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Direct Parallel Computations of Second-Order
Search Directions for Model Predictive Control

Isak Nielsen and Daniel Axehill

Abstract—Model Predictive Control (MPC) is one of the most
widely spread advanced control schemes in industry today. In
MPC, a constrained finite-time optimal control (CFTOC) problem
is solved at each iteration in the control loop. The CFTOC problem
can be solved using for example second-order methods such as
interior-point (IP) or active-set (AS) methods, where the com-
putationally most demanding part often consists of computing
the sequence of second-order search directions. These can be
computed by solving a set of linear equations which corresponds
to solving a sequence of unconstrained finite-time optimal control
(UFTOC) problems. In this paper, different direct (non-iterative)
parallel algorithms for solving UFTOC problems are presented.
The parallel algorithms are all based on a recursive reduction
and solution propagation of the UFTOC problem. Numerical
evaluations of the proposed parallel algorithms indicate that
a significant boost in performance can be obtained, which can
facilitate high performance second-order MPC solvers.

Index Terms—MPC, optimization, parallel, Riccati recursion

I. INTRODUCTION

IN Model Predictive Control (MPC), the control input is
computed by solving a constrained finite-time optimal

control (CFTOC) problem at each iteration in the control loop.
When a second-order method such as an interior-point (IP) or
an active-set (AS) method is used to solve the CFTOC problem,
the main computational effort is often spent on solving a
sequence of second-order search directions. In the case of
MPC, this corresponds to solving a sequence of unconstrained
finite-time optimal control (UFTOC) problems. Hence, much
effort in research has been spent on solving UFTOC problems
efficiently using for example sparsity-exploiting algorithms or
tailor-made algorithms such as the Riccati recursion. Some
examples of such approaches are presented in [1], [2], [3],
[4], [5], [6], [7], [8], [9].

One approach to speed up the computations of the search
directions is to exploit parallelism. Two conceptually different
ways to do so when solving CFTOC problems are to apply a
parallel algorithm directly to the CFTOC problem, or to paralle-
lize the computations of the search directions in the solver used
to solve the CFTOC problem. Examples where the parallelism
is applied directly to the CFTOC problem are [10], [11], [12],
and [13]. In this paper, parallel algorithms for solving the
UFTOC problems which correspond to computing the second-
order search directions are presented. In [14] the authors argue
that exploiting parallelism like this at the level of numerical
linear algebra is more flexible than exploiting it directly for the
CFTOC problem. In [15] an extended Parallel Cyclic Reduction

I. Nielsen and D. Axehill are with the Division of Automatic
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algorithm is used to reduce the computation of the UFTOC
problem to smaller systems of equations that are solved in
parallel. The computational complexity of this algorithm is
reported to be O (logN). In [16] and [17] a time-splitting
approach where subproblems are connected through common
variables and are solved in parallel using Schur complements
is used. The common variables are computed via a consensus
step where a dense system of equations involving all common
variables is solved serially. In [18] and [19] a message-passing
algorithm for IP methods is presented, which extends the
approach introduced earlier in [20] to more general problems.

In this paper, structure-exploiting parallel algorithms for
solving UFTOC problems are proposed. The algorithms can
compute the solution in O (logN) computational complexity
and they exploit the special structure inherited from the UFTOC
problem. Furthermore, it is shown how the Riccati recursion
can be computed in parallel. The parallel algorithms presented
in this paper can be put into a framework where a UFTOC
problem of prediction horizon N is reduced in parallel to
a new, smaller master UFTOC problem in the same form
but with prediction horizon N̂ < N . Unlike for example
the partitioned dynamic programming algorithm in [14], the
UFTOC problem structure is preserved in the master problem.
Hence, the same parallel algorithm can be applied recursively,
which facilitates an efficient implementation. Furthermore,
in the algorithms presented here the solution is computed
directly without involving any iterative updates of variables
as is usually required in parallel first-order methods such as
the alternating direction method of multipliers [21]. A more
extensive and detailed presentation of the work presented here
is available in the publication [22].

In this article, Sn++ (Sn+) denotes symmetric positive (semi)
definite matrices with n columns, Zi,j , {z ∈ Z | i ≤ z ≤ j}
an interval of integers, R (A) the range space of a matrix A,
and colrank A the column rank of a matrix A.

The paper is organized as follows; in Section II the problem
is formulated and in Section III the main steps of the parallel
algorithms are outlined. In Section IV and Section V, the
different ways of reducing and solving the UFTOC problem are
presented. The recursive reduction framework is presented in
Section VI and numerical results are presented in Section VII.

II. PROBLEM FORMULATION

When for example IP and AS methods are applied to solve
CFTOC problems, the computation of the search direction
often corresponds to solving a UFTOC problem. In the general
case, time-dependent matrices, linear and constant terms in the
objective function, and an affine term in the dynamics equation
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are present. However, these are omitted here for presentational
brevity and the reader is instead referred to [22] for the details
when they are present. The UFTOC problem is then given by

min.
x,u

N−1∑
t=0

1

2

[
xt
ut

]T [
Qx Qxu
QTxu Qu

] [
xt
ut

]
+

1

2
xTNQx,NxN

s.t. x0 = x̄

xt+1 = Axt +But, t ∈ Z0,N−1.
(1)

Assumption 1: The Hessian of the objective function of the
UFTOC problem (1) is positive semidefinite for all t ∈ Z0,N .

Assumption 2: Qu in (1) satisfies Qu ∈ Snu
++.

Unless stated otherwise, let Assumptions 1 and 2 hold, let
P(N) denote an optimization problem with the same structure
as in (1), and let the dual variables corresponding to the
equality constraints in (1) be denoted λt for t ∈ Z0,N .

One way of solving the UFTOC problem (1) is to use the
Riccati recursion, see for instance [1], [2], [5], [22]. It consists
of a factorization of the KKT matrix (see, e.g., [23]) of the
UFTOC problem (Algorithm 1) followed by a state recursion to
compute the solution (Algorithm 2). The computational com-
plexity growth of the Riccati recursion is O

(
N(nx + nu)3

)
.

Algorithm 1 Riccati factorization

1: PN := Qx,N
2: for t = N − 1, . . . , 0 do
3: Ft+1 := Qx +ATPt+1A
4: Gt+1 := Qu +BTPt+1B
5: Ht+1 := Qxu +ATPt+1B
6: Compute and store a factorization of Gt+1

7: Compute a solution Kt+1 to:
Gt+1Kt+1 = −HT

t+1

8: Pt := Ft+1 −KT
t+1Gt+1Kt+1

9: end for

Algorithm 2 Forward recursion
1: x0 := x̄
2: for t = 0, . . . , N − 1 do
3: ut := Kt+1xt
4: xt+1 := Axt +But
5: λt := Ptxt
6: end for
7: λN := PNxN

III. DEFINING THE MASTER PROBLEM

The original UFTOC problem (1) can be reduced to a master
problem in the same UFTOC form but with shorter prediction
horizon and possibly fewer control inputs using different
techniques. Furthermore, the solution to the original UFTOC
problem can be computed from the solution to the master
problem in different ways. The reduction and solution of the
original UFTOC problem can be described by four main steps:

1) Split into subproblems: Split the original UFTOC pro-
blem in time in N̂+1 subproblems Pi(Ni) for i ∈ Z0,N̂ .

P0(N0) Pi(Ni) Pj(Nj) P
N̂
(N

N̂
)P(N) :

P(N̂) : MASTER UFTOC PROBLEM

Red
uc

e
Solv

e

R
ed

uc
e Solve

R
ed

uc
e Solve

Reduce
Solve

Fig. 1: The original UFTOC problem can be split into N̂ + 1
smaller subproblems Pi(Ni) and reduced into a smaller master
UFTOC problem. Once the master UFTOC problem is solved,
the subproblems can be solved using information from the
solution to the master UFTOC problem. The solution to the
original UFTOC problem can be retrieved from the solutions
to the subproblems Pi(Ni). The reduction and solution of the
subproblems can be performed in different ways.

2) Reduce the subproblems: Reduce the subproblems to
depend on fewer variables using any of the algorithms
that will be presented in Section IV or Section V.

3) Form and solve the master problem: Form the master
UFTOC problem P(N̂) using the reduced subproblems.
Solve the master UFTOC problem.

4) Solve subproblems and retrieve solution: Solve the
subproblems using information from the solution to the
master UFTOC problem. Retrieve the solution to the
original UFTOC problem P(N) using the solutions to
the subproblems Pi(Ni) for i ∈ Z0,N̂ .

The structure of the reduction and solution process is presented
in Fig. 1, where the dots represent repetition of the structure.
The problem at the lower level is the split original UFTOC
problem (1) and at the upper level the master UFTOC problem.

In Section IV, it will be shown how the reduction can be
done using the parametric programming approach introduced
in [20]. In Section V it is shown how the subproblems can be
reduced by combining ideas from partial condensing, which
was introduced in [24], with the theory introduced in [25]. The
different approaches presented in this paper are similar in the
sense that they split the original subproblem into several smal-
ler subproblems, which can be reduced in parallel to eliminate
variables from the original UFTOC problem. However, they
differ in the way the problem is split, how the subproblems
are reduced, and how the subproblems are solved. Depending
on which reduction approach that is used, the solutions to the
subproblems and the original UFTOC problem can be computed
differently. The choice of approach may vary depending on the
use of the solution.

The smaller subproblems are obtained by splitting the
prediction horizon in N̂ + 1 intervals i ∈ Z0,N̂ , where each is

of length Ni ∈ Z++ such that
∑N̂
i=0 = N . Furthermore, let

t0 = 0 and ti =
∑i−1
k=0Nk for i ∈ Z1,N̂ .

IV. PARAMETRIC PROGRAMMING APPROACH

The parallel approach introduced in [20] extends the original
UFTOC problem with extra complicating variables, and splits
it into smaller subproblems. In each subproblem (except the
last), the final state has to satisfy a terminal constraint which
involves the complicating variables. The connections between
the subproblems are given by extra coupling constraints in
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the complicating variables, and the subproblems are solved
parametrically as a function of these complicating variables.

This approach is similar to primal decomposition [26], [13],
and to the hierarchical approach presented in [27] and [12] in
the sense that the problem is decomposed in time into N̂ + 1
subproblems that share complicating variables. Here, however,
the parallel algorithm is applied at the level of the numerical
linear algebra instead of to the inequality constrained problem.
Furthermore, the introduction of the complicating variables
and constraints is made such that feasible subproblems are
always obtained, and the master problem is in the form of a
UFTOC problem. Hence, the proposed parallel algorithm can
be applied recursively without making any modifications to it.

