinates we assigned
to D above.

Furthermore, if f : D1 → U1 and g : D2 → U2 are such that D1 ∩D2 6= ∅, the
composition of f and g−1, f ◦ g−1 i.e., the coordinate transformation, has
to be infinitely continuously differentiable, i.e., f ◦ g−1 ∈ C∞. Note that f ◦ g−1

is an ordinary vector-valued function of n variables i.e., precisely the type of

Gustafsson, 2018. 3
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functions studied in multi-variable calculus. Hence, the notion of continuous
differentiability makes sense. A schematic picture can be seen in figure 2.1. For
a similar, but more detailed explanation, see e.g., [1].

Figure 2.1: A manifold and two copies of Rn.

2.2 Coordinate transformations

Coordinate transformations play an essential part for objects we will discuss
later, called tensors. When working with tensors, we want our calculations not
only to be valid in one coordinate system, but rather in all coordinate systems.
Therefore we need to look at the relationship between different systems.

Example 2.1. Let’s look at the three dimensional case. From multivariable
calculus we know that a coordinate transformation is given by

4
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u = f(x, y, z)
v = g(x, y, z)
w = h(x, y, z)

, (x, y, z) ∈ Ω

where f, g, h ∈ C∞(Ω), and Ω ⊂ R3 is some open set. Furthermore, the inverse
of the transformation has to be infinitely differentiable, i.e.,

x = f̃(u, v, w)
y = g̃(u, v, w)
z = h̃(u, v, w)

, (x, y, z) ∈ Ω̃ ⊂ R3

where f̃ , g̃, h̃ ∈ C∞(Ω̃). In order to generalize this to n dimensions we have
to make this expression more compact. There are three things to start with:
Firstly, let’s denote the new coordinate system by (x′, y′, z′). Secondly, rename
the functions f, g and h to f1, f2 and f3 respectively. Lastly, instead of having
(x, y, z), denote the coordinates with indices, i.e., (x1, x2, x3). Applying this to
the equations above we get

x′a = fa(x1, x2, x3), a = 1, 2, 3.
These are still three separate functions, but written in a more compact manner.
It is also quite obvious how to generalize this, but there is still some improvement
to be made and that is to denote the functions fa(x1, x2, x3) as x′a(xb), resulting
in the very compact notation

x′a = x′a(xb).
�

Let us now look at differentiating the coordinates of one coordinate system with
respect to the coordinates of another.

Example 2.2. Again, let’s consider the three dimensional case. Let the equation
of a surface be given by z = f(x, y). The differential is

dz = ∂f

∂x
dx+ ∂f

∂y
dy.

With the same notation as before, this is reduced (and generalized!) to

dx′a =
n∑
b=1

∂x′a

∂xb
dxb.

5
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Note that this is a set of n equations (n = 2 in the equation above), making
this a compact way of denoting the total differential. However, it can be made
even more compact by introducing Einstein’s summation convention, which
means that whenever an index is repeated as one subscript and one superscript,
it’s an implicit summation over the index from 1 to n (the dimension of the
manifold). Also, if the index is placed as a superscript in the denominator it
"counts" as a subscript and vice-versa, for example in the equation above, the "b"
acts as a subscript in the denominator and the summation convention kicks in.
The equations can thus be written as

dx′a = ∂x′a

∂xb
dxb.

Again, remember that this is actually n equations with n terms in each equation,
making this a really simple and compact expression. �

Definition 2.3. The Kronecker delta, δab, is defined as

δab =
{

1 if a = b

0 if a 6= b
.

This definition gives us a convenient symbol to (as an example) denote the
partial derivatives of the coordinates in any coordinate system, xa (by definition
of partial differentiation):

∂xa

∂xb
= δab.

2.3 Tensors and tensorial operations
As mentioned before, our goal is to create expressions that hold in all coordinate
systems, and introducing the language of tensors is a powerful tool which achieves
this.

Example 2.4. Take two coordinate systems in two dimensions: the Cartesian
xa = (x0, x1) = (x, y) and the polar x′a = (x′0, x′1) = (r, ϕ), where{

x = r cosϕ
y = r sinϕ

, r ≥ 0, 0 ≤ ϕ < 2π

A given real-valued function f can be expressed in both coordinate systems. As
an example, let us take

f(x, y) = x+ y = r(cosϕ+ sinϕ).
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Note that f is invariant, i.e., the value of f does not depend on the choice of
coordinate system. The partial derivatives of f are

∂f

∂xa
= 1, a = 0, 1

∂f

∂x′a
=
{

cosϕ+ sinϕ, a = 0
r(cosϕ− sinϕ), a = 1

.

We see here that the components of the differential are not invariant since they
depend on the choice of coordinates. It does, however, exist a relationship
between the components in the different systems, namely

∂f

∂x′a
= ∂f

∂xb
∂xb

∂x′a
,

by the chain rule. The second factor is the same as we saw in example 2.2, and
is the one single property that defines a tensor. �

Let us formalize this into a definition.

Definition 2.5. Let Xa and Xa be two different sets of functions depending
on the coordinates xa. Xa is called a covariant tensor if its components, X ′b,
in the coordinate system x′b are related to its components Xa in the coordinate
system xa by the relationship

X ′b = ∂xa

∂x′b
Xa.

Furthermore, if the components are related by

X ′b = ∂x′b

∂xa
Xa,

Xa is called a contravariant tensor.

An example of a contravariant tensor is a vector field, ua. On a side note, a
curve xa = xa(τ) which the vector field, ua, is a tangent to at all points on the
curve, is called an integral curve of ua, i.e., xa = xa(τ) is a solution to

dxa

dτ
= ua(xb).

Furthermore, if there exists an open set, U , such that only one such curve passes
through each point p ∈ U , the curves are said to form a congruence in U , but
more on this later.
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So far, the tensors we have seen has had one index. Those kinds of tensors are
said to have either covariant, or contravariant rank 1. If a tensor have both
upper and lower indices it is said to be a mixed tensor. If its contravariant
rank is p and its covariant rank is q, it is said to have type (p, q). A tensor with
an arbitrary co- and contravariant rank is usually denoted T.......

Definition 2.6. For a mixed tensor of type (2,2) the components in two coordi-
nate systems xa and x′b are related in the following way

X ′abcd = ∂x′a

∂xe
∂x′b

∂xf
∂xg

∂x′c
∂xh

∂x′d
Xef

gh.

The generalization to an arbitrary number of indices is natural from this point.

When it comes to valid operations, i.e., operations that preserve the tensor
property, we have addition, multiplication and contraction. The tensorial
property, i.e., a property of an operation which turns tensors into tensors, of
the first two operations are deduced almost directly from the tensor property.
Contraction is an operation which turns a tensor of type (p, q) into a tensor of
type (p− 1, q − 1) by setting a raised and a lowered index equal and summing
over them. For example,

Y abcd 7→ Y abbd ≡ Xa
d.

Furthermore, a covariant rank 2 tensor is said to be symmetric if Xab = Xba

and anti-symmetric if Xab = −Xba. A notation frequently used to denote the
symmetric part of a tensor is

X(ab) = 1
2 (Xab +Xba) ,

and the anti-symmetric part is

X[ab] = 1
2 (Xab −Xba) .

So far, we have seen co- and contravariant tensors as well as mixed tensors and
tensorial operations. We will now look at the metric, gab.

Definition 2.7. gab is a metric if

gab is symmetric, i.e., gab = gba.(i)

gab is a tensor of type (0,2).(ii)

gab is non-degenerate, i.e., gabuavb = 0, ∀vb ⇔ ua = 0.(iii)

8
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We may now define gab as the inverse of the metric, namely

gabg
bc = δa

c.

If we pick an arbitrary point, p, there exists a coordinate transformation that
reduces the entries of the metric, gab, where a = b to be either +1 or −1 and the
others to 0 at p, since gab is symmetric. A proof of this can be found in [2]. The
sum of all entries in this form is called the signature of the metric. In general
however, it is impossible to find coordinates such that the metric has this form
everywhere.

A special case, which we will limit ourselves to later, where we have a four-
dimensional manifold equipped with metric with signature −2, where three
dimensions denotes space and the fourth denotes time is called a space-time.
Moreover, one special metric we will use later on does always have the form
described above. This metric is called the Minkowski metric and is denoted
ηab. This is also the preferred metric in special relativity. If the elements in ηab
would be arranged in a matrix, the matrix will be diagonal with 1,−1,−1,−1
on the diagonal.

