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Abstract

Disorder in crystalline materials can take diﬀerent forms and originate from
diﬀerent sources. In particular, temperature introduces disorder in any kind of
material. This can be observed as the appearance of vacant lattice sites in an
otherwise perfect crystal, or as a random distribution of diﬀerent elements on the
same lattice in an alloy; at the same time, if the material is magnetic, temperature
induces disorder also on the magnetic degrees of freedom. In this thesis, diﬀerent
levels of disorder associated to structure and magnetism are investigated by means
of density functional theory and thermodynamic models.
I start with diﬀusion of Ti vacancies in TiN, which is studied by means of
nonequilibrium ab initio molecular dynamics using the color diﬀusion algorithm
at diﬀerent temperatures. The result is an Arrhenius behavior of Ti vacancy jump
rates.
A method to perform structural relaxations in magnetic materials in their hightemperature paramagnetic phase is then developed based on the disordered local
moments approach in order to study vacancies, interstitial atoms, and combinations of defects in paramagnetic bcc Fe and B1 CrN, as well as the mixing enthalpy
of bcc Fe1−x Crx random alloys. A correction to the energetics of every system due
to the relaxation in the disordered magnetic state is observed in all cases.
Not related to temperature and disorder, but very important for an accurate
description of magnetic materials, is the choice of the exchange and correlation
functional to be employed in the ﬁrst principles calculations. We have investigated the performance of a recently developed meta-GGA functional, the strongly
constrained and appropriately normed (SCAN) functional, in comparison with the
more commonly used LDA and PBE on the ferromagnetic elemental solids bcc Fe,
fcc Ni, and hcp Co, and SCAN it is found to give negligible improvements, if not
a worsening, in the description of these materials.
Finally, the coupling between vibrational and magnetic degrees of freedom is
discussed by reviewing the literature and proposing an investigation of the inﬂuv

vi
ence of vibrations on longitudinal spin ﬂuctuations. These excitations are here
studied by means of thermodynamic models based on Landau expansion of the
energy in even powers of the magnitude of the local magnetic moments. We ﬁnd
that vibrational and magnetic disorder alter the energy landscapes as a function
of moment size also in bcc Fe, which is often considered a Heisenberg system,
inducing a more itinerant electron behavior.
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1

Introduction

The study of materials properties is a very fascinating discipline. Mankind has
always tried to produce better and better materials for a wide variety of applications, and in order to do this one needs to understand where the exceptional
properties of a particular system stem from, to be able to improve them even
further. Since the discovery of the atomic nature of matter and the development
of theories like Quantum Mechanics and Statistical Mechanics, our understanding
has greatly increased and we have reached now the ability to theoretically predict
properties before observing them in experiments (see Nobel prize for Physics 2016
to Thouless, Haldane, and Kosterlitz "for theoretical discoveries of topological
phase transitions and topological phases of matter").
In principle, to simulate from ﬁrst principles one mole (i.e., a few grams) of a
real material, one should solve the Schrödinger equation for ∼ 6 × 1023 atoms or
molecules and all the electrons contained in the system, which can vary from one
electron per atom in hydrogen, up to ∼ 90 for the heaviest natural elements. This is
an unattainable aim, so we need to employ approximations. At high temperatures,
the quantum nature of nuclei in solids can be often disregarded, so that they can
be described as classical particles acting in a potential created by the electrons
and move according to Newton’s equations of motion, reducing the complexity
of the problem. For the electrons, though, one still has to solve the Schrödinger
equation, and an eﬃcient reformulation of this problem is the density functional
theory (DFT) [1, 2], although also at this level approximations need to be made.
One of the main focuses in current theoretical materials science is the inclusion
of temperature eﬀects in simulations. These have been proven to be critical for
many systems [3–5], and in this work I will try to describe how thermal ﬂuctuations introduce a certain degree of disorder in two diﬀerent areas: the ﬁrst one is
structural disorder, concerning the presence of vacant sites or other types of defects in crystalline materials, and randomness in the position of diﬀerent chemical
1
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species in alloys at high temperature; the second one is magnetic disorder, related
to the loss of long-range order of atomic magnetic moments in magnetic materials
above the critical temperature. Both types of disorder aﬀect the properties of
materials, as will be shown throughout this thesis, so that it is very important to
investigate these phenomena and obtain a deep understanding in order to model
reality as accurately as possible.

1.1

Structural disorder

Matter in solid state can be mainly found in two forms: crystalline or amorphous.
The latter, which is not the focus of this thesis, is a nonequilibrium state that can
be seen as a distribution of atoms with short- but no long-range order, atomistically
more similar to a liquid than a solid. The former, instead, consists of an ordered
arrangement of atoms that shows at least a periodic structure with translational
symmetry. If we neglect quantum eﬀects such as the zero-point motion, at zero
temperature the most energetically favored state for a crystal is with all the atoms
exactly in their equilibrium lattice positions.
At low temperatures, atoms vibrate around their equilibrium positions, so that
harmonic phonons describe well this regime; however, this means as well that a
classical description of the system is not accurate enough, since phonons arise from
the quantum nature of atoms. Above the Debye temperature of the system, the
classical picture can be used but, for temperatures close to melting, vibrations
become so large that the harmonic approximation does not hold anymore and
anharmonic eﬀects become important.
Other sources of disorder in crystals are point defects and conﬁgurational disorder in alloys, which are intimately connected to the thermodynamics of the system.
Examples of diﬀerent kinds of structural disorder can be seen in Fig. 1.1

1.1.1

Defects in materials

The simplest type of defect that can be encountered in a crystal is a point defect.
More complex defects with higher dimensionality such as line defects (dislocations)
and planar defects (grain boundaries and stacking faults) can be present as well,
but they are more diﬃcult to model in ﬁrst principle calculations, although very
important for, e.g., mechanical properties of real solids; there are also concerns
regarding the thermodynamic stability of some of these extended defects [6].
Point defects can be either intrinsic or extrinsic: intrinsic defects are vacancies
and self-interstitials, which occur in pure materials, whereas extrinsic defects are
foreign atoms present in the material which are not related to the compound itself.
A vacancy (Fig. 1.1a) is a vacant atomic site in the crystal lattice; the missing
atom can end up in an interstitial position (in a pocket between regular sites of
the lattice), or, for example, migrate to the surface. It is currently well known
that important physical eﬀects, such as mass transport, are governed by these
type of defects, therefore it is very important to investigate and acquire a detailed
understanding of how vacancies and self-interstitials are formed and diﬀuse in the
crystal. Moreover, they are thermodynamic defects, i.e. they appear at ﬁnite
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(a)

(b)

(c)

(d)

Figure 1.1: Schematic 2D descriptions of diﬀerent types of disorder: a vacancy (a)
and an extrinsic interstitial atom (b) in an otherwise perfect lattice, a substitutional extrinsic atom (c), and a random substitutional alloy (d).

temperature and they are stable because they increase the entropy of the system.
The equilibrium concentration of vacancies cvac at temperature T can be easily
calculated with a simple thermodynamic model that takes into account the conﬁgurational entropy arising from the introduction of vacant sites in a crystal, and
this can be expressed as:


cvac

Ef
= exp − vac
kB T


.

(1.1)

f
is the vacancy formation energy, and kB is the Boltzmann constant.
Here, Evac
This model assumes that vacancies are very diluted in the system (no conglomeration of vacancies), and it does not take into account any eﬀect of lattice vibrations.
In order to be more accurate, one should take in the exponent the full Gibbs free
energy, rather than the simple energy, to obtain a concentration with inclusion of
temperature eﬀects. Moreover, the Gibbs free energy is aﬀected by vibrations as
well: as it has been shown recently by Glensk et al. [7], the vacancy concentration
deviates from the assumed Arrhenius law because of local anharmonicity of atomic
vibrations into the vacancy. In addition, in a real sample vacancy concentrations
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can be higher than the equilibrium values for kinetic reasons related to the synthesis process. Self-interstitial atoms generally show a much higher formation energy
compared to vacancies, so in absence of particular conditions such as energetic
irradiation [8], they can in many cases be neglected.
Extrinsic defects are important as well: they can determine several properties of a materials, such as optical (e.g., impurities in diamonds [9] determine the
color of the crystal), mechanical (as an example, hydrogen embrittlement in steels
[10]), and electronic (doping of semiconductors [6]). When accidental, these defects occur either because in laboratory conditions it is impossible to maintain
the environment free from any impurity during the growth of a crystal, or just
by exposure of the material to atmosphere and consequent diﬀusion in the bulk.
However, the amount of defects can be very small if the conditions are well controlled. As an example, in GaAs thin ﬁlms grown with molecular beam epitaxy
the concentration of impurities can be as low as 1 impurity every 109 atoms [11]).
Experimentally, it can be diﬃcult to measure the concentration of defects in a
material. The concentration of thermal vacancies is in general quite low (for a low
formation energy of 0.5 eV at 500 K, the equilibrium concentration is one vacancy
every ∼ 105 atoms), and at low temperatures equilibrium is reached slowly; since
the concentration increases with temperature, this quantity can be measured only
at high temperatures.
Diﬀusion
As previously mentioned, vacancies and interstitials are known to be the main
protagonist of self-diﬀusion in close-packed materials. In order for diﬀusion to
occur, the diﬀusing atom needs in general to overcome an energy barrier. This is
a probabilistic process: atoms vibrating at a certain temperature have a non-zero
probability to perform a jump from a site to another, and this probability will
be higher if the kinetic energy of the atoms is higher. In principle, also exchange
between two atoms in equilibrium positions can occur, however this mechanism
has in ordinary conditions a much higher activation energy.
Diﬀusion through a vacant site occurs with a simple mechanism: an atom
neighbor to the vacancy can overcome the energy barrier and jump onto the vacant
site. In general, an atom will perform many attempts to jump, and in rare events
it will manage to diﬀuse from one site to the other. The temperature dependence
of the jump rate is in general modeled within a rare events theory through the
calculation of the energy barrier, i.e. the diﬀerence in energy between the diﬀusing
atom in equilibrium position and at the transition state. The jump rate Γ follows
then Arrhenius law:


Eb
Γ(T ) = A exp −
kB T


,

(1.2)

where A is the attempt frequency (related to vibrations in the crystal), and Eb is
the energy barrier. In principle, the attempt frequency depends on temperature
as well, however often it is considered constant. This law in general breaks down
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at temperatures close to melting because of thermal expansion and anharmonic
lattice vibrations, leading to deviations to the expected behavior.
For what concerns migration of interstitial atoms (both self-interstitials and
extrinsic ones, Fig. 1.1b), if the concentration of vacancies is not particularly
high, they will diﬀuse throughout the crystal jumping between interstitial sites.
This might be easy for a small foreign atom or for open structures, however in
general one can think that this is not the main process governing mass transport.
More complex mechanisms can be involved as well in particular materials: it
has been shown, for example, that in NiAl alloys a complex 4-stage mechanism
that involves the exchange of diﬀerent atomic species neighboring a vacancy [12]
is the process governing mass transport.

1.1.2

Alloys

Alloys are a class of material where diﬀerent metallic elements are mixed together.
In principle, restrictions on the number of diﬀerent elements that can be mixed
is given by the periodic table, but only thermodynamics can say if a multicomponent alloy is stable or not. Alloys can be divided in two categories: ordered and
disordered. Ordered alloys show a Bravais lattice with a basis, so that periodicity
throughout the crystal is preserved. Disordered alloys (schematically represented
in Fig. 1.1d), on the contrary, consists of a solid solution of elements without longrange order in the lattice, where every point in space is diﬀerent from any other.
However, average properties retain the lattice symmetry, therefore experimentally
these are seen as periodic structures. A perfect example of these two types of
alloys is beta brass, which is a Cu-Zn alloy with roughly equal content of the two
elements: at low temperatures, it has an ordered structure, but it undergoes a
transition to a disordered alloy at high temperature. The order-disorder transition is driven by entropy: a disordered structure, although it might have a higher
energy compared to the ordered structure, has a certain degree of conﬁgurational
entropy; at high temperature, the entropic contribution can win over the energy,
and disorder becomes more favorable.
The elements forming an alloy need not to be all metals: the best example of
this is steel, which is a solid solution of C in Fe. Here, the C atoms sit in interstitial
positions in the Fe lattice. For what concerns ferritic steel, i.e. C interstitials in
bcc Fe, the solubility of C is so low that often these are modeled as point defects
in the lattice.
The eﬀect of entropy on structural stability is extremized in the so-called highentropy alloys [13], which are part of the larger class of multiprincipal component
alloys, where 5 or more elements are mixed together to form a solid solution. In
these materials, single-phase solid solutions can be stabilized at ﬁnite temperature
by the high conﬁgurational entropy. In order to be thermodynamically stable, the
Gibbs free energy of all possible competing phases has to be higher than that of
the high entropy alloy.
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Magnetism in materials

Magnetism is a physical phenomenon that has been known since the early stages of
civilization. Signs of the development of compasses can be traced back to 300-200
B.C. in China [14], if not even earlier in pre-Columbian American civilizations [15].
However, understanding of this eﬀect has come only in the past two centuries. We
now know that magnetism is connected to electricity through Maxwell’s equations
and relativistic theory, and magnetism in solids arises from electrons and their
intrinsic spin angular momentum. A fully classical theory of magnetism in condensed matter predicts that a permanent magnetization is not possible [16], and
only by accounting for the electron spin, a pure quantum eﬀect, one can explain
this phenomenon.
Isolated atoms always display interaction with a magnetic ﬁeld, due to the
electrons they possess. This interaction can be diamagnetic (the atomic magnetic
moment opposes the ﬁeld) or paramagnetic (viceversa). All substances show at
least a component of diamagnetism, which is related to electrons that are paired
in a single orbital with opposite spins. When an atom has unpaired electrons,
instead, it can show paramagnetism.
Going to solids, things get more complicated because electrons on diﬀerent
atoms interact with each other, so that it is rare to ﬁnd systems displaying longrange magnetic properties. Solids showing ordered magnetic structures are generally made of 3d or 4f elements because the electrons in these orbitals are more
localized compared to others.
A theory that would completely describe these phenomena should take into
account the quantum many-body eﬀects involved in the problem; however also
semi-classical theories which consider the magnetic moments localized on atoms
have helped in understanding the physics of these systems. Moreover, several
properties of materials which needs accounting for many atoms can be calculated
only within semi-classical models, being these computationally much cheaper than
many-body methods. It is therefore important to continuously develop these models in order to represent reality as well as possible, benchmark the relevance of the
approximations and provide predictions for unstudied systems.
Two models have been employed to understand the behavior of magnetic materials: the localized moments and itinerant electrons models. The former is a
semi-classical model connected to the Heisenberg Hamiltonian (see Sec. 2.4.1)
and describes fairly well insulators which show robust localized moments, whereas
the latter is based on Stoner band theory of electrons. However, these are radicalizations of reality, and most systems show intermediate behaviors: as an example,
bcc Fe is a metal, nonetheless it can be often described as a localized moments
ferromagnet.
In the following, I will describe how temperature inﬂuences the magnetic properties of materials, and to do this we need to start with the ground state of a
magnetic material.

