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Abstract

This project consists of analyzing and finding solutions to the effect of non-linear distor-
tion on the performance of a Massive Multiple Input Multiple Output (MIMO) system in
terms of Spectral Efficiency (SE) and Symbol Error Rate (SER). Massive MIMO is one of
the technologies that are considered the backbone of the 5th generation of wireless com-
munications and therefore this technology has gathered much interest from researchers
and companies alike [19], as it is proven that this kind of system greatly improves the
capacity of the wireless connection [8]. Since Massive MIMO is still a relatively new
technology and it is yet to be implemented for commercial use, there are several chal-
lenges that arise when trying to implement such a system. One of these problems arise
from the fact that the Power Amplifiers (PAs) in the transmitters of Massive MIMO sys-
tems are non-linear and thus impose a distortion on the transmitted signals of the system
[12]. The thesis aims to study this non-linear effect on the performance of massive MIMO
systems by first modelling the distortion effect on the transmitted signals using two dif-
ferent non-linear models. Moreover, closed-form expressions for one of the models are
formed to facilitate the simulation of the non-linear model and facilitate the analysis of
the distortion effect on the performance metrics. Then the established system model is
simulated and based on the results, the effect of each of the power amplifier non-linear
distortion models on the performance metrics of the Massive MIMO system is studied.
Furthermore, based on the analysis of the simulation results, a compensation mechanism
is introduced to the Massive MIMO system in order to mitigate the distortion effect on
the system performance in terms of SER and SE.
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Notation

Used Notations

Notation Meaning
N Set of natural numbers
C Set of complex numbers
Z Set of Integers

tr( ·) Trace operation of a matrix
IM Identity matrix of size M
| · | Norm of complex number
|| · || Euclidian norm of a matrix
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( ·)H Hermitian transpose of a matrix
E{ ·} Expectation with respect to one channel realization
E{ ·} Expected value with respect to an arbitrary random variable
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1
Introduction

The current generation of wireless communications (4G) cannot satisfy the exponential
growth in the demand for higher data rates that the wireless communications industry is
facing. To increase the data rate and enhance the performance and reliability of wireless
communications, several technologies that will constitute the next generation of wireless
communications (5G) are being developed. One of the most prominent technologies that
will be used for 5G is Massive Multiple Input Multiple Output (MIMO), as seen in Figure
1.1, where the Massive MIMO network lies at the center of the interconnected 5G system
[19].

The main idea behind Massive MIMO is that it uses a Base Station (BS) that has an array
containing a larger number of antennas compared to the number of user terminals (UTs)
it serves as shown in Figure 1.2. This provides Massive MIMO systems with the ability to
use spatial-division multiplexing where different data streams are sent to different users
in the same frequency band and time period, as opposed to the conventional time-division
multiplexing and frequency-division multiplexing where the data streams are separated
by time and frequency respectively [9]. The Massive MIMO setup has been proven to
increase both the achievable rate of data, termed SE in this report, and the power gain of
the system [8].

However, since Massive MIMO is a relatively new technology, there are several chal-
lenges that arise when implementing such a system. One such problem arises from the
fact that the hardware used for transmitting and receiving the signals between the UTs and
the BS is not ideal, which imposes some distortion on the signal when it is transmitted
or received [4]. This distortion affects the performance of both the Spectral Efficiency
(SE) of the Massive MIMO system and the Symbol Error Rate (SER), where the detected
signal is faulty. It can be argued that using a high quality hardware design can make up for
the aforementioned distortion. Such designs can include components that perform crest-
factor reduction and digital predistortion on the signal to minimize the distortion due to

1



2 1 Introduction

hardware impairments [11].

Figure 1.1: Projected overview of a 5G network [19, p. 4]

Nonetheless, close-to-ideal designs drastically increase the complexity and cost of the
hardware especially since the BS in a Massive MIMO system uses a large number of
antennas [4]. It naturally follows that using low-end and cheaper hardware for Massive
MIMO systems is more adequate, especially at the BS [4]. Investigating the signal dis-
tortion in Massive MIMO systems and finding solutions to counteract its effect on the
performance of the SER and SE of such systems is crucial for the deployment of 5G,
where data transmission reliability and SE are of the utmost importance.

1.1 Problem statement

The implementation cost and hardware complexity of Massive MIMO requires designs
with low-end hardware which distorts the signal that is transmitted and received by the
BS. For the downlink (DL) transmission of the signal, each transmitter at the BS requires
the signal to go through a PA that amplifies the power of signal linearly until it starts ap-
proaching a specific value, called the saturation power [17]. Once the power of the signal
is close to this saturation power, the Power Amplifier (PA) starts non-linearly amplifying
the signal power until it saturates at a given saturation output power. This non-linear be-
havior can be described by a soft-clipping function, where the output saturation is smooth
[5]. As for the uplink (UL) transmission, the BS antennas are equipped with Analog to
Digital Converters (ADCs) and Low Noise Amplifiers (LNA) which cause the received
signal to be clipped [11]. The clipping function in this case is a hard-clipping function,
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Figure 1.2: A typical MIMO system [9]

where the signal is clipped directly after reaching the high-power amplitude threshold
[17]. The clipping effect causes two types of distortion: In-band distortion where the
transmitted and received signal is distorted, and out-of-band distortion where the trans-
mitted signal disturbs other signals in adjacent frequencies [11].

Since Massive MIMO systems require the use of non-ideal PAs at the BS, it is crucial to
investigate the effect of the non-linear distortion on the transmitted signals when imple-
menting these systems to make them commercially viable. Thus, the focus of this thesis
will be on the effect of the in-band distortion of the transmitted signal during the DL data
transmission, where the BS sends data symbols to the UTs. This distortion degrades the
performance of the system by affecting the following performance metrics; the SE and the
SER. When channel coding is applied, the SE determines the data rate a communication
system achieves and since the demand for higher achievable rates for wireless communi-
cation systems is ever increasing, determining the distortion effect on the SE is needed.
Additionally, the reason behind using the SER as another performance metric lies in the
need of having a reliable system where the message symbols in the transmitted signal
match the ones detected in the received signal. When the SER and SE are evaluated,
the system is assumed to have perfect Channel State Information (CSI). The following
questions are answered in this thesis:

• How can the clipping effect on the received signal of a DL Massive MIMO system
be modelled?

• How is the SER and SE affected by this clipping effect?

• How can this performance loss caused by clipping be compensated?

One of the solutions that could compensate for the non-linear distortion on the signal is
to limit the power of the signal which is at the input of the non-linearity. While this back-
off technique has been proven to limit the distortion [17], it also degrades the SNR of
the system which entails a degradation in performance in terms of the SE and the SER.
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Therefore, simulations will be performed to find Input Back-Off (IBO) values that suffi-
ciently reduce the non-linear distortion and consequently its effect on the aforementioned
performance metrics of the system without losing too much of the SNR value.

1.2 Thesis structure

The problems that this thesis seeks to solve will be tackled in the following way. Initially,
in Chapter 2, a literature review of all the back theory needed to grasp the concepts of
Massive MIMO and non-linear distortion will be presented. In Chapter 3, a system model
for the clipping effect on the received signal of a DL MIMO system will be established.
Then, the system model will be simulated under different assumptions and the results will
be studied and evaluated in Chapter 4. Additionally, after analyzing the simulation results,
a solution to compensate for this distortion will be tested in the simulations and the results
will be shown in Chapter 4. Finally, a conclusion about the clipping effect on DL Massive
MIMO systems will be drawn and shown in Chapter 5.



2
Theoretical Background

The system model developed in this thesis relies on a wide range of previously estab-
lished theories of which some understanding is required. This chapter thus provides a
comprehensive analysis of the needed background knowledge in order to facilitate the
understanding of the system model.

2.1 Properties of stochastic signals

In a communication system, the received and transmitted signals are usually modelled as
stochastic processes due to the random nature of the elements in said system [11]. The
time notations for a analog signal is (t) and [n] for a discrete-time signal. A stochastic
process, say x(t), is a random variable whose realizations are functions of time and the
main interest in using these processes to model signals are the statistical properties they
offer [14]. In this manuscript, we focus on the Auto-Correlation Function (ACF) of the
stochastic process, which is its defined as [14]

Rx(t1, t2) = E{x(t1)x(t2)}, (2.1)

where Rx(t1, t2) is the ACF of process x(t), t1 and t2 are two different time intervals.
The process is said to be Wide Sense Stationary (WSS) when the ACF only depends of
τ = t2− t1 such that

Rx(t1, t2) = Rx(0, t2− t1) = Rx(τ),

and its mean is independent of time

E{x(t)}= E{x(0)}.

5



6 2 Theoretical Background

If a WSS stochastic process has zero mean, its variance is expressed as

σ
2
x(t) = Rx(t, t) = Rx(0),

where σ2
x(t) is the variance of x(t) and is, in this case, independent of time. A process is

called white when its ACF can be written as [14]

Rx(τ) = R0δ (τ),

where R0 is a constant, and δ (τ) is the Dirac delta function. A zero mean white process
is therefore WSS and its variance is a constant.

2.2 General LTI SISO system

The mathematical model of a general Single Input Single Output (SISO) system is estab-
lished as a basis for all the analyses in this report. The assumptions made for the SISO
system is imposed on the Massive MIMO system model that is developed later as well.

The message q, which is the information that the sender wishes to convey, is first chosen
from a set of possible messages called an alphabet {qi},such that 0≤ i < I, where I is the
alphabet size. The message is then mapped onto the discrete complex baseband symbol
s[n] such that there are I possible transmitted signals where si[n] is transmitted when qi
is mapped to it. The symbol si[n] then goes through the modulator yielding a real valued
analog passband signal s(t) that contains the message [1]. A basic type of modulation is
Pulse Amplitude Modulation (PAM) which converts the discrete time symbol from digital
to analog (D\A) by employing a pulse function as follows

s(t) = ∑
n

s[n]p(t−nT ), (2.2)

where T is the symbol time and p(t) is the pulse function. In all the analyses that follow,
the reconstruction is assumed to be ideal meaning that the pulse function is set as p(t) =
1
T sinc( t

T ) [14].

As seen in Figure 2.1, the passband signal is passed through the channel and the received
signal of a SISO system becomes

y(t) = (g∗ s)(t)+w(t), (2.3)

where y(t) is the received signal, g(t) is the Linear Time-Invariant (LTI) channel response,
w(t)∼NC(0,N0) is the Additive White Gaussian Noise (AWGN) due to thermal noise [14],
and (∗) denotes the convolution operation. The AWGN follows a zero mean complex
white Gaussian distribution and has variance N0.

