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Abstract
In this Licentiate of Engineering thesis, a method is proposed that identiﬁes the
mechanical properties of arteries in vivo. The mechanical properties of an artery
are linked to the development of cardiovascular diseases. The possibility to identify
the mechanical properties of an artery inside the human body could, thus, facilitate
disease diagnostization, treatment and monitoring.
Supplied with information obtainable in the clinic, typically limited to timeresolved pressure-radius measurement pairs, the proposed in vivo parameter identiﬁcation method calculates six representative parameters by solving a minimization
problem. The artery is treated as a homogeneous, incompressible, residual stressfree, thin-walled tube consisting of an elastin dominated matrix with embedded
collagen ﬁbers referred to as the constitutive membrane model. To validate the
in vivo parameter identiﬁcation method, in silico arteries in the form of ﬁnite
element models are created using published data for the human abdominal aorta.
With these in silico arteries which serve as mock experiments with pre-deﬁned
material parameters and boundary conditions, in vivo-like pressure-radius data
sets are generated. The mechanical properties of the in silico arteries are then
determined using the proposed parameter identiﬁcation method. By comparing the
identiﬁed and the pre-deﬁned parameters, the identiﬁcation method is quantitatively
validated. The parameters for the radius of the stress-free state and the material
constant associated with elastin show high agreement in case of healthy arteries.
Larger diﬀerences are obtained for the material constants associated with collagen,
and the largest discrepancy occurs for the in situ axial prestretch. For arteries with
a pathologically small elastin content, incorrect parameters are identiﬁed but the
presence of a diseased artery is revealed by the parameter identiﬁcation method.
Furthermore, the identiﬁed parameters are used in the constitutive membrane
model to predict the stress state of the artery in question. The stress state is thereby
decomposed into an isotropic and an anisotropic component which are primarily
associated with the elastin dominated matrix and the collagen ﬁbers, respectively.
In order to assess the accuracy of the predicted stress, it is compared to the known
stress state of the in silico arteries. The comparison of the predicted and the in
silico decomposed stress states show a close agreement for arteries exhibiting a
low transmural stress gradient. With increasing transmural stress gradient the
agreement deteriorates.
The proposed in vivo parameter identiﬁcation method is capable of identifying
adequate parameters and predicting the decomposed stress state reasonably well
for healthy human abdominal aortas from in vivo-like data.
v

Zusammenfassung
In diesem Lizentiat der Intenieurwissenschaften wird eine Methode zur Identiﬁkation der mechanischen Eigenschaften von Arterien in vivo vorgestellt. Die
mechanischen Eigenschaften einer Arterie sind mit der Ausbildung kardiovaskulärer
Krankheiten verknüpft und deren Identiﬁkation hat daher das Potenzial die Diagnose, die Behandlung und die Überwachung dieser Krankheiten zu verbessern.
Basierend auf klinisch möglichen Messungen, die üblicherweise auf ein zeitaufgelöstes Druck-Radiussignal limitiert sind, werden sechs repräsentative Parameter
durch Lösen eines Minimierungsproblems berechnet. Die sechs Parameter sind
dabei die Eingangsparameter des zur Hilfe gezogenen konstitutiven Schalenmodells
welches eine Arterie als eine homogene, inkompressible, restspannungsfreie und
dünnwandige Röhre beschreibt. Weiterhin wird angenommen, dass die Arterienwand
aus einer elastindominierten Matrix mit eingebetteten Kollagenfasern besteht. Um
die in vivo Parameteridentiﬁkationsmethode zu validieren, werden in silico Arterien
in Form von Finite Elemente Modellen erstellt. Diese in silico Arterien beruhen auf
publizierten Materialparametern der menschlichen Abdominalaorta und dienen als
Pseudoexperimente mit vordeﬁnierten mechanischen Eigenschaften und Randbedingungen. Mit diesen Arterien werden in vivo-ähnliche Druck-Radiussignale erstellt
und anschließend werden ihre mechanischen Eigenschaften mit Hilfe der Parameteridentiﬁkationsmethode bestimmt. Der Vergleich der identiﬁzierten und der
vordeﬁnierten Parameter ermöglicht die quantitative Validierung der Methode. Die
Parameter des spannungsfreien Radius und der Materialkonstanten für Elastin
weisen hohe Übereinstummung im Falle gesunder Arterien auf. Die Abweichung der
Materialkonstanten für Kollagen sind etwas größer und der größte Unterschied tritt
beim axialen in situ Stretch auf. Für Arterien mit einem pathologisch geringen
Elastinbestandteil werden falsche Parameter identiﬁziert, wobei die Parameteridentiﬁkationsmethode eine krankhafte Arterie oﬀenlegt.
Weiterhin werden mit Hilfe der identiﬁzierten Parameter und des konstitutiven
Schalenmodells der Spannungszustand in der Arterienwand berechnet. Dieser ist
dabei aufgeteilt in einen isotropen und einen anisotropen Anteil. Der isotrope
Anteil wird mit der elastindomierten Matrix und der anisotrope Anteil mit den Kollagenfasern verknüpft. Um die Genauigkeit des berechneten Spannungszustandes
beurteilen zu können, wird dieser mit dem Zustand in den in silico Arterien verglichen. Im Fall von Arterien, die einen geringen transmuralen Spannungsgradienten
aufweisen, entspricht der berechnete Spannungszustand dem in silico Zustand. Mit
zunehmendem transmuralen Spannungsgradienten lässt die Übereinstimmung nach.
Für die gesunde menschliche Abdominalaorta ist die entwickelte in vivo Paramevii

