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To my family

Abstract
In this thesis, we consider the numerical solution of initial boundary value
problems (IBVPs). Boundary and interface conditions are derived such that
the IBVP under consideration is well-posed. We also study the dual problem and the related dual boundary/interface conditions. Once the continuous
problem is analyzed, we use finite difference operators with the SummationBy-Parts property (SBP) and a weak boundary/interface treatment using the
Simultaneous-Approximation-Terms (SAT) technique to construct high-order
accurate numerical schemes. We focus in particular on stability, conservation
and dual consistency. The energy method is used as our main analysis tool for
both the continuous and numerical problems.
The contributions of this thesis can be divided into two parts. The first part
focuses on the coupling of different IBVPs. Interface conditions are derived
such that the continuous problem satisfy an energy estimate and such that the
discrete problem is stable. In the first paper, two hyperbolic systems of different
size posed on two domains are considered. We derive the dual problem and dual
interface conditions. It is also shown that a specific choice of penalty matrices
leads to dual consistency. As an application, we study the coupling of the
Euler and wave equations. In the fourth paper, we examine how to couple the
compressible and incompressible Navier-Stokes equations. In order to obtain a
sufficient number of interface conditions, the decoupled heat equation is added
to the incompressible equations. The interface conditions include mass and
momentum balance and two variants of heat transfer. The typical application
in this case is the atmosphere-ocean coupling.
The second part of the thesis focuses on the relation between the primal and
dual problem and the relation between dual consistency and conservation. In
the second and third paper, we show that dual consistency and conservation
are equivalent concepts for linear hyperbolic conservation laws. We also show
that these concepts are equivalent for symmetric or symmetrizable parabolic
problems in the fifth contribution. The relation between the primal and dual
boundary conditions for linear hyperbolic systems of equations is investigated
in the sixth and last paper. It is shown that for given well-posed primal/dual
boundary conditions, the corresponding well-posed dual/primal boundary conditions can be obtained by a simple scaling operation. It is also shown how one
can proceed directly from the well-posed weak primal problem to the well-posed
weak dual problem.

Sammanfattning på svenska
Den här avhandlingen handlar om numeriska metoder för att lösa initial och
randvärdes problem. Studien fokuserar på härledningen av rand/kopplingsvillkor
som garanterar välställdhet. Det duala problemet och dess duala rand/kopplingsvillkor studeras också. Dessa problem diskretiseras genom att använda noggranna finita differensscheman på SBP-form (eng. summation-by-parts), kombinerat med en svag randbehandling benämnd SAT (eng. simultaneous approximation term). Vi fokuserar särskilt på stabilitet, konservation och dualkonsistens. Det främsta analysverktyget för både det kontinuerliga och diskreta
problemet är energimetoden.
Den första delen av avhandlingen behandlar välställdhet och stabilitet för koppling av olika system av ekvationer. Kopplingsvillkoren är härledda så att det
kontinuerliga problemet uppfyller en energiuppskattning och så att det diskreta
problemet är stabilt. I den första artikeln görs analysen för koppling av två
olika hyperboliska system på första ordningens form. Som tillämpning kopplar
vi Euler och vågekvationerna. Koppling mellan kompressibla och inkompressibla Navier-Stokes ekvationer studeras i den fjärde artikeln. För att få rätt
antal kopplingsvillkor lägger vi till värmeledningsekvationen till de inkompressibla ekvationerna. Kopplingsvillkoren innefattar massans och rörelsemängdens
bevarande samt två varianter av värmeöverföring. Den typiska tillämpningen
är koppling mellan atmosfär och hav.
Den andra delen av avhandlingen fokuserar på relationen mellan det primära
och duala problemet och relationen mellan dualkonsistens och konservation. I
den andra och tredje artikeln visar vi att dualkonsistens och konservation är
ekvivalenta koncept för linjära hyperboliska konserveringslagar. I den femte
artikeln, visas att dessa koncept är ekvivalenta även för paraboliska problem.
Relationen mellan de primära och duala randvilkoren för linjära hyperboliska
system av ekvationer i två dimensioner studeras i den sista artikeln. Vi visar
att primära/duala välställda randvilkor ger duala/primära välställda randvilkor
genom en enkel skalningsoperation. Det visas också att man kan gå direkt från
det välställda svaga primära problemet till det välställda svaga duala problemet.
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1
Introduction
Partial differential equations (PDEs) model numerous natural phenomena in
physics, engineering, chemistry, biology, etc. A time-dependent PDE augmented
with initial and boundary conditions is called an initial boundary value problem
(IBVP). In most cases, finding an analytical solution for an IBVP is impossible.
Therefore, approximating the governing equations at a discrete set of grid points,
is often the only choice for solving IBVPs. Since the mid 20th century, the
growth in power and availability of computers has led to an increasing use of
numerical methods for that purpose.
There are numerous different methods for solving IBVPs numerically. These
methods can not produce an accurate and stable approximation if the continuous problem is not well-posed. For well-posed problems, stable, accurate and
efficient numerical methods must be designed. Stability bounds the growth of
the numerical solution and accuracy measures the difference between the numerical and exact solution.
Summation-by-parts (SBP) operators [16], augmented with simultaneous approximation term (SAT) for weak boundary treatments [5], can provide a stable
and high-order accurate numerical approximation of a well-posed IBVP. The
weak treatment can also be used at interfaces of multiphysics problems where
different physical phenomena are coupled. The advantage of the SBP-SAT technique is that the numerical scheme can be proven to mimic the energy bounds
of the continuous problem. In the first part of the thesis, we use this technique
to derive stable and accurate schemes for multiphysics problems.
In many applications, accurate estimates of solution-dependent functionals are
more interesting than the solutions themselves. For example, a numerical solution to the Navier-Stokes equations is commonly used to approximate the lift
and drag forces on an aerodynamic configuration. Recently, it has been shown
that dual consistent discretizations based on diagonal-norm SBP operators produce superconvergent functional estimates [2, 3, 4, 8, 9, 10, 13]. In the second
part of the thesis, we focus on the relation between the primal and dual problem
as well as the relation between dual consistency and conservation.
The introductory chapters of this thesis are organized as follows: Chapter 2
introduces the fundamental concepts well-posedness and stability. In Chapter
3, the energy method and the derivation of well-posed boundary conditions are
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presented. We also introduce the SBP operators and show how to derive stable
numerical approximations based on the SBP-SAT technique. Moreover, we show
how a modified norm leads to well-posedness of a simple coupled problem. The
content of this section is based on Papers I and IV. In Chapter 4, the concepts of
dual problem, dual consistency and conservation are introduced. We conclude
by discussing the relation between conservation and dual consistency, which is
the main topic in Papers II, III and V.