Inserting (2.2) into (2.3) yields

y(t) = ∑
n

s[n] (g∗ p)(t−nT ).
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The received signal then goes through the demodulator yielding the complex baseband
signal y[n] that contains a distorted version of the transmitted data symbol [2]. y[n] can be
written as

y[n] = h[n]s[n]+w[n], (2.4)

where h[n] is the discrete-time channel.

g(t)
x(t) y(t)

w(t)

+x[n] Modulator y[n]Demodulator

Figure 2.1: Block diagram of the SISO communication system model [1]

2.3 Modulation schemes and detection in an AWGN
channel

The PAM modulated symbol in (2.2) can be described in a N ≤ I dimensional space
diagram such that [2]

s(t) =
N−1

∑
j=0

si, jϕ j(t),

where ϕi(t) is the orthonormal basis of the space diagram.

Since the symbols start in the complex baseband, the modulator separates the real and
imaginary part of the signal such that we get a two dimensional diagram where the real
and imaginary parts are called in-phase and quadrature respectively [1].

In general, a modulation scheme is a method of distributing the symbols on the signal
space diagram [2]. In this report, two types of coherent modulation schemes, in which the
receiver has full knowledge of the carrier phase, are used and both have basis functions
that are expressed as [2]

ϕ0(t) =

√
2
T

cos(2π fct), such that 0≤ t < T,

and

ϕ1(t) =−
√

2
T

sin(2π fct), such that 0≤ t < T,

where ϕ0(t) is the in-phase and ϕ1(t) is the quadrature, and fc is the carrier frequency.

2.3.1 QPSK

The first modulation scheme is Quadrature Phase Shift Keying (QPSK), where the symbol
s[n] can take one of the four possible configurations [2]:
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s1 =
√

Eav(
√

2
2 +

√
2

2 i), s2 =
√

Eav(
√

2
2 −

√
2

2 i), s3 =
√

Eav(
−
√

2
2 +

√
2

2 i) and s4 =
√

Eav(
−
√

2
2 −√

2
2 i),

where Eav is the average signal energy. The symbols are generated randomly by taking
one of the four possible QPSK values with the same

√
Eav.
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-3 -2 -1 0 1 2 3

In-phase

-3

-2

-1

0

1

2

3

Q
u
a
d
ra
tu
re

QPSK with N0=1

Figure 2.2: Constellation of 500 QPSK symbols with
√

Eav = 1, AWGN variance
N0 = 0.001 to the left and N0 = 1 to the right, and each circle ’o’ represents the
original symbol while each ’x’ represents one of the received symbols

After modulation, the signals are transmitted through the AWGN channel that distorts
the signal depending on the value of the noise variance N0. As means of demonstration,
five hundred QPSK symbols with an average signal energy

√
Eav = 1 are generated. The

generated symbols then pass through an AWGN channel with a variance of N0 = 1 first
and N0 = 0.001 afterwards. As seen in Figure 2.2, when the noise variance is one, the
received symbols are noticeably distorted and stray away from the original symbol values,
which are represented by circles in this figure. On the other hand, when the noise variance
is N0 = 0.001, the symbols are less distorted and clearly stay close to the original symbol
values.

Assuming that all symbols are equally likely to occur, the demodulator receives the sig-
nals and employs a detection method, called Maximum Likelyhood (ML) detection, that
estimates to which of the original configuration values each symbol belongs. This is done
by first calculating the Euclidean distance of each symbol to each of the original values
as follows [2]:

d2(y,si) = |y− si|2, (2.5)
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where y is the received symbol and si is one of the original constellation symbols. The
detector then assigns the estimate ŝ to the si that yields the smallest Euclidian distance.

The detection region is defined as the region in which the received signal is closer to
one particular original symbol than any other [2]. The boundaries of these detection re-
gions are orthogonal to the line between the corresponding signals. In QPSK, where each
symbol has two neighbour, the detection region of each symbol is bounded by two other
detection regions where the bound is orthogonal to the line between the two neighbouring
symbols. Hence, all the detection regions in QPSK are mutually orthongonal as seen in
Figure 2.5.

-3 -2 -1 0 1 2 3

Quadrature

-3

-2

-1

0

1

2

3

In
-p
h
a
se

s1 s2

s3 s4

Figure 2.3: A QPSK diagram showing the detection regions, which are separated
from each other by a dotted line, of each symbol

Theoretically, when all the detection regions are mutually orthogonal, the SER is esti-
mated by resorting to the expression [2]

Pe = 2Q
(√

Eav
N0

)
−Q2

(√
Eav
N0

)
, (2.6)

where Q( ·) is the ’Q’ function used for Gaussian signals.

2.3.2 16 QAM

The second modulation scheme considered in this manuscript is 16 Quadrature Amplitude
Modulation (QAM) where the symbol chooses a value from the alphabet such that signal
space diagram of this modulation technique is [1]

si =Cz1 + iDz2 , i = 4z1 + z2 z1,z2 = 0,1,2,3,
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where Cz1 is the zth
1 in-phase component of the signal and Dz2 is the zth

2 quadrature compo-
nent of the signal. As was done for QPSK, five hundred 16 QAM symbols are generated
randomly and transmitted through an AWGN channel with a variance of N0 = 0.001 and
N0 = 1, the effect of which is shown in Figure 2.4. The noise affects the 16 QAM symbols
in the same way as QPSK symbols, that is that the higher the AWGN variance, the further
the received symbols stray from the original constellation.
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16 QAM with N0=0.01
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Figure 2.4: Constellation of 500 16 QAM symbols, AWGN variance N0 = 0.001 to
the left and N0 = 1 to the right, and each circle ’o’ represents the original symbol
while each ’x’ represents one of the received symbols
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Figure 2.5: A 16 QAM diagram showing the detection regions, which are separated
from each other by a dotted line, of each symbol
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ML detection is also employed for the theoretical detection of transmitted 16 QAM sym-
bols since the detection regions for each symbol are mutually orthogonal as well. Hence,
the theoretical error probability is expressed as

Pe = 3Q
(√

Eav

5N0

)
− 9

4
Q2
(√

Eav

5N0

)
,

2.4 Fading channels and the coherence interval

Due to the propagation characteristics of electromagnetic signals and the obstacles that
they face during transmission, the channel cannot be modelled as LTI for the entire dura-
tion of the transmission [1]. In this case, the channel is called fading and its response is
modelled as a stochastic process.

In a fading environment the coherence bandwidth Bc is defined as the bandwidth in which
the channel frequency response is approximately constant [8]. On the other hand, the
coherence time Tc is the time in which the channel is time invariant. The coherence
interval contains the transmission of τc = TcBc symbols [8].

The relationship between the symbol time Ts and bandwidth Bs with Tc and Bc dictates that
when the symbol time is markedly smaller than the coherence time Ts� Tc, the channel
is considered time-invariant and it is slowly fading meaning that the channel is fixed for
the entire transmission [1]. On the other hand, when Ts � Tc, the channel is said to be
fast fading and takes a different response for every coherence interval [1]. Additionally,
when Bs � Bc, the channel is considered to be frequency selective where its frequency
response affects different frequency components of the signal differently [1]. Finally,
when Bs� Bc the channel is frequency non-selective and the fading is flat meaning that
the channel frequency response is constant for all frequency components of the symbol
[1].

The channel fading for all the analyses in this report is assumed to be fast, frequency
non-selective fading where the channel takes one realization during the entirety of the
coherence interval. Moreover, the effect of such a fading channel can be modelled as
block fading where each coherence interval contains a random channel realization that is
independent of the realization found in another coherence interval is assumed [3].

The random channel elements thus follow a Rayleigh distribution in which the elements
are zero mean Independent and Indentically Distributed (IID) elements h′∼NC(0,1) [1].

2.5 Massive MIMO system overview

Generally, a MIMO system consists of a cell where a transmitter is equipped with M an-
tennas that serve a receiver with K antennas. There are three types of MIMO systems,
the first one being point-to-point MIMO systems, where the transmitter and the receiver
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antennas are mounted on a transmitted and receiver array respectively [8]. In point-to-
point MIMO, the number of transmitter and receiver antennas is small, typically under
min(M,K)=(8,8) and the SE scales linearly with min(M,K) at high SNR [9]. The second
type of MIMO systems is the multi-user MIMO system, where the transmitter and/or re-
ceiver antennas are no longer restrained to be on an array, but are in separate terminals
[9][8]. One drawback of multi-user MIMO system is that it requires complicated signal
processing schemes in order to achieve high SE [9]. The last type of a MIMO system is
the Massive MIMO system which is an extension of multi-user MIMO with the require-
ment that the number of BS antennas are large and the number of UTs is: K � M [8].
Massive MIMO systems are superior to other types of MIMO systems because they re-
quire only simple precoding schemes to provide high SE [8][9]. An additional benefit of
using Massive MIMO systems is that as M increases, the array gain of the desired signal
increases as well [9]. A Massive MIMO network usually consists of many cells equipped
Massive MIMO BSs. However, only a single cell network is considered in this report, the
structure of which is shown in Figure 2.6.

Figure 2.6: A single cell Massive MIMO network [8, p. 37]

2.5.1 Downlink and uplink transmissions

To achieve successful spatial multiplexing, where each transmitted signal from the BS
antennas reaches its intended user with minimal interference [8], the BS in a Massive
MIMO system requires to have CSI before transmitting data to the UTs. Therefore, a
part of the coherence interval has to be dedicated for a pilot transmission phase, called
the training phase, where the UTs send pilots to the BS so it can estimate the channel. In
this report, perfect CSI is assumed so the channel estimation is perfect. Aside from the
pilot transmission phase, the coherence interval contains two modes of data transmission
for Massive MIMO systems; UL transmission where the UTs transmit the data to the
BS, and DL transmission where the BS transmits to the UTs. The mode studied in this
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thesis is the DL transmission. The different kinds of transmission phases can be done in
the same time interval but in different frequency bands, in that case Frequency Division
Duplex (FDD) is used. The other method of separating the transmission phases is Time
Division Duplex (TDD), where the transmissions occur in the same frequency band but
in different time intervals within the coherence interval as seen in Figure 2.7 [8]. It is
assumed that with the current technology and knowledge at hand, TDD it is the best
method of using the coherence intervals [4] [8]. The reason behind this is that TDD
ideally provides channel reciprocity where the UL channel and the DL channel are equal
so once the BS has estimated the UL channel, it also acquired the estimated DL channel
[8]. Therefore, when TDD is used, only K pilots are needed. On the other hand, in FDD,
on top of having UTs sending K pilots to the BS to estimate the UL channel, the BS has
to also send M DL pilots to UTs which in turn transmits M feedback signals to the BS to
estimate the DL channel [8]. Since assigning a pilot for each transmitter cost resources, it
is clear that TDD reduces the training cost compared to FDD.