Lastly, with the help of the metric we can now talk about lowering and raising
indices on a tensor. Given a contravariant tensor, Xa, we define a covariant
tensor, Xb, by

Xagab = Xb,

i.e., a contraction with the metric lowers the index. Similarly, given a covariant
tensor, Xb, we define a contravariant tensor, Xa, by

Xbg
ab = Xa,

i.e., a contraction with the inverse metric raises the index.

Later on we will talk about time-like, space-like and light-like vectors, so let us
look at the definition for such vectors.

Definition 2.8. Let Xa be a vector on a Minkowski space-time. The norm of
the vector is defined by

X2 = gabX
aXb.

The vector Xa is said to be time-like if X2 > 0, space-like if X2 < 0 and null
or light-like if X2 = 0.

9
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2.4 The problem with the ordinary derivative
As we know by now, the goal is to create expressions which hold in all coordinate
systems. We defined tensors as a tool to obtain this, but we also want to be able
to differentiate tensors in a meaningful way so let’s try and differentiate the first
equation in Definition 2.5 with respect to x′c.

Example 2.9.

∂

∂x′c
X ′b = ∂

∂x′c

(
∂xa

∂x′b
Xa

)
= ∂2xa

∂x′c∂x′b
Xa + ∂xa

∂x′b

(
∂

∂x′c
Xa

)
= ∂xa

∂x′b
∂xd

∂x′c

(
∂

∂xd
Xa

)
+ ∂2xa

∂x′c∂x′b
Xa,

where the chain rule was applied in the last step. As we can see, the first term
on the right hand side behaves as a tensor, but we have an extra term that
breaks the tensor property. This means that the partial derivative of a tensor by
definition is not a tensor. �

This is a problem since we wish to obtain tensors when differentiating them,
otherwise it will counteract our goal of creating expressions which are valid in
all coordinate systems. Therefore we need to create a new operation which acts
as differentiation but creates tensors. As we saw in example 2.9, we have a term
that we wish to get rid of. Therefore we introduce the covariant derivative,
denoted ∇a.
We do have a few constraints on this operator:

When acting upon a tensor field, it has to produce a tensor field.(i)

When acting upon a real-valued function, it has to correspond to the
ordinary partial derivative, i.e., ∇af = ∂f

∂xa .
(ii)

It has to be metric, i.e., ∇agbc = 0. This means it commutes with the
lowering and raising of indices.

(iii)

It has to follow Leibniz’ law when differentiating products, i.e.,
∇a(T......S......) = S...

...∇aT...... + T...
...∇aS.......

(iv)

It has to be symmetric, i.e., ∇a∇bf = ∇b∇af , for all functions f .(v)

Let us now postulate a definition and investigate whether it fulfills the constraints.

10
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Definition 2.10. The covariant derivative of a covariant tensor is defined as

∇aXb = ∂Xb

∂xa
− ΓcabXc,

where the factors Γcab have to be designed in such a way that the covariant
derivative produces a tensor. We find, after a slightly long but straightforward
calculation, that this factor has to transform according to

Γ′abc = ∂x′a

∂xd
∂xe

∂x′b
∂xf

∂x′c
Γdef + ∂x′a

∂xd
∂2xd

∂x′b∂x′c
,

in order not to break the tensor property. We will soon derive a definition for
these factors, but let us investigate the covariant derivative for other types of
tensors first.

Example 2.11. Let us look at the covariant derivative of two tensors contracted
with each other. Since it is a product between tensors, Leibniz’ law can be
applied,

∇a(YbXb) = Yb∇aXb +Xb∇aYb = Yb∇aXb +Xb

(
∂Yb
∂xa
− ΓcabYc

)
.

On the other hand, since the contraction will produce a real valued function, the
covariant derivative must correspond to the ordinary partial derivative,

∇a(YbXb) = ∂

∂xa
(YbXb) = Yb

∂Xb

∂xa
+Xb ∂Yb

∂xa
.

The combination yields,

Yb∇aXb −XbΓcabYc = Yb
∂Xb

∂xa
⇔ Yb∇aXb = Yb

∂Xb

∂xa
+XbΓcabYc ⇔

⇔ Yb∇aXb = Yb

(
∂Xb

∂xa
+XcΓbac

)
⇒ ∇aXb = ∂Xb

∂xa
+ ΓbacXc,

because the second-last equality has to be valid for all Yb. �

Similarly, an expression for the covariant derivative of a mixed tensor can be
derived as

∇cXa
b = ∂Xa

b

∂xc
+ ΓacdXd

b − ΓdcbXa
d,

and so on for other types of tensors.

Now, the restraints put on the covariant derivative result in a unique expression

11
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for our unknown factors Γcab. Firstly, for any real-valued function f , properties
(i), (ii) and (v) yields

0 = ∇a∇bf−∇b∇af = ∇a
(
∂f

∂xb

)
−∇b

(
∂f

∂xa

)
= ∂

∂xa

(
∂f

∂xb

)
−Γcba

(
∂f

∂xc

)
− ∂

∂xb

(
∂f

∂xa

)
+ Γcab

(
∂f

∂xc

)
= (Γcab − Γcba) ∂f

∂xc
⇒ Γcab = Γcba,

since f was arbitrary.

Secondly, the metric property (iii) yields

∇agbc = ∂gbc
∂xa

− Γdabgdc − Γdacgbd = 0,

which, on permuting indices, results in

∂gbc
∂xa

= gdcΓdab + gdbΓdac
∂gab
∂xc

= gdbΓdca + gdaΓdcb
∂gca
∂xb

= gdaΓdbc + gdcΓdba.

By using the fact that Γcab = Γcba we get

gadΓdbc = 1
2

(
∂gab
∂xc

+ ∂gca
∂xb

− ∂gbc
∂xa

)
.

Finally, by contracting with the inverse of the metric, gae,

gae

2

(
∂gab
∂xc

+ ∂gca
∂xb

− ∂gbc
∂xa

)
= gaegadΓdbc = δedΓdbc = Γebc ⇔

⇔ /rename a to d and e to a/⇔ Γabc = gad

2

(
∂gdb
∂xc

+ ∂gcd
∂xb

− ∂gbc
∂xd

)
we see that the only way of getting a covariant derivative with the metric property
∇agbc = 0, is by defining the factors Γabc as follows:

Definition 2.12. The factors Γabc are called the Christoffel symbols and are
defined as

Γabc = gad

2

(
∂gdb
∂xc

+ ∂gcd
∂xb

− ∂gbc
∂xd

)
.

12
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Furthermore, in a more general context when we do not require symmetry of
the covariant derivative, the anti-symmetric part of the Christoffel symbols,

T abc = Γabc − Γacb,

is called the torsion tensor due to the fact that the terms that break the tensor
property in the Christoffel symbol will cancel out, and thus produce a tensor.
The torsion tensor will, as we have seen, vanish when we require symmetry of the
covariant derivative. Or equivalently, if the torsion tensor vanishes, the covariant
derivative will be symmetric.

2.5 The curvature tensor
One property we required from the covariant derivative was symmetry when
acting on a function f , but if we look at the commutator, ∇c∇dXa −∇d∇cXa

for the covariant derivative when acting on a vector, Xa, we obtain an interesting
result.
∇c∇dXa −∇d∇cXa =

= ∂

∂xc

(
∂

∂xd
Xa + ΓabdXb

)
+ Γaec

(
∂

∂xd
Xe + ΓebdXb

)
+

− Γedc
(

∂

∂xe
Xa + ΓabeXb

)
− ∂

∂xd

(
∂

∂xc
Xa + ΓabcXb

)
+

− Γaed
(

∂

∂xc
Xe + ΓebcXb

)
+ Γecd

(
∂

∂xe
Xa + ΓabeXb

)
=

= ∂

∂xc

(
∂

∂xd
Xa

)
− ∂

∂xd

(
∂

∂xc
Xa

)
+ Γaec

∂

∂xd
Xe − ∂

∂xd
(
ΓabcXb

)
+

− Γedc
∂

∂xe
Xa + Γecd

∂

∂xe
Xa − ΓedcΓabeXb + ΓecdΓabeXb+

+ ∂

∂xc
(
ΓabdXb

)
− Γaed

∂

∂xc
Xe + ΓaecΓebdXb − ΓaedΓebcXb =

=
(

∂

∂xc
Γabd −

∂

∂xd
Γabc + ΓebdΓaec − ΓebcΓaed

)
Xb.

Since the covariant derivative and subtraction are tensorial, the resulting ex-
pression inside the parenthesis has to be a tensor. It is often referred to as the
curvature tensor or the Riemann-Christoffel tensor.

