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Abstract

Recognition of physical and mental responses to stress is important for stress assess-
ment and management as its negative effects in health can be prevented or reduced.
Wearable technology, mainly using electroencephalogram (EEG), provides informa-
tion such as tracking fitness activity, disease detection, and monitoring neurological
states of individuals. However, the recording of EEG signals from a wearable device
is inconvenient, expensive, and uncomfortable during normal daily activities. This
study introduces the application of tensor decomposition of non-EEG data for visu-
alizing and classifying neurological statuses with application to human stress recog-
nition. The multimodal dataset of non-EEG physiological signals publicly available
from the PhysioNet database was used for testing the proposed method. To visu-
alize the biosignals in a low dimensional feature space, the multi-way factorization
technique known as the PARAFAC was applied for feature extraction. Results show
visualizations that well separate the four groups of neurological statuses obtained
from twenty healthy subjects. The extracted features were then used for pattern
classification. Two statistical classifiers, which are the multinomial logit regression
(MLR) and linear discriminant analysis (LDA), were implemented. The results show
that the MLR and LDA can identify the four neurological statuses with accuracies
of 95% and 98.8%, respectively. This study suggests the potential application of
tensor decomposition for the analysis of physiological measurements collected from
multiple sensors. Moreover, the proposed study contributes to the advancement of
wearable technology for human stress monitoring. With tensor decomposition of
complex multi-sensor or multi-channel data, simple classification techniques can be
employed to achieve similar results obtained using sophisticated machine-learning
techniques.

Keywords

Stress assessment; physiological signals; biosensors; tensor decomposition; feature
visualization; machine learning.
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1 Introduction

1.1 Background

Recent advances in mobile health have demonstrated great potential to benefit
sensor-based technologies for quantitative, remote monitoring of health and disease,
particularly for diseases affecting motor function and stress monitoring and man-
agement. Such appoaches have been introduced using wearable sensors by means of
smartphones and consumer wearable. Typical responses provided by wearable tech-
nology include cardiorespiratory function, movement patterns, sweat analysis, tissue
oxygenation, sleep, emotional state, and changes in cognitive function [1]. These
biomedical devices not only provide the ability to measure much more detailed dis-
ease phenotypes but also provide the ability to follow patients longitudinally with
much higher frequency than is possible through clinical examinations. However, the
conversion of sensor-based data streams into digital biomarkers is complex and no
methodological standards have yet evolved to guide this process [2].

While wearable sensors are found useful by making their users healthier by providing
monitoring for heart attacks, signs of stroke, and measure and control insulin levels
for diabetics [3], most wearable devides are EEG-based. The collection of EEG sig-
nals with commercial instruments can be expensive and cause discomfort to the user
or be impractical from the standpoint of daily activities [4, 5]. For this reason, the
development of non-EEG wearable devices for health assessment is desirable. These
devices provide non-EEG physiological signals to assist in monitoring different neu-
rological status (the non-EEG signals include heart rate, skin temperature, skin
conductance, and arterial oxygenation as in this study). After the measurement of
physiological signals, an important task is to be able to analyze these raw data that
are likely to be of multiple arrays provided by multiple sensors. Many techniques
have been developed and applied for stress recognition using sensor data. Some
recently introduced techniques are the extraction of many features and the use of
classifier ensembles for multimodal stress detection [6], support vector regression of
wavelet packet decomposition and bi-spectrum analysis feature for stress recognition
[7], support vector machines and decision fusion for stress recognition using physio-
logical signals and reaction time [8], discrete wavelet transform and emprical mode
decomposition of physiological signals for stress recognition [9]. A recent review of
methods for emotion recognition using physiological signals can be found in [10].
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Chapter 1 Introduction

1.2 Motivation

Being motivated to investigate a useful method for the visualization and recognition
for neurological status for human stress monitoring and management in a practical
setting, this study introduces the implementation of tensor decomposition for ex-
tracting features from sensor data of multi-way array, which can be effectively used
for feature visualization and pattern classification.

Tensors are multi-way arrays, which are a generalization of vector-based (one-way)
and matrix-based (two-way) data representations. The concepts of tensor analysis
has long been developed [11] but only become increasingly popular since the last
decade. This is because of the advancement of computer hardware that allows the
storage of much larger memory and computational speed [12, 13, 14, 15, 16]. It has
been reported that tensor decomposition can offer much better power and flexibility
in modeling multi-dimensional data for extracting useful features for pattern analysis
than vector-based or matrix-based methods [15]. A very natural applications of
tensor decomposition is the analysis of multi-sensor or multi-channel data that have
been investigated in medicine and health [17, 18, 19, 20, 21].

In the last decades, there have been many reports about tensor decomposition for
processing and analyzing EEG signals [16]. However, there was no study of tensor
decompositon of non-EEG signals for visualization and classification of neurologi-
cal status yet. The interest in tensor decompositon has expanded originally from
the field of mathematics, psychmetrics and chemometrices for multi-way analysis
[16] to other fields such as signal processing [22], numerical linear algebra [23],
computer vision [24], data mining [25], graph analysis [26], neuroscience [27], and
machine learning [28, 32]. Because of the increasingly successful applications of
tensor dcomposition for multi-way data analysis, this thesis explores the use of ten-
sor decomposition of non-EEG signals recorded from multiple sensors for studying
neurological status and compare the application of this approach to those having
recently reported in literature using the same data set as reported in [4, 5]. Such an
exploration is expected to contribute to the state-of-the-art data analysis in biomed-
ical informatics.

1.3 Objectives

Multi-way data analysis is an extension of two-way data analysis to higher-order data
[48]. The conventional approach when dealing with multi-way data is to reformat
the data into two-way data (i.e. unfolding the data into matrix) then use classical
two-way analysis to examine the data structure. However, it has been shown that
the flattened view of the data may not accurately capture the underlying correlation
between variables in multi-way data [15]. Therefore, to capture multiple interactions
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1.4 Outline of the thesis

in multi-way data, the multi-way analysis is needed. The advantage of multilinear
algebra and the increasing computational power of computers have motivated the
development of such techniques.

The data used in this thesis is publicly accessed at the PhysioNet database [44].
This data consist of the records of physiological signals collected with seven sensors.
These signals are used to infer four human neurological statuses: relaxation, physical
stress, cognitive stress and emotional stress. The data are represented as a three-way
array, which will be described in chapter 2.

The goals of this thesis are divided into two parts: visualization and classification.

The first goal is to extract the hidden structures of the data using a multi-way
analysis technique called the PARAFAC for the visualization of various neurological
statuses. The PARAFAC used for extracting features of multi-way data is known
as tensor decomposition or factorization. The results are compared with the work
of Birjandtalab, et al. [4]. To be able to make a fair comparison, the data are
preprocessed in a similar manner as described in [4]. Two methods are used to
evaluate the visualization results: 1) subjective evaluation by visual comparison
with the published work, and 2) cluster analysis using the fuzzy c-means algorithm.

The second goal is to use the features extracted from the tensor decomposition to
train two linear classifiers: the multinomial logit regression and linear discriminant
analysis. The results are then compared with more sophisticated classifiers such as
the Gausian mixture model and feed-forward neural network, which were reported
by Birjandtalab et al. [4] and Cogan, et al. [5], respectively.

In summary, the aims of this thesis are to investigate:
1. If the use of tensor decomposition of non-EEG time series would provide an

effective way for visualizing factors of different conditions of neurological sta-
tus.

2. If the use of simple machine learning techniques trained with the tensor-
decomposition features would provide better classification of different condi-
tions of neurological status using non-EEG time series than more sophisticated
classifers trained with other features.

1.4 Outline of the thesis

The rest of this thesis is organized as follows. Chapter 2 describes a public database
of the PhysioNet for testing the proposed study. Chapter 3 introduces tensor no-
tation and lays out the design of tensor decomposition of non-EEG physiological
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Chapter 1 Introduction

signals for various neurological statuses. Chapter 4 presents the results and discus-
sions including comparisons with other methods for data visualization and pattern
classification using the same dataset. Chapter 5 summarizes of the findings and
suggests some ideas for further study.
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2 Data

In this chapter, the first three sections describe a dataset used for testing the pro-
posed tensor decomposition for visualizing and classifying human stress status. The
concept of tensor decomposition is presented in Chapter 3. The last section is a
statement of ethical considerations.

2.1 Data source

A dataset, a non-EEG biosignals dataset for assessment and visualization of neu-
rological status, was used in this study. This dataset is publicly available from the
PhysioNet website [44].

2.2 Raw data

The data contain records of non-EEG physiological signals of 20 volunteer college
students (14 males, 6 females, age range from 22 to 33 years), which were collected
at Quality of Life Laboratory at University of Texas at Dallas. The collected signals
were used to infer the subjects neurological status including physical stress, cognitive
stress, emotional stress and four relaxation sessions.

To be able to distinguish responses of different type of stress statuses, each subject
was asked to performed seven stages of exercises in order. They are described as
follows:

1. First relaxation: Recorded for 5 minutes.
2. Physical stress: Standing for 1 minute, walking on a treadmill at one mile per

hour for 2 minutes, then walking or jogging on the treadmill at three miles per
hour for 2 minutes.

3. Second relaxation: Recorded for 5 minutes.
4. Cognitive stress: Counting backwards by sevens, beginning with 2485, for 3

minutes. Next, performing the Stroop test for 2 minutes. Each subject was
alerted to errors by a buzzer. The Stroop test consisted of reading the names
of colors written in different color ink, then saying what color the ink was.
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Chapter 2 Data

5. Third relaxation: Recorded for 5 minutes.
6. Emotional stress: Each subject was shown a five-minute clip from a horror

movie in 1 minute. After the minute of anticipation, a clip from a zombie
apocalypse movie, the Horde, was shown.