Downlink dataBc

Tc

Uplink data Uplink pilots

Figure 2.7: A TDD coherence interval

2.5.2 Downlink Massive MIMO with ideal transmitters setup

The DL Massive MIMO data transmission can be mapped to the model shown in Section
2.2 but instead of having one antenna transmitting a modulated data symbol, there are
several antennas that individually transmit a modulated data symbol and each BS/UT
antenna pair have a unique channel [8]. This channel can be modelled as follows

hmk[n] =
√

βkh′mk[n],

where the subscripts m and k denote the mth and kth BS and UT antennas respectively, βk
is the large scale fading coefficient due to range-dependent path loss and shadow fading,
and h′mk[n] is the Rayleigh fading channel coefficient [8]. In all the following analyses, the
large scale fading coefficients are a positive and real valued constant in each coherence
interval.

The SE is determined from the demodulated complex baseband received signal. Therefore,
only the demodulated received signal is considered and it is defined as

y[n] = HH [n]x[n]+w[n], (2.7)
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where ( ·)H denotes the conjugate transpose of a matrix, H[n] ∈ CM×K is the channel
matrix, x[n] = [x1[n],x2[n], .....xM[n]]T is the discrete-time transmitted signal vector, y[n] =
[y1[n],y2[n]....yK [n]]T is the received signal vector with yk[n] being the received signal at
each UT k, and w[n]∼NC(0,N0IK) is the additive white noise which follows a zero mean
complex white Gaussian distribution and has a variance of N0. The noise is independent
of all other components in the received signal.

The channel matrix for all the analyses in this report is defined as H[n] = [h1[n],h2[n], ....hK [n]]
and each channel vector hk[n] ∈ CM×1 is made of the IID fading elements such that
hmk[n]∼NC(0,βk).

The discrete-time complex baseband transmitted vector x[n] is written as [8]

x[n] = V[n]s[n] =
K

∑
k=1

vk[n]sk[n], (2.8)

in which s[n] is the data symbol vector that consists of the data symbols such that s[n] =
[s1[n],s2[n], .....sK [n]]T , and V[n] is the precoding matrix and can be written as

V[n] = [v1[n],v2[n], ....vk[n]],

with vk[n] = [v1k[n],v2k[n], ....vMk[n]]T being the precoding vector for each UT k. V[n] is
chosen as a function of H[n] according to the chosen precoding method, as shown later in
Section 2.5.4. Each data symbol sk[n] is zero mean and has a variance σ2

sk[n]
= E{|sk[n]|2}.

We stress that the actual transmitted symbol is a passband analog signal and here the
discrete complex baseband transmitted signal is part of the components of the received
signal after demodulation.

The transmitted signal xm[n] is a zero mean complex Gaussian signal when we condition
it on a given channel realization since it also depends on sk[n].

In this report, the UTs are considered to have perfect CSI.

The received signal of the DL Massive MIMO system is defined as

y[n] = HH [n]V[n]s[n]+w[n] = HH [n]
K

∑
k=1

vk[n]sk[n]+w[n]. (2.9)

2.5.3 SE and SER derivations

To evaluate the SE of the system, we use the capacity bounds shown in the following
analysis which initially requires the decomposition the received signal at UT k such that
it can be written in terms of the useful signal, uncorrelated interuser interference and
additive noise as follows

yk[n] = hH
k [n]vk[n]sk[n]+

K

∑
i=1,i,k

hH
k [n]vi[n]si[n]+wk[n]. (2.10)
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The SE analysis requires the evaluation of the Signal to Interference to Noise Ratio (SINR)
and to facilitate the calculation of this SINR we define the term rkk[n] = hH

k [n]vk[n] where
each index represents the index of hH

k [n] and vk[n] respectively. For a DL system where
the UTs have full CSI, the SINR can be expressed as [4]

SINRk[n] =
σ2

sk[n]
|rkk[n]|2

σ2
sk[n]

∑
K
i=1,i,k |rki[n]|2 +N0

. (2.11)

A lower bound on the capacity of the system, called ergodic capacity in the case of a block
fading model, is given by [8]

Csum ≥
K

∑
k=1

E{log2(1+SINRk)}, (2.12)

where Csum is the sum capacity of the system and it is computed in (b/s/Hz). The SE of
the system is determined by ∑

K
k=1E{log2(1+SINRk)} [8].

For the SE analysis, the modulated symbol sk[n] is considered as a complex Gaussian
symbol. However, determining the performance of the system in terms of SER requires
the symbols to be drawn from a finite alphabet. Hence, QPSK and 16 QAM modulations
are considered for the SER analysis.

Additionally, computing the SER requires further manipulation of the received signal yk
to extract the modulated symbol from it. This is done by normalizing the received signal
by hH

k vk yielding

ŷk =
yk

hH
k vk

= sk +
hH

k ∑
K
i=1,i,k visi +wk

hH
k vk

. (2.13)

The distorted data symbol ŷk is then fed to the detector which estimates the SER.

In this case, the ML detection described in Section 2.3.1 is called the minimum distance
detector and it is employed when QPSK modulation is used. However, this type of de-
tector is not optimal when the system is subjected to hardware distortion as seen in later
sections, especially when using 16 QAM modulation where there are 16 detection re-
gions. Therefore when 16 QAM modulation is used, a different detector, termed Mini-
mum Square Error (MSE) detector, is applied. The MSE detector can be described by the
following

ŝ = min
c

E{|si− cŷk|}2, (2.14)

where si is one of the possible signals from the 16 QAM constellation and c = si ŷ∗K
|ŷk|2

. This
means that the detector estimates the symbol based on the constant c which minimizes the
value of E{|si− cŷk|}2.
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2.5.4 Downlink precoding

The next step is to define the precoding matrix. In this paper, two linear precoding tech-
niques is considered. The first one is Regularized Zero Forcing (RZF) where the precod-
ing matrix is [15]

V =

(
HHH +

KN0

ρ
IM

)−1

H,

where KN0
ρ

is the regularization factor and ρ is the transmitted power.

The second precoding method is Maximum Ratio Transmission (MRT) [6] [16] in which
the precoding matrix is simply the original M×K channel matrix

V = H.

Performing RZF precoding on the transmitted signal yields better SE than MRT [6] [15].
This due to the fact that RZF suppresses interuser interference [6] while MRT only ampli-
fies the gain of the desired signal [8].

However, RZF precoding introduces more complexity due to matrix inversion [13], while
MRT is very easy to implement since the precoding matrix is simply the Hermitian trans-
pose of the used channel matrix.
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Figure 2.8: Comparison of the SE of MRT and RZF systems in terms of the SNR

Figures 2.8 and 2.9 show the performance comparison of these two precoding techniques
and the simulation parameters for these figure are shown in Section 4.2.1. Figure 2.8
shows that the SE of the system increases with the SNR for both precoding techniques.
However, the figure shows that the SE for RZF precoding is superior to the SE of MRT
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precoding, especially at high SNR values. This is due to the fact that an increase in SNR
leads to an increase in both the gain of the desired signal and the gain of the interference,
and since MRT simply amplifies the gain of the desired signal, the SE stagnates. RZF on
the other hand is immune to that effect and the SE continues to grow almost linearly in
the dB scale as the SNR increases. Additionally, the Cumulative Distribution Function
(CDF) of the SE for RZF is higher than that of MRT for an SNR=5dB as seen in Figure
2.9, where the CDFs of the SE for each of the precoding methods is evaluated over three
hundred coherence intervals.

2.6 Non-linearities

The SE of the MIMO system increases with the SNR of the transmitted signal as shown
in Figure 2.8. Hence, it is desirable to implement PAs that increase the SNR of the trans-
mitted signals and consequently, the SE of the system. Ideally, these PAs are represented
as memoryless linear filters that increase the power of the signal without introducing any
distortion to it [4]. However, in practice, the PAs are not ideal and introduce a non-linear
distortion to the signal by causing it to saturate after a given saturation power [18][11].

Although making the PAs closer to ideal arguably decreases the consequent non-linear
distortion, the closer to ideal the PAs are, the more complicated and costly it is to imple-
ment them in practice [4]. Examples of close to ideal PA designs are shown in [11] where
it is mentioned that these PAs are hard to implement and considering the fact that Massive
MIMO systems require the use of a considerably high number of transmitter antennas,
such PAs greatly increase the complexity of the system [11]. An additional drawback of
using close to ideal PAs is the cost-to-quality trade-off, meaning that it is necessary to use
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cheaper non-ideal PAs to keep Massive MIMO systems economically viable to use [4]
[11].

As mentionned in Section 1.1, non-ideal PAs introduce two types of non-linear distortion:
in-band the transmitted and received signal is distorted, and out-of-band distortion where
the transmitted signal disturbs other signals in adjacent frequencies [17]. The type of
non-linear distortion that is considered in this manuscript is the in-band distortion.

This section initially provides a definition of non-linear distortion. Afterwards the output
of an arbitrary memoryless non-linear PA, which provides the means necessary for the
analysis of the clipping effect for any non-linear model, is shown as a basis for the system
model. Finally, the exact effect of the non-linear PA on the input signal is modelled.

2.6.1 Clipping

The non-linear behaviour of the PAs which is considered as clipping is explained in this
section. Before delving into the details of what clipping is, the linear amplification of
an ideal PA is explained in order to clarify the differences between linear and non-linear
power amplification.

Let a(t) be a complex valued signal that is fed to the PA and b(t) be the output as shown
in Figure 2.10.

a(t) b(t)PA

Figure 2.10: The basic PA configuration

When the PA is linear, the output power is an amplified version of the input power |a(t)|2.
This linear amplification is represented by

b(t) = c(a(t)),

where the c( ·) is the linear amplifier function that represents the effect of the PA. The
behaviour of c( ·) function is expressed as

|b(t)|2 = γ|a(t)|2,

in which γ is the gain of the linear amplification, |b(t)|2 is the output power and |a(t)|2 is
the input power.

