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pst̊ar.

Tillg̊ang till dokumentet innebär tillst̊and för var och en att läsa, ladda ner, skriva
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Abstract

Aircraft system identification has been widely used to this day in applications like
control law design, building simulators or extending flight envelopes. It can also be
utilized for determining flight-mechanical characteristics in the preliminary design
phase of a flight vehicle. In this thesis, three common time-domain methods were
implemented in MATLAB for determining the aerodynamic derivatives of a subscale
aircraft. For parameter estimation, the equation-error method is quick, robust and
can provide good parameter estimates on its own. The output-error method is
computationally intensive but keeps account of the aircraft’s evolution in time, being
more suitable for fine-tuning predictive models. A new model structure is identified
using multivariate orthogonal functions with a predicted squared error stopping
criteria. This method is based on linear regression (equation-error).

The code written is flexible and can also be used for other aircraft and with
other aerodynamic models. Simulations are compared with experimental data from
a previous flight test campaign for validation. In the future, this tool may help
taking decisions in conceptual design after a prototype is tested.





Nomenclature

Abbreviations and Acronyms

Abbreviation Meaning

GFF Generic Future Fighter
FPR Flight Path Reconstruction
6 DOF 6 Degrees of Freedom aerodynamic model
LiU Linköping University
FLUMES The Division of Fluid and Mechatronic Systems at LiU

Latin Symbols

Symbol Description Units

J Cost function [−]
K Scale factor [−]
a Linear acceleration

[
m s−2

]
p Roll rate

[
rad s−1

]
q Pitch rate

[
rad s−1

]
r Yaw rate

[
rad s−1

]
u x body-axis velocity component

[
m s−1

]
v y body-axis velocity component

[
m s−1

]
w z body-axis velocity component

[
m s−1

]
h Altitude [m]
T Total duration of maneuvers [s]
m Number of maneuvers [−]
N Number of data points in a maneuver [−]
k Number of regressors [−]
s Number of independent variables [−]
R Weight vector May vary
W Weight vector [−]
C Aerodynamic coefficient or derivative [−]
X Component on x-axis Variable dependent
Y Component on y-axis Variable dependent
Z Component on z-axis Variable dependent
V Velocity (true airspeed)

[
m s−1

]
q̄ Dynamic pressure

[
N m−2

]
S Reference surface

[
m2
]

l Reference length [m]
I Moment of inertia

[
kg m2

]



Greek Symbols

Symbol Description Units

α Angle of attack [rad]
β Sideslip angle [rad]
φ Roll angle rotation [rad]
θ Pitch angle rotation [rad]
ψ Yaw angle rotation [rad]
Θ Vector of all aerodynamic derivatives [−]
Ψ Vector of biases, scale factors and time shifts [−]
Ω Angular velocity

[
rad s−1

]
τ Time shift [s]
∆ Bias Varies

Subscripts and superscripts

Symbol Description

i Index of summation
j Index of summation
k Index of summation
X In x-direction
Y In y-direction
Z In z-direction
L Lift
D Drag
l Roll
m Pitch
n Yaw
CG At the Center of Gravity
RP At the Reference Point
tw Indicates thrust
M Measured or measurement-derived
A Obtained from the aerodynamic model
µ Longitudinal reference
s Lateral reference
p Propulsion
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1 Introduction

System identification is the science of building mathematical models from the
observed behaviour of a system. In other words, it tries to find a description of
the system given a set of observations. Its applications cover fields like biology,
economics, chemistry, geology and especially flight vehicles, domain in which the
methods have been successfully applied once the measurement techniques and pro-
cessing capabilities evolved during the last century [1].

To better understand what system identification is about, consider Figure 1 in
which three main elements are present: a control signal u (corresponding to control
surfaces), a system S and the observed output y. The main interrelated problems
can be formulated as follows [2]:

• Simulation: for a given input u and system S, predict the output y;
• Control : for a given system S and desired output y, find the input u;
• System identification: for a given input u and observed output y, find the

system S.

The goal of flight mechanics is to quantify the performance of a flight vehicle, be
it an airplane, UAV, rotorcraft or a rocket, which includes estimating its trajectory.
To achieve this, the forces acting on the body must be known. They can be classified
into four major components: inertial, gravitational, propulsive and aerodynamic
forces. The first three groups usually do not pose major difficulties to be determined
when compared to the difficulty of calculating the aerodynamic forces, still today
one of the biggest challenges. Classical methods to gain knowledge about a flight
vehicle are analytical methods, wind tunnel experiments and flight testing. These
areas are complementary and each of them can provide the necessary insight at their
corresponding design phase. However, limitations such as computational time in the
case of CFD methods or wind tunnel interference make the flight testing approach
a necessary step in the development of an aircraft.

Flight testing can be further divided into full scale testing or subscale testing.
Subscale means that the experiments are performed on a downscaled version of
the designed aircraft. The size and manufacturing accuracy are determined by the
requirements and objectives for each prototype. Examples include stability investi-
gations, behaviour at high angles of attack, stall characteristics or a simply proof

Control inputs u Output y

System S

Figure 1: Schematic of aircraft dynamics. The
pictured aircraft corresponds to the Generic Fu-
ture Fighter (GFF), a subscale demonstrator
built at Linköping University [3].

1



Figure 2: Identification process for an aircraft. The grey area indicates the
present study’s scope. The measurements were done within [4].

of technology in a suitable flight condition. The present work tries to aid the cost-
saving approach for subscale testing in conceptual design developed in [4]. The idea
is that once a prototype has been built and tested, its flight mechanical character-
istics are identified to help the decision making in aircraft conceptual design. To
this end, a procedure for parameter estimation has to complement the experimental
procedures, just like another puzzle piece of aircraft modeling (see Figure 2).

In engineering it is often very useful to mathematically model physical phenom-
ena in order to gain insight to the problem studied, in this case flight dynamics. The
reason to strive for accurate models is to better predict future behavior, study the
design changes on the flight mechanics, build autopilots and simulators and design
better experiments and control laws [5]. The last reason is related to a fundamental
fact for system identification: the experimental data must contain enough informa-
tion about the system behaviour, otherwise the results are unreliable [6]. This is
done through the excitation of the oscillation modes of interest. But this in turn re-
quires knowledge about aircraft, thus closing an iterative loop. In Figure 3, the main
four components of identification process are indicated: maneuvers, measurements,
methods and models [5]. In the present case, the maneuvers and measurements were
done within [4] and the mathematical model was established in a previous work in
[7].

System identification comprises the task called parameter estimation. After the
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Identification Process

Measurements
- filtering and preprocessing
- compatibility analysis

Maneuvers
- optimization of input signals
- design of experiments

Methods

- time or frequency domains
- online or offline approach

Models
- knowledge-based models
- black-box representations

Figure 3: Quad-M basics. Figure adapted from [5].

structure of the model is set, i.e. which terms/parameters enter which equations,
follows the determination of these parameters. The challenge is that the models for
a system are not unique. The rule to choose the ”best” model is the principle of
parsimony [6], which states that the model should be the simplest one that fulfills
the requirements. In practice, since parameter estimation involves an optimization
algorithm, it is desired to have a small number of unknowns due to computational
limitations, so indeed the models should be simple.

1.1 Objectives

Given the previous context, the main objectives of this thesis can be summarized as
follows:

a) Implement common parameter estimation methods that can be integrated into
the existing data-analysis framework.

b) Develop the necessary tools for data handling and visualisation of results.

c) Test and validate these estimations using simulated and real flight-test data.

d) Suggest improvements to the entire framework based on experience.

1.2 Limitations

Due to overall time constraints, the present work does not make use of advanced sta-
tistical methods. The dynamic system and inputs are considered deterministic and
the measurements without process noise (for example no air turbulence). The pa-
rameters are found by using a least squares approach which accounts only for random
noise in the dependent variables. The aerodynamic model complexity is assumed
to be sufficient to explain the observed data and only suffered minor modifications
from the initial implementation in [7]. General assumptions about the mathemat-
ical modeling include a rigid body, quasi-steady aerodynamics, a flat non-rotating
earth, incompressible flows (low Mach numbers). Furthermore, there were practical
limitations regarding the flight tests. Because the flights had to be performed in
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the pilot’s visual line of sight, the time window and overall airspace available for
the excitation of the system were limited. For example, the maximum altitude was
120 m due to local air traffic rules which introduced more atmospheric turbulence
caused by ground proximity. For more details, see the Flight Test Methods chapter
in [4].

