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In this paper, we elaborate on the notion of Fundamental Mathematical Knowledge (FMK) which we 

understand as the minimum mathematical content knowledge essential to enter a degree in primary 

teacher education. We propose that FMK can be assessed in terms of competency in different areas 

of primary mathematics. The aim of this paper is to present our on-going work to specify FMK based 

on the common content of mathematics as a primary school subject in Catalonia, England, Finland, 

and Sweden. 

Keywords: Primary mathematics, pre-service teacher education, Fundamental Mathematical 

Knowledge.  

INTRODUCTION 

In a time when governments, educational administrations, schools, and teachers work to raise the 

level of knowledge of mathematics among students, it is important that pre-service teacher education 

ensures that its graduates master the knowledge that their professional practice will require. 

Therefore, it is essential that the mathematical knowledge of students entering a primary teaching 

degree program is solid enough to be built upon during their teacher training. In this context, the 

Government of Catalonia promoted a program that aims to improve the quality of the pre-service 

teacher training– Programa per a la Millora de la Formació Inicial de Mestres, MIF. As part of the 

MIF program, an entrance assessment was created to ensure greater regulation of pre-service teacher 

candidates wishing to access a degree in primary teacher education. The assessment included an 

examination intended to ensure that the candidates have “a minimum level of mathematical 

knowledge”.  

The mathematics educators responsible for preparing this entrance test faced the challenge of 

determining “the minimum level of mathematical knowledge” students should have. In the process 

1 The study presented here was developed under the auspices of the research project 2014 ARMIF-00041, funded by the 

Agència de Gestió d’Ajuts Universitaris i de Recerca of the Government of Catalonia and the research project EDU2013-

4683-R, funded by the Spanish Dirección General de Investigación.  
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of selecting and narrowing this “minimum level of mathematical knowledge”, the notion and concept 

of Fundamental Mathematical Knowledge (FMK) emerged. A first attempt to define FMK was 

grounded in the requirements of teachers’ professional practice and the competences they are 

expected to develop in primary-aged children, and focused on “the mathematical subject knowledge 

that students would need to take advantage of their courses in mathematics and mathematics 

education during their training to become teachers” (Castro, Mengual, Prat, Albarracín, & Gorgorió, 

2014, p. 229, translated from Spanish by the authors). At that time, the objective was to create a tool 

to evaluate the initial mathematical knowledge of the students being FMK the knowledge candidates 

to enter a teaching degree should have. Adhering to the definition of competence developed by the 

group at Roskilde University (Niss, and Højgaard, 2011), FMK was first specified as demonstrating 

mathematical competence in certain selected content from different areas of the Catalan mathematics 

curriculum (Gorgorió, Albarracín & Villarreal, 2017).  

In this paper, we introduce a work in progress by presenting how we have built on this prior work to 

develop a concretization for the first rather vague notion of FMK, and at the same time moving 

beyond the constraints of a single national school curriculum and embracing the realities evident in 

different countries. FMK as a reference used to profile the mathematical knowledge of beginning pre-

service teachers would potentially allow us to develop examinations for regulating student admission, 

provide diagnostics oriented towards course design, and provide formative feedback in on-going 

courses.  

FUNDAMENTAL MATHEMATICAL KNOWLEDGE (FMK) 

The need for yet another theoretical construct 

Taking the definition by Castro et al. (2014) as a starting point, FMK captures the mathematical 

subject knowledge required in order to enter a degree in primary teacher education; the knowledge 

which will be built upon throughout a programme of study, in order to attain the mathematical and 

pedagogical knowledge required to start professional practice as a primary school teacher. This 

should therefore be based on a thorough knowledge of elementary mathematics, this being a 

foundation that would support the construction of a structurally robust learning of mathematics and 

mathematics teaching.  

FMK is the mathematical content knowledge that teachers’ educators take for granted that their 

students have when starting their courses. However, too often, the reality has shown that the initial 

mathematical knowledge of student-teachers is far from the base-level required and often below the 

expectations of mathematics educators (e.g. Linsell & Anakin, 2012; Ryan & McCrae, 2005/06; Senk 

et al., 2012). Therefore, our purpose when introducing FMK is not to contribute to the increasing 

number of concepts describing the mathematical knowledge of pre-service or in-service primary 

teachers, but to discuss what the required mathematical knowledge for entering primary pre-service 

teacher-training is/should be. Nevertheless, since FMK enters a realm of well-known concepts, we 

need to justify why we need a new one related to prior knowledge and understanding that is necessary 

for a student to successfully study at university to become a teacher. 
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Theoretical positioning 