1.2 Magnetism in materials

1.2.1
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Low temperature ordered structures

Many types of magnetic order can be encountered in solids. The ﬁrst type of order
that comes to mind is ferromagnetism: in this structure, considering a localized
moments picture, the moments on magnetic atoms are all aligned in the same
direction, leading to domains with non-zero magnetization of the material also
in absence of an applied magnetic ﬁeld. This happens in these materials because
the interaction between neighboring magnetic moments (the exchange interaction)
favors parallel alignment. The most known elemental magnets (Fe, Ni, Co, and
Gd) are all ferromagnets in their ground state.
On the opposite, some materials show antiferromagnetic (AFM) behavior: the
moments on neighboring atoms are anti-parallel, so that on a macroscopic scale
no magnetization is observed. Antiferromagnetism is usually more complex than
ferromagnetism, since in a material it can happen that moments on a certain
crystallographic plane are aligned parallel to each other, whereas on another they
are anti-parallel. Some structures display also frustration of the moments: as an
example, if three atoms are arranged in a triangular structure and they interact
antiferromagnetically with each other, there is no way to dispose the moments so
that the interaction is minimal for all of them [17, 18]. This can as well lead to
noncollinear ordering of the magnetic moments [18].
In between, some materials display what is known as ferrimagnetism, which
consists of moments with diﬀerent sizes that interacts antiferromagnetically, so
that a net magnetization is observable. The ﬁrst compound employed as a magnet
[14], magnetite (Fe3 O4 ), is actually ferrimagnetic [19].
Other more exotic ground state structures such as spin-waves or spin glasses
can appear, however what is relevant to this thesis is that temperature will always
tend to disorder the direction of the moments with respect to each other because
of increased entropy.

1.2.2

Thermal excitations and the paramagnetic phase

At low temperatures, magnetic thermal excitations display a behavior similar to
phonons: quasiparticles named magnons consisting of spin-waves are represented
in a semi-classical picture tilting slightly the moments on each atom according to
the wave-vector of that particular excitation. Magnons, in analogy to phonons,
show dispersion relations that connects the frequency with the wavevector of a
particular mode. Increasing the temperature further, more and more magnons
are created. At a certain temperature (called Curie or Néel temperature for ferromagnets and antiferromagnets, respectively) long range order is lost and the
magnetization of the material goes to zero. Looking at the atomic scale, in most
materials the magnetic moments are still present, but they become disordered
leading to zero macroscopic magnetization. Above the transition temperature, the
moments still display a certain degree of short range order that does not give rise
to any macroscopic magnetization.
In the Heisenberg picture of magnetism, the disordering of the moments is
explained with transversal excitations. These are due to the competition between
exchange interactions and temperature: the stronger is the magnetic interaction,
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the more diﬃcult will be to disorder the moments, and therefore the higher the
temperature for the order-disorder transition.

1.2.3

Itinerant vs localized moments models

As previously mentioned, the two models that have been employed to understand
solid state magnetism are the localized moments and the itinerant electron models.
The localized moments model assumes that every magnetic atom in the solid
possesses a magnetic moment which does not change in magnitude with temperature. The interaction with other moments is usually described with a Heisenberg
Hamiltonian, which in its simplest form reads:

H=−
Jij ei · ej .
(1.3)
i

j=i

Here, Jij is the exchange interaction between moment i and j, ei is the direction
of moment i, and the sum runs over all moment pairs in the system. In the
ferromagnetic (FM) state, all moments are parallel to each other, so that ei ·ej = 1
for every i and j; in an idealized paramagnetic (PM) state at inﬁnite temperature,
the average scalar product between the directions of the moments is ei · ej  = 0.
In this model, it is assumed that the exchange interactions between two atoms
depends only on their coordination and they do not depend on the surrounding
environment; also, the localized moments are supposed to have a well deﬁned and
constant magnitude.
The itinerant electrons model, also known as Stoner model, considers the electrons in bands and tries to describe ferromagnetism in metals. In this model, the
magnetization of the solid (molecular ﬁeld) splits the electronic bands in spin-up
and spin-down channels as described by Pauli paramagnetism, where the molecular ﬁeld is due to the same spin-polarization of the bands in a chicken-and-egg
frame. In particular, it can be shown that a material will show spontaneous ferromagnetism if U g(EF ) ≥ 1, where U is the Coulomb energy (i.e., the gain in energy
due to spin-polarization) and g(EF ) is the density of states (DOS) at the Fermi
level. This is known as the Stoner criterion, and it entails that for a metal to be
ferromagnetic, it needs to have a large DOS at the Fermi level and strong Coulomb
energy (which gives exchange and, therefore, the molecular ﬁeld), leading to diﬀerent energies for spin-up and spin-down electronic bands. If the Stoner parameter
U g(EF ) < 1 but still large, the metal shows enhanced Pauli susceptibility, i.e. its
answer to magnetic ﬁelds is stronger than for regular metals. This is the case of
Pd and Pt, which are almost ferromagnets [16].
As it can be understood from this discussion, the two models describe quite
diﬀerent situations, and in reality most materials behave somewhere in between
these two models. As an example, the ﬁrst model cannot really explain why
the size of the local moments in bcc Fe is 2.2 μB or longitudinal excitations of the
moments, whereas the second one heavily overestimates TC of magnetic materials,
predicting that they become nonmagnetic (i.e., no local moment is preserved).

CHAPTER

2

Theoretical methods

In this chapter, the methods employed in this work will be presented. I start from
the fundamentals of Density functional theory (DFT), then move to important
concepts in thermodynamics simulations, and ﬁnally address the description of
structural and magnetic disorder in ab initio simulations.

2.1

Density functional theory

Regular matter is made of atoms, which follow the laws of quantum mechanics. In
principle, we have the theoretical framework to calculate and predict any property
[20] of atoms, molecules and materials by solving the Scrödinger equation. However, this is a formidable task and in practice it is not possible to do it exactly.
For this reason, we need to come up with methods that allow to ﬁnd solutions in
a reasonable time. Since the advent of DFT and supercomputing, this challenge
has become more realistic to be undertaken.
DFT, which is in principle exact but in practice involves the use of approximations, tries to solve the Schrödinger (or Dirac) equation avoiding its intrinsic
many-body complications. In the past years, DFT has been proven to be very
powerful in the prediction and explanation of properties of many materials [21].
In the ﬁrst three sections I will discuss DFT without accounting for the electron
spin to make the notation easier, however in Sec. 2.1.4 I will explain how the theory
is complemented with spin-polarization. In addition, for fermions one needs to
solve the relativistic Dirac equation. In the calculations performed in this work,
a scalar relativistic form of this equation is solved, but for sake of clarity in the
following chapter I will use the Schrödinger equation.
9
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2.1.1

The Schrödinger equation

Matter is made of atoms which compose of nuclei and electrons, that are quantum
mechanical objects. To derive any property of such a system, one needs to solve
the time dependent Schrödinger equation for all the atoms in the system under
investigation:
∂
Ψ({RI }, {ri }) = ĤΨ({RI }, {ri }),
(2.1)
∂t
where Ψ is the many-body wavefunction for the whole system containing nuclei
and electrons at positions RI and ri , respectively, and Ĥ is the Hamiltonian for
the system (in atomic units):
i

n

Ĥ = −

N

ZI
1
1
1 2 1 1 2 
+
+
∇i −
∇I −
2 i=1
2
MI
|ri − RI | 2
|ri − rj |
I=1

i,I

1  ZI ZJ
+ V̂ (r, t).
+
2
|RI − RJ |

i=j

(2.2)

I=J

In the Hamiltonian we ﬁnd the kinetic energy for electrons (lowercase letters) and
for the nuclei (capital letters), the attractive interaction between electrons and
nuclei, and the electron-electron and nucleus-nucleus repulsion, respectively. The
last term is a possible external potential, which can in general depend on space
and time. MI and ZI are mass and charge of nucleus I, respectively.
If there is no explicit dependence on time in the Hamiltonian, the equation can
be separated and one obtains the time-independent Schrödinger equation:
ĤΨ = EΨ,

(2.3)

where E is the energy of the system. This equation can be solved analytically only
for the H atom, which has one proton and one electron, and in no way it can be
solved analytically for a real solid.
In order to simplify the problem, one needs to employ approximations. The
ﬁrst approximation that can be made is the so-called Born-Oppenheimer approximation: since the mass of the electrons me is much smaller than the mass of
the nuclei MI , then the nuclei are seen as frozen by the electrons and, as the nuclei moves, the electrons remain in the same state. In this way, the wavefunction
can be separated in two contributions Ψ({RI }, {ri }) = Φ({RI })ψ({ri }), where
I have assumed that the time-dependent part has already been separated. The
electronic wavefunction ψ({ri }) depends parametrically on the nuclear positions.
It is also assumed that the electronic states are not too close to each other, so that
perturbations due to nuclear kinetic energy do not aﬀect the electron system [21].
From here, one further approximation can be to consider the nuclei as classical
particles, so that the quantum problem has to be solved "only" for the electronic
system.
For what concerns the solution of the electronic problem for a crystalline solid,
Bloch’s theorem comes in help at this point, allowing to solve the problem for
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an inﬁnite periodic solid taking into account only the primitive cell of the lattice.
This theorem states that, for an electron in a periodic potential (here due to the
nuclei), its wavefunction ψ can be expressed as:
ψ(r) = eik·r ulk (r),

(2.4)

where k is a reciprocal lattice vector, r is the position, l is the quantum number
(band index) of the wavefunction, and ulk (r) is a function with the periodicity of
the potential.
Thomas and Fermi in 1927 separately proposed a scheme that enables to solve
approximately the Schrödinger equation. This is done by changing the focus of
the problem from the electronic wavefunctions ψ(ri ) to the electronic density n(r)
in the solid at position r. In this model, the electron density is assumed to be
locally constant and the kinetic energy is taken as the kinetic energy of a homogeneous electron gas. The model fails quite badly to predict properties of molecules
and materials, but it was a ﬁrst step towards the birth of DFT, introducing the
fundamental concept of electron density as the important physical quantity to
calculate.

2.1.2

The Hohenberg-Kohn theorems and the Kohn-Sham
ansatz

In 1964, Hohenberg and Kohn published an article [1] in which they proved that,
for an electronic system under the action of an external potential, there is a oneto-one relation between the potential and the electron density, so that knowledge
of one of the two gives immediately the other quantity. In addition, the energy
of the system is a universal functional of the electron density, which can be found
variationally. The power of these theorems is that they are disarmingly simple to
prove, and they give a strong and ﬁrm theoretical basis for all the calculations
performed within the DFT framework.
Unfortunately, the Hohenberg-Kohn theorems do not provide any scheme to
ﬁnd the universal functional of the density, and this is were the actual approximations come into play. In general, the energy functional can be written as:

E[n] = T [n] + Eint [n] + dr Vext (r)n(r) + EII ,
(2.5)
where T is the kinetic energy of the electrons, Eint is the electron-electron interaction, the integral (extended over all space) is the interaction of the electrons with
the external potential Vext due to the nuclei, and EII is the interaction between
nuclei. This functional is not known in general, so that it is practically useless as
it is.
Kohn and Sham suggested a practical scheme [2] that uses the ansatz that we
can calculate the properties of the real system by taking into account an auxiliary
system of noninteracting electrons displaying the same electron density as the
real particles in a diﬀerent eﬀective potential Veﬀ . In this way, the many-body
wavefunction for all the electrons can be replaced by independent single-particle
wavefunctions ψi , and one needs to solve a system of coupled equations:
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1 2
− ∇i + Veﬀ ψi = εi ψi ,
2

(2.6)

where the single-particle wavefunctions are related to the electron density by:

|ψi (r)|2 .
(2.7)
n(r) =
i

From here, one can derive an expression of the energy functional for the whole
system:

(2.8)
E[n] = TS [n] + dr Vext (r)n(r) + EHartree [n] + EII + Exc [n],
with
1
|∇i ψi |2 ,
2 i
 
n(r)n(r )
EHartree [n] =
.
dr dr
|r − r |
TS [n] =

(2.9)

(2.10)

The functional now contains the kinetic energy of the independent electrons TS ,
the classical interaction of the electron density with itself (EHartree ), the interaction
of the density with the external potential, the interaction between nuclei, and a
last term which is called exchange and correlation functional in which all the terms
that are not included in the independent particles approximation are collected. In
general, the ﬁrst terms can be calculated exactly; the last one, on the contrary,
is unknown and one needs to ﬁnd a good approximation to the exchange and
correlation energy in order to predict properties. The physical origin of this term
is double: on the one hand, it takes into account the Pauli exclusion principle,
which is not treated by the Hartree term (the so called exchange); on the other
hand, it includes the Coulomb repulsion between electrons of opposite spin, which
is partly due to the kinetic energy and partly to the Hartree term (correlation).
Approximations to the exchange and correlation term will be treated in the next
section.
As previously mentioned, this procedure to calculate the functional of the density is an ansatz: this means that there is no rigorous proof that a correspondence
between the real interacting electron system and the auxiliary non-interacting system exist. However, the Kohn-Sham method has been widely used with success,
and most of the times inaccuracies are due to the exchange and correlation term
rather than on the whole framework, although some quantities are known to be
out of reach for this scheme [21]. The success of this method is due to the fact
that, in normal system, the exchange and correlation term is small, so that an approximation to it can still give good results. The power of the Kohn-Sham ansatz
as compared to Thomas-Fermi theory is in the fact that the kinetic energy of the
electrons is not approximated as the homogeneous electron gas at every point in
space, rather is the kinetic energy of independent electrons on top of which one
adds exchange and correlation.
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Methods to practically solve the Kohn-Sham equations rely on expansion of
the wavefunctions ψi in some basis set. In this work we have used plane-waves
as basis since they are highly compatible with the periodic nature of crystalline
solids and Bloch’s theorem. In addition, in this work the projector augmented wave
(PAW) method [22] has been used to represent the single-particle wavefunctions.
In this method, space is separated in two regions: an augmentation region around
nuclei, and an interstitial region in between the atoms. Plane waves are good to
represent valence electrons in the interstitial region, but they are not good for
describing the rapidly oscillating wavefunctions near the nuclei. In this region,
an all-electron wavefunction must respect orthogonality with the core electrons.
To do this, but at the same time use smoother wavefunctions in the calculations,
the PAW method prescribes a transformation from the original wavefunctions to
auxiliary ones, which are smooth in the augmentation region. Calculations are
performed with these last functions, which coincides with the original ones in
the interstitial region, and ﬁnally the results for the original wavefunctions are
recovered by the inverse transformation.