1.3 Thesis Outline

The Methodology chapter presents the theory behind two methods for parameter
estimation: equation error and output error methods. It also describes a data com-
patibility check, also known as flight path reconstruction. Then, the theory behind
multivariate orthogonal function modeling is summarized. This method addresses
the model structure identification. The Results chapter presents the interface of the
toolbox created in MATLAB. Next, the parameter estimation results for the Generic
Future Fighter (GFF) are presented. In the Discussion section, the advantages and
disadvantages together with possible issues for each method are mentioned. The
conclusions will hint some future work possibilities and basic recommendations.
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2 Methodology

The first thing system identification requires is a postulated mathematical model
for the aircraft under study. We are concerned about flight dynamics so the model
is based on the rigid body equations of motion. These come from Newton’s second
law of motion expressed in the body-attached system of coordinates (see Figure 4).
The motion is expressed as the center of gravity translation plus the rotation about
the center of gravity. Written in vector form, the equations are

mV̇ + ω ×mV = FG + FT (u) + FA(V ,ω,u,Θ)

Iω̇ + ω × Iω = MT (u) +MA(V ,ω,u,Θ)
(1)

where m is the mass, I is the inertia tensor, V is the velocity vector, ω is the
angular velocity vector, u is the vector of control inputs. FG is the gravity, FT is the
thrust force, MT is the thrust moment which includes both the gyroscopic moments
given by the spinning turbine and the moments given by FT with respect to center
of gravity. Since the mass properties can be measured and the thrust components
derived from geometry and ground engine tests, the problem of system identification
is to find a model for the aerodynamic forces FA and moments MA. The model is
usually parametric, i.e. it depends on the parameters Θ which need to be identified.
For a complete derivation of these equations, see [2]. As a system of first order
differential equations (also known as state space representation), equations (1) can
be found in Appendix A.1.3.

The case study airplane is a subscale fighter aircraft (named GFF) with a canard
configuration and a wide V-tail (its development is described in [3]). Also, the
classical ailerons and elevator are combined into elevons. This requires definitions
for the control inputs, usually each aircraft having its own conventions. In the
present case, the symmetric movement of the elevons is considered the elevator input
δe while its asymmetric movement is the aileron input δa. The thrust vectoring is
achieved by moving the exhaust nozzle in the vertical plane through δny and then
sideways through δnz, as shown in Figure 5. For comparison, a photo of the airplane
is shown in Figure 6.

According to [2], parameter estimation requires to specify the following. Brief
answers are provided directly under each inquiry for clarification.

1. ”A model structure with unknown parameters Θ to be estimated”;

In the present study, the aircraft is modeled using the Euler equations of
motion for a rigid body. Part of this is the aerodynamic model with its
structure described in Appendix A.1.2, and with the unknown parameters
(the aerodynamic derivatives) shown in Table 4.

2. ”Observations, or measurements, z”;

The measurements come from different sensors mounted on the aircraft:
accelerometers, rate gyros, angle of attack and sideslip vanes, a pitot tube
and an altimeter. For more information regarding the measurements, see
[4].

5



Figure 4: Definition of positive angular rates and moments in the
body-attached axes.

δc

δar

δal

δrl

δrr

δnyδnz

δa = δar−δal
2

δe = δar+δal
2

δr = δrr+δrl
2

Figure 5: Control surfaces and thrust vectoring definition. The pos-
itive deflections are indicated by arrows.
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Figure 6: GFF model aircraft, 13% scale. Courtesy of FLUMES/LiU.

3. ”A mathematical model for the measurement process”;

This model consists of all equations that allow the transformation from
the state variables into the signals at sensor positions. For example, if
the aircraft has a pitching moment, the angle of attack experienced at
the vane mounted on the nose boom is different from the one felt at the
center of gravity due to the body rotation. These equations can be found
in Appendix D in [8] and rewritten in [7].

4. ”Assumptions about the uncertainty in the model parameters Θ and the mea-
surement noise v”;

The assumptions correspond to the least-squares model, as described in
[2]:

– Θ is a vector of unknown constant parameters;
– v is a random vector of measurement noise.

The above being said, a general model in the state-space has the following form:

ẋ = f (x,u,Θ) x (t0) = x0 (2)

y = h (x,u,Θ) (3)

z = y + v (4)

where the last equation indicates that the outputs y are perturbed by measurement
noise v. The function f is the right-hand side of the system of differential equations
characterizing the motion of the aircraft, where all the variables are expressed at
the center of gravity. To obtain comparable outputs at sensor positions, another
function h must be applied on the state variables obtained after solving the ODE.

The most popular two methods for parameter estimation are called equation
error and output error. Depending on how the objective function is formed in each
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case, both of them can be considered a maximum likelihood method if the func-
tion to be minimized is equivalent to maximizing the probability of observing the
measurements. However, in the present work, the noise covariance matrix usually
appearing in the objective functions is chosen arbitrary based on engineering judge-
ment, transforming the problem into a weighted least squares one. How the objective
functions are formed is going to be further explained in the following subchapters.

2.1 Equation Error Method

One of the most straightforward ways to do the parameter estimation is to use
the equations of motion to isolate the aerodynamic forces (hence the name of the
method). On the left-hand side will appear terms including the accelerations, the
rates and their derivatives which were all measured (or derived). This must be
equal to the aerodynamic model on the right-hand side in which the velocity and
flow angles are also substituted with measurements. The only unknowns are the
aerodynamic derivatives. The mathematical problem is known as a multivariate
multiple regression, or in other words a nonlinear least squares minimization, as
explained in [6]. The workflow of the method can be seen in Figure 7. The aero-

Adjusted measurements
ax, ay, az, p, q, r, α, β, V

+ control inputs

α, β, V, p, q, r

+ control surface
deflections

Aerodynamic model
Dynamics

(Euler’s equations)

+ mass properties
+ thrust vectoring

CMX , C
M
Y , C

M
Z

CMm , C
M
l , C

M
n

Compare and adjust the parameters

CX , CY , CZ
Cm, Cl, Cn

ax, ay, az, p, q, r
ṗ, q̇, ṙ

Figure 7: Equation error method workflow.

dynamic coefficients derived from measurements (left-hand side) will be indicated
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with the superscript M and can be written as follows:

CM
X =

max −Xtw

q̄S

CM
Y =

may − Ytw
q̄S

CM
Z =

maz −Ztw
q̄S

CM
m =

1

q̄Slµ

[
Iyq̇ + Ixz

(
p2 − r2

)
+ (Ix − Iz)pr −Mtw − IpΩpr

]
CM
l =

1

q̄Sls
[Ixṗ− Ixzṙ + (Iz − Iy) qr − Ixzpq −Ltw]

CM
n =

1

q̄Sls
[−Ixzṗ+ Izṙ + (Iy − Ix)pq + Ixzqr −Ntw + IpΩpq]

(5)

where IpΩp is the product between the axial moment of inertia of the turbine and
its angular velocity, considered constant. The thrust forces and moments are given
by equations (33).