Shulman (1987) defined Content Knowledge as the organisation of knowledge of the subject in the 

teacher’s mind, but demanding more than just being familiar with facts and concepts of the subject, 

since it also requires the understanding of its structures. However, Shulman’s model does not consider 

the interactions among the different categories of knowledge. Fennema and Franke (1992), reacting 

to Shulman’s model, pointed out that the knowledge for teaching is dynamic, and claimed that 

teachers’ knowledge is not monolithic, but an integrated system where the different parts are difficult 

to isolate. Petrou and Goulding (2011), however, suggested that there is a parallelism between 

Shulman’s and Fennema and Franke’s proposal since both agree that teachers should not only have 

procedural knowledge, but also underlying conceptual knowledge.  

Ball, Thames and Phelps (2008) used Shulman’s model to elaborate the Mathematical Knowledge for 

Teaching (MKT) framework, around two axes: Subject Matter Knowledge and Pedagogical Content 

Knowledge. Thus, Shulman’s Content Knowledge, was reconstructed as Subject Matter Knowledge 

and organized in two subdomains: Common Content Knowledge and Specialized Content 

Knowledge. Both in Ball, Hill and Bass (2005) and in Ball, Thames and Phelps (2008), Common 

Content Knowledge is defined as the “mathematical knowledge we would expect a well-educated 

adult to know” (p.6). Ball and her colleagues rightly argue that teachers need to know the content 

they teach to primary students. They claim that the importance of Common Content Knowledge 

becomes readily apparent when a teacher lacks it. However, the focus of their attention is on the 

Specialized Content Knowledge, which brings a new perspective on how to prepare teachers, 

considering the requirement for their professional practice.   

While the work of Ball and colleagues develops Shulman’s notions of content knowledge and 

pedagogical content knowledge, the studies promoted by Rowland and his colleagues aim to elicit 

classrooms situations in which mathematical content knowledge (or a lack of it) becomes apparent in 

primary education. The Knowledge Quartet (KQ) (Rowland, Turner, Thwaites & Huckstep, 2009) 

was designed to observe, analyse, and reflect on actual mathematics teaching and provides a useful 

theoretical tool to better understand classroom mathematics instruction. It consists of four 

dimensions: foundation, transformation, connection and contingency. The first dimension, 

foundation, consists of teachers’ mathematics related knowledge, beliefs, and understanding. It 

includes aspects such as the use of the mathematical terminology, the explicit knowledge of 

mathematics, the identification of students’ errors, and the theoretical basis of mathematics.  

SPECIFYING FMK  

From our point of view, the relevance of the initial mathematical knowledge of pre-service teachers 

seems to be a missing aspect amongst the theories discussing the mathematical knowledge required 

to be an effective primary school teacher. None of the theories developed to date describing the 

professional knowledge of teachers provides us with a sufficient framework to analyse the initial 

mathematical knowledge of pre-service teacher-training students beginning their undergraduate 

studies. Since our students have successfully met a range of requirements to enter university, we may 

assume they are well-educated adults. However, it cannot be expected that all of them will have 

received a previous education that has provided them with a solid understanding of the mathematical 
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concepts they had studied, or an outlook oriented towards conferring their learning to others. Too 

often we do not necessarily have reliable information about the pre-service teachers’ mathematical 

knowledge or about whether they have mastered core mathematical concepts and procedures. Even 

in some countries, like Spain, there is evidence that some of them have not (Contreras, Carrillo, 

Zkaryan, Muñoz & Climent, 2012).  

We are well aware that teacher-training programs differ between countries in the same way that 

primary education curricula differ. For instance, we all have different qualifications and different 

entrance requirements for programs, and the courses’ contents are also different. However, we are 

convinced we could agree that there are some key concepts and procedures that those who initiate a 

teaching degree should master if we want them to develop pedagogical content knowledge during 

their training. For instance, we would want them to already know the meaning of place value and the 

ten-base number system, the meaning of addition and subtraction, and their properties if they are 

expected to learn how to teach addition with decimals. Based on these assumptions, our goal in this 

paper is to elaborate and specify FMK, by establishing what the minimum mathematical knowledge 

students should have mastered in order to enter a primary teacher education program.  