2.1.3

Exchange and correlation functional

As previously mentioned, the exchange and correlation functional is the approximated term in DFT which determines an upper limit to the accuracy of calculations.
The ﬁrst approximation developed for the exchange and correlation energy is
the famous local density approximation (LDA). Within this approximation, the
electron density at each point is assumed to have exchange and correlation energy
equal to that of a homogeneous electron gas. This is expressed as:

LDA
Exc

=

=

dr n(r)hom
xc (n(r))


dr n(r) hom
(n(r)) + hom
(n(r))
x
c

(2.11)

The exchange energy for a homogeneous electron gas is here calculated analytically,
whereas the correlation energy has to be calculated numerically with higher-level
theory methods. The ﬁrst quantitatively accurate calculation of hom
was perc
formed by Ceperley and Alder [23] with quantum Monte Carlo calculations.
Despite the crude approximation of considering exchange and correlation eﬀects
at each point of a solid as for a homogeneous electron gas, the LDA functional is
often capable of capturing the physics of systems like nearly-free-electron metals,
and it is still used nowadays in certain cases. What makes LDA able to capture at
least trends in materials is the fact that it is based on a real electronic Hamiltonian:
for this reason, it satisﬁes constraints regarding the properties of the exchange and
correlation hole [21]. In addition, only the spherical average of the exchange and
correlation hole enters the energy, so that detailed knowledge of its shape is not
needed.
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From here, the obvious way to improve the exchange and correlation functional
is to include the gradient of the electron density; however this has been more difﬁcult than expected. The problem here is that gradients of the density can be
very large in real materials, so that a simple power expansion breaks down. In
order to be useful, a generalized gradient approximation (GGA) has to be used,
imposing the expected behavior at large gradients. GGA functionals, in particular
the formulation by Perdew, Burke, and Ernzerhof (PBE) [24], has lead to great
improvement compared to LDA, especially in the calculation of equilibrium volumes and atomization energies of molecules [24]. GGAs are semi-local functionals,
because they require the density in an inﬁnitesimal neighborhood of r in order to
get derivatives, in contrast to LDA which requires the density only at r, therefore
is local.
Since then, many research groups around the world have tried to improve further the exchange and correlation functionals, trying to satisfy more and more
exact constraints, following a "Jacob’s ladder" [25] of density functional approximations that tends to reach chemical accuracy (1 kcal/mol=0.044 eV/formula
unit) [26]. The ladder starts from LDA, for which only the local density is taken
into account, going to GGAs where also gradients of the density are included; the
next rung is occupied by meta-GGAs, for which limits of the electron kinetic energy densities are also satisﬁed, and further on we ﬁnd methods that include exact
exchange and compatible or exact partial correlation.
The higher rungs of the ladder involve methods (like hybrid functionals or
random phase approximation) that are too computationally expensive for regular
calculations, and are in general used when very accurate results are needed or for
properties that cannot be predicted with usual functionals (e.g., bandgaps). For
what concerns meta-GGAs, they are comparable in terms of cost with semilocal
functionals, but they are thought to describe better electron correlation because
of the direct inclusion of the kinetic energy density in the functional. One of
the most recent meta-GGAs that has been discussed quite widely is the strongly
constrained and appropriately normed (SCAN) [27] functional, which is the only
known meta-GGA that satisﬁes all the known constraints for this category.
LDA and GGAs are known to describe badly some 3d and 4f elements in
strongly correlated compounds because they are not able to reproduce the localization of these orbitals. A simple method that has been devised to make this
problem less serious is the so called "DFT+U", where an Hubbard U term is
added in the energy functional for localized orbitals. The U term tends to localize
electrons by adding an energy cost for an electron in an individually occupied state
to jump onto another state which is already singly occupied, therefore keeping the
electrons apart. The main eﬀect of this term is to split the energy levels of these
orbitals, and in general it is used to open an electronic bandgap in semiconductors
or insulators that are predicted to be metals with conventional DFT.

2.1.4

Spin-polarized DFT

Of course, electrons are spin-1/2 particles, therefore all the equations previously
mentioned should be reexpressed in order to include this property. The easiest
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way is just to separate the electron density in a spin-up and a spin-down electron
density, namely:
n(r) = n↑ (r) + n↓ (r)

(2.12)

and all the equations are solved separately for the two spin-polarized densities. In
general, this is needed only for magnetic materials.
If noncollinear magnetic moments are to be employed in the calculations, the
electron density can be represented in terms of a spin vector at every point, and
the single-particle Hamiltonian becomes a 2x2 matrix:
1
αβ
αβ
= − ∇2 + Veﬀ
,
(2.13)
HKS
2
where α and β indicate the two eigenspinors for an electron. The only nondiagonal
term in the eﬀective potential is the exchange and correlation term. In calculations,
this procedure is carried out by ﬁnding the local axis of spin quantization and then
using the spin-polarized exchange and correlation energy for that axis.
In this work, a constrained formulation of DFT has been used in order to
select the direction of the atomic magnetic moments. Constrained DFT consists
in adding a Lagrange multiplier to the energy of the system, so that the solution
obtained will minimize the energy subject to the constraint. The method used in
this work to constrain the direction of the moments has been developed by Ma
and Dudarev [28], in which a penalty energy ESp at site S is added to the DFT
energy:

F
λS |MF
(2.14)
ESp =
S | − eS · MS ,
S

where λS is a Lagrange multiplier, eS is a unit vector in the direction along which
the moment has to be constrained, and MF
S is the magnetic moment deﬁned as:

dr m(r)FS (|r − rS |).
(2.15)
MF
S =
ΩS

Here, m(r) is the magnetization density at point r, ΩS is the atomic sphere,
and FS (|r − rS |) is a function that decreases monotonically to zero towards the
boundary. With this method, the direction of the moments can be constrained
at will, and it can be improved by increasing further and further the value of the
Lagrange multiplier λS . In addition, within this formulation it is less favorable for
the magnetic moment to change sign maintaining the same direction, in contrast
with other methods that do not penalize spin ﬂips. It can also be shown that the
obtained penalty energy tends to zero for increasing λS .

2.2

Thermodynamic simulations

DFT enables the calculation of the ground state energy and related properties of a
system. Since it is a ground state method, in principle its results are only for zero
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temperature. It has been shown that the free energy of the electronic system can be
calculated with the Mermin’s functional [29] at a given temperature by including
the proper smearing of the wavefunctions. However, to have the full free energy
of the system, one needs to take into account contributions due to vibrations (and
magnetism, if needed). Therefore, it is needed to complement DFT calculations
with thermodynamic simulations that allow for the inclusion of temperature eﬀects
at every level. Moreover, many interesting properties are related to the system
dynamics, so that one needs to be able to realistically simulate the movement of
atoms, as well as magnetic and conﬁgurational degrees of freedom.
In computer simulations, it is usually easier to ﬁx the number of atoms, the
volume of the system and its temperature. Therefore, what we usually simulate is
a canonical ensemble, so that the following discussion will focus on this.
As previously mentioned, in some cases we can consider atoms as classical
particles, so that the infrastructure of classical thermodynamics can be applied.
One of the central quantities in thermodynamics is the free energy: it is good to
start the discussion on thermodynamic simulations from this.

2.2.1

Free energy

Given a system of N particles with constant volume V in contact with a heat bath
at temperature T , from statistical mechanics and thermodynamics we know that
we can deﬁne a free energy F up to a constant value, which is given by:
F = E − T S = −kB T log(Z),

(2.16)

where E is the energy of the system, S is the entropy, kB is the Boltzmann’s
constant, and Z is the partition function. The equilibrium state for such a system
is the one with the lowest free energy. We know that all thermodynamic quantities
can be derived from the knowledge of the partition function of a system, and
therefore from knowledge of F . The canonical partition function is deﬁned as:
Z=


i



Ei
,
exp −
kB T

(2.17)

where the sum runs over all the possible microstates that the system can explore.
This means that, in order to be able to say anything about the thermodynamics of
a system, we need to be able to sample properly its phase space, i.e. the collection
of all the accessible microstates of the system.
The calculation of the partition function is a formidable task, which can be
sometimes performed analytically for simple model systems, but is typically not
possible for realistic systems. What is usually done is to calculate the free energy
applying some approximation. A common starting point is to decouple degrees of
freedom that are relative to diﬀerent time scales. As an example, for a magnetic
material, it is often assumed that electronic degrees of freedom are much faster
than magnetic ones, which are faster than vibrational ones, so that the free energy
can be expressed as:

2.2 Thermodynamic simulations

F (V, T ) = E0K (V )+F el (V, T )+F vib (V, T )+F mag (V, T )+F ad.
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(V, T ). (2.18)

This separation of degrees of freedom allows one to calculate separately the diﬀerent contributions, however the last term F ad. coup. , which is the adiabatic coupling
between the diﬀerent degrees of freedom, can only be inferred from simulations
that include all eﬀects at the same time.
An example of such a calculation of the free energy of, for simplicity, a nonmagnetic system would start with the calculation of its ground state energy (E0K (V ))
with DFT, where also the eﬀect of temperature on the electronic degrees of freedom can be included (F el (V, T )); then, assuming harmonic behavior of lattice
vibrations, one can calculate the phonon dispersion with, e. g., the ﬁnite displacement method, and from here the vibrational free energy (F vib (V, T )) is obtained
(for harmonic phonons, the vibrational free energy has an analytic expression, see
e.g [6]). Of course, it is well known that the harmonic approximation does not
work at every temperature since it does not explain thermal expansion, so what is
often employed is the quasi-harmonic approximation, i.e. the phonon dispersion
is calculated at diﬀerent volumes that follow the thermal expansion of the system.
If one wants to reduce approximations as much as possible, then thermodynamic
simulations have to be performed in order to fully account for the diﬀerent degrees
of freedom and their adiabatic interplay, and to sample appropriately the phase
space.
As earlier mentioned, here I focus on the canonical ensemble because it is the
easiest to simulate. In an experiment, though, the volume is not a ﬁxed quantity, rather the pressure p is ﬁxed. Therefore, in experiments the thermodynamic
quantity of relevance is the Gibbs free energy G:
G = E − T S + pV = H − T S = F + pV,

(2.19)

where H = E + pV is the enthalpy. It is well known that the equilibrium state of a
system at a certain temperature and pressure is the one with minimum Gibbs free
energy, therefore if one wants to calculate equilibrium phases, then it is needed
either to perform calculations at constant pressure, or to perform calculations in
the canonical ensemble on a grid of temperatures and volumes so that the pressure
can be calculated as:


∂F
p=−
,
(2.20)
∂V T,N
and consequently obtaining the Gibbs free energy.
So far, I have not discussed how one can actually calculate the full free energy
of a system. As previously mentioned, the free energy is deﬁned up to a constant,
so that what matters in general are free energy diﬀerences. This fact is exploited in
thermodynamic integration [30], in which the potential energy of a model system,
for which the free energy is known, is coupled with the potential energy of the
system through a parameter λ, so that performing proper phase space sampling
and integrating over several values of λ one can obtain the free energy diﬀerence
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between the model and the real system, and therefore the full free energy. This
technique has been used, as an example, for calculating the free energy of metals
[7, 31, 32] from 0 K up to the melting point, as well as the vacancy formation free
energy in the same systems.
The computational methods employed for phase space sampling are molecular
dynamics (MD) and Monte Carlo (MC) simulations. The technique mainly used in
this work is MD, which will be discussed in the next paragraph. For what concerns
Monte Carlo simulations, the main idea is to explore the phase space with random
jumps from one state to the other, and these jumps are either accepted or rejected
depending on the energy of the state. In particular, for the Metropolis algorithm,
if the new state has an energy lower than the previous, then the jump is accepted,
whereas if the energy is higher, then the jump will be accepted if and only if the
ratio between the Boltzmann factor of the new and the old state is larger than a
random number uniformly taken in the range [0,1].
Another important detail to take into account is how the energy of the system
(both in MC and MD) is calculated. In general, for computational reasons, a
model interatomic potential for the system under investigation is prepared and
energies are calculated from this. These potentials allow to perform simulations
with a huge number of atoms, however they lack in accuracy and transferability.
Another way is to calculate the energy (and forces in MD) with DFT, making the
method ab initio.

2.2.2

Ab initio molecular dynamics

Molecular dynamics is a technique that enables to sample phase space of a system
by simulating the trajectory of the atoms in the system. It can be in general performed in diﬀerent ensembles (microcanonical, canonical, and constant-pressure),
and potential energy and forces can be calculated either with model potentials
(classical MD), or with DFT (ab initio MD, AIMD). In both cases, the nuclei are
considered as classical particles which follow Newton’s equations of motion:
RI (t + dt) = RI (t) + vI (t)dt +

fI (t) 2
dt ,
2MI

(2.21)

where RI (t) and vI (t) are the position and velocity of atom I with mass MI ,
and fI (t) is the force acting on it at time t. This equation is not actually used
in MD simulations because it is not stable, so that other algorithms are employed
(such as the Verlet or the velocity-Verlet algorithm, see e.g. [30] for a collection
of methods). A central quantity in this equation is the timestep dt, which has to
be chosen carefully in order to obtain meaningful simulations (a typical value in
AIMD is 1 fs).
Forces in AIMD are calculated according to the Hellmann-Feynman theorem:

∂ Ĥ
fI = −
,
(2.22)
∂RI
where Ĥ is the Hamiltonian of the system, and   indicates the expectation value.
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AIMD gives a very accurate description of the dynamics of the system, however
it is very computationally intensive so that only small systems can be simulated
(commonly ∼ 100 − 200 atoms, at best ∼ 1000) and for short timescales (∼ 1
ns). If larger sizes are needed, one can go to classical potentials that can be based
on analytical models or ﬁtted to ab initio results in order to perform larger scale
simulations. In the last years, machine learning potentials have been introduced
in this ﬁeld, which are very promising for performing large simulations at low
computational costs retaining almost DFT accuracy (see, e.g., [33] for a review).
For calculations in the canonical ensemble, the system needs to be coupled with
a thermostat which maintains the temperature of the system roughly constant (the
amplitude of thermal ﬂuctuations depend on the size of the system). Several thermostats are available: the simplest method consists in simply rescaling the velocity
of the atoms in order to meet the required temperature. Other methods consists
in coupling the system with a thermostat that randomly pushes the atoms (Andersen and Langevin thermostats), resulting in a very good sampling of the phase
space but with possible destruction of the system physical dynamics. The NoséHoover thermostat, instead, introduces a ﬁctitious system through an extended
Lagrangian formulation which keeps the real system at the desired temperature.
This is the thermostat that inﬂuences the least the dynamics of the system. It
is also interesting to discuss brieﬂy the Langevin thermostat: this method was
developed for dynamics simulations of liquids, but it has been then employed for
simulations of solids. In this method (also known as Langevin dynamics), the
equations of motions are modiﬁed such that:
ṗI = fI − γI pI + f̄I .