At the same time, the coefficients in equations (5) can also be obtained from the
aerodynamic model. Expressed at the reference point (RP), the aerodynamic model
reads:

CL = CL0 + CLαα+ CLq
qlµ
V

+ CLα̇
α̇lµ
V

+ CLδeδe + CLδcδc

CD = CD0 +
1

πeΛ
C2
L

CY = CY0 + CYββ + CYp
pls
V

+ CYr
rls
V

+ CYδaδa + CYδrδr

CRP
l = Cl0 + Clββ + Clp

pls
V

+ Clr
rls
V

+ Clδaδa + Clδrδr

CRP
m = Cm0 + Cmαα+ Cmq

qlµ
V

+ Cmα̇
α̇lµ
V

+ Cmδeδe + Cmδcδc

CRP
n = Cn0 + Cnββ + Cnβ̇

β̇ls
V

+ Cnp
pls
V

+ Cnr
rls
V

+ Cnδaδa + Cnδrδr

(6)

To obtain the coefficients at the center of gravity in the body coordinate system,
the following transformations must be applied:

CX = −CD cosα+CL sinα

CZ = −CD sinα−CL cosα

CCG
l = CRP

l +CZ
yrpcg
ls
−CY

zrpcg
ls

CCG
m = CRP

m +CX
zrpcg
lµ
−CZ

xrpcg
lµ

CCG
n = CRP

n +CY
xrpcg
ls
−CX

yrpcg
ls

(7)

The output of equations (6) and (7) is the right-hand side in Figure 7. Because the
above equations are applied to each data point logged, an overdetermined system
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of equations is obtained (also nonlinear due to C2
L in CD). This can be solved

by building an objective function to minimize the squared differences between the
measurement-derived coefficients and the aerodynamic model-derived coefficients.
The measurement noise covariance matrix appearing in the cost function presented
in eq. (4.14) from [6] is assumed to be known and equal to a weight matrix. The
role of the weights is to compensate for the relative size of the coefficients and
eventually for repeated coefficients obtained from different sensors (e.g. if there are
2 accelerometers). The mathematical problem can be written as:

minimize
Θ

J(Θ) =
1

N

N∑
j=1

∑
i∈C

Ri
[
CMij − Cij(Θ)

]2
(8)

In (8), N is the total number of data points. All the maneuvers can be concatenated
together because there are no time-dependencies present. The set C represents
{CX1,CY 1,CZ1,CX2,CY 2,CZ2,Cm,Cl,Cn} where {CX1,CX2 . . .} were obtained
from either the first or the second accelerometer. The weight Ri corresponds to each
element in C and is the same for all data points N . The minimization is done with
respect to the aerodynamic derivatives Θ, which depending on the model employed,
are either the longitudinal, lateral, or all aerodynamic derivatives. The minimization
uses the algorithms from the Global Optimization Toolbox in MATLAB [9]. The
problem can be solved numerically with a hybrid approach consisting of a genetic
algorithm followed by a gradient descent. Alternatively, one can choose a particle
swarm algorithm instead of the genetic algorithm. A gradient-free method is also
available since the sum of least squares often becomes non-smooth, making any
gradient-based algorithm unpractical. For more information about solving non-
smooth problems in MATLAB see [10].

2.2 Output Error Method

In the output error method the objective function is built by taking the output of
the state equations and comparing it with the measurements. This means that the
aerodynamic derivatives are adjusted such that by integrating the state equations
over a period of time, the result is as close as possible to the measurements. The
workflow is similar to the equation error method, the main difference being that
now each maneuver is simulated and its output compared in order to build a cost
function. This method poses some challenges because with the passing of time the
errors accumulate (turbulence, modeling errors, noise and so on). For this reason, a
weight vector was introduced in the cost function to give more importance towards
the maneuvers’ beginning. The problem is now:

minimize
Θ

J(Θ) =
1

T

m∑
k=1

N∑
j=1

∑
i∈Y

RiQj
[
YM
ijk − Yijk(Θ)

]2
(9)

where T is the total time of all maneuvers, m is the number of maneuvers, N
is number of data points in each maneuver, the set Y contains all output variables
Y = {α,β,V . . .}, Ri corresponds to each element in Y and Qj makes the beginning
of the time sequence to weight more. The output Y is obtained by integrating over
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time the usual state equations for a rigid aircraft, modified from [7] to include the
gyroscopic moments from the engine and the thrust components on all directions,
see equations 32. The initial conditions are taken from the measured data. Letting
the initial conditions float would introduce too many unknowns when more time
segments are considered simultaneously, so they are kept fixed. The minimization
is done with respect to the aerodynamic derivatives contained in Θ. The same
optimization solver options were used as in the previous method.

2.3 Flight Path Reconstruction

Since some sensors provide redundant data it is necessary that all the information
is compatible. For example, one could integrate the accelerations provided by the
accelerometers to obtain the velocity and flow angles. These should correspond
to what the pitot tube and flow angle vanes measured. At the same time, the
accelerations may come from different accelerometers. The flight path reconstruction
aims to adjust the measured signals through biases, scale factors and time shifts
such that the kinematic equations for a rigid body hold. Other sources of errors can
be small sensor misalignments which translate into constant biases, offsets due to
temperature differences, lags when recording the data and so on. According to [2],
the typical corrections are biases and scale factors. In addition, small time delayes
are allowed, see Table 1. As shown in Figure 8, the process starts by first adjusting
the measurements. For example, the angle φ is rewritten as:

φ = Kφφ(t− τzφ) + ∆φ

Then, by using the linear accelerations and roll, pitch, yaw rates, the kinematics
equations are integrated to obtain a set of flow angles, velocity, Euler angles and
height. These values can be compared to the directly measured ones. The initial
conditions are always obtained from the measurements. This requires sufficiently
smooth signals to avoid large variations in the initial conditions when small time
shifts are applied.

In this case, an objective function is constructed by summing the squared differ-
ence between the measurements on all the data points of the maneuvers considered
(denoted by superscript M) and the integration output (from eqs. 30, see Appendix
A.1.1). The problem becomes:

minimize
Ψ

J(Ψ) =
1

T

m∑
k=1

N∑
j=1

∑
i∈Y

RiQj
[
YM
ijk(Ψ)− Yijk(Ψ)

]2
(10)

where T is the total time length of all maneuvers, m is the number of maneuvers, N
is the number of data points in a maneuver, the set Y contains all output variables
Y = {α,β,V ,φ,ψ,θ,h} and Ψ is the vector of all biases, factors and delays. The
weight Ri is associated with each output variable and ensures that all variables
have a similar relative effect on J . For example, it makes one degree numerically
as important as one meter for the variables which represent angles. This means
that the weight factors non-dimensionalize the variables such that accelerations can
be added with velocities and angles and so on. The factors Qj give more weight
to the beginning of the maneuver in an attempt to compensate for the growing

11



Measurements

α, β, V, φ, ψ, θ, h

Kinematics and
measurement eqs.

α, β, V

φ, ψ, θ, h

Compare and adjust the biases,
scale factors and time delays

ax, ay, az, p, q, r
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Figure 8: Flight path reconstruction diagram.
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drift towards the end. If more than one accelerometer exists the integration of the
kinematic equations can be done again with a new set of ax, ay, az signals and added
to (10). Once the minimization is performed, the adjusted measurements are further
used for the aerodynamic derivatives estimation.

Table 1: Overview of the applied biases, scale factors and time delays.

Sensor Variables Bias error Scale factor error Time shift error

Translational accelerometer ax, ay, az 5 — —
Rate gyro p, q, r 5 — 5

Airflow angle vanes α, β 5 5 5

Dynamic pressure sensor V 5 5 5

Integrating gyros
φ, θ 5 5 5

ψ — 5 5

Altimeter h — 5 5

2.4 Model structure identification

The above methods deal with parameter estimation for an already postulated model.
However, a few questions can be asked. Is the model suitable? Are all its parameters
unique? Is it complex enough? Can it be simplified without compromising its pre-
dictive capability? The area which deals with these questions is the model structure
identification which involves finding not only parameter values, but also which pa-
rameters should be used. Over the time a few methods have been developed. Among
them, one has been particularly successful in fighter aircraft applications and that is
multivariate orthogonal function modeling. References [11], [12], [13] show that this
method is suitable for identifying global models and is straightforward to implement.

The problems with the traditional methods is that it is not very clear what
terms to include from the power series expansion for each aerodynamic coefficient.
Because the regressors are correlated to each other, adding one or two might render
a previously included one redundant. This means that some regressors get (almost)
collinear which translates into poor estimates because the optimum parameter set
is not unique anymore. The algorithm does not know which parameter to use to
explain certain variations in the dependent variables since more of them have the
same effect. Trying a brute force of solving all possible combinations of regressors
and then selecting the most important ones could work in theory, but in practice
the problem gets too big. For example, if one considers a pool of 30 parameters, all
possible combinations equal to 230. Even if each case can be solved with a one-shot
matrix calculation, the time taken is not acceptable, so the brute force approach
drops.

