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Abstract 
Gas turbine discs are heavily loaded due to centrifugal and thermal loads and are therefore 
designed for a service lifetime specified in hours and cycles. New probabilistic design criteria 
have been worked out at Siemens Industrial Turbomachinery AB and this report is intended 
to evaluate if existing turbine discs meet the new design criteria. The evaluation is composed 
of two tasks, estimation of failure risk and investigation of which parameters that have large 
effect on the results. 
 
Two different load cases are evaluated, one where the rotation speed is constant and one 
where a technical malfunction leads to an increase in rotation speed. The evaluation begins 
with definition of the failure criteria and identification of which parameters that affect the 
result. Also, the individual variability of these parameters is determined. Next, critical points 
in the turbine discs are identified using finite element analysis and a response surface is 
created in each critical point. Last, commercial probability software Proban is used to 
calculate failure risk and the effect each individual parameter has on the result. 
 
The outcome from the evaluations show that the failure risks are smaller than the maximum 
failure risks allowed in the design criteria. Further, creep strain rate, temperature and creep 
rupture strain are identified to have large effect on the results in the first case. In the second 
case blade load and other mechanical loads as well as yield stress show large effect on the 
results. 
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Sammanfattning 
Gasturbinskivor är högt belastade då de utsätts för både stora centrifugalkrafter och stora 
termiska laster. Turbinskivor är därför dimensionerade för en livslängd specificerad i tid och 
cykler. Nya probabilistiska dimensioneringskriterier för turbinskivor har tagits fram på 
Siemens Industrial Turbomachinery AB och den här rapporten avser att utvärdera hur 
befintliga turbinskivor faller ut med avseende på de nya kriterierna. Utvärderingen består i 
att uppskatta en brottrisk samt att undersöka vilka parametrar som har stor inverkan på 
resultatet.  
 
Två olika lastfall utreds, ett där varvtalet är konstant och ett där ett tekniskt fel i turbinen 
leder till att varvtalet ökar. Utredningen börjar med att definiera när brott uppstår. Vidare 
fastläggs det vilka parametrar som inverkar på resultatet och deras respektive variation 
bestäms. Sedan identifieras kritiska punkter i turbinskivorna via finita elementanalyser och 
responsytor skapas i de kritiska punkterna. Slutligen används ett probabilistiskt 
beräkningsprogram för att beräkna brottrisk och respektive parameters inverkan på 
resultatet. 
 
De resultat som erhålls visar att brottrisken i båda fallen är lägre än de tillåtna brottriskerna i 
de nya dimensioneringskriterierna. Vidare har kryptöjningshastighet följt av temperatur och 
krypbrottöjning störst inverkan på resultatet i det första fallet. I det andra fallet har bladlast 
och andra mekaniska laster följt av sträckgräns störst inverkan på resultatet. 
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1 Introduction 

1.1 Background 
In today’s competitive business environment it is essential for manufacturers to meet 
customer expectations for high performance and low costs. This calls for companies to 
improve product development. At the moment many engineers use deterministic 
approaches, such as safety factors or worst-case scenarios, to accommodate uncertainties 
during product development. The advantage of using this approach is reduced development 
time. However, use of deterministic methods may lead to products designed to withstand 
loads larger than they will face and this leads to higher costs. In addition, Nikolaidis, Chiocel 
and Singhal (2008) write that use of deterministic methods to reduce cost or weight may 
result in systems that are vulnerable to variability and uncertainty because they operate on 
tight margins. Conversely, the authors argue that probabilistic methods help manufacturers 
design more reliable products at lower costs than traditional deterministic approaches. In 
probabilistic methods statistics is used to study the influence of variability. Another positive 
feature with the probabilistic approach is that it is possible to identify which variable that 
contributes most (or least) to the result. Probabilistic methods may face some problems in 
early construction phases, because of large uncertainty in data. 
 
Gas turbine components are heavily loaded due to centrifugal and thermal loads and are 
therefore designed for a service lifetime specified in hours and cycles. Sjödin (2007) has 
worked out probabilistic design criteria for gas turbine rotor design in order to assure that 
the components are designed for a specified service lifetime. Among these are criteria for 
turbine discs. 

1.2 Objective 
This project aims to estimate the risk of failure in the turbine discs in the SGT-800 gas 
turbine practising a probabilistic method. Also, it is of interest to evaluate if the discs meet 
the design criteria. Another aim is to identify how each individual variable affect failure 
probability.  

1.3 Presumptions 
According to the design criteria failure probability should be checked for two cases. More 
specifically, failure probability should be checked for one case where the rotation speed is 
constant and failure is due to creep (creep case) and one case where a technical malfunction 
leads  to  an  increase  in  rotation  speed  (over-speed  case).  Over-speed  can  take  place  if  the  
generator does not give load or if the transmission shaft is broken. The burst speed (nburst) is 
defined as the rotation speed when plastic strains exceed the fracture strain or when global 
deformations grow too large. If the generator does not give any load the failure probability 
should be less than P1 at  a  rotation  speed  of  ……  times  the  nominal  speed  (Bykov,  1998).  
Further, if the transmission shaft breaks down the failure probability should be less than P2 
at  a  rotation speed of  ……  times the nominal.  nnom is 6 600 revolutions per minute. In the 
creep case turbine disc lifetime (tlife) is defined as the time when creep strains exceed the 
fracture strain or when global deformations grow too large. The probability of creep rupture 
in any of the discs should be less than P3 in ……  h. 
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1.4 Procedure 
The following method should be employed in order to calculate the failure probabilities 
according to the design criteria 
 