7. Fourth relaxation: Recorded for 5 minutes.

The subjects were asked to sit quietly and listen to a portion of Binaural (quiet and
soothing music) during the four relaxation sessions. These sessions were to establish
as a baseline for measuring the physiological metrics in order to see how each metric
changed during the three tasks exercises and what the sensitivity of specificity of
each metric was.

The data were collected using two non-invasive wrist worn devices, they are Affectiva
Q Curve, which records electrodermal activity (EDA), temperature (Temp), 3D
acceleration (AccX, AccY, AccZ) and Nonin 3150Wireles WristOx2 Oximeter, which
records heart rate (HR) and arterial oxygen level (SpO2). EDA represents electrical
changes measured at the surface of the skin that are caused by changes in the
sympathetic nervous system, and changes in the sympathetic nervous system are
caused by events such as emotional arousal, cognitive work load or physical effort.
SpO2 is an estimate of the amount of oxygen in the blood calculated by oxygen
saturation [4].

The raw data files were provided in Comma Seperated Values (CSV) format with
two records per subject, one contains EDA, Temp, AccX, AccY, AccZ signals and
one that contains the HR and SpO2 signals.

Figure 2.1 shows the time series with 7 sensors including 7 neurological statuses of
a subject.

2.3 Processed data

One of the goals of this thesis is to extract the hidden structures of multi-way array
using tensor decomposition, and compare with the work published in [4]. To be
able to make a fair comparison, the data were preprocessed in a similar manner as
described in [4].

The data were preprocessed as follows:
• The signals collected by the Affectiva Q Curve device (EDA, Temp, 3-D Acc)

have eight times more frequently than the one collected by the Nonin 3150
wireless wristOx2 Oximeter device (HR, SpO2). Therefore, they were reduced
so that all sensors have the same time resolution of 1 Hz, so that each data
point corresponds to one second.
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2.3 Processed data

Figure 2.1: Raw data from biosignals for a subject

• Each of the subject has different time lengths, hence the signals were truncated
(about 1% of the data points) in order the have the same time length for all
of the subjects.

• The relaxation sessions are three times more than the other three conditions.
Only the first relaxation was used in the analysis. The reason to use only the
first relaxation is to follow the same implementation of the work published in
[4] for the fair comparison of the results. The handling of imbalanced data is a
topic of its own research that is beyond the scope of this thesis. The interested
reader can refer to the following references for discussions on imbalanced data
or classes in classification problems [53, 54, 55].

• The raw data were formatted with records of biosignals per subject such that
each file contains the signals obtained from the 7 sensors for the 4 neurological
statuses, where the time-series length is of 332 for each status. Since the
purpose of this study was to differentiate the neurological statuses for all the
subjects, the data were splitted into 4 files according to the 4 statuses, where
each file contains the signals of 7 sensors for all the subjects. Table 2.1 shows
the first five rows for each neurological status.

To differentiate the neurological statuses for all the subjects, the dataset is con-
structed as a three-way array: subjects(20 )× sensors(7 )× signals(332 ). A graphi-
cal presentation of the data is shown in Figure 2.2.
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Chapter 2 Data

Table 2.1: Processed data

2.4 Ethical considerations

The experimental procedures involving human subjects described in the data were
approved under UTD IRB # 12-29 by the Institutional Review Board at the Uni-
versity of Texas at Dallas, Richardson, Texas, USA [44].
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2.4 Ethical considerations

Figure 2.2: Data representation for a neurological status
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3 Methods

In this chapter, the methodology is presented in two sections: visualization and clas-
sification. The first section is divided into four subsections. Subsection 1 reviews the
basic concepts of matrix decomposition, including the singular value decomposition
and principal component analysis. Subsection 2 discusses tensor algebra, including
basic notations, tensor rank, tensor products, and vectorization and matricization.
Subsection 3 describes tensor decomposition method based on the PARAFAC model.
This subsection also describes the implementation of the three-way array, the prop-
erties and limitations of the PARAFAC model. Subsection 4 describes a method for
cluster analysis based on the fuzzy c-means algorithm. The second section describes
two linear classifiers: multinomial logit regression and linear discriminant analysis.

3.1 Visualization

3.1.1 Matrix decomposition

Singular value decomposition (SVD) and principal component analysis (PCA) are
matrix decomposition methods that are well established and commonly used for
dimensionality reduction in exploratory data analysis. Tensor decomposition is con-
sidered as the generalization of SVD and PCA for higher-order arrays [13]. Therefore
this subsection provides a brief review of the concepts of SVD and PCA in order to
explore the mathematical construction of tensor and its decomposition.

Singular value decomposition (SVD)
Given a data matrix X ∈ RN×P , it can be factorized into the product of three
matrices [29]

X = ADBT,

where A ∈ RN×R, B ∈ RP×R are orthogonal matrices and D ∈ RR×R is a diagonal
matrix.

The task is to find the eigenvalues and eigenvectors using e.g. eigenvalue decompo-
sition, of XXT and XTX such that the eigenvectors of XXT make up the columns
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Chapter 3 Methods

of A and eigenvectors of XTX make up the columns of B. The diagonal matrix
values of D (i.e. singular values) are the square roots of the eigenvalues of XXT

and XTX.

SVD is fundamental technique that is widely applied to data visualization or dimen-
tion reduction . However, when the matrix size is large, which are often encountered
in reality, the loading of the data into the computer memory is slow and the data
analysis is computational expensive [49].

Principal compoment analysis (PCA)
The traditional use of SVD is by means of the PCA. The goal of the PCA is to
reduce the dimensionality of a dataset by finding the directions in the data where
the most variation occurs. It is done in a way that retains trends, patterns, and
variability as much as possible [30]. The PCA first captures the directions of the
largest variance of the data, followed by the second, third, etc.

PCA can be implemented as SVD with the covariance matrix. This can be done as
follows:

Let the data matrix X be of N × P size, where N is the number of samples and P
is the number of variables. Assume X is mean centered, then X can be decomposed
into factor matrices A = [a1 , a2 , . . . , aR] ∈ RN×R and B = [b1 ,b2 , . . . ,bR] ∈ RP×R

thus [15]

X = ADBT

=
∑R

r=1λrarbT
r

=
∑R

r=1λrar ◦ br (3.1)

where the elements of A are called loadings, the elements of B are called the com-
ponents, D = diag(λ1,λ2,. . . .,λR) is called a scaling (normalizing) matrix, R is the
number of factors, and symbol ◦ is the outer product that produces each element of
the matrix as the product of the corresponding vector elements.

The covariance matrix C ∈ RP×P is given by

C = XTX
N − 1 (3.2)

Equation (3.1) and (3.2) give
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3.1 Visualization

C = (ADBT)T(ADBT)
N−1 = BDATADBT

N−1 = BD2BT

N−1

where D is diagonal matrix of singular values, denoted as s, singular vectors B are
principal directions, and singular values connect to the eigenvalues of the covariance
matrix are given by λi = s2

i

N−1 .

The principal component decompostion (T) is [31]
T = XB

= ADBTB

= AD

The dimention of X can be reduced as follows: 1) select the k largest singular values,
where k ≤ P ; 2) select the first k columns from A ( i.e. the eigenvectors of XXT);
and 3) select the k × k upper-left part of D. The reduced-dimensionlity version of
X is

Tk = AkDk

The drawback of matrix decomposition using PCA is that the solution is non-unique.
There are many different combinations of matrices of A and BT that can multiply
resulting in matrix X [32]. In order to obtain uniqueness, the assumption of orthog-
onal must be taken into account before performing the task.

Although the PCA can be used for multi-way data analysis, but the data need to
be unfolded into a matrix. Hence the multi-way structure of the data is ignored,
making the model less robust, interpretable and predictive [50].

3.1.2 Tensor

A matrix decomposition method such as PCA performed on a multi-way array can-
not capture all the underlying structure in a multi-dimensional array. Therefore, a
natural way to decompose a multi-way array is to use a multi-way method known
as tensor decomposition.

Tensor decomposition can be considered as higher-order generalization of SVD and
PCA. One cannot discover hidden components within multi-way data using con-
ventional PCA. Tensor decomposition methods are flexible in the choice of the
constraints and can extract more general latent components. They have better
capacity and flexibility in modeling multi-way array for extracting useful features
than vector-based or matrix-based methods. It is also a natural generalization for
signal separation [15].

17



Chapter 3 Methods

Tensors, which are multi-way arrays, are a generalization of one-way (vector-based)
and two-way (matrix-based) data representations. Throughout this report, only
three-way array (three-mode tensor) is described due to 1) structural simplicity and
2) the data used in this study are represented as a three-way array.

Basic notation
Basic terminologies of tensors are provided herein, which are similar with those
described by Kolda [13]. Table 3.1 summarizes all notations used in this report.

A tensor is a multi-way array, denoted by X . In tensor analysis, the number of
dimensions is referred to mode, way or order. For example, a three-mode tensor
is also called a three-way tensor or a third-order tensor. In addition, the terms
component and factor are used interchangeably [12].

The i th entry of a vector x is denoted as xi , element (i, j) of a matrix X is denoted
as xi,j , and element (i, j, k) of a three-mode tensor X is denoted by xijk.

Symbol Definition
X , X, x, x Tensor, matrix, vector, scalar

◦ Outer product
⊗ Kronecker product
� Khatri-Rao product
xi i th entry of a vector x
xij Element (i, j) of a matrix X
xijk Element (i, j, k) of a tensor X
a(N) N -mode of tensor X
X(n) n-mode matricization of tensor X

x:jk, xi:k and xij: Column, row and tube fibers
Xi::, X:j: and X::k Horizontal, lateral and frontal slices or slabs

vec() Vectorization operator
Table 3.1: Tensor algebra notation

When only a fixed subset of indices in a tensor is used, it creates sub-tensors. Vector-
valued sub-tensors are called fibers, which are defined by fixing every index but one.
Column, row, and tube fibers of a three-mode tensor are denoted as x:jk, xi:k and
xij:, respectively. Matrix-valued sub-tensors are called slices or slabs, which are
defined by fixing all but two indices. A three-mode tensor has horizontal, lateral
and frontal slices, which are denoted as Xi::, X:j: and X::k, respectively. A graphical
example of fibers and slices of a three-mode tensor is shown in Figure 3.1.