teridentiﬁkationsmethode in der Lage, basierend auf in vivo-ähnlichen Messsignalen,
adäquate Parameter zu identiﬁzieren und einen zufriedenstellenden Spannungszustand zu berechnen.
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Sammanfattning
I denna licentiatavhandling föreslås en metod för att identiﬁera mekaniska egenskaper hos artärer in vivo. De mekaniska egenskaperna är kopplade till utvecklingen
av hjärt-kärlsjukdomar, och möjligheten att identiﬁera dessa egenskaper skulle
således kunna underlätta diagnostisering, behandling och uppföljning av dessa
sjukdomar.
Den förslagna metoden använder kliniskt mätbara tryck-radie-signaler och löser
ett minimeringsproblem för att bestämma sex parametrar som beskriver kärlets
mekaniska egenskaper. Artären modelleras som ett homogent, inkompressibelt och
spänningsfritt tunnväggigt rör där kärlväggen utgörs av en elastindominerad matris
armerad med inbäddade kollagenﬁbrer.
För att validera parameteridentiﬁeringen skapas en uppsättning representativa,
virtuella artärer med hjälp av ﬁnita element. Dessa in silico-artärer baseras på
publicerade data för mänsklig bukaorta och används för att generera ﬁktiva tryckradie-signaler vilka sedan matas in i den förslagna modellen. Genom att parametrar
och randvillkor för in silico-artärerna är kända fungerar dessa som en kontroll
mot vilka resultatet från parameteridentiﬁeringen kan jämföras. Parametrarna
som beskriver den icke trycksatta radien och den elastindominerade matrisen visar
god överensstämmelse med de in silico-artärerna för friska kärl. Större diskrepans
erhålls för de parametrar som associeras med kollagenet, och den största avvikelsen
erhålls för den parameter som beskriver den axiella försträckningen. För artärer
med patologiskt lågt elastininnehåll identiﬁeras felaktiga parametrar, men resultatet
avslöjar ändå tydligt en sjuk artär.
De identiﬁerade parametrarna har också använts för att jämföra spänningstillståndet i membranmodellen och in silico-artäreren. Spänningstillståndet har
delats upp i en isotrop och en anisotrop komponent svarande mot, i huvudsak,
den elastindominerade matrisen samt kollagenﬁbrerna. Resultatet visar en mycket
god överensstämmelse för bägge komponenterna hos in silico-artärer med låg
spänningsgradient genom väggen. Med ökande spänningsgradient försämras dock
överensstämmelsen.
Resultatet visar att den förslagna metoden är kapabel att identiﬁera adekvata
parametrar och att förutsäga spänningskomponenterna i en frisk aorta.
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Part I
Background and Theory

Introduction

1

The leading cause of death in the western world are cardiovascular diseases. According to Wilkins et al. (2017) and Mozaﬀarian et al. (2016) cardiovascular diseases
account for 37% and 31% of all deaths in the European Union and the United States
of America, respectively. The development of cardiovascular diseases is associated
with changes in the mechanical properties of the arterial tissue, in particular of the
connective ﬁbers elastin and collagen (Roy, 1881; Burton, 1954; Laurent et al., 2005,
2006; Vorp, 2007; Tsamis et al., 2013; Ecobici and Stoicescu, 2017). In the case of
abdominal aortic aneurysms it has been suggested that due to the loss of elastin,
associated with an imbalance between degradation and production, the artery
compensates by an increased collagen production (Choke et al., 2005). Another
example is that during hypertension, the arterial wall thickens due to increased
collagen synthetization to return the (presumably) transmural circumferential stress
gradient to its normotensive value (Liu and Fung, 1989; Vaishnav et al., 1990; Matsumoto and Hayashi, 1996). The possibility to identify the mechanical properties
of arteries inside the human body has, therefore, the potential to greatly facilitate
disease diagnostization, treatment and monitoring. This has been recognized by the
medical community for a long time and diﬀerent measures have been introduced to
clinically assess patients, e.g. the pulse wave velocity (Bramwell and Hill, 1922),
the pressure-strain elastic modulus (Peterson et al., 1960) and the stiﬀness index
(Kawasaki et al., 1987). Although these measures only describe the overall arterial
stiﬀness, they are commonly used within the clinic due to their simplicity (Laurent
et al., 2006; Mancia et al., 2007; Ecobici and Stoicescu, 2017).
Sophisticated constitutive models have been proposed to model arteries. These
constitutive models vary in complexity and require diﬀerent amounts of model
parameters to describe the behavior of an artery. Several research groups have
proposed methods to identify the model parameters of a particular constitutive
model by solving a non-linear minimization problem using standard optimization
algorithms (Schulze-Bauer and Holzapfel, 2003; Masson et al., 2008; Stålhand, 2009;
Smoljkić et al., 2015; Wittek et al., 2016). The idea is that these model parameters
reﬂect the mechanical properties of an artery better than the above-mentioned
measures.
In order to identify the parameters of a constitutive model, an artery is classically
removed from the body and bi-axial extension or inﬂation tests are performed.
Although in these so called in vitro experiments the artery is removed from its natural
habitat, which aﬀects its mechanical response, it is the preferred experimental
environment since it allows accurate measurements of applied load and arterial
3
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response. Data that can be measured inside the human body, i.e. in vivo, is generally
limited to time-resolved blood pressure and radial deformation, however. Crucial
information about loading in the longitudinal direction, i.e. the axial prestretch and
the axial reaction force, the stress-free reference conﬁguration, degree of smooth
muscle activity and perivascular support, are not available. Despite the limited
amount of in vivo measurable information, the above mentioned research groups
successfully identiﬁed plausible mechanical properties for a few or, in case of the
method proposed in Stålhand (2009) for many arteries (Åstrand et al., 2011).
Inherent to all these in vivo parameter identiﬁcation methods is that they lack
a proper validation, i.e. it has not been shown that they consistently identify
the correct mechanical properties for a heterogeneous population based on in vivo
measurements.

1.1 Aim of the Work
The aim of this licentiate thesis is to develop an in vivo parameter identiﬁcation
method and validate it. Furthermore, it is studied whether this method provides
additional information of clinical and physiological relevance that goes beyond the
identiﬁed model parameters.