2
Well-posedness and stability
Well-posedness and stability are two essential ingredients when constructing
numerical methods. In this chapter we introduce these concepts.

2.1

Well-posedness

The concept of well-posedness was introduced by Hadamard [7], which states
that a problem is well-posed if
1. a solution exists,
2. the solution is unique,
3. the solution depends continuously on data.
For linear IBVPs, existence is guaranteed by imposing the correct (minimal)
number of boundary conditions. The second and third requirements follow
when an estimate of the solution in terms of the data is obtained.
As an example, consider the following linear IBVP on the spatial domain Ω with
boundary ∂Ω
ut + P(x, t, ∂x )u = F, x ∈ Ω,
t>0
Hu = g, x ∈ ∂Ω,
t≥0
u = f, x ∈ Ω ∪ ∂Ω, t = 0.

(2.1)

Here, P(t, x, ∂x ) is a spatial differential operator, H is a boundary operator,
F, g and f are given forcing, boundary and initial data, respectively. The data
are assumed to be smooth and compatible functions. We suppose that for every
t ≥ 0 there is a function K such that
ku(·, t)k2I ≤ K(t)(kf k2II + kF k2III + kgk2IV ),

(2.2)

where K is bounded (for finite times), and independent of the solution and
data. The norms involved are in general different. If the estimate (2.2) exists, it
implies that the second and third requirements for well-posedness are satisfied.
This can easily be seen by considering the solution v of the perturbed problem
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with data F + δF, g + δg and f + δf . Let w = v − u be the perturbation of the
solution satisfying the IBVP
wt + P(x, t, ∂x )w = δF, x ∈ Ω,
t>0
Hw = δg, x ∈ ∂Ω,
t≥0
w = δf, x ∈ Ω ∪ ∂Ω, t = 0.

(2.3)

For this problem, the estimate (2.2) becomes
kwk2I ≤ K(t)(kδf k2II + kδF k2III + kδgk2IV ).
Hence, small perturbations in the data result in small perturbations in the
solution. Furthermore, uniqueness follows directly from (2.3), by letting δF =
δg = δf = 0, which leads to u = v.
This leads to the following definition of well-posedness [6].
Definition 2.1.1. The IBVP (2.1) is well-posed if, for sufficiently smooth and
compatible data, it has a unique smooth solution satisfying the estimate
ku(., t)k2I ≤ K(t)kf k2II ,
where K(t) is bounded for finite time and independent of the solution and data.
It is strongly well-posed if it satisfies (2.2).

2.2

Stability

Stability may be viewed as the discrete analogue of well-posedness. A spatial
approximation of (2.1) can be written as
ut + Dh (u, g) = F, t > 0,
u = f, t = 0.