Rank of tensors

18



3.1 Visualization

Figure 3.1: Fibers and slices of a three-mode tensor [33]

• Rank-one tensor: An N -mode tensor X ∈ RI1×I2×···×IN is of rank one if it
can be decomposed as the outer product of N vectors, which means that each
element of the tensor is the product of the corresponding vector elements. It
can be written as

X = a(1) ◦ a(2) ◦ · · · ◦ a(N) (3.3)

where a(1), a(2), . . . , a(N) are the N -mode vectors of tensor, and symbol ◦ is
the outer product.

• Tensor rank:

The definition of tensor rank is the same as matrix rank but their properties
are quite different [13]. For example, a 2× 2 matrix has the maximum rank of
two, which means that the matrix can be expressed as the sum of maximum
two rank-one matrices (principal components). A rank-one matrix can be ex-
pressed as the outer product of two vectors. The number of rank-one matrices
can be determined as the number of non-zero eigenvalues of the matrix [59],
which is not applicable for a tensor.

The rank of a tensor X is the minimum number of rank-one tensors that
are needed to produce X as their sum [13]. In other words, the rank of a
tensor corresponds to the number of tensor-decomposition components that
can produce X with sufficient accuracy (tensor decomposition is presented in
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Chapter 3 Methods

the next subsection). An N -mode tensor of rank R is written as

X =
R∑
r=1

a(1)
r ◦ a(2)

r ◦ ... ◦ a(N)
r (3.4)

where a(1)
r , ar(2), . . . , ar(N) are the r th columns of the loading matrices A(j) =

[a(j)
1 , a(j)

2 , . . . , a(j)
R ], j = 1,. . . , N .

• A three-mode tensor of rank one
A three-mode tensor of rank one can be written as
X = a ◦ b ◦ c,

where a, b and c represent the first mode a(1), second mode a(2) and third
mode a(3) of a tensor defined in Equation (3.3), respectively.

A graphical illustration of the three-mode tensor of rank one is shown in Figure
3.2.

Figure 3.2: A three-mode tensor of rank one (Source: Own elaboration based on
[13])

Tensor products
The outer product is often referred to as the tensor product of two vectors, which
results in a matrix. The Kronecker product and Khatri-Rao product are used as the
outer products for tensor decomposition.

• Kronecker product
Given two matrices A ∈ RI×J and B ∈ RK×L, the Kronecker product of the
two matrices, denoted by A⊗B ∈ R(IK×JL), is defined as [13]

20



3.1 Visualization

A⊗B =


a11B a12B . . . a1JB
a21B a22B . . . a2JB
... ... . . . ...

aI1B aI2B . . . aIJB


= [a1 ⊗ b1 a1 ⊗ b2 a1 ⊗ b3 . . . aJ ⊗ bL−1 aJ ⊗ bL]

An example of a Kronecker product between two matrices is

Given A=
[
a b c
d e f

]
and B=

[
g h i
j k l

]
,

then A⊗B =


ag ah ai bg bh bi cg ch ci
aj ak al bj bk bl cj ck cl
dg dh di eg eh ei fg fh fi
dj dk dl ej ek el fj fk fl

.

• Khatri-Rao product

The Khatri-Rao product of two matrices A ∈ RI×K and B ∈ RJ×K , denoted
as A�B ∈ R(IJ)×K , which is also called the column-wise Kronecker product
and defined by [13]

A�B =
[
a1 ⊗ b1 a2 ⊗ b2 a3 ⊗ b3 . . . aK ⊗ bK

]

An example of a Kronecker product between two matrices is

Given A=
[
a b c
d e f

]
and B=

[
g h i
j k l

]
, then A�B =


ag bh ci
aj bk cl
dg eh fi
dj ek fl

.

Vectorization and Matricization

• Vectorization: A matrix X ∈ RN×P can be transformed into a vector by
vertically stacking the columns of X into a tall vector as

vec(X) =


x:1
x:2
...

x:P
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Given matrices A ∈ RI×R, B ∈ RJ×R and C ∈ RK×R and diagonal matrix D =
diag(d), where d is a row vector of C. Its vectorization can be expressed as
[28]

vec(ADBT) = (B�A)d. (3.5)

This property is used to derive the PARAFAC algorithm for tensor decompo-
sition in the next subsection.

• Matricization: An N -mode tensor X ∈ RI1 ,I2 ,...,IN can be matricized (i.e.
unfolded) into a matrix for each mode. The n-mode matricization is denoted
as X(n) ∈ RIn×(I1 ,...In−1 ,In+1 ,...,IN ). This can be done by keeping the nth mode
and sequencing the slices of the other modes into a long matrix as shown in
Figure 3.3.

Figure 3.3: One-mode matricization of a three-mode tensor (Source: Own elabo-
ration based on [28])

3.1.3 Tensor decomposition

There are two well-known models for tensor decomposition that are considered to
be generalizations of the SVD and PCA [13] to higher-order arrays. They are CAN-
DECOMP/PARAFAC (PARAFAC) and Tucker 3. Due to the time limitation of
this thesis, only the PARAFAC model is explored.

The PARAFAC is preferred over Tucker 3 because:

1. It is a mathematically simple and an explanatory model [12].
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2. The PARAFAC model is popular for its uniqueness because it has no rota-
tion problem as encountered in PCA. It is also unique under less-restrictive
conditions compared to Tucker 3 [28].

3. The PARAFAC model is often used for factorizing data into a number of
components, which is easy to understand and interpreted while Tucker 3 is
often used to compress data into a tensor of a smaller size [15].

CANDECOMP/ PARAFAC decomposition (PARAFAC)

The idea of tensor decomposition was first proposed by Hitchcock [11, 34] in 1927
in term of the polyadic form1 of a tensor, and followed with the proposed concepts
of parallel proportional analysis and multiple axes for analysis by Cattell [35, 36]
in 1944. Until 1970 these concepts became popular in the forms of CANDECOMP
(Canonical decomposition) by Carol and Chang [37], and PARAFAC (parallel factor
analysis) by Harshman [38] in 1980. These concepts are referred to as CANDE-
COMP/PARAFAC by Kiers [39] in 2000 and is adopted in this report.

The concept of the PARAFAC is to express a tensor as a linear combination of R
number of rank-one tensors. For an N -mode tensor X ∈ RI1×I2×...×IN , the linear
combination of rank-one tensors is defined by [15] as

X =
R∑
r=1

a(1)
r ◦ a(2)

r ◦ ... ◦ a(N)
r + E (3.6)

where R is number of components or factors, E is the tensor error, and other variables
are defined the same as in Equation (3.4).

Implementation of a three-mode tensor of neurological status

The data used in this study are represented as a three-way array, which were defined
in Chapter 2.3. Thus, it is modeled as a three-mode tensor that is arranged in the
following way: Subjects × Sensors × Signals.

Given a three-mode tensor X ∈ RI×J×K , PARAFAC finds a set of three factor
matrices

A =
[
a1, a2, . . . , aR

]
∈ RI×R,

B =
[
b1, b2, . . . ,bR

]
∈ RJ×R,

C =
[
c1, c2, . . . , cR

]
∈ RK×R,

1Polyadic form can be regarded as a generalization of the matrix SVD to tensors, which has found
application in statistics, signal processing, psychometrics, linguistics and chemometrics.
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that approximate the tensor as the sum of R vector outer products:

X = [A,B,C] =
R∑
r=1

ar ◦ br ◦ cr + E, (3.7)

where ar is the first mode and its length is equal to the number of subjects,

br is the second mode and its length is equal to the number of sensors,

cr is the third mode and its length is equal to the number of signals,

R is number of components or factors,

E is tensor error.

It should be noted that the formulation expressed in Equation (3.7) is similar to the
PCA expressed in Equation (3.1).

The solution of the PARAFAC model is to find three factor matrices A, B, and C.
This can be obtained using the alternating least squares method.

Alternating least squares (ALS)

The solution to the PARAFAC model can be estimated by alternating least squares
method, which is described in [12]. The ALS algorithm works by successively ini-
tializing the loadings in two modes, then iteratively estimating the last mode by the
least squares regression until the estimates of the loading matrices converge.

(a) Derive the ALS algorithm

The ALS algorithm is derived by expressing Equation (3.7) in the slices format, then
relating each slice of the tensor to the factor matrices. Consider a frontal slice X::k
of the three-mode tensor, which can be written as

X::k = ADkBT (3.8)

where X::k is the kth frontal slice of a three-mode tensor, A and B are the matrices
of the first and second modes, respectively, and Dk is diagonal matrix diag(ck:),
whose diagonal elements are the kth row of matrix C.

A graphical representation of the PARAFAC model for the three-mode tensor is
shown in Figure 3.4.
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3.1 Visualization

Figure 3.4: PARAFAC model for a three-mode tensor (Source: Own elaboration
based on [28])

Equation (3.8) can be vectorized as

vec(X::k)= vec(ADkBT)

= (B�A)ck: as defined in Equation (3.5),
where k = 1, 2, ..., K and ck: is kth row of matrix C.

Therefore,

[vec(X::1), vec(X::2), · · · , vec(X::K) = (B�A)[c1:, c2:, . . . , cK:],

hence,

XT = (B�A)CT,

so,
X = C(B�A)T,

since ck: associates with the third mode of the three-mode tensor, hence it is denoted
as X(3)
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X(3) = C(B�A)T.