Definition 2.13. The curvature tensor is defined as

Rabcd = ∂

∂xc
Γabd −

∂

∂xd
Γabc + ΓebdΓaec − ΓebcΓaed.

13
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From the definition we can see that it is anti-symmetric over the last pair of
indices i.e., Rabcd = −Rabdc. It can also be shown (calculations are carried
out in e.g., [3]) that the tensor Rabcd, where one index has been lowered, is
symmetric under the interchange of the first pair and the last pair of indices, i.e.,
Rabcd = Rcdab. From these two equations, it follows that the curvature tensor
with all indices lowered also is anti-symmetric on the first pair of indices, i.e.,
Rabcd = −Rbacd.

The symmetry of the Christoffel symbols lead to the identity

Rabcd +Radbc +Racdb ≡ 0.

To sum up, we have found that the lowered curvature tensor satisfies

Rabcd = −Rabdc = −Rbacd = Rcdab

Rabcd +Radbc +Racdb ≡ 0
.

It can also be shown that (see e.g., [3]),

∇aRdebc +∇cRdeab +∇bRdeca ≡ 0.

These differential identities are called the Bianchi identities. The curvature
tensor can be used to define other important tensors. A contraction over the
first and third index results in the Ricci tensor

Rab = Rcacb.

This is the only meaningful independent contraction because of the symmetries
of the curvature tensor, also note that Rab = Rba. A second contraction yields
the curvature scalar

R = gabRab.

These are used to define the Einstein tensor, Gab.

Definition 2.14. The Einstein tensor is defined as

Gab = Rab − 1
2gabR.

Again, note that Gab = Gba.

Furthermore, if Rab = 0 we get Gab = 0, and if Gab = 0 we get

0 = Rab − 1
2gabR⇒ 0 = gabRab − 1

2g
abgabR = R− 1

2δa
aR = R− 2R = −R.

14
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Hence R = 0 and since we assumed Gab = 0 it follows that Rab = 0. Thus, we
have shown that

Gab = 0⇔ Rab = 0.

The Einstein tensor can be shown to satisfy the contracted Bianchi identities,

∇bGab = 0.

15





Chapter 3

Einstein’s field equations

We will now discuss the field equations and some natural phenomena they predict,
starting with the vacuum equations. During the remaining chapters, Roman
indices will run from 0 to 3, and Greek indices will run from 1 to 3, if nothing
else is specified.

3.1 The vacuum field equations
The vacuum equations are only valid when there is no matter present. The
vacuum equations proposed by Einstein are

Rab = 0,

which from the previous chapter is equivalent to

Gab = 0.

If we limit ourselves to the four dimensional case this yields ten equations due
to the symmetries of the Ricci tensor.

3.2 Observations and predictions
There are mainly three conducted observations which confirm the predictions
made from the vacuum equations. They are all described in [3], but below follows
a short description of each experiment.
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3.2.1 The perihelion precession of Mercury’s orbit
As with all planets, the orbit of Mercury looks like an ellipse. The point closest
to the sun is called the perihelion, and this point slowly moves around the sun.
This rotation of the perihelion is called a precession, and is found in all orbits in
the solar system. Newtonian theory predicts this effect accurately for all planets
except for Mercury, the difference between observed and predicted precession is
too great. There had been some suggestions as to why this was the case, but
none that fit perfectly. That is, until Einstein suggested the theory of relativity,
which predict more or less exactly what is observed.

3.2.2 The deflection of light by the Sun
General relativity predicts light rays passing by massive objects to be bent by a
certain angle. A more massive object or a closer trajectory of the light ray to the
object would result in a larger deflection angle. This phenomena can be observed
with the help of our own sun. Such an experiment was first conducted in 1919
by Sir Arthur Eddington. The idea is to record a total solar eclipse and compare
the observed location of the stars which light rays would be affected by the Sun,
with their location when the Sun is not present. If light is to be deflected by
the Sun, the location of the stars should differ depending on whether the Sun
is present or not. This was confirmed by the experiment, whose observational
data exactly matched the prediction. However, later experiments reveal that the
result varies from 0.7 to 1.55 times the Einstein prediction.

3.2.3 The gravitational redshift of light
The third classical test is the gravitational redshift, namely where radiation is
exposed to a gravitational field and is forced to work against it. The prediction
is that the gravitational field will cause the radiation to lose energy and thus
become redshifted. This phenomena was somewhat difficult to observe prior to
1958, since the only way was to carry out astronomical measurements. These
measurements were difficult to interpret due to the lack of knowledge about the
details of the Sun and the solar atmosphere. In 1958 the so called Mössbauer
effect (see e.g., [5]) was discovered, which made a terrestrial test feasible.

Such a test was carried out by Pound and Rebka in 1960. They placed a
gamma ray emitter at the bottom of a 22 m tower and a receiver at the top,
making the gamma rays climb the Earth’s gravitational field, resulting in a
redshift. The gamma rays were, as predicted, less favorably absorbed by the
receiver due to the change in energy quanta. The gamma rays did not fit into
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the energy levels any more! By moving the receiver upwards at small measured
velocity, a compensating Doppler shift was produced which allowed the rays to
be resonantly absorbed. The experiment yielded a result 0.997± 0.009 times the
predicted shift.

3.3 The full field equations of general relativity
We have seen that the vanishing of the Ricci tensor in vacuum seems to be
consistent with observations, which means that the absence of matter results in
no Ricci-curvature. Note that in general, we would still see some curvature since
Rab = 0 ; Rabcd = 0. If, however, we introduce matter we should see some
Ricci-curvature, since it is generated by matter and energy. Furthermore, the
Einstein tensor is a symmetric rank 2 covariant tensor, and we will see that the
matter and energy also can be described by a symmetric rank 2 covariant tensor.
We will call this object the energy-momentum tensor.

3.3.1 The energy-momentum tensor
Depending on what type of matter we want to consider, the energy-momentum
tensor has a different appearance. Let’s begin by considering the simplest kind
of matter field, that is a type of matter without any interaction in between the
particles in the matter field. In this case the particles can be thought of as the
galaxies in the universe. Such a matter field is called non-interacting inco-
herent matter, or dust. Such a field may be characterized by two quantities,
the first being the unit tangent vector to the movement, or flow, of the particles,
i.e., length uaua = 1.
The second property is a scalar field

ρ0 = ρ0(xa),

which describes the proper density of the flow, i.e., the observed density by an
observer moving with the flow.

Using these two quantities we may create a tensor close to what we want,
that is, a rank 2 contravariant tensor,

T ab = ρ0u
aub.

Note that T ab here is defined in relativistic units, i.e., c = 1. In non-relativistic
units we have

T ab = c2ρ0u
aub.
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Let’s analyze this in special relativity in Minkowski coordinates. Here, ua can
be written as

ua =
(
γ, γ

dx

dt
, γ
dy

dt
, γ
dz

dt

)
= γ(1,u),

where γ is a scalar depending on the speed of the observer,

γ = 1√
1− v2

c2

,

and u = (ux, uy, uz) =
(
dx
dt ,

dy
dt ,

dz
dt

)
is the usual velocity vector from Newtonian

mechanics. T ab can thus be written as

T ab = ρ0γ
2


1 ux uy uz
ux u2

x uxuy uxuz
uy uxuy u2

y uyuz
uz uxuz uyuz u2

z

 .
We now show that the equations yielding a force-free motion of a matter field of
dust can be written as

∂

∂xa
T ba = 0.

For b = 0 this is equivalent to
∂

∂xa
T 0a = ∂

∂x0 (ρ0u
0u0) + ∂

∂x1 (ρ0u
0u1) + ∂

∂x2 (ρ0u
0u2) + ∂

∂x3 (ρ0u
0u3) =

= ∂

∂x0 (ρ0γ
2) + ∂

∂x1 (ρ0γ
2ux) + ∂

∂x2 (ρ0γ
2uy) + ∂

∂x3 (ρ0γ
2uz) =

= ∂

∂t
(ρ) + ∂

∂x
(ρux) + ∂

∂y
(ρuy) + ∂

∂z
(ρuz) = 0,

where ρ = ρ0γ
2 is the relativistic energy density, that is, the density which

would be measured by an observer moving with the relative velocity ua to the
flow. This is precisely the equation of continuity,

∂ρ

∂t
+ div(ρu) = 0.