1.2 Outline
This is a compilation thesis consisting of two parts:
 Part I – Background and Theory
 Part II – Appended Papers

Part I provides an introduction into the physiology of arteries with a focus on their
mechanical properties. These mechanical properties are translated into a general
continuum model for arteries which is the basis for the constitutive membrane
model used in the in vivo parameter identiﬁcation method. Thereafter, the in vivo
parameter identiﬁcation method is described. Next, the results are summarized,
followed by some discussion and, lastly, an outlook is given.
Part II contains the two academic papers produced up to this point: Paper I
has been peer-reviewed and published in an international journal; Paper II is in
manuscript and about to be submitted to an international journal for peer-review.

4

Arteries

2

This chapter provides a brief overview about the systemic arterial system. The
overview focuses on the main characteristics of arterial tissue in general, and of the
human abdominal aorta in particular.

2.1 Function and Structure
The primary function of systemic arteries in the cardiovascular system is to provide
a conduit system for transportation of blood from the heart to the capillaries, where
oxygen and nutrients are exchanged for carbon dioxide and other waste products
of the cells inside the body. Arteries are structurally similar throughout the body,
but diﬀer in detail, depending on their speciﬁc function in the cardiovascular
system. Arteries near the heart possess large lumen diameters and are elastic. With
increasing distance from the heart the arterial size decreases gradually and they
contain more smooth muscle cells. Arteries are, therefore, typically categorized
as being of elastic or muscular type and prominent members are the aorta and
the femoral artery, respectively (Humphrey, 2002; Tortora and Derrickson, 2012).
Due to their compliant behavior, elastic arteries distend greatly when the heart
contracts (systole) and blood is ejected from the left ventricle into the aorta. This
dilation stores parts of the energy and by recoiling of the arterial wall when the
heart muscle relaxes (diastole) the blood ﬂow is further propelled. This so called
Windkessel eﬀect dampens the pressure diﬀerence and provides the capillaries with
an almost constant blood pressure throughout the cardiac cycle (Frank, 1990). The
role of muscular arteries in the cardiovascular system is to regulate blood ﬂow
by adjusting the activation level of the contractile smooth muscle cells and the
accompanied change in the lumen area.
Independent of the arterial type, the arterial wall consists of three layers (tunics):
the intima (tunica interna), the media (tunica media) and the adventitia (tunica
externa), see Figure 1. These layers are separated by elastic laminae: the internal
elastic lamina between the intima and the media and the external elastic lamina
between the media and the adventitia.
The intima is the innermost layer of the arterial wall and has direct contact with
the blood ﬂowing through the lumen, see Figure 1. At its interface, a thin layer
of ﬂattened cells, the endothelium, is located which act as a barrier to control the
diﬀusion of blood constituents into the arterial wall and vice versa. Furthermore, the
endothelium is biologically active and synthesizes for example growth and smooth
5
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Figure 1: Schematic drawing of a healthy elastic artery.

muscle regulating substances (Humphrey, 2002; Tortora and Derrickson, 2012). The
endothelium is held in place by the basal lamina (basement membrane) consisting
of collagen ﬁbers. In elastic arteries, such as the aorta, the basal lamina is followed
by a subendothelial layer composed of connective tissue and smooth muscle cells
(Humphrey, 2002; Rhodin, 2014). The intima is very thin compared to the other
two tunics and, therefore, of minor mechanical relevance. In certain pathologies
however, e.g. atherosclerosis, the intima thickens and stiﬀens substantially and
might become mechanically relevant (Holzapfel et al., 2000).
The middle layer of the artery, the media, is the thickest of the three layers
and consists primarily of smooth muscle cells held together by a framework of
elastin and collagen ﬁbrils embedded in an aqueous ground substance (Humphrey,
2002; Rhodin, 2014). In elastic arteries, the smooth muscles cells are arranged in
medial lamellar units which are concentric layers separated by fenestrated elastic
laminae, see Figure 1. Up to 60 of these structured subunits are found in the aorta
(Rhodin, 2014). The elastic laminae, and therefore the medial lamellar units, are
less well-deﬁned in muscular arteries and there the media appears as one thick layer
(Humphrey, 2002; Rhodin, 2014).
The adventitia is the outermost layer of a blood vessel and believed to serve
primarily as an protective sheath against over-distension (Holzapfel et al., 2000;
Humphrey, 2002; Schulze-Bauer et al., 2002). For this purpose it consists of elastin

6
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and wavy collagen ﬁbers, which give the blood vessel high resilience. Besides these
two constituents, various cells, e.g. ﬁbroblasts, and in large elastic arteries vasa
vasorum, which are small vessels to supply the vascular wall with blood, are present
(Humphrey, 2002; Nichols and O’Rourke, 2005; Rhodin, 2014). The thickness of
the adventitia depends strongly on arterial type and location. While some arteries
do not have an adventitita, e.g. cerebral blood vessels, the adventitia comprises
approximately 10% and 50% of the wall thickness in elastic and muscular arteries,
respectively.