(2.23)

Here, pI is the momentum of atom I, ṗI its time derivative, γI is a friction
coeﬃcient (in units of inverse time), and f̄I is a random force related to γI . The
parameter γI determines how often the system is "kicked" by the random force, so
that for large values of this parameter one can employ large timesteps, obtaining
a very good and fast phase-space sampling, at the expense of unrealistic dynamics
(although it is still possible to recover the proper dynamics by decreasing γI ).

2.2.3

Nonequilibrium molecular dynamics - Color Diﬀusion
algorithm

Direct MD simulations can be employed in the study of diﬀusion or other physical
phenomena that involve dynamics in order to obtain the rate and mechanism of
the property under investigation; unfortunately, for rare events it might not give
a good statistic of the process. Many methods have been developed in the past
years in order to overcome this obstacle, and in this work a revisited version [34]
of the color diﬀusion (CD) algorithm [35] has been employed.
The CD algorithm is part of the broader class of nonequilibrium MD (NEMD)
methods, which in general consists in applying a force on the system in order
to accelerate the physical process of interest. As an example, if one wants to
accelerate the vacancy-mediated diﬀusion of an atom in a solid, the CD algorithm
in the revisited version consists simply in applying a force on one of the neighbors
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(b)
(a)

Figure 2.1: a) Principle of the color diﬀusion algorithm: the colored atom (green)
is pushed towards the vacancy (white) with a force F . An opposite force of intensity F/(N − 1), with N − 1 the number of atoms in the simulation box without
counting the colored atom, is applied to all the other atoms in order to maintain
the system in mechanical equilibrium. Reprinted ﬁgure with permission from D.
Gambino, D. G. Sangiovanni, B. Alling, and I. A. Abrikosov, Physical Review
B 96, 104306 (2017). Copyright 2017 by the American Physical Society. b) Effect of the force on the energy landscape, with xeq the equilibrium position of
the colored atom, and xTS the transition state. Reprinted ﬁgure with permission
from D. G. Sangiovanni, O. Hellman, B. Alling, and I. A. Abrikosov, Physical
Review B 93, 094305 (2016). Copyright 2016 by the American Physical Society
https://doi.org/10.1103/PhysRevB.93.094305.

(the colored atom) to the vacancy so that it will jump earlier than in equilibrium
conditions (see Fig. 2.1a). The nonequilibrium jump rate is calculated for diﬀerent
intensities of the force ﬁeld, and the equilibrium jump rate is then recovered by
extrapolation to vanishing force. In order to maintain the system in mechanical
equilibrium, a rescaled opposite force is applied on all the other atoms so that
the resultant of the forces in the system is zero. The non-colored atoms are also
coupled to a strong thermostat in order to dissipate the energy increase due to the
external work.
The main diﬀerence between the original and the revisited version of the CD
algorithm is that in the former the force ﬁelds employed are small in order to stay
in the linear regime, whereas in the latter an extension to higher force ﬁelds has
been made. It has been shown in [34] that, assuming a sinusoidal behavior of the
energy landscape, the nonequilibrium jump rate Γ as a function of the force ﬁeld
intensity F and temperature T can be expressed as:
Γ(F, T ) = ΓE (T ) exp

xT S0 (T )
F − α(T )F 2 ,
kB T

(2.24)
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with xT S0 (T ) the equilibrium transition state position at temperature T (taking
as 0 the equilibrium position of the atom, see Fig. 2.1b), α a ﬁtting parameter,
and ΓE (T ) the equilibrium jump rate.
The eﬀect of the force ﬁeld is to tilt the energy landscape as shown in Fig.
2.1b. From here, one can see that the equilibrium position of the colored atom
and the transition state get closer and closer for increasing force ﬁeld intensities. At
Fmax , transition state and equilibrium position coincide and the system becomes
dynamically unstable, therefore this is the maximum intensity that can be used in
this scheme. In fact, it has been observed that the ﬁtting works best with force
ﬁeld intensities up to F = 0.75Fmax .
By taking the logarithm of equation 2.24 the relation between jump rate and
force ﬁeld becomes:
log Γ(F, T ) = log ΓE (T ) +

xT S0 (T )
F − α(T )F 2 ,
kB T

(2.25)

i.e. the equilibrium jump rate can be found from a quadratic ﬁtting of the nonequilibrium ones as a function of force ﬁeld intensity. In order to reduce the number of
force ﬁelds needed for the extrapolation, one can ﬁx the value of the transition state
position to the one obtained, e.g., with nudged elastic band (NEB) calculations
taking into account thermal expansion.
So far, I have not explained how the nonequilibrium jump rate is practically
calculated at a certain temperature and force ﬁeld intensity. What is done here is
to perform several NEMD calculations at temperature T and force ﬁeld intensity F
starting from uncorrelated initial conﬁgurations. Since the process is a rare event
process, it can happen that in a simulation the jump of the colored atom is never
observed: for this reason, the diﬀerent runs are stopped either when the colored
atom jumps, or when at least 75% of the simulations have lead to a jump of the
colored atom. The jump times are then ﬁtted according to a suitable probability distribution. For random processes like vacancy-mediated diﬀusion, the jumps
are assumed to be in general independent and uncorrelated. The probability density function (PDF) that describes the time intervening between a jump and the
successive one is the exponential PDF [36]:
P DFk (t) = ke−kt ,

(2.26)

where t is time, and k is the rate of the process, so that the average time of
occurrence can be simply calculated as t = k −1 . However, the exponential
distribution is a special case of a family of PDF called the Gamma distribution,
for which the PDF is expressed as:
P DFλ,θ (t) =

tλ−1 e−t/θ
,
θλ Γ(λ)

(2.27)
+∞

where λ is the shape parameter, θ is the scale parameter, and Γ(λ) = 0 xλ−1 e−x dx
is the Gamma function. The average occurrence time is here t = λθ. Diﬀerent
types of Gamma distributions can be seen in Fig. 2.2. In this work, it has been
observed that for low intensities of the force ﬁeld, the distribution of jump times
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Figure 2.2: Examples of gamma distributions for diﬀerent values of the shape (λ)
and scale (θ) parameters. For λ = 1, the gamma distribution is reduced to an
exponential distribution.

closely resembles an exponential distribution, whereas for high intensities of the
force ﬁeld the same distribution is more similar to a Gamma distribution with
shape parameter λ > 1, probably due to a correlation between the jump times
triggered by the strong force ﬁelds.
Fitting the jump times obtained from NEMD simulations at a particular F
and T with any of these two distributions gives a nonequilibrium jump rate with a
well deﬁned uncertainty, which can then be used in the extrapolation to zero force
ﬁeld with Eq. 2.25. It is important here to have well deﬁned uncertainties for
two reasons: ﬁrst, the method is based on statistics, therefore uncertainties assess
the precision of the calculated values; second, the physical process of diﬀusion is a
probabilistic process, therefore uncertainties are inherently related to experimental
results as well.

2.3

Ab initio description of structural disorder

The exponential increase of computational power of the last 30 years has enabled
DFT calculations of systems with always growing size. This is very important for
the proper description of point defects and substitutional disordered alloys from
ﬁrst principles, since for these type of problems the unit cell of a material cannot
be used and one needs to resort to supercells of considerable size, unless mean-ﬁeld
methods such as the coherent potential approximation (CPA) are used.
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Point defects

As mentioned in Sec. 2.1.2, Bloch’s theorem and periodic boundary conditions
(PBC) enable the calculation of properties of a perfect inﬁnite crystal by taking
into account only the unit cell. If one wants to calculate the properties of a defect
in the dilute limit (i.e., the concentration of defects is small), what can be done is to
take a supercell made by the repetition of unit cells in all directions and introduce
one defect in this simulation box. The validity of this method is ensured by the
principle of "nearsightedness" [37], which states that a change in the potential
at a point far away has a small eﬀect on the region of interest. This seems to
contradict quantum mechanics, for which eigenstates of a particle depend on the
potential at any other point and on boundary conditions; however, for a manybody system, destructive interference between the wavefunctions of many particles
reduces this nonlocal eﬀect. An important thing to test therefore in calculations
of defect properties is the size of the supercell: this means that the quantity of
interest should be checked for convergence against the supercell size. At this point,
one can assume that the point defect is not interacting anymore with its periodic
images and the formation energy can be taken as the formation energy in the
dilute limit.
It is important to consider as well the nature of the host material. For defects
in metals, it is clear that only neutrally charged defects can be created. However,
this is not the case for a semiconductor or an insulator, therefore one should take
into account also this possibility in order to predict if the most stable defect is
charged or neutral. In case of charged defects, careful convergence with supercell
size is required since electrostatic interactions are long-ranged, and interaction
with periodic images has to be avoided. Long-range interactions between defects
might be present in metals as well: as an example, if magnetic impurities are
placed in a metal, these can indirectly interact with each other through the conduction electrons of the host by spin-polarizing them. This coupling is known as
Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction [16], and in supercells calculations they need to be taken into account.
The formation energy of a defect Edf is deﬁned with respect to the relevant
chemical potentials, and it takes the general form (including the possibility of
charged defects) [38, 39]:
Edf = Ed − Ebulk −



ni μi + qEF + Ecorrection ,

(2.28)

i

where Ed is the energy of a supercell with the defect, Ebulk is the energy of a
corresponding defect free supercell, ni is the number of atoms removed or added
in the defective supercell, and μi their chemical potential. For a defect of charge q,
the chemical potential for electrons, i.e. the Fermi energy EF , has to be included
as well. A ﬁnal correction term can be added, e.g., to remove strain energies [40]
or electrostatic interactions [41, 42] due to periodic boundary conditions. It is
good to stress at this point that the chemical potential of species i is the energy of
the reservoir that atoms are exchanged with. As an example, for a vacancy in an
elemental solid such as bcc Fe, the chemical potential is of course the energy of bulk
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bcc Fe. If the system is, instead, a binary compound, the relevant reference state is
not univocally deﬁned, therefore in order to compare with experimental results one
need to know what is the reservoir in the experiment itself. The formation energy
deﬁned in this way can be then used to estimate the equilibrium concentration of a
defect in the system at a certain temperature in the dilute limit with an Arrhenius
equation such as in Eq. 1.1.
Another important detail to take into account in the study of defects is structural relaxation. As it can be imagined, a defect in the lattice will lead to a local
rearrangement of the surrounding atoms, and this is fundamental in the estimation
of formation energies. Relaxations can be quite long ranged, therefore the size of
the supercell plays an important role also on this eﬀect. As an example, for C
interstitials in FM bcc Fe, it is well known that a strong strain ﬁeld is induced
in the lattice, therefore large supercells and correction schemes [40] are needed in
order to obtain accurate solubilities.
Regarding diﬀusion of defects, it is possible to calculate energy barriers within
static DFT calculations and then employing transition state theory [43] in order
to predict rates. The calculation of barriers is very often made with the previously
mentioned NEB method [44], which enables to ﬁnd the minimum energy path to
go from the initial to the ﬁnal state. In this method, several images of the system
are created with the diﬀusing atom in diﬀerent positions going from the initial
to the ﬁnal state. Each image of this atom is connected to the neighboring one
with ﬁctitious springs, in order to avoid the collapse of one image onto the other,
and all atoms in the supercell in each replica are allowed to relax. In addition,
the component of the spring force perpendicular to the path is projected out so
that it does not inﬂuence the relaxation of the images perpendicular to the path.
Several implementations [44, 45] of this method have been developed, as well as
other methods that enable the calculation of minimum energy path or minimum
free energy paths [46, 47].

2.3.2

Random alloys

The theoretical modeling of a random substitutional alloy requires great care in
ﬁrst principles calculations. The ﬁrst way that could come to mind is to use several
supercells with unbiased random number generated distributions of the diﬀerent
chemical species in the material, and then average the results over the diﬀerent
samples. However, this approach is in practice found to often require a very large
statistics. Much cheaper methods are available. Here we need to distinguish between two types of approach: supercell methods and Green’s function methods
based on scattering theory. The latter include the CPA method previously mentioned, which consists in replacing the disordered lattice with an eﬀective medium
that reproduces the average scattering properties of the real atoms as embedded in
the medium. This technique is much more elaborated than this easy explanation,
but it has not been used in this work, therefore I redirect the interested reader to
more detailed descriptions [48].
For what concerns supercell methods, the most eﬃcient known approach to
represent chemical disorder is the so-called special quasi-random structure (SQS)
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[49]. In this method, the atoms of the substitutional disordered alloy are placed
in the lattice so that the correlation function between each type of atom mimic
the average correlation function in an inﬁnite lattice, at least for the shorter coordination shells. To be more clear, let us take a simple example. If we consider
a random A0.5 B0.5 alloy, we can expect that the nearest neighbor to an A atom
will be on average half A atoms and half B atoms; this consideration can be done
for every coordination shell included in the calculation, so that the particular cell
used will have the correlation function expected for an inﬁnite lattice. Of course,
this method is still aﬀected by the size of the supercell, since all the important
interactions between shells need to be included [50]; however, it turns out to be
much more eﬃcient then the random distribution of atoms in the lattice. With a
generalization of this method, one can as well reproduce diﬀerent degrees of short
range order.
One advantage of the SQS method over the CPA approach is that in the former
structural relaxations can be easily performed. In a real crystal we can expect that
chemical disorder will induce local lattice relaxations, and this will aﬀect the energetics of the system as much as in calculations involving defects. However, in the
SQS approach modeling of defects cannot be performed with one single structure
since the defect would experience only one particular local environment. In this
context, a statistical average over several conﬁgurations need to be performed in
order to improve the description.
Another method that has been developed in the past to study conﬁgurational
disorder is th cluster-expansion method [51]. In this formalism, an alloy is considered as a collection of clusters, which can be univocally deﬁned taking an orthonormal basis founded on discrete spin variables σi , deﬁning the occupancy of
a particular site i in the cluster. With this method, any property of an alloy can
be decomposed in the orthonormal basis, and once the relevant interactions are
obtained, thermodynamical properties can be obtained with the use of a generalized Ising Hamiltonian. For a more detailed presentation of the cluster expansion
method, the reader is referred to, e.g., Ref. [52].

