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Abstract 

Cellular metabolism is one of the most fundamental systems for any living organisms, 

involving thousands of metabolites and reactions that forms large interconnected metabolic 

networks. Proper and comprehensive understanding of the metabolism in human cells has 

been a field of research for a long time. One of the key parameters in understanding the 

metabolism are the metabolic fluxes, which are the rates of conversion of metabolic 

intermediates. Currently, one of the main approaches for determining these fluxes is 

metabolic flux analysis (MFA), in which isotope-labelled compounds are introduced into the 

system and measured. Mathematical models are then used to calculate a prediction of the 

systems flux configuration. However, the current paradigm of MFA lack established methods 

for validating that a model can accurately predict quantities for which there are no 

experimental data. In this study, a model for the central human metabolism was created and 

evaluated with regards to the model’s ability to predict a validation dataset. Further, an 

uncertainty analysis of these predictions were performed with a prediction profile likelihood 

analysis. This study has conclusively shown that MFA models can be validated against 

experimental data that the model has never seen before. Additionally, such model 

predictions were shown to be observable with a well determined prediction uncertainty. 

These results shows that a systematic validation of MFA models is possible. This in turn 

allows for a greater trust to be placed in the models, and in any conclusions that are based 

on such models.  
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Introduction 
 

Investigating complex biological systems, such as cellular metabolism, is a long-standing 

field of research spanning and combining areas such as cellular physiology, biochemistry 

and biotechnology. While the metabolic phenotype in human cells can be characterised by 

many different parameters, the most important parameter, to understand the inner workings 

of the metabolism, is the intracellular metabolic conversion rates or metabolic fluxes. These 

fluxes describes how metabolite conversions occur throughout the system. These metabolic 

fluxes are very difficult to measure in living tissue, and currently the approach of metabolic 

flux analysis provides the best solution for determining metabolic fluxes. Metabolic flux 

analysis uses mathematical modelling to determine metabolic fluxes from isotopically 

labelled metabolite data. However, the currently accepted practices in metabolic flux 

analysis give little reason as to why one should trust the fluxes determined by these models. 

The reason for this lack of trust is that it is not common practise to validate whether the 

models can actually describe quantities for which there are no experimental data e.g. 

metabolic fluxes. In this report, I develop and test a new approach by which such a validation 

can be done. 

1.1 Cancer 

Cancer is one of the most daunting public health issues in the world and is one of the 

leading causes of death globally. In the United States, the American cancer society 

estimates that in 2018 1.7 million new cancer cases will be registered and that over 600 000 

people will die as a result of cancer [1]. Similarly, the Swedish national board of health and 

welfare (Socialstyrelsen) disclosed that in 2016 around 64 000 new cancer tumours were 

reported. The institution further estimates that every third person in Sweden is likely to 

receive a cancer diagnosis, at least once in their lifetime [2]. While the Swedish annual 

number of cancer deaths has declined between 1970 and 2016, the incidence rate has 

increased in the same period [3]. Meaning that cancer is still a growing concern and effective 

treatments are necessary.  

 

Cancer is not so easily treated though, and this is because cancer is not one single disease, 

rather it is the name given to a collection of neoplastic diseases. Classification of these 

diseases are complicated as they involve multi step cellular development, but in general all 

forms of cancer will exhibit what is known as the eight hallmarks of cancer, which can be 

seen in Figure 1. These hallmarks are resisting cell death, sustained proliferative signalling, 

inducing angiogenesis, evading growth suppression, enabling replicative immortality as well 

as activating invasion and metastasis. Over the last decades two additional hallmarks has 
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emerged, which are a capability to evade immune destruction and a reprogramming of the 

cells energy metabolism [4].  

 

 
 

 

This reprogramming of the metabolism is arguably one of the most intriguing aspects of 

cancer cells as it has been observed as early the 1920s but is still not fully understood [5]. 

The uncontrolled proliferation that characterises cancer cells is also accompanied by an 

increased demand for metabolic building block and energy carriers and thus results in an 

upregulated metabolism. In healthy cells, energy is predominantly derived from oxidation of 

glucose via glycolysis and the tricarboxylic acid cycle (TCA - cycle). This oxidation process 

results in ATP and CO2 during aerobic conditions and in lactate and ATP for anaerobic 

conditions. What is observed to occur in cancerous cells is a significantly increased uptake 

of glucose and a corresponding production of lactate, even during aerobic conditions. This 

phenomenon is called aerobic glycolysis of “The Warburg effect” [4], [5].    

 

However, this Warburg effect is thought to be far more comprehensive than the glycolysis 

and an aerobic production of lactate. The upregulation of the glycolysis could in part be 

because the cells can utilize the glycolytic intermediates in other pathways and processes 

that favours cell proliferation [4], [6]. Furthermore, there are studies that would suggest that, 

due to the complex interactions and cross-talk between different parts of the metabolism, the 

cancer cells reprogramming covers more than just the glycolysis [7].  

 

Consequently, it is of paramount importance to understand how cancer cells reprogram 

themselves. Such an understanding would be essential to cancer biology but also for finding 

Figure 1: The eight 
hallmarks of cancer 
development. There is no 
inherent order to how these 
hallmarks develop but all will 
be present in a full-fledged 
cancer cell. For this project, 
the reprogramming of the 
energy metabolism is of 
particular interest.  



3 
 

potential therapeutic targets. In other words, there is a need to understand how cellular 

metabolism works in cancer cells and how it compares to healthy cells.  

 

1.2 Cellular metabolism 

Cellular metabolism is one of the most fundamental systems for any living organisms and is 

how any organism converts nutrients to energy and cellular building blocks. However, the 

metabolism is quite complex and involves thousands, of biomolecules, proteins and 

metabolic intermediates, all spread across an equally large number of reactions [8]. Due to 

this complex nature, the metabolism can be difficult to empirically map, even in healthy cells.  

 

The mapping of the metabolism is generally done by looking at interconnected processes, 

such as the above mentioned glycolysis or TCA-cycle. These processes usually represents 

a subpart of the whole metabolism, e.g. glycolysis describes the process in which glucose is 

oxidised into pyruvate or lactate, through a number of intermediary steps [8]. In recent years 

all these sub processes have been combined in attempts to create a more comprehensive 

picture of the human metabolism [9].  

 

 
Figure 2: An illustration of the central metabolism surrounding the TCA-cycle. The figure is an example of the 
complexity and structure of a metabolic network. The circles represents metabolites and the squares represent 
enzymatic reactions. 

 

Figure 2 is an illustration of the TCA-cycle with some adjacent pathways. The metabolic 

process, in which energy is extracted from nutrients in the form of ATP, forms a network of 

metabolites and other biomolecules (seen as circles in Figure 2). The metabolites are 
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connected via biochemical reactions that are in most cases catalysed by an enzyme (seen 

as squares in Figure 2). The network is a description of how different substances move 

throughout the system or with other words a map of the metabolic flux configuration. 

 

A metabolic flux is a measure of how many metabolites that move through a specific 

metabolic pathway. Due to the thermodynamic nature of living systems metabolic fluxes tend 

to be maintained at a steady state, i.e. the production and consumption of all pathway 

intermediates are the same such that a constant concentration is maintained. The steady 

state also means that the flux or flow of metabolites through the pathway is constant. The 

flux is determined by certain rate determining reactions, this could be compared to a dam 

that regulates the flow of water from an upstream location to a downstream location. The 

dam can also vary the flow of water to generate more or less electrical power. Similarly, the 

cells have several mechanisms in place to alter the metabolic flux through a pathway to 

satisfy its need for energy. Such an alteration will result in a new steady state configuration 

[10]. 

 

Determining these alterations in flux configurations could be crucial for understanding how 

cancer cells reprogram themselves and it has recently been shown that metabolic 

abnormalities in cancer cells can be identified by analysing the cells metabolic fluxes [11]. 

Although, determining the metabolic fluxes requires analytical techniques that extend 

beyond biology and biochemistry. The problem lies in the inability to measure internal fluxes 

of living systems and thus complete flux determination requires a more technical approach, 

such as systems biology [12].    

 

1.3 Systems biology  

Systems biology is an interdisciplinary field that combines biology, technology and computer 

science to understand how biological systems work, Figure 3 illustrates the interplay 

between these different disciplines. Compared to molecular biology that looks at how 

different reactions affect biological functions on the molecular level, systems biology focuses 

on obtaining a more comprehensive understanding of the whole system [13]. This is 

generally done with mathematical modelling of biological systems. Such modelling translates 

biological processes, such as the synthesis of a biomolecule, into mathematical equations 

where the variables might be reaction rates or the concentrations of substrates and 

products. With adequate computational implementation these models can describe even 

very complex biological systems [13]. 
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However, to know whether a model offers an accurate description of a biological hypothesis 

more knowledge of the system is required, such knowledge comes in the form of data. 

Acquiring data usually means measuring different aspects of the system, this provides 

information about how the system behaves during the measurement conditions. If the model 

is then subjected to the equivalent conditions, simulated data are obtained and a comparison 

between the model and the data can be made. The difference between the measured data 

and the simulated values is called residuals [13].  

 

The residuals determines the models goodness of fit (GoF) i.e. how much agreement there 

are between the model and the observed data. Mainly, one looks at the absolute size of the 

residuals when evaluating the GoF, small residuals indicate that the mode is in good 

agreement with the data while large residuals indicates poor agreement between model and 

data. Additionally, for experimentally determined data, the residuals are usually weighed 

against the measurement uncertainty of the data. This means that data points with a large 

experimental uncertainty will matter less when determining the GoF. By calculating the sum 

of the square of the weighted residuals (SSR) a singular value that describes the GoF is 

obtained, this is usually done by something called a cost function and is shown in equation 

(1) [13].  

