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Abstract Acyclic directed mixed graphs (ADMGs) are the graphs used by Pearl 
(Causality: models, reasoning, and inference. Cambridge University Press, Cam-
bridge, 2009) for causal effect identification. Recently, alternative acyclic directed 
mixed graphs (aADMGs) have been proposed by Peña (Proceedings of the 32nd 
conference on uncertainty in artificial intelligence, 577–586, 2016) for causal effect 
identification in domains with additive noise. Since the ADMG and the aADMG 
of the domain at hand may encode different model assumptions, it may be that the 
causal effect of interest is identifiable in one but not in the other. Causal effect identi-
fication in ADMGs is well understood. In this paper, we introduce a sound algorithm 
for identifying arbitrary causal effects from aADMGs. We show that the algorithm 
follows from a calculus similar to Pearl’s do-calculus. Then, we turn our attention 
to Andersson–Madigan–Perlman chain graphs, which are a subclass of aADMGs, 
and propose a factorization for the positive discrete probability distributions that are 
Markovian with respect to these chain graphs. We also develop an algorithm to per-
form maximum likelihood estimation of the factors in the factorization.
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1 Introduction

Undirected graphs (UGs), bidirected graphs (BGs), and directed and acyclic 
graphs (DAGs) have extensively been studied as representations of independence 
models. DAGs have also been studied as representation of causal models, because 
they can model asymmetric relationships between random variables. DAGs and 
UGs (respectively BGs) have been extended into chain graphs (CGs), which are 
graphs with directed and undirected (respectively bidirected) edges but without 
semidirected cycles. Therefore, CGs can model both symmetric and asymmetric 
relationships between random variables. CGs with directed and undirected edges 
may represent different independence models depending on whether the Lau-
ritzen–Wermuth–Frydenberg (LWF) or the Andersson–Madigan–Perlman (AMP) 
interpretation is considered (Lauritzen 1996; Andersson et  al 2001). CGs with 
directed and bidirected edges have a unique interpretation, the so-called multi-
variate regression (MVR) interpretation (Cox and Wermuth 1996). MVR CGs 
have been extended by (i) relaxing the semidirected acyclity constraint so that 
only directed cycles are forbidden, and (ii) allowing up to two edges between 
any pair of nodes. The resulting models are called acyclic directed mixed graphs 
(ADMGs) (Richardson 2003). AMP CGs have also been extended similarly (Peña 
2016). The resulting models are called alternative acyclic directed mixed graphs 
(aADMGs). It is worth mentioning that neither the original ADMGs nor any 
other family of mixed graphical models that we know of (e.g., summary graphs 
(Cox and Wermuth 1996), ancestral graphs (Richardson and Spirtes 2002), MC 
graphs (Koster 2002) or loopless mixed graphs (Sadeghi and Lauritzen 2014) 
subsume AMP CGs and hence aADMGs. To see it, we refer the reader to the 
works by (Richardson and Spirtes 2002,  p. 1025) and (Sadeghi and Lauritzen 
2014, Section 4.1).

In addition to represent independence models, some of the graphical models 
mentioned above have been used for causal effect identification, i.e., to determine 
if the causal effect of an intervention is identifiable from observational quantities. 
For instance, Pearl’s approach to causal effect identification makes use of ADMGs 
to represent causal models over the observed variables (Pearl 2009). The directed 
edges represent causal relationships, whereas the bidirected edges represent con-
founding, i.e., a latent common cause. A key feature of Pearl’s approach is that 
no assumption is made about the functional form of the causal relationships. That 
is, each variable A is an unconstrained function of its observed causes Pa(A) and 
its unobserved causes UA , i.e., A = g(Pa(A),UA) . Without loss of generality, we 
can consider UA as being unidimensional (Mooij et al 2016), Proposition 4). We 
do so. This UA is sometimes called noise or error or residual. In this paper, we 
study causal effect identification under the assumption that A = g(Pa(A)) + UA , 
also called additive noise model. This is a rather common assumption in causal 
discovery (Bühlmann et al 2014; Hoyer et al 2009; Mooij et al 2016; Peters et al 
2014), mainly because it produces tractable models which are useful for gain-
ing insight into the system under study. Note also that linear structural equation 
models, which have extensively been studied for causal effect identification (Pearl 
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2009, Chapter 5), are additive noise models. As argued by Peña (2016), aADMGs 
are suitable for representing causal models with additive noise. The main differ-
ence between ADMGs and aADMGs is that an edge A − B in an aADMG repre-
sents that the (unobserved) error variables associated with A and B are dependent 
and cannot be made conditionally independent given all of the other error vari-
ables, as opposed to a bidirected edge in an ADMG which represents marginal 
dependence due to confounding. Therefore, the ADMG and the aADMG of the 
domain at hand may encode different model assumptions. This may imply that one 
allows causal effect identification, whereas the other does not. We illustrate this 
with the example in Fig. 1, which is borrowed from Peña (2016). Peña and Bendt-
sen (2017) assign fictitious meanings to the variables in the example and pro-
vide additional examples. The ADMG and the aADMG in the figure represent the 
causal model over the observed variables represented by the DAG. The ADMG 
in the figure is derived from the DAG by keeping the directed edges between 
observed variables, and adding a bidirected edge between two observed variables 
A and B if and only if they have a confounder, i.e., the DAG has a subgraph of the 
form A ← UA → ⋯ → UB → B or A ← UA ← ⋯ ← UC → ⋯ → UB → B (Tian 
and Pearl 2002b, Sect. 5). The aADMG in the figure is derived from the DAG by 
keeping the directed edges between observed variables, and adding an undirected 
edge between two observed variables A and B if and only if the associated (unob-
served) error variables are dependent and cannot be made conditionally independ-
ent given all of the other error variables, i.e., the DAG has a subgraph of the form 
A ← UA → UB → B or A ← UA → UC ← UB → B . Clearly, the causal effect on V2 
of intervening on V1 , denoted as the density function f (v2|v̂1) , is not identifiable 
from the ADMG due to the confounding effect represented by the edge V1 ↔ V2 
(Tian and Pearl 2002a,  Theorem  4). However, f (v2|v̂1) is identifiable from the 
aADMG and is given by

(1)f (v2|v̂1) = ∫ f (v2|v1, v3)f (v3) dv3.

DAG ADMG aADMG

V1 V2

V3U1 U2

U3

V1 V2

V3

V1 V2

V3

Fig. 1  Example where f (v2|v̂1) is identifiable from the aADMG but not from the ADMG
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To see it, note that the aADMG lacks the edge V1 − V2 which, as mentioned above, 
represents the assumption that U1 and U2 are independent given U3 in the domain 
at hand. This implies that we can block all non-causal paths from V1 to V2 in the 
domain at hand by conditioning on V3 , since V3 determines U3 due to the additive 
noise assumption. Therefore, we can identify the desired causal effect by just adjust-
ing for V3 . This is not possible in the ADMG because we cannot block all non-causal 
paths from V1 to V2 due to the confounding effect represented by V1 ↔ V2 . This is 
an example where the assumptions encoded in the aADMG of the domain at hand 
allow causal effect identification, whereas the assumptions in the corresponding 
ADMG do not. However, the opposite can also happen: simply reverse the edge 
U3 → U2 in Fig. 1. Then, the corresponding ADMG allows for causal effect iden-
tification, whereas the corresponding aADMG does not (Peña 2016). Therefore, 
ADMGs and aADMGs are not competing but complementary causal models. Their 
difference stems from using different families of graphical models to represent the 
independences between the error variables. Whereas ADMGs use BGs (also known 
as covariance graphs), aADMGs use UGs (also known as concentration graphs, 
Markov random networks, or Markov random fields). A missing edge in the former 
implies marginal independence, whereas a missing edge in the latter implies con-
ditional independence given the rest of the nodes. In general, the BG and the UG 
over the error variables of the domain at hand are not Markov equivalent, i.e., they 
encode different assumptions about the domain at hand. That is why the ADMG of 
the domain at hand may allow causal effect identification, whereas the correspond-
ing aADMG may not, or vice versa. Note that the ADMG and the aADMG share the 
same directed edges.

Causal effect identification in ADMGs is well understood (Pearl 2009; Shpitser 
and Pearl 2006; Tian and Pearl 2002a, b). The same is not true for aADMGs. As 
mentioned, aADMGs were proposed by Peña (2016), who mainly studied them as 
representation of statistical independence models. In particular, their global, local, 
and pairwise Markov properties were studied. Later, Peña and Bendtsen (2017) 
considered aADMGs for causal effect identification. Specifically, they presented a 
calculus similar to Pearl’s do-calculus (Pearl 2009; Shpitser and Pearl 2006), and 
a decomposition of the density function represented by an aADMG that is similar 
to the Q-decomposition by Tian and Pearl (2002a, b). In this paper, we extend the 
decomposition to identify further causal effects. The result is a sound algorithm for 
causal effect identification in aADMGs. We also show that the algorithm follows 
from the calculus of interventions in Peña and Bendtsen (2017).