This classical equation expresses the conservation of matter with density ρ
moving with velocity u. In special relativity this translates to an equation
describing the conservation of energy, since energy and matter are the same in
special relativity. Similar equations are for b = β = 1, 2, 3 found to be

∂

∂t
(ρu) + ∂

∂x
(ρuxu) + ∂

∂y
(ρuyu) + ∂

∂z
(ρuzu) = 0.
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This can be written as
∂

∂t
(ρu) + ∂

∂x
(ρuxu) + ∂

∂y
(ρuyu) + ∂

∂z
(ρuzu) =

u
∂ρ

∂t
+ρ∂u

∂t
+u

∂

∂x
(ρux)+ρux

∂u

∂x
+u

∂

∂y
(ρuy)+ρuy

∂u

∂y
+u

∂

∂z
(ρuz)+ρuz

∂u

∂z
=

u

(
∂ρ

∂t
+ ∂

∂x
(ρux)+ ∂

∂y
(ρuy)+ ∂

∂z
(ρuz)

)
︸ ︷︷ ︸

= 0, according to the equation of continuity.

+ρ
(
∂u

∂t
+ux

∂u

∂x
+uy

∂u

∂y
+uz

∂u

∂z

)
=

ρ

(
∂u

∂t
+ (u · ∇)u

)
= 0.

This can be compared with the Navier-Stokes equation of motion for a
perfect fluid in classical fluid dynamics,

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −grad(p) + ρX,

where p is the pressure in the fluid, and X is the body force per unit mass.
We can see that our derived equation matches this equation in the absence of
pressure and external forces.

We have now seen that the conservation of energy and momentum in the matter
field is equivalent to zero divergence of the energy-momentum tensor in special
relativity. This is also known as the energy-momentum conservation law. If
we don’t use the Minkowski metric, the partial derivative is replaced by the
covariant derivative according to

∇aT ba = 0.

We now make the transition to general relativity and use the following definition.

Definition 3.1. The energy-momentum tensor of non-interacting incoherent
matter, or dust, is defined as

T ab = ρ0u
aub,

where ρ0 is the proper density of the flow, and ua is a unit vector, tangent to
the flow.

The other kind of matter we will consider is called a perfect fluid, and is
characterized by three quantities: a unit tangent vector, ua, a proper density
field ρ0 = ρ0(xa) and a scalar pressure field p = p(xa). A perfect fluid is
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thus reduced to incoherent matter if p vanishes, which suggests that we take the
energy-momentum tensor for a perfect fluid to be

T ab = ρ0u
aub + pSab,

where Sab is some symmetric tensor associated with the fluid. The only rank 2
contravariant tensors Sab could consist of is therefore uaub and gab, a plausible
assumption we can make is thus

Sab = λuaub + µgab,

where λ and µ are constants. By investigating the conservation law in special
relativity in Minkowski coordinates, demanding that it reduces, in an appropriate
limit, to the equation of continuity and the Navier-Stokes equation in the absence
of external forces, the constants are computed to λ = 1 and µ = −1. The
calculations can be found in e.g., [4]. This results in the definition of the
energy-momentum tensor for a perfect fluid.

Definition 3.2. The energy-momentum tensor for a perfect fluid is defined as

T ab = (ρ0 + p)uaub − pgab.

where ρ0 is the proper density of the flow, p is a scalar pressure field, and ua is
a unit vector, tangent to the flow.

Moreover, p and ρ are related by an equation of state, which puts a constraint
on the perfect fluid in question. In general, this equation can be written as the
pressure, p, as a function of the density, ρ, and the absolute temperature, T , i.e.,
p = p(ρ, T ). However, we shall only look at situations where T is also a function
of ρ only, which means that p is a function of ρ only, i.e., the equation of state
reduces to

p = p(ρ).

We have now seen the two types of energy-momentum tensors we will use. Now
we may postulate the full field equations of relativity,

Gab = κT ab,

where κ is called the coupling constant. Here, Gab is a better choice than
Rab, since ∇aGab = 0 and ∇aT ab = 0, but ∇aRab 6= 0 in general.
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3.4 The coupling constant
In order to compute the coupling constant we have to make the assumption that
the true metric only varies slightly from the Minkowski metric in Minkowski
coordinates, that is

gab = ηab + εhab +O(ε2),
where ε is a small dimensionless parameter of order v/c, where v is the speed
of the observer. We will neglect terms of second order and higher in ε. We
will also assume that space-time is asymptotically flat, i.e., the metric, gab, is
reduced to a diagonal form with only ±1 diagonal components everywhere. This
requirement results in a constraint on hab, namely

lim
r→∞

hab = 0,

where r denotes a radial parameter.

Definition 3.3. Let
hab = ηacηbdhcd.

Then

(ηab + εhab)(ηbc − εhbc) = ηabη
bc + εhabη

bc − εhbcηab +O(ε2) ' ηabηbc = δa
c,

where ' means "equal to the leading order in ε", yielding

gab ' ηab − εhab,

to first order in ε. Since ηab is constant, the Christoffel symbols will be

Γabc = 1
2g

ad

(
∂gdc
∂xb

+ ∂gdb
∂xc

− ∂gbc
∂xd

)
'

1
2(ηad − εhad)

(
∂

∂xb
(εhdc) + ∂

∂xc
(εhdb)−

∂

∂xd
(εhbc)

)
'

1
2εη

ad

(
∂hdc
∂xb

+ ∂hdb
∂xc

− ∂hbc
∂xd

)
.

This will result in new expressions for the curvature tensor, the Ricci tensor and
the Einstein tensor, which means we can write the field equations according to

1
2εη

ab ∂

∂xa
∂

∂xb

(
hcd −

1
2ηcdη

efhef

)
' −κTcd.

For the precise calculations, see e.g., [3]. If we now take a distribution of dust as
the source field, with a small proper density ρ0, moving at a low velocity v, that
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is, a movement in space is considerably smaller than a movement in time, then
we can use the slow-motion approximation,

ε
∂f

∂xα
' ∂f

∂x0 ,

where f is any real-valued function representing some physical property. This is
a reasonable assumption, since the distance, dxα a body has moved in a small
time, dt, is

dxα ' vdt ' (v/c)cdt ' εdx0.

This approximation allows us to write the field equations as
1
2ε∇

2 (hab − 1
2ηabη

cdhcd
)
' κTab,

where ∇2 is the laplacian,

∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 .

Using the fact that

κ
(
Tab − 1

2ηabη
cdTcd

)
'

1
2ε∇

2 (hab − 1
2ηabη

cdhcd
)
− 1

4ε∇
2 (ηabηcdhcd − 1

2ηabη
cdηcdη

efhef
)

=
1
2ε∇

2 (hab − 1
2ηabη

cdhcd
)
− 1

4ε∇
2 (ηabηcdhcd − 2ηabηcdhcd

)
=

1
2ε∇

2hab − 1
4ε∇

2 (ηabηcdhcd)+ 1
4ε∇

2 (ηabηcdhcd) = 1
2ε∇

2hab,

we obtain
1
2ε∇

2hab ' κ
(
Tab − 1

2ηabη
cdTcd

)
.

For the energy-momentum tensor we neglect terms both of order v/c and ρ0v/c,
yielding

T ab = c2ρ0u
aub ' c2ρ0γ

2δ0
aδ0

b ' /γ ' 1/ ' c2ρ0δ0
aδ0

b,

which implies

Tab ' ηacηbdT cd ' c2ρ0ηacηbdδ0
cδ0

d ' c2ρ0ηa0ηb0

and
ηabTab ' c2ρ0η

abηa0ηb0 = c2ρ0η00 = c2ρ0.

This results in the zero-zero component of the field equations according to
1
2ε∇

2h00 ' κ
(
T00 − 1

2η00η
abTab

)
' κ

(
c2ρ0 − 1

2c
2ρ0
)
' 1

2κc
2ρ0 ⇔

⇔ ε∇2h00 ' κc2ρ0.
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The first assumption about an "almost Minkowski" metric gives us

g00 = 1 + εh00 ⇒ ∇2g00 = ε∇2h00,

that is,
∇2g00 ' κc2ρ0.

Let us now take a moment to contemplate our derivation. We made the assump-
tion that the metric varies only slightly from the Minkowski metric, which led to
a special way of writing the field equations. Next, we assumed a matter field of
dust moving with a low speed which allowed us to approximate the order of the
spatial derivatives times ε as the order of the partial derivative with respect to
x0. This reduced the energy-momentum tensor to only one non-zero component,
namely the zero-zero component, which led to the rewriting of the zero-zero
component of the field equations as described above.

As a continuation, let us use the weak-field limit as described in [3],

g00 = 1 + 2φ
c2

+O(v/c),

where φ is the Newtonian gravitational potential, yielding

∇2g00 ' ∇2
(

2φ
c2

)
.

Combined with our previous result, we get

∇2
(

2φ
c2

)
' κc2ρ0 ⇔ ∇2φ ' 1

2κc
4ρ0.