𝑉(𝜃) = ∑ (
𝑦𝑖 − �̂�𝑖(𝜃)

𝜎𝑖
)

2

∀𝑖

 

Where 𝑦𝑖 are the measured value of data point 𝑖, �̂�𝑖(𝜃) are the simulated value for a given 

parameter set 𝜃 and 𝜎𝑖 are the sample standard deviation of data point 𝑖. 𝑉(𝜃) is sometimes 

referred to as the cost of the parameter set 𝜃. Should the data consist of means of several 

replicated experiments, 𝜎𝑖 should be replaced by the standard error of the mean (SEM) 

Figure 3: A visual depiction of the field of 
systems biology. The figure shows how 
the fields of biology, technology and 

computations links together in a cycle. 

(1) 
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which is given by dividing 𝜎𝑖 by the square root of 𝑁𝑖, where 𝑁𝑖 is the number of replicates 

[13].  

 

𝑆𝐸𝑀𝑖 =
𝜎𝑖

√𝑁𝑖

 

 
The parameter set 𝜃 are the parameters that determines the model simulation. Such 

parameters usually are the model’s representation of biological quantities such as metabolic 

fluxes or reaction rates and are generally unknown when the model is formulated. A 

parameter set 𝜃 that yields a sufficiently high GoF, i.e. a low cost, allows the model to 

accurately describe the system and thus 𝜃 is considered an acceptable approximation of the 

true parameters in the system [13].  

 

In order to find such a parameters set the parameters are estimated through an iterative 

fitting or optimization process where a minimisation of the cost is used as an objective 

function. Since, different sets of parameters yields different costs there exists a cost 

landscape, an example of which can be seen in Figure 4, and with such a landscape a 

minimum cost must exist. The minimum cost, also known as the global minimum, is the 

result of the parameter set 𝜃 that gives the model the best possible fit to the measured data. 

Besides the global minimum there may exist several local minimums, which can also be 

seen in the Figure 4 example [13].  

  

 
Figure 4: A schematic visualization of what a cost landscape could look like. Along the x-axis are different sets of 
parameter values 𝜃 and on the y-axis are the corresponding cost of 𝜃 as determined by equation (1). 

This cost landscape presents a optimisation problem in which the desired solution is to find 

the set of parameters that yields the global minimum cost, this is also known as the optimal 

solution. Depending on the structure of the optimisation problem different techniques, such 

as Quasi-Newton or a steepest descent [14], [15] approach may be employed to find the 

optimal solution [14].  

 

(2) 
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However, a solution does not need to be optimal to present a sufficiently good enough fit to 

the data. In most cases, the model is considered to have an acceptable GoF if the calculated 

cost falls below a statistical threshold, in other words when the residuals are small enough. 

This statistical threshold can be determined from a 𝜒2- distribution, given a significance 

level 𝛼, typically 0.05, and the number of degrees of freedom (DoF). The model fit is 

considered acceptable if the cost 𝑉(𝜃) falls below 𝜒
1−

𝛼

2

2 (𝐷𝑜𝐹), were DoF is equal to number 

of measurements, used to calculate the cost minus the number of independent parameters 

[16], [17].  

 

Testing the size of the residuals against the 𝜒2-threshold or cutoff value is more commonly 

known as a 𝜒2-test and is a form of hypothesis testing. For the 𝜒2-test the null hypothesis is 

that the residuals are small, thus if null hypothesis is rejected it means that the residuals are 

too large to give a satisfactory GoF. As for all hypothesis testing the only way to conclude 

something is by rejection and thus any parameter set θ that yields a cost below the  

𝜒2-threshold is considered an acceptable approximation of the system [13], [18].  

1.3.1 Model validation 

While a 𝜒2-test confirms whether the model fit is acceptable or not, it does not validate the 

models capability to predict quantities for which there is no experimental data. In systems 

biology such validation can be done by introducing validation data. Validation data is either 

new data or data that has been withheld from the estimation process. The idea is that the 

model is trained on, by being fitted to, one set of estimation data and then validated by its 

ability to accurately describe another dataset, the validation data. The reason that the use of 

validation data is useful is that it protects against overfitting, a phenomenon in which the 

model is overparameterised and thus fits the estimation data unrealistically well, but is 

unable to describe validation data. Thus, an overfitted parameter estimation will result in a 

low cost and pass a 𝜒2-test, but should still be considered a poor description of the system 

and still be rejected [13]. Further, validation data can also be used to validate a model where 

the 𝜎 of the estimation data might have been overestimated. An overestimated 𝜎 means that 

the model will have an easier time fitting to the estimation data and thus might result in an 

inadequate or biased description of the true system.  

 

Figure 5 illustrates a theoretical example that emphasises the problems with overfitting and 

overestimating the 𝜎, using simulated data and different degree polynomials. In this example 

a 7th degree polynomial represents the true system (black dashed line) from which random 

data points are generated. The data points are drawn from a normal distribution with a 

true 𝜎 = 0.1 and divided into estimation data (blue) and validation data (red). Three different 

degrees of polynomials have then fitted to the estimation data their costs calculated, 

according to equation (1). The costs were calculated for both an overestimated 𝜎 = 0.4 and 

the true 𝜎, the error bars seen in Figure 5 represents this overestimated sigma, these costs 

and the 𝜒2- thresholds for the respective polynomial models can be seen in Table 1.  
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Figure 5: A theoretical example that emphasizes the importance of model validation. The true system is a 7th 
degree polynomial showed by the black dashed line. The blue error bars represent estimation data, the red error 
bars represents validation data. The data is generated from a normal random distribution with a true 𝜎 = 0.1, but 

the illustrated error bars correspond to an overestimated 𝜎 = 0.4. Three different polynomials are fitted to the 

estimation data, a 5th degree polynomial in purple, a 7th degree polynomial in orange and a 9th degree in green.  

 

 

Table 1: Shows the 𝜒2-treshold and the calculated costs corresponding to each to the polynomial. The costs are 
calculated, according to equation (1), for both the overestimated 𝜎 = 0.4 and the true 𝜎 = 0.1. 

 5th Degree 𝑷(𝒙) 7th Degree 𝑷(𝒙) 9th Degree 𝑷(𝒙) 

𝝌𝟐 − 𝒕𝒉𝒓𝒆𝒔𝒉𝒐𝒍𝒅 26.3 23.7 21.0 

Cost with overestimated 𝝈 18.3 0.04 0.03 

Pass 𝝌𝟐-test YES YES YES 

Cost with true 𝝈 1200 20.8 14.2 

Pass 𝝌𝟐-test NO YES YES 

Describes validation data NO YES NO 

 

This example shows that if the measurement error is overestimated for whatever reason, 

models that give an inadequate description of the true system can still be considered 

acceptable if the 𝜒2-test measure of model evaluation is used. From Figure 5 and Table 1 it 

can be seen that the 5th degree polynomial (the purple line) gives a fairly poor description of 

the true system but still passes the 𝜒2-test, with the overestimated 𝜎. Furthermore, the 

example shows that both the 7th and 9th degree polynomials (the orange and green lines 

respectively) can very precisely describe the estimation data. Also, the higher degree 
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polynomials both passes the 𝜒2-test, both for the overestimated 𝜎 and the true 𝜎. However, 

the 9th degree polynomial, which represents an overparameterised model, is overfitted and 

thus gets the lowest cost for the estimation data, but completely fails to describe validation 

data. This means that while, based on the 𝜒2-test, the 9th degree polynomial appears to be 

the best model it will only be able to describe the true system in the region of the estimation 

data and thus is actually a very poor description of the true system. Only the 7th degree 

polynomial can accurately describe both the estimation data and the validation data.   

 

Model validation is of further importance when it comes to constructing mathematical models 

that aim to predict system properties that cannot be directly measured, such as the fluxes in 

metabolic networks. In the case of determining fluxes in metabolism the system in question 

is the metabolic pathway or network and the parameters are the fluxes themselves. An 

established approach of modelling such systems is metabolic flux analysis.  

 

1.4 Metabolic Flux Analysis 

Metabolic flux analysis (MFA) comprises one of the cornerstones of metabolic engineering. 

While fields such as genomics, transcriptomics, proteomics and metabolomics all provide 

essential data to understand how the cellular machinery works, such omics data is not 

enough to fully determine the metabolic flux configuration of the system. Thus, MFA allows 

for the quantification of changes in metabolic pathways, such as the upregulated metabolism 

of cancer cells [12], [19].  

 

MFA initially relied on balancing hypothesised fluxes around an assumed network 

stoichiometry. By ensuring a metabolic steady state, i.e. the net change of all intermediate 

metabolites are equal to zero, the fluxes can be determined relative to each other. By then 

measuring the external fluxes the internal fluxes can be determined [19].   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 6: A schematic illustration of what a flux configuration 
could look like. The system is represented by the box and the 
arrows represents how metabolites flow through the system. 
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Figure 6 illustrates the flux configuration of a very simple network and the approach of 

determining the fluxes through MFA. In this example the external fluxes, which can be 

measured, are represented by 𝑣1, 𝑣3, 𝑣5 and 𝑣6. Then the internal fluxes 𝑣2 and 𝑣4 can be 

determined by the equality constraint in equation (3).  

 

𝑆 ∗ 𝑣 = 0 
 

Where 𝑆 is the stoichiometric matrix for a known or assumed network stoichiometry and 𝑣 is 

the vector describing the fluxes 𝑣1 − 𝑣6. The stoichiometric matrix is comprised of the 

stoichiometric coefficients for each intermediary metabolite in each reaction such that for a 

network with 𝑚 intermediary metabolites and 𝑛 fluxes 𝑆 is a 𝑚 × 𝑛 matrix [17].  

 

However, due to the stoichiometry not all fluxes are independent of each other and thus for 

practical reasons it is usually more preferable to work with only the independent fluxes or 

free fluxes (𝑢). The solution to equation (3) can then be expressed as a linear combination of 

these free fluxes, as seen in equation (4) [20], [21]. 

 

𝑣 = 𝑁 ∗ 𝑢 

 
Where 𝑁 is the null space matrix of 𝑆 [22] and u is the vector of independent free fluxes. The 

sizes of 𝑁 and 𝑢 are determined by the rank (𝑟) of 𝑆, with 𝑁 being a  

𝑛 × 𝑛 − 𝑟 matrix and 𝑢 being a 𝑛 − 𝑟 vector [17].  