In contrast, the basic non-linear PA model is defined as

b(t) = f (a(t)),
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where f ( ·) is the non-linear function that represents the PA. Following the general behav-
ior of f ( ·), the output power of b(t) scales approximately linearly with the input power
of a(t) until a given threshold power P0, after which b(t) starts scaling non-linearly with
a(t) [5]. This non-linear behaviour is also called clipping and has two variations; hard clip-
ping where the amplification of |b(t)|2 is completely linear until the input power |a(t)|2
reaches P0 where the output immediately saturates such that |b(t)|2 = |b0|2, and soft clip-
ping where the output power saturates softly as a(t) approaches P0 [5]. These two types
of clipping are illustrated in Figure 2.11.
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Figure 2.11: Soft clipping to the left vs hard clipping to the right. a0 is the saturation
power, b0 is the saturated output, γ=10 and saturation power P0 = 4W

However, we are exclusively interested in the non-linear behaviour of the PAs rather than
the actual amplification of the PAs. Hence, the PAs is modelled by functions that exclude
the amplification gain γ for all the following analyses in this report. This results in a
saturation power P0 that is equal to the saturation output b0.

2.6.2 General output of a non-linearity and Bussgang theorem

The output of a non-linear PA can be modelled such that we can study the deterioration
of the SER and SE caused by non-linearities without the need of closed-form expressions.
This model is applicable to any of the possible models of the exact behaviour of the non-
linear function f ( ·) and it is established by considering that when a non-linear function
f ( ·) is given a zero mean complex Gaussian input signal a(t)∼NC

(
0,σ2

a
)

such that σ2
a is

the variance of a(t), the output consists of the sum of a Gaussian distortion variable and
the input argument multiplied by some attenuation as follows [17]:
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b(t) = f (a(t)) = αa(t)+d(t), (2.15)

where α is the attenuation that the input goes through and d(t) is the additive distortion
element which is uncorrelated to a(t) meaning that, in the case of zero mean a(t), the
expression E{a(t)d∗(t)}= 0 holds for all t.

Since we are interested in studying the effect of the non-linear distortion on a DL Massive
MIMO system, it is reasonable to consider the worst-case distortion where it is zero mean
as stated in [4]. The input to the PA that is considered in the system model in Chapter 3 is
WSS since it is a zero mean Gaussian signal with a variance that does not depend on time,
and since a(t) models that input, it is also WSS.

From [17], the attenuation is

α =
E{b(t)a∗(t)}

E{|a(t)|2}
. (2.16)

We are also interested in finding the variance of the additive distortion σ2
d(t) as it is the

main element of the clipping distortion that affects the SE of the system [17][3]. σ2
d(t) is

determined by using the Bussgang theorem which states that the Autocorrelation Function
(ACF) of the output and input of a non-linear function that exhibits the properties of f ( ·)
is proportional to the ACF of the input such that [10]

Rb(τ) = αRa(τ), (2.17)

where Rb(τ) is the ACF of the output, and Ra(τ) is the ACF of the WSS input a(t). Since
Rb(τ) only depends on Ra(τ) which is WSS, the output b(t) is also WSS [14].

The ACF of b(t) can also be expressed as

Rb(τ) = E{b(t)b∗(t + τ)}= E{(αa(t)+d(t))(α∗a∗(t + τ)+d∗(t + τ))}

=E{|α|2a(t)a∗(t+τ)+αa(t)d∗(t+τ)+α
∗a∗(t+τ)d(t)+d(t)d∗(t+τ)},

which can be expressed as

E{b(t)b∗(t + τ)}= E{|α|2a(t)a∗(t + τ)}+E{d(t)d∗(t + τ)}, (2.18)

where we have used the fact that a(t) is zero mean and it is uncorrelated to d(t).

Using (2.18), the ACF of the distortion term is written as

Rd(τ) = Rb(τ)−α
2Ra(τ), (2.19)

where Rd(τ) and Rb(τ) are the corresponding ACFs of d(t) and b(t) respectively.

Since a(t) and d(t) are both zero mean, from (2.19) it can be shown that the variance of
d(t) is given by

σ
2
d = E{|b(t)|2}−α

2E{|a(t)|2}. (2.20)
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2.6.3 General polynomial model

The behaviour of the memoryless non-linear function f ( ·) can be given a general model
so that the distortion variance and attenuation found in Section 2.6.2 can be computed nu-
merically. Additionally, the non-linear polynomial model yields closed-form expressions
of the effect of the non-linear distortion on the transmitted signals when the symbols are
Gaussian.

The distortion of the transmitted signal caused by the non-ideal PAs at the transmitter
of MIMO systems is of two types; Amplitude to amplitude (AM-AM) distortion which
affects the amplitude of the output and Amplitude to Phase (AM-PM) distortion which
affects the phase of the output [17]. AM-AM distortion is the type of distortion handled
in this report since it is considered as clipping [18].

Hence, this report considers the general non-linear polynomial model which describes the
AM-AM distortion of the non-linear function f ( ·) as follows [17]

f (a(t)) =
J−1

∑
j=0

θ j+1a j+1(t), (2.21)

where J is the order of the polynomial and θ is a complex model parameter.

[7] shows that the even order polynomial only introduce power components outside of
the operating frequency band, therefore odd order polynomials contribute to the in-band
distortion [17]. This means that only the odd order terms of the polynomial above is con-
sidered in the system model analysis since we are only interested in the in-band distortion.
Furthermore, j must be even in (2.21) in order to get only odd terms in the polynomial.

The order of the non linear polynomial considered in this report is the third order polyno-
mial. There are several reasons behind choosing this polynomial order. The first reason is
that when the first order is considered such that J = 1, the non-linear function is no longer
a polynomial and behaves like hard-clipping function [17], but the non-linearity of the PA
behaves like a soft-clipping function rather than hard-clipping function [5]. The second
reason comes from the fact that the effects of orders higher than three are negligible [18].
Finally, [18] states that the third order is the model that is most used in practice.

2.6.4 SSA model

Since we are modelling the non-linearities imposed by PAs, an appropriate representation
of the exact behaviour of f ( ·) is the Solid State Amplifier (SSA) model, also called the
Rapp model, as most PAs are SSAs nowadays [18]. The function of the SSA or the Rapp
model is defined as [17][18]

b(t) = f (a(t)) =
a(t)(

1+
[
|a(t)|

a0

]2p
) 1

2p
, (2.22)
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where p is a positive integer called the smoothness factor which determines the smooth-
ness of the soft clipping effect such that it gets closer to hard clipping as p grows as shown
in Figure 2.12, a0 =

√
P0 is the saturation amplitude which is the maximum output am-

plitude of the PA and P0 is the corresponding saturation power. Depending on the value
of the smoothness factor, the value of the input power at which the output power |b(t)|2
starts saturating and increasing in a non-linear fashion until it reaches the saturation out-
put P0 changes. We stress that the reason the output power |b(t)|2 and the input power
|a(t)|2 are the same for all analyses found in this report is due to the fact that we are
considering a normalized gain where no actual amplification occurs. This also means that
the output power is equal to the saturation power without any amplification gain such that
|b(t)|2 = P0.
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Figure 2.12: The Rapp non-linear model for different values of smoothness factor p
and with a saturation power P0 = 25W

Figure 2.12 shows that when p = 1, the output starts saturating at input values much
smaller than P0 and slowly reaches the saturated output, as opposed to higher values of p
where the output power saturates when the input power is closer to P0. This means that
the loss of power for p = 1 is greater than the loss of power for higher values of p.

Although the SSA model in its form seen in (2.22) offers an accurate representation of
the clipping effect on the output where the output power saturates as it gets closer to the
input power, it is very hard to establish closed-form expressions of the variance of the
distortion and the attenuation using this non-linear model. Therefore, the model needs to
be expressed in a form that can be mapped to the polynomial model in (2.21) which yields
the closed-form expressions. This has been done in [3] and [17] where the SSA model is
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approximated by the following polynomial

b(t) = fA(a(t)) = a(t)− 1
2a1a2

0
a3(t), (2.23)

where we have considered the polynomial up to order three for the reasons explained in
2.6.3, a1 is a design parameter and the smoothness factor is p = 1.

0 10 20 30 40 50 P0=60

Input power |a(t)|   in W2

0

2

4

6

8

10

12

14

16

18

20

O
u
tp

u
t

p
o
w

e
r

|b
(t

)|
in

W
2

Figure 2.13: The SSA polynomial non-linear model where the smoothness factor
p = 1, a1 = 3 and the saturation power P0 = 60W

As seen in Figure 2.13, the trade-off of using the SSA polynomial is having a model where
a significant portion of the output power is lost and having an expression that can yield
closed-form expressions. This indicates that when implementing the SSA polynomial in
the simulations, the system has to operate near the saturation power, otherwise the SNR
of the system degrades drastically and the model breaks at deep saturation levels where
|a(t)|2� P0.

For readability, in all the analyses that follow, the SSA model is called Rapp model when
referring to its form seen in (2.22), while it is called the SSA polynomial when referring
to the model (2.23) even though they are equivalent.





3
System Model

In this chapter, the mathematical system model is established. This consists of modelling
the DL transmission of a Massive MIMO system with non-ideal PAs at each BS antenna.
The main idea behind this model is to enable the analysis of the clipping effect on the
SER and the SE of the system.

The system is operating under the assumption of flat fading channels, full CSI at the BS
and UTs and fixed power allocation where the BS allocates the same power between all
its antennas.

3.1 Downlink Massive MIMO with non-ideal
transmitters

First, the general mathematical models of the received signal and the SINR of a DL Mas-
sive MIMO system with non-linear distortion is derived. This is used a basis for the
assessment of the effect of the non-linear distortion on our system.

3.1.1 Setup of the system

In order to fully study the effects of the distortion a more thorough look into the DL of a
Massive MIMO system is needed. Thus, the setup of the Massive MIMO system used in
this paper is based on the system used in [12].

25
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Figure 3.1: Block diagram of a MIMO system, gmk(t) is the time continuous channel

The discrete-time data symbol vector is defined as

s[n] = [s1[n],s2[n], ......sK [n]]T ,

where sk[n]∼NC
(
0, ρ

K

)
is the modulated zero mean complex Gaussian data symbol, ρ is

the total transmit power, and ρ

K is the power allocated to each UT. In this analysis, the data
symbols follow a complex Gaussian distribution as Gaussian modulated signals facilitate
the SE analysis.