A. Problem decomposition and variable elimination
The structure of the UFTOC problem (1) can be exploited by

splitting it into subproblems that only share a small number of
complicating variables. To do so, introduce the local variables

xi ,
[
xT0,i . . . xTNi,i

]T
, ui ,

[
uT0,i . . . uTNi−1,i

]T
, (2)

the initial constraints x0,i = x̂i for each subproblem, and the
terminal constraints xNi,i = di for i ∈ Z0,N̂−1. Here, di will
be used as a dummy variable in an intermediate step. The
connections between the subproblems are introduced as the
coupling constraints x̂i+1 = di for i ∈ Z0,N̂−1. Now, let di
be parametrized as

di = Âx̂i + B̂ûi, (3)

where x̂i ∈ Rnx and ûi ∈ Rnû with nû ≤ nx are introduced
as the complicating variables. How, and also the reason why,
to choose the parametrization Â and B̂ will soon be explained.

Now, define the number of variables (n), equality con-
straints (m) and parameters (p) for i ∈ Z0,N̂−1 as

n , (Ni + 1)nx +Ninu, m , (Ni + 2)nx, p , nx +nû.
(4)

Furthermore, define H ∈ Sn+, A ∈ Rm×n , and G ∈ Rm×p as

H ,



Qx Qxu 0 · · · 0
QTxu Qu 0 · · · 0

0 0
. . . . . .

...
...

...
. . . Qx Qxu 0

QTxu Qu 0
0 0 · · · 0 0 0


, (5a)

A ,



−I 0 · · · · · · 0

A B −I 0 · · ·
...

0 0 A · · ·
...

...
. . . 0

...
... A B −I

0 · · · · · · 0 −I


, (5b)

G ,


−I 0
0 0
...

...
0 0

−Â −B̂

 , Xi ,


x0,i

u0,i

...
uNi−1,i

xNi,i

 . (5c)

For the last subproblem i = N̂ , the matrices are defined
similarly as in (5) but including the cost for xNN̂ ,N̂

in HN̂ ,
removing the last block row in AN̂ and GN̂ , and removing
the last block column in GN̂ since no terminal constraint is
introduced in the last subproblem.

By using the definitions in (5) together with the coupling
constraints and the complicating variables, an extended opti-
mization problem can be constructed from (1), given by

min.
x̂,û,X

N̂−1∑
i=0

1

2
XT
i HXi +

1

2
XT
N̂

HN̂XN̂

s.t. AXi = G

[
x̂i
ûi

]
, i ∈ Z0,N̂−1

AN̂XN̂ = GN̂ x̂N̂
x̂0 = x̄

x̂i+1 = Âx̂i + B̂ûi, i ∈ Z0,N̂−1.

(6)

The extended problem (6) can be solved by first optimizing
over the local variables Xi while considering the complicating
variables as parameters. By defining the parameters

θi ,

[
x̂i
ûi

]
, i ∈ Z0,N̂−1, θN̂ , x̂N̂ , (7)

the optimal solution to Xi for i ∈ Z0,N̂ can be computed
as a function of the parameter θi by solving the equality
constrained mp-QP problem

min.
Xi

1

2
XT
i HXi

s.t. AXi = Gθi.

(8)

Lemma 1: Consider an mp-QP problem as in (8) with
N (A) 6= {0}. Let the columns of V form a basis of N (A).
Then V THV � 0 holds.

Proof: Consider a subproblem i ∈ Z0,N̂−1. Let Ā and Ḡ
denote all the rows in A and G except the last block row. Now
consider a problem as in (8), but with the equality constraints
ĀXi = Ḡθi instead. This problem is a UFTOC problem in the
form (1) where Assumptions 1 and 2 hold, which has a unique
solution [28]. Hence, the reduced Hessian V̄ THV̄ is positive
definite, where the columns of V̄ form a basis for N

(
Ā
)

[29].
Since N (A) ⊆ N

(
Ā
)
, the result follows. For i = N̂ the result

follows immediately since it is in the UFTOC problem where
Assumptions 1 and 2 hold.

The subproblem (8) is only feasible when Gθi ∈ R (A) [30].
Hence, depending on the parametrization and the subproblem,
the introduction of the terminal constraints might give infeasi-
ble subproblems. In order to obtain feasible subproblems in (6)
for every choice of the parameters, the parametrizations of
the terminal constraints must be chosen such that it is always
possible to reach the desired final state from the initial state
of the subproblem. Given the initial state, the final state can
be computed using the dynamics constraints as

xNi,i = Ãx̂i + B̃ui, (9)

where

Ã , ANi , D̃ ,
[
ANi−1 · · · A I

]
, (10a)

B̃ ,
[
ANi−1B · · · AB B

]
, (10b)
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and ui is the stacked ut,i for t ∈ Z0,Ni−1. Note that B̃ is the
reachability matrix [31], and D̃ is defined for later purposes.
The feasibility of a subproblem can be managed by parame-
trizing the problem such that the parameter di = Âx̂i + B̂ûi
is reachable from x̂i. This can be assured by choosing

Â , Ã, B̂ , T , (11)

where the columns of T form a basis for R
(

B̃
)

. Note that
by introducing this parametrization of the subproblem, the
problem of choosing parameters in the master problem that
satisfy the range constraints Gθi ∈ R (A) for i ∈ Z0,N̂−1 to
give feasible subproblems is solved already in the subproblems
and not in the master problem as in [18], [19]. Note that for a
subproblem where B̃ has full row rank, Â = 0 and B̂ = I are
valid choices for the parametrization of the terminal constraint.

Let the notation ↔ be used to relate a dual variable with
its corresponding constraint. Then, define

λ0,i ↔ −x0,i + x̂i = 0, (12a)
λt+1,i ↔ −xt+1,i +Axt,i +But,i = 0, t ∈ Z0,Ni−1, (12b)

λtc,i ↔ −xNi,i + Âx̂i + B̂ûi = 0, (12c)

as the dual variables for the problem (8), and Λi as

Λi ,
[
λT0,i λT1,i . . . λTNi,i

λTtc,i
]T
. (13)

The subproblem (8) is a very simple mp-QP problem with
parameters θi and only equality constraints, with optimal
primal and dual solutions given by

X∗i (θi) = Kxθi, (14a)

Λ∗i (θi) = Kλθi + λNi , (14b)

for some Kx ∈ Rn×p , Kλ ∈ Rm×p , and λNi ∈ N
(
AT
)
, [32].

The primal solution is unique since either the reduced Hessian
is positive definite according to Lemma 1, or N (A) = {0}.
When LICQ holds for the subproblem (8) it follows that
N
(
AT
)

= {0}, and hence also the dual solution is uni-
que [32]. Note that LICQ always holds for the last subproblem
i = N̂ . Furthermore, since the simple mp-QP problem (8)
is subject to equality constraints only, the solution can be
computed cheaply compared to a general mp-QP problem.

The local variables Xi can be eliminated from the extended
problem (6) by using the parametric solution (14a). The value
function of (8) can then be expressed in the parameter θi as

V̂(θi) ,
1

2
θTi (Kx)THKxθi, V̂N̂ ,

1

2
θT
N̂

(Kx
N̂

)THN̂K
x
N̂
θN̂ .

(15)
Lemma 2: Let the Hessian of V̂(θi) be divided into blocks

that correspond to x̂i and ûi as

Q̂ ,

[
Q̂x Q̂xu
Q̂Txu Q̂u

]
, (Kx)THKx. (16)

Then it holds that Q̂u ∈ Snû
++.

Proof: The proof of Lemma 2 is presented in Appendix D.

B. Constructing the master problem

By eliminating all the local variables Xi for i ∈ Z0,N̂ in (6),
a master UFTOC problem with horizon N̂ < N is obtained.

Theorem 1: Consider a UFTOC problem P(N) as defined
in (1). Then, this UFTOC problem can be reduced in parallel
to a smaller UFTOC problem P(N̂) with N̂ < N , given by

min.
x̂,û

N̂−1∑
i=0

1

2

[
x̂i
ûi

]T [
Q̂x Q̂xu
Q̂Txu Q̂u

] [
x̂i
ûi

]
+

1

2
x̂T
N̂
Q̂x,N̂ x̂N̂

s.t. x̂0 = x̄

x̂i+1 = Âx̂i + B̂ûi, i ∈ Z0,N̂−1,
(17)

where Q̂ ∈ Snx+nû
+ and Q̂u ∈ Snû

++ are defined in (16), Â ∈
Rnx×nx and B̂ ∈ Rnx×nû are defined in (11), and nû ≤ nx.

Proof: Given a UFTOC problem (1), the construction
of the extended problem (6) can be done as described in
Section IV-A. All local variables can be eliminated by solving
the subproblems (8) parametrically as functions of the compli-
cating variables, and substituting the parametric solution into
the extended problem (6). Then, using the definitions in (16)
it follows that the extended problem (6) is reduced to (17). Â
and B̂ are chosen according to (11), and the parametrization
is introduced such that nû ≤ nx. Positive semidefiniteness
of Q̂ follows by construction, and Q̂u ∈ Snû

++ follows from
Lemma 2. Furthermore, since all subproblems can be solved
parametrically independently of each other, it is possible to
reduce the UFTOC problem (1) to (17) in parallel.

Let the dual variables for the master UFTOC problem in (17)
be defined as

λ̂0 ↔ −x̂0 + x̄ = 0, (18a)

λ̂i+1 ↔ −x̂i+1 + Âx̂i + B̂ûi = 0, i ∈ Z0,N̂−1. (18b)

Then, the primal and dual solution given by x̂∗i for i ∈ Z0,N̂ ,
û∗i for i ∈ Z0,N̂−1 and λ̂∗i for i ∈ Z0,N̂ is unique since LICQ
and Assumptions 1 and 2 hold for the master problem. The
solution can be computed using any method that is applicable
to UFTOC problems in the form (17).

C. Computing the solution

The solutions to the subproblems (8) can be computed using
the optimal values of the parameters θi from the solution to the
master problem (17) using (14). When LICQ holds, the primal
and dual solution X∗i and Λ∗i can be computed uniquely from
the optimal parameters θ∗i as in (14) but with λNi = 0.

However, the additional terminal constraint in a subpro-
blem (8) might result in violation of LICQ for the subproblem
even though this is not the case in the original UFTOC
problem (1). Violation of LICQ is known as primal degeneracy
and the dual variables (14b) for a primally degenerate problem
are non-unique [32]. Here it will be shown how to choose dual
variables in the subproblems that satisfy the KKT optimality
conditions of the original UFTOC problem (1), even in the case
with non-unique dual variables in the subproblems.