First the failure functions tlife and  nburst are defined. Then the random variables, whose 
variability should be taken into account, are identified and finite element (FE) analysis is 
employed to find the critical points in the discs. Failure probability can be determined in 
these specific points by supplementary FE analyses and variation of the random variables. 
However, these simulations can be very time consuming. Suppose that one simulation takes 
one hour, performing 1 000 simulations will then take more than a month. Instead, a 
response surface is created in each critical point. After the response surface is created there 
is no need for more FE analyses. Commercial probability software Proban is now used for 
calculating failure probability. That is, a failure event is created, the response surface is 
entered into Proban and failure probability is calculated using sampling of the random 
variables. 
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2 Failure criteria 

2.1 Displacement 
Operation of the gas turbine should take place without contact between rotor (rotating) and 
stator (non-rotating) components. Also, radial clearances in the blading and sealing system 
should assure engine efficiency. However, the focus point of this project is not engine 
efficiency, it is consequently not considered.  

2.1.1 Turbine clearance 
Turbine radial clearances under steady-state loading conditions are specified in Petukhovsky 
(1998). The clearance defines the minimal allowed distance between the blade and the 
wearing course in the labyrinth sealing. Clearances and wearing courses (blue areas) are 
shown  in  Figure  2.1.  The  blades  of  disc  1  and  disc  2  have  a  ……   mm  fluted  surface  at  the  
upper top which acts as a wearing course. All other wearing courses have a thickness of ……  
mm. 

 
 

Figure 2.1 - Arrangement scheme of turbine radial clearances 
 

2.1.2 Displacement failure 
Failure in both the creep case and the over-speed case occur when a wearing course is worn 
down or when the fluted surface of disc 1 or disc 2 is worn down. This means that the 
permissible displacement prior to failure at a specific location is calculated as the minimal 



4 
 

clearance at that location plus the thickness of the wearing course or the fluted surface. 
Clearances and permissible displacements are shown in Table 2.1. 
 

Disc Clearance Minimal clearance [mm] 
Thickness of the wearing course or the 

fluted surface [mm] 
Permissible 

displacement [mm] 
1 T5    
1 T6    
1 T8    
1 T15    
1 T9    
1 T10    
2 T16    
2 T23    
2 T17    
2 T18    
2 T23    
3 T24    
3 T25    

Table 2.1 - Turbine radial clearances 
 

2.2 Strain 
Strain magnitudes in range of the fracture strain limits may lead to failure. Equivalent creep 
strain (CEEQ) is used to quantify creep strains in the creep case and equivalent plastic strain 
(PEEQ) is used to quantify plastic strains in the over-speed case. 
 

 Equation 2.1 
 

where cr  is the creep strain rate  
 

 Equation 2.2 
 

where pl  is the plastic strain rate 
  
In accordance with Dahlberg (2003) a stress concentration factor Kt = 3 is used at the holes; 
see Figure 4.11. Hence, strain limits are a factor 3 smaller in these areas. The stress 
concentration factor Kt = 3 is defined for a small hole in a large plate. That is not really the 
case here, consequently the assumption is a bit conservative. 

2.2.1 Creep strain failure 
As mentioned, the turbine is running at a constant nominal rotation speed (nnom) in the 
creep case. Loads are therefore constant. Despite this, creep strains will increase and failure 
will finally occur. Material data for Inconel 718 from a survey performed by Booker and 
Booker (1980) are presented in Table 2.2. Failure for average data (50 percent probability of 
failure) is expected when strains exceed 1 percent strain or 1 /  3  percent  strain  in  the  
vicinity of a hole. 
 
 
 

t
cr dtCEEQ

0

t
pl dtPEEQ

0
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Probability of failure [%] Rupture strain [%] 

50 1 
15.87 2 

2.27 3 
0.135 4 

Table 2.2 - Probability of creep strain rupture for various strain values (mean value for temperature range) 
 

2.2.2 Plastic strain failure 
In the over-speed case the increase in loading may cause plastic strains to grow. This will 
eventually lead to failure. According to Sjödin (1995) the true failure strain is calculated as 
 

 Equation 2.3 
 
where Z is the reduction of area at failure. Large series tests performed by the manufacturer 
suggest that the material data in Table 2.3 can be used for Inconel 718 (Johan Moverare, e-
mail communication, September 19, 2008). Failure for average data is expected when strains 
exceed 5 percent strain or 5 / 3 percent strain in the vicinity of a hole. 
 

Probability of failure [%] Reduction of area at failure [%] Rupture strain [%] 
50 Z1 5 

15.87 Z2 6 
2.27 Z3 7 

0.135 Z4 8 
Table 2.3 - Probability of plastic strain rupture at various strain values at room temperature 

 

)Zln(rupture 1
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3 Uncertainties and scatters in random variables 

Uncertainties and scatters in the variables imply that tlife as well as nburst may differ between 
two discs of the same kind. Sjödin (2007) suggests that uncertainties and scatters in the 
following variables should be accounted for 
 

 Temperatures (T) 
 Heat transfer coefficients ( ) 
 Blade load and other mechanical loads (load) 
 Yield stress ( Y) 
 Rupture strain ( rupture) 
 Creep strain rate. The creep strain rate can be expressed as 

 
 Equation 3.1 

 
where C is a constant, f is  a  function  of  stress  ( )  and  temperature  ( ), and g is  a  
function  of  strain  ( ). Scatter in the creep strain rate is due to uncertainties in the 
constant C; see Almroth (2008) for more information. 