Then, we turn our attention to the use of aADMGs as representation of independ-
ence models. As mentioned, Peña (2016) describes Markov properties for aADMGs 
but no factorization property. We present a first attempt to fill in this gap by develop-
ing a factorization for the positive discrete probability distributions that are Markovian 
with respect to AMP CGs, which recall are a subclass of aADMGs. We also develop 
an algorithm to perform maximum likelihood estimation of the factors in the factori-
zation. It is worth mentioning that a method for maximum likelihood estimation for 
Gaussian AMP CGs exists (Drton and Eichler 2006). It should also be mentioned that 
similar results exist for LWF and MVR CGs. Specifically, Lauritzen (1996) describes 
a factorization for the positive discrete probability distributions that are Markovian 
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with respect to LWF CGs, and makes use of the celebrated iterative proportional fit-
ting (IPF) algorithm for maximum likelihood estimation of the factors in the factoriza-
tion. The IPF algorithm guarantees convergence to a global maximum of the likeli-
hood function under mild assumptions. Drton (2008, 2009) describes a factorization 
for the positive discrete probability distributions that are Markovian with respect to 
MVR CGs, as well as an algorithm for maximum likelihood estimation of the factors 
in the factorization. The algorithm, named iterative conditional fitting (ICF) algorithm, 
can be seen as being dual to the IPF algorithm. However, unlike the IPF algorithm, the 
ICF algorithm just guarantees convergence to a local maximum or saddle point of the 
likelihood function, but it has proven to perform well in practice.

The rest of the paper is organized as follows. Section 2 introduces some prelimi-
naries, including a detailed account of aADMGs for causal modeling. Section 3 pre-
sents our novel algorithm for causal effect identification. It also proves that the algo-
rithm is sound and it follows from a calculus of interventions. Section 4 presents our 
factorization for AMP CGs and the algorithm for maximum likelihood estimation. 
The paper ends with a discussion on follow-up questions worth investigating.

2  Preliminaries

Unless otherwise stated, all the graphs and density functions in this paper are 
defined over a finite set of continuous random variables V. We use uppercase let-
ters to denote random variables and lowercase letters to denote their states. For the 
sake of readability, we use the elements of V to represent singletons, and sometimes 
we use juxtaposition to represent set union. An aADMG G is a graph with possibly 
directed and undirected edges but without directed cycles, i.e., A → ⋯ → A is for-
bidden. There may be up to two edges between any pair of nodes, but in that case the 
edges must be different and one of them must be undirected to avoid directed cycles. 
Edges between a node and itself are not allowed. A topological ordering of V with 
respect to G is an ordering such that if A → B is in G then A < B.

Given an aADMG G, the parents of a set X ⊆ V in G are PaG(X) = {A|A → B 
is in G with B ∈ X} . The children of X in G are ChG(X) = {A|A ← B is in G with 
B ∈ X} . The neighbours of X in G are NeG(X) = {A|A − B is in G with B ∈ X} . The 
ancestors of X in G are AnG(X) = {A|A → ⋯ → B is in G with B ∈ X or A ∈ X} . 
Moreover, X is called an ancestral set if X = AnG(X) . The descendants of X in G are 
DeG(X) = {A|A ← ⋯ ← B is in G with B ∈ X or A ∈ X} . A route between two nodes 
V1 and Vn on G is a sequence of (not necessarily distinct) edges E1,… ,En−1 such that Ei 
links the nodes Vi and Vi+1 . We do not distinguish between the sequences E1,… ,En−1 
and En−1,… ,E1 , i.e., they represent the same route. The route is called undirected if 
it only contains undirected edges. A component of G is a maximal set of nodes such 
that there is an undirected route in G between any pair of nodes in the set. The compo-
nents of G are denoted as (G) , whereas CoG(X) denotes the components to which the 
nodes in X ⊆ V belong.1 A set of nodes of G is complete if there exists an undirected 

1 In the original ADMGs, the components are usually called maximal C-components (Shpitser and Pearl 
2006), and CoG(X) is called the district of X (Richardson 2003).
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edge between every pair of nodes in the set. The complete sets of nodes of G are 
denoted as (G) . A clique of G is a maximal complete set of nodes. The cliques of 
G are denoted as (G) . Given a set W ⊆ V , let GW denote the subgraph of G induced 
by W, i.e., the aADMG over W that has all and only the edges in G whose both ends 
are in W. Similarly, let GW denote the marginal aADMG over W, i.e., A → B is in GW 
if and only if A → B is in G, whereas A − B is in GW if and only if A − B is in G or 
A − V1 −⋯ − Vn − B is in G with V1,… ,Vn ∉ W.

A node C on a route in an aADMG G is said to be a collider on the route if 
A → C ← B or A → C − B is a subroute. Note that maybe A = B . Moreover, the route 
is said to be connecting given Z ⊆ V when every collider on the route is in Z, and every 
non-collider on the route is outside Z. Let X, Y, and Z denote three disjoint subsets of V. 
When there is no route in G connecting a node in X and a node in Y given Z, we say that 
X is separated from Y given Z in G and denote it as X⟂GY|Z . The independence model 
represented by G is the set of separations X⟂GY|Z . Likewise, we denote by X⟂ f Y|Z 
that X is independent of Y given Z in a density function f. We say that f satisfies the 
global Markov property or simply that it is Markovian with respect to G if X⟂GY|Z 
implies that X⟂ f Y|Z for all X, Y, and Z disjoint subsets of V.

Finally, we mention some properties that density functions satisfy as shown by, for 
instance, (Studený 2005, Chapter 2). For all X, Y, W, and Z disjoint subsets of V, every 
density function f satisfies the following four properties: symmetry X⟂ f Y|Z ⇒ Y⟂ f X|Z , 
decomposition X⟂ f Y ∪W|Z ⇒ X⟂ f Y|Z , weak union X⟂ f Y ∪W|Z ⇒ X⟂ f Y|Z ∪W , 
and contraction X⟂ f Y|Z ∪W ∧ X⟂ fW|Z ⇒ X⟂ f Y ∪W|Z . If f is positive, then it also 
satisfies the intersection property X⟂ f Y|Z ∪W ∧ X⟂ fW|Z ∪ Y ⇒ X⟂ f Y ∪W|Z . 
Some (not yet characterized) probability distributions also satisfy the composition prop-
erty X⟂ f Y|Z ∧ X⟂ fW|Z ⇒ X⟂ f Y ∪W|Z.

2.1  Causal interpretation of aADMGs

Let us assume momentarily that V is normally distributed. In this section, we show that 
an aADMG G can be interpreted as a system of structural equations with correlated 
errors. Specifically, the system includes an equation for each A ∈ V , which is of the 
form

where UA denotes the noise or error term. The error terms are represented implicitly 
in G. They can be represented explicitly by magnifying G into the aADMG G′ , as 
shown in Table 1. The magnification basically consists in adding the error nodes UA 
to G and connect them appropriately. Figure 2 shows an example. Note that Eq. 2 
implies that A is determined by PaG(A) ∪ UA and UA is determined by A ∪ PaG(A) . 
Let U denote all the error nodes in G′ . Formally, we say that A ∈ V ∪ U is deter-
mined by Z ⊆ V ∪ U when A ∈ Z or A is a function of Z. We use Dt(Z) to denote all 

(2)A = �APaG(A) + UA,
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the nodes that are determined by Z. From the point of view of the separations, that a 
node outside the conditioning set of a separation is determined by the conditioning 
set has the same effect as if the node was actually in the conditioning set. Bearing 
this in mind, it can be proven that, as desired, G and G′ represent the same separa-
tions over V (Peña 2016, Theorem 9).

Finally, let U ∼  (0,Λ) such that (Λ−1)UA,UB
= 0 if UA − UB is not in G′ . Then, G 

can be interpreted as a system of structural equations with correlated errors as fol-
lows. For any A ∈ V

and for any other B ∈ V

It can be proven that this causal interpretation of aADMGs works as intended: every 
density function f(v) specified by Eqs.  3 and 4 is Gaussian and Markovian with 
respect to G (Peña 2016, Theorems 10 and 11).

A less formal but more intuitive interpretation of aADMGs is as follows. We can 
interpret the parents of each node in an aADMG as its observed causes. Its unob-
served causes are summarized by an error node that is represented implicitly in the 

(3)A =
∑

B∈PaG(A)

�ABB + UA

(4)covariance(UA,UB) = ΛUA,UB
.

Table 1  Algorithm for 
magnifying an aADMG Input: An aADMG G.