Lemma 3: The nullspace of AT is given by

N
(
AT
)
,
{
z ∈ Rm | z = Zw, with w ∈ N

(
B̃T
)}

, (19)
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where
Z ,

[
−Ã −D̃ I

]T
, (20)

and Ã, D̃, and B̃ are defined in (10).
Proof: For the proof of Lemma 3, see Appendix F.

How to compute the solution to the original UFTOC problem
from X∗i and Λ∗i for i ∈ Z0,N̂ is presented in Theorem 2.

Theorem 2: Let Assumptions 1 and 2 hold for the UFTOC
problem in (1), and let the corresponding extended problem (6)
be constructed as described in Section IV-A. Furthermore, let
x̂∗, û∗ and λ̂∗ be the solution to (17). Then, the primal and
dual solution to (1) can be computed as

x∗ =



x∗0,0
...

x∗Ni−1,i

x∗0,i+1
...

x∗
NN̂ ,N̂


, u∗ =



u∗0,0
...

u∗Ni−1,i

u∗0,i+1
...

u∗
NN̂−1,N̂


, λ∗ =



λ∗0,0
...

λ∗Ni−1,i

λ∗0,i+1
...

λ∗
NN̂ ,N̂


,

(21)
where x∗t,i and u∗t,i are computed as in (14a) for i ∈ Z0,N̂ ,
and Λ∗i are computed as in (14b) with λNi = 0 when LICQ
holds. When LICQ does not hold, Λ∗i is computed as

Λ∗i = Kλθ∗i − Z
(
ξ∗tc,i + λ̂∗i+1

)
, (22)

where θi is defined as in (7), Z is given in Lemma 3, and

ξ∗tc,i ,
[
0 · · · 0 Inx

]
Kλ

[
x̂∗i
û∗i

]
. (23)

Proof: The proof of Theorem 2 is given in Appendix E.

According to Theorem 2, the solution to the original UFTOC
problem (1) can be computed from the parametric solutions
to the subproblems (8) and the solution to the master pro-
blem (17). Since all subproblems can be solved independently
of each other when x̂∗, û∗ and λ̂∗ are given, it is possible to
compute the solution to the N̂ + 1 subproblems, and hence
also to the original UFTOC problem, in parallel.

V. PARALLEL PARTIAL CONDENSING
AND REDUCTION APPROACH

In [24] partial condensing was introduced as a way to
lower the computation time for solving MPC problems by
enabling condensing strategies that are in between the sparse
MPC formulation and the fully condensed MPC formulation. As
was remarked in that work, the ideas from partial condensing
can also be used in a parallel setting, where for example the
condensing of each block can be performed in parallel and the
sizes of the blocks determine the corresponding workloads. In
this section it will be shown how to exploit, and extend, the
ideas from partial condensing in order to reduce a UFTOC
problem in parallel to a smaller master problem in the same
UFTOC form but with shorter prediction horizon and possibly
fewer control inputs. Furthermore, it will also be shown how
the parallel Riccati recursion algorithm presented in [25] can
be included in this framework. Here, this is done in a similar
way as [14], but in the algorithm presented here the reduced

master problem remains in the UFTOC form, which facilitates
the recursive solution of smaller UFTOC problems. It will
also be shown how to compute the Riccati factorization in
Algorithm 1 in parallel, which is not part of the work in [14].

The reduction of the original UFTOC problem P(N) to the
master UFTOC problem P(N̂) will be done in two main steps:
• Condense the subproblems: Eliminate states by using

the corresponding dynamics constraints. This is similar to
what is done when re-writing the UFTOC problem into its
condensed QP form as is shown in for example [28], [33],
and [24]. The different condensing techniques that are
used here are presented in Section V-B.

• Reduce the subproblems: Reduce the size of the total
control input dimension over the horizon in the subpro-
blem. Depending on the subproblem, it is not always
possible to do this, but it will be described in Section V-C
when, and how, this can be done.

In this section, it will be described how to perform these steps
in parallel, but first the decomposition of the UFTOC problem
P(N) into subproblems is presented.

A. Decomposition into subproblems

The decomposition of the original UFTOC problem (1) can
be done similarly as in Section IV. Let Ni, t0 and ti be
defined as before, and define tN̂+1 , N . Furthermore, for
presentational brevity, let x̂i , xti denote the state at time ti
and define the local variables xi and ui for i ∈ Z0,N̂ as

xi ,
[
xTti+1 . . . xTti+Ni−1

]T
, ui ,

[
uTti . . . uTti+Ni−1

]T
(24)

Note that the indexing starts at different values for xi and ui.
Then, the UFTOC problem (1) is equivalent to

min.
x̂,x,u

N̂∑
i=0

1

2

x̂ixi
ui

TQx 0 Qxu

0 Qx Qxu

QT
xu QT

xu Qu

x̂ixi
ui

+

1

2
x̂T
N̂+1

Qx,N x̂N̂+1

s.t. x̂0 = x̄

Axi = A0x̂i + Bui, i ∈ Z0,N̂

x̂i+1 = ANxi + BNui, i ∈ Z0,N̂ ,

(25)

where the matrices are defined in Appendix A. Note that A is
an invertible matrix by definition and that no extra variables
or constraints have been added to the original UFTOC problem
to form the equivalent (25) as was done in Section IV.

Instead of introducing complicating variables and con-
straints as in Section IV, the original UFTOC problem will now
be decomposed into several subproblems using the cost-to-go
function from dynamic programming, see for example [34].
To do this, let J(xt) denote the cost-to-go function at state
xt for the UFTOC problem (1), which in this case is a convex
quadratic function in xt given by

J(xt) ,
1

2
xTt Ptxt, Pt ∈ Snx

+ . (26)

Furthermore, define x̄i , x∗ti where x∗ti is part of the optimal
solution to the problem (1). Assume, for the moment, that x̄i



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. X, NO. XX, MONTH YEAR 6

and J(x̂i+1) are known for some i ∈ Z0,N̂ . Then it is possible
to exploit the principle of optimality [34] and the structure of
the equality constraints in the UFTOC problem (1) to compute
the optimal solution in the interval ti ≤ t ≤ ti+1. This is done
by solving the smaller UFTOC problem

min.
x̂i,xi,ui,x̂i+1

1

2

x̂ixi
ui

TQx 0 Qxu

0 Qx Qxu

QT
xu QT

xu Qu

x̂ixi
ui

+
1

2
x̂Ti+1P̂i+1x̂i+1︸ ︷︷ ︸

=J(x̂i+1)

s.t. x̂i = x̄i

Axi = A0x̂i + Bui

x̂i+1 = ANxi + BNui.
(27)

Here, the notation P̂i+1 , Pti+1 is used for brevity. Hence,
if x̄i and J(x̂i+1) are known for all i ∈ Z0,N̂ it is possible
to solve the original UFTOC problem (1) by computing the
solution in each interval ti ≤ t ≤ ti+1, which is done by
solving the N̂+1 corresponding subproblems in the form (27).

Remark 1: For the last subproblem i = N̂ , J(x̂N̂+1) is
known and defined as J(x̂N̂+1) = 1

2 x̂
T
N̂+1

Qx,N x̂N̂+1.

B. Condensing a subproblem
The optimal solutions x̄i and the cost-to-go functions

J(x̂i+1) are not available prior to solving the problem (except
for J(x̂N̂+1) as mentioned in Remark 1). However, it is possi-
ble to eliminate local state variables from the subproblem (27),
which is here referred to as condensing the subproblem. Here,
it will be shown how to condense the subproblem in two
different, but conceptually similar, ways. The first condensing
technique is the one used in for example [28], [33], and [24]
and will be referred to as regular condensing, whereas the other
is based on the ideas from [25] where the Riccati recursion is
used to obtain the condensed subproblem.

1) Regular condensing of a subproblem: By using the dy-
namics constraints in the UFTOC problem (27) it is possible to
eliminate the state variables by describing them as a function
of the initial state and the control inputs over the full horizon
of the subproblem. For later purposes, the final state is kept
as a variable in the condensed subproblem.

Lemma 4 (Regular condensing): Consider the QP problem
(27) with invertible A, convex objective function and Qu � 0.

Then, eliminating the variables xi using the equality con-
straints Axi = A0x̂i + Bui results in the QP problem

min.
x̂i,ui,x̂i+1

1

2

[
x̂i
ui

]T [
Q̃x Q̃xu

Q̃Txu Q̃u

] [
x̂i
ui

]
+

1

2
x̂Ti+1P̂i+1x̂i+1

s.t. x̂0 = x̄i

x̂i+1 = Ãx̂i + B̃ui,
(28)

where the matrices are defined as in (60) in Appendix B, the
objective function is convex, and Q̃u � 0.

Furthermore, the eliminated variables xi and the dual va-
riables λi ↔ −Axi + A0x̂i + Bui = 0 can be computed as

xi =A−1A0x̂i + A−1Bui, (29a)

λi =A−T (Qxxi + Qxuui) . (29b)

Proof: The proof of Lemma 4 is given in the Appendix G.

The condensing of all subproblems using Lemma 4 can be
interpreted as partially condensing the UFTOC problem (1) as
in [24]. The condensed problem (28) can be interpreted as a
UFTOC problem P(1) with m , Ninu control inputs.

2) Condensing using the Riccati recursion: First, an as-
sumption that will be important later when the Riccati-based
condensing technique is used is presented next:

Assumption 3: At least one of the following properties holds

(i) Qu ∈ Snu
++, (ii) Qu = B ∈ Snx

+ .

When using the Riccati-based approach to condense the
subproblem, Assumption 3 is used instead of Assumption 2
for the UFTOC problem (1). Even though the original UFTOC
problem that is solved satisfies Assumption 2, being able
to handle UFTOC problems that only satisfy this relaxed
assumption will be important in Section VI when UFTOC
problems are solved recursively.

The Riccati-based condensing approach is based on a
change of variables of ut,i which is obtained by computing
the Riccati factorization for a preliminary choice of J(x̂i+1).
Although this condensation of the subproblem is conceptually
the same as the regular one, it will be shown that it results
in a condensed subproblem with a structure that can facilitate
more efficient computations and communications.

To compute this change of variables, a preliminary feedback
is computed by computing the Riccati factorization for the
UFTOC problem (27) using Algorithm 1 for the preliminary
choice P̂i+1 = 0. However, since the cost-to-go function

J(x̂i+1) =
1

2
x̂Ti+1P̂i+1x̂i+1, (30)

might not be zero, it is necessary to capture the effect from
the cost-to-go function on the solution to the subproblem. Let
ūt ∈ Rnu be the contribution of the non-zero J(x̂i+1) on ut,
and let the subindex “0” denote a variable associated with the
preliminary factorization. Then ut can be expressed as

ut = K0,t+1xt + ūt, t ∈ Zti,ti+Ni−1, (31)

which can be interpreted as a change of variables from ut
to ūt. Note that ūt is a full nu vector and hence there is no
loss of generality when using the change of variables (31).
By using (31) a condensed UFTOC problem similar to (28)
but with a different structure in the objective function can be
obtained. This condensing approach is described in Lemma 5.