When characterizing FMK, we focus on primary mathematics because we adhere to Ma’s (2010) 

understanding of primary mathematics as being fundamental: “Elementary mathematics is not a 

simple collection of disconnected number facts and calculational algorithms. Rather, it is a foundation 

on which much can be built” (p. 99). According to Ma, this foundation may be invisible, but it 

nevertheless supports the construction and coherence of more complex ideas. We also align with Ma 

when she links the idea of fundamental mathematics to the idea of competence. We understand 

competence to be based on factual knowledge and concrete skills to carry out mathematical activities, 

the ability to ask and answer questions in and with mathematics, and the ability to deal with 

mathematical language and tools (Niss & Højgaard, 2011). Mathematical competence goes beyond 

knowledge of procedures and is manifested in the use of conceptual knowledge in different situations; 

it requires the knowledge of rules, definitions and connections and domain structure, knowing why 

certain procedures work for certain problems, the purpose of the steps of procedures and connecting 

these steps to their conceptual foundations.  

Hence, to evaluate the mathematical knowledge of student candidates in terms of competences in 

relation to FMK, while at the same time linking FMK with primary mathematics, we specify FMK in 

terms of evidence of being competent in different key areas of primary mathematics. Given this 

premise, and our international collaboration, to specify FMK we identify the common content of 

primary mathematics in the different countries potentially constituting the initial mathematical 

knowledge that will allow pre-service teachers to progress in building their knowledge for teaching. 

Method: The process of reaching a consensus 

We consider that we may have evidence of students being mathematically competent when, while 

solving exercises, problems, and application situations they demonstrate that they have integrated and 

are able to use concepts and procedures for different content areas in mathematics, and are able to 

interpret the obtained results and analyse their soundness. The task is then to identify and negotiate 

the content areas and the concepts and processes that will constitute a basis for FMK.  
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Given that our main objective is pragmatically motivated, we adopted an approach similar to that of 

Ryan and McCrae (2005/06) and Linsell and Anakin (2012) that used the curricula of the school 

systems of their respective countries as a framework to look at the initial knowledge of student-

teachers. Hence, our point of departure was the mathematical content prescribed by the national 

curricula for the Catalan schools (Departament d’Ensenyament, 2015), the Finnish (National Board 

of Education, 2016), the Swedish (Skolverket, 2011) and the English (Department of Education, 

2013), in each case restricting our attention to primary education.  

We did this through a content analysis of the different national curricula that focused on identifying 

those common content areas and then comparing the extent and emphasis that each national 

curriculum gave to each area. Thus, we first obtained a list of common requirements that was then 

examined to identify the elements that were considered imperative across the curricula and those that 

were important but non-essential in a certain curriculum. 

For instance, all curricula have a section devoted to Number and arithmetic (even though it could be 

presented under different labels) that includes basic mental calculation. Then we agreed on that basic 

mental calculation − addition, subtraction, multiplication and division − is a requirement in the four 

curricula but with different emphasis depending of the numbers involved:  

Catalonia: natural numbers; 

England: natural numbers, simple fractions, and decimal numbers; 

Finland: natural numbers, simple fractions, and decimal numbers; 

Sweden: natural numbers and simple fractions. 

In Catalonia, basic mental calculation with simple fractions and decimal numbers would be 

considered as desirable but is not compulsory, while in England and Finland it would be mandatory. 

Similarly, in Catalonia and Sweden working with decimal numbers would be desirable, but in 

England and Finland it would be mandatory. Therefore, the common content that would specify FMK 

would be basic mental calculation − addition, subtraction, multiplication, and division.  

The outcome of comparing and contrasting the different curricula for primary education in the four 

countries is a list of topics that allows us to specify FMK in terms of competences. 

RESULTS: SPECIFICATION OF FMK 

We now present the results of our analysis resulting in the FMK structured in the 5 topics around 

which the different curricula are organized: Numbers and arithmetic (number and operations), 

Relations and change (Thinking skills and algebra), Space and shape, Measurement, Statistics and 

randomness (Statistics and probability).  

Number and arithmetic or Number and operations: Understanding and being able to represent 

and use natural, whole and rational numbers – fractions and decimals –  in different situations;  base-

ten system; understanding the meaning and properties of operations – addition, subtraction, 

multiplication and division – and the relations among them; basic mental calculations with natural 

numbers; algorithms for addition, subtraction, multiplication with natural numbers; algorithms for 

addition, subtraction, and multiplication with decimal numbers; understanding the concept of 

percentage and percentage value, and being able to perform simple calculations; understanding the 
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meaning of divider (multiple); understanding and being able to use the connections between numbers 

and the structure and divisibility of numbers.  

Relations and change or Thinking skills and Algebra: Being able to identify and generalize 

numerical and non-numerical patterns; identifying and interpreting dependency relationships between 

variables; understanding the concept of unknown; solving equations by reasoning and 

experimentation. 