In what follows, the discrete-time notation "[n]" is dropped until it is relevant again.

As shown in Figure 3.1, the useful symbols go through a precoder which yields pre-
amplifier signals u ∈ CM×1 such that

u = λVs = λ

K

∑
k=1

vksk, (3.1)

where V ∈ CM×K constitutes the precoding matrix which is a function of the channel
matrix H, and λ is a normalization factor as seen in [6]. The precoding matrix is normal-
ized so that the average total transmitted power becomes ρ . This is done by setting the
normalizing factor as

λ =

√
K√

E{tr(VVH)}
,

where tr( ·) denotes the trace operation which is defined as the sum of all the diagonal
elements of a matrix.

The pre-amplifier signal at each antenna m is an element of the precoding vector um and
is written as

um = λ

K

∑
k=1

vmksk. (3.2)
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Considering the fact that the precoding matrix depends on the channel matrix whose ele-
ments are independent and zero mean, the following can be written

E{VVH}=
K

∑
k=1

E{vkvH
k }.

It follows that the trace operation of E{VVH} becomes

tr
(
E{VVH}

)
= E{tr

(
VVH)}= M

∑
m=1

K

∑
k=1

E{|vmk|2}.

The total average pre-amplifier power becomes

E{||u||2}= E{tr
(
uuH)}= E{

M

∑
m=1

umu∗m}= λ
2E{

M

∑
m=1

K

∑
k=1

vmkskv∗mks∗k}

=
ρ

K
λ

2
M

∑
m=1

K

∑
k=1

E{|vmk|2}=
ρ

K
K

E{tr(VVH)}
E{tr

(
VVH)}= ρ.

This mean that ρ is the total power allocated at the BS.

3.1.2 Received signal for non-ideal PAs

Both the discrete-time and continuous-time notations are considered again in the follow-
ing part of the analysis.

The BS antennas send analog signals so Digital to Analog conversion is needed. For the
Gaussian signal um[n], this is done via PAM where the signal is handled in the following
way:

um(t) = ∑
n

um[n]p(t−nT ). (3.3)

As mentioned in Section 2.2, the reconstruction is considered to be ideal.

Before transmission, each um(t) goes through a non-ideal PA that distorts the signal, mak-
ing it non-linear in the process. The output of this non-linear PA is modelled using the
mathematical model established in (2.15) with the zero mean Gaussian input argument
um(t), which leads to the output [17]

xm(t) = fm(um(t)) = αmum(t)+dm(t), (3.4)

in which fm( ·) is the non-linear function at the mth transmitter antenna, αm is the attenu-
ation that the signal goes through and dm(t) is the additive distortion element. As shown
in Section 2.6.2, the distortion element is by definition uncorrelated to the pre-amplifier
signal um(t). These non-linear elements are used to build a mathematical model of the
received signal and they are modeled in later sections.
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As shown in Figure 3.1, each of the transmitted signals go through the time continuous
channel

gH
k (t) = [g∗1k(t),g

∗
2k(t), ....g

∗
Mk(t)],

before arriving to the receiver which adds them together.

Therefore the received signal yk(t) at each UT before sampling can be expressed as

yk(t) =
M

∑
m=1

(g∗mk ∗ xm)(t)+wk(t),

where wk(t)∼NC(0,N0) is the time continuous additive white Gaussian noise.

We define the parameter B as the bandwidth of the received passband signal yk(t). The
sampling rate in this paper is at Nyquist rate which dictates that fs = 2(B

2 ) = B since we
are sampling a baseband signal. Thus, the received signal yk(t) can now be written in
discrete-time as

yk[n] =
M

∑
m=1

(g∗mk ∗ xm) [n]+wk[n], (3.5)

where
(
g∗mk ∗ xm

)
[n] =

(
g∗mk ∗ xm

)
(nT ), and wk[n] = wk(nT ).

Since flat fading is assumed, each time continuous channel element can be written as
g∗mk(t)= h∗mkδ (t), where h∗mk is discrete-time channel response. It follows that the received
signal in discrete-time domain becomes

yk[n] =
M

∑
m=1

h∗mkxm[n]+wk[n]. (3.6)

After expanding the value of xm[n] in (3.6), the received signal becomes

yk[n] =
M

∑
m=1

h∗mkαmum[n]+
M

∑
m=1

h∗mkdm[n]+wk[n], (3.7)

where the expressions h∗mkαmum[n] = g∗mk ∗ (∑n αmum[n]p(t−nT ))(nT ), and h∗mkdm[n] =(
g∗mk ∗dm

)
(nT ) are due to the decomposition of the ideal sampled transmitted signal

xm[n].

Focusing on an arbitrary sample in a coherence interval, the notation "[n]" becomes irrel-
evant again and by further expanding the term um, we get

yk = λ

M

∑
m=1

h∗mkαm

K

∑
i=1

vmisi +
M

∑
m=1

h∗mkdm +wk. (3.8)

The analysis requires partitioning the term λ ∑
M
m=1 h∗mkαm ∑

K
i=1 vmisi in terms of the desired

signal and uncorrelated interuser interference which yields
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yk = λ

M

∑
m=1

h∗mkαmvmksk +λ

M

∑
m=1

K

∑
i=1,i,k

h∗mkαmvmisi +
M

∑
m=1

d̃mk +wk, (3.9)

where d̃mk = h∗mkdm is termed the effective distortion, λ ∑
M
m=1 h∗mkαmvmk is the linear gain,

λ ∑
M
m=1 ∑

K
i=1,i,k h∗mkαmvmisi is the interuser interference, and ∑

M
m=1 d̃mk is the non-linear

distortion.

For simplicity, some terms in the received signal yk in (3.9) can be expressed as vector
multiplications which leads to

yk = λhH
k κvksk +λ

K

∑
i=1,i,k

hH
k κvisi +

M

∑
m=1

d̃mk +wk, (3.10)

where hH
k = [h∗1k,h

∗
2k, ....h

∗
Mk] is the discrete-time channel vector, and κ = diag{α1,α2, .....αM}

is the attenuation matrix containing the attenuation factor of each transmitted signal. The
term diag() denotes the diagonal matrix.

3.1.3 SE and SER derivations

Now that the received signal yk has been modelled, we can treat the term ∑
M
m=1 d̃mk as

noise that is uncorrelated to any other term in (3.10) and the SINR at UT k becomes

SINRk =
ρ

K λ 2|hH
k κvk|2

ρ

K λ 2 ∑
K
i=1,i,k |hH

k κvi|2 +∑
M
m=1 σ2

d̃mk
+N0

. (3.11)

The SE of the system is then determined by evaluating the SINR for each UT k and
inserting these values in (2.12) .

The calculation of the SER requires the signal to be normalized before reaching the re-
ceiver, and this is done by dividing yk as follows

yk

λhH
k κvk

= sk +
λ ∑

K
i=1,i,k hH

k κvisi +wk

λhH
k κvk

+
∑

M
m=1 d̃mk

λhH
k κvk

. (3.12)

Then the detector is given the signal in (3.12), which consists of the modulated symbol
plus interference, noise and distortion. As shown in Section 2.5.3, when QPSK is used the
ML detector estimates the symbol while when 16 QAM is employed the MSE detector is
used to estimate the symbol.

3.2 Non-linear distortion model

From the derived equations (3.12) and (3.9) which correspond to the received signal and
SINR respectively, it is clear that the distortion and attenuation affect the SER and the SE
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of the system. Therefore this section initially models these non-linear elements such that
the clipping effect on the SE and SER of the DL massive MIMO system can be analyzed
given any model of the non-linear function f ( ·) and without needing to have closed-form
expressions that are derived from the specific behaviour of f ( ·). Then the Rapp and
the SSA polynomial models are shown so that we can apply the general model. Finally,
closed-form expressions for the distortion and attenuation are established by applying one
of the possible models of f ( ·) so that the performance of the SE and SER of the system
can be verified. The expected values in this sections are conditioned with respect to a
channel realization.

3.2.1 General non-linear model

As was done in Section 2.6.2, the general output of a non-linearity can be applied to the
transmitted signal in the DL of a Massive MIMO yielding (3.4). The equation for αm in
(2.16) is applied with um and xm as arguments which yields

αm =
E{xmu∗m}
E{|um|2}

, (3.13)

The variance of the distortion σ2
dm of the signal emitted from the mth antenna is defined

as [17]
σ

2
dm = E{xmx∗m}− |αm|2E{umu∗m}. (3.14)

It should be noted that the expectation in (3.13) and (3.14) are with respect to all random-
ness.

In order to calculate the SINR for user k the variance of the effective distortion E{|d̃mk|2}
and the attenuation αm need to be modelled. Since the distortion element dm is WSS and
zero mean, its variance can be written in terms of its ACF as [14]

σ
2
dm = E{|dm|2}= Rdm[0].

The effective distortion is established as d̃mk = hmkdmk. Its mean is expressed as

E{d̃mk}= E{hmkdmk},

where E is the expected value conditioned on a given channel realization since it is known
within in a coherence interval in our system. This means that the mean of the effective
distortion becomes

E{d̃mk}= hmk E{dmk}= 0,

where we used the fact that hmk being a channel realization in the coherence interval and
can be excluded from the expectation and that dmk is zero mean. This means that the
effective distortion is also zero mean and its variance is found to be

σ
2
d̃mk = E{|d̃mk|2}= Rd̃mk[0]. (3.15)
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The discrete time notations [n] and [k] are necessary in what follows and are considered
again for demonstration.

The ACF and variance conditioned on a channel realization are termed the conditional
ACF and variance respectively.

The conditional ACF of the effective distortion is

Rd̃mk/H [k] = E{d̃mk[n]d̃∗mk[n+ k]}= E{h∗mkdmk[n]hmkd∗mk[n+ k]}

= |hmk|2E{dmk[n]d∗mk[n+ k]}= |hmk|2Rdmk[k],

where Rd̃mk/H [k] denotes the conditional ACF.

Finally, by setting the conditional ACF of the effective distortion at k = 0 as seen in (3.15),
its conditional variance becomes

σ
2
d̃mk/H = |hmk|2σ

2
dm, (3.16)

in which σ2
d̃mk/H denotes the conditional variance.

Inserting (3.14) into (3.16) we get

σ
2
d̃mk/H = |hmk|2

(
E{xmx∗m}− |αm|2E{umu∗m}

)
. (3.17)

These general models of σ2
d̃mk/H and αm can be used to evaluate the clipping effect on

the SE and SER of the system for any non-linear function f ( ·) as it provides us with the
relationship between xm and um.