Multivariate orthogonal function modeling overcomes these difficulties by or-
thogonalizing a large pool regressors. In this way, adding or removing one does
not influence each other and their ability to reduce the cost function can be inde-
pendently assessed. Once the most important orthogonal regressors are selected,
they are decomposed back in to the meaningful original regressors, thus identifying
the most important parameters. The large pool of candidates can be automatically
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generated. The following theory has been adapted from [2] to suit the present im-
plementation. Details about how the nonlinearity of C2

L had been treated are also
given.

Before continuing it is needed to clarify the terminology used in this chapter:

- The term independent variables will be used to name the state variables and
control variables on which the aerodynamic forces depend. This includes, for
example, the angle of attack α, yaw rate r, canard deflection δc and so on.

- The term regressor will be used to name an explanatory variable that enters
the regression equation and is multiplied with an associated parameter. These
one are formed from the independent variables and can be, for example, α,
α2r, δ3c and so on. The unity vector is considered a regressor because it is
formed from the independent variables to the power 0.

- The candidate pool of regressors will refer to the set of all possible regressors
that could enter the regression equation. The problem will then be to deter-
mine the most useful ones to explain the variations in the dependent variable.

Candidate pool generation

Firstly, a candidate pool of regressors or explanatory viariables is needed. Be-
cause at high angles of attack one could find higher order dependencies, the pool is
generated by including all possible polynomials (or better said multinomials) formed
from a set of independent variables (like angle of attack α, pitch rate q etc.) up to a
specified order. For example, if there are 2 independent variables α and δc and the
maximum order is 2, an expansion for an aerodynamic coefficient C might look like:

C = C01︸︷︷︸
0th order

+Cαα+ Cδcδc︸ ︷︷ ︸
1st order

+Cα2α2 + Cαδcαδc + Cδ2c δ
2
c︸ ︷︷ ︸

2nd order

(11)

For the general case, let W =
[
w1 w2 . . . ws

]
be a N -by-s matrix with each

column an independent variable. From W we are interested to generate combi-
nations of these variables up to maximum order q. The regressor matrix X =[
x1 x2 . . . xk

]
will have k columns, one for each combination generated earlier,

and N rows. Usually s ≤ k. Let r be a k-by-s matrix whose columns represent the
exponents of each independent variable and whose rows correspond to each formed
regressor. Then the j-th regressor is:

xj = w
rj1
1 ⊗wrj2

2 ⊗ . . .⊗wrjs
s with j = 1, 2 . . . k (12)

where the symbol ⊗ means element-by-element multiplication.
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r∗0 =
[exponents of s independent variables︷ ︸︸ ︷

0 0 0 . . .
] }

1 0th-order term

r∗1 =


1 0 0
0 1 0 . . .
0 0 1

...
. . .


 s 1st-order terms

r∗2 =


2 0 0
1 1 0 . . .
1 0 1

...
. . .




(s+ 1)!

2!(s− 1)!
2nd-order terms

...

r∗q =


q 0 0
q − 1 1 0 . . .
q − 1 0 1

...
. . .




(q + s− 1)!

q!(s− 1)!
qth-order terms

r =

r
∗
0
...
r∗q


 (s+ q)!

s!q!
terms up to qth-order

(13)

The matrix rk×s is formed from the sequence above. Note that the final number
of candidate regressors (candidate pool size) is:

k =
(s+ q)!

s!q!
(14)

A dependent variable z (like CL, CD etc.) becomes:

z = x1θ1 + x2θ2 + . . .+ xkθk + v

= XΘ + v
(15)

In practice, each parameter in Θ can be named after a convention. For example,
the coefficient name for αβ3q2 could be named by concatenating the independent
variable names and their exponents. In MATLAB this would be alpha1beta3q2.

The present method can be applied only to linear-in-the-parameters models be-
cause it is based on ordinary linear regression. The aerodynamic model presented
in eq. (6) has the equations for CD and CL coupled through C2

L. A decoupling is
made by substituting CL with the one obtained from measurements (using CM

X and
CM
Z from equation (5)). This is similar to how the longitudinal and lateral models

are decoupled from the 6 DOF model by using the measured data as pseudo-inputs.
Now C2

L is another regressor and can be added to the candidates pool X together
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with a parameter assigned to it. The model identified for CD will most likely be a
drag polar corrected with some other terms.

Orthogonalization

The main idea of the method is to orthogonalize the regressors in order to sep-
arate the information content brought by each one. The problem is to find a set of
orthogonal regressors P =

[
p1 p2 . . . pk

]
with the property that

pTi pj = 0 for i 6= j with i, j = 1, 2 . . . k (16)

and which generate the same subspace as the original vectors in X (having the same
linear span). Such a transformation would give:

z = Pa+ v (17)

The linear regression described by equation 17 is similar to 15, the regressors and
parameters suffering only a linear transformation. The crucial difference is that by
adding or removing a column p, the optimum values â for the other terms do not
change. The transformation between P and X is done through the upper triangular
matrix G, obtained from the QR decomposition of X:

PG = X (18)

Once the orthogonal regressors are found, the optimum values which minimize

J(a) =
1

2
(z − Pa)T (z − Pa) (19)

can be calculated with the well known ordinary least-squares solution:

â =
(
P TP

)−1
P Tz (20)

In fact, because P TP is a diagonal matrix and and its inverse is also a diagonal
matrix, the optimum orthogonal parameters become:

â =



pT1
pT2
...
pTk

 [p1 p2 . . . pk
]

−1 

pT1
pT2
...
pTk

 z

=


1

pT1 p1
1

pT2 p2
0

0
. . .

1
pTk pk



pT1
pT2
...
pTk

 z

=



pT1
pT1 p1

pT2
pT2 p2

...
pTk

pTk pk

 z

(21)
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So each optimum orthogonal parameter can be written:

âj =
(
pTj z

)
/
(
pTj pj

)
, j = 0, 1, 2, . . . , k (22)

To find the minimum objective, we substitute equation 22 back into equation 19 and
notice that âj = âTj :

2J(â) = (z − P â)T (z − P â)

= zTz − zTP â− âTP Tz + âTP TP â

= zTz − 2zTP â+ âTP TP â

= zTz − 2

k∑
j=1

zTpj âj +

k∑
j=1

âTj p
T
j pjaj

= zTz − 2

k∑
j=1

â2jp
T
j pj +

k∑
j=1

â2jp
T
j pj

which finally gives

J(â) =
1

2
zTz − 1

2

k∑
j=1

â2jp
T
j pj (23)

By including one term at a time in the sum from equation (23), the orthogonal
regressors p and their corresponding parameters â can be ordered from the most
effective in reducing J to the least effective. This reordering process must also be
applied on matrix G because PG = X must hold.

Identification

The last step consists of selecting a few orthogonalized regressors and converting
them back into original meaningful ones. One way to do this is to use a metric called
Predicted Squared Error (PSE) as the stopping rule, which is defined as:

PSE =
J(â)

N
+ σ2max

n

N
(24)

where N is the number of data points, n is the number of orthogonal regressors
retained, the first term is the mean squared fit error (MSFE) and the last term an
overfit penalty to prevent selecting too many terms. This penalty function is built
using the mean squared error for the entire set of measurements:

σ2max =
1

N

N∑
i=1

(zi − z̄)2 , z̄ =
1

N

N∑
i=1

zi (25)

MSFE will always decrease with keeping more regressors while the penalty factor
increases linearly. Equation (24) has been slightly modified to give more control over
the penalty function. A penalty multiplier factor fop was introduced to give more
control over how many terms are selected. So, the final objective is to minimize
PSE = PSE(n):

minimize
n

PSE(n) =
1

2N

zTz − n∑
j=1

â′ 2j p
′
j
T
p′j

+ σ2max

n

N
fop (26)
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where the prime factors in p′j and â′ 2j denote reordered terms. The solution to above
minimization says how many orthogonal functions should be retained, n̂. If from
the ordered regressors P ′ are retained only the first n̂, a smaller N -by-n̂ matrix P̃ is
obtained. This would correspond to a n̂-by-k matrix G̃. For all regressors included
it holds that P â = XΘ̂ (from equations (17) and (15)). Using X = PG gives the
linear regression problem which relates the original and orthogonal parameters:

P â = PGΘ̂ (27)

If in (27) are substituted the reduced matrices P̃ and G̃, the problem becomes a
rank-deficient least squares. This is because using only a subset of the orthogonal
regressors to rebuild all the original regressors produces at most n̂ linearly indepen-
dent vectors. This rank deficient problem cannot be considered ill posed because it
was intentionally obtained (by retaining only a subset of P ). The solution is to get
the vector of parameters Θ that has the minimum norm ‖Θ‖2. In implementation
this is done automatically by the backslash operator in MATLAB. The result is that
at most n̂ original parameters are non-zero, exactly what we wanted to find. A
least squares problem using only these original regressors is solved to get accurate
parameter estimates. The converted parameters from retained orthogonal functions
are not exactly the same because a little bit of information was lost when some or-
thogonal regressors were dropped. This is the reason for computing the parameter
estimation again with the original data.