 

Furthermore, MFA based on balancing the fluxes around the network stoichiometry is not 

impeccable. This MFA approach is unable to determine the flux configuration when 

presented with either of these four scenarios. Firstly, when there exist parallel pathways that 

are not coupled to separate measured fluxes. Secondly, when the system contains internal 

cyclic pathways. Thirdly, when reversible reactions are present, which most metabolic 

reactions are. Lastly, if the network contains unbalanced cometabolites, such as ATP and 

nicotinamide adenine dinucleotide (NADH). Theses cometabolites are usually not necessary 

to balance to determine the fluxes, but still relevant for the system and must thus be 

considered. To deal with these shortcomings new techniques were developed, namely 13C 

MFA [23]. 

  

1.4.1 13C Metabolic flux analysis 
13C MFA is a more powerful method for flux determination and is applicable for more 

complex metabolic systems. The technique relies on the use of stable carbon isotopes, 

specifically these isotopes are used as labels to track how the metabolites move throughout 

the system.  This is done by integrating these 13C isotopes into the systems substrates and 

feeding them to the system, thus creating what is known as a tracer. Metabolic conversion of 

these tracers generates metabolites with distinct labelling patterns, which are fully and 

uniquely determined by (i) the systems flux state and (ii) the labelling of the administered 

tracer. These patterns can then be measured by mass spectrometry (MS) and nuclear 

magnetic resonance (NMR) spectroscopy [12], [17], [19]. 

 

(3) 

(4) 
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These labelling patterns will be isomers of different isotope configurations, such isotopic 

isomers are called isotopomers and are illustrated in Figure 7. Figure 7 shows the different 

isotopomers for a molecule with three carbon atoms, the white circles represent regular 

carbon (12C) while the black circles represent the integrated 13C isotopes. As can also be 

seen in Figure 7, all combinations result in eight different isotopomers for three carbon 

atoms. Subsequently, for 𝑁 carbon atoms there will be 2𝑁 different isotopomers [12]. 

 

As previously mentioned these isotopomers can be measured using mass spectrometry, 

however since MS distinguishes between the mass-to-charge ratio of the molecules, 

isotopomers with the same mass will be measured collectively. Isotopomers that contains no 
13C is the unlabelled configuration and thus will have no increase in mass, these 

isotopomers are denoted 𝑀+0.  Subsequently, isotopomers that has exactly one 13C atom will 

have an increased mass of one atomic unit (u) and thus are collectively denoted 𝑀+1. This 

naming convention continues, so isotopomers with 𝑛 13C are denoted 𝑀+𝑛 [24]. 

 

The measured labelling patterns are actually the relative abundances of the mass fractions, 

𝑀+0 to 𝑀+𝑛, for a specific metabolite. 𝑀+𝑛 thus represents what fraction of a metabolite that 

contains 𝑛 13C atoms. This also means that the sum of all fractions, 𝑀+0 to 𝑀+𝑛, is equal to 

one. Figure 8 illustrates an example of what the distribution of these mass fractions could 

look like for a three-carbon molecule. This distribution is called the metabolite’s mass 

isotopomer distribution (MID) or sometimes also known as the mass distribution vector 

(MDV) [24]. 

Figure 7: A schematic illustration of the eight possible isotopomer 
configurations for a molecule consisting of three carbon atoms. The 
black circles represent a 13C atom while the white circles represent a 
12C atom 
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Figure 8: The figure shows how the relative abundances of the different isotopomers forms the mass isotopomer 
distribution (MID) for a given metabolite. The circle diagram to the left illustrates how isotopomers with the same 
mass contributes to the same mass fraction. The bar diagram to the right illustrates the relative abundances of 

the mass fractions that constitutes the MID. 

In order to reliably measure the MID the system need to be at both metabolic steady state, 

as in regular MFA, but also at an isotopic steady state. An isotopic steady state means that 

the isotopomer distribution does not vary over time [12]. The isotopic steady state is reached 

once the 13C enrichment of the intermediary metabolites has stabilised with respect to time 

[24]. Both the metabolic and isotopic steady states need to be taken into account in order to 

accurately calculate the MID.  

 

In order to calculate the MIDs for different metabolites in a system two things needs to be 

defined. The first is the network stoichiometry, the second is a complete atom mapping for 

the carbon atoms in each reaction. The atom mapping is described exactly how each carbon 

atom is rearranged by a reaction. Once the stoichiometry and atom mapping are defined 

algebraic equations can be constructed for each isotopomer. Such an equation describes 

the rate of production and the rate of consumption of each isotopomer and since both a 

metabolic and isotopic steady state are assumed the two rates balance each other.  

 

𝑑𝑀𝑖𝑗

𝑑𝑡
= ∑ 𝑣𝑘

𝑘∈𝐼𝑛(𝑖)

∗ ∑ ∏ 𝑟𝑙𝑚

(𝑙,𝑚)∈ΘΘ∈𝐺𝑒𝑛(𝑘,𝑖,𝑗)

− ( ∑ 𝑣𝑘

𝑘∈𝑂𝑢𝑡(𝑖)

) ∗ 𝑟𝑖𝑗 = 0 

 

 

Here 𝑀𝑖𝑗 describes the abundance of the 𝑗th isotopomer of metabolite 𝑀𝑖 and 𝑣𝑘 is 𝑘th in the 

flux vector 𝑣. 𝐺𝑒𝑛(𝑘, 𝑖, 𝑗) is a set of all isotopomers that produces 𝑀𝑖𝑗 via the flux 𝑣𝑘. 𝐼𝑛(𝑖) 

and 𝑂𝑢𝑡(𝑖) are sets that contain all indices for the fluxes that produce and consume 

𝑀𝑖𝑗,respectively. 𝑟𝑖𝑗 is the relative fraction of isotopomer 𝑀𝑖𝑗. The flux vector 𝑣 is still 

constrained by the equality in equation (3) [12]. Through these equations the fractions that 

comprises the MID can be solved for, with a given flux vector 𝑣. Such theoretically 

calculated, or simulated, MIDs can then be compared to experimentally measured MIDs in 

accordance with the approach described in Section 1.3.  

 

(5) 
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However, this approach is only practical for very small networks where the number of 

isotopomers are limited. As mentioned above, the number of isotopomer is exponentially 

proportional to the number of carbon atoms in each metabolite. Thus, for larger networks 

with larger molecules the number of isotopomers, and consequently the number of 

equations, quickly reaches into the thousands. This means that solving for every isotopomer 

is not really feasible for large networks and thus an alternative approach is required [25].  

 

1.4.2 Elementary metabolite units 

The elementary metabolite units (EMUs) comprises a framework that presents an alternative 

approach for determining a systems MIDs. Rather than solving a massive system of 

equations to get all isotopomers the EMU framework, as presented by Antoniewicz et. al. in 

2008, only calculates what is necessary to be able to compare a simulation with the 

measured data. By finding and solving only the variables that are necessary a network that 

would comprise millions of isotopomers can be reduced to only a few hundred EMUs [25]. 

 

Antoniewicz et. al. defines an EMU of a compound as “a moiety comprising any distinct 

subset of the compounds atoms” [25], this essentially means that each EMU constitutes its 

own smaller MID. Figure 9a illustrates how there are 7 possible EMUs, of three different 

sizes, for a molecule A, comprised of 3 carbon atoms. Each of these EMU has a MID that 

describes to what degree the carbon atoms in that EMU is enriched with 13C. For example, 

𝐴1 includes one carbon atom that can be either enriched or not. The fraction of 𝐴1 that are 

enriched is described by its 𝑀+1 and 𝑀+0 respectively. Thus 𝐴1 is a vector with two 

elements, which can be seen below, similarly 𝐴12 will be a vector with three elements 𝑀+0, 

𝑀+1and 𝑀+2 etc.  

 

𝐴1 = [𝑀+0,𝐴1
, 𝑀+1,𝐴1

] 

 

Not unlike the isotopomers, there will always be 2𝑁 − 1 possible EMUs for a compound with 

𝑁 carbon atoms but, contrary to isotopomers, not all EMUs are required to fully determine 

the MIDs that can be compared to the experimental data [25]. 
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Figure 9: a) An illustration of how a three atom molecule (A) can be divided into seven elementary metabolite 
units (EMUs). b) Shows the three types of biochemical reactions that can affect any EMU. [25]   

Figure 9b illustrates what are known as EMU reactions and how the product EMU, i.e. the 

MID, is calculated from the substrate EMU. The three reaction types illustrated in Figure 9b 

covers all biochemical reactions and the only case where the product EMU is not simply 

equal to the substrate EMU is for a condensation reaction. For a condensation reaction the 

product EMU is the Cauchy product of the two substrate EMUs, herein denoted × [25]. 

 

 

 

 
 

 

If the networks stoichiometry and atom mapping are fully defined it is possible, by working 

backwards from the EMUs, or MIDs, one wants to simulate, to identify all EMUs that are 

needed for the calculations. This will result in different EMU networks that are divided based 

Figure 10: An example of an EMU reaction network of 
size two. In this example B3, C1 and A23 are the known 
substrates and D23 and B23 are the network products. 
Equation (6) illustrates how this EMU network are 
translated two equations [25]. 
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on EMU size. An example of an EMU network of size 2 can be seen in Figure 10. By then 

balancing the fluxes around the EMUs a system of equations is obtained for each network. 