Output: The magnified aADMG G′.
1 Set G� = G

2 For each node A in G
3    Add the node UA and the edge UA → A to G′

4 For each edge A − B in G
5    Replace A − B with the edge UA − UB in G′

6 Return G′

Fig. 2  Example of the magnifi-
cation of an aADMG G G

A B

C D

E F

A B

C D

E F

UA UB

UC UD

UE UF
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aADMG. We can interpret the undirected edges in the aADMG as the correlation 
relationships between the different error nodes. The causal structure is constrained 
to be a DAG, but the correlation structure can be any UG. This causal interpretation 
of aADMGs parallels that of the original ADMGs. There are, however, two main 
differences. First, the noise in ADMGs is not necessarily additive normal. Second, 
the correlation structure of the error nodes in ADMGs is represented by a covariance 
or bidirected graph. Therefore, whereas a missing edge between two error nodes in 
ADMGs represents marginal independence, in aADMGs it represents conditional 
independence given the rest of the error nodes. This means that the ADMG and the 
aADMG of the domain at hand may encode different assumptions, which may make 
a difference for causal effect identification, i.e., the effect may be identifiable in one 
model but not in the other. An example was provided in Sect. 1.

Given the above causal interpretation of an aADMG G, intervening on a set 
X ⊆ V  so as to change the natural causal mechanism of X amounts to modifying 
the right-hand side of the equations for the random variables in X. For simplicity, 
we only consider interventions that set variables to fixed values. Graphically, an 
intervention amounts to modifying G is shown in Table 2. Line 1 is shared with an 
intervention on an original ADMG. Lines 2–4 are best understood in terms of the 
magnified aADMG G′ : they correspond to marginalizing the error nodes associated 
with the nodes in X out of G′

U
 , the UG that represents the correlation structure of 

the error nodes. In other words, lines 2–4 replace G′
U

 with (G�
U
)U⧵UX , the marginal 

graph of G′
U

 over U⧵UX . This makes sense since UX is no longer associated with X 
due to the intervention and, thus, we may want to marginalize it out because it is 

Table 2  Algorithm for 
intervening on an aADMG. Input: An aADMG G and a set X ⊆ V .

Output: The aADMG after intervening on X in G.
1 Delete from G all the edges A → B with B ∈ X

2 For each path A − V1 −⋯ − Vn − B in G with 
A,B ∉ X and V1,… ,Vn ∈ X

3    Add the edge A − B to G
4 Delete from G all the edges A − B with B ∈ X

5 Return G

A B

C D

E F

A B

C D

E F

UA UB

UC UD

UE UF

A B

C D

E F

UA UB

UC

UF

Fig. 3  Result of intervening on {D,E} in the aADMG G in Fig. 2 (left), and on the magnified aADMG 
G′ (center), and after marginalization of {UD,UE} (right)
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unobserved. This is exactly what lines 2–4 imply. See Fig. 3 for an example. Note 
that the aADMG after the intervention and the magnified aADMG after the inter-
vention represent the same separations over V (Peña 2016, Theorem 9). It can be 
proven that this definition of intervention works as intended: if f(v) is specified by 
Eqs. 3 and 4, then f (v⧵x|̂x) is Markovian with respect to the aADMG resulting from 
intervening on X in G (Peña and Bendtsen 2017, Corollary 5).

It is worth mentioning that Eqs.  3 and 4 specify each node as a linear func-
tion of its parents with additive normal noise. The equations can be generalized 
to nonlinear or nonparametric functions as long as the noise remains additive, i.e., 
A = g(PaG(A)) + UA for all A ∈ V  . The density function f(u) can be any that is 
Markovian with respect to G′

U
 . That the noise is additive ensures that UA is deter-

mined by A ∪ PaG(A) , which is needed for Theorems 9 and 11 by Peña (2016) and 
Corollary 5 by Peña and Bendtsen (2017) to remain valid.2 Hereinafter, we assume 
that f(u) is positive. This is a rather common assumption in causal discovery (Peters 
et al 2017, Definition 7.3). For instance, it is justified when U is affected by meas-
urement noise such that any value of U is possible. Moreover, note that if f(u) is 
positive then f(v) is also positive, which is desirable: it would be impossible to iden-
tify the effect of an intervention x̂ if X never attains the value x in the observational 
regime (Pearl 2009, p. 78).

3  Causal effect identification in aADMGs

In this section, we present a novel sound algorithm for identifying arbitrary causal 
effects from aADMGs. The algorithm is based on a decomposition of f(v). We also 
show that the algorithm follows from a calculus of interventions.

3.1  Identification by decomposition

Note that the system of structural equations corresponding to the causal model rep-
resented by an aADMG G induces a density function over V = {V1,… ,Vn} , namely

Let S1,… , Sk be a partition of V into components. Then f(u) factorizes as

(5)f (v) = ∫
[∏

i

f (vi|paG(Vi), ui)

]
f (u) du.

(6)f (u) =
∏

j

f (uSj )

2 We believe that these results also hold under the post-nonlinear causal model assumption of Zhang and 
Hyvärinen (2009), i.e. A = g2(g1(PaG(A)) + UA) where g2 is invertible. However, we do not explore this 
venue further in this paper.
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because, as mentioned before, f(u) is positive and Markovian with respect to G′
U

 . 
When a density function can be written as in Eqs. 5 and 6, we say that it factorizes 
according to G.

The density function induced by the post-interventional system of structural 
equations can be obtained from Eq. 5 by simply removing the terms for the vari-
ables intervened upon, that is

Moreover, we define the factor q(c) with C ⊆ V  as follows:

Note from the two previous equations that q(c) = f (c|v̂⧵c) . Note also that q(c) fac-
torizes according to GC . The next lemma shows that q(c) is identifiable if C is a com-
ponent in G. The proofs of the lemmas and theorems in this section can be found in 
Appendix A. Some proofs are adaptations of those by Tian and Pearl (2002a, b). We 
provide them for completeness.

Lemma 1 Given an aADMG G, let S1,… , Sk be a partition of V into components. 
Then,

and

where V1 < ⋯ < Vn is a topological order of V with respect to G, and 
V (i) = {V1,… ,Vi}.

The following two lemmas show how certain factors are related. They will be 
instrumental later.

(7)

f (v⧵x|̂x) = ∫
[ ∏

Vi∈V⧵X

f (vi|paG(Vi), ui)

]
f (u) du

= ∫
[ ∏

Vi∈V⧵X

f (vi|paG(Vi), ui)

]
f (uV⧵X) duV⧵X .

q(c) = ∫
[ ∏

Vi∈C

f (vi|paG(Vi), ui)

]
f (u) du = ∫

[ ∏

Vi∈C

f (vi|paG(Vi), ui)

]
f (uC) duC.

f (v) =
∏

j

q(sj)

q(sj) =
∏

Vi∈Sj

f (vi|v(i−1)),
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Lemma 2 Given an aADMG G and two sets  E ⊆ C ⊆ V  such that E is an ances-
tral set in GC, then

Lemma 3 Given an aADMG G, let C1,… ,Ck be a partition of a set C ⊆ V  into 
components in GC. Then

and

where V1 < ⋯ < Vn is a topological order of C with respect to GC, and 
C(i) = {V1,… ,Vi}. Moreover

The previous lemmas can be generalized as follows. Let A ⊆ V be an ancestral set in 
G, and let B = V⧵A . Given C ⊆ B , we define the factor q(c|a) as follows:

We now show that q(c|a) = f (c|b̂⧵c, a) . Note that Eq. 7 implies that

because that A is an ancestral set in G implies that it determines UA , and thus

q(e) = ∫ q(c) d(c⧵e).

q(c) =
∏

j

q(cj)

q(cj) =
∏

Vi∈Cj

q(c(i))

q(c(i−1))
,

q(c(i)) = ∫ q(c) d(c⧵c(i)).

q(c|a) = ∫
[ ∏

Vi∈C

f (vi|paG(Vi), ui)

]
f (uB|uA) duB

= ∫
[ ∏

Vi∈C

f (vi|paG(Vi), ui)

]
f (uC|uA) duC.

f (a, c| ̂v⧵{a, c})

=

[

∫
[ ∏

Vi∈C

f (vi|paG(Vi), ui)

]
f (uC|uA) duC

] ∏

Vi∈A

f (vi|paG(Vi), ui)f (uA)
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by marginalization in the previous equation and recalling that A is an ancestral set in 
G which implies that no node in A has a parent in C. Then, combining the two previ-
ous equations implies that

Note that f (uB|uA) factorizes according to G′
UB

 and, thus, q(b|a) factorizes according 
to H = GB . To see it, set C = B in the previous equation. Then, q(c|a) factorizes 
according to HC.

Lemma 4 Given an aADMG G and two disjoint sets A,C ⊆ V , then

Moreover, if A is an ancestral set in GA∪C, then

The following three lemmas can be proven in much the same way as Lemmas 
1–3.