This identification procedure is repeated for each equation in the aerodynamic
model separately. The same regressor pool is used for each coefficient, with the
exception of CD for which the special regressor C2

L was manually added in the
candidates pool.

Confidence intervals

Because the regressions for model identification are linear, confidence intervals
for the estimated parameters can be easily calculated. A more conservative interval
can be computed according to [14], for each parameter individually, as:

θ̂j − t α
2p
,N−p

√
σ̂2Cjj ≤ θj ≤ θ̂j + t α

2p
,N−p

√
σ̂2Cjj (28)

where

σ̂2 =
rTr

N − p
=
zTz − θ̂TXTz

N − p
(29)

Above, Cjj is the jth diagonal element of (XTX)−1. The residuals are denoted by
r, N is the number of data points, p is the number of parameters, t comes from the
t-distribution and α is the significance level. The confidence interval is 100(1−α)%.
For example, for a 95% confidence interval, α will take the value 0.05. For a large
number of data points N and p between 10-20, t is almost 3. A 95% confidence
interval signifies that if the experiment is repeated 100 times, in 95 cases the true
parameter value will fall within their respective confidence interval. It does not
mean that the true value has 95% chance to be contained within one confidence
interval, because each experiment will have a different interval (calculated for its
corresponding set of data). However, it is a rough measure of how much trust we
can have in the estimate. For more details about its interpretation, see article [15].
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3 Results

3.1 GFF parameter estimation toolbox

In this section an overview over the functionality of the toolbox is presented. To per-
form a parameter estimation, 3 files must be provided: a file containing all the mass
and geometry properties, a file with all the maneuvers in iddata format (created
with the ALAN tools from [4]) and a file with all parameters (biases and aerody-
namic derivatives). A schematic of the general workflow is shown in Figure 9 and the
interface in Figure 10. The main operations that can be performed are as follows:

• Check on different models. This functions can simulate a model on the selected
maneuvers with the specified parameter files. It is useful when wanting to
compare sets of parameters and their response against the measured data.
The same biases and factors must be in both files;

• Parameter estimation based on the model selected. The parameter file selected
acts as initial conditions for the solver. The optimized values can be either
overwritten or placed in a new file;

• Compare parameters by creating bar plots for biases, factors, delays, longitu-
dinal and lateral derivatives.

• Model structure identification using multivariate orthogonal functions. It finds
the best set of parameters from a large, automatically generated, pool of can-
didates. The identified model is displayed in the command window.

On the Settings panel several solver options can be chosen. For parallel solving the
Parallel Computing Toolbox [16] is required. The slider bar can set the population
size between 30 and 800. The next check-boxes specify the method used for the
optimizations. In the last panel the maximum order for the generated regressors
can be specified together with the overfit penalty multiplier. The interface provides
a quick access to all the functions. However, each script can be called manually
without the use of the interface. In this case, the default settings are used. A short
user manual can be found in Appendix B.

Data logged
in a flight test

ALAN

- filter
- select maneuvers

Parameter
estimation

- mass properties
- maneuvers
- initial parameters

Files needed:

Figure 9: Data flow for parameter estimation.
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Operations

Check FPR

Optimize FPR Find a new set of biases, factors, and time delays.

Check the Flight Path Reconstruction.

Check Longitudinal

Optimize Lon.

Check Lat-Dir

Optimize Lat-Dir

Check Full 6DOF

Optimize Full 6DOF

Check the Longitudinal model. 

Find a new set of Longitudinal derivatives.

Check the Lateral-Directional model. 

Find a new set of Lateral-Directional 
derivatives.

Find a new full set of aerodynamic derivatives.

Check the full 6 Degrees of Freedom model. 

Compare Parameters Select parameter files to compare.

Model Identification Identify the aerodynamic model structure.

Settings

Optimization method

Genetic Algorithm

Particle Swarm

Gradient Free

Population/Swarm size

Population: 100

Parallel processing

Default 

Parallel

Close figuresTips

Model structure identification

Downscale factor:

Maximum polynomial degree

1

1

Overfit penalty factor 1

Parameter estimation method

Equation Error

Output Error

Figure 10: Interface for the parameter estimation toolbox.

3.2 Case study: GFF

3.2.1 Flight path reconstruction

The first step before any parameter estimation is to make sure the data coming from
different sensors is compatible. Figure 11 shows an example of how the measurements
were adjusted such that the integration of accelerations and angular rates are as close
as possible to them. Note that the heading angle ψ and the height h can be set to
any initial value as reference point. This is also why they do not have an associated
bias term. The offset in the sideslip angle may come from a small misalignment of
the nose boom. In such a case the aircraft always ”feels” the relative wind from
sideways, hence the inconsistency between what the accelerometers and the flow
angle vane recorded.

3.2.2 Parameter estimation and validation

One of the most significant parameters which appear early in the design phase
and are used to calculate range and endurance performances are the drag-related
coefficients. For this reason, the lift-drag polar must be accurately determined and
is one of the first results to look at. In Figure 13, the initially guessed and identified
drag curves are compared against the measurements. The corresponding values are
given in the Table 2. In Figure 12 the curve fit shows that the flight experiment was
done in the linear region of the lift coefficient.

To compare different models, two concepts from machine learning are used. A
training data set consists of all maneuvers selected for the training of the models.
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Figure 11: One of the maneuvers used for flight path reconstruction. The large offset
in sideslip angle might indicate a misalignment of the nose boom.

Table 2: Zero-lift drag coefficient and Oswald
factor estimation (equation error method).

CD0 e

Initial 0.020 0.70
Estimated 0.025 0.45
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Figure 12: Lift coefficient vs. angle of
attack. The linear approximation holds
well for all tested angles of attack.
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Figure 13: Drag polar obtained with the
equation error method versus the previ-
ous knowledge about GFF.

Then, the models are simulated on a test data set, consisting of a few previously
unseen maneuvers. In this way, their predictive ability is checked. A comparison
between the equation error and output error methods is made in Figure 14 for the
longitudinal model. Both methods give very good predictions for all variables with
the exception of the x-accelerations.

For the lateral model, the performance on a test maneuver is shown in Figure
15. Since the flight experiment did not include lateral motions, the training data
was not adequate and the parameter identification suffered. In this case the output
error method performs better.

For further verification and validation of the implemented methods, the examples
provided together with the book [6] are adapted to the GFF case and considered
as benchmark. Because in these examples the objective function to minimize corre-
sponds to the maximum likelihood estimator, the results are expected to be slightly
different. In Figures 16 and 17 the parameter estimations from all methods are put
together. For the longitudinal part we notice that the methods agree in general,
which the exception of Cmα̇ . This disagreement may come from what flight seg-
ments were selected for identification and how much relevant information for Cmα̇
was available. For the lateral derivatives the discrepancies are large, showing that
the methods are sensitive to the input data.