2.2 Mechanical Properties
A typical mechanical response of an artery, exemplary for a human abdominal aorta,
is shown in Figure 2. During systole, the pressure inside the vessel rises quickly
caused by the contraction of the heart, see Figure 2a. The deformation response
of the artery, displayed in terms of inner radius in Figure 2b, is almost linear in
the beginning but the vascular wall stiﬀens exponentially at higher pressures, cf.
14 kPa in Figure 2b. This characteristic behavior is primarily associated with the
network of elastin and collagen ﬁbers inside the vascular wall. While elastin ﬁbers
are already stretched in the low pressure regime and limit the deformation, the
wavy collagen ﬁbers get successively straightened as the blood pressure increases.
The continuous recruitment of collagen ﬁbers gives rise to the exponential stiﬀening
behavior seen in Figure 2b.
Both elastin and collagen ﬁbers are primarily oriented in the circumferential
axial plane (Humphrey, 2002; Gundiah et al., 2007; Schrieﬂ et al., 2012; Rhodin,
2014), cf. Figure 1. On a macroscopic level, elastin may be regarded as isotropic
(Gundiah et al., 2007, 2009), while collagen is anisotropic due to its organized
arrangement (Nichols and O’Rourke, 2005; Schrieﬂ et al., 2015; Laksari et al., 2016).
Two families of collagen ﬁbers are found both in the media and the adventitia of an
abdominal aorta, and they are symmetrically arranged around the circumferential
direction. The preferred direction of collagen ﬁbers in the media and the adventitia
is more towards the circumferential and the axial direction, respectively (Schrieﬂ
et al., 2012). The alignment of the collagen ﬁbers causes the distinct anisotropic
behavior of the vascular wall and couples the axial and circumferential direction.
The coupling of the circumferential and the axial direction is associated with
an arterial characteristic which is beneﬁcial in an energetical context. When an
elastic artery is cut out of the body it generally retracts in the axial direction (Van
Loon et al., 1977; Weizsäcker et al., 1983; Schulze-Bauer et al., 2003; Horný et al.,
2011) (elongating elastic arteries during excision have been reported in elderly men
(Schulze-Bauer et al., 2003) and some muscular arteries do not change their length
to facilitate wound healing (Tortora and Derrickson, 2012)). The arterial system
can be described as a closed system of pipes subjected to varying pressure. Such a
system does not only expand in the circumferential direction, see Figure 2b, but
also axially. In quasi-static in vitro experiments it has been shown that if an artery
is stretched to the in situ axial prestretch, the applied axial force, referred to as
7
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Figure 2: A typical in vivo-recorded cardiac cycle of the abdominal aorta
in a healthy 24-year-old male. The solid and dotted lines denote the systolic
and the diastolic phase, respectively. Data is taken from Sonesson et al.
(1994).

the reduced axial force (Holzapfel et al., 2000), necessary to hold the artery in
place is approximately constant in a physiological pressure range (Van Loon et al.,
1977; Weizsäcker et al., 1983; Schulze-Bauer et al., 2003). This characteristic of an
artery is energetically eﬃcient since no axial work is performed during the cardiac
cycle and is enabled by the ﬁber structure coupling the circumferential and axial
direction, see Figure 3.
As pointed out in Section 2.1, the mechanical behavior of arteries is not solely
described by a passive response, but also aﬀected by smooth muscle cells present
in the vascular wall. Smooth muscle cells are primarily oriented around the
circumferential direction allowing them to actively constrict or dilate the lumen of
the vessel. The constriction may take several minutes in arteries (Dobrin, 2011)
and, thus, does not change during the cardiac cycle which is in the order of one
second, cf. Figure 2a. Smooth muscle activity only has a minor inﬂuence on the
mechanics of the aorta due to the low content of smooth muscle cells (Sonesson
et al., 1997; Dobrin, 2011) but has a profound eﬀect on small muscular arteries
(Cox, 1978).
Smooth muscle cells are also believed to cause viscoelastic eﬀects in arteries, since
these eﬀects are increased in muscular arteries (Learoyd and Taylor, 1966). The
viscoelastic eﬀects are expressed manifold. The load-deformation path during the
cardiac cycle is diﬀerent between the systolic and the diastolic phase, demonstrating
hysteresis under cyclic loading, see Figure 2b. Other viscoelastic eﬀects are stress
relaxation under constant extension and creep under constant load (Fung et al.,
1979).
Another mechanical characteristic of arterial tissue is that it approximately
preserves its volume during deformation. The nearly incompressible behavior is
attributed to the histology of the arterial wall, i.e. a structured composite of elastin,
8
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Figure 3: Reduced axial force throughout the cardiac cycle for three
diﬀerent axial prestretches λ of an abdominal aorta. Data is taken from
Gade et al. (2019) and corresponds to set 2 (F63).

collagen and smooth muscle cells in an aqueous ground substance (Humphrey, 2002;
Rhodin, 2014). Several studies have tried to quantify the degree of compressibility,
but it is experimentally diﬃcult to accurately detect the small volume changes which
arteries exhibit under physiological conditions. Recently it has been reported that in
female porcine the relative volume change in the physiological pressure range is up
to 4.5% and 2.5% in the femoral (muscular) and carotid (elastic) artery, respectively.
Furthermore, larger arteries demonstrated less volume change compared to smaller
arteries (Yosibash et al., 2014).
Arteries constantly change and adapt to their environment, they grow and their
microstructure remodels. One associated characteristic is the existence of stress
in an unloaded artery, i.e. residual stress. If an artery is cut radially it typically
springs open to a horse-shoe like geometry, revealing a state of compression at
the inner and tension at the outer boundary, see Figure 4. The opening of the
cut arterial segment is conveniently measured with the opening angle Φ0 (Chuong

(a) Uncut

(b) Cut-open

Figure 4: Porcine arterial segment before and after a radial cut (courtesy
of Jerker Karlsson).
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and Fung, 1986). Arteries do not necessarily open up into a cylindrical sector
(Holzapfel et al., 2007; Labrosse et al., 2013) and there is no consensus in the
literature whether the cut-open arterial segment is stress-free or not. Some studies
show that one stress releasing cut is suﬃcient (Fung and Liu, 1989; Han and Fung,
1996), but there is more evidence that residual stress is more complex and cannot
be described by a single opening angle (Vossoughi et al., 1993; Greenwald et al.,
1997; Taber and Humphrey, 2002). Residual stress is probably even layer- and
constituent-dependent (Saini et al., 1995; Zeller and Skalak, 1998; Schulze-Bauer
et al., 2003; Matsumoto et al., 2004; Holzapfel et al., 2007). Nevertheless, the
residual stress is commonly measured in terms of the opening angle due to its
simplicity. Residual stress has far reaching consequences on the overall stress state
inside the arterial wall. If no residual stress would be present, the inner side of the
wall would be subjected to much higher stretch and stress compared to the outer
part, see Figure 5. The incorporation of residual stress lowers transmural gradients.
In this context the uniform strain hypothesis (Takamizawa and Hayashi, 1987) and
the uniform stress hypothesis (Fung, 1991) have been proposed. They suggest that
the artery grows and remodels itself such that the circumferential strain/stretch
and stress are transmurally uniform at mean arterial pressure (MAP), respectively.
1.26

P = 13.3 kPa

1.24
1.22
1.2
1.18
1.16
0
0.25
0.5
0.75
1
Normalized transmural radius [-]
(b) Stretch

Figure 5: Transmural cirumferential stress and stretch state at mean
arterial pressure in an abdominal aorta. The solid and dashed lines represent
the case with and without residual stress, respectively. Data is taken from
Gade et al. (2019) and corresponds to set 2 (F63).
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3

A mechanical model for arteries should ultimately reﬂect all mechanically relevant characteristics discussed in Chapter 2: large non-linear elastic deformations,
anisotropy, passive and active behavior, (near) incompressibility and residual stress.
Sophisticated mechanical models have been proposed which also consider the threedimensional structure of an artery, but they have many parameters, and that makes
them less suited for an in vivo parameter identiﬁcation method to be used in the
clinic. The mechanical model presented herein is specialized for the human abdominal aorta and the simpliﬁcations necessary to reduce the number of parameters will
be mentioned when adequate.