Lemma 5 (Condensing using the Riccati recursion): Consi-
der a UFTOC problem in the form (27) where Assumptions 1
and 3 hold, and assume that Algorithm 1 has been computed
for P̂i+1 = 0, giving P0,t and K0,t+1. Then, by using (31),
the problem (27) can be condensed to a UFTOC problem P(1)

min.
x̂i,ūi,x̂i+1

1

2
x̂Ti P0,ti x̂i +

1

2
ūTi Q̄ū ūi +

1

2
x̂Ti+1P̂i+1x̂i+1

s.t. x̂i = x̄i

x̂i+1 = Âx̂i + Sūi,
(32)
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with ūi ∈ Rm and

Q̄ū ,

G0,ti+1

. . .
G0,ti+Ni

 ∈ Sm+ , (33a)

Â ,
ti+Ni−1∏
t=ti

(A+BK0,t+1) , (33b)

S ,
[∏ti+Ni−1

t=ti+1 (A+BK0,t+1)B . . . B
]
. (33c)

If Assumption 3(i) holds then Q̄ū ∈ Sm++.
Furthermore, by using the notation λ̂i+1 , λti+1

, the eli-
minated states xt and dual variables λt for t ∈ Zti+1,ti+Ni−1

can be computed from

xt+1 = Axt +But, t ∈ Zti,ti+Ni−2, (34a)

λt = P0,txt +

(
ti+Ni−1∏
τ=t

(A+BK0,τ+1)

)T
λ̂i+1. (34b)

Proof: The proof of Lemma 5 is given in Appendix H.

By using Lemma 5, it is possible to condense the UFTOC
problem (27) into the problem (32), with the matrices defined
as in (33). This condensed problem is in the UFTOC form
P(1) with m control inputs, which is in the same form as the
condensed problem (28). However, (32) possibly has Q̄ū ∈ Sm+
since Assumption 3 is used instead of Assumption 2, and the
cross terms between x̂i and ūi in the objective function in (32)
are eliminated when using the change of variables in (31).
Furthermore, the quadratic cost matrix Q̄ū is block diagonal
as can be seen in (33a). It will be shown that these properties
are important from both a computation and communication
point of view. Note that S is the reachability matrix for the
subproblem (27) when using the change of variables (31).
Hence, it is closely related to the reachability matrix B̃ in (10b)
for the subproblems in the parametric programming approach.

C. Reducing the control input dimension in a subproblem

When using any of the two condensing techniques described
in Section V-B, the resulting condensed subproblems (28)
and (32) are both in the same UFTOC form P(1) with m
number of control inputs, but with different problem matrices.
Whenever colrank B̃ < m in (28) or colrank S < m in (32),
respectively, it is possible to reduce the number of control
inputs to obtain a subproblem with fewer variables. This
case corresponds to subproblems which after the condensing
process become over-actuated, and the reduction of the control
input dimension can be interpreted as performing control
allocation. It will be shown how to reduce the control input
dimension in the subproblem in three different ways, where
two of them are tailored for subproblems that are condensed
using the Riccati recursion approach as in Lemma 5.

1) Regular reduction: For the first reduction approach the
following lemma will be used:

Lemma 6 (Reduce control input dimension): Consider a
UFTOC problem in the form in (28) with a convex objective
function, Q̃u � 0, and where nû , colrank B̃ < m holds.

Then, this problem can be reduced to the QP problem

min.
x̂i,ûi,x̂i+1

1

2

[
x̂i
ûi

]T [
Q̂x Q̂xu
Q̂Txu Q̂u

] [
x̂i
ûi

]
+

1

2
x̂Ti+1P̂i+1x̂i+1

s.t. x̂i = x̄i

x̂i+1 = Âx̂i + B̂ûi,
(35)

where the objective function is convex, ûi ∈ Rnû and Q̂u ∈
Snû

++. The matrices are defined as in (61) in Appendix C.
The variable ui can be recovered from

ui=

(
I−V

(
V TQ̂uV

)−1

V TQ̂u

)
Uûi−V

(
V TQ̂uV

)−1

V T Q̂Txux̄i,

(36)
where U and V are defined as in the proof in Appendix I.

Proof: The proof of Lemma 6 is given in Appendix I.
Remark 2: When Q̄ū ∈ Sm++, the UFTOC problem (32) is in

the same form as (28) but with other values of the matrices
and can hence be reduced using Lemma 6.

From Lemma 6 and Remark 2 it follows that the sub-
problems in (28) with colrank B̃ < m, and in (32) with
colrank S < m and Q̄ū ∈ Sm++, can be reduced to a UFTOC

problem with nû = colrank B̂ = colrank B̃ = colrank S
control inputs. Note that nû ≤ nx does always hold. For (32)
it follows from the definition of the problem and Lemma 6
that Q̂xu = 0 due to the change of variables (31).

For the case with colrank B̃i = m in (28), and colrank Si =
m and Q̄ū ∈ Smi

++ in (32), the problems are already in the form
in (35) and cannot be reduced further.

For the last subproblem i = N̂ the cost-to-go function is
always known according to Remark 1. Hence, by computing
the Riccati factorization for the problem P(1) in (28), J(x̂N̂ )
and the solution are computed from x̂N̂ as

J(x̂N̂ ) =
1

2
x̂T
N̂
P̂N̂ x̂N̂ , (37a)

uN̂ = KN̂ x̂N̂ , xN =
(
Ã+ B̃KN̂

)
x̂N̂ , (37b)

λ̂N̂ = P̂N̂ x̂N̂ , λN = P̂N̂+1x̂N̂+1 = Qx,NxN . (37c)

The solution for the last subproblem when the Riccati based
condensing technique is used can be derived analogously.

2) Tailored reduction of the subproblems: The second way
of reducing the control input dimension in a subproblem (32),
which also works when Q̄ū ∈ Sm+ due to Assumption 3,
is presented next. This approach avoids computing the ort-
honormal basis V which is required in Lemma 6. How to
compute the Riccati factorization when Gt+1 is singular due
to Assumption 3 is shown in for example [5], [22]. To derive
this alternative reduction strategy, Lemma 7 will be used.

Lemma 7: Let Qu = B ∈ Snx
+ . Then N (Gt+1) =

N (Qu) = N (B), where Gt+1 ∈ Snx
+ is defined similarly

as in Algorithm 1.
Proof: The lemma follows since Qu = B and Gt+1 =

Qu + BTPt+1B holds for all t such that N (Gt+1) \0 6= ∅.

The condensed subproblem (32) does not have any cross-
terms between x̂i and ūi, which will be exploited here to
derive an alternative reduction technique. The solution to the
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condensed problem (32) is obtained by computing the solution
to its corresponding KKT system


0 −I 0 0 0

−I P0,ti 0 ÂT 0
0 0 Q̄ū ST 0

0 Â S 0 −I
0 0 0 −I P̂i+1



λ̂i
x̂i
ūi
λ̂i+1

x̂i+1

 =


−x̄i

0
0
0
0

 . (38)

For the case with nû = colrank S < m it is possible to reduce
the size of the system of equations (38) into a smaller one
with the same symmetric KKT structure. This will be done
by manipulating the KKT matrix (38) in several steps. To
start, let [U V ] be an orthogonal matrix where the columns of
U ∈ Rm×nû form an orthonormal basis for R

(
ST
)

and the
columns of V ∈ Rm×(m−nû) form an orthonormal basis for
N (S), giving Rm = U ⊕ V [30]. Then, by multiplying the
third block row in the KKT system (38) with [U V ]T from the
left, the system of equations can equivalently be written

0 −I 0 0 0

−I P0,ti 0 ÂT 0
0 0 UT Q̄ū UTST 0
0 0 V T Q̄ū 0 0

0 Â S 0 −I
0 0 0 −I P̂i+1




λ̂i
x̂i
ūi
λ̂i+1

x̂i+1

 =


−x̄i

0
0
0
0
0

 ,
(39)

where V TST = 0 in the (4, 4)-block follows from the
definition of V . The fourth block equation in (39) states that
V T Q̄ū ūi = 0 must hold. By exploiting the orthogonality of
[U V ] using the property V TU = 0, it follows that the
equation V T Q̄ū ūi = 0 holds whenever

Q̄ū ūi = Uûi ⇐⇒ ūi = Q̄†ūUûi +
(
I − Q̄†ūQ̄ū

)
ẑi, (40)

where Q̄†ū is the Moore-Penrose pseudo-inverse of Q̄ū and ẑi ∈
Rm is an arbitrary vector [35]. From Assumption 3, Lemma 7
and the definitions of Q̄ū and S it follows that whenever Q̄ū

is singular, N
(
Q̄ū

)
⊆ N (S) holds. Hence, also R

(
ST
)
⊆

R
(
Q̄ū

)
holds. Furthermore, since the columns of U form a

basis for R
(
ST
)
⊆ R

(
Q̄ū

)
, it implies that

Q̄ūQ̄†ūU = U, S = SQ̄†ūQ̄ū , (41)

hold [35]. By using (40) to eliminate ūi in (39), together with
(41) and UTU = I gives the equivalent system of equations


0 −I 0 0 0

−I P0,ti 0 ÂT 0
0 0 I UTST 0

0 Â SQ̄†ūU 0 −I
0 0 0 −I P̂i+1



λ̂i
x̂i
ûi
λ̂i+1

x̂i+1

 =


−x̄i

0
0
0
0

 .
(42)

Finally, to obtain a system of equations which has the sym-
metric KKT structure, the third block row in (42) is multiplied
with UT Q̄†ūU ∈ Snû

++ from the left. By also noting that

UUTST = ST follows from the definition of U , the system
of equations (42) can equivalently be written as

0 −I 0 0 0

−I P0,ti 0 ÂT 0

0 0 UT Q̄†ūU UT Q̄†ūST 0

0 Â SQ̄†ūU 0 −I
0 0 0 −I P̂i+1



λ̂i
x̂i
ûi
λ̂i+1

x̂i+1

 =


−x̄i

0
0
0
0

 .
(43)

Here UT Q̄†ūU ∈ Snû
++ since R (U) = R

(
ST
)
⊆ R

(
Q̄ū

)
=

R
(

Q̄†ū

)
. The last equality follows from the properties of the

Moore-Penrose pseudo-inverse [30]. Note that since Q̄ū is
block diagonal, also Q̄†ū is block diagonal and given by

Q̄†ū = blkdiag
(
G†0,ti+1, . . . , G

†
0,ti+Ni

)
. (44)

Lemma 8 (Tailored reduction of control inputs): Consider a
UFTOC problem (32), and assume that colrank S < m holds.
Then, this problem can be reduced to a UFTOC problem

min.
x̂i,ûi,x̂i+1

1

2

[
x̂i
ûi

]T [
Q̂x 0

0 Q̂u

] [
x̂i
ûi

]
+

1

2
x̂Ti+1P̂i+1x̂i+1

s.t. x̂i = x̄i

x̂i+1 = Âx̂i + B̂ûi,
(45)

where Q̂x ∈ Snx
+ , Q̂u ∈ Snû

++ and B̂ ∈ Rnx×nû are given by

Q̂x , P0,ti , Q̂u , UT Q̄†ūU, B̂ , SQ̄†ūU, (46a)

with nû , colrank B̂ = colrank S ≤ nx. Furthermore, Â is
defined as in (33), the columns of U form an orthonormal
basis of R

(
ST
)
, and ūi can be obtained as

ūi = Q̄†ūUûi +
(
I − Q̄ūQ̄†ū

)
ẑi. (47)

Proof: When colrank S < m, the KKT system (38) can
be reduced to the equivalent (43). By using (46), a solution to
the KKT system (43) is also a primal and dual solution to the
UFTOC problem (45). (47) is then directly obtained from (40).