When solved for a given flux vector v these equations will give a simulated MID. For the 

example depicted in Figure 10 the corresponding equations would look like:  

 

[
−𝑣5−𝑣5 𝑣2

𝑣3 −𝑣1−𝑣3
] [

𝐷23

𝐵23
] = [

−𝑣5 0
0 −𝑣1

] [
𝐵3 × 𝐶1

𝐴23
] 

 

In this case D23 and B23 are the unknown EMUs and B3, C1 and A23 are known inputs to this 

EMU network. Also, in this case, A23 is defined by the tracer used while B3 and C1 are 

determined by a corresponding EMU network of size 1. In general, the EMU equations can 

be formulated as: 

 

𝐴𝑛,𝑘(𝑣) ∗ 𝑋𝑛,𝑘 = 𝐵𝑛,𝑘(𝑣) ∗ 𝑌𝑛,𝑘(𝑦𝑛
𝑖𝑛, 𝑋𝑛−1, … , 𝑋1) 

 

Where n indicates the size of the EMU network and k is used to index several networks of 

the same size. 𝐴 and 𝐵 are matrices containing the fluxes 𝑣, 𝑋 and 𝑌 contains the unknown 

and known EMU variables, respectively. 𝑦𝑛
𝑖𝑛 are the EMUs that correspond to the system 

tracer [25]. 

 

The EMU framework has opened the possibilities to perform 13C MFA for more complex 

networks and allowed for the construction of models that can describe the inner metabolism 

of human cells.  

1.5 Prior work 

In 2017, myself as part of the Integrative Systems Biology (ISB) group at Linköping’s 

University created, in collaboration Roland Nilsson’s group at Karolinska Institutet (KI), a 

model for the central metabolism of human epithelial cells. Using the above described EMU 

framework, a model was created for the metabolic pathways in and directly adjacent to the 

TCA-cycle, henceforth referred to as the TCA-model.  

 

This experimental data originates from human mammary epithelium cell lines that have gone 

through different stages if oncogene activation. The cells were grown in different culturing 

mediums that were labelled with 13C isotopes across several experiments. A total of 22 

different isotopic tracers were used for the experiments. Once the cells were considered to 

have reached a steady state they were frozen and sent for MS analysis to measure the MIDs 

of several intermediary metabolites. The data that were used in the development of the TCA-

model were the MIDs from ten metabolites in the TCA- cycle, which can be seen in Table 2, 

for two different tracer experiments. The tracers were fully 13C labelled glucose and fully 13C 

labelled glutamine, a completely unlabelled dataset were also used as a control.  

 

  

(6) 

(7) 
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Table 2: A summary of the metabolites for which experimental data were available. The abbreviation in the right 
column are be used to reference a specific metabolite in future figures and paragraphs.  

Metabolite  Abbreviation 

Pyruvate Pyr 

Citrate/ Isocitric acid  Cit/ Icit 

Aconitate Acnt 

Alpha-ketoglutarate Akg 

Glutamate GluL 

Glutamine GlnL 

Fumarate Fum 

Malate MalL 

Aspartic acid AspL 

 

 

The model was constructed using the open source toolbox OpenFLUX2 [26]. However, 

several modifications and additions were made to the toolbox, mainly to allow for 

implementations parallel tracer experiments. The implementation of parallel tracer 

experiments was done to allow the model to describe several separate datasets using the 

same flux parameters.  

 

Furthermore, Victor Viberg evaluated several aspects of the model, as well as the 

OpenFLUX toolbox, as part of his master thesis. Viberg evaluated the parameter uncertainty 

in the model, and he also conceptually evaluated whether the model could be validated, 

using validation data. This validation was made by fitting the model to all data except Akg 

and then evaluate if the model could predict the distribution for Akg. Viberg also evaluated 

the uncertainty of this prediction but these assessments were only for Akg, the rest of the 

measured metabolites have yet to be evaluated [27].  

 

The use of validation data for this type of 13C MFA modelling carries a special importance as 

the approach is not common practice in the MFA field. Rather, the field relies heavily on the 

𝜒2-test for model evaluation [16]. As showed previously, relying on the 𝜒2-test does not 

guarantee that the obtained solution accurately approximates the true system. Thus, the use 

of validation data provides a previously unconsidered approach for further validating 13C 

MFA models.  
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1.6 Aims 

The aims for this project is to show that 13C MFA models can be validated using a new 

validation data approach. This approach will be tested on the TCA-model through a leave-

one-out approach, where metabolite data are systematically withheld from the estimation 

dataset. Furthermore, if the model can predict metabolites for which it has not been trained, 

the uncertainty of such predictions should be evaluated. Additionally, the model is to be 

expanded to cover more of the metabolism. More precisely, the model should be expanded 

such that it may describe all the available data for all the tracer experiments. However, such 

an expansion is likely to significantly increase the computational time required to simulate 

and estimate parameters through optimisation. Thus, the associated optimization problem 

would need to be designed such that more powerful tools and techniques may be applied. 

The following list summarises these primary aims of this project 

 

1. Evaluate whether validation data can be used to further validate the predictive 

capabilities of 13C MFA models. More specifically, for this approach on the above 

described TCA-model. 

2. If the TCA-model can predict validation data, determine the uncertainty of such 

predictions.  

3. Reformulate the optimisation problem associated with solving and fitting the model 

for the TCA-cycle such that the computational time required may be reduced.  
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Methods 
 

The following chapter will go through the different methods that were employed to reach the 

project aims. The chapter goes through how the 13C MFA models were created, followed by 

which additions and modifications were made to the OpenFLUX toolbox. Further, it is 

described how the experimental data were obtained and formulated to be integrated with the 

models and the toolbox. Lastly. It is described the detailed approaches for validating the  

TCA - model and the reformulation of the optimisation problem. 

2.1 Construction of the model in OpenFLUX 

The models in OpenFLUX V2.1 were constructed in a two-step process, according to the 

toolbox’s manual.  The first step involves defining the reactions that are modelled along with 

the exact transitions of each carbon atom in that reaction. An example of these definitions 

can be seen in Table 3 below.   

  
Table 3: An example of how a metabolic reaction is defined in the OpenFLUX toolbox. The reaction cleaves 

molecule A into molecules B and C, with the two last atoms ending up in B and the first atom ending up in C.  

Reaction ID Reaction Carbon transitions 

v1 A = B + C 123 = 23 + 1 

 

The example above defines a simple cleavage reaction were metabolite A, consisting of 

carbon atoms 1, 2 and 3 is divided into metabolites B and C. The carbon transition column 

defines that the 2 and 3 carbon atoms from metabolite A ends up in metabolite B and the 1 

carbon atom constitutes metabolite C. It should be noted that metabolites A, B and C likely 

are molecules that are comprised of more than just carbon atoms. However, since the 

approach described herein is based on modelling the distributions of isotopic labels, only the 

atom transitions that might involve these labels needs to be specified. The experiments that 

formed the bases for this project only utilized 13C labels, hence only the carbon transitions 

needs to be specified. OpenFLUX also defines all reactions as non-reversible reactions and 

as such reversible reactions are defined as two separate reactions, one for the forward and 

one for the reverse component respectively. 

 

All the reactions and carbon transitions are defined in an Excel file, in which it is also 

specified which metabolites that are to be excluded from the metabolite balancing. In the 

same Excel file the user also specifies which metabolites are input substrates, which 

2 
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metabolite distributions that are to be simulated and the measured distribution data. Please 

see the supplementary material for the model files used in this project.  

  

In the second step of the model construction, the model definition is passed through a 

precompiled Java parser that comes with the OpenFLUX toolbox which generates the EMU 

equations necessary for simulating the specified MIDs. These EMU equations follows the 

framework described in Section 1.4.2 and are generated in the form of MATLAB compatible 

.m-files, such that they may be integrated with the MATLAB part of the toolbox.   

 

However, this MATLAB part of the toolbox was missing key features which were necessary 

for the analyses performed in this project. Further, the basic OpenFLUX2 toolbox were quite 

non-user friendly and very inefficient to work with. Because of these reasons several 

modifications and additions were made to the OpenFLUX toolbox. 

2.2 Changes to OpenFLUX  

 The major modifications and additions to the OpenFLUX toolbox are fully specified in the list 

below. The most important alterations allowed for the integration of parallel tracer 

experiments and allowed the user to select different sets of data and substrate inputs without 

redefining the model.  The following list contains the major alterations that were made to the 

OpenFLUX v2.1 toolbox. 

 

1. Several MATLAB scripts used for the flux estimation and MID simulation were 

rewritten to allow for data from two or more parallel tracer experiments to be used 

simultaneously for flux estimation. This allows the toolbox to estimate fluxes that can 

describe data from more than one tracer experiment.  

 

2. A new MATLAB class were created that allowed the user to define a tracer 

experiment object. This object would then contain information regarding an isotope 

tracer and the corresponding experimental data. Integration of this class with the 

OpenFLUX toolbox allowed the used to easily work with different tracer experiments 

without redefining the model, via the Excel document, each time. 

 

3. A new MATLAB script was written to integrate the new MATLAB class with the 

modified versions of the OpenFLUX scripts. This new script acts as the main script 

called when working with the modified version of OpenFLUX. The script, named 

parallelOFscript.m, allows the user to choose between various different operations 

for the model. The script can easily be further modified as required. 

  

4. For the TCA-model changes were made to how the model simulated MIDs. Since the 

model contains compartmentalised metabolites but the MS data cannot distinguish 

between metabolites in different cellular compartments, the model were made to 

simulate the average MIDs across all compartments. This change was implemented 

in the x_sim.m file for the TCA - model v1.3.  
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5. The redesigned optimisation problem required the addition and modification of 

several MATLAB scripts, including a redesigned script for setting up and calling the 

optimisation algorithm, a script for setting up and identifying the added optimisation 

parameters as well as reformulations to how the cost function and optimisation 

constraints should be evaluated.  

 

As mentioned the modifications were in part implemented to allow for an easier handling of 

different experimental setups i.e. different tracer experiments and the corresponding MS 

data. These modifications were absolutely essential to allow for flux estimations, which are 

based on data from more than one tracer at the time. Given the nature of the experimental 

data available in this project this and the above listed modifications to the OpenFLUX 

toolbox were necessary.  