Similarly, the first and second modes can be vectorized as
X(1) = A(C�B)T,
X(2) = B(C�A)T.

(b) PARAFAC-ALS algorithm
The estimation of matrices A, B and C can be described as follows [12]:

Initialize B and C, then estimate A from X(1), B and C by least squares regression

X(1) = A(C�B)T,

X(1) = AZT, where Z = (C�B),

multiply both sides by Z

X(1)Z = AZTZ,

therefore

A = X(1)Z(ZTZ)−1,

where X(1) ∈ RI×JK is unfolded matrix.

B and C are estimated in the same way, with X(2) ∈ RJ×IK and X(3) ∈ RK×IJ ,
respectively.

PARAFAC-ALS Algorithm

Input: Tensor X ∈ RI×J×Kand number of components, R
Output: A ∈ RI×R, B ∈ RJ×R and C ∈ RK×R

1: Initialize B, C (e.g. at random)
2: Do until convergence (i.e. small change in the fit)
3: Z = C�B

A = X(1)Z(ZTZ)−1

4: Z = C�A
B← X(2)Z(ZTZ)−1

5: Z = B�A
C← X(3)Z(ZTZ)−1

6: End
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Number of components
The input parameter of the PARAFAC model is the number of components (R).
Two of the diagnostic tools used in this study for determining the proper number
of components are the core consistency diagnostic, which was proposed by Bro and
Keirs [41, 46] and experience and intuition judgement [12].

• Core consistency diagnostic (CORCONDIA)
The CORCONDIA takes the R components of the PARAFAC as the input
and produces a measure of consistency expressed in percentage, ranging from
negative values to 100%. The PARAFAC model is considered valid if this
measure is close to 100%. If the data cannot be described by the PARAFAC
model, then this measure will be close to zero or even negative. Given several
inputs of the decompositions, the proper number of components can be selected
as the last high consistency value just before the sharp decrease of these values.

• Experience and intuition judgement
A solution for choosing a good model is experience and intuition judgement.
Based on experience one can get a feeling if the results are good or not good
[12]. The intuitive way is to fit the model with different number of components,
and a “good” one is chosen according to some criteria, then compare the results
with the external knowledge of the data being modeled.

Properties of PARAFAC model
• Uniqueness

An advantage of the PARAFAC model is the uniqueness of the solution as
long as the proper number of components is chosen. The uniqueness means
that there is one and only one factorization of rank-one tensors that sum up to
the tensor X . It has been proved by Kruskal [40] that the uniqueness of the
PARAFAC solution is guaranteed when the following condition is satisfied.

∑N
J=1 k

(j) ≥ 2R + (N − 1),

where k(j) is k-rank (or Kruskal rank) of mode j of a tensor, which is the
maximum number k such that any k columns are linear independent. For
instance, k(1) is the k-rank of mode 1, k(2) is the k-rank of mode 2, etc. R is
number of components and N is number of dimensions of a tensor.

• Handling missing values
When dealing with real data, it is expected that some elements can be miss-
ing due to faulty measurement, corruption or incomplete information. These
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missing values can be handled by the PARAFAC model. Missing elements are
initialized as the mean of all non-missing values in the corresponding columns
of the whole array [43], and can be estimated when iterating in the ALS algo-
rithm. The estimate of ijkth element of tensor X is given by [12]

x̂ijk = ∑R
r=1 aifbjfckf .

These missing elements are replaced with the estimates of the elements as
shown in the formula above. The algorithm is continued until no changes
occur in the estimates of these missing elements as far as the convergence
criteria are satisfied.

Drawback of PARAFAC model
• Number of components

There are no analytical algorithms for determining the optimal number of
components of a tensor [13]. However, there are some techniques proposed
to be used as diagnostic tools for determining the proper number of compo-
nents, such as, split-half experiment, residual analysis, experience and intuition
judgement [12], and core-consistency [41, 46], to name a few. In addition, it
was shown that the problem of computing optimal number of components is
NP-hard [42], which is the time that finds a solution growths exponentially.
Heuristic procedures are done by fitting the model with different number of
components and the “best” one is chosen according to some criteria. To fit
the model with different number of components (R), it requires to re-run the
PARAFAC algorithm for each choice of R.

• Degeneracy
The use of the PARAFAC model sometimes encounters a problem called de-
generative solutions [12]. A typical one is some components of the same mode
have extremely high correlations in the same or opposite direction. If being
in the same direction, the contribution of the factors become large, and in the
opposite direction, negative and positive values of the factors almost cancel
out in the summation. This problem occurs because: 1) two many components
are extracted, 2) poor preprocessing data, and 3) inappropriate model.

3.1.4 Cluster analysis

To evaluate the visualization results, a cluster analysis such as fuzzy c-means algo-
rithm, which is a generalization of the hard k-means algorithm, was used to discern
the separation of the neurological statuses.

Fuzzy c-means (FCM)
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Cluster analysis is an unsupervised method that assigns similar data points to the
same cluster and dissimilar points to different clusters. This can be identified via
similarity measures. In this study, a clustering method known as the FCM [52] was
used to assign subjects to clusters of neurological status. The label column was
removed before the implementation.

The FCM uses a fuzzy partitioning, which states that a data point can belong to
more than one clusters, and the contribution of each data point to the centroid is
weighted by its membership degree between 0 and 1, where a larger degree indicates
stronger evidence the data point belongs to the cluster. The FCM finds cluster
centers (centroids) by minimizing the following objective function [52].

arg min
c

∑n
i=1

∑c
j=1w

m
ij ‖xi − vj‖2, 1 ≤ m ≤ ∞ ,

where
n: number of observations,
c: number of clusters,
wij: membership degree to which xi belongs to to cluster j,
m: fuzzy exponent,
‖ ∗ ‖: the Euclidean distance between xi and vj,
xi: ith observation,
vj: center of cluster j.

The membership degree is defined as
wij = 1∑c

k=1

(
‖xi−vj‖
‖xi−vk‖

) 2
m−1

The cluster center can be updated as

vj =
∑n

i=1 w
m
ij xi∑n

i=1 w
m
ij

.

The algorithm is summarized as follows:
Step 1: Choose a number of clusters
Step 2: Assign initial values to wij
Step 3 : Repeat until converges

• Compute centroid for each cluster
• Update wij using the formula above
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3.2 Classification

The second goal of this study is to use simple classification techniques trained with
the tensor-decomposition features to compare with more advanced classifiers trained
with other features to highlight the effectiveness of the tensor-decomposition fea-
tures; and because there exists a linear separation between the features of the neu-
rological statuses (as described Chapter 4), multinomial logit regression and linear
discriminant analysis, which are statistical linear classifiers, were chosen.

3.2.1 Multinomial Logit Regression

Multinomial logit regression (MLR) is a classification method that generalizes logis-
tic regression to multi-class problems. This model is used to predict the probabilities
of different possible outcomes of a categorically distributed response variable, given
a set of predictor variables [51]. The multinomial logistic regression uses a linear
combination of predictor variables with some specific parameters to estimate the
probability of each particular value of the response variable. These specific param-
eters can be determined from training data .

When analyzing a response, it is important to note whether the response is ordinal
(consisting of ordered categories) or nominal (consisting of unordered categories).
Some types of models are appropriate only for ordinal responses, e.g. cumulative
logits model, adjacent categories model, continuation ratios model. Other models
may be used whether the response is ordinal or nominal, e.g. baseline (frequentist
or Bayesian) logit model, and conditional logit model. The response variable of the
data used is nominal, hence the baseline frequentist logit model is applied in this
study.

Multinomial logistic regression uses maximum likelihood estimation to evaluate the
probability of categorical membership [57].

Baseline frequentist logit model

The variables are defined as follows:
yij : jth response categories of data index i, j = 1, 2, . . . , J ,
xik : value of kth predictor variable, k = 0, 1, . . . , K,
(β0j,β1j, . . . , βKj) : row vector coefficients,
πi1: first response category used as a baseline.

Assume yij has a multinomial distribution. Let πij = Pr(yi = j), which is the
probability of “success” in category j, and ni = ∑

j yij.
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The multinomial logit regression model is defined as [60]

log
(
πij

πi1

)
=∑K

k=0 βkjxik

taking exponential on both sides, hence
πij

πi1
= exp(∑K

k=0 βkjxik)

so,
πi2
πi1

= exp(∑K
k=0 βk2xik)

πi3
πi1

= exp(∑K
k=0 βk3xik)

...
πiJ

πi1
= exp(∑K

k=0 βkJxik)

The solution can be found by

πi2 + πi3 + . . .+ πiJ
πi1

=
J∑
j=2

exp(
K∑
k=0

βkjxik) (3.9)

The probability for all J categories must sum up to 1, thus Equation (3.9) becomes

1− πi1
πi1

=
J∑
j=2

exp(
K∑
k=0

βkjxik) (3.10)

Rearranging Equation (3.10), the equation for baseline category is
πi1 = 1

1+
∑J

j=2 exp(
∑K

k=0 βkjxik)

and the equation for non-baseline category is

πij = exp(
∑K

k=0 βkjxik)
1+
∑J

j=2 exp(
∑K

k=0 βkjxik)

Maximum likelihood estimation of MLR
The probability mass function is

f(y|β) = ni!∏J
j=1 yij!

J∏
j=1

π
yij

ij (3.11)
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The likelihood function is

L(β|y) =
N∏
i=1

f(y|β) (3.12)

Replacing, rearranging Equations (3.11) and (3.12), and treating the factorial terms
as constant, since it does not contain πij, thus

L(β|y) = ∏N
i=1

∏J
j=2(exp(∑K

k=0 βkjxik))yij

[
1

1+
∑J

j=2 exp(
∑K

k=0 βkjxik)

]ni

Taking log on both sides, the log likelihood function is
l(β)=∑N

i=1
∑J
j=2(yij

∑K
k=0 βkjxik)− nilog(1 +∑J

j=2 exp(∑K
k=0 βkjxik))

The first and second derivatives are
∂l(β)
∂βkj

= ∑N
i=1 yijxik − niπijxik,

∂2l(β)
∂βkj∂βk

′
j
′

= −∑N
i=1 nixikπij(1− πij)xik′ j′ = j,

= ∑N
i=1 nixikπijπij′xik′ j′ 6= j.