Space and Shape (part of Geometry and measuring): Knowing the characteristics and properties 

of geometric figures in two − triangles, quadrilaterals (or quadrangles) and circles − and three 

dimensions − cylinders, cones, rectangular prisms, pyramids − and being able to apply them in 

different situations; understanding the representations of reflections, rotations and translations and 

being able to build and use symmetry facts; understanding in an integrated way geometric 

proportionality, similarity and scale − enlargements and reductions.  

Measurement (part of Geometry and measuring): Knowing the meaning of measurable magnitude 

(angle, length, area, volume, capacity, mass and time) and of measurement process; knowing the 

decimal and sexagesimal measuring units and the mechanisms for solving situations involving change 

of units, and mastering the knowledge and necessary skills to solve various situations related to the 

ideas of perimeter, area and volume − only of rectangular prisms.  

Statistics and Randomness or Statistics and Probability: Being able to interpret, analyse, draw 

conclusions and make predictions based on statistical data; interpreting and constructing statistical 

graphs; interpreting and calculating measures of central tendency − greatest and smallest value, 

average and mode −, and understanding the meaning of randomness or probability.  

DISCUSSION  

In many countries, the range of students’ mathematical credentials, prior to admission, makes 

informed selection difficult, and in other countries there is no specific selection at all. Regardless, if 

we want to inform policies affecting admission, to create instruments for assessing pre-service teacher 

candidates, or to get data to inform and orient teacher education courses and programmes, it is 

evidently useful to establish what should constitute the minimum mathematical content knowledge 

that is essential to have when entering a degree in primary teacher education. To refer to this minimum 

knowledge we introduced, and elaborated on, the notion of FMK.  

We propose that FMK can be assessed in terms of evidence of being competent in different areas of 

primary mathematics, and to identify and specify these areas we took the primary mathematics 

curricula in four European countries as our point of departure. The contents of these curricula are 

built around the same mathematical concepts and procedures. This reflects that, although school 

mathematics might be context bounded by the use of artefacts − from an abacus to a calculator, or 

from a metric to an imperial measurement system −, and procedures − different ways to present basic 

algorithms – its’ core concepts, found at the root of primary mathematics, are universal, as it could 

not be otherwise.  

The universality of the core concepts of primary mathematics − though not necessarily that of primary 

school mathematics in of itself − leads us to consider that we can refer to FMK as the set of minimum 
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knowledge required to enter a teaching degree, regardless of the school systems where pre-service 

teacher candidates have studied, or the courses they will receive during their education as teachers. 

The universality of the core concepts also suggests that it makes sense to work towards a 

conceptualization of FMK, to work towards achieving what could become a frame of reference to 

profile the mathematical knowledge of beginning pre-service teachers. In this paper, we have 

presented our first attempt to specify FMK in terms of a guiding list of concepts and procedures, as 

shown earlier. It is clear to us that such a list in its presents form appears to be more like the index of 

a textbook, rather than a guide to orientate assessment. However, these ideas and the work presented 

here is at the first stage of a work-in-progress that we intend to continue.  

In this continuation of our research we will work towards identifying the core concepts underlying 

the different specifications obtained from the analysis developed so far. A definition of FMK should 

include not only the (potentially modified) specifications presented but should more importantly also 

refer to the set of core concepts and the relationships between them. For instance, in the for Number 

and arithmetic the set of core concepts would include, among others, ideas of quantity, number 

system, place value, meaning of natural, integer, rational and real numbers, meaning, relationships 

and properties of basic operations. The specifications we have presented above would then become a 

basis to develop a tool to assess FMK. Even if multiplication of decimal numbers − one of the 

specifications listed above – was not considered a core concept in of itself, tasks requiring multiplying 

two decimal numbers would be a way to assess FMK, since someone’s work when attempting to 

solve a task that requires multiplying two decimal numbers may highlight problems in understanding 

decimal numbers, their representation, the properties of multiplication or the idea of multiplication 

itself. Therefore, one single task could allow us to assess more than one core concept. Therefore, the 

quality of the assessment tool developed will determine what kind of knowledge we will be able to 

distinguish. In our future work, we hope adding examples of assessment tasks will allow us to 

exemplify the items on the FMK specification list and clarify that that our emphasis is mainly directed 

towards conceptual knowledge rather than procedural knowledge.  

We hope that our contribution will generate discussions on the addressed and related matters that will 

help us to progress towards our goals.  
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