2.3 The data  

As mentioned in Section 1.5, the experimental data used herein were obtained from human 

epithelial cells where the amount of 13C have been measured for nine different metabolites 

(see Table 2). Two different isotope tracers were used to generate the labelling data 

presented in this project. The first was a glucose tracer with a 13C purity of 99%, the second 

was a Glutamine tracer with a 13C purity of 99%. For both tracers three experimental repeats 

were performed. 

 

The mass spectrum obtained from the MS measurement were provided by Roland Nilsson’s 

team at KI. The mass spectrum contains a series of peaks which correlates to the amount of 
13C present in the respective metabolites. The mass spectrums for each metabolite were 

translated to MIDs, by dividing the area under the curve (AUC) of each peak with the 

summed AUCs of all peaks for that metabolite. A visualisation of the MIDs for the Glucose 

and Glutamine tracers can be found in Figure 11 below. However, these repeated 

experiments yielded extremely small variation with standard deviations that were considered 

too small for any reasonable modelling to be performed. Extremely small standard deviations 

are problematic since they would require the model to have a very precise fit to pass the  

𝜒2- test. Such a precise fit might not be possible and if it is possible the model would likely 

be overfitted.  

 

To alleviate the problem with such small standard deviations, it was decided, in agreement 

with the Nilsson’s’ group at KI, that all SEMs smaller than 3 percentage point should be set 

to a fixed value of 0.03, which corresponds to 3% of the maximum value. This approach of 

assuming more reasonable standard deviations is an occurring practise in the MFA field for 

these types of data [16], [17]. The data shown in Figure 11 corresponds to the mean values 

of the three experimental repeats for each tracer experiment, with the revised SEMs. The full 

mass spectrums and corresponding MID data can be found in the supplementary material. 
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Figure 11: A visualisation of the measured MIDs for the nine metabolites specified in Table 2. With the data from 
the Glucose tracer in red and the data from the glutamine tracer in blue. On the y-axes are the relative 
abundances of the different mass fractions that are indicated on the x-axes.  

 

 

2.4 The models 

The models used in this project was created, in the OpenFLUX toolbox, according to the 

above described procedure. Throughout the project a total of two models were used.  

 

The first and most important model is the TCA-Model which describes the central 

metabolism in and around the TCA - cycle in human cell lines. This model consists of 61 

metabolites connected via 72 fluxes. The TCA-model also considers interactions between 

two different metabolic compartments, namely the cytosol and the mitochondrial matrix. A 

graphical illustration of the TCA-model can be found in the supplementary material.  

   

Additionally, a small test model, nicknamed “SimpleModel”, was created and consisted of 6 

metabolites and 6 fluxes. This smaller model was formulated in order to allow for a more 

time efficient work process while reformulating the optimisation problem. All data used for 

the SimpleModel was in silico generated data.  
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The TCA-model was fitted against the data seen in Figure 11, to show that the model could 

describe the available data. However, as described in Section 1.3.1, simply passing the 𝜒2-

test does not guarantee that the model is an accurate representation of the system and 

further validation is necessary.   

2.5 Validation of the model through leave-one-out 

To evaluate whether the approach of validating a model prediction against validation data is 

feasible, the data from the nine metabolites were one by one removed from the estimation 

dataset and used as validation data. The TCA model was then fitted against the data for the 

remaining eight metabolites. In order to remove specific metabolite data from the estimation 

dataset, the error for that metabolite was set to ∞. This ensured that the cost, as determined 

by equation (1), for that metabolite would be 0 and thus the residuals for the metabolite 

would be ignored during the estimation process. Following the estimation process, the MIDs 

for all metabolites were simulated and compared to the complete dataset to see whether the 

model could describe the validation data. The same procedure was then evaluated were two 

metabolites were used as validation data. For this analysis all unique combinations of two 

metabolites were evaluated. Should the model be able to correctly predict the validation data 

it is important to determine the uncertainty of such a prediction, since if the uncertainty is 

infinite the predicted property cannot be uniquely determined by the current model structure.   

 

The approach of using an infinite error was chosen as it was deemed the easiest approach 

to implement in OpenFLUX, which allowed for data to be removed from the estimation data, 

yet still allowed the metabolite to be simulated. 

2.6 Determination of the prediction uncertainty 

Once the model had been shown to adequately estimate fluxes that could predict a given set 

of validation data, the uncertainty of this prediction was determined through a prediction 

profile likelihood (PPL) analysis. A prediction profile likelihood analysis is used to determine 

the uncertainty of a predicted model value or property [28][29]. For this project, the 

uncertainty of the simulated values for the metabolites that were left out of the estimation 

were analysed. This was achieved by modifying the cost function, seen in equation (1), such 

that it contained an additional term as can be seen in equation (8) below. 

 

𝑉(𝜃) = ∑ (
𝑦𝑖 − �̂�𝑖(𝜃)

𝜎𝑖
)

2

∀𝑖

+ 𝑊 ∗ (𝑃𝑡𝑎𝑟𝑔𝑒𝑡 − 𝑃𝑠𝑖𝑚(𝜃))
2
 

 

Where 𝑃𝑠𝑖𝑚(𝜃) is the simulated relative abundance of isotopomer 𝜔 and is determined by the 

parameters 𝜃. 𝑃𝑡𝑎𝑟𝑔𝑒𝑡 is a set target value for isotopomer 𝜔 and 𝑊 is an integer with a 

arbitrary large value. By assigning a very large value to 𝑊, any difference between 𝑃𝑡𝑎𝑟𝑔𝑒𝑡 

and 𝑃𝑠𝑖𝑚(𝜃) will be magnified and yield a higher cost. Thus, the optimisation process will 

select parameters that minimises this difference. Then, by gradually stepping 𝑃𝑡𝑎𝑟𝑔𝑒𝑡 up and 

down from the optimal simulated value of the isotopomer 𝜔, until the cutoff value is reached, 

(8) 
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the uncertainty of the simulation can be determined.  The uncertainty for the mass fractions 

belonging to the left-out metabolite were determined by using the algorithm described below.   

 

1. Specify vector 𝐼 containing indices for which mass fraction to check. 

2. Set the isotopomer index 𝜔 to 𝐼1.  

3. Set the direction of the search 𝑑 to 𝑑 = 1 i.e. positive.  

4. Set the step length 𝛥𝑠 either to ∆𝑠 = 3 % of the optimal value or ∆𝑠 = 0.01, 

depending on which is bigger. 

5. Set the step counter 𝑠 to 𝑠 = 1. 

6. Set the counter for the number of steps over the cut off 𝑞 to 𝑞 = 0. 

7.  Set the target value to: 𝑃𝑡𝑎𝑟𝑔𝑒𝑡 = 𝑜𝑝𝑡𝑉𝑎𝑙 +  𝑠 ∗ 𝑑 ∗ 𝛥𝑠  

8. Perform an optimization with the modified cost function. 

9. Save the resulting optimal parameters and set 𝑠 = 𝑠 + 1. 

10. If the optimal cost lies above the cutoff, set 𝑞 = 𝑞 + 1. Else, set 𝑞 = 0. 

11. If 𝑞 >  3 or if the target value 𝑃𝑡𝑎𝑟𝑔𝑒𝑡 is equal to 1 or 0, check the value of 𝑑. 

Otherwise repeat from step 7. 

a. If 𝑑 =  1, set 𝑑 = −1 and repeat form step 5. 

b. If 𝑑 =  −1, set 𝜔 =  𝜔 + 1 and repeat from step 3. 

12. If 𝜔 exceeds the enumeration of vector 𝐼 the search is complete.  

 

When used in the prediction uncertainty analysis the set 𝐼, in the above described algorithm, 

was set to the mass fractions belonging to the metabolite that were used as validation data. 

For example, if metabolite A is used as validation data then 𝐼 =  {𝑀+0,𝐴 , 𝑀+1,𝐴 , . . . }. For the  

TCA - model, this analysis was performed for with each of the nine metabolites being 

withheld as validation data, one at the time.  

 

Additionally, the effects of having more than one metabolite as part of the validation data 

were analysed. This was achieved by performing a PPL analysis, using the above described 

algorithm, to find the find the prediction uncertainty of MIDs belonging to specific 

metabolites, while data from up to four metabolites were removed from the flux estimation 

process. Due, to this process being very time consuming the PPL-analysis were only 

performed for the metabolites Akg and GluL. This was conducted by predicting and finding 

the prediction uncertainty for Akg and GluL respectively, with data for the predicted 

metabolite and data from additionally one, two and three randomly selected metabolites 

being used as validation data.  

 

The PPL analysis for the TCA-model is very time consuming simply due to the large number 

of parameter estimations that are required. The time efficiency of the PPL analysis could be 

significantly improved if the optimisation problem, associated with parameter estimation, was 

reformulated such that more powerful optimisation techniques could be employed.  
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2.7 Reformulation of the optimization problem 

The default optimisation problem for parameter estimation in OpenFLUX are formulated as 

the minimisation problem described in Section 1.3, where a minimisation of the cost function 

is used as the objective function. The simulated MIDs, �̂�(𝜃), are the full-sized EMUs for the 

corresponding metabolites. These EMUs can be solved as part of the 𝑋𝑛,𝑘 matrices, 

described in equation (7). The parameters used in the optimisation problem are the free 

fluxes 𝑢. The optimisation problem is also subjected to a couple of constraints, the first of 

which is that the flux parameters should fall within set upper and lower bounds. These 

bounds are specified by the user and for this project the OpenFLUX default settings were 

used for the bounds, see the OpenFLUX manual in the supplementary materials for more 

details. The second constraint on the optimisation problem is that all elements of the flux 

vector v should be larger than nil. A mathematical description of the default optimisation 

problem can be seen below.   

 

𝑂𝑝𝑡𝑖𝑚𝑖𝑠𝑎𝑡𝑖𝑜𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠:   

 𝑢 = [𝑢1 … 𝑢𝑖]𝑇 

𝑂𝑝𝑡𝑖𝑚𝑖𝑠𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚: 

𝑚𝑖𝑛 ∑ (
𝑦𝑚 − 𝑦�̂�(𝑢)

𝑆𝐸𝑀𝑚
)

2

∀𝑚

 

𝑠. 𝑡. 