2.4

Microscopic description of magnetism

As mentioned in Sec. 1.2, magnetism in solids is a collective electronic phenomenon. The exact way to describe this eﬀect would be to take into account
the many-body wavefunction of the electrons; this is of course highly unpractical,
therefore methods to solve this problem in an easier way have been devised. DFT
enables to calculate the ground state of magnetic materials, but in general it has to
been complemented with other models to describe ﬁnite-temperature excitations.
A method that has the theoretical framework to describe correlation eﬀects
and electronic excitations in magnetic materials is dynamical ﬁeld theory (DMFT)
[53, 54]. This theory is based on the Hubbard model, where the lattice problem is
mapped onto an impurity model of an atom embedded in an electron bath. Even
though very successful, it still has some drawbacks. Since it is based on a model
Hamiltonian, its parameters have to be derived. Often they are just varied to
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match some experimentally known property, reducing the ab initio character of
this method. Schemes to calculate the parameters fully from ﬁrst principles are
available [55, 56], even though rarely used [57]. Because of its mean-ﬁeld nature,
DMFT is not able to describe critical regions, since local ﬂuctuations are not
included. As an example, the Curie temperature of bcc Fe is heavily overestimated
in DMFT [58]. For the same reason, short range order eﬀects, which are still
present above TC , cannot be captured either. In addition, local environment
eﬀects are also neglected due to the mapping on an impurity problem. Moreover,
a deﬁnitive proof of the ability of DMFT to accurately calculate interatomic forces
is still missing, therefore eﬃcient schemes for performing structural relaxations
or actual MD simulations cannot be carried out in this framework. However,
the DMFT community is trying to improve methods in order to get there, even
though generally based on energy calculations rather than force calculations [59,
60]. As a ﬁnal remark, its computational cost is still often beyond feasibility for
the description of systems with low symmetry or defects.
It is therefore important to keep developing DFT-based methods that enable
an approximate description of all the degrees of freedom of the system, allowing
also to describe critical regions. To date, many semi-classical models are routinely
employed in order to study temperature eﬀects and more general properties in
magnetic systems. These methods are often based on the Heisenberg Hamiltonian
deﬁned in Eq. 1.3.

2.4.1

Heisenberg Hamiltonian

The semiclassical Heisenberg Hamiltonian (Eq. 1.3) describes a static lattice of
spins or magnetic moments with a constant magnitude and well deﬁned constant
interaction (Jij ). It can be shown that the classical Hamiltonian can be derived
from its quantum version (where the moments are replaced by the spin operators
Ŝ) in the limit of  → 0, s → ∞ (where s is the spin quantum number). Requiring
that s → ∞ corresponds to requiring that the spin can point in any direction in
space, going therefore from quantized to continuum regime. It can be seen that
the exchange interactions Jij deﬁne the type of magnetic order of the system: if
Jij > 0, parallel spins are favored, whereas if Jij < 0 antiparallel spins lower the
energy of the system. Exchange interactions are related to the exchange integral
that appears in the Schrödinger equation, and in a 2-electrons model they are given
by the energy diﬀerence between the triplet and the singlet states (where exchange
interaction and integral coincide). For solids, the relation is more complex, but
several methods for the calculation of these quantities within DFT have been
developed in the years [61–63].
Although the basic Heisenberg Hamiltonian has been proven successful for the
prediction of TC of materials with very well localized moments, in general one
needs to be careful. Examples of fully Heisenberg systems are quite rare, and
often one needs to increase the ﬂexibility of the Hamiltonian to be able to model
accurately a real material. A ﬁrst example is that in the basic Heisenberg model,
the magnitude of the moments is considered ﬁxed and constant over the whole
lattice. However, this might not hold for a realistic system, so that one can make
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the exchange interactions Jij independent on the magnetic moments size:


Jij ei · ej = −
(2.29)
H=−
J˜ij mi · mj ,
i=j

i=j

with J˜ij = Jij /(|mi ||mj |), and the sums run over both i and j. It is important to
notice here that J˜ij does not depend on the size of the moments i and j, whereas
Jij does.
Another assumption of the Heisenberg model is that the exchange interaction
between two moments does not depend on the environment, so that independently
if the system is in, e.g., a ferromagnetic or paramagnetic state, the exchange
interaction between atom i and j is always the same. However, this is typically
not true, especially if one tries to study ferromagnetic metals with this model. As
an example, it has been shown in [62] that for bcc Fe (which is often considered
a Heisenberg system) the exchange interactions dramatically change if calculated
with a FM or a PM background. It has been also shown there that the Jij s
calculated with the PM background give a very good estimate of TC . This is
due to the fact that, near TC , the magnetic system resembles more a PM phase
rather than a FM one, therefore the relevant exchange interactions are the ones
calculated with a PM background. For thermal excitations at low temperature,
instead, the relevant Jij s are the ones calculated with FM background. The eﬀect
of the environment is even more pronounced when one tries to apply the Heisenberg
model to more itinerant systems. In these cases (e.g., in fcc Fe-based magnetic
alloys), the exchange interactions can even change sign just due to the particular
conﬁguration of the surroundings.
An additional important detail is that the Heisenberg model is based on a static
lattice. In reality, of course, atoms vibrate, therefore a distance dependence of the
Jij s can as well be taken into account. This can lead to a smooth relation between
the value of the exchange interaction and the distance between the moments as it
is observed in CrN [63], but it can also lead to a very complex behavior for which
taking into account the distance between the pair might not be enough [64, 65],
as seen in bcc Fe.
Further extensions of the Heisenberg Hamiltonian can be applied in order to
include anisotropy or spin-orbit eﬀects [66], however these are not studied in the
present work, therefore they will not be discussed.
As a ﬁnal remark, I would like to stress that the Heisenberg Hamiltonian deals
only with the transversal magnetic degrees of freedom. However, if one wants to
apply it to systems with a certain degree of itineracy, this is not enough, and one
needs to ﬁnd a way to include ﬂuctuations on the longitudinal degree of freedom
as well.

2.4.2

Longitudinal spin ﬂuctuations

Longitudinal spin ﬂuctuations (LSF) theory is an active research topic [67–71].
LSF are related to electronic excitations in a more intimate way than magnetic
transverse degrees of freedom, and they are typically faster than these last ones;
nonetheless, semi-classical models that allow for the approximate inclusion of this
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eﬀect in the framework of the Heisenberg Hamiltonian have been developed [68,
72]. A common way is to add to the Heisenberg Hamiltonian an on-site term which
depends on the surrounding only in a mean-ﬁeld manner:


HLSF = −
E(mi ).
(2.30)
J˜ij mi · mj +
i

i=j

The last term in the Hamiltonian describes the dependence of the energy of moment i on its own magnitude mi . From Landau theory, this energy can be expanded
in even powers of the moment size:
E(mi ) =

∞


a2n m2n
i .

(2.31)

n=0

This expansion truncated to 4th order already describes qualitatively the dependence of the on-site energy on the moment size. This model is valid only at high
temperatures, above the transition temperature, because of its single-site nature.
It has been used to explain properties of the ferromagnetic elemental solids (bcc
Fe, Ni and Co)[68–71] and Heusler alloys [67], to name a few. The LSF energy
shows very diﬀerent behavior for itinerant and localized moments system in a paramagnetic environment, as can be seen in Fig. 2.3. In this regime, itinerant systems
(dotted line in Fig. 2.3) show a minimum energy for null moment, whereas the
localized moment system (solid line) has minimum energy at some ﬁnite value.
This means that, at high temperatures, the moments of an itinerant system are
non-zero only because of entropy. For an itinerant system, therefore, temperature
will increase the average size of the moments. For a localized system, this is not
as straightforward due to the asymmetry of the energy landscape.
A key quantity to calculate in this context is the magnetic entropy. An expression often used is a mean ﬁeld approximation derived from basic quantum
mechanical considerations and translated to the classical moments by taking the
proper limits  → 0, s → ∞, with s being the total spin quantum number for an
atom. In the quantum system, the entropy can be derived counting all the possible
states that the spin can assume in the paramagnetic state; taking the limits, the
entropy becomes [16, 71]:
S mag = kB log(m + 1).

(2.32)

Another form of the entropy can be analytically derived assuming an Hamiltonian
as in Eq. 2.30 with a quadratic on-site term, which is consistent with an itinerant
ferromagnet. In this approximation, the entropy reads [69]:
S mag = 3kB log m.

(2.33)

This expression can be employed also for a more localized moment ferromagnet as
bcc Fe if the minimum of the energy landscape is deep and can be approximated
with a parabolic term, in a harmonic-approximation fashion. In general, the size
of the moment m at a certain temperature T can then be calculated minimizing
the free energy including either of these entropic terms.
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Figure 2.3: Typical on-site LSF energy as a function of the moment size for an
itinerant (blue dotted line) and a localized moment (red solid line) systems in a
paramagnetic background. The itinerant system has minimum energy for m = 0,
whereas the localized moment system has it for m > 0.
The magnetic entropy in Eq. 2.33 is derived taking into account also another
detail: the phase space measure (PSM) [73]. In order to introduce this concept, let
us start from the partition function for a moment i in a solid in a totally disordered
state:



− j J˜ij mi · mj + E(mi )
Zi = dmi exp −
kB T
(2.34)



E(mi )
≈ dmi exp −
,
kB T
where the Heisenberg term has disappeared because mi ·mj  ≈ 0 in the paramagnetic state. Here, it is useful to pass to spherical coordinates in order to separate
the transversal and longitudinal degrees of freedom. However, at this point, the
magnetic nature of the system needs to be taken into account. For a more localized moments system, the longitudinal degree of freedom can be thought to be
completely decoupled from the transversal ones, therefore the problem becomes
one-dimensional and the partition function is:



E(mi )
,
(2.35)
Zi = dmi 1 · exp −
kB T
where constants from the angular integration are neglected. If the system, instead, shows some degree of itineracy, the diﬀerent degrees of freedom cannot be
decoupled and the Jacobian determinant needs to be taken into account:



E(mi )
.
(2.36)
Zi = dmi m2i exp −
kB T
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The terms 1 and m2i are deﬁned as the PSM, and they lead to diﬀerent behaviors:
the 3D PSM (m2i ) assigns more statistical weight to large moments, whereas the
1D (1) one treats at the same level moments with diﬀerent size. It is not well
deﬁned which PSM one needs to use and in which cases [73, 74]; in this work, we
employ the 3D PSM whenever we include the LSF term to fully account for the
dimensionality of the problem.

2.4.3

Disordered local moment approach

So far, I have been describing the semi-classical models that can be employed in
the study of magnetism, but I have not mentioned how these can be exploited in
the DFT framework. With spin-polarized DFT, it is easy to represent ordered
structures, that can be either collinear or noncollinear, and with also possible
addition of spin-orbit coupling. However, it is not as straight-forward to model the
PM phase. Of course, as should be clear from the previous discussions, modeling
the PM phase as nonmagnetic leads to completely wrong physics since the atomic
magnetic moments are usually still alive above the critical temperature. The
disordered local moment (DLM) approach allows to represent the PM phase within
this type of calculations.
The DLM approach is a semi-classical model based on the work of Hubbard
and Hasegawa [75–79] and ﬁrstly implemented in the CPA framework by Gyorﬀy
et al. [80]; later on, it has been developed also in supercell approaches [81]. Its
applicability is motivated by the fact that most often the magnetization density
can be viewed in the localized moment picture.
In this approach, the PM phase is modeled by distributing up and down magnetic moments on the atoms. In the CPA framework, this can be seen as an
A0.5 B0.5 alloy, with A being spin-up moments and B spin-down. In the supercell approach, two methods have been developed: the ﬁrst one is based on a
magnetic SQS, in analogy with the alloy; the second one, known as magnetic sampling method (MSM), is based on the use of diﬀerent conﬁgurations in which the
moments are randomly distributed, and physical properties are then obtained as
averages over all the conﬁgurations. It has been shown [81] that in the MSM
method correlation functions and self-averaging properties converge to SQS and
CPA results. The MSM method was used in this work also with noncollinear conﬁgurations of the magnetic moments, in order to have a better representation of
the magnetic disorder.
In general, the DLM approach is an idealization of the PM phase formally
representing temperature T → ∞, or at least J/T → 0, with J being the strongest
exchange interaction, for which the spin-correlation functions tend to zero. It
is however possible to introduce diﬀerent degrees of magnetic short range order
in this approach, especially in the MSM implementation. It has been proven to
be able to reproduce many interesting features due to the change in magnetic
properties at high temperature [81–83], without the need to resort to expensive
higher-level theories.
It has also been implemented together with MD simulations [84–87] (DLMMD), where the conﬁguration of the moments is changed every few timesteps.
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However, in this method the magnetic and vibrational degrees of freedom are not
fully coupled, since the randomly changing DLM state represents an adiabatic fastmagnetism decoupling from the lattice. In order to include the interplay between
lattice vibrations and magnetism, one needs to go beyond the full decoupling of
magnetic and vibrational degrees of freedom.
DLM relaxation
What if one wants to study a magnetic system in the PM phase in presence of
defects? Does the magnetic state inﬂuence the properties of defects? As shown
in Ref. [82] for bcc Fe, the interatomic force constants soften quite importantly
when going from the FM to the PM phase, therefore one can in general expect an
eﬀect of diﬀerent magnetic states on the properties of defects.
This problem has been tackled in many diﬀerent ways in the literature: a ﬁrst
way has been to employ FM-relaxed atomic positions and then perform MSM
calculations on these positions [88]; another way has been to allow partial relaxation of the positions employing diﬀerent MSM conﬁgurations, averaging results
obtained from these diﬀerent geometries [89]; another ﬁnal one, was to perform
DLM-MD simulations on defective supercells, so that in this way also the eﬀect
of vibrations is taken into account [83, 86]. Another method based on spin-wave
(SW) calculations has also been developed [90, 91] for the representation of the PM
phase, enabling also structural relaxations, but its description is beyond the scope
of this thesis. In general, it would be good, from a computational perspective,
to have one single conﬁguration of the atoms relaxed with the relevant magnetic
state, on which one can perform static calculations.
For this reason, in paper II we have developed a method to perform structural
relaxations in the PM phase based on the DLM approach (DLM relaxation). In
this method, the structural relaxation is started taking into account some initial
positions of the atoms (e.g., ideal lattice positions with the defect or pre-relaxed
in the FM state) in a supercell containing the defect and drawing a random MSM
conﬁguration. Forces are calculated and symmetrized according to the symmetry of the underlying lattice in a spin-space average (SSA) fashion [82], and the
atoms are moved according to this symmetrized forces. This procedure is repeated,
changing at every step the MSM conﬁguration, until the atoms reach a regime in
which they ﬂuctuate around some mean value. The ﬁnal equilibrium positions are
then obtained averaging over this steady-displacement regime.
The symmetrization of forces is an interesting detail to discuss: in experiments,
a material in the high-temperature PM phase will show a symmetry because of
time-average of the measurement; however, instantaneously, the atoms are not
in equilibrium positions. Therefore, the static lattice approximation is not really
describing the system (although quite successful). In addition, we have noticed
that the results of relaxations with and without imposition of symmetry do not
show relevant diﬀerences. This is due to the fact that the MSM conﬁguration is
changed at every step, acting on average according to the underlying symmetry.
Results from this method, which will be discussed in Sec. 3.2, show diﬀerences with, e.g., DLM calculations on FM-relaxed positions, and are in very good
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agreement with higher-level theory results [60], when such exist.