Comparing this with Poisson’s equation,

∇2φ = 4πGρ0,

where G is the Newtonian constant, we obtain

κ = 8πG
c4

,

which in relativistic units is equal to

κ = 8π.

We have now derived the coupling constant based on a few assumptions, and
thus the full field equations can, in relativistic units, be written as

Gab = 8πTab.
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3.5 The cosmological term
Since a set of partial differential equations may possess many solutions, most of
them will in general violate the principles of physics. In order to decide which
solutions are reasonable, a boundary condition has to be applied. Einstein, realiz-
ing that the field equations had to incorporate some kind of boundary condition,
tried to include the model of the universe of that time, which stated that the
universe is static, i.e., not undergoing any large-scale motion, and homogeneous,
i.e., filled uniformly with matter.

Regarding the spatial dimensions, there are two possibilities, either they go
on forever and the universe is infinite, or open, or they are bounded and the uni-
verse is finite, or closed. Einstein tried to find a static, closed and homogeneous
solution and was thereby forced to modify the field equations by introducing
an extra term, called the cosmological term, Λgab, where Λ is called the
cosmological constant, leading to the field equations according to

Gab − Λgab = 8πTab.

However, it was later discovered that the universe is in fact not static, but rather
is expanding, as evidenced by the galactic redshift, which was also found to be a
solution to the field equations without the cosmological term. This led Einstein
to reject the cosmological term, and described his original decision to include it as
"[...] the biggest mistake I ever made". However, most treatments of cosmology
still choose to include it, even if it is usually neglected when considering solar
system phenomena. The constant Λ is assumed to be very small, but has still a
great significance when modeling the universe. If Λ > 0, all matter experiences
a repulsion in the Newtonian model, and if Λ < 0, all matter experiences an
attraction.
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Chapter 4

Relativistic cosmology

Cosmology is the study of the origin and evolution of the universe as a whole.
These chapters will shed light on some of the simplest models, derived from
Friedmann’s equation.

4.1 The cosmological principle
The most fundamental principle on which cosmology is based upon is the cos-
mological principle. It states that our position, or any point for that matter, is
indifferent in the universe. Or, equivalently, as stated in [3],

"At each epoch, the universe presents the same aspect from every
point, except for local irregularities."

Lets us now look at the consequences of this postulate.

First things first, let us assume there is a global time coordinate, t, in the
universe. This assumption is reasonable because of the cosmic background ra-
diation, which will be discussed later. In the early universe this radiation was
thought to have a very high temperature, which has been decreasing ever since.
This means that, for instance, the inverse of the temperature behaves as a time
coordinate. If we look at one particular time instant, i.e., t = t0 = constant, and
denote the resulting 3-space as St0 , St0 has to be homogeneous since there
should not exist any privileged points according to the principle. Note that this
is independent of the choice of t0, i.e., all these 3-spaces have to be homogeneous.
Furthermore, the principle does not only require a lack of privileged points, but
it requires no privileged directions about any point as well. We say that St
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is globally isotropic for all t, which means that St is spherically symmetric
about every point. Thus, the cosmological principle requires that space-time can
be divided into space-like slices, St, with spherical symmetry about every point
in the slice. Note that this does not apply to the universe in detail, but rather
on a smoothed universe over cells of diameter of 108 to 109 light years. The
cosmological principle is a principle of simplicity, and requires that the universe
is both isotropic and homogeneous.

There are quite a few observations which supports this principle, but the agree-
ment varies greatly. Observations from visible galaxies suggests that their
distribution is isotropic to about 30%, and measurements of the cosmic mi-
crowave radiation suggests that this radiation is isotropic to fractions of a
per-cent. These consequences will lead to a few constraints on the metric, which
will be investigated after the introduction of Weyl’s postulate.

4.2 Weyl’s postulate

In 1923, Hermann Weyl tried to answer the question of how a theory like general
relativity could be applied to a unique system such as our universe. A natural
assumption is that if a theory is to be valid everywhere in the universe, it should
in fact be valid in our own neighbourhood as well. Weyl argued that observers
associated with the smeared-out motion of galaxies are privileged in a sense that
they are able to work with this smeared-out motion due to the fact that the
relative velocities in each group of galaxies are small. He continues by introducing
a "substratum", or fluid, in the universe. In this substratum, the galaxies would
move like "fundamental particles", assuming special motion for these particles.
The details can be studied in [3], but the essence of the postulate is that this
substratum may be taken to be a perfect fluid, i.e.,

T ab = (ρ0 + p)uaub − pgab.

4.3 The structure of the metric

For this section, we begin by studying figure 4.1. This is a schematic picture of
the previously discussed 3-spaces, together with the integral curves of the vector
field ua from the energy-momentum tensor.
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Figure 4.1: Schematic picture of the 3-spaces together with the integral curves
to the vector field ua.

In order to do any kind of useful calculations we first have to introduce a coordi-
nate system. We do this by showing that there exists a neighbourhood D to p
such that we may introduce coordinates (t, x1, x2, x3) on D.

Study figure 4.2. Let p ∈ M and t0 = t(p), i.e., p ∈ St0 . Then there ex-
ists a neighbourhood V ⊂ St0 to p such that coordinates (x1, x2, x3) can be
introduced on V . Note that if viewed as a subset of St0 , V is open, but not if
seen as a subset of M .

Now, let D̃ ⊂ M be a neighbourhood to p, i.e., a 4-dimensional neighbour-
hood this time, such that coordinates (y0, y1, y2, y3) can be introduced on D̃,
and V ⊂ D̃. Note that V might have to shrink to satisfy this condition. Let ya0
be the coordinates of p in this coordinate system.

Let us now for a moment study the integral curve Γp to ua which passes
through p. ua and the gradient of t are time-like and therefore not orthogonal,
hence Γp can be parameterized by t (see e.g., [6]). This means that points in Γp
satisfy

dya

dt
= ua(yb), ya(t0) = ya0 ,
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and there exists a unique solution on some interval

t0 − εp < t < t0 + εp,

according to theory for differential equations. Let γp denote the set of points
on Γp which corresponds to those values for t. If we repeat this process for all
points q ∈ V we obtain a lot of pieces of integral curves, corresponding to time
intervals t0 − εq < t < t0 + εq, where εq in general varies with q.

If we now attempt to choose D as the union of all γq we are not guaran-
teed to end up with an open set, and if we choose D as all interior points to the
union, D might not contain V completely. We thus turn to the requirement for
homogeneity. If εq had to vary with q, it would contradict the homogeneity of
St0 . Consequently, we may pick εq = εp,∀q ∈ V , yielding D = ∪q∈V γq.

If now r ∈ D is arbitrary, we may construct the coordinates to r in the following
way: Let t1 = t(r), i.e., r ∈ St1 , furthermore, according to our construction,
there exists some integral curve γq1 containing r, which intersects St0 at q1. If
q1 has the coordinates (x1

1, x
2
1, x

3
1), we assign r the coordinates (t1, x1

1, x
2
1, x

3
1).

Figure 4.2: Schematic picture of the construction of D.

We now look at the specific entries of the space-time metric, starting with g0a.

By construction, an integral curve of ua may be parameterized by t according to

xa = xa(t, x1
0, x

2
0, x

3
0),

where x1
0, x

2
0 and x3

0 are constant on the curve, yielding the derivative

ua = dxa

dt
= (1, 0, 0, 0).
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If we now take a vector wa in the tangent space to some St, (St2 in figure 4.3),
to be

wa = (0, 1, 0, 0),

we can deduce that
g01 = gabu

awb = 0,

since ua and wb are orthogonal. If they were not orthogonal, the orthogonal
projection of ua on the tangent plane would not be the zero-vector, resulting in
a privileged direction which is a contradiction to our demand for isotropy. By a
similar reasoning for the other spatial directions, we get that

g0α = 0.

Regarding the zero-zero component, we have

g00 = gabu
aub = 1,

since ua has unit length, the scalar product with itself is 1.

Figure 4.3: Schematic picture of the 3-spaces with a tangent plane and relevant
vectors.

For the remaining entries, we may once again study figure 4.1. Imagine drawing
for instance, a triangle on our initial slice St0 . If we follow the integral curves

31



Emil Gustafsson

for each point to, say, St1 , the triangle would only differ in size compared to
its original shape on the initial slice, since there should not be any favoured
directions. There can be no rotation, shear, or other deformation other than a
rescaling, equal in all directions, acting on our shape. It is therefore reasonable
to assume that the metric has the structure

ds2 = dt2 − S(t)2dσ2,

where S(t) is a scale factor depending on time, dσ2 = hαβdx
αdxβ , and hαβ is a

positive definite metric independent of time. Remember that Greek indices run
from 1 to 3.