Lemma 5 Given an aADMG G and an ancestral set A in G, let S1,… , Sk be a  
partition of B = V⧵A into components in H = GB. Then

and

where V1 < ⋯ < Vn is a topological order of B with respect to H , and 
V (i) = {V1,… ,Vi}.

f (a| ̂v⧵{a, c}) =
∏

Vi∈A

f (vi|paG(Vi), ui)f (uA)

f (c| ̂v⧵{a, c}, a) =
f (a, c| ̂v⧵{a, c})

f (a| ̂v⧵{a, c})
= ∫

[ ∏

Vi∈C

f (vi|paG(Vi), ui)

]
f (uC|uA) duC

= q(c|a).

q(c|a) =
q(a, c)

∫ q(a, c) dc
.

q(c|a) =
q(a, c)

q(a)
.

f (b|a) =
∏

j

q(sj|a)

q(sj|a) =
∏

Vi∈Sj

f (vi|v(i−1), a),
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Lemma 6 Given an aADMG G, an ancestral set A in G, and two sets E ⊆ C ⊆ V⧵A 
such that E is an ancestral set in (GV⧵A)

C, then

Lemma 7 Given an aADMG G and an ancestral set A in  G, let B = V⧵A and 
H = GB. Also, let C1,… ,Ck be a partition of C ⊆ B into components in HC. Then

and

where V1 < ⋯ < Vn is a topological order of C with respect to HC, and 
C(i) = {V1,… ,Vi}. Moreover

We are now in the position to introduce our sound algorithm for identifying an 
arbitrary causal effect f (y|̂x) from an aADMG G. Let X′ be a maximal subset of X 
such that, for any V1 ∈ X� , there is a path V1 → ⋯ → Vn in G such that Vn ∈ Y and 
V2,… ,Vn ∉ X� . Note that f (y|̂x) = f (y|x̂�) . Hereinafter, we assume without loss of 
generality that X� = X . Let B = DeG(X) and A = V⧵B . Note that A is an ancestral set 
in G. Let Y1 = Y ∩ A and Y2 = Y ∩ B . Then

where the third equality follows from the fact that A ∩ DeG(X) = � . Moreover

Let C = An(GB)
B⧵X (Y2) . Then by Lemma 6

q(e|a) = ∫ q(c|a) d(c⧵e).

q(c|a) =
∏

j

q(cj|a)

q(cj|a) =
∏

Vi∈Cj

q(c(i)|a)
q(c(i−1)|a)

q(c(i)|a) = ∫ q(c|a) d(c⧵c(i)).

(8)
f (y|̂x) = ∫ f (y2, a|̂x) d(a⧵y1) = ∫ f (y2 |̂x, a)f (a|̂x) d(a⧵y1)

= ∫ f (y2 |̂x, a)f (a) d(a⧵y1),

f (y2 |̂x, a) = ∫ f (b⧵x|̂x, a) d(b⧵{x, y2}) = ∫ q(b⧵x|a) d(b⧵{x, y2}).
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Let C1,… ,Cl be a partition of C into components in (GB)
C . Then by Lemma 7

Consequently, Eqs. 8 and 9 imply that f (y|̂x) is identifiable if q(cj|a) is identifiable 
for all j. Let S1,… , Sk be a partition of B into components in GB . Note that Cj ⊆ Si for 
some i, and recall that q(si|a) is identifiable by Lemma 5, which implies that q(cj|a) 
is identifiable by Lemma 6 if Cj is an ancestral set in (GB)

Si . Table 3 summarizes the 
just described steps and the following theorem summarizes their correctness.

Theorem 1 Given an aADMG G and two disjoint sets X, Y ⊆ V , if the algorithm 
in Table 3 returns an expression for f (y|̂x), then it is correct.

Example 1 We run the algorithm in Table 3 to identify f (v2|v̂1) from the aADMG 
in Fig. 1. Then, X = V1 and Y = V2 . Thus, B = {V1,V2} and A = V3 in line 1, and 
Y1 = � and Y2 = V2 in line 2. Then, S1 = V1 and S2 = V2 in line 3. Then, C = V2 in 
line 4 and, thus, C1 = V2 in line 5. Note that C1 ⊆ S2 and, thus, q(v2|v3) = f (v2|v1, v3) 
by lines 6–9. Therefore, the algorithm returns ∫ f (v2|v1, v3)f (v3) dv3 which is the 
correct answer.

f (y2 |̂x, a) = ∫ ∫ q(b⧵x|a) d(b⧵{x, c}) d(c⧵y2) = ∫ q(c|a) d(c⧵y2).

(9)f (y2 |̂x, a) = ∫
∏

j

q(cj|a) d(c⧵y2).

Table 3  Algorithm for causal 
effect identification from 
aADMGs.

Input: An aADMG G and two disjoint sets X,Y ⊆ V .
Output: An expression to compute f (y|̂x) from f(v) or FAIL.

1 Let B = DeG(X) and A = V⧵B

2 Let Y1 = Y ∩ A and Y2 = Y ∩ B

3 Let S1,… , Sk be a partition of B into components in GB

4 Let C = An(GB)
B⧵X (Y2)

5 Let C1,… ,Cl be a partition of C into components in (GB)
C

6 For each Cj such that Cj ⊆ Si do
7    Compute q(si|a) by Lemma 5
8    If Cj is an ancestral set in (GB)

Si then
9    Compute q(cj|a) from q(si|a) by Lemma 6
10    Else return FAIL
11 Return ∫ [∫ ∏

j q(cj�a) d(c⧵y2)]f (a) d(a⧵y1) by Lemma 7
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3.2  Identification by calculus

An alternative to the algorithm in Table 3 consists in repeatedly applying the rules 
below which, together with standard probability manipulations, aim to transform the 
causal effect of interest into an expression that only involves observational quanti-
ties. The rules are sound (Peña and Bendtsen 2017, Theorem 7). Given an aADMG 
G, let X, Y, Z, and W be disjoint subsets of V. The rules are as follows:

– Rule 1 (insertion/deletion of observations): 

where G�⃗X
�⃗

 denotes the graph obtained from G by deleting all directed edges in and 

out of X.
– Rule 2 (intervention/observation exchange): 

where G�⃗X
�⃗
Z

⃗

 denotes the graph obtained from G by deleting all directed edges in and 

out of X and out of Z.
– Rule 3 (insertion/deletion of interventions): 

where Z(W) denotes the nodes in Z that are not ancestors of W in G�⃗X
�⃗

 , and G
�⃗X
�⃗
�����⃗Z(W)

 

denotes the graph obtained from G by deleting all directed edges in and out of X and 
all undirected and directed edges into Z(W).
We prove below that the algorithm in Table 3 actually follows from rules 1–3 
and standard probability manipulations. To see it, note that all the steps in the 
algorithm involve standard probability manipulations except the application of 
Lemmas 5–7, which involve interventions. We prove below that these lemmas 
follow from rules 1–3. First, we prove that rule 1 is not really needed.

Lemma 8 Rule 1 follows from rules 2 and 3.

Lemma 9 Lemmas 2 and 6 follow from rule 3.

Lemma 10 Lemmas 1, 3, 5, and 7 follow from rules 2 and 3.

The following theorem summarizes the lemmas above.

f (y|�x, z,w) = f (y|�x,w) if Y⟂G
X⃗

⃗

Z|W,

f (y|�x,�z,w) = f (y|�x, z,w) if Y⟂G
X⃗

⃗
Z

⃗

Z|W,

f (y|�x,�z,w) = f (y|�x,w) if Y⟂G
X⃗

⃗
���⃗Z(W)

Z|W,
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Theorem 2 Given an aADMG G and two disjoint sets X, Y ⊆ V , if the algorithm 
in Table 3 returns an expression for f (y|̂x), then it is correct. Moreover, the expres-
sion can also be obtained by repeated application of rules 2 and 3.

4  Factorization property for discrete AMP CGs

In this section, we turn our attention to the use of aADMGs as representation of 
independence models. As mentioned, Peña (2016) describes Markov properties for 
aADMGs but no factorization property. We present a first attempt to fill in this gap 
by developing a factorization for the positive discrete probability distributions that 
are Markovian with respect to AMP CGs. As mentioned before, AMP CGs are a 
subclass of aADMGs with at most one edge between any pair of nodes and without 
semidirected cycles, i.e., A B A is forbidden, where ⊸ stands for → 
or −. We show that the factorization property is equivalent to the existing Markov 
properties for AMP CGs. We also present an algorithm to perform maximum like-
lihood estimation of the factors in the factorization. Therefore, unless otherwise 
stated, all the graphs and probability distributions in this section are defined over 
a finite set of discrete random variables V. To be consistent with previous works on 
AMP CGs, we need to modify our definition of the set DeG(X) in Sect. 2. In this 
section, the descendants of X ⊆ V  are DeG(X) = A A B with B ∈ X or 
A ∈ X} . The non-descendants of X are NdG(X) = V⧵DeG(X).

4.1  Markov properties

In Sect. 2, we introduced the global Markov property for aADMGs, which is a gen-
eralization of the global Markov property for AMP CGs developed by Andersson 
et al (2001) and Levitz et al (2001). Andersson et al also describe a block-recursive 
Markov property and show its equivalence to the global one. Specifically, a prob-
ability distribution p is Markovian with respect to an AMP CG G if and only if the 
following three properties hold for all C ∈ (G) (Andersson et al 2001, Theorem 2):

– C1: C⟂ pNdG(C)⧵CoG(PaG(C))|CoG(PaG(C)).
– C2: p(c|coG(PaG(C))) is Markovian with respect to GC.
– C3∗ : D⟂ pCoG(PaG(C))⧵PaG(D)|PaG(D) for all D ⊆ C.