3.2.3 Model structure investigation

The previous results use the generic model given in Appendix A.1.2. One could
ask if there is any significant parameter omitted but relevant to this particular
aircraft. To check this, two model structure identifications were performed. The
first one considered only the longitudinal coefficients and variables and was done on
the longitudinal training maneuvers. The second identification was done on the 6
DOF training maneuvers to determine if there are any coupling terms in the lateral
variables. Recall that the regressions are linear and independent from each other,
so only the lateral coefficients can be taken into account. The penalty factor was
arbitrarily increased to 10 and 30 for the two cases to be conservative with the
number of parameters selected. The extra regressors to be added to the current
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Figure 14: Comparison between the 2 parameter estimation methods (equation error
and output error, longitudinal model) on a test longitudinal maneuver. Both models
were trained on the same data.
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Figure 15: Comparison between the 2 parameter estimation methods (equation error
and output error, lateral model) on a test lateral maneuver. Both models were trained
on the same data.
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Figure 16: Longitudinal parameter estimates using the present implementation (least-
squares approach) versus the scripts provided in [6] (maximum likelihood approach)
as benchmarks. IC refers to the initial conditions when integrating over time. In the
present method they are kept fixed.
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Lateral Derivatives

N
on

-d
im

en
si

on
al

 d
er

iv
at

iv
es

 [-
]

6DOF, Equation error - Benchmark
6DOF, Output error
6DOF, Output error - Benchmark, fixed IC
6DOF, Output error - Benchmark, free IC
6DOF, Equation error
LAT, Equation error
LAT, Output error

Figure 17: Lateral parameter estimates using the present implementation (least-
squares approach) versus the scripts provided in [6] (maximum likelihood approach)
as benchmarks. IC refers to the initial conditions when integrating over time. In the
present method they are kept fixed.
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Table 3: New regressors added to form the
extended model. Maximum polynomial de-
gree was 3. CL remained unchanged.

CD Cm CY Cl Cn

α α2 δe δe α

δe α3 δc β̇ δc
δc δ3c α2 αβ α2

αδe δ2c αδ2c αδc
δeδc δ3c δ2c
δ2c δ3c

2 4 6 8 10 12 14
Number of orthogonal regressors included
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Figure 18: Minimization of the predicted
squared error for the drag coefficient in-
dicating how many regressors to keep.
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Figure 19: Minimization of the predicted
squared error for the pitching moment
coefficient.

model are given in Table 3. Figure 25 shows the selected regressors for Cm and their
estimated value together with a 95% confidence interval. Usually, the higher order
terms are trusted less (they have wider confidence intervals). No modification was
suggested for CL, indicating that the current expression was already good enough.

In Figures 18 and 19 the minimization of the predicted squared error (PSE) for
CD and Cm is shown. The penalty multiplier increases the slope of the overfit line,
practically moving the PSE minimum to the left, specifying a smaller number of
regressors to keep.

In Figure 20, the new modified drag polar is presented against the old one. Notice
that the negative CL region is better captured. Overall it also covers a larger area
of the experimental domain. These improvements can be better seen in CX (which
is almost −CD) in Figure 21. The large variations in drag are better explained with
the new model. The pitching moment also improved its curve fit on the training
data (Figure 22), although not as much as the drag did. In the time domain, these
refinements can be seen in the x-accelerations. For example, Figure 23 shows that on
a training maneuver the new model better predicts the accelerations in x-direction.
The minimum objective function on the training data for the output error in the
longitudinal case dropped by almost 50%. The test maneuver was not significantly
affected so it is not shown here.

One other result to observe when investigating the model structure are the residu-
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Figure 20: The new suggested expression for drag covers
a wider range of values since it is not limited to a perfect
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Figure 22: The pitching moment is also improved in
some regions of the training set.

als (Figure 24). These are the differences between the predictions and measurements
and often indicate how well the identified model captures the deterministic part of
the signal. If the residuals are randomly scattered around 0 it means that only the
noise was left unmodeled. However, if a pattern can be observed, it means that
there is a systematic error and the model is not sufficient. In the case of CD and
Cm, in general, the residuals can be considered randomly distributed.

3.2.4 Possible issues

Several pitfalls showed up during the gathering of results. It is worth mentioning
what happens when the parameter estimation is done on short maneuvers with
insufficient information content. In Figure 27 can be noticed that if there are not
enough data points for the equation error method, the optimization might mistakenly
try to fit the large, incorrect, variations of the coefficients. This happens because
the differences to be minimized are squared, which means that large offsets weigh
more than the small offsets. This is reflected in Figure 28 where the drag polar tries
to approach the far away data points.

Another issue is related to the model identification on maneuvers which are noisy
and with little content to be identified. For example, in Figure 29, it can be seen
that no matter how many regressors are retained, the mean squared fit error does
not drop. This is a sign that the model has difficulties to fit the experimental data.

A possible problem was also detected with the flight path reconstruction. If the
maneuvers are not representative for the rest of the data, the small time delays might
shift too much the measurements. This creates a large discrepancy between the
control inputs, which are not affected by any bias, and the observed variables which
are shifted. The problem is that this issue arises only later in parameter estimations
when the control inputs are used. A solution would be to remove completely the
time delays from the process, since the signals already come aligned to a master
clock from the ALAN tools.
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Figure 27: Longitudinal optimization
(equation error) done on a few short ma-
neuvers. Inappropriate selection of ma-
neuvers and too few time samples leads
to erroneous data fit.

Figure 28: The result of longitudinal op-
timization (equation error) done on a
few short maneuvers. When there are
few points the method is sensitive to out-
liers.
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flat.
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4 Discussion

4.1 Equation error method

This method requires no integration of ODEs so it is very quick and can be applied on
large data sets. The disadvantage consists of not actively utilising all the information
available: for example the altitude does not appear anywhere in the equations (5)
(but it was accounted for in the corrections of the data through the flight path
reconstruction). This method can often be used as an initial solution for the output
error method since it provides reasonable results in a short time. It is also not
affected by convergence issues when the initial guess is poor.

As explained in [17], especially for this method, a significant bias can be present
in the estimates due to either too many or too few parameters in the model or
due to noise in the independent variables. The signals from the accelerometers are
corrected to account for sensor position relative to the center of gravity through
equations (31), which contain the angular accelerations. Since these are obtained by
differentiating the angular rates, they can be extremely noisy and corrupt the linear
accelerations and in turn affect the estimates. This puts emphasis on the necessary
preprocessing step of filtering the data and smooth-differentiating the angular rates.
Attention must also be paid to selecting maneuvers from which the aerodynamic
derivatives can be extracted. This means that care must be taken when designing
maneuvers, for example to avoid the common issue with the correlation between the
angle of attack derivative and pitch rate which often have the same signal shape,
both representing damping in the pitch motion. A few decorrelation techniques are
presented in [18].

4.2 Output error method

One important observation is that the simulations tend to drift away from the mea-
surements after a few seconds. This is produced by all the unmodeled effects like
air turbulence, unsteady aerodynamics, nonlinear couplings between longitudinal
and lateral modes. A measurement noise is also known to produce drifts when it
is integrated. Consequently, it is recommended to prepare many short maneuvers
(of about 3-4 seconds each) rather than few long ones. The longitudinal model is
the most robust and can accurately predict 8-10 seconds ahead. The lateral and
6 DOF models work best in the first 3-4 seconds. Trying to predict very lengthy
maneuvers deteriorates the parameter estimations and the aerodynamic derivatives
are no longer realistic. For example, if the results of optimization are flat signals, it
means that the solver mistakenly overestimates the aerodynamic damping to avoid
large drifts towards the end of maneuver. This might be a sign that the maneuver
is too long.

One attempt to overcome this issue is to sacrifice the initial conditions by let-
ting them free in the favour of an overall better response fit. Letting the initial
conditions float has 2 main disadvantages. The first one is that the computational
burden increases considerably if more time segments are selected, each maneuver
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bringing more unknowns in the optimization. The second disadvantage is the risk
that the initial conditions might depart too much from the measurements if later in
the maneuver one signal drifts too much. This might affect other variables, thus not
necessarily solving the drift issue. Whereas if short time segments with fixed initial
conditions are used, the simulated signal is basically recalibrated to the measure-
ments once in a while. This is comparable to how an artificial stabilization would
work by feeding back the error between the simulation and measurements, but only
once in a few seconds.