Regarding dσ2, we may once more use the requirement about an isotropic
universe. Since every 3-space is isotropic about every point, it also has to
be spherically symmetric about every point. This leads to (details in [3]) the
existence of coordinates (r, θ, φ) such that

dσ2 = eλdr2 + r2(dθ2 + sin2 θdφ2),

where λ = λ(r), resulting in the full space-time metric

ds2 = dt2 − S(t)2 (eλdr2 + r2(dθ2 + sin2 θdφ2)
)
.

4.4 The Robertson-Walker line element
If every 3-space with metric dσ2 is isotropic and homogeneous and independent
of time, the 3-curvature at any point must be a constant (see e.g. [1], since that
implies that all points are geometrically identical. Such a space is characterized
by

R̃αβγδ = K(hαγhβδ − hαδhβγ),

where K is a constant called the curvature. R̃αβγδ can be constructed by
following the same steps as in section 2.5, i.e., from the coordinate system
defined on a 3-space and given the metric, h̃αβ , from which we define the
Christoffel symbols, Γ̃αβγ from Definition 2.12 and the curvature tensor R̃αβγδ
from Definition 2.13. Its Ricci tensor then becomes

R̃βδ = Khαγ(hαγhβδ − hαδhβγ) = K(3hβδ − hβδ) = 2Khβδ.

From the last section we know that the spatial metric is given by

dσ2 = hαβdx
αdxβ = eλdr2 + r2(dθ2 + sin2 θdφ2),
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where λ = λ(r). We will now try to find the exact relation between λ and r.

From the metric we find, by a long but straight-forward calculation, the non-zero
components of the Ricci tensor,

R̃11 = λ
′

r
, R̃22 = 1 + re−λλ

′

2 − e−λ, R̃33 =
(

1 + re−λλ
′

2 − e−λ
)

sin2 θ,

which together with the equation of constant curvature becomes
λ
′

r = 2Keλ

1 + re−λλ
′

2 − e−λ = 2Kr2(
1 + re−λλ

′

2 − e−λ
)

sin2 θ = 2Kr2 sin2 θ

⇒

{
λ
′ = 2Kreλ

1−Kr2 = e−λ
, r 6= 0.

This implies that we can write the line element as

dσ2 = dr2

1−Kr2 + r2(dθ2 + sin2 θdφ2),

or, with the time component,

ds2 = dt2 − S(t)2
(

dr2

1−Kr2 + r2(dθ2 + sin2 θdφ2)
)
.

We would like to write the line element in such a way that K is absorbed into
the the scale factor and the radial coordinate. By introducing a rescaled radial
parameter, assuming K 6= 0, r∗ = |K|1/2r, and defining k as the sign of K,
K = |K|k, we can rewrite the line element as

ds2 =dt2 − S(t)2
(

dr2

1−Kr2 + r2(dθ2 + sin2 θdφ2)
)

=

dt2 − S(t)2
(
|K|−1dr∗2

1− kr∗2 + |K|−1r∗2(dθ2 + sin2 θdφ2)
)

=

dt2 − S(t)2

|K|

(
dr∗2

1− kr∗2 + r∗2(dθ2 + sin2 θdφ2)
)
.

If K = 0, on the other hand, there is no need to rescale the radial parameter, as
we simply obtain (renaming r = r∗ for convenience)

ds2 = dt2 − S(t)2 (dr∗2 + r∗2(dθ2 + sin2 θdφ2)
)
.
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By defining a rescaled scale function,

R(t) =
{

S(t)
|K|1/2 , if K 6= 0
S(t), if K = 0

,

and dropping the stars on the radial coordinate, we obtain

ds2 = dt2 −R(t)2
(

dr2

1− kr2 + r2(dθ2 + sin2 θdφ2)
)
,

where k = +1,−1 or 0. This is known as the Robertson-Walker line element.

Depending on the value of k, the slices will get different shapes. In [3] the
three different cases are presented, and the result is shown in table 4.1.

k Geometry of space Type of universe
+1 Spherical Closed
0 Flat Open
−1 Hyperbolic Open

Table 4.1: The geometry for different curvatures.

If k = 1, the physical interpretation of R(t) is the size of the universe, or in some
sense the time dependent radius of the sphere. If k = −1, R(t) could also be
seen as the size of the universe, but R(t) now governs the scale instead of the
radius. The final case, where k = 0 does not provide a physical interpretation of
R(t). This can be understood from the Robertson-Walker line element. If k = 0
we may rescale r and let R(t) include the common factor, i.e., the value of R(t)
for some t can be chosen arbitrarily.

4.5 Friedmann’s equation
We will now solve the field equations with the cosmological term,

Gab − Λgab = 8πTab,

by using the metric,

ds2 = dt2 −R(t)2
(

dr2

1− kr2 + r2(dθ2 + sin2 θdφ2)
)
,
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the energy-momentum tensor of a perfect fluid,

Tab = (ρ+ p)uaub − pgab,

and using the fact that in our preferred coordinate system

ua = (1, 0, 0, 0).

From the metric we can deduce that the Christoffel symbols where all indices
are different, or where two or more indices equals zero, will vanish. By applying
the definition of the Christoffel symbols, it turns out that only 13 independent
symbols will be non-zero (not counting symmetries), namely

Γ0
11 = R(t)Ṙ(t)

1− kr2 , Γ0
22 = R(t)Ṙ(t)r2, Γ0

33 = R(t)Ṙ(t)r2 sin2 θ,

Γ1
01 = Γ1

10 = Ṙ(t)
R(t) , Γ1

11 = kr

1− kr2 , Γ1
22 = kr3 − r, Γ1

33 =
(
kr2 − 1

)
r sin2 θ,

Γ2
02 = Γ2

20 = Ṙ(t)
R(t) , Γ2

12 = Γ2
21 = 1

r
, Γ2

33 = sin θ cos θ,

Γ3
03 = Γ3

30 = Ṙ(t)
R(t) , Γ3

13 = Γ3
31 = 1

r
, Γ3

23 = Γ3
32 = cos θ

sin θ .

To compute the curvature scalar, the Ricci tensor with equal indices has to
be calculated (due to the fact that the metric is diagonal). By applying the
definition of the Ricci tensor, the following is obtained:

R00 = −3R̈(t)
R(t)

R11 = R̈(t)R(t) + 2Ṙ(t)2 + 2k
1− kr2

R22 = R̈(t)R(t)r2 + 2Ṙ(t)2r2 + 2kr2

R33 = R̈(t)R(t)r2 sin2 θ + 2Ṙ(t)2r2 sin2 θ + 2kr2 sin2 θ

.

By contracting with the inverse of the metric, the curvature scalar is obtained:

R = − 6
R(t)2

(
R̈(t)R(t) + Ṙ(t)2 + k

)
,

yielding two independent equations, namely,

G00 − Λg00 = 8πT00 ⇔
3Ṙ(t)2 + 3k

R(t)2 − Λ = 8πρ,
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and

G11−Λg11 = 8πT11 ⇔
2R̈(t)R(t)+Ṙ(t)2+k

kr2 − 1 +Λ R(t)2

1−kr2 = 8π
(

0 + p
R(t)2

1− kr2

)
which can be written as

2R̈(t)R(t) + Ṙ(t)2 + k

R(t)2 − Λ = −8πp.

Since we demand homogeneity and isotropy, both ρ and p have to be functions of
time t only. The relationship between these quantities is heavily biased towards
the energy density, ρ, due to matter. The pressure, p, has been observed to
be a factor 105 − 106 smaller than the energy density at the current epoch.
Consequently, as long as states of the universe not too different from the present
one are considered, we may take p = 0. This leaves the first equation unchanged,
and the second can be rewritten as
2R̈(t)R(t)+Ṙ(t)2+k

R(t)2 −Λ = 0⇔2R̈(t)Ṙ(t)R(t)+Ṙ(t)3+kṘ(t)−ΛR2(t)Ṙ(t) = 0.

Note that the first two terms can be written as

2R̈(t)Ṙ(t)R(t) + Ṙ(t)3 = d

dt

(
R(t)Ṙ(t)2) .

Integrating both sides thus yields

R(t)
(
Ṙ(t)2 + k

)
− 1

3ΛR(t)3 = C ⇒ 3Ṙ(t)2 + 3k
R(t)2 − Λ = 3C

R(t)3 ,

and by comparing this to the first equation, namely

3Ṙ(t)2 + 3k
R(t)2 − Λ = 8πρ,

we see that the constant of integration C is given by

C = 8
3πR(t)3ρ(t).