Since the use of the preliminary feedback in (31) results
in a block diagonal Q̄ū with blocks given by the G0,t+1:s,
Q̂u and B̂ in (46) can be computed efficiently by block-
wise computations once U is computed. The factorizations of
G0,t+1 from the computation of K0,t+1 can be re-used here.

For the last subproblem i = N̂ , the variable P̂N̂+1 = Qx,N
in (27) is known. Hence, the cost-to-go function for this
subproblem is computed using the Riccati factorization as

J(x̂N̂ ) =
1

2
x̂T
N̂
Q̂x,N̂ x̂N̂ , Q̂x,N̂ , PN̂ . (48)

3) Tailored Riccati-based reduction algorithm: Here, the
third way of reducing the control input dimension is presented.
It is similar to the second way, but a transformation ûi = T v̂i
is used to avoid computing the orthonormal basis U .

Lemma 9: Consider a UFTOC problem as in Lemma 8.
Introduce the transformation ûi = T v̂i where T ∈ Rnû×nx

has full rank, UT = ST and v̂i ∈ Rnx . Then, the primal and
dual solution given by x̂∗i , v̂∗i , x̂∗i+1, λ̂∗i and λ̂∗i+1 to
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min.
x̂i,v̂i,x̂i+1

1

2

[
x̂i
v̂i

]T [
Q̂x 0

0 Q̂v

] [
x̂i
v̂i

]
+

1

2
x̂Ti+1P̂i+1x̂i+1

s.t. x̂i = x̄i

x̂i+1 = Âx̂i + B̂v v̂i,
(49)

with
Q̂v = B̂v , SQ̄†ūST ∈ Snx

+ , (50)

is also a solution to (45) with û∗i = T v̂∗i , and the eliminated
variable ūi in (47) can be computed from

ūi = Q̄†ūST v̂i +
(
I − Q̄†ūQ̄ū

)
ẑi. (51)

Furthermore, if nû = nx then Q̂v ∈ Snx
++.

Proof: By using Q̂v = B̂v = SQ̄†ūST = TTUT Q̄†ūUT ,
the KKT system for the UFTOC problem (49) is given by

0 −I 0 0 0

−I Q̂x 0 ÂT 0

0 0 TTUT Q̄†ūUT TTUT Q̄†ūS
T 0

0 Â SQ̄†ūUT 0 −I
0 0 0 −I P̂i+1



λ̂i

x̂i
v̂i
λ̂i+1

x̂i+1

=


−x̄i

0
0
0
0


(52)

Now, multiply the third block row with
(
TTT

)−1
T from

the left. This does not change the solution set of (52) since
rank UT Q̄†ūUT = rank TTUT Q̄†ūUT = nû [30]. Further-
more, by using ûi = T v̂i, it follows that a solution to (52)
is also a solution to the KKT system of (45), given by (43).
When nû = nx, T ∈ Rnx×nx is non-singular by definition
and hence Q̂v ∈ Snx

++. Furthermore, by inserting ûi = T v̂i
into (47) gives (51), which concludes the proof.

By using Lemma 9, the reduced UFTOC problem (49) can be
used instead of (45). This choice of reduced UFTOC problem
has nx ≥ nû = colrank S control inputs, and hence (49) might
have more control inputs than (45). However, the advantage
when using (49) is that Q̂u and B̂ can be easily computed
from the definitions of Q̄ū and S without having to compute
the orthonormal basis U . It will later be seen that also less
communication is usually needed in a parallel setting.

The computational procedure for both condensing and re-
ducing a subproblem using Lemmas 5 and 9 is summarized in
Algorithm 3. This algorithm is basically a Riccati factoriza-
tion, and is similar to the partitioned DP algorithm presented
in [14], but here the UFTOC structure is preserved.

D. Constructing the master problem
In Section V-B it was shown how a subproblem in the

form (27) can be condensed to either (28) or (32), depending
on which condensing technique that is used. Furthermore, in
Section V-C it was shown that it sometimes is possible to
reduce the size of the control input in different ways to obtain
a smaller UFTOC problem in either of the forms (35), (45)
or (49), depending on the reduction technique. Furthermore,
the last subproblem i = N̂ can be described by the cost-to-
go function J(x̂N̂ ) according to (37) and (48), respectively.
Hence, by using the definition of x̂i = xti and J(x̂i+1), it is
possible to construct a master problem with shorter prediction
horizon N̂ < N from the reduced subproblems.

Algorithm 3 Condensation and reduction using the Riccati
factorization

1: PN := 0, Q̂u := 0, DN := I
2: for t = N − 1, . . . , 0 do
3: Ft+1 := Qx +ATPt+1A
4: Gt+1 := Qu +BTPt+1B
5: Ht+1 := Qxu +ATPt+1B
6: Compute and store a factorization of Gt+1

7: Compute a solution Kt+1 to
Gt+1Kt+1 = −HT

t+1

8: Pt := Ft+1 −KT
t+1Gt+1Kt+1

9: Compute a solution Lt+1 to
Gt+1Lt+1 = −BTDt+1

10: Dt :=
(
AT +KT

t+1B
T
)
Dt+1

11: Q̂u := Q̂u + LTt+1Gt+1Lt+1

12: end for
13: Â := DT

0 , B̂ := Q̂u, Q̂x := P0

Theorem 3 (Construction of the master problem): Consider
a UFTOC problem P(N) given in (1) where Assumption 1,
and either Assumption 2 or 3, hold. Then, this problem can
be reduced in parallel to the smaller master UFTOC problem

min.
x̂,û

N̂−1∑
i=0

1

2

[
x̂i
ûi

]T [
Q̂x Q̂xu
Q̂Txu Q̂u

] [
x̂i
ûi

]
+

1

2
x̂T
N̂
Q̂x,N̂ x̂N̂

s.t. x̂0 = x̄

x̂i+1 = Âx̂i + B̂ûi, i ∈ Z0,N̂−1,
(53)

with N̂ < N , x̂i ∈ Rnx , ûi ∈ Rnû , and nû ≤ nx.
Proof: Partition the UFTOC problem (1) into N̂ + 1

subproblems in the form (25). Then, each subproblem can be
condensed in either of the ways presented in Section V-B, and
reduced as described in Section V-C to a subproblem with
nû ≤ nx control inputs. Since J(x̂N̂ ) is known from (48),
and it follows from [34] that J(x̂i) for all i ∈ Z0,N̂−1 can be
computed from the solution of

min.
ûi,x̂i+1

1

2

[
x̂i
ûi

]T [
Q̂x Q̂xu
Q̂Txu Q̂u

] [
x̂i
ûi

]
+ J(x̂i+1)

s.t. x̂i+1 = Âx̂i + B̂ûi,

(54)

it follows by induction that the master problem can be defined
as (53). Furthermore, the condensing and reduction of each
subproblem can be performed independently of each other.

The structure of the master UFTOC problem (53) depends
on which condensing and reduction technique that has been
used. When the condensing technique based on the Riccati
recursion is used, the condensed problem is given by (32) and
hence Q̂xu = 0 for such problems. Besides this, if Algorithm 3
is used then also Q̂u = B̂ ∈ Snx

+ holds. Furthermore, if
the original UFTOC problem (1) satisfies Assumption 2, then
also the master problem satisfies Assumption 2 unless the
subproblems are reduced using Algorithm 3, in which case
the master UFTOC problem instead satisfies Assumption 3.

The master problem (53) can be solved using any suitable
method to compute the solution û∗i for i ∈ Z0,N̂−1, and x̂∗i
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and λ̂∗i for i ∈ Z0,N̂ . If the Riccati recursion is used then also
the cost-to-go function P̂i at each stage i is computed.

Remark 3: When Lemma 9 is used to reduce a subproblem
it is possible that Q̂u = Q̂v are singular. Even in such cases,
there will always exist a solution to the master problem since
Q̂u = B̂ according to Assumption 3. However, the optimal
control input will be computed as

ûi = K̂i+1x̂i + ûN ,i, ûN ,i ∈ N
(
Ĝi+1

)
, (55)

and is not unique, see for example [5], [22]. From Lemma 7 it
follows that N

(
Ĝi+1

)
= N

(
B̂
)

. Hence, by using the state
recursion in Algorithm 2 it follows that the optimal states and
dual variables x̂∗i+1 and λ̂∗i+1 are still unique even in this case.

Once the master problem is solved, the solution to the
original UFTOC problem (1) can be obtained from the solutions
to all subproblems (27) by using the definitions of xi and ui
in (24) together with x̂i = xti and λ̂i = λti . The solutions to
the subproblems can be computed in two different ways; by
substituting the optimal solution to the master problem, or by
re-solving the subproblems in the form in (27) using x̂∗i and
the (now known) cost-to-go function J(x̂i+1). These will be
described in Section V-E and V-F, respectively.

Remark 4: The solution of each subproblem can be com-
puted independently of the other subproblems. Hence, the
solution to the original UFTOC problem (1) can be computed
in parallel, given the solution to the master problem (53).