𝑙𝑏 ≤ 𝑢 ≤ 𝑢𝑏 

−(𝑁 ∗ 𝑢) ≤ 0 

𝑤ℎ𝑒𝑟𝑒  

�̂�(𝑢) = [𝑋𝐽1
… 𝑋𝐽𝑚], 𝐽 = {𝐽1 … 𝐽𝑚} 

𝑋 = [𝑣𝑒𝑐(𝑋1,1
𝑇 ) ⋯ 𝑣𝑒𝑐(𝑋1,𝑘

𝑇 ) ⋯ 𝑣𝑒𝑐(𝑋𝑛,1
𝑇 ) ⋯ 𝑣𝑒𝑐(𝑋𝑛,𝑘

𝑇 )]
𝑇
 

𝑋𝑛,𝑘 = 𝐴𝑛,𝑘
−1 (𝑣) ∗ 𝐵𝑛,𝑘(𝑣) ∗ 𝑌𝑛,𝑘(𝑦𝑛

𝑖𝑛, 𝑋𝑛−1, … , 𝑋1) 

𝑣 = 𝑁 ∗ 𝑢 
 

 

Where 𝑢 are the free flux parameters, 𝑦 is the measured MIDs, �̂�(𝑢) are the simulated MIDs. 

𝑁 is the null space matrix of the stoichiometric matrix 𝑆. 𝑙𝑏 and 𝑢𝑏 are set lower and upper 

bounds for the optimization parameters. The objective function is simply the cost function 

described in equation (1). 𝑋 is a vector consisting of all calculated EMUs and 𝐽 is the set of 

indices that points to the EMUs that correspond to the measured metabolites. Note that in 

the description above the −1 exponent indicates the inverse matrix, while the 𝑇 exponent 

indicates the transposed matrix. Further, 𝑣𝑒𝑐 is the vectorisation of a matrix and is defined 

as: 

𝑖𝑓 𝐴 =  [
𝑎 𝑏
𝑐 𝑑

]  𝑡ℎ𝑒𝑛 𝑣𝑒𝑐(𝐴) =  [

𝑎
𝑐
𝑏
𝑑

] 
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As stated previously this formulation of the optimisation problem is very calculation heavy 

since, given the free fluxes 𝑢, all EMU networks must be resolved sequentially to determine 

the simulated MIDs �̂�(𝑢). These calculations must be solved several times for each iteration 

of the optimisation algorithm, which in turn might have to run through thousands of iterations 

to find a solution. To further assure that an optimal solution is acquired it is considered good 

practice to redo the optimisation for a number of different initial conditions [16]. 

 

In an attempt to reduce the amount of calculations needed to find a solution the optimisation 

problem was reformulated. This reformulation was inspired by the work presented by 

Suthers and co-workers in 2007 [30] and in essence involves constraining the problem to the 

equality in equation (7), rather than calculating the 𝑋𝑛,𝑘 matrices. This means that the EMUs 

required to fully simulate the measured metabolites are passed to the optimisation algorithm 

as parameters, along with the free fluxes u. The optimisation algorithm is then free to find 

any EMUs that can fulfil the equality equation (7). This somewhat complicates the 

optimisation problem but severely reduces the amount of calculations needed for each 

iteration. A mathematical description of the reformulated optimisation problem can be seen 

below, the notations are the same as described above.  

 

𝑂𝑝𝑡𝑖𝑚𝑖𝑠𝑎𝑡𝑖𝑜𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠: 

 𝑢 = [𝑢1 … 𝑢𝑖]𝑇 

𝑋 = [𝑣𝑒𝑐(𝑋1,1
𝑇 ) ⋯ 𝑣𝑒𝑐(𝑋1,𝑘

𝑇 ) ⋯ 𝑣𝑒𝑐(𝑋𝑛,1
𝑇 ) ⋯ 𝑣𝑒𝑐(𝑋𝑛,𝑘

𝑇 )]
𝑇
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑠𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚: 

𝑚𝑖𝑛 ∑ (
𝑦𝑚 − 𝑦�̂�(𝑢)

𝑆𝐸𝑀𝑚
)

2

∀𝑚

 

𝑠. 𝑡. 

𝑋𝑛,𝑘 ∗ 𝐴𝑛,𝑘
−1 (𝑣) − 𝐵𝑛,𝑘(𝑣) ∗ 𝑌𝑛,𝑘(𝑦𝑛

𝑖𝑛, 𝑋𝑛−1, … , 𝑋1) = 0         ∀𝑛. 𝑘 

𝑙𝑏 ≤ 𝑢 ≤ 𝑢𝑏 

−(𝑁 ∗ 𝑢) ≤ 0 

𝑤ℎ𝑒𝑟𝑒  

�̂�(𝑢) = [𝑋𝐽1
… 𝑋𝐽𝑚], 𝐽 = {𝐽1 … 𝐽𝑚} 

 
To compare performance between the default optimisation problem and the reformulated 

optimisation problem, the SimpleModel was fitted against simulated data for 4 theoretical 

metabolites, for two different tracers. Both formulations of the optimisation problem were 

fitted to the dataset 100 times and evaluated on their speed and ability to find an optimal 

solution. To ensure comparable results the two optimisation problems were tested with 

under identical conditions with the same optimisation algorithm, which was MATLAB’s 

fmincon optimisation solver.  
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2.8 Software 

All the models and analysis in this project were implemented and performed in MathWorks 

MATLAB version R2018a. As mentioned previously, the toolbox employed for MFA was 

OpenFLUX V2.1. For the optimization analysis MATLAB’s optimization and global 

optimisation toolboxes were used. For model definitions Microsoft ® Excel ® 2013 was used 

and Java version 8 was used to run the Java parser included in OpenFLUX.   
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Results 
 

This chapter presents the results that were obtained for the various parts of the project. The 

models used to obtain these results were created as described in Chapter 2 and 

implemented with the OpenFLUX toolbox. The model’s ability to describe a validation data 

set were evaluated through a leave-one-out methodology and a PPL-analysis were 

performed to determine the prediction uncertainty. Lastly, the performance of the 

reformulated optimisation problem was compared to the default optimisation problem. 

3.1 Model description of the metabolite data 

To prove that the model actually could describe the data, the model was initially fitted to all 

MIDs and the fit compared to the 𝜒2-threshold; the resulting fit can be seen in Figure 12 

below. In Figure 12, the bar diagrams illustrate the MIDs for each of the nine measured 

metabolites. The experimental data are represented by the darker coloured bars, with the 

red and blue bars representing the data from the glucose and glutamine tracers respectively. 

The estimated MIDs from the model are represented by the lighter red and blue bars, again 

for glucose and glutamine respectively. The calculated SSR values for each metabolite and 

tracer are shown to the right in Figure 12, along with the total cost and 𝜒2-cutoff value. As 

can be seen in Figure 12, the TCA-model can adequately describe the metabolite data if all 

nine metabolites are used as estimation data. This result showed that the model had been 

implemented as intended and that the validation analysis could commence.  

 

3 
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Figure 12: The best fit for the TCA-model to the Glucose (red) and Glutamine data (blue). The bar diagrams show the MIDs for the different metabolites. The darker bars 
represent the experimental data, the measurement error indicated by the error bars. The lighter bars represent the model simulation. On the y-axes are the relative 
abundances of the different mass fractions that are indicated on the x-axes. To the right are the SSR values for each metabolite and tracer, along with the total SSR for all 

metabolites. The 𝜒2-cutoff is also noted in the bottom right.  
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3.2 Validation of the model through leave-one-out 

The bars in Figure 13 represent the cost of the model fit to the complete dataset when the 

corresponding metabolite was removed from the estimation dataset. Figure 13 shows that no 

model fits’ total SSR exceeds the 𝜒2-threshold. This means that regardless of which 

metabolite that is used as validation data, the model can describe MIDs of metabolites for 

which it has not been trained. In Figure 13, the darker red and blue bars represent the 

Glucose SSR and Glutamine SSR respectively and the lighter blue bars represent the total 

model SSR i.e. the sum of the red and blue bars. 

 

 
Figure 13: A bar diagram relating the SSR or cost (y-axis) corresponding to how well the TCA-model can 
describe the validation data for the nine different metabolites (x-axis). 

Further, when different combinations of two metabolites were used as validation data the 

model were not quite as good at accurately describing the validation data, which can be 

seen in Figure 14. In Figure 14 it can also be seen that the model was unable to describe the 

validation data, i.e. had a total SSR above the 𝜒2-threshold, for 16 out of 36 combinations of 

metabolites. The model was able to describe the validation data for 20 out of 36 

combinations of metabolites. Although, as mentioned, these predictions of the validation 

data carries little meaning if the prediction uncertainty is unconstrained.  
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Figure 14: A bar diagram relating the SSR or cost (y-axis) corresponding to how well the TCA-model can describe the validation data for all 

combinations of two metabolites (x-axis). 
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3.3 Determination of the prediction uncertainty 

As the model was proven capable of describing the validation data, for any cases where the 

data for one metabolite were used as validation data, it was relevant to analyse the 

uncertainty of the predicted MIDs. This was done with the PPL-analysis, as described in 

Section 2.6. The result of the PPL-analysis is a series of optimal costs that corresponds to 

the best parameter solution for the different values of 𝑃𝑡𝑎𝑟𝑔𝑒𝑡. These costs have been 

illustrated in Figure 15, were the costs are plotted on the y-axes against the 

respective 𝑃𝑡𝑎𝑟𝑔𝑒𝑡-value for each mass fraction 𝑀+𝑛 on the x-axes, for both the glucose and 

glutamine predictions. More specifically, the result shown in Figure 15 corresponds to the 

PPL-analysis for Alpha-ketoglutarate (Akg) meaning that the model has been fitted, using 

the modified cost function, towards all metabolite data except for Akg. The model then 

simulates the MID for Akg that corresponds to the best fit.  