 
Statistics can be used to account for the effect of uncertainties and scatters in the random 
variables. For example, a normal distribution with specification limits at three standard 
deviations on either side of the mean covers 99.73 percent of the inside (Montgomery, 
2005); see Figure 3.1. The probability of a random variable to assume value larger than mean 
plus three standard deviations is accordingly 0.135 percent. This also means that the 
standard  deviation  ( )  of  a  random  variable  can  be  estimated  by  Equation  3.2  with  an  
accuracy of 0.135 percent. 
 

 Equation 3.2 
 
 

 
Figure 3.1 - Normal distribution centred at mean value 

 
Mean values and maximum (or minimum) values are shown in Table 3.1. The mean values of 
some random variables have been denoted i. This is because it is not a single value, instead 
it is multiple values or a field. Mean values and uncertainties and scatters in the random 
variables are taken from Sjödin (2007), Almroth (2008) and Moverare (e-mail 

)(g),(fCcr

3
value mean - value maximum
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communication, September 19, 2008). Common practise at SIT is to assume a normal, a 
lognormal or a Weibull distribution. In this work the normal and the lognormal distribution 
are used. 
 

Random variable Mean value Maximum (or minimum) value 

Temperatures [°C]   
Heat transfer coefficients [W/m2°C]   

Blade load and other mechanical loads [N]   
Creep strain rate1   

Yield stress [Pa]   
Rupture strain (creep) [%]   
Rupture strain (plastic) [%]   

Table 3.1 - Mean and maximum (or minimum) values of the random variables 

                                                   
1 Mean value and largest value for loge(C) 
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4 Determination of critical points using finite element analysis 

4.1 Finite element model 
The FE model consists of rotor hub, intermediate shaft, two intermediate rings, two sealing 
rings and three discs; see Figure 4.1 to Figure 4.3 and Table 4.1. An axi-symmetric model of 
the rotor has been made. Simulations are performed with the Abaqus/Standard solver and 
Abaqus Viewer is used for post-processing. 
 

 
Figure 4.1 - SGT-800 gas turbine 

 
 

 
Figure 4.2 - SGT-800 turbine disc 2 
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Figure 4.3 - FE model components 

 
 

Position Component 
1 disc 1 
2 disc 2 
3 disc 3 
4 intermediate shaft 
5 rotor hub 
6 bolt 
7 intermediate ring 1 
8 intermediate ring 2 
9 sealing ring 1 

10 sealing ring 2 
11 nut 

Table 4.1 - FE model components 

4.1.1 Elements 
Axisymmetric continuum elements are used to mesh the geometry, Abaqus DCAX8 is used in 
thermal analyses and Abaqus CAX8 is used in mechanical analyses. Abaqus DCAX8 is a 
biquadratic eight-node element with only a temperature degree of freedom at each node. 
Abaqus CAX8 is a biquadratic eight-node element with two displacement degrees of 
freedom at each node. Typical applications are heat transfer problems and thermal-stress 
problems, respectively. (Abaqus 6.7-3 Analysis User’s Manual). 
 

4.1.2 Contact definition 
Contact is defined between sealing rings and discs, intermediate rings and discs, 
intermediate shaft and disc 1, disc 3 and the rotor hub as well as between the bolt and the 
intermediate shaft. The definition for contact in Abaqus 6.7 is contact pair.  Elements  of  a  
contact pair need to be defined as either a master or  a  slave. Nodes of the slave surface 
cannot penetrate into the master surface whereas nodes of the master surface can 
penetrate into the slave surface if necessary; see Figure 4.4 for more information. (Abaqus 
6.7-3 Analysis User’s Manual), (Lindgren, 2006). 
 
Contacts pairs can use either a surface-to-surface or a node-to-surface formulation. Contact 
conditions in the node-to-surface formulation are established such that each node interacts 
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individually with a projection point on the other surface. In the surface-to-surface 
formulation contact conditions are imposed in an average sense, rather than at discrete 
points. In general this means more accurate results, but higher solution costs. In this model 
all contact surfaces use a surface-to-surface formulation. This is because accurate results are 
required. (Abaqus 6.7-3 Analysis User’s Manual). 
 
There are two different approaches to account for the relative motion between the two 
surfaces in a contact pair; small sliding and finite sliding. The small sliding formulation 
assumes an initial, limited amount of sliding, which may have positive effect on processing 
time and convergence. The finite sliding formulation allows for arbitrary sliding and 
recalculation of the contact area throughout the analysis. This may give more accurate 
results compared to the small sliding formulation. (Abaqus 6.7-3 Analysis User’s Manual). 
 
All contact surfaces in the thermal analysis are simulated with a tied condition, which means 
that the surfaces are tied together. In the mechanical analysis the contact surfaces between 
bolt and rotor hub as well as between bolt and intermediate shaft are tied. The axial contact 
between the sealing rings and the discs is simplified with an equation condition. This means 
that a node in the sealing ring will have the same axial movement as its corresponding node 
in the disc. All other contact surfaces use the small-sliding formulation with no friction. This 
is because of convergence problems. (Lindgren, 2006). 
 
 

 
Figure 4.4 - Contact surfaces 

 

4.1.3 Boundary conditions 
The thermal analysis consists only of thermal boundary conditions whereas the mechanical 
analysis consists of both thermal load and mechanical boundary conditions. In the 
mechanical analysis rigid body motion is prevented by restraining displacement in the axial 
direction at the intermediate shaft; see Figure 4.5. 
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Figure 4.5 - Restrains 

 
Steady state air temperatures and heat transfer coefficients, at various sections of the 
model, are taken from Andersson (2004). The author writes that calculated temperatures 
show good correspondence with measured metal temperatures in the model. 
 