The block-recursive property can be simplified. Specifically, C1, C2, and C3∗ hold if 
and only if the following two properties hold (Peña 2016, Theorem 6):

– C1∗ : D⟂ pNdG(D)⧵PaG(D)|PaG(D) for all D ⊆ C.
– C2∗ : p(c|paG(C)) is Markovian with respect to GC.
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Andersson et al also describe a local Markov property and show its equivalence to 
the global one under the assumption of the intersection and composition properties. 
Specifically, a probability distribution p satisfying the intersection and composition 
properties is Markovian with respect to an AMP CG G if and only if the following 
two properties hold for all C ∈ (G) (Andersson et al 2001, Theorem 3):

– L1: A⟂ pC⧵(A ∪ NeG(A))|NdG(C) ∪ NeG(A) for all A ∈ C.
– L2: A⟂ pNdG(C)⧵PaG(A)|PaG(A) for all A ∈ C.

The composition property assumption in the local property can be dropped. Spe-
cifically, a probability distribution p satisfying the intersection property is Marko-
vian with respect to an AMP CG G if and only if the following two properties 
hold for all C ∈ (G) (Peña 2016, Theorem 7):

– L1: A⟂ pC⧵(A ∪ NeG(A))|NdG(C) ∪ NeG(A) for all A ∈ C.
– L2∗ : A⟂ pNdG(C)⧵PaG(A ∪ S)|S ∪ PaG(A ∪ S) for all A ∈ C and S ⊆ C⧵A.

Andersson et  al also describe a pairwise Markov property and show its equiva-
lence to the global one under the assumption of the intersection and composi-
tion properties. Specifically, a probability distribution p satisfying the intersec-
tion and composition properties is Markovian with respect to an AMP CG G if 
and only if the following two properties hold for all C ∈ (G) (Andersson et  al 
2001, Theorem 3]:

– P1: A⟂ pB|NdG(C) ∪ C⧵(A ∪ B) for all A ∈ C and B ∈ C⧵(A ∪ NeG(A)).
– P2: A⟂ pB|NdG(C)⧵B for all A ∈ C and B ∈ NdG(C)⧵PaG(A).

The composition property assumption in the pairwise property can be dropped. 
Specifically, a probability distribution p satisfying the intersection property is 
Markovian with respect to an AMP CG G if and only if the following two proper-
ties hold for all C ∈ (G) (Peña 2016, Theorem 8):

– P1: A⟂ pB|NdG(C) ∪ C⧵(A ∪ B) for all A ∈ C and B ∈ C⧵(A ∪ NeG(A)).
– P2∗ : A⟂ pB|S ∪ NdG(C)⧵B for all A ∈ C , S ⊆ C⧵A and B ∈ NdG(C)⧵PaG(A ∪ S)

.

4.2  Factorization

(Andersson et al 2001, p. 50) note that a probability distribution p that is Marko-
vian with respect to an AMP CG G factorizes as

p(v) =
∏

C∈(G)
p(c|coG(PaG(C)))
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by C1. They also state that no further factorization of p appears to hold in general. 
We show in this section that this is not correct if p is positive. We start by proving an 
auxiliary result. The proofs of the lemmas and theorems in this section can be found 
in Appendix B.

Lemma 11 Assume that p is positive and C1∗ holds. Then, C2∗ holds if and only if

for all D ⊆ C, and where �D are positive functions.

Remark 1 It is customary to think of the factors �D(k, paG(K)) in Eq. 10 as arbi-
trary positive functions, whose product needs to be normalized to result in a prob-
ability distribution. Note, however, that Eq. 10 does not include any normalization 
constant. The reason is that the so-called canonical parameterization in Eq.  20 in 
Appendix B permits us to write any positive probability distribution as a product of 
factors that does not need subsequent normalization. One might think that this must 
be an advantage. However, the truth is that the cost of computing the normalization 
constant has been replaced by the cost of having to compute a large number of fac-
tors in Eq. 10. To see it, note that the size of (GD) is exponential in the size of the 
largest clique in GD.

We can now introduce our necessary and sufficient factorization.

Theorem 3 Let p be a positive probability distribution. Then, p is Markovian with 
respect to an AMP CG G if and only if

with

(10)p(d|paG(C)) =
∏

K∈(GD)

�D(k, paG(K))

(11)p(v) =
∏

C∈(G)
p(c|paG(C))

Fig. 4  Example of AMP 
CG factorization, where 
�ZW (z,w,X = 0,Y = 0) = (�, �, �, �) 
stands for 
�
ZW

(Z = 0,W = 0,X = 0,Y = 0) =

�,�
ZW

(Z = 0,W = 1,X = 0,Y = 0)

= �,�
ZW

(Z = 1,W = 0,X = 0,

Y = 0) = � and 
�ZW (Z = 1,W = 1,X = 0,Y = 0) = �

X Y

Z W

ψX(x) = ψY (y) = (0.5, 0.5)
ψZW (z,w,X = 0, Y = 0) = (0.5, 0.1, 0.1, 0.3)
ψZW (z,w,X = 0, Y = 1) = (0.4, 0.2, 0.3, 0.1)
ψZW (z,w,X = 1, Y = 0) = (0.4, 0.3, 0.2, 0.1)
ψZW (z,w,X = 1, Y = 1) = (0.5, 0.2, 0.2, 0.1)
ψZW (z,X = 0) = ψZW (z,X = 1) = (1, 1)
ψZW (w, Y = 0) = ψZW (w, Y = 1) = (1, 1)
ψZ(z,X = 0) = ψW (w, Y = 0) = (0.6, 0.4)
ψZ(z,X = 1) = ψW (w, Y = 1) = (0.7, 0.3)
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for all D ⊆ C, and where �D are positive functions.

Example 2 Figure 4 shows an example of the factorization in Theorem 3. All the 
random variables in the example are binary. Note that

and, thus, Eq. 12 actually imposes the constraints

or equivalently

For instance

Remark 2 It follows from Theorem 3 and the proof of Lemma 11 that the posi-
tive probability distributions that are Markovian with respect to G can be param-
eterized by probabilities of the form p(b, b

∗
|paG(B), paG(B)

∗
) for all B ⊆ D , D ⊆ C , 

and C ∈ (G) , where b
∗
 and paG(B)

∗
 denote the states that the variables in D⧵B 

and PaG(D)⧵PaG(B) take in d∗ and paG(D)∗ , which are arbitrary but fixed states of 
D and PaG(D) . Alternatively, we can parameterize the probability distributions by 

(12)p(d|paG(C)) =
∏

K∈(GD)

�D(k, paG(K))

p(z,w|x, y) = �ZW (z,w, x, y)�ZW (z, x)�ZW (w, y) = �ZW(z,w, x, y)

p(z|x) = �Z(z, x)

p(w|y) = �W (w, y)

∑

w

p(z,w|x, Y = 0) =
∑

w

p(z,w|x, Y = 1) = �Z(z, x)

∑

z

p(z,w|X = 0, y) =
∑

z

p(z,w|X = 1, y) = �W(w, y)

∑

w

�ZW (z,w, x, Y = 0) =
∑

w

�ZW (z,w, x, Y = 1) = �Z(z, x)

∑

z

�ZW (z,w,X = 0, y) =
∑

z

�ZW (z,w,X = 1, y) = �W (w, y).

�ZW (Z = 0,W = 0,X = 0, Y = 0) + �ZW(Z = 0,W = 1,X = 0, Y = 0)

= 0.5 + 0.1 = �Z(Z = 0,X = 0) = 0.4 + 0.2

= �ZW(Z = 0,W = 0,X = 0, Y = 1) + �ZW(Z = 0,W = 1,X = 0, Y = 1).
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factors of the form �D(k, paG(K)) for all K ∈ (GD) , D ⊆ C and C ∈ (G) . Note 
that these parameters may be variation dependent or even functionally related, due 
to Eq. 12. In Example 2, for instance, the parameters �ZW(z,w, x, y) and �Z(z, x) are 
functionally related: setting the values for the former determines the values for the 
latter. That is why we avoid using the term “parameter” in the rest of this section, 
as some reserve this term for variation independent parameters. Instead, we use the 
term “factor”. Although our factorization does not lead to a parametrization, it does 
bring some benefits: it induces a space efficient representation of the distribution at 
hand, and allows time efficient reasoning as well as data efficient estimation of the 
distribution.

In some cases, the following necessary and sufficient factorization may be more 
convenient.

Theorem 4 Let p be a positive probability distribution. Then, p is Markovian with 
respect to an AMP CG G if and only if

with

and

for all D ⊆ C, and where �D are positive functions.