E. Solving the subproblems using the solution to the master
problem

Depending on which approach that has been used to con-
dense and reduce a subproblem, the solution to the subproblem
can be computed in different ways using the solution to the
master problem. Here, these are presented in detail.

1) The control input dimension is reduced using Lemma 6:
The optimal control input u∗i can be computed directly from x̂∗i
and û∗i using (36). The optimal local variables x∗i and the op-
timal dual variables λ∗i corresponding to the local constraints
can be computed from (29) using u∗i . For subproblems where
Assumption 2 holds and that are condensed using the tailored
approach presented in Lemma 5, the solution is computed
analogously but where the specific structure of the condensed
problem (32) is exploited. For the last subproblem i = N̂ , the
solution from (37) for x̂∗

N̂
can be used.

2) Using the tailored condensation and reduction techni-
ques: For problems that have been condensed using Lemma 5
and reduced using the approaches in Lemmas 8 or 9, the
optimal ū∗i can be computed from (47) or (51) as

ū∗i = Q̄†ūMû∗i +
(
I − Q̄†ūQ̄ū

)
ẑi, (56)

for some ẑi ∈ Rm . Here, M in (56) is given by M , U if
Lemma 8 is used to reduce the subproblem, and by M , ST

if Lemma 9 is used. When Lemma 9 is used, and if Q̂u is
singular, then the optimal control input û∗i for the master
problem is not unique according to Remark 3. However,
Q̄†ūST û∗i is still unique, which follows from Lemma 10:

Lemma 10: Let Assumption 3 hold and Ĝi+1 = Q̂u +

B̂T P̂i+1B̂. Then N
(
Ĝi+1

)
⊆ N

(
Q̄†ūST

)
.

Proof: If Q̂u ∈ Snû
++, then N

(
Ĝi+1

)
= {0}. If Q̂u is

singular, then it follows from Assumption 3 and Lemma 7
that N

(
Ĝi+1

)
= N

(
B̂
)

. Now, take an arbitrary z ∈

N
(
Ĝi+1

)
= N

(
B̂
)

. From the definition of B̂ = B̂v

in (50) it follows that zT B̂z = zTSQ̄†ūST z = 0. Finally,
zTSQ̄†ūST z = 0 ⇐⇒ Q̄†ūST z = 0 since Q̄†ū ∈ Sm+ .

By using the solution (56) in (31), the state recursion in
Algorithm 2 and the equation for the dual variables in (34),
and also noting that x∗ti = x̂∗i by definition, the primal and
dual solution to subproblem i can be computed from

u∗t = K0,t+1x
∗
t + ū∗t , t ∈ Zti,ti+Ni−1, (57a)

x∗t+1 = Ax∗t +Bu∗t , t ∈ Zti,ti+Ni−2, (57b)

λ∗t = P0,tx
∗
t +DT

t λ̂
∗
i+1, t ∈ Zti+1,ti+Ni−1. (57c)

Here, P0,t and K0,t+1 were computed when the subproblem
was condensed, and

Dt =

ti+Ni−1∏
τ=t

(A+BK0,τ+1) , (58)

is computed as in Algorithm 3. Note that the Riccati factori-
zation in Algorithm 1 does not need to be re-computed.

Furthermore, whenever u∗t is not unique it follows from
Assumption 3 that Qu = B. Hence, from Lemma 7 it follows
that N (G0,t+1) = N (B). Using this and the fact that x̂∗i and
λ̂∗i+1 are unique, it follows that the optimal states x∗t and dual
variables λ∗t for t ∈ Zti,ti+Ni are still unique.

The solution to the last subproblem i = N̂ can be computed
using the state recursion in Algorithm 2 given the optimal
x̂∗
N̂

= x∗tN̂ and the already computed Riccati factorization.

F. Solving the subproblems using the cost-to-go function

The other approach to compute the solution to a subproblem
uses the cost-to-go functions J(x̂i+1), which must be returned
from the algorithm that is used to solve the master UFTOC
problem in (53). The cost-to-go functions can be obtained
by for example solving the master UFTOC problem using
the Riccati recursion. Once the solutions x̂∗i and cost-to-go
functions have been obtained, the solution to each subproblem
can be computed by solving (27) using the now known cost-to-
go function J(x̂i+1) and initial value x̄i = x̂∗i from the master
problem. Note that for the last subproblem, the solution can
be obtained from (37) since the cost-to-go function is always
known for the last subproblem according to Remark 1.

One way to solve the subproblems once x̂∗i and J(x̂i+1) are
known is to use the Riccati recursion. From the definition of
the subproblems and the notation P̂i = Pti etc., it follows that
the Riccati recursion for the original UFTOC problem in the
interval ti ≤ t ≤ ti+1 can be computed. Hence, the Riccati
recursion for the original UFTOC problem can be computed in
parallel from the N̂ + 1 intervals i ∈ Z0,N̂ . Note that only
the uniquely defined x̂∗i and J(x̂i+1) are used to compute the
solution to the subproblem. Hence, the possibly non-unique û∗i
in the master problem does not need to be considered when
re-solving the subproblems using the cost-to-go function.
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N̂1

)
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P(N) :

P(N̂0) :

P(N̂m−1) :

Fig. 2: The tree structure that is obtained when a UFTOC problem is
reduced in m steps. Each level in the tree forms a UFTOC problem
that is again split into several smaller problems. Pk

i (Nk
i ) denotes a

subproblem at level k in the tree in either of the forms (8) or (27)
with prediction horizon Nk

i .

VI. COMPUTING THE SEARCH DIRECTION IN PARALLEL

In Sections IV and V, different approaches for both reducing
the original UFTOC problem (1) to a master UFTOC problem,
and for computing the solution to the original UFTOC problem
using the solution to the master UFTOC problem were presen-
ted. Since all subproblems can be reduced independently of
each other, the construction of the master UFTOC problem can
be done in parallel on several computational units. Further-
more, once the solution to the master problem is computed,
the subproblems can be solved independently of each other.
Hence, both forming the master problem and solving the
subproblems can be done in parallel. The solution to the
original UFTOC problem is in principle formed by stacking
the solutions to the subproblems, and hence the solution to
the original UFTOC problem can be computed in parallel.

One of the key benefits with the reduction techniques
presented in this paper and in [22] is that the master problem
is in the same form as the original UFTOC problem, and
that it satisfies the same assumptions as the UFTOC problem
that is reduced. Hence, instead of solving the master UFTOC
problem in Fig. 1 serially, it can itself be reduced recursively
in several a priori determined steps to an even smaller UFTOC
problem. This small UFTOC problem can be solved serially,
and the solution can be propagated to all the intermediate
UFTOC problems to finally compute the solution to the original
UFTOC problem. This procedure can be described by the tree
in Fig. 2, where each level k in the tree is a UFTOC problem
with horizon N̂k−1 and the original UFTOC problem (1) is at
the bottom level. The UFTOC problem at each level is split into
N̂k subproblems which are denoted Pki (Nk

i ) for i ∈ Z0,N̂k
.

Communication is only required between the parent and child
nodes in the tree, and hence each level k can be solved in
parallel provided that N̂k computational units are available.

Remark 5: Note that the sizes of the subproblems in Fig. 2
can be different, both within and between levels. Depending
on for example the communication and memory layout on the
hardware, different sizes of Pki (Nk

i ) can be used to reduce the
total computation time. This can for example be investigated
by benchmarking the algorithms for the desired hardware.

A. Algorithms for parallel computation of search directions
The parallel computation of the search directions presented

in this paper can be separated into two main steps:

1) Reduction step: This step consists of recursively redu-
cing the UFTOC problems in m steps upwards in the tree
in Fig. 2, which is summarized in Algorithm 4.

2) Solution step: This step consists of propagating the so-
lution to the UFTOC problems in m steps downwards in
the tree in Fig. 2, which is summarized in Algorithm 5.

Note that the parfor-loops in Algorithms 4 and 5 can be
computed in parallel using several computational units.

Algorithm 4 Parallel recursive reduction of UFTOC problems

1: Set the maximum level number m and the number of
subproblems N̂k+1 for each level k ∈ Z0,m, with N̂m = 0

2: for k = 0, . . . ,m− 1 do
3: parfor i = 0, . . . , N̂k do
4: Create subproblem Pki (Nk

i )
5: Reduce subproblem Pki (Nk

i )
6: Send the reduced problem matrices to the parent
7: end parfor
8: end for
9: Create the top subproblem Pm0 (Nm

0 )

Algorithm 5 Parallel propagation of solutions

1: Get m and all N̂k:s from Algorithm 4
2: for k = m,m− 1, . . . , 0 do
3: parfor i = 0, . . . , N̂k do
4: Solve subproblem Pki (Nk

i )
5: if k 6= 0 then
6: Send information to each child at level k − 1
7: end if
8: end parfor
9: end for

10: Get the solution of (1) from the solutions of all P0
i (N0

i )

So far no assumptions on Ni have been made. Now, assume
for simplicity that Ni = Ns for i ∈ Z0,N̂ , and that N = Nm+1

s

for some m ∈ Z++. Then, if there are Nm
s computational

units available, both the reduction and the propagation of
the solution can be done in m steps. Hence, the solution to
the original UFTOC problem can be computed in O (logN)
computational complexity growth. At level k in the tree in
Fig. 2 only N̂k computational units are used for reducing or
solving subproblems. To use the computational resources more
efficiently, e.g. standard parallel linear algebra routines can be
used in the reduction and the solution of the subproblems.

The main steps in Algorithms 4 and 5 are the same
for the approaches presented in Section IV and Section V.
However, the details on what is sent and how the reduction
and propagation of the solutions are made differ between them.
These details are given below.

1) Parametric programming approach: The reduction of
the subproblems at Line 5 in Algorithm 4 is done as described
in Section IV-A. The matrices that are used to form the
master UFTOC problem as in Theorem 1 are communicated
to the parent at Line 6 in Algorithm 4. The UFTOC problem
P(N̂m−1) at the top level m in the tree in Fig. 2 can be solved
using any method for solving UFTOC problems in the form (1).
The UFTOC problems at the levels below in the tree can be
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solved as in Theorem 2. Hence, the primal solutions θ∗i need
to be communicated to each child in the tree. For each child
that is primal degenerate, also the dual solution λ̂∗i+1 needs to
be communicated.

2) Parallel partial condensing and reduction approach:
In the approach presented in Section V it is shown how to
compute the solution to the UFTOC problem (1), but also how
to compute the Riccati factorization in parallel. Depending on
which condensing and reduction technique from Section V that
has been used, different sets of data are used in Algorithm 4
and 5. At Line 6 in Algorithm 4 the problem matrices that are
used to form the master problem (53) are sent to the parent.
Note that when Lemma 5 is used to condense the subproblem
then Q̂xu = 0, and if it is condensed and reduced using
Algorithm 3 then also Q̂u = B̂ ∈ Snx

+ holds. Hence, in these
cases less data need to be communicated.