Mechanical loads include centrifugal loads from discs, gas- and centrifugal loads from blades 
and blade fastenings as well as centrifugal and pretension loads from bolts. Rotation of the 
disc generates a centrifugal load which can be expressed as a volume load; see Equation 4.1. 
Notations may be found in Table 4.2. 
 

 Equation 4.1 
 
 

Notation Description Unit 
F loading N 
V volume m3 

 density kg/m3 
r radius m 

 angular velocity rad/s 
Table 4.2 - Notations Equation 4.1 

 
The total blade load is composed of gas- and centrifugal loads. The gas load is a combination 
of bending moment and shear force and the centrifugal load is a combination of bending 
moment and radial load from the blade. The blade fastening is replaced by a centrifugal 
radial  load.  All  blade loads are taken from Lindgren (2006) and are presented in Figure 4.6 
and in Table 4.3. 
 

2r
V
F
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r

 
Figure 4.6 - Loads on discs due to gas and centrifugal loads 

 
where 

 Fs_gas is uniform shear pressure due to gas load 
 F_cent is uniform pressure due to blade centrifugal load 
 F_rim  is uniform pressure due to blade fastening 
 M_gas  is bending pressure due to gas load 
 M_cent is bending pressure due to blade centrifugal load 

 
 
Disc Fs_gas [MN/m2] F_cent [MN/m2] F_rim [MN/m2] M_gas [MN/m2] M_cent [MN/m2] 

1      
2      
3      

Table 4.3 - Gas and centrifugal loads 

 
Module bolts and tie bolts give centrifugal loads and pre-tension loads on the discs. Also, the 
nuts give centrifugal loads at the end positions of the bolts. Boundary conditions from bolts 
and nuts are summarized in Figure 4.7, Figure 4.8 and Table 4.4. Pre-tension values are …… 
kN for both tie and module bolts and since there are 18 module bolts and 4 tie bolts the bolt 
substitute pretension is ……  kN  (Lindgren, 2006). 
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Figure 4.7 - Centrifugal loads from module bolts 

 

 
Figure 4.8 - Centrifugal loads from tie bolts 

 
 

Location Load [MN/m2] 
F1  

F2, F3, F4, F5, F6, F8  
F7  
F9  

F10  
F11, F12, F13, F14, F16  

F15  
F17  

Table 4.4 - Centrifugal loads from bolts 
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4.1.4 Material properties 
The turbine discs are made of Inconel 718, a nickel-chromium alloy containing several other 
elements for precipitation hardening and solid solution strengthening. The alloy has high 
temperature strength and creep resistance at elevated temperatures and is accordingly 
often encountered in extreme environments, such as in gas turbines. The rotor hub is made 
of Nimonic 901 and  the  intermediate  shaft  of  the  alloy  239095. No analyses will be 
performed on these parts and the corresponding material properties are therefore of minor 
interest. Material properties for Inconel 718 are shown in Figure 4.9. The monotonic stress 
strain curves are used to define plastic behaviour. That is, a set of points in the plastic region 
are identified and Abaqus then use these points to interpolate the plastic behaviour. 
Material data is taken from Kahlin (e-mail communication, September 9, 2008). 
 

 
Figure 4.9 - Stress strain curves for Inconel 718 

 
Creep behaviour of Inconel 718 is defined in an Abaqus creep subroutine issued by Almroth 
(2008). A typical Inconel 718 creep test has negligible primary creep, secondary creep to 
approximately ……  % strain, and tertiary creep to approximately ……  % strain. As a result, 
the model does not take primary creep into account explicitly. Instead the model is designed 
to calculate a correct average strain up to the beginning of tertiary creep. Tertiary creep is 
modelled by strain softening. The creep model is aimed at behaving correctly for lives 
beyond ……  h, for shorter lives creep rates are overestimated. A creep curve with primary, 
secondary and tertiary creep is shown in Figure 4.10. 
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Figure 4.10 - Creep curve 

 
Bolt and cooling holes are taken into account by reducing material properties in the 
corresponding areas. The material properties are reduced according to three methods 
 

1. Density, heat conductivity and Young’s modulus in axial direction are reduced with 
the same percent as the holes represent in the axisymmetric volume. Young’s 
modulus in radial and tangential direction and Poisson’s ratio are reduced according 
to methods developed by Wahlström (1995). That is, the material is set to have 
orthotropic material properties. 

2. Density, heat conductivity and Young’s modulus in radial and axial direction are 
reduced with the same percent as the holes represent in the axisymmetric volume. 
Young’s modulus in tangential direction is set to a low value. That is, a thousandth of 
the Young’s modulus in the radial direction. 

3. Density, heat conductivity and Young’s modulus in all directions are reduced with the 
same percent as the holes represent in the axisymmetric volume. 

 
It  is  to be noted that Young’s  modulus is  reduced only in the mechanical  analysis  whereas 
density and heat conductivity are reduced only in the thermal analysis. The location of 
cooling holes and bolt holes are shown in Figure 4.11 and the corresponding material 
properties reduction method is shown in Table 4.5. 
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Figure 4.11 - Location of holes 

 
 

Hole Description Material properties reduction method 
1 cooling hole in the rim of disc 1 2 
2 cooling hole in the rim of disc 2 2 
3 cooling hole in sealing ring 2 2 
4 groove at balancing hole area disc 3 2 
5 inner cooling hole disc 1 1 
6 inner cooling hole disc 2 1 
7 bolt hole intermediate shaft 1 
8 bolt hole disc 1 1 
9 cooling hole intermediate ring 1 2 

10 bolt hole disc 2 1 
11 cooling hole intermediate ring 2 2 
12 bolt hole disc 3 1 
13 large cooling hole rotor hub 3 
14 bolt hole rotor hub 1 
15 small cooling hole rotor hub 3 