The Newton-Raphson method is used to estimate parameter β [60].

3.2.2 Linear Discriminant Analysis

Multinomial logit regression (MLR) and linear discriminant analysis (LDA) are both
linear classifiers models. However, MLR assumes non-perfect separation, which
means that if the classes are well separated by predictors, the estimation of the
coefficients are unrealistic [57]. Moreover, the LDA is expected to give better results
than the MLR because of the normality assumption of the former method [58].
Therefore, LDA was also investigated in this study.

Linear discriminant analysis expresses one response variable as a linear combination
of predictor variables. It models the distribution of predictors separately in each of
the responses, assuming a multivariate Gaussian distribution, where different classes
have class-specific means and equal variance (covariance), then uses Bayes’ therorem
to estimate the probability of the response categories.

LDA model
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Suppose we want to classify an observation x ∈ X into one of J classes (neurological
statuses), where J is greater than or equal to 2. The Bayes rule is to minimize the
total error of classification by assigning the unknown object to class j, j = 1, . . . , J ,
that has the highest conditional probability [56]. Thus the class posterior Pr(G =
j|X = x) needs to be computed for the purpose of classification.

These conditional probabilities cannot be computed directly from observations.
However, it can be done using Bayes’ theorem. Assume Pr(G = j|X = x) is
posterior probability of category j given x , fj(x) is the class-condition density and
πj be the prior probability of class j. Bayes’ theorem can be expressed as follows.

Pr(G = j|X = x) = πjfj(x)∑J

l=1 πlfl(x)
= πjfj(x)

Pr(X=x) .

Assume a model for each class has a multivariate Gaussian distribution, then the
density function for each class is

fj(x) = 1
(2π)p/2|

∑ |1/2 exp(−1
2(x− µj)T∑−1 (x− µj)),

where µj is the mean of inputs for category j and Σ is covariance matrix (which is
assumed common for all classes).

The denominator of Bayes’ theorem does not depend on j, it is a constant.
Pr(G = j|X = x)

= cπjfj(x)

= (cπj)
(

1
(2π)p/2|

∑ |1/2 exp(−1
2(x− µj)T∑−1 (x− µj)

)
,

the term 1
(2π)p/2|

∑ |1/2 does not depend on j, it is a constant, hence

Pr(G = j|X = x) = c
′
πjexp(−1

2(x− µj)T∑−1 (x− µj)),

taking log on both sides, we get
log(Pr(G = j|X = x))

= log(c′) + log(πj)− 1
2(x− µj)T∑−1 (x− µj)

= log(c′) + log(πj)− 1
2(xT∑−1x− xT∑−1µj − µT

j
∑−1x+ µT

j
∑−1µj)

= log(c′) + log(πj)− 1
2(xT∑−1x− 2xT∑−1µj + µT

j
∑−1µj),

the term −1
2x

T∑−1x does not depend on j, it is a constant

log(Pr(G = j|X = x)) = c
′′ + log(πj)− 1

2µ
T
j
∑−1µj + xT∑−1µj.
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This equation is called the discriminant, and denoted as δj(x). It is linear, therefore
it is named as linear discriminant analysis

δj(x) = log(πj)− 1
2µ

T
j
∑−1µj + xT∑−1µj.

With an input of x , the response is predicted according to the class j with the highest
δj(x).

Maximum likelihood estimation of LDA

The maximum likelihood estimations of the unknown parameters, π, µ, and Σ, can
be obtained using training data [56].

• π̂j = Nj

N
where Nj is the number of class-j observations and N is the number

of observations

• µ̂j = 1
Nj

∑
gi=j xi

• ∑̂ = 1
N−J

∑J
j=1

∑
gi=j(xi − µ̂j)(xi − µ̂j)T

3.2.3 Evaluation methods

In the classification task, the results obtained are evaluated using the following
measures: accuracy, sensitivity, specificity, and precision.

The four measurements are widely used to check the performance of machine learning
models. Let’s say that there is a binary classification problem, a patient is having a
disease (positive) or is healthy (negative). The following quantities can be calculated
from the classifier output:

• True positives (TP): The classifier predicted positives that are actually posi-
tive.

• False positives (FP): The classifier predicted positives that are actually nega-
tive.

• True negatives (TN): The classifier predicted negatives that are actually neg-
ative.

• False negatives (FN): The classifier predicted negatives that are actually pos-
itive.

Figure 3.5 shows a representation of the above quantities in a matrix format, so-
called confusion matrix.

The four measurements are defined as
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Figure 3.5: Confusion matrix

1. Accuracy: The most commonly used in machine learning. This is used to
measure the proportion data points that are classified correctly and the total
number of data points.
Accuracy = TP+TN

TP+FP+TN+FN

2. Sensitivity (also known as recall or true positive rate): This is used to measure
the proportion of actual positives that are classified correctly.
Sensitivity = TP

TP+FN

3. Specificity (also known as true negative rate): This is used to measure the
proportion of actual negatives that are correctly classified.
Specificity = TN

TN+FP

4. Precision: This is used to measure a proportion of actual positives and total
predicted positives.
Precision = TP

TP+FP
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4 Results and Discussions

This chapter is organized as follows. The first section describes the implementation
of the tensor decomposition and the process of finding a proper number of compo-
nents. The second section contains graphs that shows the visualization results of the
four neurological statuses and comparison with those obtained from the published
literature using the same dataset. This section also presents results for the cluster
analysis of the four neurological statuses. Finally, the third section presents the
number of components used in the classification process and results.

4.1 Tensor decomposition and the number of
components

The four neurological statuses including relaxation, physical stress, cognitive stress,
and emotional stress were modeled as a three-mode tensor that is arranged in the
following way: Subjects × Sensors × Signals, where the number of subjects is 20,
the number of sensors is 7, and the signal length (time steps) obtained from each
sensor is 332, as defined in Chapter 2. The ordering of the modes does not affect
the results [13].

The N -way toolbox for Matlab [45], which implements the PARAFAC, was used
for the decomposition in this study. Four tensor models that represent the four
neurological statuses with three mode each were designed in this implementation.

The dataset is needed to be coded as a three-way array before the implementation.
It can be processed as an extension of a 2-D array plus an additional subscript for
the third dimension. The 2-D array is read by the row and column indices, the
third index is read as an index of a frontal slice of a tensor, which was defined in
Chapter 3. For example, X (:, :, 1) denotes a colon in the first and second dimensions
to include all rows and columns and the third dimension with index 1 (frontal slice
has 332 indices for this dataset).

The parafac(X, F ac) function is used, where X is the dataset written as a three-
way array, Fac is the number of components (factors) sought. As discussed in Chap-
ter 3.1 that there are no analytical algorithms for determining the optimal number of
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components. However, there are some techniques proposed to be used as diagnostic
tools for determining a proper number of components. In this study, the core con-
sistency diagnostic (CORCONDIA) and experience and intuition judgement, were
used to find the proper number of components.

The first approach is the implementation of CORCONDIA technique. The COR-
CONDIA, which was described in Chapter 3.1, performs a diagnostic test on the
PARAFAC model and returns the measure of consistency expressed in percentage.
If an appropriate model is identified, then the core consistency measure is close to
100%. If the data cannot be described by a model, then the core consitency measure
is close to zero or has a negative value. However, this technique can be misleading
[46], and it is suggested that other techniques should also be considered.

The CORCONDIA takes the components from the PARAFAC as the input. The
PARAFAC was carried out for 2 to 6-component models, but only the results of 2 to
5-component models were used to perform CORCONDIA, because the 6-component
model resulted with a warning from PARAFAC that some factors were highly cor-
related, hence, it was not further considered. The measures of CORCONDIA for
four models are shown in Table 4.1.

2 components 3 components 4 components 5 components
Relaxation 91.87 0.11 2.65 0.24

Physical stress 99.94 -6.60 3.91 0.10
Cognitive stress 99.97 -5.02 8.98 -0.03
Emotional stress 99.99 19.74 22.15 -0.04

Table 4.1: Measures of CORCONDIA

The second approach is to use the experience and intuition judgement as suggested
in [12]. The procedures are to fit the model with different number of components and
a “good” one is chosen according to some criteria, then compare with the external
knowledge of the data being modeled. The criteria used here is in the context of
the separation of clusters, which are the neurological statuses. To be able to find a
“good” model, pairwise components for each model are plotted and show in Figure
4.1 to 4.4.

According to the CORCONDIA criteria, the 2-component model should be selected,
because the core consistency measures of all four statuses are close to 100%. How-
ever, Figure 4.1 (2-component model) shows that physical-stress, cognitive-stress
and emotional-stress features are grouped together, while the relaxation features
are further away and scattering. Therefore, this model is not “good” in terms of
the clusters separation. For the 3-component model as shown in Figure 4.2, there
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Figure 4.1: Two-component model

Figure 4.2: Three-component model
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Figure 4.3: Four-component model

Figure 4.4: Five-component model
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are 4 clusters in the first subplot; however, they are not well separated. For the
4-component model as shown in Figure 4.3, the first subplot shows the separation of
the 4 clusters. However, the relaxation features stay further away and the other three
statuses stay closer to each other. In addition, the fourth and fifth subplots show
that physical stress, cognitive stress and emotional stress groups together. With the
5-component model (Figure 4.4), it consistently shows four distinct groups. The first,
second, and fifth subplots that represent components 1, 2 and 3, respectively, show a
clear separation between the groups and dense points within their own groups. The
last two components are quite separated between groups, however, the data points
seem to scatter around. This is expected since the components are arranged as in
PCA, the most important component is the first component, and so on.