(2.4)

where the vector u denotes the numerical solution, h is the grid spacing and Dh
is a discrete spatial operator approximating the continuous differential operator
P augmented with the boundary operator H. Furthermore, F, f and g are grid
functions corresponding to F, f and g, respectively. The following definition is
analogous to Definition 2.1.1 above.
Definition 2.2.1. The semi-discrete problem (2.4) with zero boundary data and
forcing function is stable if
ku(t)k2Ih ≤ Kd (t)kfk2IIh ,

(2.5)

holds. In (2.5), Kd (t) is bounded for finite time and independent of u, the grid
spacing and the data. It is strongly stable if it satisfies the estimate
ku(t)k2Ih ≤ Kd (t)(kfk2IIh + kFk2IIIh + kgk2IVh ).

(2.6)

2.2 Stability
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Remark 2.2.1. The definitions of well-posedness and stability are similar, but
the bounds in the corresponding estimates need not be the same.
In the next chapter we will show how to obtain estimates like (2.2) and (2.6)
for a model problem.

3
The SBP-SAT technique
In this section, the standard SBP-SAT procedure [17] for semi-discrete approximations of IBVPs is discussed.

3.1

The continuous problem

We start by showing how the energy method can be used to prove well-posedness.

3.1.1

Strong imposition of boundary conditions

Consider the scalar advection problem in one dimension
x ∈ (0, 1), t > 0
x = 0,
t≥0
x ∈ [0, 1], t = 0,

ut + aux = 0,
u = g(t),
u = f (x),

(3.1)

where a > 0 is the wave speed. In (3.1), f and g are the initial and boundary
data, respectively and u(x, t) is the solution. To obtain an energy estimate,
the equation is multiplied by u and the result is integrated over the domain.
Integration-by-parts yields
d
ku(·, t)k2 = au(0, t)2 − au(1, t)2 ,
dt

(3.2)

R1
where ku(·, t)k2 = 0 u2 dx. To bound the right-hand side of (3.2) the boundary
condition in (3.1) is inserted, and we obtain
d
ku(·, t)k2 = ag(t)2 − au(1, t)2 ≤ ag(t)2 .
dt
Time-integration of (3.3) yields the estimate
Z T
ku(·, T )k2 ≤ a
g(t)2 dt + kf k2 .

(3.3)

(3.4)

0

By choosing one boundary condition at x = 0, existence is guaranteed. Comparing (3.4) with (2.2), we see that according to the Definition 2.1.1, (3.1) is
strongly well-posed (with zero forcing function).
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Weak imposition of boundary conditions

The boundary conditions can also be imposed weakly using a penalty formulation. This can be formulated as
ut + aux = L(σ(u − g)),
u = f (x),

x ∈ (0, 1), t > 0
x ∈ [0, 1], t = 0,

(3.5)

where σ is the penalty coefficient. In (3.5), L is a so-called lifting operator [1],
satisfying
Z 1
ϕL(ψ) dx = ϕψ|x=0 ,
0

for smooth functions ϕ and ψ.
By applying the energy method to (3.5), we get
d
ku(·, t)k2 = au(0, t)2 − au(1, t)2 + 2σu(0, t)(u(0, t) − g(t)).
dt

(3.6)

Completing the squares in (3.6) yields

2
d
σ 2 g(t)2
σg(t)
ku(·, t)k2 = (a + 2σ) u(0, t) −
−
− au(1, t)2 .
dt
a + 2σ
a + 2σ
It is clear that an energy estimate is obtained for σ < −a/2. For the special
choice σ = −a, the energy rate becomes
d
ku(·, t)k2 = ag(t)2 − au(1, t)2 − a(u(0, t) − g(t))2 .
dt

(3.7)

Note that (3.7) is similar to (3.3), except for an additional damping term.

3.1.3

General boundary conditions

In general, finding the number, position and form of the boundary/interface
conditions is not as easy as for the advection equation (3.1). In this section, we
present a general procedure for deriving well-posed boundary conditions for a
hyperbolic system of equations [14]. This procedure is used in Papers I and VI
to derive interface and boundary conditions.
A model problem
Consider a hyperbolic system of equations in two dimensions
ut + A1 ux + A2 uy = 0,
(x, y) ∈ Ω,
t≥0
Hu = 0,
(x, y) ∈ ∂Ω,
t≥0
u = f (x, y), (x, y) ∈ Ω ∪ ∂Ω, t = 0,

(3.8)

3.2 The discrete problem
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where solution is represented by the vector u = [u1 (x, y, t), · · · , um (x, y, t)] and
A1 and A2 are symmetric constant matrices of size m × m. Furthermore, H is
the boundary operator acting on the boundary ∂Ω and f is the initial data.
By applying the energy method to (3.8), we find
I
d
kuk2 = −
(3.9)
uT Cu ds, C = nx A1 + ny A2 , (x, y) ∈ ∂Ω,
dt
∂Ω
H
where kuk2 = ∂Ω uT udΩ and n = (nx , ny ) is the outward pointing unit normal
vector. The matrix C is symmetric and hence can be diagonalized as
C = XΛX T ,