Table 4.5 - Material properties reduction method at different locations 
 

4.1.5 Steps in FE model 
The thermal analysis consists of a single steady-state step. Air temperatures and heat 
transfer coefficients are assigned at different locations of the model and a steady-state step 
is  then  performed;  see  Figure  4.12.  The  output  from  the  analysis  is  the  thermal  load  at  
steady-state. 
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Figure 4.12 - Thermal analysis steady-state step 

 
The creep analysis consists of three steps 

 
1. Application of pre-tension loads from bolts 
2. Application of blade loads, thermal loads and volume loads 
3. Creep step 

 
It is extremely important that the creep law is employed in the first step. If not, 
convergence problems will come about. Furthermore, output data from the thermal 
analysis must be accessible before the start of step 2. Steps are shown in Figure 4.13.  
 

Lo
ad

 
Figure 4.13 - Steps in the creep analysis 

 
The over-speed analysis consists of three steps 

 
1. Application of pre-tension loads from bolts 
2. Application of blade loads, thermal loads and volume loads 
3. Over-speed step 

 
The first two steps are identical with those in the creep analysis. In the over-speed step the 
amplitude curve is modified to simulate a rise of speed. That is, the centrifugal loads are 
increasing. Steps are shown in Figure 4.14. 
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Figure 4.14 - Steps of the over-speed analysis 

 

4.2 Identification of critical points in the creep case 
Seven FE calculations are performed, one with average data on all random variables and 
then five calculations where one random variable at a time is set to its largest or smallest 
value. Finally, calculation of an extreme case where all variables are set to maximum or 
minimum value is performed. In each calculation the critical points in the discs are identified 
and tlife is determined in the most critical point. The procedure is the following; first the FE 
calculation is performed. Next, displacements and CEEQ are studied in Abaqus Viewer and 
critical nodes and failure modes are identified. Last, the time to failure is determined in the 
most critical node. That is, life is determined from a time history plot in the critical node. It is 
to be noted that the procedure must be repeated for each new calculation. 
 
Failure is first observed in node 30631 in all calculations. Failure is due to large creep strain; 
see Figure 4.15 and Figure 4.16. Moreover, no critical displacements are observed in any 
node at  the time of  failure;  see Figure 4.17.  Time versus strain in node 30631 is  plotted in 
Figure 4.18. It  is  to be noted that node 30631 is  in the vicinity of  a hole; see Figure 4.11.  
Results are summarized in Table 4.6. 
 

Analysis T  load 

creep 
strain 
rate rupture 

Critical 
node 

CEEQ in  
critical 

node [-] 
Time to 

failure [h] 

Displacement 
in 

the most 
critical node 

[mm] 
0 - - - - -     
1 Max - - - -     
2 - Max - - -     
3 - - Max - -     
4 - - - Max -     
5 - - - - Min     
6 Max Max Max Max Min     

Table 4.6 - Creep analyses results 
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Figure 4.15 - CEEQ (average data) 

 
 

 
Figure 4.16 - CEEQ zoom (average data) 
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Figure 4.17 - Displacements creep case (average data) 

 

 
Figure 4.18 - Strain versus time in node 30631 (average data) 
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4.3 Identification of critical points in the over-speed case 
Seven FE calculations are performed, one with average data on all random variables and 
then five calculations where one random variable at a time is set to its largest or smallest 
value. Finally, calculation of an extreme case where all variables are set to maximum or 
minimum value is performed. In each calculation the critical points in the discs are identified 
and nburst is determined in the most critical point. The procedure is the following; first the FE 
calculation is performed. Next, displacements and PEEQ are studied in Abaqus Viewer and 
critical nodes and failure modes are identified. Last, the burst speed is determined in the 
most critical node. That is, the burst speed is determined from a time history plot in the 
critical node and Equation 4.1. It is to be noted that the procedure must be repeated for 
each new calculation.  
 
Failure is first observed in node 47402 in all calculations. Failure is due to large displacement. 
That is, the node displacement exceeds the permissible displacement at clearance ……; see 
Figure 2.1 and Figure 4.19. Moreover, no critical equivalent plastic strains are observed in 
any node at the burst speed; see Figure 4.20. Displacement versus rotational speed in node 
47402 is plotted in Figure 4.21 and Figure 4.22. A substantial increase in displacements are 
seen  after  ……   rpm  in  Figure  4.22.  The  large  increase  in  displacement  is  due  to  that  the  
material has been fully plasticized at approximately ……  rpm (yield stress is approximately 
……  MPa at present conditions). Von Mises stress versus radius in disc 1 is plotted for some 
different rotation speeds in Figure 4.23. In the plot one can observe that stresses are highest 
in the centre of the disc. Results are summarized in Table 4.7. 
 