Still, however, there are only three well-separated components in the 5-component
model, but the 3-component model is not considered to be a “good” one. The
parameters of 5-component model do not behave the same as 2-component and 3-
component models, since the components are independent. The 5-component model
is not equivalent to the sum of the 2-component and 3-component models. Thus
every model has to be calculated specifically with all its components.

According to the corresponding criteria, which is in the context of the separation
of clusters, the 5-component model yields the best performance. Hence, the best
number of components chosen in the defined tensor is five.

4.2 Visualization

The three-mode tensor of each neurological status was decomposed into five com-
ponents. The outputs have the following dimensions; factor A ∈ R20×5, B ∈ R7×5

and C ∈ R332×5 , where factor A represents mode 1 (subjects) , factor B represents
mode 2 (sensors) , and factor C represents mode 3 (signals). The purpose is to
differenciate the neurological statuses for all subjects, therefore only results of mode
1 was used for further analysis. An example of the first five rows of mode 1 of
emotional stress is shown in Table 4.2.

Having mentioned earlier, the 5-component model was chosen. The pairwise plots
of the first three tensor-decomposition components for the four neurological statuses
obtained from the 20 subjects are shown in Figure 4.5 for better viewing. All three
subplots consitently show that the relaxation is closest to the physical stress, while
the cognitive stress and emotional stress are further away. This is intuitively plausi-
ble because both relaxation and physical activity belong to the physical conditions.

In further analysis, the bivariate scatter plots between the five components (f1, f2, f3,
f4, and f5) from Table 4.2 with a univariate histogram for each component (diagonal)
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(a) Component 1 vs. component 2

(b) Component 1 vs. component 3

(c) Component 2 vs. component 3

Figure 4.5: Pairwise plots of the first three components of 5-component model42
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of mode 1 (i.e. subjects) are shown in Figure 4.6. The means and standard deviations
of the five components of the four neurological statuses are also shown in Table 4.3.

(a) Relaxation (b) Physical stress

(c) Cognitive stress (d) Emotional stress

Figure 4.6: Bivariate scatter plot of five compnent for each neurological status,
where f1, ..., f5 are five tensor-decomposition components

One of aims is to distinguish trends and patterns between the four neurological sta-
tuses. The scatter plots display the bivariates and provide a visual representation of
the relationship between the components. In a scatter plot, each point represents a
paired measurement of two variables for a specific subject, and each subject is repre-
sented by one point on the scatter plot. When the points on a scatter plot produce
a lower-left-to-upper-right pattern, they indicate a positive correlation between the
two variables. This pattern means that when the score of one observation is high,
the score of the other observation is high as well, and vice versa. A scatter plot in
which the points do not have a linear trend, being either positive or negative, it is
called a zero correlation or a near-zero correlation. When examining a scatter plot,
not only at the direction of the relationship (positive, negative, or zero), but also at
the magnitude of the relationship is to be determined. If an imaginary oval around
all of the points is drawn on a scatter plot, the magnitude of the relationship can be
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observed. If the points are close to one another and the width of the imaginary oval
is small, there is a strong correlation between the variables. Figure 4.6 shows that
the four stress statuses have different correlation patterns. In the relaxation, the
distribution of the data points are mostly at the centre, while those of the physical
stress are either on the left or right hand sides. Components f1 and f2 have the
strongest negative correlation for the cognitive stress, while this pair of components
exhibit positive correlation for the relaxation, and weaker positive correlation for
the physical stress. The cognitive and emotional stress statuses show positive and
negative correlations of components f2 and f3, respectively. The rest show weak or
zero correlations in all neurological statuses.

Furthermore, in the emotional stress, there seems a unique pattern between compo-
nent f1 and all other components, where most of the points group in a similar way.
The correlations are very weak among them, which are quite distinct from other
statuses. In the relaxation and physical stress statuses, the patterns between com-
ponents f1, f2, f4 and f5 are very similar, where f1 and f2 show positive correlation,
whereas f4 and f5 show negative correlation. In the cognitive stress, components
f1, f2, and f3 have similar patterns as the relaxation but in the opposite direction,
evidently staying away from the relaxation and physical stress statuses.

Clustering analysis

To evaluate the separation between neurological statuses, a cluster analysis known
as the fuzzy c-means (FCM) was implemented.

The FCM is used as a data clustering technique, it groups data into N clusters with
every data point belongs to every cluster according to its membership degree ranging
from 0 to 1. In Matlab, the fcm function carries out the clustering, which starts
with random cluster centers, then it assigns each data point to each center using
a distance measure (the Euclidean distance used in this study). It then iteratively
updates the center for each cluster and membership degrees for each data point
until convergence or a maximum number of iterations is reached. Because this is an
unsupervised method, a label column was removed before the implementation. To
evaluate the results, each data point in the clusters was manually compared with
the ground truth (i.e. removed-label column). The accuracy rate was computed by
counting how many data points are correctly assigned to the clusters. Results are
shown in Table 4.4.

The results shown in Table 4.4 suggest a good partition among pairwise components
f1, f2 and f3, which yield a perfect score. Pairwise components f4 and f5 do not
relatively perform well as the others, which has only 82% ; thus, indicating the last
two components are more correlated to each other. The results in Table 4.4 are
consistent with the results obtained in Figure 4.5.
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f1 f2 f3 f4 f5
Subject 1 2915.74 613.80 -41.59 -657.08 -104.07
Subject 2 2895.10 -2775.63 3402.18 -798.83 -108.33
Subject 3 2873.86 1609.90 -1359.07 -595.27 -245.09
Subject 4 2866.15 1290.68 -308.13 -1207.71 -67.68
Subject 5 2881.84 299.10 364.58 -771.97 -99.68

Table 4.2: First five rows of five extracted components for mode 1, where f1, ..., f5
are five tensor-decomposition components

Component Relaxation Physical stress Cognitive stress Emotional stress
f1 5869.24 ± 394.72 2916.39 ± 166.80 15721.82 ± 1990.78 2871.73 ± 46.47
f2 -2815.88 ± 63.23 -2079.96 ± 64.48 -9142.88 ± 1715.23 888.59 ± 1077.04
f3 -1550.76 ± 404.20 673.93 ± 244.32 -5061.68 ± 188.10 -306.93 ± 1050.03
f4 -677.85 ± 296.10 423.13 ± 371.81 -729.82 ± 187.01 -641.40 ± 296.23
f5 27.18 ± 323.27 -468.37 ± 271.37 -457.63 ± 184.31 -105.85 ± 82.73

Table 4.3: Means and standard deviations of the five extracted component of four
neurological statuses of mode 1 (subjects)

Pairwise components f1,f2 f1,f3 f1,f4 f1,f5 f2,f3 f2,f4 f2,f5 f3,f4 f3,f5 f4,f5
Accuracy 1 1 0.99 0.96 1 0.99 0.99 0.98 0.99 0.82

Table 4.4: Accuracy rates of FCM algorithm
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In comparison with the visualization of the neurological statuses using the same
dataset reported in [4], the tensor decomposition factors show much better visual-
ization than the principal component analysis (PCA), and t-distributed stochastic
neighboring embedding (t-SNE), both shown in Figure 6 in [4], in which many fea-
tures of different statuses are grouped together. For instance, relaxation, emotional
stress and cognitive stress are grouped together as shown in Figure 6(a) in [4]; some
relaxation and emotional stress features are closer to each other as shown in Fig-
ure 6(b) in [4]. Furthermore, the plots of neurological statuses shown in [4] were
constructed for individuals. For instance, subject 10 and subject 14; whereas those
shown in Figure 4.5 of this study are for all 20 subjects, thus highlighting the ad-
vantage of the use of tensor decomposition for visualizing the neurological statuses.
The results of the visualization proves that the multi-way method of factorization
such as tensor decomposition has much better capacity and flexibility in modeling
multi-dimensional arrays for extracting latent and useful features than matrix-based
(two-way) methods such as the PCA of this dataset.

4.3 Classification

The extracted five components from tensor decomposition were used as features in
the classification task. Two statistical linear classifiers, which are the multinomial
logit regression and linear discriminant analysis, were used for the classification.
The reason for selecting these two classifiers was stated in Chapter 3.2.

4.3.1 Multinomial Logit Regression

The response variable of the features has four nominal classes (statuses) labeled
as 1, 2, 3 and 4, which refer to relaxation, physical stress, cognitive stress and
emotional stress, respectively. The multinomial logit regression (MLR) models the
log odds outcomes as a linear combination of the predictor variables. Since the
response variable is nominal, the baseline-frequentist-logit-regression algorithm was
implemented and the first class (relaxation) was used as a baseline. In this section,
the multinom function from the nnnet package in R is used to estimate the MLR
model. The response variable was set as a vector, the first class was chosen as
baseline and specified in relevel function.

To evaluate the performance of the model, two cross-validation methods were carried
out. The first one is leave-one-out technique, where the number of folds is the same
as the number of data points in the full dataset. The algorithm was tested on one set
and using all other sets as learning. The second one is the 10-fold-cross-validation
technique, where the concept is similar to the leave-one-out, but the number of folds
is 10 instead of number-of-data-points sets. Both validation results are shown in
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Table 4.5. The confusion matrix and statistical metrics in percentage are shown in
Table 4.6.