3.2.2 Closed-form expressions

The SSA polynomial model can be used to get closed-form expressions of σ2
d̃mk/H and αm

which provide a better understanding of how these elements affect the SE and SER. The
closed-form expressions can also be used to confirm the results found by using the more
general expressions found in Section 3.2.1.

Applying (2.23) to the MIMO system we get

xm = um−
1

2a1P0
um|um|2 (3.18)

where P0 is the saturation power of the single BS antenna xm. Since the smoothness factor
is p = 1 as seen in Section 2.6.4, the output of the non-ideal PA xm starts becoming non-
linear when the average transmitted power approaches and exceeds P0. Additionally, we
define the term η = 1

2a1P0
for readability.

Then the output of the PA which is the transmitted signal becomes
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xm = fm(um) = um−ηum|um|2. (3.19)

Inserting the value of xm in the attenuation yields

αm =
E{xmu∗m}
E{|um|2}

=
E{|um|2}−E{η |um|4}

E{|um|2}
.

Since |um|2 is an exponential distribution, the expectation E{|um|4} can decomposed by
applying the following

E{|u|2c}= c!E{|u|2}c, (3.20)

such that u is Gaussian distributed, c ∈ Z. The attenuation is therefore expressed as

αm =
E{|um(t)|2}−2η E2{|um(t)|2}

E{|um(t)|2}
. (3.21)

To calculate the distortion, the transmitted power expression of the SSA non-linear model
needs to be expanded as follows

E{|xm|2}= E{
(
um−ηum|um|2

)(
u∗m−ηu∗m|um|2

)
}

= E{|um|2}−2η E{|um|4}+η
2E{|um|6}.

Applying the decomposition found in (3.20) to the expectations in E{|xm|2} yields

E{|xm|2}= E{|um|2}−4η E2{|um|2}+6η
2E3{|um|2}. (3.22)

Finally, the conditional variance can be expressed as

σ
2
d̃mk/H = |hmk|2

(
E{|um|2}−4η E2{|um|2}+6η

2E3{|um|2}− |αm|2E{umu∗m}
)
.

(3.23)

By inserting the values of the conditional variance and attenuation of (3.21) and (3.23)
respectively into (3.11), the closed-form expression of the SINR under the SSA non-linear
model assumption becomes

SINRk =
ρ

K λ 2|hH
k κvk|2

ρ

K λ 2 ∑
K
i=1,i,k |hH

k κvi|2 +∑
M
m=1 σ2

d̃mk/H
+N0

. (3.24)

As for the SER analysis, the value of αm in (3.21) is inserted into the vector κ in (3.12).
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3.3 Solutions

A possible solution to mitigate the effect of clipping on the signal is to introduce an
Input Back-off (IBO) parameter to the input of the PA so that the input power of the
signal doesn’t grow too much beyond the saturation power P0. Then, the IBO reduces the
conditional variance of the distortion σ2

d̃m/H . The transmitted signal with the IBO added
to it becomes

xm = f
(um

ε

)
=

α

ε
um +dm = α

′um +dm, (3.25)

in which the IBO parameter ε is incorporated into the attenuation yielding a new parame-
ter

α
′
m =

α ′m
ε
. (3.26)

Inserting the new attenuation α ′ in (3.23) yields the backed-off conditional distortion

σ
2
d̃mk/H = |hmk|2

(
E{xmx∗m}− |αm|2E{umu∗m}

)
. (3.27)

And the closed-form expression of the conditional distortion becomes

σ
2
d̃m = |hmk|2

(
E{|um|2}−4η E2{|um|2}+6η

2E3{|um|2}− |α ′m|2ρ
)
. (3.28)





4
Simulation and Results

This chapter will show the methodology used to simulate the developed system model in
this report. Then the results of the simulation are presented and analyzed.

The simulated systems include both a DL Massive MIMO system with ideal transmitters
and a DL MIMO system with non-ideal PAs in the transmitters.

Initially, the SER is evaluated for both systems where each distortion model discussed
previously is simulated and compared with the ideal case. This enables the analysis of the
distortion effect on the SER of the system.

Afterwards, the clipping effect on the SE of the non-ideal Massive MIMO system is as-
sessed by simulating and comparing the performance of the general distortion models, the
SSA closed-form expression and the ideal transmitter case.

Matlab is the simulation environment used to acquire all the results shown in what follows.

4.1 Effect of non-linearities on SER

4.1.1 Simulation setup

First, the ideal DL Massive MIMO system is simulated using both the MRT and RZF
precoding methods and the SER for each method is calculated for different values of the
ρ .

The setup of the system is chosen such that the number of BS antennas and UTs are
M = 100 and K = 20 respectively, since a Massive MIMO system needs a relatively high

35
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value of M and K, where M� K. All the parameters used for the SER simulations are
shown in Table 4.1

Parameter Value
Noise Figure 9 dB

Carrier Frequency 800 MHz
Nominal Noise Temperature 300 K

Number of coherence intervals 200
Cell Diameter 500 m

BS Height 30 m
UT Height 1.5 m

BS Antenna Gain 0 dB
UT Antenna Gain 0 dB

Spectral Bandwidth 20 MHz
Table 4.1: Simulation parameters

Based on the parameters shown in Table 4.1, the AWGN noise variance is fixed to N0 =
−92 dBm. The total transmitted power varies from ρ = 20 dBm to ρ = 35 dBm.

The evaluation of the large scale fading element βk at UT k, first requires the simulation
of a cell where K UTS are dropped for each data transmission step. With the parameters
shown in Table 4.1 in mind and using the Hata COST-231 pathloss model, the large-scale
fading is evaluated as [1]

βk(dB) =−128−35log10(dk),

where dk is the distance in kilometers from the BS to the kth antenna.

In the system model, we define the saturation power P0 as the maximum PA output power
and consequently when the input power of one BS antenna approaches P0, it becomes non-
linear. However, it is desired to study the effect of non-linearities over the entire Massive
MIMO system, hence we define the total saturation power as P = MP0. This means that
the output power saturates when the total transmit power is ρ > P. Over the whole array,
the saturation power is the same.

When the transmit power is much higher than the total saturation power such that ρ � P,
the system is said to be in high saturation levels.

The average SNR of the system is expressed as

SNR =
ρE{β}

N0
,

where E{β} is the average of the large-scale fading coefficients with respect to all UTs.
This average of the large scale fading coefficients is found to stabilize at −108 dB for
a hexagonal cell of diameter 500 m, when the simulations are done for 200 coherence
intervals.
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The DL system is simulated for several coherence intervals such that in each interval,
one hundred DL data transmissions occur where each one of them consists of generating,
precoding and transmitting K modulated samples for each of the K UTs. Seeing that this
process happens one hundred times, each UT receives a hundred symbols in a coherence
interval. These samples are precoded using either RZF or MRT precoders which ouput
the pre-amplifier signals um seen in (3.2). When simulating the ideal Massive MIMO,
after precoding the signals are immediately transmitted through the fading environment
and consequently multiplied by the IID Rayleigh fading channel and the received signal
is in the same form as (2.10). For the non-linear models, the precoded signals go through
the PAs and are then transmitted through the channel, yielding yk seen in (3.10). The
resulting signal for the ideal and non-ideal models is then normalized as shown in (2.13)
and (3.12) respectively. The last step, within a given coherence interval, is to demodulate
the received signal, resulting in one hundred distorted symbols for each UT. When QPSK
is used, the minimum distance detector is employed as seen in (2.5). On the other hand,
when 16 QAM is used, the MSE detector estimates the symbol by choosing the minimum
value of E{|sicŷk|}2 as seen in (2.14). However, both detection methods are tested on
the system with 16 QAM modulation and both yield ver similar results. Thus, the MSE
estimator is not used for the rest of this work.

The SER is calculated by first individually comparing the detected symbols to the original
transmitted symbols at each UTs and if they do not match, an error is registered.

After repeating this process over many coherence intervals, the total number of errors
for each UT is divided by the total number of received symbols at the corresponding UT.
Finally, the total SER is found by averaging the SER of all the UTs.

Given the simulation setup and parameters, we assume that the system yields acceptable
results when the SER is around 10−3 or less.

4.1.2 Non-linear models

In order to study the clipping effect on the SER of the system, the DL with non-linear PAs
is simulated using the SSA and Rapp models, along with the ideal transmitters case for
comparison. All these simulations are done for both QPSK and 16 QAM modulations.

4.1.3 SSA polynomial

The first simulated non-linear model is the SSA polynomial which is implemented to the
DL Massive MIMO system by applying the corresponding function f ( ·) to the transmit-
ted signal um which yields xm as seen in (3.19). In order to study the effect the distortion
has on the SER of the system, the simulations are done for an adequate value of P shown
in what follows.

The relationship between the input power of the PA and output power is shown in Figure
4.1.
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As mentioned in Section 2.6.4, the SSA polynomial is an approximation of the Rapp
model that completely breaks at high saturation levels. Therefore, the simulations are
done for P = 28 dBm, a value that is close to the maximum transmit power ρ = 35
dBm. This means that we expect the saturation to occur once the input power approaches
28 dBm. Another reason the saturation power is chosen to be P = 28 dBm is that for
higher P values, the behavior of the system with non-linear PAs becomes less apparent.
Additionally, the design parameter is chosen as a1 = 3 since this value yields an accurate
approximation of the Rapp model for p = 1.

20 25 30 35

Transmit Power in dBm

16

18

20

22

24

26

28

30

32

34

36

P
A

 O
u

tp
u

t 
P

o
w

e
r 

in
 d

B
m

Non-linear amplification

Linear amplification

X: 28

Y: 26.4

X: 28

Y: 27.98

Figure 4.1: Output power against input power for the SSA model

Figure 4.2 shows the SER for QPSK modulation, where the SER starts slightly deteriorat-
ing at ρ < 28 dBm due to the SSA polynomial being an approximation of the Rapp model
with p = 1 which means that the output power starts becoming non-linear at ρ < 28 dBm
and consequently there is a slight loss of power at ρ < 28 dBm, as seen in Figure 4.1.
Since the loss in power becomes more pronounced as the total transmit power becomes
closer to the P and it saturates at ρ = P, the SER increase becomes more prominent for
both precoding methods as ρ increases and at deep saturation values, where ρ � P, the
SER becomes close to one. However, it is shown in Figure 4.1 that the output power
of the SSA model starts decreasing at high saturation levels instead of stabilizing at the
saturation output power and therefore the SER starts increasing until it becomes close to
one at high saturation levels.