4.3 Model structure identification

A few observations must be made about the multivariate orthogonal functions mod-
eling. The size of the candidates pool is limited in this case by the total information
contained in the maneuvers. If too many terms are included, the higher order terms
become correlated with the lower order terms, thus making the regressor matrix
linearly dependent (or almost). This may cause problems for the orthogonalization
process because it assumes that the starting set of vectors are linearly independent.
Using the function qr in MATLAB is recommended because the algorithms behind
are more stable than the classical Gram-Schmidt orthogonalization method for ex-
ample. The confidence intervals in Figure 25 show that usually higher order terms
are more difficult to accurately identify since they bring less new information to
explain the dependent variable.

Sometimes not even higher order terms are helpful as in the case of the yaw
moment coefficient Cn (Figure 29). If there is too little deterministic signal to be
identified it is not clear what regressors to retain. This is indicated by the flat
region in PSE around the minimum. Compare to Figures 18 and 19 where the
minimum point is much clearer defined. A non-unique minimum objective indicates
collinearity in the explanatory variables. This means that two parameters can have
more than one set of pairwise values and create the same dependent variable. This
leads to identifiability issues because the new terms, being redundant, do not add
any new information to explain the variations in the dependent variables. This
aspect is related to how the PSE function is built, see equation (24). The noise
(including the process noise like air turbulence) is detrimental to model structure
identification because it increases the mean squared fit error compared to the overfit
penalty function, increasing the number of regressors to retain. On the other hand,
large amplitude, predictable variations in the dependent variable do not increase
MSFE (because they are predictable by the model) but they increase the penalty
function by having data points farther away from the mean (large amplitude) so a
higher σ2max. This leads to the important observation that for a good model structure
identification it is necessary to have large amplitude, explainable, variations in the
aerodynamic coefficients.

4.4 Implementation and interface

With the interface created it is quite easy to combine different methods with dif-
ferent models and create different parameter files. Because the geometry and mass
properties are supplied every time, the code can be used for other aircraft as well
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and new aerodynamic models can be tried, as long as the maneuvers format does
not change. The interface facilitates the access to different scripts. However, there
are limitations to what can be done. For example, modifying a formula in the
aerodynamic model’s m-file becomes very difficult to do through an interface, while
a manual modification is quite fast. This is the reason for not implementing an
interface to actively select parameters.

4.5 Case study: GFF

Regarding the performance of the models, it can be said that as long as there is no
lateral motion, the longitudinal model can accurately predict a maneuver 6-8 seconds
in advance. Figure 14 also demonstrates that both equation error and output error
methods give a similar response. However, for a complete motion of aircraft, the
simulations in Figure 26 indicate that the lateral motion is not well captured. This
might be due to the fact that the lateral variables contain a higher level of noise-
to-signal ratio. This might be the case because no experiment was designed for the
lateral motion when the flight campaign was conducted. For example, in the case of
sideslip angle, if its normal range during a flight test is ±3°, a perturbation of ±1°
appears much larger than a perturbation of ±1° for the angle of attack which varies
between −5° and 13°. To asses the performance of the lateral part of the model, the
variables should be specifically excited to larger amplitudes as to minimize the air
turbulence effects. This could also be thought from the opposite way: if the goal
would be to detect all the small disturbances in the air, one should fly as smooth
as possible. In this way all deviations would be known to be caused externally. So,
the motion should be dictated as much as possible by the inputs to minimize the
relative importance of air turbulence. The recommendation for the next flight tests
is to actuate all control surfaces and have a larger amplitude in motions, but not as
much as to violate the aerodynamic model assumptions, i.e. quasi-steady flow, no
lag effects, no major separations etc.

The model structure investigation revealed several possible parameter candi-
dates, some of them acting as correction terms for the drag polar. The fit of the
training data was successfully improved (as shown in Figures 21 and 22) while on
the longitudinal test maneuver no significant change was noticed. This is due to
the fact that the selected test maneuver was already well described by the existing
parameters. Not the same things can be said about the lateral part, where the
attempt of extending the model resulted in a worse performance on the 6 DOF
test maneuver (Figure 26), although the objective function on the training data de-
creased. This is a typical case of an overfitted model which fails to fit additional
data despite containing many parameters. The overfitting occurred due to the lack
of information about the lateral motion, as explained in §4.3. The reason why CL
was correctly identified and thus no modification was needed to its expression is that
it respected the requirement for a good model structure identification. It also fulfils
this condition the easiest since some pull-up and pull-down maneuvers are enough.
They include variations in all regressors (angle of attack, command surfaces) and
can also produce large amplitudes in CL (large compared to disturbant factors such
as noise).

A few usual problems were mentioned in the previous chapter. Only a few maneu-
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vers (of several seconds duration) are insufficient for a correct parameter estimation.
Data outliers can be produced by air turbulence and can have a great impact on the
parameter estimation if not enough samples are included. In general, the output
error method extracts more information from a time segment due to the fact that
it takes into account the time evolution of variables and includes all the possible
measured signals. Still, the general rule of thumb for parameter estimation applies:
”if it is not in the data, it cannot be estimated” [6]. This means that enough distinct
information must be available to avoid identifiability problems.

Regarding the future work, one could think about ways to overcome the present
limitations. For example, more advanced filter error methods can take into account
the process noise and give more accurate estimates. Furthermore, a sensor fusion
technique could replace the flight path reconstruction step and provide a reliable
state estimation using the information from all sensors simultaneously. Lastly, a
more advanced method for nonlinear model structure identification could be used
(the present one is linear in the parameters).
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5 Conclusions

A flexible interface was created in MATLAB for parameter estimation. The ALAN
tools must be used for preprocessing (signal smoothing and exporting maneuvers).
Once the aerodynamic derivatives are estimated, the models can be used for simu-
lations, control law design or other applications. Scripts for parameter comparisons
and simulations were also written. A system identification method using multivari-
ate orthogonal functions correctly indicates the most important parameters. The
condition for the aerodynamic coefficients is to have large and predictable variations.

The results showed that the longitudinal model can simulate very well purely
longitudinal motions. For the lateral model, the output error method is better at
extracting information about parameters from the maneuvers, but simulations are
not as good as in the longitudinal case. In the full 6 DOF case, an attempt to
extend the model structure resulted in overfitting the training data and worsening
the performance on the test flight segment. It can be said that all methods are
sensitive to input data, so care must be taken in the preprocessing step.

The implemented least-squares approach showed similar results to the maximum
likelihood method implemented in [6]. However, the validation was successfully
concluded only for the longitudinal motion, the flight test available not containing
any lateral information.

The improvements for the framework should deal with the present limitations.
Ordered after importance in a descending manner, future work could be:

• perform a new flight test to get more experimental data and complete the
validation;

• implement a data fusion technique or a nonlinear state estimator;
• include more advanced methods for parameter estimation, like the filter error

method;
• implement a more sophisticated model structure identification algorithm, pos-

sibly nonlinear.
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A Appendix

A.1 GFF State Space Models

A.1.1 Flight Path Reconstruction (FPR)

The kinematic equations used for the flight path reconstruction are reproduced here
from [8].

u̇ = −qw + rv − g sin θ + ax

v̇ = −ru+ p+ g cos θ sinφ+ ay

ẇ = −pv + qu+ g cos θ cosφ+ az

φ̇ = p+ q sinφ tan θ + r cosφ tan θ

θ̇ = q cosφ− r sinφ

ψ̇ = q
sinφ

cos θ
+ r

cosφ

cos θ

ḣ = u sin θ − v cos θ sinφ− w cos θ cosφ

(30)

In the above system of ODEs, ax, ay, az and p, q, r are known functions of time and
have already been biased, scaled and shifted. Note that expressing the accelerations
at the center of gravity requires the derivatives of p, q, r which are obtained by a
smooth derivation. The accelerations at CG can be calculated with the formulas
(D.2.2) in [8] which read:

aCGx = axa + (q2 + r2)Xa − (pq − ṙ)Ya − (pr + q̇)Za

aCGy = aya − (pq + ṙ)Xa + (r2 + p2)Ya − (rq − ṗ)Za
aCGz = aza − (pr − q̇)Xa − (qr + ṗ)Ya + (p2 + q2)Za

(31)

where Xa, Ya, Za is the position of the accelerometer relative to CG and axa, aya, aza
are the readings from the sensor.