The solution to the subproblems in the tree can be computed
in two different ways for this approach; either by substituting
the solution from the problem at the level above as described
in Section V-E, or by re-solving the problem using the cost-
to-go function J(x̂i+1) as described in Section V-F. For the
first case, the top problem P(N̂m−1) can be computed using
any method for UFTOC problems in the form (1). The solution
x̂∗i ∈ Rnx , û∗i ∈ Rnû and λ̂∗i+1 ∈ Rnx is communicated to
the children at Line 6 in Algorithm 5. Note that for the last
subproblem, only x̂∗

N̂
∈ Rnx needs to be sent.

If the subproblems are re-solved using the cost-to-go
function, then all subproblems, including the top problem
P(N̂m−1), must be solved using an algorithm that computes
the cost-to-go function for each time instance in the UFTOC
problem. One example of such a method is the Riccati
recursion. At Line 6 in Algorithm 5 the optimal state and cost-
to-go function computed at level k are sent to the children.

When the reduction of the subproblems is done using
Algorithm 3, the condensation and reduction of the control
input dimensions are done as in Lemma 5 and Lemma 9. For
this case it is not certain that Q̂u ∈ Snû

++. For subproblems
with colrank S < nx it follows from Lemma 9 that the master
UFTOC problem satisfies Assumption 3. In order to apply
Algorithm 3 recursively as in Fig. 2, UFTOC problems where
Assumption 3 holds must be handled. This is the motivation
to why UFTOC problems that satisfy the relaxed Assumption 3
is studied in this paper.

Note that if the subproblems at the bottom level in the tree
in Fig. 2 are solved using the Riccati recursion, then it follows
that both the Riccati factorization and the full Riccati recursion
for the original UFTOC problem (1) are computed in parallel.

VII. NUMERICAL RESULTS

The algorithm based on the parametric approach has been
implemented in MATLAB, and the algorithm based on the
parallel Riccati approach using Algorithm 3 and re-computing
the solution using the cost-to-go function has been implemen-
ted in both MATLAB and ANSI-C. The parallel algorithms are
compared to the state-of-the-art serial Riccati recursion which
is implemented in both MATLAB and ANSI-C. In all numerical
experiments Ns = 2 and N/2 number of computational units
have been used (or simulated).

In MATLAB the parallelism is simulated by executing the
algorithms serially but still using the same information flow as
for a parallel execution. The computation times are estimated
by computing the sum of the maximum computation times
for each level in the tree in Fig. 2. Hence, for the evaluations
in MATLAB the communication overhead is neglected. The
evaluations have been performed on an Intel Core i7-3517U
CPU @ 1.9GHz running Windows 7 (version 6.1, build 7601:
Service Pack 1) and MATLAB (8.0.0.783, R2012b).

The ANSI-C implementation of the parallel Riccati algo-
rithm has been executed truly in parallel on a computer cluster
consisting of nodes with 8-core Intel Xeon E5-2660 @ 2.2
GHz CPUs with communication over Mellanox InfiniBand
FDR high-speed interconnect. The computations were perfor-
med on resources provided by the Swedish National Infra-
structure for Computing (SNIC) at NSC. Hence, the evaluation
of the ANSI-C implementation of the parallel Riccati algorithm
includes also the communication overhead and shows the
actual potential benefits using the parallel Riccati recursion
compared to the serial one. The communication is based on
the message-passing interface (MPI). The implementation is
rudimentary, where for example no tuning of MPI parameters
have been made. However, the implementation serves as a
proof-of-concept that the proposed parallel Riccati algorithm
actually increases performance in terms of computation time
when executed truly in parallel, where the communication time
is taken into consideration. The computation times for the
ANSI-C implementation have been calculated using wall-clock
time. Note that the scaling on the time axis of Fig. 3 in [25] is
incorrect and must be multiplied by a factor 103 to be correct.

In MATLAB, the algorithms have been evaluated by solving
UFTOC problems with stable LTI systems of varying sizes and
with varying prediction horizons. The computation times are
averaged over 10 problems of the same dimension. The results
for a UFTOC problem with nx = 20 and nu = 20 is seen
in Fig. 3. From the figure it can be seen that the parallel
Riccati algorithm outperforms the serial Riccati recursion for
N & 20. The parallel Riccati algorithm is approximately three
times faster than the parametric parallel algorithm. This boost
in performance is possible since the parallel Riccati recursion
exploits the structure in the subproblems.

The ANSI-C implementation of the parallel Riccati al-
gorithm has been evaluated by averaging the computation
time, including the communication times, when solving 15
UFTOC problems of the same size for stable LTI systems of
dimension nx = 20 and nu = 20 for different prediction
horizons. In Fig. 4, the parallel algorithm is compared to a
serial Riccati recursion, and it can be seen that the parallel
Riccati algorithm solves a UFTOC problem with N = 512
roughly as fast as the serial Riccati solves one with N = 45.
The parallel Riccati algorithm outperforms the serial Riccati
recursion for N & 18, which is similar to the results for the
MATLAB implementations where the communication overhead
is neglected. This speed-up can be important in for example
optimal control for motion planning problems [36], [37], [38],
and MHE problems where long horizons are often used [2].
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Fig. 3: Average computation times when solving UFTOC
problems of order nx = 20 and nu = 20. The parallel
Riccati outperforms the serial Riccati for N & 20, and it is
significantly faster than the parametric parallel algorithm.
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Fig. 4: Average combined computation and communication
times when solving UFTOC problems of order nx = 20 and
nu = 20. The parallel Riccati algorithm outperforms the serial
Riccati for N & 18. The parallel Riccati algorithm solves a
UFTOC problem with N = 512 roughly as fast as the serial
Riccati solves one with N = 45.

VIII. CONCLUSIONS

In this paper parallel algorithms for computing second-order
search directions in MPC have been presented. The algorithms
are based on a direct (non-iterative) parallel recursive appro-
ach, and the algorithms differ in the way they reduce and
solve the UFTOC problems. Furthermore, it is shown how the
Riccati factorization and recursion can be computed in parallel
for a UFTOC problem. Numerical evaluations in MATLAB and
ANSI-C are provided as proof-of-concepts for the possible
performance gains, and the ANSI-C implementation is executed
in parallel on a computational cluster. The numerical results

indicate that significant gains in performance in terms of com-
putation time can be achieved using the proposed algorithms.
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APPENDIX

In this appendix, the definition of some problem matrices
and proofs of some theorems and lemmas are presented.

A. Definition of the matrices in the UFTOC problem (27)

Qx ,

Qx . . .
Qx

 , Qu ,

Qu . . .
Qu

 (59a)

Qxu ,
[
Qxu 0 · · · 0

]
, Qxu ,

0 Qxu
...

. . .
0 Qxu


(59b)

A ,


I
−A I

. . .
I
−A I

 , A0,


A
0
...
0

 , AN ,


0
...
0
AT


T

(59c)

B ,

B 0
. . .

...
B 0

 , BN ,
[
0 . . . 0 B

]
.

(59d)

B. Definition of the matrices used in Lemma 4

[
Q̃x Q̃xu

Q̃Txu Q̃u

]
=

 I 0
W Y
0 I

T Qx 0 Qxu

0 Qx Qxu

QT
xu QT

xu Qu

 I 0
W Y
0 I

 ,
(60a)

Ã , ANW, B̃ , BN + ANY, W , A−1A0, Y , A−1B.
(60b)

C. Definition of the matrices used in Lemma 6

[
Q̂x Q̂xu
Q̂Txu Q̂u

]
,

[
Q̃x Q̃xuU

UT Q̃Txu UT Q̃uU

]
−
[
Q̃xuV

UT Q̃uV

]
M

[
Q̃xuV

UT Q̃uV

]T
(61a)

M ,
(
V T Q̃uV

)−1

, Â , Ã, B̂ , B̃U. (61b)

The columns of U form an orthonormal basis for R
(

B̃T
)

and

the columns of V form an orthonormal basis for N
(

B̃
)

.
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D. Proof of Lemma 2
Lemma 2 will be proved in three main steps; re-write (8)

into an equivalent mp-QP problem, relate the value functions
between the equivalent problems, and show that Q̂u � 0 holds
due to the structure of the introduced parametrization.

Proof: Consider the problem (8), and omit the subindex
i for brevity. Let Π be a permutation matrix such that

ΠX =

[
x
u

]
, ΠHΠT =

[
Hx Hxu
HTxu Hu

]
, (62)

where the elements in x and u are the vectors xt and ut, re-
spectively, and Hu = blkdiag (Qu, . . . , Qu) � 0 by definition.
Now, introduce the change of variables[

x
u

]
=

[
I 0

−H−1
u HTxu I

]
︸ ︷︷ ︸

,T

[
x̄
ū

]
⇐⇒

[
x̄
ū

]
=

[
I 0

H−1
u HTxu I

]
︸ ︷︷ ︸

=T−1

[
x
u

]
.

(63)
Then the problem (8) can equivalently be formulated

min.
x̄,ū

[
x̄
ū

]T [
H/Hu 0

0 Hu

] [
x̄
ū

]
s.t. AΠTT

[
x̄
ū

]
= Gθ,

(64)

where H/Hu � 0, Hu � 0, and the cross-terms are zero [39].
The unique primal parametric solution to (64) is given by[

x̄∗(x̂, û)
ū∗(x̂, û)

]
,

[
x̄∗(θ)
ū∗(θ)

]
=

[
Ωx Ωu
Γx Γu

] [
x̂
û

]
, (65)

where θ = [x̂T ûT ]T is used, [32]. Now, by using the
definition of V̂(θ) in (15), the permutation matrix Π, and the
transformation T in (63), it follows that

V̂(x̂, û) , V̂(θ)
(15)
=

1

2

[
x∗(θ)
u∗(θ)

]T [
Hx Hxu
HTxu Hu

] [
x∗(θ)
u∗(θ)

]
(63)
=

1

2

[
x̄∗(θ)
ū∗(θ)

]T [
H/Hu 0

0 Hu

] [
x̄∗(θ)
ū∗(θ)

]
.