3.1 General Continuum Model
3.1.1 Kinematics
The aorta is approximately cylindrical and tapers with distance from the heart
(Humphrey, 2002). Assuming the aorta maintains this cylindrical shape, a small
aortic segment is conveniently described as a thick-walled tube with cylindrical
coordinates. Furthermore, the aorta is treated as a homogeneous single-layer
structure, representing the combined global response of the three layers. The stress
free state is taken to be the horse-shoe like geometry obtained after one radial
cut, see Figure 4b. The residual stress is introduced into the arterial model by
closing the cut-open geometry (Chuong and Fung, 1986), see Figure 6. Following
Chuong and Fung (1986), three conﬁgurations are deﬁned. The cut-open segment
is assumed to be part of a rotationally symmetric domain B0 deﬁned by
ρi ≤ ρ ≤ ρo ,

0 ≤ φ ≤ |2π − 2Φ0 | ,

0 ≤ ξ ≤ ζ,

(1)

where ρ is the referential radius, the indices i and o denote the inner and outer
radius, Φ0 = π (corresponding to a straight line) is the opening angle, and ζ is the
length of the arterial segment, respectively. In case of high opening angles, i.e.
Φ0 > π, the inner and outer radii become negative and exchange roles, demonstrating
the change of curvature of the arterial segment (Labrosse et al., 2013). Closing
the cut-open segment to form a perfect cylinder introduces residual stress and the
unloaded conﬁguration B ∗ is obtained, deﬁned by
Ri ≤ R ≤ R o ,

0 ≤ Θ ≤ 2π,

0 ≤ Z ≤ L,

(2)
11
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Figure 6: Stress-free (B0 ), unloaded (B ∗ ) and deformed (B) conﬁguration of an arterial segment. The coordinate triplets (ρ, φ, ξ), (R, Θ, L) and
(r, θ, l) are associated with the radial, circumferential and axial direction
of the respective domain.

where R is the unloaded radius, and L denotes the unloaded length. The ﬁnal state
is the deformed conﬁguration B in which the artery is exposed to both an axial
prestretch and a lumen pressure and is deﬁned accordingly by
ri ≤ r ≤ ro ,

0 ≤ θ ≤ 2π,

0 ≤ z ≤ l,

(3)

where r is the deformed radius, and l denotes the deformed length. It is not essential
to deﬁne the domain B ∗ since it is a special case of the deformed conﬁguration.
It is, however, illustrative to split the deformation into one part associated with
residual stress and another part to the deformation caused by loading the artery.
Accordingly, the deformation gradient F between B0 and B is split into
F = F e Fr ,

(4)

where Fr describes the residual deformation between B0 and B ∗ , and Fe the
deformation between B ∗ and B. Cylindrical base vectors Eρ , Eφ , Eξ are introduced
for the reference conﬁguration and er , eθ , ez for both the unloaded and the deformed
conﬁguration. The base vectors are associated with the radial, circumferential and
axial direction, respectively. Note that the base vectors associated with the radial
and circumferential direction depend on the circumferential position which is
suppressed throughout. The deformation gradients read:

12

Fr =

∂R
R
L
Eρ ⊗ er + k Eφ ⊗ eθ + Eξ ⊗ ez ,
∂ρ
ρ
ζ

(5)

Fe =

∂r
r
l
er ⊗ e r + eθ ⊗ e θ + ez ⊗ e z ,
∂R
R
L

(6)

F=

∂r
r
l
Eρ ⊗ er + k E φ ⊗ eθ + Eξ ⊗ ez ,
∂ρ
ρ
ζ

(7)
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where ⊗ is the dyadic (tensor) product and k = π/ (π − Φ0 ). It is used that F in
Eq. (7) is diagonal and the principal stretches are introduced
λr =

∂r
,
∂ρ

r
λθ = k ,
ρ

λz = λΛ,

(8)

where λ = l/L is the in situ axial prestretch and Λ = L/ζ is an axial stretch
associated with the closing of the cut-open arterial segment. Following Chuong
and Fung (1986), the axial closing stretch is typically assumed to be unity, i.e.
Λ = 1. The artery is considered incompressible, see Section 2.2. The deformation
must, therefore, be volume preserving, i.e. det F = 1, so the principle stretches must
satisfy
λr λθ λz = 1.

(9)

The incompressibility constraint in Eq. (9) can be used to ﬁnd a relation between
the referential and deformed radii. Using the principle stretches in Eq. (8) in Eq. (9),
one ﬁnds after integration over the radius and some straightforward manipulations
kλΛr2 = ρ2 + D,

(10)

where D = kλΛri2 − ρ2i is a constant of integration found by inserting the inner
radius into Eq. (10). In case of the uniform strain hypothesis (Takamizawa and
Hayashi, 1987), D = 0 as shown in Paper II.