Accuracy rate
2. Leave-one-out cross validation 96.25%
3. 10-fold cross validation 95%

Table 4.5: Accuracy rates of MLR algorithm

Relaxation Physical stress Cognitive stress Emotional stress
Relaxation 90.00 0 5.00 5.00

Physical stress 0 95.00 0.00 5.00
Cognitive stress 0 0 100 0.00
Emotional stress 0 5.00 0 95.00

Sensitivity 100 95.00 95.24 90.48
Specificity 96.77 98.33 100 98.31
Precision 90.00 95.00 100 95.00
Accuracy 95%

Table 4.6: Confusion matrix and statistical metrics of MLR algorithm (10-fold
cross validation)

4.3.2 Linear Discriminant Analysis

The linear discriminant analysis (LDA) classifier was used to compare with the
MLR classifier. The LDA is expected to perform better than the MLR due to the
normality assumption of the former and the non-perfect-separation condition of the
later as stated in Chapter 3.2.

To perform the LDA classification, the function lda was used from the MASS
package in R. The predict function was used to predict the test set. With the lda
function the default cross-validation method was used, this option generated jacknife
predictors (i.e. same as leave-one-out cross validation). The other evaluation is the
10-fold cross validation. Accuracy results for two evaluation methods are shown in
Table 4.7, along with the confusion matrix and statistical metrics in percentage in
Table 4.8.

The results shown in Table 4.5 and 4.7 suggest that the five extracted components
from the tensor decomposition using simple machine learning techniques can accu-
rately discriminate the four neurological statuses. The LDA performs higher than
the MLR, which are 98.8% and 96.9%, respectively, for the leave-one-out cross val-
idation, and 98.8% and 95%, respectively, for the 10-fold cross validation. The
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Accuracy rate
1. Leave one out 98.75%
2. 10-fold cross validation 98.75%

Table 4.7: Accuracy rates of LDA algorithm

Relaxation Physical stress Cognitive stress Emotional stress
Relaxation 100 0 0 0

Physical stress 0 100 0 0
Cognitive stress 0 0 100 0
Emotional stress 0 5.00 0 95.00

Sensitivity 100 95.24 100 100
Specificity 100 100 100 98.36
Precision 100 100 100 95.0
Accuracy 98.75%

Table 4.8: Confusion matrix and statistical metrics of LDA algorithm (10-fold cross
validation)

LDA performs better than the MLR due to the non-perfect-separation condition of
MLR and normality assumption of LDA. In addition, the LDA technique is suitable
for discrete variables, such as in the case in this study, while the MLR deals with
continuous variables [47].

For model evaluations, sensitivity and specificity rates were computed and shown in
Table 4.6 and 4.8 for both the LDA and MLR classifiers. Sensitivity (also known as
the recall or true positive rate) is used to measure the proportion of actual positives
that are correctly identified by a classifier. The results clearly show that the LDA
performs better than the MLR, as the LDA achieves sensitivity rates of 100% for
relaxation, cognitive and emotional stresses, whereas the only sensitivity rate of
100% obtained by the MLR is for the relaxation. On the other hand, specificity (also
known as the true negative rate) is used to measure the proportion of actual negatives
that are correctly identified by a classifier. The specificity rate of 100% obtained by
the MLR is only for the congintive stress, whereas for the LDA, specificity rates for
the relaxation, physical and cognitive stresses are 100%.

In comparison with the classification of the neurological statuses using the same
dataset reported in [4, 5], the accuracy rates provided by the use of Gaussian mixture
model and a feed-forward neural network trained with basic statistical features are
84.6% and 98.8%, respectively. The accuracy rate obtained in this study is higher
than those obtained from the Gaussian mixture model, and similar to the feed-
forward neural network classification. However, the classification methods employed
in this study are much simpler than those used in [4] and [5]. It should be pointed out
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that the correct comparison of classification results between the previous studies and
the present study cannot be confirmed as no information about the cross-validation,
training, and testing was described in the literature.

The results of the study of the classification section highlights of the advantages
of the tensor decomposition of the neurological statuses recorded with non-EEG
signals. With complex multi-sensor data, simple classification techniques could be
employed and similar results can be obtained as being equivalent to using sophis-
ticated machine learning techniques. This is an obvious advantage when a large
dataset is used, reducing both computational time and memory cost. Being similar
to PCA, components extracted from tensor decomposition, which is not a classifier,
are features that can be used for training classifiers for the task of classification.
Hence, there is no comparison of computaional complexity (time and memory re-
quirements) between tensor decomposition and classification methods.

In summary, major highlights of the application of tensor decomposition are:
1. Tensor decomposition is a better match for exploratory signal analysis of com-

plex multi-sensor data.
2. Tensor-decomposition factors can be effectively used for visualization.
3. Tensor-decomposition factors can be used as effective features for training

classifiers for stress recognition.
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A method of tensor decomposition for visualization and classification of human
stress using non-EEG biosignals recorded from wearable devices has been presented
and discussed in the foregoing chapters. The dataset used in this experiement is
a multi-sensor or multi-channel data, which is appropriate for the use of multi-
way data analysis in order to capture underlying structures in higher-order data.
Standard two-way methods could be applied on a multi-way data, as was reported
in [4]. However, results obtained in this study suggest that the multi-way method
allows for a better visualization than the two-way method, indicating the potential
application of the adopted method that appears to be more natural for extracting
features from multi-way data. Again, it confirms that tensor factorization has much
better capacity and flexibility in modelling multi-dimentional data for extracting
useful features than traditional matrix-based methods. Other finding of this thesis
includes the use of simple classification algorithms with the tensor-decomposition
components that are able to distinguish the neurological statuses with very high
accuracy, higher than Gaussian mixture model and equivalent to feed-forward neural
network using different features on the same dataset. Therefore, the provision of
effective and robust features is important for pattern classification because it can
alleviate the use of sophisticated machine-learning techniques as evidenced in this
study.

Further work
The PARAFAC model was implemented in this study due to its simplicity. However,
the utilization of the Tucker 3 model is worth investigating in future work. It is well
known that any optimal selection of the rank (i.e. number of components) of a tensor
is not well achieved in theory because the algorithmic complexity of tensor rank is
NP-hard (i.e. non-deterministic polynomial-time hardness) [42] . The number of
PARAFAC components were arbitrarily selected in this experiment. Therefore,
investigation in new or existing strategies for a good selection of tensor rank will
be helpful for gaining insight into the analysis of stress conditions given by the
physiological signals.

51





Bibliography

[1] J. M. Peake, G. Kerr, and J. P. Sullivan. A critical review of consumer wear-
ables, mobile applications, and equipment for providing biofeedback, monitor-
ing stress, and sleep in physically active populations, Frontiers in Physiology,
vol. 9, 743, 2018.

[2] L. C. Kourtis, O. B. Regele, J. M. Wright, and G. B. Jones GB. Digital biomark-
ers for Alzheimer’s disease: The mobile/wearable devices opportunity, npj Dig-
ital Medicine, vol. 2, 9, 2019.

[3] R. James. Sensor technology is revolutionizing healthcare: Comprehensive
view, https://dzone.com/articles/how-sensor-technology-is- revolutionizing-
healthcar, 16 August 2018.

[4] J. Birjandtalab, D. Cogan, M. B. Pouyan, and M. Nourani. A non-EEG biosig-
nals dataset for assessment and visualization of neurological status, IEEE In-
ternational Workshop on Signal Processing Systems, pp. 110-114, 2016.

[5] D. Cogan, M. B. Ponyan, M. Nourani, and J. Harvey. A wrist-worn biosen-
sor system for assessment of neurological status, in 36th Annual International
Conference of the IEEE Engineering in Medicine and Biology Society (EMBC
2014, 26-30 August 2014, Chicago, Illinois, USA), pp. 5748-5751, 2014.

[6] A. S. Anusha, J. Jose, S. P. Preejith, J. Jayaraj, and S. Mohanasankar. Physio-
logical signal based work stress detection using unobtrusive sensors, Biomedical
Physics & Engineering Express, vol. 4, 065001, 2018.

[7] M. Li, L. Xie, and Z. Wang. A transductive model-based stress recognition
method using peripheral physiological signals, Sensors, vol. 19, 429, 2019.

[8] B. Zhang, Y. Morere, L. Sieler, C. Langlet, B. Bolmont, and G. Bourhis, Reac-
tion time and physiological signals for stress recognition, Biomed. Signal Pro-
cess. Control, vol. 38, pp. 100-107, 2017.

[9] G. Khadidja, F. B. Reguig, and C. Maaoui. Discrete wavelet transform analysis
and empirical mode decomposition of physiological signals for stress recognition,
Int. J. Biomed. Eng. Technol., vol. 27, pp. 247-270, 2018.

[10] L. Shu, et al. A review of emotion recognition using physiological signals, Sen-
sors, vol. 18, 2074, 2018.

[11] F. L. Hitchcock. The expression of a tensor or a polyadic as a sum of products,
Journal of Mathematics and Physics, vol. 6, pp. 164-189, 1927.

53



Chapter Bibliography

[12] R. Bro. PARAFAC. Tutorial and applications, Chemometrics Intell. Lab. Syst.,
vol. 38 , pp. 149-171, 1997.

[13] T. G. Kolda and B. W. Bader. Tensor decomposition and applications, SIAM
Review, vol. 51, pp. 455-500, 2009.

[14] H. Becker, et al. EEG extended source localization: tensor-based vs. conven-
tional methods, NeuroImage, vol. 96, pp. 143-157, 2014.

[15] A. Cichocki et al. Tensor decompositions for signal processing applications:
From two-way to multiway component analysis, IEEE Signal Process. Mag.,
vol. 32, no. 2, pp. 145-163, 2015.

[16] F. Cong, Q.H. Lin, L.D. Kuang, X.F, Gong, P. Astikainen, and T. Ristaniemi.
Tensor decomposition of EEG signals: A brief review, Journal of Neuroscience
Methods, vol. 248, pp. 59-69, 2015.

[17] M. De Vos, L. De Lathauwer, and S. Van Huel. Decomposition methods in
neuroscience, in Recent Advances in Biomedical Signal Processing, Oak Park:
Bentham Science Publishers, pp. 1-27, 2010.