X = [X+ , X− ],

Λ = diag(Λ+ , Λ− ),

where Λ and X contain the positive and negative eigenvalues and the corresponding orthogonal eigenvectors, respectively. For ease of presentation, and
with no restriction, we have assumed that there are no zero eigenvalues.
To bound the energy of the solution, boundary conditions must be chosen such
that
uT Cu = W T ΛW = (W + )T Λ+ W + + (W − )T Λ− W − ≥ 0,

(x, y) ∈ ∂Ω,

T
T
where W = X T u, W + = X+
u and W − = X−
u. We introduce the following
general form of boundary conditions

W − = RW + ,

(3.10)

where the number of rows in the rectangular matrix R is equal to the number of
boundary conditions. Our aim is to derive conditions on the matrix R leading
to well-posedness.
The energy rate in (3.9) including the boundary conditions (3.10) now becomes


I
d
kuk2 = −
(W + )T Λ+ + RT (Λ− )−1 R W + ds.
(3.11)
dt
∂Ω
In order to obtain an energy estimate, the matrix R must satisfy
Λ+ + RT (Λ− )−1 R ≥ 0.
Since we have used a minimal number of boundary conditions (necessary for
existence), the energy estimate obtained by integrating (3.11) leads to wellposedness.

3.2

The discrete problem

Throughout this thesis, we discretize the problems in space by employing the
SBP-SAT technique which is designed to mimic the energy rates obtained for
the continuous IBVPs. We will show that the results obtained for the weak
boundary conditions in the continuous case, lead directly to stability of the
discrete problem.
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3.2.1

Summation by parts operators

We discretize the interval x ∈ [0, 1] using N + 1 equidistant grid points, arranged as x = [x0 , x1 . . . , xN ]. The solution u(x, t) is approximated by the
time-dependent vector u = [u0 , u1 , . . . , uN ], where ui ≈ u(xi , t).
An SBP operator may be defined as follows:
Definition 3.2.1. A difference matrix D = P −1 Q is an SBP operator of order
p if
1. Dxm = mxm−1 ,

m = 0, 1, . . . , p,

2. P = P T > 0,
3. Q + QT = B = diag(−1, 0, . . . , 0, 1).
The matrix P can either be diagonal or block-diagonal and defines the following
discrete inner product and norm
hu, viP = uT P v,

kuk2P = uT P u.

Note that D satisfies
hu, DviP = uT P Dv = u(B − QT )v = un vn − u0 v0 − hDu, viP ,
which means that the operator D mimics the integration by parts property
Z 1
Z 1
hu, vx i =
uvx dx = uv|10 −
ux v dx = uv|10 − hux , vi.
0

3.2.2

0

The semi-discrete problem

An SBP-SAT semi-discrete approximation of (3.5) can be written as
ut + aP −1 Qu = σP −1 E0 (u − g), t > 0
u = f,
t = 0,

(3.12)

where the right-hand side of the first equation acts as the lifting operator in
(3.5). In (3.12), f and g are the discrete version of the initial and boundary
data, respectively. The projection matrix E0 = diag(1, 0, . . . , 0) is used to place
the penalty term at the boundary point x = 0. The penalty coefficient σ will
be determined such that stability is achieved.
The discrete energy method (multiplying (3.12) from the left with uT P and
adding the result to its transpose) leads to
d
kuk2P = au20 − au2N + 2σu0 (u0 − g).
dt

3.2 The discrete problem
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In the same way as for (3.6), we arrive at stability if σ < −a/2, and σ = −a
leads to
d
kuk2P = ag(t)2 − au2N − a(u0 − g(t))2 ,
dt
which is the discrete version of (3.7).

3.2.3

The fully discrete problem

In [11], it was shown that when (3.12) is semi-discretely stable, a Runge-Kutta
time integration scheme can be used to integrate the solution in time in a stable
way. In all papers, except Paper IV, a fourth-order Runge-Kutta scheme is used.
It was shown in [15] that the implicit SBP-SAT technique in time leads to an
unconditionally stable scheme. In Paper IV, due to the lack of time derivative
in one of the equations, we use the SBP-SAT technique also in time and impose
the initial conditions weakly.
Consider the computational domain with N grid points in space and K time
levels. Let the vector u = [u0 , . . . , uK ]T contain the fully discrete approximation
of the solution, where uk = [uk0 , . . . , ukN ]T and uki ≈ u(xi , tk ). The first
derivatives of u with respect to t and x are approximated by
Dt u ≈ ut ,

Dt = Pt−1 Qt ⊗ Ix ,

Dx u ≈ ux , Dx = It ⊗ Px−1 Qx ,
where It and Ix are identity matrices with size K + 1 and N + 1, respectively
and ⊗ denotes the Kronecker product [10].
A fully discrete approximation of (3.1) is given by
Dt u + aDx u = σx (It ⊗ Px−1 E0 )(u − g) + σt (Pt−1 E0 ⊗ Ix )(u − f).