2.4.4

Coupled atomistic spin dynamics - ab initio molecular
dynamics

What is left to discuss is how the moments evolve in time. Spin dynamics simulations are possible on a semi-classical level through the use of the Heisenberg
Hamiltonian and equations of motions for the spin. The Landau-Lifshitz-Gilbert
equations can be used in this context:
∂ Ŝi
γ
α
=−
Ŝi × [Heﬀ + fi ] − γ
Ŝi × {Ŝi × [Heﬀ + fi ]},
2
∂t
1+α
1 + α2

(2.37)

where γ and α are the electron gyromagnetic ratio and the phenomenological
damping factor, respectively, whereas fi is the random force employed in Langevin
dynamics to enforce the eﬀect of temperature on the system (Sec. 2.2.2). Heﬀ ,
instead, is the eﬀective magnetic ﬁeld experienced by moment i due to all the other
moments, and it is expressed as:
Heﬀ = −

1 ∂H
.
mi ∂ Ŝi

(2.38)

The size of the moments mi in this equation enters in the Heﬀ term and implicitly
in the Hamiltonian H through the exchange interactions Jij , which depend on mi
and mj as explained in Sec. 2.4.1 with Eq. 2.29. For the rest only the direction
of the vectors is needed (Ŝi ).
These equations have been used in atomistic spin dynamics (ASD) simulations
in order to predict and explain magnetic properties of materials [66], and also in
conjunction with model interatomic potentials for the representation of lattice degrees of freedom in what is known as spin-lattice dynamics. However, it is highly
desirable to employ the most accurate tools in simulations, and as already mentioned classical force ﬁelds suﬀer of serious problems with accuracy and reliability,
whereas AIMD is in general much more reliable. In Ref. [92], a coupled ASDAIMD method has been developed and it has shown that the adiabatic interplay
between magnetic and vibrational degrees of freedom is indeed playing a role in
the dynamics of the system CrN.
In this method, the spin and the lattice systems are developed in parallel and
are able to intercommunicate. A regular simulation starts with a pre-equilibrated
conﬁguration of the atoms (e.g., by means of DLM-MD). Then, the distancedependent exchange interactions are assigned for each pair of atoms according to
their distance and fed into a spin Monte Carlo simulation in order to get an equilibrated conﬁguration of the magnetic moments. With this magnetic conﬁguration,
an AIMD step is performed, and from the new positions the exchange interactions
are feeded into the ASD code in order to perform a spin-dynamics simulation of
the same duration of the timestep used in AIMD. Then the new magnetic conﬁguration is used for the next AIMD step, and this procedure is reiterated for the
whole duration of the simulation. Here, one thing that has to be checked is the
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typical revolution time of the magnetic moments: the faster is the spin dynamics,
the smaller will have to be the AIMD timestep in order to have reasonable magnetic forces acting on atoms at each step of the simulation. Anyway, in general
a much smaller timestep has to be used in the spin dynamics part of the simulation (e.g., in bcc Fe we use 10−2 fs for ASD compared to 1 fs in the AIMD run)
because it leads to better numerical convergence of spin trajectories; this is not a
computational problem since ASD simulations are much cheaper than AIMD ones.
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Results

All DFT results in this chapter have been obtained with the Vienna ab initio
simulation package (VASP)[93, 94] with the PAW method [22, 95]. Calculations
concerning TiN have been carried out with the Armiento-Mattson exchange and
correlation functional (AM05) [96]; for Fe, the PBE [24] exchange and correlation
functional was employed, whereas calculations of CrN properties have been performed with LDA+U, in the formulation of Dudarev [97], with an eﬀective value
Ueﬀ = 3 eV. For more computational details, the reader is referred to the papers
and, for unpublished results, to the relative section.

3.1

Ti vacancy diﬀusion in TiN

TiN is the prototype of transition metal nitrides (TMNs). These materials, made
of a group IIIB-VIB metal and nitrogen, are refractory ceramics commonly employed as protective coatings on cutting tools [98] and as diﬀusion barriers in
electronic devices [99] thanks to their extreme hardness [100], toughness [101],
thermal stability [102], and good electrical conductivity [103]. In particular, they
are employed as diﬀusion barriers because of the low diﬀusion rates of impurities
in TMNs thin ﬁlms.
N vacancies are the most common point defect in these materials. Experimental studies of N diﬀusivity in TiN are available in the literature [104], although
scattered over several orders of magnitude. Ti vacancies are assumed to be less
important, nonetheless there are indications that metal vacancies might govern
the spinodal decomposition of (Ti,Al)N pseudo-binary alloys [105, 106]. Precise
experimental information on this defect is lacking in the literature, therefore computational investigations can shine light on phenomena involving metal vacancies.
TiN, as most of the transition metal nitrides, has a B1 rock-salt structure
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from 0 K up to its melting point Tm ≈ 3250 K [107] and over a wide range of
stoichiometries [108]. N defects in this system have been studied in the past years
[109], ﬁnding N vacancy and N interstitial formation energies to be 2.41 and 4.60
eV, respectively. In our calculations, we obtain a Ti vacancy formation energy
of 2.86 eV, higher than for the N vacancy as expected, but lower than for the N
interstitial.
The aim of this study (paper I) is to investigate diﬀusion rates of Ti vacancies
in TiN by means of CD-NEMD, described in Sec. 2.1. For this, we started
with NEB calculations for vacancy mediated diﬀusion of Ti atoms with the 0
K lattice parameter to have an indication of the maximum force ﬁeld that can
be employed in the NEMD calculations. The most plausible jump is between
neighboring sites in the metal sublattice, i.e. along a <110> direction. The
resulting energy landscape, shown in the inset in Fig. 3.1, gives an energy barrier
for diﬀusion of 4.26 eV. This entails that a maximum force ﬁeld of intensity Fmax =
3.3 eV/Å, with a <100> component of 2.2 eV/Å, can be applied to the system
without incurring instabilities. We therefore employ ﬁve force ﬁeld intensities,
with <100> component ranging from 1.4 to 2.2 eV/Å in steps of 0.2. We study
diﬀusion at temperatures of 2200, 2400, 2600, 2800, and 3000 K employing the
lattice parameter at that temperature by expanding the 0 K DFT value with the
experimental linear thermal expansion coeﬃcient α ≈ 9 × 10−6 K−1 .
At each temperature and force ﬁeld, between 15 and 20 NEMD simulations
are carried out, starting from independent atomic conﬁgurations pre-equilibrated
at the temperature of interest for about 3 ps. The simulations are stopped either
if a jump occurs, or when a jump is observed in at least 75% of the runs. These
occurrence times are then ﬁtted with a censored exponential distribution [36, 110],
which allows to take into account in the ﬁtting also the simulations where the jump
has not occurred. The resulting nonequilibrium jump rates as a function of the
force ﬁeld intensity are shown in Fig. 3.1 with errorbars derived from the ﬁtting.
These values are then interpolated with Eq. 2.25, where xT S0 (T ) is set to half of
the distance between nearest-neighbors in the metal sublattice.
As it can be seen from Fig. 3.1, the nonequilibrium jump rates at high force
ﬁeld intensities are similar to each other, regardless of the temperature. However, decreasing the intensity, the rates start following the expected trend so that
the equilibrium values extrapolated at zero force ﬁeld show decreasing rate for
decreasing temperature.
The equilibrium jump rates are plotted in Fig. 3.2 as a function of temperature.
Ti vacancy jump rates are well represented by Arrhenius equation for diﬀusion (red
line), where the extrapolated activation energy is 3.77 ± 0.64 eV (with uncertainty
corresponding to two standard deviations), lower than the 0 K value of 4.26 eV. As
a comparison, N vacancy diﬀusion jump rates taken from Ref. [111] are also shown
(blue line), where the extrapolated activation energy is 3.65 eV. Therefore, the
main diﬀerence in diﬀusion rates of N and Ti vacancies is due to the jump attempt
frequency rather than the activation energy. These results are also compatible with
experimental results for Ti vacancy diﬀusion obtained in TiN/NbN superlattices
across interfaces [112].
Further NEB calculations with expanded lattice parameter at 2200 and 3000 K
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Figure 3.1: Nonequilibrium jump rates for Ti vacancy diﬀusion in TiN as a function
of force ﬁeld intensity F at temperatures of 2200, 2400, 2600, 2800, and 3000 K.
The inset shows the energy proﬁle for diﬀusion along the [110] direction calculated
with the NEB method at 0 K. The line connecting the points is a guide for the
eyes. Figure adapted with permission from D. Gambino, D. G. Sangiovanni, B.
Alling, and I. A. Abrikosov, Physical Review B 96, 104306 (2017). Copyright 2017
by the American Physical Society.

Figure 3.2: Logarithm of the equilibrium jump rates for Ti vacancy diﬀusion
in TiN as a function of inverse temperature, showing Arrhenius behavior. As
a comparison, N vacancy jump rate from Ref. [111] is also shown (blue line).
Reprinted ﬁgure with permission from D. Gambino, D. G. Sangiovanni, B. Alling,
and I. A. Abrikosov, Physical Review B 96, 104306 (2017). Copyright 2017 by the
American Physical Society.
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give an energy barrier of 3.67 and 3.50 eV, respectively; therefore, the reduction in
activation energy can be mainly attributed to thermal expansion of the lattice. The
diﬀerence between these two values and the one extrapolated with Arrhenius ﬁtting
might be due just to statistical reasons, but we cannot rule out that anharmonic
lattice vibrations alter the activation energy at high temperature.

3.2

Lattice relaxation in magnetic materials in the
high temperature paramagnetic phase

In paper II, we have developed and tested a method to perform lattice relaxation of
magnetic materials in the high temperature PM phase from ﬁrst principles based
on the DLM model. The method has been already discussed in Sec. 2.4.3, and
in the following I am going to summarize the results obtained in that work. In
addition, further yet not published results on defects in PM CrN are going to be
discussed.
The workﬂow of these calculations is the following: the DLM-relaxation is ﬁrst
performed for the system of interest; from here, a ﬁxed conﬁguration of atomic
positions is obtained, on which static MSM calculations of the value of interest are
carried out. The ﬁnal result is the average over all these employed conﬁgurations
at the ﬁxed geometry.

3.2.1

Fe-based materials

Any method aimed at improving the description of magnetism in ﬁrst principles
calculations is often tested ﬁrst on Fe because of its great technological importance
and the interesting physics related to magnetic and structural transitions. We have
chosen to test our DLM-relaxation method investigating a few very important
cases: the formation energy of a single vacancy in bcc Fe, for which the literature
is full of theoretical and experimental results; a C interstitial in bcc Fe, due to
its technological importance in steels; ﬁnally, Fe1−x Crx alloys (with x=0.25, 0.50,
and 0.75), where Cr is a very common alloying component to give stainless steels.
In table 3.1, the present results for the formation energy of a vacancy and a C
interstitial in FM and PM bcc Fe are compared with theoretical [60, 88, 91] and
experimental [113–117] results from the literature.
For what concerns the vacancy, the change from FM to PM state aﬀects considerably the formation energy, leading to a decrease of 0.50 eV. Performing a
relaxation in the DLM state gives a further reduction of 0.09 eV, a non-negligible
correction to the formation energy. Our results agree with recent DFT+DMFT
calculations by Delange et al. [60], where the small diﬀerence may be attributed
to employment of diﬀerent lattice parameters and diﬀerent representation of the
PM state (our DLM state is a good representation of the PM phase in absence of
magnetic short range order, whereas DMFT calculations in [60] were done at 1162
K).
Regarding the DLM calculations by Sandberg et al. [88], which were performed
on FM-relaxed positions, we argue that the accidental similarity with the present
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Table 3.1: Vacancy and C interstitial formation energy for FM and PM bcc Fe.
PM bcc Fe is modeled in the present work with the DLM approach, and the formation energy is calculated on FM- and DLM-relaxed positions. Other theoretical
values from literature are calculated with DFT+DMFT [60], collinear DLM on
FM-relaxed positions [88], and with the spin-wave (SW) method. The experimental values here reported are an average of several experimental results [113–117].
For C interstitial, we are not aware of any calculation in the PM phase. All values
are in eV.
FM (eV)
FM-relaxed
Vacancy
This work
DFT+DMFT [60]
DLM [88]
SW [91]
Experimental [113–117]
C interstitial
This work, octahedral site
This work, tetrahedral site

PM (eV)
FM-relaxed
DLM-relaxed

2.20
2.45
2.15
2.13
1.8

1.70 ± 0.06
1.66 ± 0.15
1.54 ± 0.16

0.68
1.55

0.59 ± 0.07
1.04 ± 0.07

1.61 ± 0.06
1.56 ± 0.13
1.98
1.6
0.41 ± 0.06
0.62 ± 0.06

results is due to the fact that in [88] some DLM conﬁgurations were discarded
because of spin-ﬂips. For the case of the vacancy, we did not observe this problem
because constrained noncollinear calculations were employed, so that no conﬁguration had to be discarded.
The SW results of vacancy formation energy [91] are larger than all the others
for the PM phase, even though relaxation was included in that work. The large
diﬀerence might be due to the fact that only planar ordered conﬁgurations of the
moments are employed in the SW method.
Our result is in perfect agreement with the average of several experimental
results [113–117]; the exact agreement, however, is only accidental since in this
work we have not taken into account any contribution from, e.g., vibrations and
magnetic short range order.
f
Regarding the results for the C interstitial, here the formation energy EC
is
deﬁned as:
f
= EC−N Fe − N E0 (Fe) − E0 (C),
EC