4.3  Factor estimation

Unfortunately, the factorization in Theorems 3 and 4 does not lead to an expression of 
the likelihood function that is easy to maximize, due to the constraints on the factors 
imposed by Eqs. 12 and 15 (recall Example 2 and Remark 2). To overcome this prob-
lem, we adapt the iterative conditional fitting (ICF) algorithm for maximum likelihood 
estimation in MVR CGs (Drton 2008; Drton and Richardson 2008). The algorithm just 
guarantees convergence to a local maximum or saddle point of the likelihood function, 
but it has proven to perform well in practice. Hereinafter, we focus on the factorization 
in Theorem 4 and drop the assumption that the product of factors in Eq. 14 is normal-
ized. Specifically, we replace it with

(13)p(v) =
∏

C∈(G)
p(c|paG(C))

(14)p(c|paG(C)) =
∏

K∈(GC)

�C(k, paG(K))

(15)p(d|paG(C)) = p(d|paG(D))
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where

subject to the constraint that

for all � ≠ � . The reason for this modification is given below.
The ICF algorithm for AMP CGs can be seen in Table 4. Due to Eq. 13, the log-

likelihood function can be written as a sum of terms, each of which corresponds 
to the contribution of a component. We call these terms component log-likelihood 
functions. Specifically, the component log-likelihood function for C ∈ (G) is

where n(k, paG(K)) is the number of instances in the available data where K and 
PaG(K) take states k and paG(K) simultaneously, and similarly for n(paG(C)) . Since 
the factors corresponding to different components are variation independent, we can 
maximize the log-likelihood function by maximizing the component log-likelihood 
functions separately. The optimization problem to solve in line 5 of Table 4 consists 
in maximizing the component log-likelihood function for C ∈ (G) holding all the 
factors but �C(k, paG(K)) fixed, and imposing the constraints due to Eqs. 15 and 17. 

(16)p(c�paG(C)) =
∏

K∈(GC)
�C(k, paG(K))

ZC(paG(C))
,

ZC(paG(C)) =
∑

c

∏

K∈(GC)

�C(k, paG(K))

(17)ZC(PaG(C) = �) = ZC(PaG(C) = �)

(18)

∑

K∈(GC)

∑

k

∑

paG(K)

n(k, paG(K)) log�C(k, paG(K))

−
∑

paG(C)

n(paG(C)) log ZC(paG(C)),

Table 4  ICF algorithm for AMP CGs.

Input: A sample from a positive probability distribution, and an AMP CG G.
Output: Estimates of the factors in the factorization induced by G.

1 For each C ∈ (G) do
2    Set �C(k, paG(K)) to arbitrary values for all K ∈ (GC)

3    Repeat until convergence
4    For each K ∈ (GC) do
5    Solve a convex optimization problem to update �C(k, paG(K)) holding

   the rest of the factors fixed
6 Return �C(k, paG(K)) for all C ∈ (G) and K ∈ (GC)
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To see that this optimization problem is convex, note that the component log-like-
lihood function for C ∈ (G) is concave since it is the log-likelihood function of a 
Markov network (Koller and Friedman 2009, Corollary 20.1), and the constraints are 
linear as follows. The constraints due to Eq. 17 are clearly linear in �C(k, paG(K)) . 
The constraints due to Eq. 15 can be rephrased as

for all � ≠ � , where

Note that the normalization constants on both sides of Eq. 19 coincide, due to the 
constraint in Eq. 17, and thus they can be removed. Therefore, the constraints due 
to Eq. 15 are also linear in �C(k, paG(K)) . The optimization problem in line 5 is not 
only convex but also smooth, i.e., the objective function and the constraints have 
continuous derivatives. Thus, the problem can be solved via gradient ascent meth-
ods, for instance. Note that we cannot guarantee that the update in line 5 results in a 
proper probability distribution unless we normalize the product of factors, hence the 
change introduced in Eq. 16.

Example 3 We illustrate the ICF algorithm with the AMP CG in Fig. 4. Maximiz-
ing the component log-likelihood functions for X and Y results in the well-known 
closed-form estimates �X(x) = n(x)∕n and �Y (y) = n(y)∕n , where n is the number 
of instances in the data available. To obtain the maximum likelihood estimates of 
�ZW (z,w, x, y) , we have to maximize the component log-likelihood function for ZW 
which, by Eq. 18, is

The maximization of the expression above is performed subject to the constraints 
due to Eqs. 15 and 17. The former constraints are

which are equivalent to

(19)p(d|paG(D),PaG(C⧵D) = �) = p(d|paG(D),PaG(C⧵D) = �)

p(d�paG(C)) =
�

c⧵d

p(c�paG(C)) =
∑

c⧵d

∏
K∈(GC)

�C(k, paG(K))

ZC(paG(C))
.

∑

z,w

∑

x,y

n(z,w, x, y) log�ZW (z,w, x, y) −
∑

x,y

n(x, y) log
∑

z,w

�ZW (z,w, x, y).

p(z|x, Y = 0) = p(z|x, Y = 1)

p(w|X = 0, y) = p(w|X = 1, y)

∑

w

p(z,w|x, Y = 0) =
∑

w

p(z,w|x, Y = 1)

∑

z

p(z,w|X = 0, y) =
∑

z

p(z,w|X = 1, y)



411

1 3

Behaviormetrika (2018) 45:389–422 

which are equivalent to

The constraints due to Eq. 17 are

Remark 3 As seen in Example 3, the factors corresponding to single-node compo-
nents can be estimated in closed form. Therefore, instead of estimating the factors 
for the given AMP CG G, we may prefer to estimate the factors for an AMP CG G′ 
that is Markov equivalent to G (i.e., it represents the same independence model) and 
has as many single-node components as possible. Luckily, G′ can be obtained from 
G by repeatedly applying a so-called feasible split operation that, as the name sug-
gests, splits a component of G in two (Sonntag and Peña 2015, Theorems 4 and 5).

5  Discussion

The ADMG and the aADMG of the domain at hand may encode different model 
assumptions, which may make a difference for causal effect identification, i.e., the 
effect of interest may be identifiable in one but not in the other. Causal effect iden-
tification in ADMGs is well understood. The same is not true for aADMGs. In this 
paper, we have shown that, as for the ADMGs, it is possible to develop a sound algo-
rithm for identifying arbitrary causal effects from aADMGs. We have also shown that 
the algorithm follows from a calculus similar to Pearl’s do-calculus. In the future, 
we would like to extend the algorithm in this paper so that it becomes complete for 
identifying arbitrary causal effects. We would also like to combine the original and 
alternative ADMGs into a family of mixed graphs with three types of edges, and 
develop a sound and complete algorithm for causal effect identification from them. 
Since using the right aADMG is crucial for causal effect identification, we are cur-
rently developing algorithms for learning aADMGs from observations. An assump-
tion-free exact algorithm for learning aADMGs from observations and interventions 
has been proposed by Peña (2016). Given just observational data, the algorithm can 
only identify the true causal model up to Markov equivalence, because it is based on 
independence hypothesis tests. The algorithms that we are working on build on the 

∑

w

�ZW (z,w, x, Y = 0) =
∑

w

�ZW (z,w, x, Y = 1)

∑

z

�ZW(z,w,X = 0, y) =
∑

z

�ZW (z,w,X = 1, y).

∑

z,w

�ZW (z,w,X = 0, Y = 0) =
∑

z,w

�ZW (z,w,X = 0, Y = 1)

∑

z,w

�ZW (z,w,X = 0, Y = 1) =
∑

z,w

�ZW (z,w,X = 1, Y = 0)

∑

z,w

�ZW (z,w,X = 1, Y = 0) =
∑

z,w

�ZW (z,w,X = 1, Y = 1).
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ideas by Hoyer et al (2009) (see also Peters et al 2017), who show how to exploit the 
nonlinearities in the data to identify the directions of the causal relationships.

In this paper, we have also considered the use of aADMGs as representation of 
independence models. Whereas Markov properties for aADMGs exist (Peña 2016), 
no factorization property exists as of today. In this paper, we have made a first 
attempt to fill in this gap by developing a factorization for the positive discrete prob-
ability distributions that are Markovian with respect to AMP CGs, which recall are 
a subclass of aADMGs. Unfortunately, finding the maximum likelihood estimates 
of the factors in the factorization is difficult in general. To solve this problem, we 
have adapted the iterative conditional fitting (ICF) algorithm (Drton 2008). How-
ever, the ICF algorithm only guarantees convergence to a local maximum or sad-
dle point of the likelihood function. Therefore, the initial values of the factors are 
crucial to reach a good local maximum. Currently, our algorithm in Table 4 starts 
the search from arbitrary values. A more promising (albeit more computationally 
demanding) initialization may be running the iterative proportional fitting (IPF) pro-
cedure (Wainwright and Jordan 2008) to obtain estimates of the factors in Eqs. 13 
and 14, i.e., without imposing the constraints due to Eq. 15. The constraints will be 
enforced by the subsequent run of the ICF algorithm. Table 5 shows the IPF algo-
rithm. The multiplication and division in line 4 are elementwise. Moreover, pe is 
the empirical probability distribution over V obtained from the given data, and p is 
the probability distribution over V due to the current estimates. Note that the com-
ponent log-likelihood functions are variation independent, and each of them is the 
log-likelihood function of a Markov network. Since Markov networks are exponen-
tial families (Koller and Friedman 2009, Section 8.3), the IPF algorithm guarantees 
convergence to a global maximum (Wainwright and Jordan 2008, Section 6.1.2).