(3.13)

Here, σx and σt are penalty parameters for the weak boundary and initial conditions that will be derived based on stability requirements. Furthermore, E0
has the same size as the corresponding SBP operator.
The discrete energy method applied to (3.13) (multiplying by uT (Pt ⊗ Px ),
adding the transpose and using the properties of the SBP operators) yields,
uT (B ⊗ Px )u + auT (Pt ⊗ B)u = 2σx uT (Pt ⊗ E0 )(u − g) + 2σt uT (E0 ⊗ Px )(u − f).
In a similar way as for (3.6), we complete the squares and arrive at the stability
requirements σx < −a/2 and σt < −1/2. The special choices σx = −a and
σt = −1 lead to
kuK k2Px + auT (Pt ⊗ EN )u = agT (Pt ⊗ E0 )g + kf0 k2Px
− a(u − g)T (Pt ⊗ E0 )(u − g)
− k(u0 −

f0 )k2Px ,

(3.14)

12

3 The SBP-SAT technique

where f0 = (e0 ⊗Ix )f and e0 = [1, 0, . . . , 0] is a row vector of length K. Note that
(3.14) is the discrete version of the continuous estimate (3.7) with an additional
damping term due to the weak imposition of the initial condition.

3.3

Coupled problems

So far, we have considered IBVPs based on a single PDE, but in many multiphysics problems, two or more PDEs are coupled across an interface. These
type of problems are studied in Papers I and IV, where the energy method is
used to bound the interface terms. Sometimes, when the interface conditions
are derived from the principles of physics, the energy method in its standard
setting might be insufficient and modified norms are needed.
As an example, consider two heat equations in one dimension, given by
ut = L uxx , x ∈ (−1, 0), t > 0
vt = R vxx , x ∈ (0, +1), t > 0,
where L = cLκLρL , R = cRκRρR are the thermal diffusivity in the left and right
domain. Furthermore, cL,R , ρL,R and κL,R are the specific heat, the density and
the thermal conductivity for the left and right side, respectively. For ease of
presentation, we ignore the outer boundary conditions and focus on the interface
conditions at x = 0.
We apply the energy method and obtain the weighted energy-rate
d
(kuk2 + αkvk2 ) + 2kux k2 + 2αkvx k2 = (2L uux − 2αR vvx )
dt
= −wT Ew x=0 ,
where the weight α > 0 is to be determined and



0 −1
u
 L u x 
 −1 0



, E=
w=
v 
0
0
0
0
R vx

x=0

(3.15)


0 0
0 0
.
0 1
1 0

The negative terms in the quadratic form wT Ew may cause growth and must
be bounded. This means that the number of interface conditions is equal to the
number of negative eigenvalues of the matrix E [14].
The matrix E has two negative and two positive eigenvalues. The coupling
conditions require continuity of temperature and heat fluxes [18]
u(0, t) = v(0, t),

κL ux (0, t) = κR vx (0, t).

Inserting the coupling conditions into (3.15) leads to
1
α
d
(kuk2 + αkvk2 ) + 2kux k2 + 2αkvx k2 = 2κL uux (
−
)
dt
cL ρL
cR ρ R

.
x=0
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The specific choice
α=

cR ρR
> 0,
cL ρL

yields
d
(kuk2 +
dt






cR ρ R
cR ρR
2
2
kvk ) + 2kux k + 2
kvx k2 = 0,
cL ρL
cL ρ L

and an energy estimate can be obtained.
In a similar way, we can show that the weighted discrete norm with the choice
above, leads to stability.
Remark 3.3.1. The modified norm technique for both the continuous and discrete problem is used in Papers I and IV, where two different systems of equations are coupled.

4
Functionals and dual problems
In many engineering applications, accurate predictions of functionals are more
interesting than the solutions of the IBVPs. This highlights the importance of
the relation between the primal and dual problem, which is the topic of this
section.

4.1

Dual consistency

In [2, 3, 8, 9, 10], it was shown that dual consistent SBP-SAT discretizations lead
to superconvergent functionals. As the name suggests, dual consistency requires
that the discretization of the primal problem leads to a consistent approximation
of the dual problem. By simply choosing a specific subset of coefficients in the
SATs for which stability is guaranteed, a dual consistent scheme on SBP-SAT
form can be obtained. Superconvergence of linear functionals hence comes with
no additional computational costs.
We start by deriving the continuous dual problem. Let L be a linear differential
operator and consider the IBVP
ut + Lu = F,
x ∈ Ω,
u = 0,
x ∈ Ω ∪ ∂Ω,
J(u) = hu, Gi,

t>0
t=0

(4.1)

where the homogeneous boundary conditions are included in the operator L. In
(4.1), J(u) is a linear functional of interest with a weight function G ∈ L2 (Ω)
defined as
Z
J(u) = hu, Gi :=
uT G dΩ.
(4.2)
Ω