3.1.2 Constitutive Model
The choice of constitutive model is fundamental for an appropriate description
of arterial tissue since it introduces most of the arterial characteristics into the
mechanical model. In this thesis, the concept of hyperelasticity is adopted and the
stress-deformation relationship derives from a strain-energy function Ψ. Since an
artery is assumed to be incompressible, we have
σ = −pI + 2F

∂Ψ T
F ,
∂C

(11)

where σ is the Cauchy stress tensor, p is a Lagrange multiplier (sometimes called
reaction stress) arising from the incompressibility constraint in Eq. (9), I denotes the
second-order identity tensor and C = FT F is the right Cauchy-Green deformation
tensor. The ﬁrst part of the right-hand side is also referred to as the volumetric
stress σ vol and the second part as the isochoric stress σ̄.
Many diﬀerent strain-energy functions have been proposed for vascular tissue.
In this thesis, the Holzapfel-Gasser-Ogden (HGO) strain-energy function is used
(Holzapfel et al., 2000). This model is inspired by the microstructure of the arterial
wall as it takes diﬀerent constituents and their orientation into account. The HGO
strain-energy function is additively decomposed into an isotropic part representing
the non-collagenous matrix material, e.g. elastin, and an anisotropic part associated
13
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with the embedded collagen ﬁbers. The isotropic part is expressed in terms of the
classical neo-Hookean model (Treloar, 1943)
Ψiso = c (I1 − 3) ,

(12)

where c > 0 is a stress-like material parameter and I1 = tr C denotes the ﬁrst
invariant. Following Schrieﬂ et al. (2012), all embedded collagen ﬁbers are taken to
belong to one of two ﬁber families symmetrically arranged around the circumferential
direction with the pitch angle ±β in the reference conﬁguration, see Figure 6. The
two ﬁber families are assumed to be mechanically equivalent and their orientation
is described by the two referential unit vectors
M = cos β Eφ + sin β Eξ ,

N = cos β Eφ − sin β Eξ .

(13)

The anisotropic part of the strain-energy function associated with the two collagen
ﬁber families is given by
Ψaniso =


2
k1  k2 (I4 −1)2
e
+ ek2 (I6 −1) − 2 ,
2 k2

(14)

where k1 > 0 is a stress-like material parameter, k2 > 0 is a dimensionless parameter
and the pseudo-invariants I4 , I6 are
I4 = M · CM,

I6 = N · CN.

(15)

Note that I4 and I6 are equal to the squared stretch of their respective ﬁber family
and it holds by Eqs. (7), (8), (13) and (15) that
I4 = I6 = λ2θ cos2 β + λ2z sin2 β.

(16)

The collagen ﬁbers are assumed to only support tensile loads and buckle in compression (Holzapfel et al., 2000). The anisotropic contribution Ψaniso is therefore
omitted if I4 , I6 < 1, i.e.

Ψiso + Ψaniso if I4 , I6 ≥ 1
Ψ=
(17)
Ψiso
otherwise.
Using the additive split of the HGO strain-energy function it is also possible to
decompose the isochoric stress into two parts: an isotropic and an anisotropic stress
deﬁned by
σ̄ iso = 2F

∂Ψiso T
∂Ψaniso T
F and σ̄ aniso = 2F
F ,
∂C
∂C

respectively. Combining Eqs. (17) and (18), Eq. (11) can be rewritten as

− pI + σ̄ iso + σ̄ aniso if I4 , I6 ≥ 1
σ=
− pI + σ̄ iso
otherwise.
14
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The HGO model is the basis for more sophisticated models which account for a
distribution of the collagen ﬁbers along the preferred direction (Gasser et al., 2006;
Holzapfel et al., 2015). These models reﬂect the microstructure of the arterial wall
more accurately, but introduce additional parameters associated with the collagen
distribution and are, therefore, less suited for an in vivo parameter identiﬁcation
method.
The ability of smooth muscle cells to actively contract can be introduced into
the mechanical model of an artery through the constitutive relation by adding
an active stress σ act in Eq. (11) (Rachev and Hayashi, 1999). As pointed out in
Section 2.2, smooth muscle activity has a minor eﬀect on the aorta and is, therefore,
neglected.

3.1.3 Boundary Conditions
The loading situation of an artery inside the body is complex. From inside the
lumen an artery is exposed to the ﬂow of pressurized blood and from the outside it
is constrained by surrounding tissue, organs and bones. Furthermore, the artery is
prestretched in situ, see Section 2.2.
The shear stress induced by the blood ﬂow is approximately 1.5 Pa on the inner
boundary (Humphrey, 2002) and, therefore, negligible small compared to the normal
stress caused by the blood pressure ranging from 9.3 − 16 kPa in normotensive
humans (Sonesson et al., 1994). While the shear stress might be negligible in a
stress analysis, it has a profound eﬀect on arterial wall mechanics since it is generally
accepted that the arterial wall adapts in such a way to keep the shear stress at the
mentioned 1.5 Pa (Rodbard, 1975; Humphrey, 2002).
The perivascular tethering of an artery to its surrounding can be modeled
explicitly (Kim et al., 2013), but generally it is neglected. If arterial tethering is
accounted for, it is typically simpliﬁed as an axisymmetric pressure acting on the
outside of the arterial wall where the magnitude of the perivascular pressure is
assumed either population averaged and constant throughout the cardiac cycle
(Wittek et al., 2016) or patient-speciﬁc and deformation dependent (Singh and
Devi, 1990; Humphrey and Na, 2002; Masson et al., 2008). Whether perivascular
pressure must be accounted for depends on its magnitude compared to the lumen
pressure. In the abdomen, the perivascular pressure is reported to be between
0.67 − 0.93 kPa in a normal population (De Keulenaer et al., 2009), which is to be
compared to the lumen pressure ranging from 9.3 − 16 kPa (Sonesson et al., 1994).
The eﬀect of a constant axisymmetric perivascular pressure on the stress state of an
abdominal aorta is largest at diastolic blood pressure and is depicted in Figure 7.
As can be seen, the stress levels in both the circumferential and axial direction
decrease and arterial tethering should be accounted for if such data is available. For
the purpose of this thesis the outside of an artery is assumed traction free because
no information about the perivascular state is reported for the modeled abdominal
aortas and generally not available in the clinic.
Summarizing the loading situation of an artery, it is assumed that the artery is
exposed to a pressure P = P (t) on the inside with zero traction on the outside, i.e.
15
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Figure 7: Transmural cirumferential and axial stress state at diastolic
arterial pressure in an abdominal aorta. The solid and dashed lines represent
the case without and with a constant axisymmetric perivascular pressure
of 0.93 kPa, respectively. Data is taken from Gade et al. (2019) and
corresponds to set 2 (F63).

the radial stress is

−P on r = ri
σrr =
0
on r = ro .