Analysis T   loads Y rupture 
Critical 
node 

PEEQ in  
most 

critical 
node [-] 

Speed 
at 

failure 
[rpm] 

Displacement 
in  

critical node 
[mm] 

0 - - - - -     
1 Max - - - -     
2 - Max - - -     
3 - - Max - -     
4 - - - Min -     
5 - - - - Min     
6 Max Max Max Min Min     

Table 4.7 - Over-speed analyses results 
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Figure 4.19 - Displacements over-speed case (average data) 

 
 

 
Figure 4.20 - PEEQ (average data)  



23 
 

 
Figure 4.21 - Displacement versus over-speed in node 47402 zoom (average data) 

 

 
Figure 4.22 - Displacement versus over-speed in node 47402 (average data) 
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Figure 4.23 - Von Mises stress versus radius in disc 1 for some different rotation speeds (average data) 
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5 Creation of response surfaces in the critical nodes 

5.1 Response surface  
The performance measure of a product or process depending on input (random) variables x1, 
x2… xn is called the response, and can be written as 
 

 Equation 5.1 
 
where  represents the statistical error observed in the response y. Assuming  to  have  a  
normal distribution with mean zero and variance 2, the response surface is represented by 
 

 Equation 5.2 
 
In several problems the form of the true response function is unknown. Consequently, it 
must be approximated. The accuracy in the approximation is heavily dependent upon the 
choice of a fitting approximation function. Montgomery (2005) writes that if the response is 
well modelled by a linear function of the independent variables, an appropriate 
approximation function is the first-order model 
 

 Equation 5.3 
 

 
Notation Description 

y response variable 
xj random variable 
k number of random variables (1  k  5) 

0 regression coefficient 
j regression coefficient 

Table 5.1 - Notations Equation 5.3 
 
The relevance of each random variable xj is visualized through its corresponding regression 
coefficient j. The first-order model is a good approximation of the true response surface 
when approximated over a small region of the independent variables and in a location 
where there is little curvature. A first-order response surface for a random linear function is 
plotted in Figure 5.1. Strong curvature in the true response surface makes the first-order 
model  inadequate.  To achieve a better  approximation a polynomial  of  higher degree must 
be used, such as in the second-order model 
 

 Equation 5.4 
 
 
Equation 5.5 accounts for interaction effects between variable xi and variable xj. Interaction 
effects are visualized through the regression coefficients ij. 
 

 Equation 5.5 
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The second-order model is widely used in response surface methodology. That is for several 
reasons. Firstly, the second-order model can take on a wide variety of functional forms. 
Thus, work well as an approximation to most true response surfaces. Secondly, the 
regression coefficients can easily be estimated with linear regression models. Lastly, 
practical experience has shown that second-order models work well in solving real response 
problems (Myers, 1995). A second-order response surface for a random quadratic function is 
plotted in Figure 5.2. However, experiences at SIT have shown that the first-order model 
makes a satisfactory approximation in most problems. The first-order model is therefore 
used in this project. 
 

 
Figure 5.1 - Response surface first-order model 

 

 
Figure 5.2 - Response surface second-order model 
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5.2 Determination of a response surface in node 30631 
A linear response surface is created for tlife in node 30631 

 
 Equation 5.6 

 
where 
 
xj = 0 for average data 
xj = +3 for maximum data 
xj = -3 for minimum data 
 
The reason why ±3 is used is explained in Chapter 3. log10(tlife) is the logarithm of the time to 
failure and xj  N(0, 1). That is standard normally distributed. j is calculated from Table 4.6 
and Equation 5.6. Results are shown in Table 5.2. The response y can now be calculated for 
any configuration of the random variables xj. 
 

Average data 0  
Temperature max 1  

Heat transfer coefficient max 2  
Blade load max 3  

Creep strain rate max 4  
Rupture strain min 5  

Table 5.2 - Regression coefficients creep case 

5.3 Determination of a response surface in node 47402 
A linear response surface is created for nburst in node 47402 
 

 Equation 5.7 
 
where 
 
xj = 0 for average data 
xj = +3 for maximum data 
xj = -3 for minimum data 
 
log10(nburst)  is  the  logarithm  of  the  burst  speed  and  xj  N(0,  1).  That  is  standard  normally  
distributed. j is calculated from Table 4.7 and Equation 5.7. Results are shown in Table 5.3. 
The response y can now be calculated for any configuration of the random variables xj. 
 

Average data 0  
Temperature max 1  

Heat transfer coefficient max 2  
Blade load max 3  
Yield stress min 4  

Rupture strain min 5  
Table 5.3 - Regression coefficients over-speed case 
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5.4 Estimation of the approximation error in the linear response surfaces 
The linear response surface is an approximation of the true response and the quality of the 
approximation must therefore be evaluated. The approximation error is examined in the 
extreme case point. This point is chosen because the result, in the extreme case point, is 
influenced by all  variables.  tlife and nburst were determined to ………………….…  hours and ……  
revolutions per minute in the extreme case. These values are inserted in the left-hand side of 
Equation 5.6 and Equation 5.7, respectively. Right-hand side data and results are 
summarized in Table 5.4. 
 

 Creep case  Over-speed case 
x1  x1  
x2  x2  
x3  x3  
x4  x4  
x5  x5  

0  0  
1  1  
2  2  
3  3  
4  4  
5  5  

log10(tlife) RS  log10(nburst) RS  
log10(tlife) FE  log10(nburst) FE  

Error  Error  
Table 5.4 - Calculation of the error in the linear response surfaces 

 
FE result and response surface result show a diminutive error in the over-speed case. The 
first-order model is accordingly a suitable approximation function to the true response. In 
the creep case however, FE result and response surface result show a slightly larger error. 
Consequently, in this case the first-order model is not a suitable approximation function to 
the true response. With Chapter 5.1 in mind, one can state that the creep life response 
shows curvature. Hence, the second-order model is a better approximation function. 