To find the dual problem, we seek a function φ such that J(u) = hφ, F i.
Integration-by-parts yields
Z

T

Z

T

0

T

Z
hu, Gi dt −

J(u) dt =
0

Z

hφ, ut + Lu − F i dt
0

T

Z
hφ, F i dt −

=
0

Ω

[φu]T0 dΩ +

Z
0

T

hφt − L∗ φ + G, ui dt,
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where the formal adjoint/dual operator L∗ is defined by hφ, Lui = hL∗ φ, ui [12].
By inserting the homogeneous initial condition of the primal problem, we obtain
the dual equation as
−φt + L∗ φ = G,
(4.3)
by imposing a homogeneous initial condition for the dual problem at time t = T.
The time transformation τ = T − t in (4.3) yields
φτ + L∗ φ = G,

(4.4)

with an initial condition at τ = 0. The dual boundary conditions (included
in L∗ ) are the minimal set of homogeneous conditions such that all boundary
terms vanish after the homogeneous primal boundary conditions are applied.
The preceding analysis can also be performed on the discrete problem. A discretization of (4.1) can be written as
ut + Lh u = F,
t>0
u = 0,
t=0
Jh (u) = hu, GiP ,

(4.5)

where the homogeneous boundary conditions has been collected into the discrete operator Lh . In (4.5), u = u(t) is the discrete solution, F and G are grid
functions representing the forcing function F and the weight function G, respectively. Furthermore, Jh (u) = hu, GiP = uT P G is an approximation of (4.2).
We obtain the discrete dual problem by seeking φ such that Jh (u) = hφ, FiP .
The same formal computation as before gives
Z T
Z T
Z T
Jh (u) dt =
hu, GiP dt −
hφ
φ, ut + Lh u − FiP dt
0

0

Z

0
T

Z
φ, FiP dt −
hφ

=
0

φu]T0 dΩ +
[φ

Ω

Z

T

hφ
φt − L∗hφ + G, uiP dt.

0

(4.6)
Here, the discrete adjoint operator L∗h is defined as hφ
φ, Lh uiP = hL∗hφ , uiP ,
which implies that
L∗h = P −1 LTh P.
By inserting the primal initial condition into (4.6), φ has to satisfy the discrete
dual problem
φτ + L∗h φ = G, τ > 0
(4.7)
φ = 0, τ = 0,
where τ = T − t.
We can now define dual consistency [2].
Definition 4.1.1. A discretization is dual consistent if (4.7) is a consistent
approximation of (4.4), augmented with a homogeneous initial condition.

4.1 Dual consistency

4.1.1
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An example

We exemplify the dual consistency concept by studying the primal problem
ut + aux = F,
x ∈ (0, 1), t > 0
u(0, t) = 0,
x = 0,
t≥0
u(x, 0) = 0,
x ∈ [0, 1], t = 0
J(u) = hu, Gi.

(4.8)

We seek the dual solution φ such that J(u) = hφ, F i. By using integrationby-parts and inserting the homogeneous initial and boundary conditions of the
primal problem, we find
Z

T

Z

T

hu, Gi dt −

J(u) dt =
0

T

Z

0

Z

(φ, ut + aux − F ) dt
0

T

Z
hφ, F i dt −

=
0
Z T

1

Z
φ(x, T )u(x, T ) dx − a

0

T

φ(1, t)u(1, t) dt
0

hφt + aφx + G, ui dt.

+
0

Clearly, φ has to satisfy the dual problem
φτ − aφx = G, x ∈ (0, 1), τ > 0
φ(1, t) = 0, x = 1,
τ ≥0
φ(x, 0) = 0, x ∈ [0, 1], τ = 0,

(4.9)

where the time transform τ = T − t is used. Note that the sign has changed and
that the dual boundary condition is given at the opposite boundary compared
to the primal problem.
In Paper VI, the relation between the primal and dual boundary conditions for
the problem (3.8) was derived. It was also shown that by using this relation,
well-posed dual/primal boundary conditions can be obtained from given wellposed primal/dual boundary conditions.
The weak formulation of primal problem (4.8) is
ut + aux = F + L(σ(u − 0)), x ∈ (0, 1), t > 0
u = 0,
x ∈ [0, 1], t = 0.

(4.10)

In Paper VI, we also showed that by choosing the penalty coefficient appropriately (σ = −a for this case), one can proceed directly from (4.10) to the weak
formulation of the dual problem (4.9) given by
φτ − aφx = G − aLd ((φ − 0)),
φ = 0,

x ∈ (0, 1), τ ≥ 0
x ∈ [0, 1], τ = 0,

(4.11)
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where the lifting operator Ld is defined by

R1
0

ϕLd (ψ)dx = ϕψ|x=1 .