(20)

Furthermore, the artery is prestretched by a constant λ in the axial direction.

3.1.4 Equilibrium
Arterial tissue is typically assumed to be in quasi-static equilibrium. Neglecting
body forces, the equilibrium equation in terms of the Cauchy stress tensor reads
div σ = 0,

(21)

where div denotes the divergence operator. Eqs. (7), (11) to (15) and (17) yield a
shear-free stress ﬁeld and the only non-trivial component of Eq. (21) in cylindrical
coordinates is
∂σrr 1
+ (σrr − σθθ ) = 0.
∂r
r

(22)

Integrating this equation from the inner radius ri to the radial coordinate r, the
radial stress becomes
 r
dr
σrr (r) = σrr (ri ) +
(23)
(σθθ − σrr ) .
r
ri
16
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Applying the boundary conditions in Eq. (20), the transmural pressure is obtained
 ro
 ro
dr
dr
=
(24)
P =
(σθθ − σrr )
(σ̄θθ − σ̄rr ) ,
r
r
ri
ri
where the latter equality follows from Eq. (11). Furthermore, the Lagrange multiplier
in Eq. (11) can be calculated by combining Eqs. (11), (20) and (23)
 r
dr
(25)
(σ̄θθ − σ̄rr ) .
p (r) = P + σ̄rr (r) −
r
ri
Besides subjected to a lumen pressure, an artery is prestretched in situ, implying
an axial reaction force which is called the reduced axial force Fred , cf. Sections 2.2
and 3.1.3. This reaction force is calculated by stating equilibrium in the axial
direction and reads, cf. Section 3.2.1,
 ro
Fred = 2π
σzz rdr − πP ri2 .
(26)
ri

3.2 Constitutive Membrane Model
The constitutive membrane model is a mechanical arterial model specialized for the
in vivo parameter identiﬁcation method. It is a simpliﬁed version of the general
continuum model in Section 3.1. The main diﬀerence lies in the treatment of an
artery as a membrane instead of a thick-walled structure. Neglecting transmural
dependencies allows for the analytical treatment of the governing equations and no
numerical solution techniques need to be employed. This is beneﬁcial for solving
the minimization problem in Chapter 4.
Two sets of stresses are required by the in vivo parameter identiﬁcation method
for the constitutive membrane model: equilibrium and constitutively determined
stresses.

3.2.1 Equilibrium Stress
The stress state of an artery subjected to a lumen pressure P and a constant reduced
axial force F̄red is calculated by enforcing global equilibrium. Stating equilibrium in
the circumferential and the axial direction one gets, cf. Figure 8,


 rm + h
2
h
−2P l rm −
+ 2l
σθθ dr = 0,
2
rm − h
2


h
−P π rm −
2

2


− F̄red +

rm + h
2
rm − h
2

σzz 2πrdr = 0,

(27)

(28)
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(a) Diametral-section cut

(b) Cross-section cut

Figure 8: Cuts of a thin-walled vessel with capped ends subjected to a
lumen pressure P and a pressure-independent axial force F̄red . The solid
black lines and the grey area represent the thin-walled and the thick-walled
vessel, respectively.

where rm denotes the deformed mean radius, respectively. Assuming that both the
circumferential and axial stress are constant through the thickness, i.e. independent
of r, they are calculated by using Eqs. (27) and (28)


rm
ri 1
rm − 0.5h
Lp
σθθ
P ≈
P =
+
P,
(29)
=
h
h
h 2

Lp
=
σzz

πri2 P + F̄red
,
πh (2ri + h)

(30)

where the superscript Lp denotes Laplace’s law and the thin-walled simpliﬁcation
Lp
rm − h/2 ≈ rm , based on rm  h, has been used for σθθ
(Ugural, 1999). The reduced
axial force F̄red cannot be measured in vivo. Following Schulze-Bauer and Holzapfel
(2003) this force is therefore estimated by assuming that the ratio γ between the
axial and circumferential stress is γ = 0.59 at MAP taken to be P̄ = 13.3 kPa.
Combining this with Eqs. (29) and (30) gives
γ
2
(31)
2r̄i + h̄ − r̄i2 ,
F̄red = P̄ π
2
where r̄i and h̄ are the inner radius and the wall thickness associated with P̄ ,
respectively.
The radial stress σrr varies from the applied lumen pressure P on the inner
boundary to zero on the outer boundary, cf. Eq. (20). For a thin-walled tube, the
radial stress is thus much smaller compared to the membrane stresses in Eqs. (29)
and (30). The radial stress is, therefore, generally neglected and speciﬁed as zero.

3.2.2 Constitutively Determined Stress
The HGO material model introduced in Section 3.1.2 is used to calculate the
constitutively determined stress. To be able to use the constitutive relation in
18
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Eq. (11), the deformation gradient Fmod associated with the constitutive membrane
model needs to be established.
The artery is modeled as a homogeneous, incompressible, residual-stress free
and thin-walled tube. The corresponding stress-free reference conﬁguration is
the unloaded conﬁguration B ∗ in Figure 6 with mean referential radius Rm , wall
thickness H and axial length L. Since residual stress is neglected the deformation
gradient in Eq. (4) associated with the deformation between the reference and
the deformed conﬁguration reduces to Fe . In addition, due to the thin-walled
assumption, the principal stretches in Eq. (8) are no longer functions of the radial
position. Let the artery be prestretched in situ by a constant λ in the axial direction,
see Section 3.1.3; the circumferential stretch be deﬁned in the mid-wall according
to
λθ,m =

ro + r i
=
Ro + R i
Ri +

2ri + h

;

(32)

Ri2 + λh (2ri + h)

and the radial stretch given implicitly by the incompressibility constraint in Eq. (9).
The deformation gradient for the constitutive membrane model is thus
Fmod = (λθ,m λ)−1 er ⊗ er + λθ,m eθ ⊗ eθ + λez ⊗ ez .