(3.1)

where EC−N Fe is the energy of a supercell with N Fe atoms and one C atom in
either octahedral or tetrahedral site, E0 (Fe) is the energy of one Fe atom in the
relevant magnetic state (FM or DLM), and E0 (C) is the energy of one C atom
in the diamond structure. Here we choose to use C in diamond as reference state
rather than graphite, which is the true ground state, for practical reasons related
to van der Waals interactions [118, 119]. In addition, the exact absolute value of
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Figure 3.3: Mixing enthalpy of bcc Fe1−x Crx alloys in FM state (purple), DLM
state on FM-relaxed positions (green), and DLM state on DLM-relaxed positions
(blue) for compositions x = 0.25, 0.50, 0.75. Reference states are FM and DLM
bcc Fe (depending on the relevant magnetic state), and NM bcc Cr. Reprinted
ﬁgure with permission from D. Gambino and B. Alling, Physical Review B 98,
064105 (2018). Copyright 2018 by the American Physical Society.
the formation energy is, for our purpose here, of less importance than diﬀerences
between diﬀerent models. Finally, in steels the relevant C-rich phase is most often
cementite (Fe3 C). The results for the C atom in tetrahedral position were not
included in paper II. What is surprising in these results is that the reduction in
formation energies due to the bare change in magnetic state is smaller than the
reduction due to the DLM-relaxation for both octahedral and tetrahedral sites. It
is also interesting to notice that the energy diﬀerence between the octahedral and
tetrahedral sites becomes small. The octahedral site is known to be the stable
position for C atoms in bcc Fe, and the tetrahedral site the transition state for
jumps between octahedral sites; such a reduction between the energy of these two
sites might have important repercussions on relative stabilities and diﬀusion rates,
therefore they should be investigated further.
These results might be aﬀected by some computational problems, since we
found that it is sometimes diﬃcult to converge calculations with interstitials. However, we expect only small diﬀerences in the formation energies. Another detail to
take into account is that C interstitials induce strong elastic strains in bcc Fe and,
as already mentioned in Sec. 2.3.1, convergence with supercell size and removal
of strain energies should be undertaken in order to have a quantitative analysis of
these eﬀects.
Last but not least, we have investigated the eﬀect of relaxation in the DLM
state on the mixing enthalpy of bcc Fe1−x Crx random alloys for compositions

3.2 Lattice relaxation in magnetic materials in the high temperature
paramagnetic phase
41
x=0.25, 0.50, and 0.75, deﬁned as:
ΔHmix (Fe1−x Crx ) = E(Fe1−x Crx ) − (1 − x)E(Fe) − xE(Cr).

(3.2)

In this equation, the reference state for Fe depends on the relevant magnetic state,
whereas for Cr the reference state is always nonmagnetic bcc Cr. The chemical disorder is modeled here with SQS structures [49]. As already known from
previous investigations [120, 121], bcc Fe1−x Crx alloys show an anomalous small
solubility range for low Cr concentrations in the FM phase with negative mixing
enthalpies; however, when going to the PM phase, mixing enthalpy is positive for
all concentrations, but with a reduction in magnitude for intermediate values. In
Fig. 3.3, the formation enthalpy for the previously mentioned concentrations is
shown for the FM state (purple), DLM state on FM-relaxed positions (green), and
DLM state on DLM-relaxed positions (blue). The miscibility anomaly in the FM
mixing enthalpy cannot be seen because it is conﬁned to small concentrations of
Cr in Fe, however its presence can be guessed by the asymmetry of the mixing
enthalpy proﬁle. We observe a reduction in the mixing enthalpy due to the DLM
relaxation of ∼ 10% for the 50-50 composition, whereas for the other two compositions the reduction is lower (∼ 3%). This eﬀect is smaller for x = 0.25, 0.75
because the system is closer to the pure elements, therefore more similar to a pure
ideal lattice where lattice relaxations do not take place.

3.2.2

Defects in paramagnetic B1 CrN

CrN is part of the transition metal nitrides previously described in Sec. 3.1.
However, in contrast to the other components of the group, it is a semiconductor
[122] and shows magnetic properties [123] that play an important role in a low
temperature phase transition from an orthorombic to the usual rock-salt structure
typical of this class of materials. Many theoretical investigations on this material
have been undertaken in the past to explain the structural transition [5, 81, 124],
the eﬀect of magnetism, vibrations and their interplay [84, 85, 92], as well as some
defects properties [86].
In Ref. [86], Mozafari et al. investigated the stability of diﬀerent N defects
in CrN by means of MSM calculations (on FM-relaxed positions) and DLM-MD
simulations, as well as the impact of N vacancies and N interstitials in the form of
dumbbells (see Fig. 3.4) on the density of states (DOS).
In this work, we have investigated defects that could lead to N overstoichiometry in this material, i.e. Cr vacancies, N dumbbells, their combination in few
diﬀerent conﬁgurations (Fig. 3.5), and N antisites (N in a Cr site). In Fig. 3.4
and 3.5 only the conventional B1 cell with the defect is shown for clarity. We have
performed calculations on a 3x3x3 supercell, consisting of 216 lattice sites, which
correspond to a stoichiometry CrN1.01 −CrN1.02 . For the single defects (Cr vacancy
and N dumbbell), we have performed also calculations with a 2x2x2 supercell (64
lattice sites), for an overstoichiometry of ∼ 0.03. These stoichiometries have been
observed in experiments [126], therefore they are relevant to investigate from ﬁrst
principles to understand the eﬀect of more or less concentrated defects on the
properties of this material. The cutoﬀ energy for plane-waves expansion employed
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Figure 3.4: The lowest energy conﬁguration of a N-N dumbbell in B1 CrN, directed along the [111] direction. Only the conventional cell is displayed for clarity
purposes. N atoms are represented by small grey balls, Cr atoms by large blue
balls. The structural representation is made with VESTA [125].

(a)

(b)

(c)

(d)

Figure 3.5: Combined Cr vacancy and N dumbbell in diﬀerent conﬁgurations in a
conventional B1 cell. The Cr vacancy is highlighted with a dashed empty circle.
The N dumbbell is oriented in the [011] direction in (a), the [111] direction in
(b) and (c), and in the [100] direction in (d). All the atoms other than the N in
the dumbbell have been left in ideal lattice positions for clarity purposes. The
structural representations are made with VESTA [125].
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Table 3.2: Formation energies (E f ) of the Cr vacancy (VCr ), N dumbbell (DN ), N
antisite (AN ), and combined Cr vacancy and N dumbbell (DN [xyz]+VCr ) in DLM
CrN, with [xyz] indicating the orientation of the N dumbbell. The interaction
energy (E i ) between defects is also reported. Labels (a), (b), (c), and (d) for the
combined defects refer to Fig. 3.5. All values are in eV.

VCr
DN [111]
AN
DN [011]+VCr
DN [111]+VCr
DN [111]+VCr
DN [100]+VCr

(a)
(b)
(c)
(d)

E f (eV)
2x2x2 sc
3x3x3 sc
2.44
2.48
3.81
3.61
6.91
4.75
6.07
5.88
5.23

Ei (eV)
3x3x3 sc
-1.35
-0.02
-0.21
-0.86

in DFT calculations is 400 eV while sampling the Brillouin zone on 3x3x3 k-points
mesh. The structures have been relaxed with the DLM-relaxation method. We use
collinear magnetic moments for computational reasons, having also in mind from
paper II that the representation of the DLM state with collinear or noncollinear
moments has very similar energy. For the MSM calculations, we employ 25 magnetic conﬁgurations, which is enough in this system to obtain converged average
energies within 1 meV/formula unit.
Defect formation energies calculated with equation 2.28 are shown in table 3.2,
together with the interaction energies between defects deﬁned as:
E i (DN + VCr ) = E(DN + VCr ) − E(DN ) − E(VCr ),

(3.3)

where E(DN + VCr ), E(DN ), and E(VCr ) are the energies of a supercell with the
combined Cr vacancy-N dumbbell defect, a supercell with a N dumbbell, and a
supercell with a Cr vacancy, respectively. Negative values of the interaction energy
indicate that the combined defect is more stable than the isolated ones.
For the single defects, the Cr vacancy results to be the defect with the lowest
formation energy, followed by the N dumbbell. The N antisite has a very large
formation energy, therefore it is going to be disregarded in the rest of the discussion. There is also an eﬀect due to the supercell size, for which the formation
energy of the Cr vacancy is slightly increased, and for the N dumbbell is considerably decreased. Speaking of the interaction energy between defects, we observe
that in every case the combined defect is energetically favored compared to the
isolated defects, probably due to the larger space available for the dumbbell. The
combination of defects with the strongest interaction has the N dumbbell oriented
in the [011] direction, and the Cr vacancy in a ﬁrst nearest neighbor site. It is
also interesting to notice that the relaxation of this structure (Fig. 3.5a) started
with the dumbbell in [111] direction as the other ones, but then the orientation
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Figure 3.6: Electronic DOS in the vicinity of the Fermi level for defect free CrN
(red), CrN with a Cr vacancy (green), CrN with a N dumbbell (blue), and with the
combined Cr vacancy-N dumbbell in [011] direction (purple). The zero is taken as
the Fermi energy.
changed during the relaxation giving a more stable structure in [011] orientation.
In Ref. [86] it was argued that N dumbbells induce a n-type bandstructure in
CrN. A simple model to explain this is based on the fact that, for a N vacancy,
three electrons are released by the bonds with neighboring Cr atoms, which will
go in the conduction band (giving n-type semiconductor); if one thinks now to
put a N dimer in place of the N vacancy with a double bond rather than triple
(as suggested by the N-N distance in the dumbbell, larger than in a N2 molecule),
this will catch two electrons from the neighboring Cr atoms, leaving the third one
free and so the n-type behavior.
We calculated therefore the DOS for defect free CrN, CrN with a Cr vacancy,
CrN with a N dumbbell, and with the most stable combined defect, and the results
are shown in Fig. 3.6 around the Fermi level. Our calculations for the N dumbbell
agree with the previous calculations by Mozafari et al. [86], where the valence
band is shifted to lower energies compared to the defect free case. The Cr vacancy
leads to a p-type semiconductor, with the valence band shifted to higher energies
compared to the defect free DOS. For the combined defect, the situation is less
clear, but there is a small shift towards higher energies, therefore we conclude that
the behavior is p-type.
For a semiconductor, one should in principle investigate also charged defects;
however, since in our calculations of defect free CrN the bandgap is small (∼ 0.1
eV), the introduction of defects turns immediately the material into a metallic
state. Moreover, experimentally it is not clear the magnitude of the gap [127], and
defects are known to greatly inﬂuence its size. We therefore assume that, at this
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Figure 3.7: DOS for FM bcc Fe as calculated with LDA, PBE, and SCAN functional at the experimental lattice parameter. The DOS for spin-up electrons, which
are the majority spin carriers, is represented in the top part of the plot, spin-down
in the bottom. Figure adapted with permission from M. Ekholm, D. Gambino, H.
J. M. Jönsson, F. Tasnádi, B. Alling, and I. A. Abrikosov, Physical Review B 98,
094413 (2018). Copyright 2018 by the American Physical Society.
concentrations, charged defects can be neglected.

3.3

Assessing the SCAN functional for ferromagnetic elemental solids

As discussed in Sec. 2.1, the main approximation in DFT is the exchange and
correlation functional. The basic LDA and GGA-PBE have enabled the calculation
of materials properties from ﬁrst principles; however, they might not be accurate
enough for more exotic systems, and there is a need of improving the accuracy of
the calculations reducing always more the degree of approximation.
In the last few years, the SCAN functional [27] has received a lot of attention
because it is in general able to improve the description of materials based on main
group compounds [128]. However, it has been noticed as well that it has some
issues with transition metal compounds (paper III, Ref. [128–130]).
In paper III, we compared results from LDA, PBE, and SCAN in the description
of ground state properties of bcc Fe, fcc Ni, and hcp Co, all ferromagnetic metals.
In particular, for Fe, SCAN ﬁnds the right ground state as FM bcc Fe (as
compared to LDA, which predicts NM fcc Fe to be lower in energy). It improves
slightly equilibrium volume as compared to PBE, however it predicts it to be a
strong ferromagnet, with the majority-spin band fully occupied (see Fig. 3.7).
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The DOS in Fig. 3.7 are calculated at the experimental lattice parameter. The
moments are best predicted by LDA at the experimental volume, although it
severely underestimates the equilibrium volume.
For fcc Ni and hcp Co, SCAN does not give any kind of improvements as compared to PBE: it tends to underestimate the equilibrium volume and overestimate
the magnetic moments. Also in these cases, SCAN shifts the majority-spin bands
towards lower energies in the DOS.
Even though SCAN does not improve predictions as compared to PBE for
elemental itinerant ferromagnets, it still provides an acceptable description of these
systems. In Ref. [130], it has been shown that SCAN predicts Pd, which is a
metal on the verge of ferromagnetism, to be a ferromagnet, whereas its ground
state is nonmagnetic. This is a severe problem, and therefore magnetism should
be a property to take more into account in the development of new exchange and
correlation functionals.