As for 16 QAM modulation the SER for both the ideal and the SSA polynomial is higher
than the SER for QPSK modulation as minimum distance detection is less effective for 16
QAM modulation where there are 16 detection regions. However, the same relationship
between the transmit power ρ and saturation power P is observed.
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Figure 4.2: SER against ρ for MRT and RZF precoding and QPSK modulation of
an ideal system vs the SSA polynomial system, P = 28 dBm
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Figure 4.3: SER against ρ for MRT and RZF precoding and 16 QAM modulation
of an ideal system vs the SSA polynomial system, P = 28 dBm

Finally, Figure 4.2 shows that a Massive MIMO system with the SSA model for the non-
linear PAs can still have a reliable SER of 0.8833×10−3 for a transmit power of ρ = 31
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dBm when QPSK is used. On the other hand, when 16 QAM is used, the saturation power
should be P� 28 dBm.

4.1.4 Rapp model

The second simulated non-linear model is the Rapp model. This model is more correct
than the SSA polynomial as the output power in the Rapp model stays at the saturation
power when the input power becomes higher than the saturation power, while the output
power for the SSA polynomial starts decreasing at high saturation level. The order of
the non-linearities is chosen as p = 3 in order to have a soft-clipping effect that reaches
the saturation limit at input power values that are close to P. The relationship between
the input power E{||u||2} and output power E{||x||2} of the PAs is shown in Figure 4.4,
where the output power starts becoming non-linear at input power values that are closer
to P = 28 dBm than the SSA model as the latter is only an approximation of the former
and p = 3 in the Rapp model while it is p = 1 in the SSA model.
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Figure 4.4: Output power against input power for the Rapp model

The SER in this model is less susceptible to the effect of high saturation levels than the
SSA model, as seen in Figures 4.5 and 4.6, where the SER of the Rapp model is shown
for QPSK and 16 QAM modulations respectively, with P = 28 dBm. It can be observed
that at this power, the SER difference between the distorted model and the ideal model
for both precoding methods is inferior to the difference observed in the SSA model.

Additionally, when QPSK modulation is used for the Rapp model, the SER at input power
values such that ρ� P increases very slowly for both precoding methods, while the SER
increases drastically at deep saturation levels for 16 QAM modulation. This is due to
the minimum distance detector being less reliable for 16 QAM as there are 16 detection
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Figure 4.5: SER against ρ for MRT and RZF precoding and QPSK modulation of
the ideal system vs the system with the Rapp non-linear model, P = 28 dBm
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regions as opposed to four for QPSK.

An adequate transmit power when QPSK modulation is used for the Rapp model is ρ = 31
dBm at which we have SER = 0.5571×10−3.

It can be concluded that the SER performance of a DL Massive MIMO system is affected
by the non-linear PAs, especially as the transmit power of the system and in turn the SNR
of the system grows and the system goes into deeper saturation modes. However, the re-
sults above show that it is possible for the system to be kept at low saturation levels where
the SER of the distorted system is around 10−3. This can be done by implementing an
IBO parameter to the non-linear models so that SER could stay at an acceptable level and
thus enabling the use of non-linear PAs at the transmitters of a Massive MIMO system.

4.2 Effect of non-linearities on the SE

The SE of the DL MIMO system is computed by simulating the Rapp model, the SSA
non-linear distortion in its general form and its closed-form expressions. The results are
then compared to the ideal case to analyze how the non-linearities affect the SE of the
system.

Monte-Carlo simulations are used to determine the SE by first evaluating the SINR for
each user k and then the term ∑

K
k=1 log2(1+SINRk) seen in (2.12) is computed for several

channel realizations and finally, the result is averaged.

4.2.1 Simulation setup

The setup of the simulations that are dedicated to study the clipping effect on the SE is
similar to the simulation setup of the SER estimation and the same parameters of Table
4.1 are used. The difference in the SE evaluation for the ideal and non-ideals models is
the SINR. For the ideal case, the SINR is computed as seen in (2.11). On the other hand
the SINR for the Rapp and the SSA models is evaluated by implementing (3.11). The SE
for the system is determined for different values of the transmit power, which varies from
ρ = −10 dBm to ρ = 35 dBm. Additionally, the results are shown as a plot of the SE
versus ρ .

However, since the expression of the SE depends directly on the channel variance βk,
the differences between βk values at different ρ values affect the SE versus the ρ plot.
This is due to the intuitive idea that the SE increases with ρ , but βk at a given ρ value
can be smaller than it was in the previous transmit power value leading to a smaller SE
since the transmit power increase is not enough to compensate for the difference of βk.
Thus, for each ρ value, K users are dropped in a cell for three hundred large-scale fading
realizations. In each large-scale fading realization, every βk is evaluated and then Monte-
Carlo simulations are performed, yielding the sum rate for the current large-scale fading
realization. Then the SE of all large-scale fading coefficients are averaged thus ensuring
an SE that increases with the ρ .
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4.2.2 Non-linear models

The SE of the DL Massive MIMO system is computed using the Rapp model, the SSA
general model and the closed-form expressions of the SSA model provided in Chapter 3.
Additionally, these non-linear models are simulated along the ideal model for comparison.

The first simulated model is the SSA general model where the SE is computed by eval-
uating the distortion conditional variance and attenuation presented in (3.16) and (3.13)
respectively. The total saturation power is set to P = 28 dBm which leads to a satura-
tion SNR of 12 dB. Figure 4.7 displays the results where the SE starts deteriorating as
the transmit power approaches 28 dBm. At the saturation power, the SE of the distorted
model is 10.4 b/Hz/s less than the ideal case for RZF precoding, which translates to an
SE reduction of 8.64505%. On the other hand, the SE reduction is 0.75 b/Hz/s for the
MRT precoding which translates to an SE reduction of 1.442%. This means that MRT
precoding renders the system more resistant to non-linear distortion since MRT amplifies
the gain of the desired signal and the distortion variance is not affected by the precoding
while RZF precoding doesn’t amplify the signal and only eliminates interuser interference.
However, the SE for RZF is still higher than that of MRT even when ρ� P, until the two
SEs curves meet at zero. The SE for the SSA model goes to zero at high saturation levels
because the output power of the SSA model goes to zero when ρ � P as seen in 4.1.

The second simulation consists of evaluating the SE for the SSA closed-form expressions
distortion model. This is done by implementing the distortion conditional distortion and
attenuation found in (3.23) and (3.21) respectively. With the same P, it is observed from
Figure 4.8 that the results for the closed-form expression and general form are close expect
that the SE goes to zero faster in the former case. The SE performance of the closed-
form expressions of the SSA model is slightly worse than the general form because the
derivations of the closed-form expressions rely on the decomposition in (3.20) which is
an approximation rather than an exact decomposition.

The Rapp model is the last model that is simulated to evaluate the clipping effect on
the SE of the Massive MIMO system. The same P = 28 dBm was chosen in order to
compare with the two previous case. As seen in Figure 4.9, the SE starts deteriorating
at ρ values that are closer to 28 dBm than seen in both SSA forms. The SE for the
Rapp model also does not reach zero at maximum ρ but rather stabilizes and even in
high saturation levels, the SE stays at the same value. This is due to the output power
of the Rapp model saturating and staying at the saturation level no matter how much the
transmit power increases as seen in Figure 4.4. It should be noted that even though the SE
for the Rapp model stabilizes for high transmit power, its performance is still considered
as deteriorating as the SE for the ideal model keeps increasing with the transmit power.
Nonetheless, the clipping effect under the Rapp model affects the SE in a similar fashion
to the other models as long as deep saturation levels are not reached.

Thus, the clipping effect due to non-linear PAs reduces the SE performance of the system
as the transmit power ρ increases. Similarly to the SER, the distortion effect on the SE
can also be reduced by limiting the input power as shown in Section 4.3.
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Figure 4.7: SE against ρ for MRT and RZF precoding of an ideal system vs the
general SSA polynomial model, P = 28 dBm
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4.3 Input back-Off

The SER and SE simulations are implemented with the IBO at the transmitted power in
order to mitigate the distortion effect on these performance metrics.
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Figure 4.10: SER against ρ for MRT and RZF precoding of an ideal system vs SSA
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Figure 4.11: SE against ρ for MRT and RZF precoding of an ideal system vs the
closed-form expressions of the SSA polynomial model with an IBO of E = 4 dBm
and P = 28 dBm

As seen in Section 3.3, the IBO is defined as a parameter ε that limits the power of the
input of the PA um so that it doesn’t exceed P and high saturation levels are not reached.
This however lowers the SNR value of the system as both um and xm, seen in (3.25), have
less power which could affect the SER and SE if the value of ε is too high.

The IBO defined in Section 3.3 limits the input power of one antenna and since we are
studying the clipping effect on the whole DL Massive MIMO system, a new IBO param-
eter, which limits the transmit power of the whole system, is defined as E = Mε .

The SSA distortion model yields the worst performance for both the SER and the SE, and
therefore it is the model of choice to implement the IBO as the effect is more distinct.
Although QAM modulation results in worse SER performance than QPSK, the SER for
QAM modulation with the chosen value of the saturation power P = 28 dBm yields an
SER value that is higher than 10−3 and thus the IBO is implemented for the QPSK modu-
lation for the SSA model.

It is found that the SER deterioration for the SSA model is low enough for the Massive
MIMO to function reliably at ρ = 31 dBm which means that it is desired to keep the
maximum value of the input power of the PA at 31 dBm. Thus an appropriate value for
the IBO is E = 4 dBm which translates to E = 2.511886× 10−3. Figure 4.10 shows the
results where the SER of the SSA model for QPSK modulation increases more slowly and
reaches a lower value at maximum ρ than the results seen in 4.3.

The next step is to determine the effect of the IBO method for E = 4 dBm on the SE
of the system as the SNR is decreased. The results in Figure 4.11 show that while the
SE is reduced by almost 50%, the SE does not reach zero at maximum ρ . Thus, the
tradeoff between the SNR loss and the performance of the SE and SER system of the
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Massive MIMO system is acceptable for an IBO E = 4 dBm. This means that when
the IBO method is used, the Massive MIMO system with non-linear PAs functions with
acceptable reliability in terms of SE and SER.