5.5 Determination of a quadratic response surface in node 30631 
A quadratic response surface is created for tlife in node 30631 
 

 Equation 5.8 
 
 

0 and  j are determined as in Chapter 5.2 and 5.3. In order to determine ii and  ij 
additional FE calculations are needed. Ten FE calculations are required to determine all ij. 
Furthermore, five FE calculations are required to determine all ii.  However,  if  only  the  
random variables that affect creep life the most are utilized the numbers of additional FE 
calculations are reduced. From the regression coefficients in Table 5.2 one can conclude that 
the temperature and the creep strain rate affect tlife most. As a result, only three additional 
FE calculations have to be performed. ij is determined by setting both random variables to 
their maximum value and ii is determined by setting the random variables to their minimum 
value. FE results are summarized in Table 5.5. 
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Analysis T  load 

creep 
strain 
rate rupture 

Critical 
node 

CEEQ in  
critical 

node [-] 
Time to 

failure [h] 

Displacement 
in 

the most 
critical node 

[mm] 
7 +3 0 0 +3 0     
8 -3 0 0 0 0     
9 0 0 0 -3 0     

Table 5.5 - Additional FE calculations creep case 

 
The regression coefficients from Table 5.3 are inserted into Equation 5.8. 14, 11, and 44 are 
then determined from analysis 7, 8 and 9, respectively.  Quadratic regression coefficients are 
presented in Table 5.6. 
 
Temperature max, Creep strain rate max 14  

Temperature min 11  
Creep strain rate min 44  

Table 5.6 - Quadratic regression coefficients 
 

5.6 Estimation of the approximation error in the quadratic response 
surface 

Determination of the approximation error is performed in the extreme case point. The 
extreme case FE analysis determined tlife to ………….. This value is inserted in the left-hand 
side of  Equation 5.8.  Right-hand side data and results  are summarized in Table 5.7.  The FE 
result and the response surface result now show a somewhat smaller error. The second-
order model is accordingly a comparatively more pleasing approximation function to the 
creep life response than the first-order model. 
 

 Creep case 
x1  
x2  
x3  
x4  
x5  

0  
1  
2  
3  
4  
5  

11  
44  
14  

log10(tlife) RS  
log10(tlife) FE  

Error  
Table 5.7 - Calculation of the error in the quadratic response surface 
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6 Computation of failure probabilities 

The response surfaces derived in the preceding chapter can now be used to simulate the 
response y for any configuration of the random variables. In this chapter the response 
surfaces and the commercial software Proban are used to determine the failure probability. 

6.1 About the Proban program 
Proban is a tool for general purpose probabilistic analysis developed by Det Norske Veritas. 
The main objective with the program is  to provide a variety of  methods aimed at  different 
types of probabilistic analysis, for example probability analysis of events. 

6.2 Failure event 
According  to  Sjödin  (2007)  the  probability  of  failure  in  the  creep  case  can  be  taken  as  the  
probability that the creep lifetime is smaller than the desired lifetime 

 
 Equation 6.1 

 
Also, the failure probability in the over-speed case can be taken as the probability that the 
rotation speed exceeds the burst speed 
 

 Equation 6.2 
 

6.3 Event probability 
A variety of methods for determining the probability of an event are available in Proban. The 
application of a particular method depends on the problem at hand and at the objective of 
the analysis. Important in the selection of a method is for example computational costs and 
the properties of the event function, that is continuity and differentiability (Sesam Proban 
4.4 User’s Manual). Six methods for calculating event probability are available in Proban. 
Two of those methods are presented below. 

6.3.1 Monte Carlo Simulation 
The Monte Carlo method uses random samples of the variables to estimate an event 
probability. The procedure is rather straightforward. A number of numerical experiments are 
performed and in each experiment an outcome is  generated of  the variables involved.  The 
outcomes fall within either a safe region or a failure region. This means that if the 
experiment is repeated many times a failure probability can be estimated by the frequency 
the  outcomes  fall  within  the  failure  region;  see  Figure  6.1.  An  advantage  of  the  method  is  
that  it  makes  use  of  point  values  of  the  event  function  only.  That  is,  the  method  can  be  
applied to most event functions. A limitation is that simulations of small probabilities require 
a large number of experiments. The number of experiments n required to achieve a specified 
accuracy  is 
  

 Equation 6.3 
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where Pf is the failure probability. The shortcoming of the method is easily illustrated. 
Suppose one wants a failure probability of 10-4 with an accuracy of 1%, then 108 experiments 
have to be carried out. Consequently, small probabilities and high accuracy may lead to large 
computation costs (Nilsson, 2008). 
 

 
Figure 6.1 - Monte Carlo simulation 

 

6.3.2 FORM 
Blom et al. (2005) writes that the probability of an event may be formulated as a 
multidimensional integral 
 

 Equation 6.4 
 
where X is the random variables and fX(x) is their joint probability density function. Also, the 
probability is integrated over the event domain which implies that the event function must 
be continuously differentiable. The basic idea of the First Order Reliability Method (FORM) is 
to approximate the integral. The approximation is performed in a few steps. First, the 
random variables X are transformed into standard normal distribution variables U, which 
means that the stochastic variables have a standard normal distribution. Then the nearest 
point to the origin on the failure surface is found using optimization methods. This point is 
denoted the design point (u*). Next the failure surface is approximated by a linear function in 
u*. Last, failure probability is estimated as the amount of probability outside the linear 
approximation to the failure surface (Proban 4.4 user’s manual). These steps are illustrated 
in Figure 6.2, where the circles represent the probability distribution. 
 

Event
X dx)x(f)Event(P
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Figure 6.2 - The first order reliability method 

 
Nilsson (2008) writes that linear functions often are good approximation functions in the 
vicinity of the design point. Consequently, FORM gives reliable results if the random 
variables are changed moderately. Furthermore, the accuracy of FORM is usually good for 
small probabilities. As a result FORM is used in this project. 