Note also that computing p(k|paG(K)) in line 4 of Table 5 requires inference. For-
tunately, this can efficiently be performed by adapting the algorithm for inference in 
Bayesian and Markov networks developed by Lauritzen and Spiegelhalter (1988), 
and upon which most other inference algorithms build. Actually, the only step of 
the algorithm that needs to be adapted is the moralization step. Table 6 shows how 

Table 5  IPF algorithm for initializing the ICF algorithm

Input: A sample from a positive probability distribution, and an AMP CG G.
Output: Initial estimates of the factors in the factorization induced by G.

1 For each C ∈ (G) do
2    Set �C(k, paG(K)) to arbitrary values for all K ∈ (GC)

3    Repeat until convergence
4    Set �C(k, paG(K)) = �C(k, paG(K))

pe(k|paG(K))
p(k|paG(K))

 for all K ∈ (GC)

5 Return �C(k, paG(K)) for all C ∈ (G) and K ∈ (GC)
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to moralize the AMP CG G into an undirected graph Gm . Note that K ∪ PaG(K) is a 
complete subset of Gm . This guarantees that for every K ∈ (GC) with C ∈ (G) , 
there will some clique in the triangulation of Gm that contains the set K ∪ PaG(K) 
and to which the factor �C(k, paG(K)) can be assigned. This is important in the sub-
sequent steps of the inference algorithm. We plan to implement the ICF algorithm 
with both initializations, i.e., arbitrary values and the IPF algorithm, and report 
experimental results in a follow-up paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creat iveco mmons .org/licen ses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided you give appropriate credit to the original author(s) and 
the source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix A: Proofs of the lemmas and theorems in Sect. 3

Proof of Lemma 1 To prove the first statement, note that

where the second equality follows from Eq. (6).
We prove the second statement by induction over the number of variables in V. 

Clearly, the result holds when V contains a single variable. Assume as induction 
hypothesis that the result holds for up to n variables. When there are n + 1 variables, 
these can be divided into components S1,… , Sk, S

� with factors q(s1),… , q(sk), q(s
�) 

such that Vn+1 ∈ S� . As shown above

f (v) = ∫
[∏

i

f (vi|paG(Vi), ui)

]
f (u) du = ∫

[∏

i

f (vi|paG(Vi), ui)

]∏

j

f (uSj ) du

=
∏

j
∫

∏

Vi∈Sj

f (vi|paG(Vi), ui)f (uSj ) duSj =
∏

j

q(sj),

f (v) = q(s�)
∏

j

q(sj).

Table 6  Moralization for the 
AMP CG in the IPF algorithm Input: An AMP CG G.

Output: The moral graph of G.
1 Set Gm = G

2 For each C ∈ (G) do
3    For each K ∈ (GC) do
4    For each X ∈ PaG(K) and Y ∈ K do
5    Add the edge X → Y  to Gm

6    For each X,Y ∈ PaG(K) with X ≠ Y  do
7    Add the edge X − Y  to Gm

8 Make all the edges in Gm undirected
9 Return Gm

http://creativecommons.org/licenses/by/4.0/
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Note also that f (v(n)) factorizes according to GV (n) and Sj is a component of GV (n) . 
Therefore

by the induction hypothesis and the fact that V1 < ⋯ < Vn is also a topological order 
of the nodes in GV (n) . Then, q(s�) is also identifiable and is given by

Proof of Lemma 2 

where the second equality follows from the fact that E is an ancestral set in GC and, 
thus, no node in E has a parent in C⧵E . The third equality is due to the fact that the 
integral over c⧵e equals 1. This may be easier to appreciate by performing the inte-
gral following an inverse topological order of the nodes in C⧵E with respect to G.  
 □

Proof of Lemma 3 As mentioned above, q(c) factorizes according to GC . There-
fore, the first statement can be proven in much the same way as the first statement in 
Lemma 1. The third statement follows from Lemma 2 since C(i) is an ancestral set in 
GC.

We prove the second statement by induction over the number of variables in 
C. Clearly, the result holds when C contains a single variable. Assume as induc-
tion hypothesis that the result holds for up to n variables. When there are n + 1 

q(sj) =
∏

Vi∈Sj

f (vi|v(i−1))

q(s�) =
f (v)

∏
j q(sj)

=

∏
i f (vi�v(i−1))∏

j q(sj)
=

�

Vi∈S
�

f (vi�v(i−1)).

∫ q(c) d(c⧵e)

= ∫ ∫
[ ∏

Vi∈E

f (vi|paG(Vi), ui)
∏

Vi∈C⧵E

f (vi|paG(Vi), ui)

]
f (u) du d(c⧵e)

= ∫
[ ∏

Vi∈E

f (vi|paG(Vi), ui)∫
∏

Vi∈C⧵E

f (vi|paG(Vi), ui) d(c⧵e)

]
f (u) du

= ∫
[ ∏

Vi∈E

f (vi|paG(Vi), ui)

]
f (u) du = q(e),
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variables, these can be divided into components C1,… ,Ck,C
� with factors 

q(c1),… , q(ck), q(c
�) such that Vn+1 ∈ C� . It follows from the first statement that:

Note also that q(c(n)) factorizes according to GC(n) and Cj is a component of GC(n) . 
Therefore

by the induction hypothesis and the fact that V1 < ⋯ < Vn is also a topological order 
of the nodes in GC(n) . Then, q(c�) is given by

  □

Proof of Lemma 4 It suffices to note that

Moreover, if A is an ancestral set in GA∪C , then ∫ q(a, c) dc = q(a) by Lemma 2.   □

Proof of Lemma 8 (Huang and Valtorta 2006, Lemma 4) prove the same result for 
the original ADMGs. Their proof essentially applies to aADMGs too. Specifically, 
removing edges from an aADMG can only increase the separations represented by 
the aADMG. Then, if the antecedent of rule 1 is satisfied, so are the antecedents of 
rules 2 and 3. Then, we can replace the application of rule 1 with the application of 
rule 2 followed by the application of rule 3, i.e.,

  □

Proof of Lemma 9 We prove the result for Lemma 2. The proof for Lemma 6 is 
similar. First, note that

q(c) = q(c�)
∏

j

q(cj).

q(cj) =
∏

Vi∈Cj

q(c(i))

q(c(i−1))

q(c�) =
q(c)

∏
j q(cj)

=
q(c(n+1))
∏

j q(cj)
=

∏n+1

i=1

q(c(i))

q(c(i−1))∏
j q(cj)

=
�

Vi∈C
�

q(c(i))

q(c(i−1))
.

q(c|a) = f (c| ̂v⧵{a, c}, a) =
f (a, c| ̂v⧵{a, c})

f (a| ̂v⧵{a, c})
=

q(a, c)

∫ q(a, c) dc
.

f (y|̂x, z,w) = f (y|̂x, ẑ,w) = f (y|̂x,w).
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Moreover

where the second equality follows from rule 3 since E⟂G
���⃗V⧵C

���⃗
���⃗C⧵E

C⧵E|∅ . To see that 

this separation holds, assume that there is a route � in G
����⃗V⧵C

����⃗
����⃗C⧵E

 between a node in E 

and a node in C⧵E . Note that � cannot only contain nodes in C, because the nodes in 
C⧵E only have outgoing directed edges in G

����⃗V⧵C

����⃗
����⃗C⧵E

 , which implies that E is not 

ancestral set in GC , which contradicts the assumptions in Lemma 2. So, � must con-
tain some node in V⧵C . Note, however, that some node in V⧵C must be a collider in 
� because, in G

����⃗V⧵C

����⃗
����⃗C⧵E

 , the nodes in V⧵C only have undirected edges whereas the 

nodes in C⧵E only have outgoing directed edges. Therefore, � is not connecting 
given ∅ .   □

Proof of Lemma 10 We prove the result for Lemma 1. The proofs for Lemmas 
3, 5, and 7 are similar. Moreover, we only prove the first statement in Lemma 1, 
because the proof of the second statement provided in Lemma 1 only involves stand-
ard probability manipulations. Likewise, we do not need to prove the third statement 
of Lemmas 3 and 7 because, as shown in the proof of those lemmas, it follows from 
Lemma 2, which follows from rule 3 as shown in Lemma 9.

Let V be partitioned into components S1,… , Sk for the aADMG G. Moreover, 
assume without loss of generality that if the edge A → B is in G, then A ∈ Si and 
B ∈ Sj with i ≤ j . Let S<j =

⋃
i<j Si and S≤j =

⋃
i≤j Si . Note that

Moreover

∫ q(c) d(c⧵e) = ∫ f (c|v̂⧵c) d(c⧵e) = f (e|v̂⧵c).

q(e) = f (e|v̂⧵e) = f (e|v̂⧵c),

f (v) =
∏

j

f (sj|s<j).

f (sj|s<j) = f (sj|�v⧵s≤j, s<j)
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by rule 3 since Sj⟂G
�����⃗V⧵S≤j

V⧵S≤j|S<j . To see that this separation holds, assume that 

there is a route � in G
������⃗V⧵S≤j

 between a node in Sj and a node in V⧵S≤j . Note that the 

nodes in V⧵S≤j only have outgoing directed edges in G
������⃗V⧵S≤j

 . Therefore, � implies that 

some node in V⧵S≤j is an ancestor in G of some node in S≤j , which contradicts our 
assumption above about the ordering of the components.