5
Conclusion and Future Work

In this chapter, the conclusion of the simulation results and the corresponding analysis are
presented along with the general clipping effect on the SER and SE of the DL Massive
MIMO system. Then the closeness of the system model to real non-linearities is assessed.
Finally, possible future work on the topic is discussed.

5.1 Clipping effect on the performance metrics

In this thesis, a system model for the clipping-like non-linear distortion effects on the SER
and SE of a DL Massive MIMO system is established and simulated. The chosen models
for the non-linear amplification are the Rapp model and the SSA polynomial which is
an approximation of the former. A performance loss that is manifested by a higher SER
and a lower SE is expected from the SSA model as it is merely an approximation of the
Rapp model. When the system model of the received signal of a DL Massive MIMO
system with non-linear PAs is simulated to evaluate the SER, both distortion models yield
notable higher SER values at high SNR than a baseline system with linear PAs. This is
due to the power loss that non-linearities impose on the transmitted signal when the input
power of the PA is higher than the saturation level. The system model includes closed-
form expressions for the SSA polynomial that facilitate the simulations. The correctness
of the closed-form expressions is validated as the SE plots of both the general model
and the closed-form expressions of the SSA were almost identical, albeit with a slight
performance degradation for the closed-form expressions. The SE simulations of the
Massive MIMO systems with non-ideal PAs yield SE values that are lower than the ideal
PAs case at high SNR, where the output of the PA saturates resulting in a loss of power at
the transmitted signal. As expected, the performance of both the SE and SER simulations
for the Rapp model is better than the SSA polynomial model.

49
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This shows that the effect of the non-ideal PAs at the transmitter of Massive MIMO system
are an important factor when designing Massive MIMO systems, and the designs of the
PAs should limit this distortion as much as possible while keeping the Massive MIMO
system economically viable.

Afterwards, a solution to limit the effect of the distortion is proposed and simulated in
this thesis. The solution is to limit the input power of the PAs such that the MIMO system
does not operate at high saturation levels where the input power is much higher than the
saturation power. The drawback of this method is a reduction in the SNR which could
mean that degrade the performance of the SER and SE. The simulations shows IBO values
that limit the distortion effect on the SER and SE with a small reduction of the SNR.

5.2 Future work

The distortion effect on the DL of Massive MIMO network was modelled under the as-
sumption of block-fading channels. However, this assumption oversimplifies the channel
fading in real practical systems. Therefore, an interesting development of this work could
be to model the distortion effect with the assumption of a frequency-selective channel
where the channel response takes several realizations within a coherence interval.

Another assumption that this work takes is perfect CSI. The non-linear distortion could
affect the channel estimation where the pilots that are transmitted by the UTs are affected
by the non-linearities introduced by the PAs. Thus, additional work has to evaluate how
these imperfect channel estimates in turn affect the SER and SE of the DL Massive MIMO
system.

An additional improvement could originate from using other distortion models than the
Rapp and SSA model. Even though these models are dominating in practice [18], other
models could offer more accurate representations of the non-linear distortion.

Finally, there are several techniques that deal with non-linearities and render the PAs close
to ideal. A notable technique is digital predistortion which linearizes the amplification
of the non-ideal PAs [11]. While such systems mitigate the clipping effect of the PAs,
they require an independent source of power which causes the Massive MIMO system
to become unscalable with the number of BS antennas [11]. A promising future work
could be to find a way to adapt non-linear compensation techniques such as the digital
predistortion to Massive MIMO.



Bibliography

[1] L. Ahlin, J. Zander, and Ben Slimane. Principles of Wireless Communication. Stu-
dentlitteratur AB, 03 2018. ISBN 9789144126531. Cited on pages 6, 7, 9, 11,
and 36.

[2] E. Björnson and M. Olofsson. Introduction to Digital Communication. Linköping
University, August 2016. Cited on pages 7, 8, and 9.

[3] E. Björnson, L. Sanguinetti, and J. Hoydis. Can hardware distortion correlation be
neglected when analyzing uplink se in massive mimo? IEEE International Workshop
on Signal Processing Advances in Wireless Communications (SPAWC), 2018. Cited
on pages 11, 20, and 22.

[4] Emil Björnson, Jakob Hoydis, and Luca Sanguinetti. Massive mimo networks:
Spectral, energy, and hardware efficiency. Foundations and Trends® in Signal Pro-
cessing, 11(3-4):154, 161, 171, 218, 316, 404, 407, 2017. ISSN 1932-8346. doi:
10.1561/2000000093. URL http://dx.doi.org/10.1561/2000000093.
Cited on pages 1, 2, 13, 15, 17, 18, and 20.

[5] P. M. Cruz and N. B. Carvalho. A comprehensive analysis of the clipping effects
on signals with different statistical patterns. In 2014 International Workshop on
Integrated Nonlinear Microwave and Millimetre-wave Circuits (INMMiC), pages 1–
3, April 2014. doi: 10.1109/INMMIC.2014.6815081. Cited on pages 2, 19, and 21.

[6] J. Hoydis, S. ten Brink, and M. Debbah. Comparison of linear precoding schemes
for downlink massive mimo. In 2012 IEEE International Conference on Commu-
nications (ICC), pages 2135–2139, June 2012. doi: 10.1109/ICC.2012.6364360.
Cited on pages 16 and 26.

[7] R. Kaur and M. S. Patterh. Analysis and simulations of the effects of non-linearity
on the radio frequency power amplifier modelling. 04 2015. Cited on page 21.

[8] T. Marzetta, E. Larsson, H. Quoc Ngo, and H. Yang. Fundamentals of massive
MIMO. Cambridge University Press, November 2016. ISBN 9781107175570. Cited
on pages iii, 1, 11, 12, 13, 14, 15, and 16.

51

http://dx.doi.org/10.1561/2000000093


52 Bibliography

[9] Thomas L. Marzetta. Massive mimo: An introduction. Bell Labs Technical Journal,
20:11–22, 2015. Cited on pages 1, 3, and 12.

[10] J. Minkoff. The role of am-to-pm conversion in memoryless nonlinear systems.
IEEE Transactions on Communications, 33(2):139–144, Feb 1985. ISSN 0090-
6778. doi: 10.1109/TCOM.1985.1096262. Cited on page 20.

[11] C. Mollén. High-End Performance with Low-End Hardware. PhD thesis, 2018.
Cited on pages 2, 3, 5, 17, 18, and 50.

[12] C. Mollén, E. G. Larsson, and T. Eriksson. Waveforms for the massive mimo
downlink: Amplifier efficiency, distortion, and performance. IEEE Transac-
tions on Communications, 64(12):5050–5063, Dec 2016. ISSN 0090-6778. doi:
10.1109/TCOMM.2016.2557781. Cited on pages iii and 25.

[13] E. Mukubwa, O. A. Sokoya, and D. S. Ilcev. Comparison and analysis of massive
mimo linear precoding schemes in the downlink. In 2017 IEEE AFRICON, pages
187–191, Sept 2017. doi: 10.1109/AFRCON.2017.8095479. Cited on page 16.

[14] M. Olofsson. Signal Theory. studentlitteratur, 2011. ISBN 9789144073286. Cited
on pages 5, 6, 20, and 30.

[15] S. Park, J. Park, A. Yazdan, and R. W. Heath. Optimal user loading in massive
mimo systems with regularized zero forcing precoding. IEEE Wireless Commu-
nications Letters, 6(1):118–121, Feb 2017. ISSN 2162-2337. doi: 10.1109/LWC.
2016.2638914. Cited on page 16.

[16] O. Raeesi, A. Gokceoglu, Y. Zou, E. Björnson, and M. Valkama. Performance
analysis of multi-user massive mimo downlink under channel non-reciprocity and
imperfect csi. IEEE Transactions on Communications, pages 1–1, 2018. ISSN
0090-6778. doi: 10.1109/TCOMM.2018.2792017. Cited on page 16.

[17] T. Schenk. RF Imperfections in High-rate Wireless Systems. Springer Science
Business Media, Oxford, 2004. Cited on pages 2, 3, 18, 19, 20, 21, 22, 27, and 30.

[18] M. Sharath. Analysis and Compensation of Power Amplifier Distortions in Wireless
Communication Systems. PhD thesis, 2015. URL https://ir.lib.uwo.ca/
etd/3311. Cited on pages 17, 21, and 50.

[19] C. X. Wang, F. Haider, X. Gao, X. H. You, Y. Yang, D. Yuan, H. M. Aggoune,
H. Haas, S. Fletcher, and E. Hepsaydir. Cellular architecture and key technologies
for 5g wireless communication networks. IEEE Communications Magazine, 52(2):
122–130, February 2014. ISSN 0163-6804. doi: 10.1109/MCOM.2014.6736752.
Cited on pages iii, 1, and 2.

https://ir.lib.uwo.ca/etd/3311
https://ir.lib.uwo.ca/etd/3311

	Abstract
	Acknowledgments
	Contents
	Notation
	1 Introduction
	1.1 Problem statement
	1.2 Thesis structure

	2 Theoretical Background
	2.1 Properties of stochastic signals
	2.2 General LTI SISO system
	2.3 Modulation schemes and detection in an AWGN channel
	2.3.1 QPSK
	2.3.2 16 QAM

	2.4 Fading channels and the coherence interval
	2.5 Massive MIMO system overview
	2.5.1 Downlink and uplink transmissions
	2.5.2 Downlink Massive MIMO with ideal transmitters setup
	2.5.3 SE and SER derivations
	2.5.4 Downlink precoding

	2.6 Non-linearities
	2.6.1 Clipping
	2.6.2 General output of a non-linearity and Bussgang theorem
	2.6.3 General polynomial model
	2.6.4 SSA model


	3 System Model
	3.1 Downlink Massive MIMO with non-ideal transmitters
	3.1.1 Setup of the system
	3.1.2 Received signal for non-ideal PAs
	3.1.3 SE and SER derivations

	3.2 Non-linear distortion model
	3.2.1 General non-linear model
	3.2.2 Closed-form expressions

	3.3 Solutions

	4 Simulation and Results
	4.1 Effect of non-linearities on SER
	4.1.1 Simulation setup
	4.1.2 Non-linear models
	4.1.3 SSA polynomial
	4.1.4 Rapp model

	4.2 Effect of non-linearities on the SE
	4.2.1 Simulation setup
	4.2.2 Non-linear models

	4.3 Input back-Off

	5 Conclusion and Future Work
	5.1 Clipping effect on the performance metrics
	5.2 Future work

	Bibliography