A.1.2 Aerodynamic Models

There are three models: longitudinal, lateral and 6 degrees of freedom. The lon-
gitudinal and lateral models are created from the 6 DOF by treating either the
lateral and longitudinal state variables as pseudo-input variables, thus simplifying
the equations. The aerodynamic models in each case are built on the same idea. In
Table 4 the first three rows correspond to the longitudinal part and the last three to
the lateral part. Note that the aerodynamic models are expressed at the reference
point (called RP) while the state variables are expressed at the center of gravity. A
conversion is necessary for the angle of attack and sideslip and their derivatives and
for the moment coefficients. This is done by computing the velocity components
with relations (8) in [7] and then calculating back the flow angles.

The model in Table 4 is slightly changed from its previous version from [7].
The thrust vectoring components were eliminated because they were accounted in

43



the thrust components (see eqs. (33)) and because they do not change the external
geometry of the airplane like a command surface does.

Table 4: Overview of the aerodynamic derivatives. With the exception of the drag
coefficient, all the other coefficients include the corresponding derivative with their
counterpart in the column header. For the drag there are only 2 parameters, CD0

and the Oswald factor e. The variables with a time component (p,q...) are non-
dimensionalized with a reference length and velocity.

1 α β p q r α̇ β̇ δa δc δe δr

CL CL0 CLα CLq CLα̇ CLδc CLδe
CD CD0 + 1

πeARC
2
L

Cm Cm0 Cmα Cmq Cmr Cmα̇ Cmδc Cmδe

CY CY0 CYβ CYp CYr CYδa CYδr
Cl Cl0 Clβ Clp Clr Clδa Clδr
Cn Cn0 Cnβ Cnp Cnr Cnβ̇ Cnδa Cnδr

A.1.3 State Equations

The state equations were modified from their previous implementation to include the
thrust vectoring components separately from the aerodynamic forces. Furthermore,
the gyroscopic moments given by the rotating turbine were also included because
the engine’s RPM was known. The equations read:

ṗ =
1

IxIz − I2xz

[
(Ix − Iy + Iz) Ixzpq −

(
I2xz + I2z − IyIz

)
qr +

+ q̄Sls
(
IzC

CG
l + IxzC

CG
n

)
+ IzLtw + IxzNtw − IxzIpΩpq

]
ṙ =

1

IxIz − I2xz

[(
I2xz − IxIy + I2x

)
pq − (Ix − Iy + Iz) Ixzqr +

+ q̄Sls
(
IxC

CG
n + IxzC

CG
l

)
+ IxzLtw + IxNtw − IxIpΩpq

]
φ̇ = p+ q sinφ tan θ + r cosφ tan θ

ψ̇ = q
sinφ

cos θ
+ r

cosφ

cos θ

v̇ = − ru+ pw + g cos θ sinφ+
q̄S

m
CY

q̇ =
1

Iy

[
q̄SlµC

CG
m +Mtw − Ixz

(
p2 − r2

)
+ (Iz − Ix) pr + IpΩpr

]
θ̇ = q cosφ− r sinφ

u̇ = − qw + rv − g sin θ +
q̄S

m
CX +

1

m
Xtw

ẇ = − pv + qu+ g cos θ cosφ+
q̄S

m
CZ +

1

m
Ztw

ḣ = u sin θ − v cos θ sinφ− w cos θ cosφ

(32)
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with the initial conditions

p(0) = p0 q(0) = q0

r(0) = r0 θ(0) = θ0

φ(0) = φ0 u(0) = u0

ψ(0) = ψ0 w(0) = w0

v(0) = v0 h(0) = h0

obtained from the measurements for each time segment. The aerodynamic coeffi-
cients are given by eqs. (6) and (7) and thrust components by eqs. (33).

Xtw = Fcosδnycosδnz

Ytw = Fsinδnz

Ztw = −Fsinδnycosδnz
Mtw = Xtwztwcg − Ztwxtwcg
Ntw = Ytwxtwcg −Xtwytwcg

Ltw = Ztwytwcg − Ytwztwcg

(33)
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B Short User Manual

This user manual gives a short overview about the toolbox functionality through 3
examples. The first example explains how to perform a simple optimization while
the second example shows how to use the model structure investigation routine.
Lastly, the third example shows how to implement the new model and use it in a
new parameter estimation.

B.1 Example - FPR Optimization

To perform any optimization, 3 files are needed. One file to specify the mass and
geometrical properties, one file with the maneuvers exported by ALAN tools, and
a file with the system’s parameters. Consider Figure 8. The steps are detailed as
follows:

1. Firstly, open MATLAB and set the current folder to the one containing the
fig-file and m-file called SystId;

2. Open SystId.m;

3. Run SystId.m;

4. After the interface is opened, choose the particle swarm algorithm. FPR
needs a constrained algorithm because the time delays cannot go more than 10
timesteps. The particle swarm algorithm has the boundaries defined in each
...optim.m file;

5. Lower the population size to speed up the optimization;

6. Choose ”Optimize FPR”;

7. A window appears asking for mass and geometry properties. Go to the location
of this file;

8. Choose the mat-file containing the mass and geometry properties;

9. Click ”Open”;

10. Repeat steps 7,8,9 for the maneuvers file and parameters file;

11. After the optimization is finished a window will appear to ask whether the
new parameters should be saved or not;

12. Save the parameters in a new file with an informative name;

The above steps are valid for any optimization button. The initial parameters se-
lected always play the role of initial guess for the minimization. When saving, it is
possible to overwrite the existing file. The alternative is to save everything in a new
file (which will copy the old, unused, parameters).
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Figure 30: Basic steps valid for any optimization option.

B.2 Example - Model Structure Investigation

To perform a model structure investigation, again the 3 files are needed: mass
properties, maneuvers and parameters (only for the biases). Additionally, the inde-
pendent variables used to build the candidate regressors pool must be checked. This
is done in the file called eqerroptimModId.m. The steps in Figures 31 are detailed
as follows:

1. Firstly, open eqerroptimModId.m;

2. Check or modify the independent variables to generate the regressor pool.
Beware that this must be done corresponding to the model used (longitudinal
- LON, lateral - LAT or six degrees of freedom - 6DOF);

3. Name each variable with a short name, to be able to identify the parameters
later. Optionally, one can check if C2

L is included in the regressor pool for CD,
further in the code (not shown in this example);

4. Set a downscale factor to reduce the input data. This option is only needed
for very large data files. For now, leave it as 1;

5. Enter the maximum order of polynomials to be included as candidates;

6. Increase the overfit penalty factor to reduce the number of parameters identi-
fied (more conservative). The default value is 1;

7. Select the model structure identification operation;
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Figure 31: Steps required to perform a model structure investigation.

8. Provide the mass properties, maneuvers and biases;

9. After the optimization is finished, read the results in the command window;

10. Investigate the plots, compare and judge if the derivatives should be added in
the model or not.

B.3 Example - Optimization with a modified

aerodynamic model

In this example will be explained how to modify an aerodynamic model and how
to use it in a new optimization. Firstly, the new model structure must be written
in AERO MODEL sixDOFvec.m. It is recommended to use a syntax of the form Cm =

Cm + ... to be able to easily comment or uncomment the newly introduced terms.
Secondly, the extra derivatives must be mentioned in the variable testderiv in
sixDOFoptim.m. The steps in Figure 32 are detailed as follows:

1. Firstly, open sixDOFoptim.m (or sixDOFeqerroptim.m if the optimization is
done with the equation error method);
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2. Open AERO MODEL sixDOFvecModId.m;

3. Build a new or an extended aerodynamic model. The orange arrows indicate
where to perform modifications. The derivatives are stored in the structure
called derivst;

4. Write the names of all extra derivatives in the testderiv array. Divide them
in groups for readability;

5. Set the solver. The gradient free method usually works well;

6. If other solver was selected it is a good idea to reduce the population size, for
a faster convergence;

7. Select the parameter estimation method according to what optim.m file was
modified;

8. Select the optimization operation;

9. Provide the mass properties, maneuvers on which to perform the optimization
and an initial parameter file. All derivatives not found in the parameter file
will be assumed 0.

10. After the optimization is finished, save the new estimates in a different param-
eter file.
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Figure 32: Steps required to run a parameter estimation with a new model.
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