3.4

Interplay between vibrational, transverse, and
longitudinal magnetic degrees of freedom in
bcc Fe

For a proper representation of reality, simulations that include all possible degrees
of freedom (DOF) from ﬁrst principles need to be carried out. For what concerns
magnetic materials, many eﬀects and their interplay need to be included, and
methods that try to tackle this problem are usually tested on Fe because of its
interesting physical properties.
As already mentioned, the description of magnetism is a challenge within DFT.
Given its ground state focus, it is in general not straight-forward to investigate
excited states as it can be the PM phase of a magnetic material. Nonetheless,
integration of DFT with semiclassical models such as the DLM approach has lead
to great advances in this ﬁeld. The next step is to integrate this model within a
larger framework that includes also vibrations. A further intrinsic complication is
that the bare DLM model in DFT cannot properly account for longitudinal DOF,
therefore thermodynamic models need to be added on top to describe this eﬀect
without resorting to more expensive higher-level theories.
In Fig. 3.8, the diﬀerent DOF that can show a coupling in a magnetic system
are schematized. In this framework, the eﬀect of vibrations on the transversal
magnetic degrees of freedom (arrow 1) have been discussed in the literature [63–
65], showing the dependence of the exchange interactions on the distance between
atoms and the eﬀect of vibrations on the Jij s. The opposite inﬂuence (arrow 2)
of ﬁnite temperature transversal magnetic DOF on vibrations has been shown to,
e.g., induce a softening of the phonon modes in Fe [82], and to play a role on the
shortening of phonon lifetimes in CrN [92]. The impact of LSF on the exchange
interactions (arrow 3) has been investigated by Ruban et al. [68] in bcc Fe and fcc
Ni in a DLM-CPA framework, as well as the behavior of LSF in a magnetically
disordered background (arrow 4).
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Figure 3.8: Schematic representation of the interplay between magnetic and vibrational degrees of freedom (DOF). Transversal and longitudinal magnetic DOF
are here separated since complementary models need to be used to describe them,
and they are expected to be on rather diﬀerent timescales. The arrows indicate
the inﬂuence of one type of DOF on the other. Arrow 1 (orange), 2 (black), and 3
and 4 (red) are referred to couplings that have been alredy discussed in literature
in Ref. [63–65], [82, 92], and [68], respectively. Arrows 5 and 6, though, have
not been discussed in literature. See text for a more detailed explanation of the
diﬀerent interplays.

Up to our knowledge, the interplay between vibrations and LSF has never
been assessed carefully before. In Ref. [70], Dong et al. studied the eﬀect of
LSF on thermal expansion by means of a Debye-Grüneisen model. However, the
LSF energy landscapes are derived in a DLM-CPA framework only accounting for
volume expansion and no direct impact of the lattice vibrations. In Ref. [65], the
exchange interactions for fcc Ni and fcc Co had been calculated with vibrational
disorder, including also the LSF term of equation 2.33; however, the eﬀect of
vibrations on LSF was not discussed. In Ref. [87], DLM-MD simulations of bcc and
fcc Fe were performed at diﬀerent temperatures and it was shown that vibrations
strongly aﬀect the distribution of magnetic moments, however the inﬂuence of
magnetic entropy on the size of the moments was not addressed.
To investigate this coupling, we have performed ASD-AIMD [92] simulations
of bcc Fe in a 4x4x4 supercell (128 atoms) at ∼ TC = 1043 K, with distancedependent exchange interactions interpolated to the values reported in Ref. [65].
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Figure 3.9: Average (black line) and a typical (red line and circles) moment size
during an ASD-AIMD simulation for bcc Fe. The typical moment size drops to
low values for a short time period, and then recovers to values around the average
size.
We employed the Langevin thermostat with γ = 10 ps−1 with a timestep of 1
fs for the AIMD part, whereas the ASD part, performed with the UppASD code
[66, 131], is carried out with a timestep of 0.01 fs. In DFT calculations, we use
an energy cutoﬀ of 400 eV for the expansion in plane-waves of the single-particle
wavefunctions, and a Γ-centered 2x2x2 k-points mesh. The moments are taken
noncollinear and constrained with the method by Ma and Dudarev [28] in the
directions given by the ASD code. We also employ a Fermi-Dirac smearing of the
electronic wavefunctions corresponding to TC . At this point, the moments’ sizes
can be considered as 0 K values, since the moments are constrained in direction
but no thermal collective electronic excitation can be obtained directly with DFT.
After ∼ 500 fs of thermalization, the average moment size seem to reach a stable
value of 2.0 − 2.1μB , as shown in Fig. 3.9 (black solid line). The development with
time of a typical moment size is shown as well (red line with open circles), and it can
be seen that it reduces quite drastically in two points of the simulation; however,
it also manages to escape dynamically from this ∼ 0 moment conﬁguration.
In order to investigate how the vibrational disorder inﬂuences the LSF, we run
a similar simulation with the same parameters but with a smaller supercell (3x3x3
conventional bcc cells, 54 atoms), and from this we take a conﬁguration with a
moment that goes close to zero in magnitude. From this ﬁxed conﬁguration of
atoms and moments, we performed ﬁxed-spin moment (FSM) calculations, i.e. in
which also the size of the moments is constrained, and we change the moments’
size one at a time. In this way, we can obtain the inﬂuence of both transverse
magnetic and vibrational disorder on the LSF energy landscapes for each atom.
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Figure 3.10: Landau interpolations of LSF energy landscapes obtained with FSM
calculations for diﬀerent magnetic states performed on diﬀerent sets of atomic
positions: a) FM state on FM-AIMD positions, b) DLM state on ideal lattice (IL)
positions, c) DLM state on FM-AIMD positions, and d) DLM state on ASD-AIMD
positions.

Figure 3.11: Landau interpolations of the average LSF landscapes calculated on
atomic positions obtained from diﬀerent means [ideal lattice positions (ILP), FMAIMD snapshot, and ASD-AIMD snapshot] and with diﬀerent magnetic backgrounds (FM and DLM).
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We compare the same type of calculations using diﬀerent set of positions (ideal
lattice positions and an atomic conﬁguration from FM-AIMD at the same temperature), as well as FM moments. The LSF energy landscape for each atom for
FM moments on FM-AIMD positions, DLM moments on ideal lattice (IL) positions, DLM moments on FM-AIMD positions, and DLM moments on ASD-AIMD
positions are shown in Fig. 3.10.
It is obvious that the energy landscapes calculated with DLM moments on
ASD-AIMD positions are shallower than in all the other cases, with some moments
that show a certain degree of itineracy (compare with Fig. 2.3), in contrast with the
usual localized moment behavior of bcc Fe. Vibrations in general, both obtained
from a FM-AIMD or ASD-AIMD simulation, induce very shallow landscapes on
the DLM moments, as it can be seen comparing the two bottom ﬁgures in Fig. 3.10
with Fig.3.10b, which is calculated on ideal lattice position. At the same time, we
can see that the FM magnetic background in combination with vibrations leads
to deeper landscapes.
The average energy landscape for each of the previous cases are displayed in
Fig. 3.11, where also the landscape for FM moments on ideal lattice positions
is shown. Interestingly, vibrations make the minimum for FM moments deeper
than on ideal lattice positions. As it could be expected, magnetic disorder make
the minimum shallower than in FM state, and the addition of vibrations in FMAIMD and ASD-AIMD reduces it even further. Moreover, the minimum is moved
towards smaller moments. These landscapes give rise at temperature T ∼ TC
to the probability distributions given in Fig. 3.12, which are calculated as the
standard Boltzmann factor:


m2 exp − E(m)
kB T
dm,
(3.4)
P (m)dm =
Z
calculated with PSM=m2 . The probability distributions become broader and
broader with increasing degree of disorder in the magnetic and vibrational DOF,
as it could be inferred by the average landscapes; a decrease in the moment with
maximum probability is also observed.
From the energy landscapes, one can numerically calculate thermodynamic
properties such as average energy, entropy, free energy, and average moment as
a function of temperature. In Fig. 3.13, we compare the results obtained from
DLM on ideal lattice position (dashed lines and open symbols) and DLM on ASDAIMD position landscape (solid lines and full symbols), calculated with 3D PSM.
In Fig. 3.13b, the average magnetic moment size is shown for the just mentioned
positions (purple empty and cyan ﬁlled diamonds, respectively), as well as the
average moment size calculated on ASD-AIMD positions calculated with 3D PSM
and quadratic ﬁtting of the landscape (ﬁlled blue squares), and with the 1D PSM
with Landau ﬁtting of the landscape (ﬁlled red circles).
The results given here are meaningful only for temperatures above TC , since the
LSF energy in DLM state employed here is motivated only in the high-temperature
limit because of its single-site nature; values from 0 K are given only to make the
trends more clear. We can see that the average energy is roughly the same for
both landscapes, whereas there is a diﬀerence in entropic contribution at high
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Figure 3.12: Probability distributions at T mag = TCexp obtained with Eq. 3.4
employing the average LSF energy landscapes of Fig. 3.11. Colors and labels are
the same of Fig. 3.11.
temperature. This leads to a free energy diﬀerence of ∼ 10 meV/atom, with the
results calculated on ideal lattice positions at lower energies. It is also interesting
to see the behavior of the average magnetic moment : for the ideal lattice, the
value increases only slightly with temperature to ∼ 2.25μB , whereas for the ASDAIMD positions the value increases more steeply going little beyond ∼ 2.1μB .
Although often an amount of 10 meV/atom can be considered small, one needs
to keep in mind that the largest Gibbs free energy diﬀerence between bcc and
fcc Fe in the stability range of the fcc structure is experimentally estimated to
be 1 − 3 meV/atom [132], therefore it is crucial to assess these eﬀects on the
thermodynamics of Fe.
The choice of PSM dramatically changes the behavior of the moment magnitude: with the 1D PSM, the average moment decreases in size with temperature,
going down to ∼ 1.6μB , with a similar trend as shown in Ref. [68], although here
the eﬀect is stronger due to vibrations. A quadratic ﬁtting of the energy landscape
around the minimum, instead, leads to similar behavior of the Landau ﬁtting, but
this "harmonic" approximation makes the moments larger. It is not clear what
should be the right trend for the moment size as a function of temperature (see,
e.g., discussion in Ref. [87]), however the Landau ﬁtting and 3D PSM are the most
consistent, as previously discussed in Sec. 2.4.2.
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(a)

(b)

Figure 3.13: a) Average energy (<E>, red), entropic contribution (-TS, green),
and free energy (F, blue) as a function of temperature for the average energy landscape calculated with DLM state on ideal lattice position (dashed lines and open
symbols) and DLM state on ASD-AIMD positions (solid lines and full symbols)
calculated with 3D PSM and Landau ﬁtting. b) Average moment magnitude as
a function of temperature calculated with 3D PSM and Landau ﬁtting in DLM
background on ideal lattice positions (purple empty diamonds) and on ASD-AIMD
positions (cyan ﬁlled diamonds). The eﬀect of diﬀerent PSM is also shown taking
into account the average moments calculated on ASD-AIMD positions with 3D
PSM and a quadratic ﬁtting of the landscape around the minimum (ﬁlled blue
sqaures) and with 1D PSM and Landau ﬁtting (ﬁlled red circles).

CHAPTER

4

Conclusions and outlooks

In this work, structural and magnetic disorder in crystalline materials have been
investigated by means of density functional theory and thermodynamic models.
Methods to improve the description of these eﬀects are developed and tested on
relevant material systems.
In particular, disorder on the structural level is meant as presence of point
defects in the otherwise perfect crystal lattice, or as substitutional random alloys.
The diﬀusion rate of Ti vacancies in TiN at high temperature has been investigated
by means of nonequilibrium ab initio molecular dynamics with the color diﬀusion
algorithm. It is found that the jump rate follows an Arrhenius trend, and the
energy barrier for diﬀusion decreases compared to 0 K calculations mainly because
of thermal lattice expansion.
Point defects and random alloys are also studied in magnetic materials in the
high temperature paramagnetic phase. We have developed a method based on
the disordered local moments model to perform local lattice relaxations in the
paramagnetic phase. It is found that relaxations in the relevant magnetic state
aﬀect the energetics of defects, leading to a reduction of vacancy formation energy
in bcc Fe of ∼ 0.1 eV and ∼ 0.2 − 0.4 eV for C interstitial formation energy in
octahedral and tetrahedral position, respectively, compared to relaxed positions
in the ferromagnetic state. For substitutional random alloys, the impact of DLM
relaxation is assessed in paramagnetic bcc Fe1−x Crx random alloys for compositions x = 0.25, 0.5, 0.75, and a reduction in mixing enthalpy up to 0.05 eV/atom
(∼ 10%) is found.
This relaxation method is also employed in the study of native point defects
in paramagnetic B1 CrN that give overstoichiometry in N. The most stable defect
is found to be the Cr vacancy, that induces a p-type behavior in the DOS of
the system. N interstitials in the form of N2 dumbbells are found to have a
larger formation energy than Cr vacancy; however, these two types of defects
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show attractive interaction and lead to a weakly p-type semiconducting state.
Since experimentally CrN is often synthesized in thin ﬁlms with nonequilibrium
growth conditions, we cannot rule out the possibility of having both defects in the
system and their clustering. Further investigations are needed to clear out the
main protagonist in N overstoichiometric CrN.
The performances of the strongly constrained and appropriately normalized
(SCAN) functional are then assessed on the ferromagnetic elemental solids bcc Fe,
fcc Ni, and hcp Co and compared with LDA and PBE results. It is found that
SCAN slightly improve the description of bcc Fe for what concerns equilibrium
volume and bulk modulus, but it worsen it for local magnetic moments, predicting
bcc Fe to be a strong ferromagnet. For fcc Ni and hcp Co, SCAN worsen the
results as compared to PBE. Further development of functionals for DFT that
properly describe magnetism is therefore needed.
Finally, the interplay between magnetic and vibrational degrees of freedom in
bcc Fe is investigated. A coupled atomistic spin dynamics-ab initio molecular
dynamics simulation at the Curie temperature is carried out, and one snapshot
is used then to assess the eﬀect of lattice vibrations and transversal magnetic
degrees of freedom on longitudinal spin ﬂuctuations. It is found that both magnetic
background and atomic positions aﬀect the energy landscape of this degree of
freedom, which is treated here in a mean-ﬁeld fashion employing Landau expansion
of the energy as a function of the moment size. The eﬀect of diﬀerent phase space
measures and diﬀerent ﬁtting of the energy landscapes is also addressed. This
study is an important preliminary step in the investigation by means of ab initio
techniques of phase stability of Fe at diﬀerent temperatures with inclusion of all
possible degrees of freedom, as well as in the establishment of methods to calculate
free energies in magnetic materials in general.
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Nonequilibrium ab initio molecular dynamics determination of Ti monovacancy migration rates in B1 TiN.

Summary
In this paper, the diﬀusion rate of Ti vacancies in TiN is studied by means of
nonequilibrium ab initio molecular dynamics with the color diﬀusion algorithm
extended to the exponential regime. The analysis of jump occurrence time is
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A method to perform lattice relaxations in magnetic materials in the high temperature paramagnetic state is developed, based on the disordered local moments
approach. The method is tested on Fe-based materials, in particular the formation energy of monovacancies and C interstitials in octahedral position in bcc Fe,
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description of equilibrium volume and bulk modulus of bcc Fe as compared to
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