[18] Y. Luo, F. Wang, and P. Szolovits. Tensor factorization toward precision
medicine, Brieng in Bioinformatics, vol. 18, pp. 511-514, 2016.

[19] Y. Kim, R. El-Kareh, J. Sun, and H. Yu, X, Jiang. Discriminative and distinct
phenotyping by constrained tensor factorization, Scientic Reports, vol. 7, 1114,
2017.

[20] T. Papastergiou, E. Zacharaki, and V. Megalooikonomou. Tensor decomposition
for multiple-instance classication of high-order medical data, Complexity, vol.
2018. pp. 1-13, 2018.

[21] M.D. Cirillo, R. Mirdell, F. Sjoberg, and T.D. Pham. Tensor decomposition for
color image segmentation of burn wounds, Scientific Reports, vol. 9, 329, 2019.

[22] L. De Lathauwer and B. De Moor. From matrix to tensor: Multilinear algebra
and signal processing, in Mathematics in Signal Processing IV, J. McWhirter
and I. Proudler, eds., Clarendon Press, Oxford, pp. 1-15, 1998.

[23] L. De Lathauwer, B. De Moor, and J. Vandewalle. A multilinear singular value
decomposition, SIAM J. Matrix Anal. Appl., vol. 21, no. 4, pp. 1253-1278, 2000.

[24] M. Vasilescu and D. Terzopoulos. Multilinear analysis of image ensembles: Ten-
sorfaces, in Proc. European Conf. on Computer Vision (ECCV), Copenhagen,
Denmark, vol. 2350, pp. 447-460, May 2002.

[25] E. Acar, S. A. Camtepe, M. S. Srishnamoorthy, and B. Yener. Modeling and
multiway analysis of chatroom tensors, in ISI 2005: Proceedings of the IEEE In-
ternational Conference on Intelligence and Security Informatics, Lecture Notes
in Comput. Sci. 3495, Springer, pp. 256-268, 2005.

54



Bibliography

[26] B. W. Bader, R. A. Harshman, and T. G. Kolda. Temporal analysis of se-
mantic graphs using ASALSAN, in ICDM 2007: Proceedings of the 7th IEEE
International Conference on Data Mining, pp. 33-42, 2007.

[27] C. Beckmann and S. Smith. Tensorial extensions of independent component
analysis for multisubject FMRI analysis, NeuroImage, 25, pp. 294-311, 2005.

[28] E. E. Papalexakis, C. Faloutsos, and N. D. Sidiropoulos. Tensors for data mining
and data fusion: Models, applications, and scalable algorithms, ACM Trans.
on Int. sys. and Tech., vol. 8, no. 2, 2016.

[29] J. Hopcroft and R. Kannan. Foundations of Data Science. [Online]. Avail-
able on: https://www.cs.cmu.edu/~venkatg/teaching/CStheory-infoage/book-
chapter-4.pdf, Accessed on: Februaly 2019.

[30] J. Shlens. A tutorial on principal component analysis, arXiv preprint
arXiv:1404.1100, 2014.

[31] J. Worrell. Principal component analysis. [Online]. Available on:
https://www.cs.ox.ac.uk/people/james.worrell/SVD-thin.pdf. Accessed on:
May 2019.

[32] S. Rabanser, O. Shchur, and S. Gunnemann. Introduction to tensor decompo-
sition and their applications in machine learning, arXiv:1711.10781v1, 2017.

[33] A. Penissson. Exploring temporal graph data with Python: a study on
tensor decomposition of wearable sensor data [Online]. Available on:
https://www.slideshare.net/panisson/exploring-temporal-graph-data-with-
python-a-study-on-tensor-decomposition-of-wearable-sensor-data, Accessed on:
March 2019.

[34] F. L. Hitchcock. Multiple invariants and generalized rank of a p-way matrix or
tensor, J. Math. Phys., 7, pp 39-79, 1927.

[35] R. B. Cattell. Parallel proportional profiles and other principles for determining
the choice of factors by rotation, Psychometrika, 9, pp. 267–283, 1944.

[36] R. B. Cattell. The three basic factor-analytic research designs - their interrela-
tions and derivatives, Psychological Bulletin, 49, pp. 499–452, 1952.

[37] J. D. Carroll and J. J. Chang. Analysis of individual dierences in multidimen-
sional scaling via an N-way generalization of "Eckart-Young" decomposition,
Psychometrika, 45, pp. 3-24, 1980.

[38] R. A. Harshman. Foundations of the PARAFAC procedure: Mod-
els and conditions for an "explanatory" multi-modal factor analy-
sis, UCLA Working Papers in Phonetics, 16. [Online]. Available on:
http.//publish.uwo.ca/~harshman/wpppfac0.pdf, pp. 1-84, Accessed on:
March 2019.

[39] H. A. L. Kiers. Towards a standardized notation and terminology in multiway
analysis, J. Chemometr., 14, pp. 105-122, 2000.

55



Chapter Bibliography

[40] J. B. Kruskal. Rank, decomposition and uniqueness for 3-way and n-way arrays,
in Multiway Data Analysis, R. Coppi and S.Bolasco, Eds., Amsterdam, The
Netherlands: North Holland, pp. 7-18, 1989.

[41] R. Bro and H. A. L. Kiers. A new efficent method for determining the number
of component in PARAFAC models, J. Chemometrics, 17, pp. 274-286 , 2003.

[42] C. J. Hillar and L. H. Lim. Most tensor problems are NP-hard, J. ACM, vol.
60, no. 45, doi 10.1145/2512329, 2013.

[43] G. Tomasi and R. Bro. PARAFAC and missing values, Chemometrics and In-
telligent Laboratory Systems, vol. 75, pp. 163-180, 2005.

[44] A non-EEG dataset for assessment of neurological status, PhysioNet. [On-
line]. Available on: http://physionet.org/physiobank/database/noneeg/, Ac-
cessed on: January 2019.

[45] C.A. Andersson, R. Bro. The N-way Toolbox for MATLAB, Chemometrics and
Intelligent Laboratory Systems, vol. 52, pp. 1-4, 2000.

[46] R. Bro. Basic Parafac Modelling. [Online]. Available on:
http://www.models.life.ku.dk/~courses/parafac/chap2parafac.htm, Accessed
on: January 2017.

[47] T. Hill and P. Lewicki. Statistics: Methods and Applications, Tulsa: StatSoft,
2007.

[48] L. R. Tucker. The extension of factor analysis to three-dimentional matrices, In
contributions to mathematical psychology. Holt, Rinehart and Winston, New
York, pp. 110-182, 1964.

[49] J. Tzeng. Fast singular value decomposition for large-scale growing data. ICDS
2011 : The Fifth International Conference on Digital Society, pp. 193-198, 2011.

[50] R. Bro. Multi-way analysis in the food industry-models, algorithms, and appli-
cations, MRI, EPG and EMA, Proc ICSLP 2000, 1998.

[51] Wikipedia contributors. Multinomial logistic regression. [Online]. Available on:
https://en.wikipedia.org/wiki/Multinomial_logistic_regression, Accessed on:
May 2019.

[52] Wikipedia contributors. Fuzzy clustering. [Online]. Available on:
https://en.wikipedia.org/wiki/Fuzzy_clustering_Algorithm, Accessed on:
June 2019.

[53] N. V. Chawla. Data mining for imbalanced datasets: An overview, Data mining
and knowledge discovery handbook, Springer, Boston, MA, pp. 875-886, 2009.

[54] Maloof. Learning when data sets are imbalanced and when costs are unequal
and unknown, in Proceedings of the ICML 2003 Workshop on Learning from
Imbalanced Data Sets II, pp. 73-80, 2003.

56



Bibliography

[55] Japkowicz. Class imbalances: Are we focusing on the right issue? Proceedings
of the ICML-2003 Workshop: Learning with Imbalanced Data Sets II, pp. 17-23,
2003.

[56] H. Trevor, R. Tibshirani, and J. Friedman. The elements of statistical learning:
data mining, inference, and prediction, Springer, (2009).

[57] J. Starkweather and A, K. Moske. Multinomial logistic regression. [Online].
Available on: https://it.unt.edu/sites/default/files/mlr_jds_aug2011.pdf, Ac-
cessed on: March 2019.

[58] C. Y. Liong and S. F. Foo. Comparison of linear discriminant analysis and
logistic regression for data classification, AIP Conference Proceedings, vol. 1522,
no. 1, AIP, pp. 1159-1165, 2013.

[59] H. Abdi. The eigen-decomposition: Eigenvalues and eigenvectors, Encyclopedia
of measurement and statistics, pp. 304-308, 2007.

[60] S. A. Czepiel. Maximum likelihood estimation of logistic regres-
sion models: theory and implementation. [Online]. Available on:
https://czep.net/stat/mlelr.pdf, Accessed on: April 2019.

57




	Contents
	Abstract
	Acknowledgments
	1 Introduction
	1.1 Background
	1.2 Motivation
	1.3 Objectives
	1.4 Outline of the thesis

	2 Data
	2.1 Data source
	2.2 Raw data
	2.3 Processed data
	2.4 Ethical considerations

	3 Methods
	3.1 Visualization
	3.1.1 Matrix decomposition
	3.1.2 Tensor
	3.1.3 Tensor decomposition
	3.1.4 Cluster analysis

	3.2 Classification
	3.2.1 Multinomial Logit Regression
	3.2.2 Linear Discriminant Analysis
	3.2.3 Evaluation methods


	4 Results and Discussions
	4.1 Tensor decomposition and the number of components
	4.2 Visualization
	4.3 Classification
	4.3.1 Multinomial Logit Regression
	4.3.2 Linear Discriminant Analysis


	5 Conclusions
	Bibliography