This formula can be used to eliminate ρ according to

3Ṙ(t)2 + 3k
R(t)2 − Λ = 8πρ = 3C

R(t)3 ⇔ Ṙ(t)2 + k − R(t)2

3 Λ = C

R(t) ⇔

⇔ Ṙ(t)2 = C

R(t) + R(t)2

3 Λ− k.

This is Friedmann’s equation, and describes the rate of change of the scale
factor with respect to time in the absence of pressure.
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Chapter 5

Cosmological models

In the last chapter we found Friedmann’s equation,

Ṙ2 = C

R
+ Λ

3R
2 − k,

from the assumptions of the cosmological principle, Weyl’s postulate with p = 0
and general relativity. We also argued that in the current epoch of the universe,
energy density dominates over pressure, due to matter. The task at hand is now to
solve Friedmann’s equation for different values of the unknown parameters. The
solutions to Friedmann’s equations is usually referred to as the FLRW models,
short for Friedmann-Lemaître-Robertson-Walker models. The requirements are
as follows:

C > 0, −∞ < Λ <∞, k = −1, 0, 1,

where k governs the curvature of the 3-spaces, Λ is governing how the scale
factor varies over time, and C is a constant of integration. The question is, what
are the observed values for these parameters?

5.1 Measuring the cosmic curvature
First we will look at the rescaled curvature, k. How does one measure the
curvature of the universe? The most practical and precise way is to see if light
rays bend towards or away from each other. Quite naturally, a longer light ray
will cause a more prominent bend, which is why the oldest known radiation
is used for such experiments, namely the cosmic background radiation. Now,
if the universe was truly isotropic, it would be impossible to tell whether indi-
vidual light rays has been bent, but as previously mentioned, we assumed the
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universe was isotropic an a very large scale, which still allows local "hot spots"
of radiation in the universe. By calculating what the conditions were like in
the early universe, it has been found that the dominant hot spots in the cosmic
background radiation should have an angular size of about 1◦ for a flat universe.
See e.g., [7]. If the universe is closed, i.e., k = 1, the hot spots would appear
larger, i.e., the angular size would be larger, and smaller if k = −1. An experi-
ment conducted in 2002 called the BOOMERanG experiment ([9]) observed the
angular size of about 1◦, consistent with an open, flat universe. More about how
these calculations and experiments were conducted can be found in [7], [9] and [8].

There is however another explanation which would still allow k as 1 or -1,
called inflation, which we will briefly discuss at the end of this chapter. Now,
we will look at the different flat-space models.

5.2 Flat space models
In the flat 3-space case, Friedmann’s equation reduces to

Ṙ2 = C

R
+ Λ

3R
2.

We will now solve the equation for three different sets of values for Λ.

Case I, Λ < 0:
If we assume Λ < 0 and defining Ω = −Λ, we may solve the equation by
introducing a new variable,

u = − 2Λ
3CR

3 = 2Ω
3CR

3

By differentiation we get,
u̇ = 2Ω

C
R2Ṙ,

yielding,

u̇2 = 4Ω2

C2 R
4
(
C

R
− Ω

3 R
2
)

= 4Ω2

C
R3 − 4Ω3

3C2R
6 = 6Ωu− 3Ωu2 = 3Ω(2u− u2).

Either of the roots can be used in the following calculation, they will produce
the same result. Let us use the positive square root,

u̇ = du

dt
= (3Ω)1/2(2u− u2)1/2,
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which can be integrated by parts,∫
du

(2u− u2)1/2 =
∫

(3Ω)1/2dt = (3Ω)1/2t+D,

where D is a constant of integration. For the u-integral, we have to make the
substitutions v = 1− u and cosw = v:∫

du

(2u−u2)1/2 =
∫

du

(1−(1−u)2)1/2 =
∫

−dv
(1−v2)1/2 =

∫ sinwdw
(1−cos2 w)1/2 = w,

yielding,
cos
(

(3Ω)1/2t+D
)

= 1− u.

If we introduce a translated time coordinate,

t′ = t+ D

(3Ω)1/2

we obtain, by dropping the prime,

cos
(

(3Ω)1/2t
)

= 1− u = 1− 2Ω
3CR

3 ⇔ 2Ω
3CR

3 = 1− cos
(

(3Ω)1/2t
)
⇔

⇔ R3 = 3C
2Ω

(
1− cos

(
(3Ω)1/2t

))
= 3C

2(−Λ)

(
1− cos

(
(3(−Λ))1/2t

))
.

Since C > 0 and Λ < 0 in this case, their precise values are irrelevant for the
qualitative behaviour of the model. Hence, we get the graph in figure 5.1.

Figure 5.1: Graph of the function R(t) =
(

3C
2(−Λ)

(
1− cos

(
(3(−Λ))1/2t

)))1/3
.
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As we can see, this model predicts an expansion to a certain point in time, after
which it starts to contract. This fate of the universe is usually referred to as the
big crunch, and will occur 2π

(3(−Λ))1/2 time units after the big bang.

Case II, Λ > 0:
For the case Λ > 0 a similar calculation can be found in [3], resulting in

R3 = 3C
2Λ

(
cosh

(
(3Λ)1/2t

)
− 1
)
,

yielding the qualitative graph shown in figure 5.2.

Figure 5.2: Graph of the function R(t) =
( 3C

2Λ
(
cosh

(
(3Λ)1/2t

)
− 1
))1/3.

Case III, Λ = 0:
This case can be found almost directly from Friedmann’s equation,

Ṙ2 = C/R⇒ R1/2dR = C1/2dt.

By again integrating,
2
3R

3/2 = C1/2t+D,

and by translating the time coordinate, we get

R =
(

3
2C

1/2t

)2/3
=
(

9
4Ct

2
)1/3

.

This is called the Einstein-de Sitter model, and its graph can be found in
figure 5.3.
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Figure 5.3: Graph of the function R(t) =
( 9

4Ct
2)1/3.

5.3 The accelerating expansion of the universe

We have discussed redshift due to a gravitational field, but there are other
things which can cause a redshift in light. Imagine drawing a wave on an elastic
band and then stretching the band. The "wavelength" of the wave will now
increase, or redshift. This is what happens in the universe since the universe
is expanding. But how can we measure whether the rate of expansion is constant?

If we look at extremely distant galaxies we will see them as they were bil-
lions of years ago. If the rate of expansion of the universe remained constant,
the relationship between the distance to the galaxy and its redshift would be the
same for distant galaxies as well as nearby ones. If, on the other hand, the rate
of expansion either has increased or decreased there would be some significant
deviations from this relationship.

In 1998, the Supernova Cosmology Project ([10]), led by Saul Perlmutter reported
their observations from Type Ia supernovae (see e.g., [7]) in distant galaxies,
revealing that we in fact live in a universe where the rate of expansion is in-
creasing. If we now look back at figures 5.1, 5.2 and 5.3 we see that only one
k = 0-model predicts a universe with accelerating expansion, and that is figure
5.2, where C > 0 and Λ > 0.
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Hence, the spce-flat FLRW-model that best describe our universe is

R(t) =
(

3C
2Λ

(
cosh

(
(3Λ)1/2t

)
− 1
))1/3

,

giving

ds2 = dt2 −
(

3C
2Λ

(
cosh

(
(3Λ)1/2t

)
− 1
))2/3 (

dr2 + r2(dθ2 + sin2 θdφ2)
)
.

Modern measurements of Λ estimates Λ = 9543± 1.7 km2 s−2 Mpc−2, or equiva-
lently Λ = 9.99 · 10−36 ± 1.7 · 10−39s−2 (see e.g., [8]), confirming our choice of
scale factor.

5.4 The early universe
In order to see what these models predict for the early universe, let us apply
Maclaurin expansion to the models with non-zero cosmological constant. We
obtain

R(t) =
(

3C
2Ω

(
1− cos

(
(3Ω)1/2t

)))1/3
=
(

3C
2Ω

(
(3Ω)1/2t

)2
2 +O(t4)

)1/3

'

'
(

3C
2Ω

3Ωt2

2

)1/3

=
(

9Ct2

4

)1/3

,

and

R(t) =
(

3C
2Λ

(
cosh

(
(3Λ)1/2t

)
− 1
))1/3

=
(

3C
2Λ

(
(3Λ)1/2t

)2
2 +O(t4)

)1/3

'

'
(

3C
2Λ

3Λt2

2

)1/3

=
(

9Ct2

4

)1/3

,

which means that all the three models makes exactly the same prediction for small
values of t, and that is a big bang model, expanding at a rate of R '

( 9C
4
)1/3

t2/3,
i.e., the same graph as for the Einstein-de Sitter model in figure 5.3.