(66)

By substituting the parametric solution (65) into (66) and
expanding all expressions, the Hessian of V̂(x̂, û) with respect
to û can be identified as

∇2
û V̂(x̂, û) = Q̂u = ΓTuHuΓu + ΩTu (H/Hu) Ωu. (67)

Hence, Q̂u � 0 if ΓTuHuΓu � 0 since ΩTu (H/Hu) Ωu � 0
by definition. The final step is to show that ΓTuHuΓu � 0,
which is satisfied if N (Γu) = {0} since Hu � 0 by
definition [30]. Assume, for contradiction, that there exists a
z ∈ N (Γu) \0. Let û and x̂ be arbitrary parameters, and
define the parameter ẑ , û + z. Then,

ū∗(x̂, ẑ) = Γxx̂+Γuû+Γuz
z∈N (Γu)

= Γxx̂+Γuû = ū∗(x̂, û),
(68)

holds. By expressing the terminal constraint in (64) equiva-
lently as in (9) and exploiting that ū∗(θ) satisfies the equality
constraints (specifically the terminal constraint) in the mp-QP
problem (64), it follows from (68) that

Âx̂ + B̂û = Āx̂ + S̄ū∗(x̂, û)
(68)
= Āx̂ + S̄ū∗(x̂, ẑ) =

Âx̂ + B̂ẑ =⇒ B̂û = B̂ẑ.
(69)

By inserting the definition of ẑ into the last equation in (69),
it follows that

B̂û = B̂û + B̂z ⇐⇒ B̂z = 0 ⇐⇒ z = 0, (70)

where the last equivalence follows from that B̂ has full column
rank from the definition of B̂ in (11). However, z = 0 con-
tradicts the assumption of the existence of a z ∈ N (Γu) \0.
Hence, it follows that N (Γu) = {0} ⇐⇒ ΓTuHuΓu �
0 =⇒ Q̂u � 0, which concludes the proof.

E. Proof of Theorem 2

The KKT system for (1) consists of the equations

Qxxt +Qxuut − λt +ATλt+1 = 0, t ∈ Z0,N−1, (71a)

QTxuxt +Quut +BTλt+1 = 0, t ∈ Z0,N−1, (71b)
Qx,NxN − λN = 0, (71c)
x0 = x̄0, xt+1 = Axt +But, t ∈ Z0,N−1. (71d)

The KKT system for the extended problem (6) is given by

HXi + ATΛi = 0, i ∈ Z0,N̂ , (72a)

AXi − G

[
x̂i
ûi

]
= 0, i ∈ Z0,N̂−1, (72b)

AN̂XN̂ − GN̂ x̂N̂ = 0, (72c)

−x̂0 + x̄ = 0, −λ̂N̂ + λ0,N̂ = 0, (72d)

−x̂i+1 + Âx̂i + B̂ûi = 0, i ∈ Z0,N̂−1, (72e)

−λ̂i + λ0,i + ÂT
(
λtc,i + λ̂i+1

)
= 0, i ∈ Z0,N̂−1, (72f)

B̂T
(
λtc,i + λ̂i+1

)
= 0, i ∈ Z0,N̂−1, (72g)

where Xi, Λi and λ̂i are defined as in (5c), (13) and (18).
Proof: From the last block rows in (72a) and (72b),

and (72e) it follows that for i ∈ Z0,N̂−1 it holds that

x∗Ni,i = x∗0,i+1, λ∗Ni,i = −λ∗tc,i. (73)

For subproblems where LICQ holds it follows that rank B̃ =
rank B̂ = nx, and hence it follows from (72f) and (72g) that

λ∗tc,i = −λ̂∗i+1, λ̂∗i = λ∗0,i. (74)

For subproblems where LICQ is violated, the dual solution is
computed as in (22) with ξ∗tc,i defined as in (23). Using this
choice of dual variables in the subproblem results in λ∗tc,i =

λ̂∗i+1 due to the definition of Z and ξ∗tc,i, and hence (74) holds
also for the subproblems where LICQ is violated.

The solutions X∗i for i ∈ Z0,N̂ to the subproblems satisfy
the dynamics constraints (72b). Furthermore, due to (73)

x∗0,i+1 = Ax∗Ni−1,i +Bu∗Ni−1,i, (75)

holds for all i ∈ Z0,N̂−1. Hence, it follows that the primal
solution (21) satisfies the dynamics constraints (71d).

Furthermore, Λ∗i satisfies (72a) for i ∈ Z0,N̂ and together
with (73) and (74) it follows that the solution (21) satis-
fies (71a)-(71c), and hence (21) is a solution to (1), [23].
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F. Proof of Lemma 3
Proof: From the definition of A in (5b) and N

(
AT
)

={
λNi ∈ Rm | ATλNi = 0

}
it follows that

−λNt,i +ATλNt+1,i = 0, t ∈ Z0,Ni−1, (76a)

BTλNt+1,i = 0, t ∈ Z0,Ni−1, (76b)

λNNi,i = −λNtc,i, (76c)

must hold. Equations (76a) and (76c) can be combined into

λNi =
[
−Ã −D̃ I

]T
λNtc,i, (77)

where D̃ and Ã are defined as in (10a). By combining (76a)
and (76b) and using (76c) it follows that −B̃TλNtc,i = 0 holds.

Here B̃ is defined in (10b). Hence λNtc,i ∈ N
(

B̃T
)

must hold.

G. Proof of Lemma 4
Proof: The KKT system for (27) is given by

0 −I 0 0 0 0 0
−I Qx Qxu 0 AT0 0 0
0 QT

xu Qu QT
xu BT BTN 0

0 0 Qxu Qx −AT ATN 0
0 A0 B −A 0 0 0

0 0 BN AN 0 0 −I
0 0 0 0 0 −I P̂i+1





λ̂i
x̂i
ui

xi
λi

λ̂i+1

x̂i+1


=



−x̄
0
0

0
0

0
0


(78)

Since A is invertible, the second block matrix on the diagonal
is also invertible and hence xi and λi can be computed as[

xi
λi

]
= −

[
Qx −AT

−A 0

]−1([
0 Qxu

A0 B

] [
x̂i
ui

]
+

[
ATN
0

]
λ̂i+1

)
.

(79)
Then (29) follows directly from (79). Furthermore, using (79)
to eliminate xi and λi from the KKT system (78) gives

0 −I 0 0 0

−I Q̃x Q̃xu ÃT 0

0 Q̃Txu Q̃u B̃T 0

0 Ã B̃ 0 −I
0 0 0 −I P̂i+1



λ̂i
x̂i
ui
λ̂i+1

x̂i+1

 =


−x̄
0
0
0
0

 , (80)

where the matrices are defined as in (60). The cost matrix
in (60) is positive semi-definite by construction. Furthermore,
since the KKT system (78) has a unique solution due to that
Assumptions 1, 2 and LICQ hold, the reduced Hessian of the
corresponding UFTOC problem is positive definite [29], [23].
From this it follows that Q̃u � 0 holds. The reduced system
of equations (80) can be recognized as the KKT optimality
conditions for the QP problem (28).

H. Proof of Lemma 5
Proof: The KKT system for the UFTOC problem (27) is

−xti + x̄i = 0, −λ̂i+1 + P̂i+1x̂i+1 = 0, (81a)−I Qx Qxu AT 0
0 QTxu Qu BT 0
0 A B 0 −I



λt
xt
ut
λt+1

xt+1

=

0
0
0

 , t∈Zti,ti+Ni−1.

(81b)

Let P0,t and K0,t be obtained from the Riccati factorization
using the preliminary choice P̂i+1 = 0, giving P0,ti+Ni = 0.
Assume that λt for some t ∈ Zti,ti+Ni can be computed from

λt = P0,txt +DT
t λ̂i+1, (82)

when P̂i+1 6= 0. Clearly this holds at the end point λti+Ni
=

λ̂i+1 if Dti+Ni
, I . Now, by using (82) for t+1 together with

xt+1 = Axt+But to eliminate λt+1 from (81), exploiting the
relation H0,t+1 = −KT

0,t+1G0,t+1 by the definition of K0,t+1,
and using (31), it is possible to re-write (72) into

 −I P0,t 0 0 DT
t

0 0 G0,t+1 0 BTDT
t+1

0 (A+BK0,t+1) B −I 0



λt
xt
ūt
xt+1

λ̂i+1

=

0
0
0


(83)

where Dt , Dt+1 (A+BK0,t+1). Hence (82) holds also for
time t. Since t is chosen arbitrary and Dti+Ni

= I it follows
from induction that (34b) holds for all t ∈ Zti,ti+Ni

.
By using the state recursion xt+1 = (A+BK0,t+1)xt +

Būt, the states xt for t ∈ Zti+1,ti+Ni−1 can be eliminated
from the system of equations (83) to obtain the KKT system
of the UFTOC problem (32). This concludes the proof.

I. Proof of Lemma 6
Proof: The KKT system for (28) is
0 −I 0 0 0

−I Q̃x Q̃xu ÃT 0

0 Q̃Txu Q̃u B̃T 0

0 Ã B̃ 0 −I
0 0 0 −I P̂i+1



λ̂i
x̂i
ui
λ̂i+1

x̂i+1

 =


−x̄
0
0
0
0

 . (84)

Since colrank B̃ = nû < m holds, it is possible to find a
unitary matrix [U V ] where the columns of U ∈ Rm×nû form
an orthonormal basis for R

(
B̃T
)

and the columns of V ∈

Rm×(m−nû) form an orthonormal basis of N
(

B̃
)

. Hence,
the vector ui can be decomposed as

ui = Uûi + V ẑi =
[
U V

] [ûi
ẑi

]
, (85)

where ûi ∈ Rnû and ẑi ∈ Rm−nû [30]. By using (85) and
multiplying the third row in (84) from the left with the matrix
[U V ]T gives the equivalent system of equations

0 −I 0 0 0 0

−I Q̃x Q̃xuU Q̃xuV ÃT 0

0 UT Q̃Txu UT Q̃uU UT Q̃uV UT B̃T 0

0 V T Q̃Txu V T Q̃uU V T Q̃uV 0 0

0 Ã B̃U 0 0 −I
0 0 0 0 −I P̂i+1




λ̂i
x̂i
ûi
ẑi
λ̂i+1

x̂i+1

=

−x̄
0
0
0
0
0


(86)

Here the relation B̃V = 0 has been used. Since Q̃u � 0
and V has full rank, V T Q̃uV � 0 and ẑi can be eliminated
from (86) using the Schur complement. Then, the resulting
system of equations is the KKT system for the reduced UFTOC
problem (28), and ẑi can be computed as

ẑi = −
(
V T Q̃uV

)−1 (
V T Q̃Txux̂i + V T Q̃uUûi

)
. (87)
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Positive-semidefiniteness of (61a) follows from the convexity
of the objective function in (28) and the properties of the Schur
complement. Furthermore, Q̂u � 0 follows from Q̃u � 0,
and (36) follows from (85) and (87).
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