 

The curves seen in Figure 15 shows that the model fit got worse and worse the farther from 

the optimal solution, showed in Section 3.1, 𝑃𝑡𝑎𝑟𝑔𝑒𝑡 was set. Additionally, since the mass 

fractions are not independent of each other each value of a mass fraction 𝑀+𝑖 will have 

corresponding values for the remaining mass fractions of the same metabolite. These 

corresponding values are also showed in Figure 15 as the different coloured plots. To clarify, 

all plots of the same colour corresponds to the solutions found during analysis of the 

respective mass fraction, i.e. all dark blue plots in Figure 15 correspond to the analysis were 

different  𝑃𝑡𝑎𝑟𝑔𝑒𝑡-values were set for 𝑀+0. Similarly, does all orange plots correspond to the 

solutions found when 𝑀+1was analysed and so on. 

 

Further, Figure 15 also reveals the model’s prediction uncertainty for the different mass 

fractions of Akg, for the glucose and glutamine tracers respectively. This uncertainty, for a 

given mass fraction, is the widest interval formed by the cost curves at the  𝜒2-cutoff, i.e. the 

interval for 𝑀+0 for the glucose tracer is approximately 0.50 to 0.64. Further noteworthy in 

Figure 15 is that the x-axes are scaled differently for the different mass fractions. The 

varying scaling is because if all x-axes were scaled between one and nil, the curves for 

some mass fractions would be indistinguishable. The results from the PPL-analysis of the 

other eight metabolites can be seen in Appendix A1.  

 

The combined prediction uncertainties for all nine metabolites can be seen in Figure 16.  

In this figure the same optimal fit as in Figure 12 can be seen but now with the added 

uncertainty intervals to the predicted MIDs. In Figure 16 it can be seen that all predicted 

MIDs have uncertainty intervals that are relatively limited and are overlapping nicely with the 

experimental data. This mean that the TCA-model can accurately predict data for which it 

has not been trained, with a limited uncertainty. Please note that each bar diagram in Figure 

16 correspond to the results of separate PPL-analyses for each metabolite.  
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Figure 15: The PPL-analysis result corresponding to the uncertainty analysis of Akg. Each of the respective diagrams represent the prediction uncertainty of the respective 
mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative 
abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all 

correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. Further note that, the scale of the x-axes are not consistent across 

all diagrams. 
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Figure 16: The model predictions for each of the nine metabolites respectively, with plotted prediction uncertainties. Each bar diagram represent the MID for one metabolite 
with the experimental data plotted in the darker colour and the model prediction plotted in the lighter colours. The red and blue bars represent the MIDs from the glucose 
and glutamine tracer experiments, respectively. On the y-axes are the relative abundances of the different mass fractions that are indicated on the x-axes.  
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3.3.1 Prediction uncertainty with an increased validation dataset 

Further, how the uncertainty interval changed when more data were moved to the validation 

dataset were investigated. As explained in Section 2.6, these changes in uncertainty were 

only investigated for the metabolites Akg and GluL. The data used as validation data, for the 

Akg predictions, were data from Akg, Pyr, GluL and MalL. The data used as validation data, 

for the GluL predictions, were data from GluL, MalL, ApsL and Cit. The three additional 

metabolites that were used as validation data but not predicted were randomly selected.   

Further, the change in the uncertainty were analysed for all intervals but for practical reasons 

only the changes for the largest respective interval are shown in Figure 17.  

In Figure 17 the size of the maximum uncertainty interval are plotted against the number of 

metabolites removed from the estimation data. It can clearly be seen that the prediction 

uncertainty increases as the estimation dataset shrinks. Figures showing all uncertainties for 

each of the respective PPL-analyses can be found in appendix A2.  

 

 
Figure 17: Shows how the prediction uncertainty of the model increases with number of metabolites that are 
removed from the estimation data. On the y-axis is the size of the maximum measured uncertainty interval and 
on the x-axis is the number of metabolites removed from the estimation data. 
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3.4 Reformulation of the optimization problem 

In parallel with the model validation analysis, the reformulated optimisation problem was 

successfully implemented with the OpenFLUX toolbox. The comparison between the 

reformulated optimisation problem and the default optimisation problem can be seen in 

Figure 18. The dots in Figure 18 each represent one of the 100 solutions from the default 

optimisation problem (blue) and the reformulated optimisation problem (red), respectively. As 

can be seen in Figure 18 the default optimisation problem is much more consistent in both 

the time to find a solution and the cost of the solution, as the blue dots are more grouped 

together. The default optimisation problem also consistently find a solution faster than the 

reformulated problem, with a mean time of 1.36 seconds to find a solution. Although, the 

reformulated optimisation problem is significantly slower, with a mean time of 11.56 second 

to find a solution, this is somewhat increased by single outliers that are very slow. Besides, 

the reformulated problem finds several solutions that has a lower cost than the optimal 

solution found by the default problem. Note that the y-axis in Figure 18 has a logarithmic 

scale. 

 

 
Figure 18: Shows the result of 100 optimisations for the default optimisation problem (blue) and the reformulated 
optimisation problem (red), respectively. On the y-axis is the cost of the solution and on the x-axis is the time to 
find the solution in seconds, 
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Discussion 
 

The results in the previous chapter shows that a 13C MFA model can be validated by 

accurately describing data for which it has not been trained, with a limited uncertainty. More 

specifically, the TCA-model was shown to be capable of describing validation data, 

regardless of which single metabolite data constituted the validation data (Figure 13). 

Further, for all such cases the prediction uncertainty was well determined (Figures 15 & 16). 

As for the now reformulated optimisation problem, it was shown to be slower and less 

consistent in solution cost, as compared to the default optimisation problem, when the local 

fmincon solver was used. In this chapter the results and employed analyses will be further 

interpreted and potential future developments discussed. 

4.1 Model validation 

The results presented in Section 3.2 showed that the TCA-model could accurately describe 

data for which it had not been trained. Further, the model was not only capable of describing 

the validation data for all nine metabolites respectively but also for a majority of cases where 

data from two metabolites were used as validation data (Figure 14). It should be expected 

that the model becomes worse at describing the validation data when less estimation data is 

available, as there is less information that tells the model how the true system behaves [31]. 

Although, it should be noted that the cases, in Figure 14, where the model failed to describe 

the validation data, might simply have been that the optimisation failed to find the global 

optimum and returned a suboptimal solution. Thus, if the same analysis were repeated the 

outcome might have been different, since the optimisation starts with random parameter 

values. This is why it is beneficial to do multiple optimisations restarts, with different random 

initial parameter values [16], [32]. On the other hand if the results in Figure 14 are not failed 

optimisations but rather cases were the model failed to predict the validation data, it could be 

noted that the model to a higher degree failed to explain combinations containing the 6th 

metabolite, i.e. glutamine, in the validation data. This could imply that glutamine has a more 

pivotal role in the models ability to accurately describe data and thus should be kept as part 

of the estimation dataset. However, further analysis would be required before such a 

conclusion could be drawn.  

 

As for the approach to use an infinite error to ignore certain metabolites from the estimation 

data. As explained in Section 2.5 this was by far deemed the most efficient way of achieving 

the desired effect, i.e. allowing the model to fit to a subset of all available data while still 

being able to produce a simulated value for all metabolites. The alternative approach, to 

achieve the same effect, would have involved specific modifications of the files generated 

from the Java parser. This has to do with the way OpenFLUX generates the model files [21]. 

4 

 



40 
 

OpenFLUX translates the information given in the Excel file where the model is defined into 

various model and model related files, this information includes which metabolites that 

should be simulated. The problem is that OpenFLUX assumes that the model should be 

fitted against all available data and will thus return an error if the defined data does not 

match the amount of metabolites which should be simulated. While the modification required 

would have been possible they would not have been generally applicable to any model. 

Thus, should a new or updated model be created, using OpenFLUX, the implemented 

modifications would have to be implemented manually.  

 

Unfortunately, this also means that should new data become available and used as 

validation data, an existing model would not be able to simulate the corresponding MIDs, 

even if the new data is for a metabolite already implemented in the model. Although, this is 

not solely due to the way OpenFLUX is constructed but is also because of the EMU 

framework. As described in Chapter 1 the EMU framework allow an algorithm to find only the 

EMUs necessary to describe predefined MIDs i.e. the MIDs corresponding to the measured 

metabolites [25]. This means that should there be a need to simulate a new metabolite the 

corresponding MIDs might not even have been determined and thus the metabolite cannot 

be simulated. In such a case the EMU algorithm would have to be evaluated with the 

information that the new metabolite should also be simulated, in practice this is essentially 

redefining the model from square one. The modelled reactions would be the same but the 

EMU equations could by very different.  

 

One alternative to circumnavigate this issue could be that, rather than using data for 

selected metabolites as validation data, data from different tracers are used as estimation 

and validation data respectively. Thus, for the TCA-model, for example the data from the 

glucose tracer experiment could be used as estimation data while the data form the 

glutamine tracer experiment is used as validation data. This approach would elevate the 

above described implementation issues with OpenFLUX, as all metabolites would be 

simulated, both for comparison with the estimation data bur also for the prediction of the 

validation data.  

 

The uncertainty analysis of the predicted values is important since if the predicted values are 

not limited to a finite interval the prediction lacks statistical significance [16], [17]. For 

instance if, as in this study, the model predicts the MID values of a metabolite for which it 

has not been trained and the uncertainty boundaries for these predictions are found to be nil 

and one. Then that means that the predicted values are not determined by the estimation 

data, thus the predicted property is not observable and the model should be redefined [28]. 

However, the results in Chapter 3 shows that MIDs can be an observable property of 13C 

MFA models.  