Finally, note that

where the first equality follows from rule 2 because Sj⟂G
�����⃗V⧵S≤j
�����⃗

S<j

��⃗

S<j|∅ . To see that this 

separation holds, assume that there is a route � in G ������⃗V⧵S≤j
������⃗

S<j

���⃗

 between a node in Sj and a 

node in S<j . Then, there exist two nodes A ∈ Sj and B ∈ S<j that are adjacent in � or 
there exist two nodes A� ∈ Sj and B� ∈ V⧵S≤j that are adjacent in � . However, either 
case implies a contradiction:

– A − B contradicts that Sj is a component.
– A → B contradicts our assumption above about the ordering of the components.
– A ← B contradicts that B has no outgoing directed edge in G ������⃗V⧵S≤j

������⃗
S<j

���⃗

.

– A� − B� contradicts that Sj is a component
– A′

→ B′ and A′
← B′ contradict that B′ only has undirected edges in G ������⃗V⧵S≤j

������⃗
S<j

���⃗

.

Appendix B: Proofs of the lemmas and theorems in Sect. 4

Proof of Lemma 11 To prove the if part, it suffices to take D = C and note 
that GD = GC . Then, C2∗ holds (Lauritzen 1996,  Proposition 3.8). To prove the 
only if part, we adapt the proof of Theorem 3.9 by Lauritzen (1996) to prove that 
p(d|paG(D)) factorizes as indicated in Eq. 10. This implies the desired result by C1∗ 
and decomposition. Note that we cannot directly make use of Theorem 3.9 by Lau-
ritzen (1996) because that would result in factors of the form �D(k, paG(C)) . So, 
we need to adapt the proof. Specifically, choose arbitrary but fixed states d∗ and 
paG(D)

∗ of D and PaG(D) . Given B ⊆ D , let b
∗
 and paG(B)

∗
 denote the states that 

the variables in D⧵B and PaG(D)⧵PaG(B) take in d∗ and paG(D)∗ . For all B ⊆ D , let

f (sj|�v⧵s≤j, s<j) = f (sj|�v⧵sj) = q(sj),

HD(b, paG(B)) = log p(b, b
∗
|paG(B), paG(B)

∗
).
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Note that using the logarithm is warranted by the assumption of p being positive. 
For all K ⊆ D , let

where b and paG(B) are the states that the variables B and PaG(B) take in k and 
paG(K) . Now, we can apply the Möbius inversion (Lauritzen 1996, Lemma A.2) to 
obtain

where k and paG(K) are the states that the variables K and PaG(K) take in d 
and paG(D) . Then, it only remains to prove that �D(k, paG(K)) = 0 whenever 
K ∉ (GD) . Consider two nodes S and T of K that are not adjacent in GD . Then

where b, bs, bt, and bst are the states that the variables B, BS, BT, and 
BST take in k, and likewise for paG(B) , paG(BS) , paG(BT) , and paG(BST) 
with respect to paG(K) . Note that S⟂ pT|(D⧵ST) ∪ PaG(C) by C2∗ , and 
S⟂ pPaG(C)⧵PaG(D)|(D⧵ST) ∪ PaG(D) by C1∗ , symmetry, decomposition, and 
weak union. Then, S⟂ pT|(D⧵ST) ∪ PaG(D) by contraction and decomposition. This 
implies that

(20)𝜙D(k, paG(K)) =
∑

B⊆K

(−1)|K⧵B|HD(b, paG(B)),

log p(d|paG(D)) = HD(d, paG(D)) =
∑

K⊆D

𝜙D(k, paG(K)),

(21)
𝜙D(k, paG(K)) =

∑

B⊆K⧵ST

(−1)|(K⧵ST)⧵B|
[
HD(b, paG(B))

− HD(bs, paG(BS)) − HD(bt, paG(BT)) + HD(bst, paG(BST))
]
,

HD(bst, paG(BST)) − HD(bs, paG(BS))

= log p(bst, bst
∗
|paG(BST), paG(BST)

∗
)

− log p(bs, bs
∗
|paG(BS), paG(BS)

∗
)

= log p(s|b, bst
∗
, paG(BST), paG(BST)

∗
)

+ log p(bt, bst
∗
|paG(BST), paG(BST)

∗
)

− log p(s|b, bst
∗
, paG(BS), paG(BS)

∗
)

− log p(b, bs
∗
|paG(BS), paG(BS)

∗
).



419

1 3

Behaviormetrika (2018) 45:389–422 

Moreover, note that S⟂ pPaG(T)⧵PaG(D ⧵ T)|(D⧵ST) ∪ PaG(D⧵T) by C1∗ , symme-
try, decomposition and weak union. This implies that

Note that the first and third terms of the right-hand side of the first equality above 
coincide. This warrants the changes made in the right-hand side of the second equal-
ity above. Moreover, S⟂ pPaG(T)⧵PaG(D ⧵ T)|(D⧵ST) ∪ PaG(D⧵T) also implies that

Note also that D⧵S⟂ pPaG(S)⧵PaG(D ⧵ S)|PaG(D⧵S) by C1∗ and decomposition. 
This implies that

HD(bst, paG(BST)) − HD(bs, paG(BS))

= log p(s|b, bst
∗
, paG(BS), paG(BST)

∗
)

+ log p(bt, bst
∗
|paG(BST), paG(BST)

∗
)

− log p(s|b, bst
∗
, paG(BS), paG(BST)

∗
)

− log p(b, bs
∗
|paG(BS), paG(BS)

∗
)

= log p(s∗|b, bst
∗
, paG(BT), paG(BT)

∗
)

+ log p(bt, bst
∗
|paG(BST), paG(BST)

∗
)

− log p(s∗|b, bst
∗
, paG(BT), paG(BT)

∗
)

− log p(b, bs
∗
|paG(BS), paG(BS)

∗
).

HD(bst, paG(BST)) − HD(bs, paG(BS))

= log p(s∗|b, bst
∗
, paG(BT), paG(BT)

∗
)

+ log p(bt, bst
∗
|paG(BST), paG(BST)

∗
)

− log p(s∗|b, bst
∗
, paG(B), paG(B)

∗
)

− log p(b, bs
∗
|paG(BS), paG(BS)

∗
).

HD(bst, paG(BST)) − HD(bs, paG(BS))

= log p(s∗|b, bst
∗
, paG(BT), paG(BT)

∗
)

+ log p(bt, bst
∗
|paG(BT), paG(BT)

∗
)

− log p(s∗|b, bst
∗
, paG(B), paG(B)

∗
)

− log p(b, bs
∗
|paG(B), paG(B)

∗
).
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Finally, as shown above S⟂ pT|(D⧵ST) ∪ PaG(D) , which implies that

Thus, all the terms in the square brackets in Eq. 21 add to zero, which implies that 
the entire sum is zero.   □

Proof of Theorem 3 The only if part holds because C1∗ and decomposition imply 
Eq. 11, and Lemma 11 implies Eq. 12. To prove the if part, we prove that p satisfies 
C1∗ and C2∗ . Note that NdG(C) = NdG(D) . Note also that p(d|paG(C)) is a function 
of only D and PaG(D) by Eq. 12. Then, Eq. 11 implies that

and thus C1∗ holds (Lauritzen 1996, Equation 3.6). Finally, C2∗ holds by Eq. 12 and 
Lemma 11.

Proof of Theorem 4 The only if part holds because C1∗ and decomposition imply 
Eqs. 13 and 15, and Lemma 11 implies Eq. 14. To prove the if part, we prove that p 
satisfies C1∗ and C2∗ . Note that NdG(C) = NdG(D) . This together with Eqs. 13 and 
15 imply that

HD(bst, paG(BST)) − HD(bs, paG(BS))

= log p(s∗|bt, bst
∗
, paG(BT), paG(BT)

∗
)

+ log p(bt, bst
∗
|paG(BT), paG(BT)

∗
)

− log p(s∗|b, bs
∗
, paG(B), paG(B)

∗
)

− log p(b, bs
∗
|paG(B), paG(B)

∗
)

= log p(bt, bt
∗
|paG(BT), paG(BT)

∗
)

− log p(b, b
∗
|paG(B), paG(B)

∗
)

= HD(bt, paG(BT)) − HD(b, paG(B)).

p(d, ndG(D)) = p(d, ndG(C))

=

( ∏

U∈(G)∶U⊆NdG(C)

p(u|paG(U))

)
p(d|paG(C))

= g(ndG(D))h(d, paG(D))
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and thus C1∗ holds (Lauritzen 1996, Equation  3.6). Finally, C2∗ holds by Eq.  14 
(Lauritzen 1996, Proposition 3.8).
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