The semi-discrete SBP-SAT approximation of (4.10) can be written as
ut + Lh u = F,
u = 0,

t>0
t = 0,

(4.12)

where the spatial operator Lh = P −1 (aQ − σE0 ) includes the boundary condition. The discrete dual operator can be directly computed as
L∗h = P −1 LTh P = P −1 (−aQ + aEN − (a + σ)E0 ),

(4.13)

using the SBP property Q+QT = B. The dual operator L∗h imposes a boundary
condition at x = 0, due to the last term in (4.13), unless σ = −a. With σ = −a,
the discrete dual problem becomes
φ τ − aP −1 Qφ = G − aP −1 EN (φ
φ − 0),
φ = 0,

τ >0
τ = 0,

(4.14)

where the time transformation τ = T − t is implemented. The discrete dual
problem (4.14) is a consistent approximation of (4.11), i.e. the scheme (4.12)
is dual consistent. Since σ = −a does not contradict the stability condition
(σ < −a/2), the scheme is both stable and dual consistent. In Table 4.1,
the convergence rates q for the solution and the functional using the 5th-order
SBP operator for dual inconsistent and consistent schemes are shown. As we

N
40
80
120
160
220

σ = −0.75a
q(u)
4.84
4.92
4.97
5.00
5.01

q(J(u))
3.75
3.84
4.00
4.32
4.52

σ = −a
q(u)
4.85
4.95
5.00
5.03
5.03

q(J(u))
6.35
6.82
7.29
7.83
7.99

Table 4.1: Convergence rates for the solution and functional for the dual inconsistent
and consistent schemes.

can see from Table 4.1, the convergence rate for the linear functional increases
drastically when using the dual consistent discretization.

4.2

Interface procedures

In this section, we discuss the relation between stability, conservation and dual
consistency for the advection problem posed on two sub-domains.

4.2 Interface procedures

4.2.1
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The continuous case

Consider the constant coefficient advection equation posed on two domains
ut + aux = 0,
vt + avx = 0,
u = v,

x ∈ (−1, 0),
x ∈ (0, +1),
x = 0,

t>0
t>0
t ≥ 0,

(4.15)

where a > 0. For ease of presentation, we ignore the outer boundary condition.
Conservation
We multiply equation (4.15) with a smooth vector function ϕ. Integration in
space yields
Z

0

Z
ϕut dx +

−1

1

Z

0

ϕvt dx = a
0

Z

1

ϕx u dx + a

ϕx v dx

= −aϕ (0, t) u(0, t) − v(0, t) .
−1
T

0

(4.16)

The interface condition in (4.15) removes the interface terms in (4.16), which
implies that (4.15) is on conservation form.
The dual problem
By following the procedure given in Section 4.1, the dual problem corresponding
to (4.15) can be obtained as
φτ − aφx = 0, x ∈ (−1, 0),
ψτ − aψx = 0, x ∈ (0, +1),
φ = ψ, x = 0,

4.2.2

τ >0
τ >0
τ ≥ 0.

(4.17)

The discrete case

To define an approximation of (4.15), we discretize the left and right domains
by N + 1 and M + 1 grid points, respectively. Let the vectors u and v contain
approximations of u and v, respectively. The semi-discrete SBP-SAT version of
(4.15) is
ut + aDL u =PL−1 eN σL (uN − v0 ),
(4.18)
vt + aDR v =PR−1 e0 σR (v0 − uN ),
where σL,R are penalty coefficients for the weak imposition of the left and right
interface condition. The vectors e0 = [1, 0, . . . , 0]T and eN = [0, . . . , 0, 1]T are
column vectors of length M + 1 and N + 1, respectively.
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Conservation
Let ϕL,R denote smooth grid functions on the left and right domains, respec0
tively. Multiplying (4.18) by ϕTL PL and ϕTR PR and using ϕN
L = ϕR := ϕI lead
to
ϕTL PL ut + ϕ TR PR vt = a(DLϕL )T PL u + a(DR ϕR )T PR v
(4.19)
+ ϕI (σL − σR − a)[uN − v0 ].
The right-hand side of (4.19) containing the interface term vanishes if the conservation condition
σL − σR − a = 0
(4.20)
holds.
Consequently, the following proposition (proved in Paper V) holds.
Proposition 4.2.1. The interface procedure in (4.18) is conservative if and
only if (4.20) holds.
Stability
The discrete energy method applied to (4.18), leads to


T 

d
uN
a − 2σL σL + σR
uN
2
2
(kukP + kvkP ) = −
.
v0
σL + σR −a − 2σR
v0
dt

(4.21)

Recall that the outer boundary terms are ignored. By using the conservation
condition (4.20), we can rewrite (4.21) as
d
(kuk2P + kvk2P ) = −(a − 2σL )(uN − v0 )2 ,
dt
which leads to stability if
σL ≤ a/2.