6.4 Results 
All in all, probability of failure is determined in the following way 
 

1. The response surface is inserted into Proban 
2. All random variables xj are transformed into stochastic standard normal distribution 

variables Uj 
3. A failure event is created 
4. The likelihood of failure is calculated using FORM 

 
Results are shown in Figure 6.3 and Figure 6.4. From the graphs the following risks of failure 
are determined 
 

 Risk of failure after ……  h is P4 (creep case) 
 Risk of failure at …… ·nnom rpm is P5 (over-speed case) 
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Figure 6.3 - Failure probability in node 30631 (creep case) 

 
 

 
Figure 6.4 - Failure probability in node 47402 (over-speed case) 
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6.5 Parameter study 
In Chapter 3 six random variables which affected tlife and  nburst were  defined.  It  has  
previously been mentioned that the relevance each variable have on tlife and  nburst is 
visualized through its corresponding regression coefficient. However, since the variables 
have effect on tlife and nburst they must most certainly also affect the failure probability. Each 
random  variable’s  individual  effect  on  the  failure  probability  is  evaluated  through  a  
parameter study. A variable’s relevance is obtained if its deviation is set to zero and a new 
Proban analysis is performed. A comparison of parameter study results and the original case 
is shown in Figure 6.5 and Table 6.1 respective Figure 6.6 and Table 6.2. 
 

 
Figure 6.5 - Parameter study in node 30631 (creep case) 

 
 

Calculation tlife at Pf  = P0  [h] tlife at Pf =  P0 / tlife at Pf  = P0 original case 

Original case t1  

T t2  

 t3  

 loads t4  

creep strain rate t5  

rupture t6  
Table 6.1 - Comparison of tlife at Pf = P0 in node 30631 (creep case) 
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Figure 6.6 - Parameter study in node 47402 (over-speed case) 

 
 
Calculation nburst at Pf = P0 [rpm] nburst at Pf = P0 / nburst at Pf = P0 original case 

Original case n1  
T n2  

 n3  

loads n4  

Y n5  

rupture n6  
Table 6.2 - Comparison of nburst at Pf = P0 in node 47402 (over-speed case) 
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7 Sources of error 

7.1 Deviation 
Montgomery (2005) writes that a simple model for measurement is 
 

 Equation 7.1 
 
where y is the total observed measurement, x is the true value of the measurement and  is 
the measurement error. A measurement error is consequently also present in the random 
variables maximum (or minimum) values. On the other hand, the measurement error in 
modern instruments is usually very small. 

7.2 Distribution 
In this project all random variables are assumed to have a normal distribution or a lognormal 
distribution. In reality this is not really the case, random variables can have other 
distributions such as the Weibull distribution and the exponential distribution. However, 
Montgomery (2005) argues that the central limit theorem often is a justification of 
approximate normality. The central limit theorem implies that the sum of n independently 
distributed random variables is approximately normal, regardless of the distributions of the 
individual random variables. 

7.3 Random variables 
According to the design criteria scatters and uncertainties should be accounted for in six 
different random variables; see Chapter 3. This is an obvious simplification of the reality and 
there is a chance that important variables have been missed out. On the other hand, the 
number of random variables must be kept within limits. 

7.4 Failure criteria 
In Chapter 2 it was assumed that failure occurred if the fracture strain was exceeded or if 
displacements grew too large. These failure criteria are absolute in theory but the reality is 
more complex. That is, equations such as Equation 2.1 to 2.3 are just physical models of the 
reality, and may not be the true behaviour. 

7.5 The response surface 
The quality of the response surfaces are evaluated in Chapter 5.4 and Chapter 5.6. In both 
cases the approximation error is less than one percent. The accuracy of the response surface 
may be further improved if higher order terms are added. 

xy
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8 Conclusions and discussion 

8.1 Summary of important conclusions 
The risk of failure after ……  h is determined to P4 in the creep case. The failure risk is smaller 
than the maximum risk allowed in the design criteria. In all calculations failure is first 
observed in node 30631 and is due to large creep strain. From Table 6.1 one can conclude 
that the creep strain rate has largest effect on the failure probability. Further, temperatures 
and creep rupture strain are identified to have the second and third largest effects, 
respectively. 
 
The risk of failure at …… ·nnom rpm is determined to P5 in the over-speed case. The failure risk 
is smaller than the maximum risk allowed in the design criteria. In all calculations failure is 
first observed in node 47402 and is due to large global displacements. From Table 6.2 one 
can conclude that blade load and other mechanical loads have largest effect on failure 
probability. Yield stress is identified to have the second largest effect. 

8.2 Discussion 
A different design approach when designing turbine discs is to define failure when 
displacements tend to infinity; see Chapter 4.3 and Figure 4.22. This design approach is 
commonly used under development stages when it is hard to foresee clearances et cetera. If 
this design approach is employed in the over-speed case failure due to large plastic strain 
will occur at approximately …………………  rpm for average data. However, the displacements 
at ……  rpm can be as large as ….… mm for average data, which will lead to contact between 
rotor and stator parts and accordingly a different load case. Contact can be avoided if 
clearances are increased, but since clearances in the blading and labyrinth sealing system 
should assure engine efficiency this is not really an option. It is to be noted that this design 
approach is not employed in the gas turbine design criteria. 
 
A  simplification  made  in  the  over-speed  case  is  to  first  apply  the  steady-state  loading  and  
then simulate the increase in speed. In reality the increase in speed can start before “steady 
state” is reached, which means that the loading case will diverse. However, the increment 
time in the FE model used in this project is very small so the difference will be negligible. 
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9 Further work 

Further work can involve development and improvement of the method employed in this 
project. A proposal for further work is 
 

 Investigate automatically identification of critical points. That is because the critical 
points identification process are time consuming and inadequate, critical points may 
be missed out. 
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