Remember how we derived these models; we neglected the pressure since ob-
servations revealed we live in an epoch of the universe which is dominated by
matter. This is however not true for the early universe. Early on, the universe
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was dominated by radiation. This can be realized by thinking back towards the
big bang. The photons (and atoms) becoming increasingly compressed, together
with the lesser redshift of the cosmic background radiation means a more rapid
increase in photon energy density than in the density of matter, i.e., more
energy is contained in the photons rather than in the atoms at sufficiently early
times. In other words, the early universe must have been radiation-dominated
and not matter-dominated like our current epoch. The equation of state for a
radiation-dominated model is given by p = ρ/3 (see e.g., [3]). We will now look
at the resulting model.

Remember Einstein’s field equations, namely

3Ṙ(t)2 + 3k
R(t)2 − Λ = 8πρ

and
2R̈(t)R(t) + Ṙ(t)2 + k

R(t)2 − Λ = −8πp.

If we take p = ρ/3, k = 0 and Λ > 0 we obtain

Ṙ2

R2 −
Λ
3 + 2R̈R+ Ṙ2

R2 − Λ = 2R̈R+ 2Ṙ2

R2 − 4
3Λ = 0⇔ 2

3ΛR2 = R̈R+ Ṙ2.

Note that the right hand side of the last equation is proportional to the second
time derivative of R2, that is

d2

dt2
(
R2) = d

dt

(
2RṘ

)
= 2RR̈+ 2Ṙ2,

yielding
d2

dt2
(
R2) = 4

3ΛR2.

We introduce the variable S(t) = R(t)2 to solve the differential equation,

4
3ΛS(t) = S̈(t)⇔ S(t) = C1e

√
4
3 Λ t + C2e

−
√

4
3 Λ t.

where C1 and C2 are arbitrary constants. If we take a moment to reflect over
the possible values for these constants, we find that C1 has to be positive and C2
has to be negative in order to still predict a big-bang model. If we let C3 = −C2
and translate the time coordinate by

t′ = t+
(

4Λ
3

)−1/2
ln
√
C1

C3
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we get

S(t′) = C1e
√

4
3 Λt′−ln

√
C1
C3 − C3e

−
√

4
3 Λt′+ln

√
C1
C3 =

=
√
C1C3e

√
4
3 Λt′ −

√
C1C3e

−
√

4
3 Λt′ = 2

√
C1C3 sinh

(√
4Λ
3 t′

)

and by dropping the prime we obtain

R(t) = 2(C1C3)1/4

√√√√sinh
(√

4Λ
3 t

)
≡ C4

√√√√sinh
(√

4Λ
3 t

)
.

By applying Maclaurin expansion we may compare the behaviour of the early
universe according to this model with our previous models:

R(t) = C4

√√√√sinh
(√

4Λ
3 t

)
= C4

√√
4Λ
3 t+O(t3) ' C4

(
4Λ
3

)1/4
t1/2.

Notice how this model predicts a more rapid early expansion compared to the
previous R '

( 9C
4
)1/3

t2/3. This is caused by the introduction of pressure, since
that causes a counteraction to gravity.

We have seen that all these models predict a big bang, but the predictions
do not stop there. Shortly after world war II, Robert Dicke and P. J. E. Peebles
concluded that the early universe had to be filled with many high energy, short
wavelength photons to undergo the required thermonuclear reactions. The uni-
verse has since then expanded tremendously, causing the wavelengths of the high
energy photons to be stretched out. As a result, they have become low energy,
long wavelength photons. The temperature of this radiation is now only a few
degrees Kelvin. By Wien’s law (see e.g., [7]), a radiation with that temperature
corresponds to a peak intensity wavelength at the microwave domain. Hence the
name cosmic microwave background or cosmic background radiation.

In the early 1960s Dicke and his colleagues attempted to detect this radia-
tion by designing an antenna, however Arno Penzias and Robert Wilson from
the Bell Telephone Laboratories got there first. They were, however, not trying
to detect the cosmic background radiation, but relay telephone calls to commu-
nications satellites orbiting Earth. They were quite stumped by the fact that no
matter how they pointed their antenna, they detected a faint background noise.
This turned out to be the first discovery of the cooled down cosmic background
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radiation. Penzias and Wilson were rewarded the Nobel Prize in physics 1978 for
their discovery. More about the cosmic background radiation can be studied in [7].

Note that when we relied on the cosmic background radiation in section 4.1 to
introduce a global time coordinate, we only used the existence of the radiation,
combined with the expansion of the universe. Both of these phenomena are, as
we have seen, observational facts, and an increase in volume corresponds to a
decrease in temperature. This prediction from Dicke and Peebles only suggest
the origin of the radiation.

5.5 Inflation
As previously mentioned, another possible scenario is an inflationary one, where
during a short period of time after the big bang, the universe expanded expo-
nentially faster than the rate given by the standard scenario. If the inflationary
scenario turns out to be true, the conclusions from the previously mentioned
experiments will have to be reevaluated, since they allow the curvature k to
be either 1, 0 or -1, since the size of the universe is far greater than assumed.
This means that even though k 6= 0, the universe would still appear flat due to
the scale factor R(t) being very large. Compare this with the curvature of the
earth; by simply looking at the horizon, the curvature is difficult to distinguish
since the radius of the earth is relatively large. This, however, will not produce
a FLRW-model for the early universe, which is why this scenario will not be
discussed further, it can instead be studied in e.g., [3] and [7].
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Chapter 6

Conclusions

We started off this thesis by introducing the language of tensors, which gave
us a practical notation for Einstein’s field equations. We found that the full
field equation made a connection between the matter and the structure of the
universe. The postulate by Weyl in 1929 let us take the the matter to be a
perfect fluid, and the cosmological principle let us derive a general structure of
the metric for our own universe, namely

ds2 = dt2 −R(t)2
(

dr2

1− kr2 + r2(dθ2 + sin2 θdφ2)
)
.

Furthermore, since observations revealed that we live in a universe dominated
by matter, we neglected the pressure p, i.e., p = 0. With these components
we solved Einstein’s equations, yielding Friedmann’s equation, which has three
unknown parameters: k, which corresponds to the curvature of the universe, Λ,
which governs the relationship between the scale factor and time, and C, which
is a constant of integration which we did not investigate further. The value of k
could be 1, 0 or -1, and the resulting geometries of space can be found in table
4.1. The value of Λ spans over R, and even though the magnitude is important,
its sign will be key when deciding which model we use. To be able to focus on
only one parameter, we used observational data from the cosmic background
radiation, and thus chose k = 0. This choice yielded three models. The first one,

R(t) =
(

3C
2(−Λ)

(
1− cos

(
(3(−Λ))1/2t

)))1/3
, Λ < 0

predicts a so called "big crunch", where the universe after a period of time would
start to contract, and would eventually have an infinitesimal size. The second
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model,

R(t) =
(

2
3C

1/2t

)2/3
, Λ = 0

is referred to as the Einstein de Sitter model, and the third model,

R(t) =
(

3C
2Λ

(
cosh

(
(3Λ)1/2t

)
− 1
))1/3

, Λ > 0

predicts an ever increasing size, as well as an accelerating expansion of the
universe. The qualitative graphs can be seen in figure 5.1, 5.3 and 5.2 respectively.
Hence the scale factor R(t) has qualitatively very different behaviour depending
on the sign of Λ. We noted that all models predicts the same expansion for the
early universe, namely

R(t) '
(

9C
4

)1/3
t2/3,

i.e., a Big Bang-model.

We used additional observational data, specifically measurements from very
distant supernovae, which suggest that we live in a universe with an accelerating
expansion. The only model that fit this discovery were the one where Λ > 0, sug-
gesting this model as the best fitting FLRW-model to the current measurements.
There exists however better fitting models for the early universe, e.g.,

R(t) = C4

(
4Λ
3

)1/4
t1/2.

Note that this model is derived using another equation of state, namely p = ρ/3.

As a continuation, a future project could be to analyze different models where
for example, inflation is taken into account, the requirement for isotropy is gone,
small deviations from homogeneity are allowed, or by replacing the simple models
of matter, i.e., p = 0 or p = ρ/3 with e.g., ρ = ρm + ρr and p = pm + pr, where
index m and r corresponds to density and pressure of matter and radiation
respectively, and where pm = 0 and pr = ρr/3.
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