(4.22)

The scheme (4.18) is both stable and conservative if (4.20) and (4.22) hold.
Dual consistency
To determine dual consistency, we rewrite (4.18) in compact form
wt + Lw = 0,

L = −P−1 (Q + Σ),

(4.23)

T

where w = [u, v] , Q = diag(aQL , aQR ) and P = diag(PL , PR ). The penalty
matrix Σ, which contains the penalties coefficients, is zero everywhere except at
the interface points.
The discrete dual problem corresponding to (4.23) is
θ τ + P−1 LT Pθθ = 0,

(4.24)
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where θ = [φ, ψ ]T . By expanding (4.24) in component form, we find
φt − DL φ = (σL − a)PL−1 eN φN − σR PL−1 eN ψ0 ,
ψ t − DRψ = (σR + a)PR−1 e0 ψ0 − σL PR−1 eN φN .

(4.25)

The left-hand side of (4.25) approximate the equations in (4.17). If the conservation condition (4.20) holds, then the right-hand side of (4.25) imposes the
dual interface conditions in (4.17).
Consequently, the following proposition (proved in Paper V) holds.
Proposition 4.2.2. The scheme (4.23) is dual consistent if and only if (4.20)
holds.
Remark 4.2.1. Propositions 4.2.1 and 4.2.2 imply that dual consistency and
conservation are equivalent concepts for the problem (4.15). This is the main
result of Papers II,III and V.
In all papers, except Paper IV, dual problems play an important role. In Paper
I we derive a stable and dual consistent discretization for two different hyperbolic systems of equations coupled at the interface x = 0. Papers II, III and V
deal with the relation between dual consistency and conservation for linear hyperbolic conservation laws and parabolic problems. The last paper investigates
the relation between primal and dual boundary conditions for linear hyperbolic
problems.

5
Summary of papers
Paper I: Coupling requirements for multi-physics
problems posed on two domains
The ambition in this work is to derive general conditions for when two hyperbolic systems in first order form can (or cannot) be coupled. We start by
deriving a family of well-posed interface conditions. The adjoint equations and
the corresponding dual interface conditions are derived next.
Both the primal and dual problems are discretized using a provably stable numerical formulation based on SBP operators with a weak imposition of the
primal and dual interface conditions. It is shown that one specific choice of
penalty matrices leads to a dual consistent scheme.
As an application, we study the coupling of the linearized Euler and wave equations. We show that dual consistency leads to superconverging functionals and
reduced stiffness.

Paper II: On the relation between conservation
and dual consistency for summation-by-parts schemes
In this note, we consider linear conservation laws posed on two spatial domains.
We show that dual consistency and conservation are equivalent concepts for the
problem under consideration.

Paper III: Corrigendum to “On the relation between conservation and dual consistency for summationby-parts schemes”
In Paper III, we clarify that the notations used in the second paper are valid
for a special form of fluxes. We also show that the results of the second paper
can be generalized to the variable and non-symmetric cases.
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Paper IV: An energy stable coupling procedure
for the compressible and incompressible NavierStokes equations
We consider the coupling of the linearized compressible and incompressible
Navier-Stokes equations. By using the gradients of the divergence relation of
the incompressible equations, the formulation becomes similar to the compressible one. To obtain a sufficient number of interface conditions, the decoupled
heat equation is added to the incompressible equations. Based on the energy
method, we show that interface conditions including mass and momentum balance and two variants of heat transfer lead to an energy bound for the continuous
problem.
The discrete coupled problem is constructed on SBP-SAT form. Stability of
the scheme is investigated by using the discrete energy method. The penalty
matrices which were derived in the analysis of the continuous problem lead
almost automatically to stability of the discrete problem.
In the numerical part, we show that the convergence rates of the solutions
obtained are correct. Furthermore, the coupled system with different initial
temperatures is studied. The gradient of the density and divergence of velocity
are used to illustrate the acoustic waves.

Paper V: On conservation and dual consistency
for summation-by-parts based approximations of
parabolic problems
This note deals with the relation between conservation and dual consistency
for symmetric or symmetrizable parabolic problems, exemplified by the heat
equation. The problem is discretized using difference operators on SBP form
with interface conditions imposed weakly. In a similar way as in Paper II, we
show that conservation and dual consistency are equivalent.

Paper VI: The relation between primal and dual
boundary conditions for hyperbolic systems of equations
In this paper, we study the boundary conditions for linear hyperbolic systems
of equations and the corresponding dual problem. A relation between boundary
conditions of the primal and dual problem is derived. This relation can be used
to obtain well-posed dual/primal boundary conditions from given well-posed
primal/dual boundary conditions.
It is also shown that the weak boundary procedure in the well-posedness analysis
leads directly to stability of the numerical approximation on SBP-SAT form. In
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the numerical part, we show that the convergence rates of the solutions obtained
are correct. Additionally, we show that for a dual consistent scheme, linear
functionals of the solution are superconverging.
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