 

Furthermore, the uncertainty of the actual estimated fluxes is of even greater importance, 

since the purpose of 13C MFA modelling is to determine the metabolic fluxes [17]. This report 

has not put any emphasis on the determination of the metabolic fluxes, since it focused on 

the model validation. But, a proper flux uncertainty analysis should be performed before any 

conclusions are drawn from the model. Since the fluxes are the model parameters, there are 

several established approaches for determining the parameter uncertainty [17] and this is a 

common practice in the field of MFA modelling. But, since there are no currently reported 

cases of validation of MFA models there is no reason to believe that any predicted fluxes, 
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while well determined, are accurate. One approach of testing this could be with in silico 

generated data for a system where the true flux configuration is known. If a reasonable noise 

is added to the data it could be evaluated if the model could determine the known fluxes. 

Further, such a setup could be perturbed to include and overestimated measurement errors, 

which is not uncommon in the MFA field and could lead the model to wrongly estimate the 

flux configuration. Then the researcher might end up with a model that passes the 𝜒2-test 

and has well determined fluxes but is a completely inaccurate description of the true system. 

 

As mentioned briefly in Section 1.6, there exists a desire to further expand the model to 

encompass more of the metabolism. However, since the current TCA-model already is quite 

computationally heavy, expanding the model would adding even more reactions would be 

create a model that is very time consuming to properly analyse. Thus, it was of interest for 

this project to investigate whether the optimisation problem, associated with the flux 

estimation, could be reformulated in such a way that it would be faster to resolve.  

4.2 Reformulation of the optimization problem 

The reformulated optimisations problem seemed to perform worse than the default 

optimisation problem, when applied to the SimpleModel system. The reformulated problem 

were on average about 10 seconds slower and was a lot more inconsistent in finding a 

satisfying solution, see Figure 18. It should however be taken into consideration that the 

purpose of the reformulated problem was to reduce the calculation time since the EMU 

equation would have to be resolved each iteration. But, the calculation time is much less of a 

problem in the SimpleModel since due to the models simplicity there are much fewer EMU 

equations to be solved. The average time to find a solution for the TCA-model is several 

minutes and this is where the reformulated problem, theoretically, should perform better. But 

as a result of the TCA-models complexity the reformulated optimisation problem struggled to 

find feasible solutions, when applied to the TCA-model. This had to do with the employed 

fmincon solver, which is a gradient based local nonlinear programming solver. Meaning that 

it is prone to get stuck in local minimum and since the reformulated optimisation problem 

adds several constraints, in the form of the EMU equations, finding one continuously 

decreasing path from a random start point to the global optimum becomes very difficult. As 

mentioned the idea of the reformulated problem were to allow for the implementation of more 

powerful global optimisation algorithms, which can traverse the cost landscape without 

getting stuck in local minimum solutions. Unfortunately, it proved outside the scopes of this 

project to further investigate and attempt to implement such a solution. Although, the 

implementation of the reformulated optimisation problem with the fmincon algorithm shows 

that further implementation with a global algorithm would be possible.  

 

Furthermore, there are additional modifications that could potentially improve the 

performance of the reformulated problem. Firstly one could take further inspiration form 

Suthers et.al. [30], in their work they present an approach in which they find pseudorandom 

suitable initial optimisation parameters. This could be very important since the current 

implementation uses random initial values, meaning that it is quite likely that the initial guess 

falls outside the problem’s constraints and thus might not be able to ever find a feasible 

solution.  
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Alternatively, the constraints in the reformulated problem could be added to the objective 

function as a quadratic penalty or augmented Lagrangian approach [15]. Such an approach 

would enforce the constraints by penalising the cost if they are violated, similar to the 

modified cost function in equation (8). The benefit of this would be that the problem could be 

formulated without constraints opening for even more algorithms, such as particle swarm or 

simulated annealing approaches, to be applied.  

4.3 Societal impact 

Mathematical modelling of biological systems has huge potential to both deepen the 

understanding for how the systems work, but also to drastically improve how treatments and 

medicines are developed [33]. Currently, drugs in development have to pass though several 

test cycles, ranging from cell cultures to small animals like mice and large animals like dogs, 

before any form of human trials can even be considered. This requires a large slew of animal 

experiments which are both time consuming and very expensive. Mathematical models 

could however supplement this process. A verified model could be designed to explain a 

human system from the beginning and thus when a new drug or new conditions are 

introduced, the model could give researchers an understanding for how and why the system 

exhibits a certain response. Thus, information from the model could, if necessary, be used to 

redesign any potential drugs before commencing with animal trials. Furthermore, any results 

from clinical trials, positive or negative, could be used to further develop the model.  

However, this would only be valuable if the models can be trusted in the first place, 

something that should be obvious, but as described herein, might not be the case in the 

current field of MFA.  

 

This study explains the possible issues with not properly validating a model and has showed 

that a validation is realistically possible for 13C MFA models. As also showed the model 

predictions of the validation data were determined with limited uncertainty. Hopefully, this 

practice, of validation, is something that can be established within the MFA field, such that 

the models used and the conclusions drawn are more robust and reliable.  

4.4 Ethical aspects   

All experimental data presented in this project are either in silico generated or comes from 

cell lines grown in vitro. The TCA-model was formulated based on the current consensus of 

the human metabolism, for information regarding the structure and composition of the 

metabolic reactions in and around the TCA-cycle. As discussed above the use of metabolic 

models can be used to minimise and streamline animal trials in the development of drugs 

and treatments. This puts the project in alignment with the goals or the 3Rs initiative, which 

aims to refine, reduce and replace animal experiments and thus improve the welfare of 

laboratory animals. Initiatives like 3R also strengthens the argument for why mathematical 

modelling should be further developed and why it is so important that the information that is 

learned from these models can be trusted. 
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4.5 Project progression  

The progression of this project has, for the most part, gone according to the initial project 

plan. The main deviation was that the uncertainty analysis for the MID predictions did take a 

bit longer than planned. This was due to the number of repeated optimisation steps that was 

performed in the analysis proved to be larger than initially assumed. It is possible that this 

process could have been shortened by e.g. taking longer steps or using the previous 

parameter solution as a start guess, but it was not to large of an inconvenience in the end.  

Further, had the idea to use different tracer experiments as estimation and validation 

datasets been thought of earlier, it might had saved some time and work that now went into 

implementing the current solution. 
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Conclusion 
 

This report has illustrated why computational modelling should always be accompanied by 

model validation. This carries additional importance if such a model is used to quantify 

properties for which there are no experimental data, such as is often the case with metabolic 

fluxes. The determination of metabolic fluxes can be critically important to understanding 

metabolic systems work and changes for different conditions, such as the development of a 

disease or metabolic disorder. However, one of the current standard approaches for flux 

determination, metabolic flux analysis, does not implement any form of model validation as 

standard practice. This project has conclusively shown that 13C MFA models can be 

validated against experimental data that the model has never seen before. Additionally, such 

model predictions are observable with a well determined prediction uncertainty. This allows 

for greater trust to be placed in the fluxes determined by such models and means that the 

models can be developed to take on a larger role in the development process of new 

treatments or medicine for various diseases.   
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Figure A1: The PPL-analysis result corresponding to the prediction uncertainty analysis of Acnt. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  
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Figure A2: The PPL-analysis result corresponding to the prediction uncertainty analysis of AspL. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A3: The PPL-analysis result corresponding to the prediction uncertainty analysis of Cit. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A4: The PPL-analysis result corresponding to the prediction uncertainty analysis of Fum. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A5: The PPL-analysis result corresponding to the prediction uncertainty analysis of GlnL. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A6: The PPL-analysis result corresponding to the prediction uncertainty analysis of GluL. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A7: The PPL-analysis result corresponding to the prediction uncertainty analysis of MalL. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 



 

Figure A8: The PPL-analysis result corresponding to the prediction uncertainty analysis of Pyr. Each of the respective diagrams represent the prediction uncertainty of the respective mass 
fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit and the x-axis shows the relative abundance of the mass 
fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the light blue curves all correspond to the solutions found when 
M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A9: The PPL-analysis result corresponding to the prediction uncertainty analysis of Akg, with only the Akg data removed from the estimation dataset. Each of the respective diagrams 
represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit 
and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the 
light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  
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Figure A10: The PPL-analysis result corresponding to the prediction uncertainty analysis of Akg, with Akg and Pyr data removed from the estimation dataset. Each of the respective diagrams 
represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit 
and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the 
light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff.  



 

Figure A11: The PPL-analysis result corresponding to the prediction uncertainty analysis of Akg, with Akg, Pyr and GluL data removed from the estimation dataset. Each of the respective 
diagrams represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the 
model fit and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, 
e.g. the light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 



 

Figure A12: The PPL-analysis result corresponding to the prediction uncertainty analysis of Akg, with Akg, Pyr, GluL and MalL data removed from the estimation dataset. Each of the respective 
diagrams represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the 
model fit and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, 
e.g. the light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 



 

Figure A13: The PPL-analysis result corresponding to the prediction uncertainty analysis of GluL, with only the GluL data removed from the estimation dataset. Each of the respective diagrams 
represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit 
and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the 
light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 



 

Figure A13: The PPL-analysis result corresponding to the prediction uncertainty analysis of GluL, with GluL and MalL data removed from the estimation dataset. Each of the respective diagrams 
represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the model fit 
and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, e.g. the 
light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 



 

Figure A14: The PPL-analysis result corresponding to the prediction uncertainty analysis of GluL, with GluL, MalL and AspL data removed from the estimation dataset. Each of the respective 
diagrams represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the 
model fit and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, 
e.g. the light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 



 

 

Figure A15: The PPL-analysis result corresponding to the prediction uncertainty analysis of GluL, with GluL, MalL and Cit data removed from the estimation dataset. Each of the respective 
diagrams represent the prediction uncertainty of the respective mass fractions for Glucose on the top row and Glutamine on the bottom row. For each diagram the y-axis shows the cost of the 
model fit and the x-axis shows the relative abundance of the mass fraction. The different coloured curves represent the solutions that correspond to the analysis of one of the mass fractions, 
e.g. the light blue curves all correspond to the solutions found when M+0 was analysed. The red lines indicate the value of the 𝜒2-cutoff. 