(33)

Another implication of the thin-walled assumption is that the radial stress is
mod
negligible, cf. Section 3.2.1. By setting σrr
= 0, the Lagrange multiplier p arising
from the incompressibility constraint in Eq. (9) can be calculated from the radial
component in Eq. (11) as
pmod = 2c (λθ,m λ)−2 .

(34)

Back-substitution of the result into Eq. (11) and using Eqs. (12) to (17) with
the deformation gradient Fmod in Eq. (33) give the constitutively determined
circumferential and axial stresses

2
mod
σθθ
= 2c λ2θ,m − (λθ,m λ)−2 + 4k1 (I4 − 1) λ2θ,m cos2 β ek2 (I4 −1)
(35)
and

2
mod
σzz
= 2c λ2 − (λθ,m λ)−2 + 4k1 (I4 − 1) λ2 sin2 β ek2 (I4 −1) ,

(36)

respectively. Analogous to Eq. (18), the isochoric stress can be decomposed into an
isotropic and an anisotropic part in the constitutive membrane model.
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4
In Vivo Parameter Identiﬁcation Method
Measuring the mechanical properties of an artery in vivo is a very challenging
task: the mechanical behavior of arteries is very complex, see Chapter 2, and the
amount of non- or minimally invasive measureable data is generally restricted to
time-resolved blood pressure and radial deformation. Information about the loading
situation in the axial direction, i.e. the in situ prestretch and reduced axial force,
stress-free reference conﬁguration, degree of smooth muscle activity and perivascular
constraints are not available. The constitutive membrane model in Section 3.2
is developed with regard to the limited amount of measureable data. Given a
pressure-radius data set containing pairs of lumen pressure and inner radius and
information about the wall thickness for at least one pressure-radius pair, the in vivo
parameter identiﬁcation method identiﬁes the mechanical properties of an artery
in terms of six model parameters, namely Ri , λ, c, k1 , k2 and β. The equilibrium
stresses based on Laplace’s law in Eqs. (29) and (30) are fully determined by a
pressure-radius data set. Using an iterative process, the model parameters in the
constitutive membrane model are identiﬁed such that the constitutively determined
stresses in Eqs. (35) and (36) coincide with the equilibrium stresses. This iterative
process is stated as a minimization problem of the weighted least-squares diﬀerences.

4.1 Minimization problem
The goal of the minimization problem is to minimize the error function ε deﬁned as the weighted sum between the squared errors of the equilibrium and the
constitutively determined stresses, i.e.
n  

Lp
mod
ε (κ) =
(κ, ri,j ) − σθθ
(ri,j , Pj )
w σθθ
j=1

(1 − w)



mod
σzz

(κ, ri,j ) −

Lp
σzz

2

+
2

(ri,j , Pj )

(37)


,

where κ = Ri , λ, c, k1 , k2 , β is the parameter vector, the index j denotes a
pressure-radius data pair, n is the total number of data pairs and w ∈ [0, 1]
is a weighting factor. The weighing factor can be chosen such that the circumferential and axial part equally aﬀect the error function, i.e. w = 0.5, or that one part
dominates the error function. In Paper I the weighing factor is set to w = 0.99 to
let the error function be dominated by the circumferential part. Box constraints for
21
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the model parameters are introduced. This is done to limit the parameter space,
ensure convexity of the strain-energy function (Truesdell and Noll, 1992) and avoid
other material instabilities such as buckling. The minimization problem reads:

min6 ε (κ)
(P) κ∈R
subject to: κmin ≤ κ ≤ κmax ,
where κmin and κmax denote the lower and upper bounds on κ, respectively.

4.2 Numerical Solution of the Minimization Problem
The minimization problem (P) is well-posed, continuously diﬀerentiable, but nonlinear and non-convex. Such problems typically possess several local minima that
are not global solutions (Nocedal and Wright, 1999), see Figure 9. These local
minima make it diﬃcult for a derivative-based optimization algorithm, even when
supplied with analytical gradient and Hessian, to identify the global solution as
it terminates once a local solution has been identiﬁed. To address this issue, the
derivative-based optimization algorithm can be initiated from multiple starting
points to identify several local minima. The local minimum with the lowest error
function value is then taken to be the global solution.
Typically the multiple starting points are randomly selected (Monte Carlo
Sampling) within the parameter space spanned by the box constraints. It is
computationally expensive to start from multiple starting points, however, and
to reduce the number while still representing the whole parameter space, more


 
















 

 
















 



(a) Global solution










 



(b) Local solution

Figure 9: Contour plot in the vicinity of the (presumed) global
ε = 0.02 kPa2 and a local solution ε = 0.07 kPa2 for parameters c and
k1 . The red cross denotes the local solution and the open red circle represents the correct parameters. Data is taken from Gade et al. (2019) and
corresponds to set 2 (F63).
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Figure 10: Selection of ten starting points for parameters c and k1 .

sophisticated sampling methods can be used. One such method is Latin Hypercube
Sampling (McKay et al., 2000). In Latin Hypercube Sampling the whole parameter
space is divided into equally sized subspaces in which the starting points are
selected. The diﬀerence between Monte Carlo and Latin Hypercube Sampling is
illustrated for the selection of ten pairs of parameters c and k1 in Figure 10. One
further possibility for the selection of starting points is to require that the starting
points produce a somewhat reasonable stress response. Since wide bounds on the
model parameters are selected such that they do not become active during the
minimization, some starting points will contain parameters close to the upper bound.
Not only parameters of high magnitude but also certain parameter combinations
can lead to unphysiologically high stress values and even inﬁnite values in the
circumferential and axial direction. This is easily understood by the term ek2 in
Eqs. (35) and (36) which grows rapidly towards inﬁnity for increasing values of k2 .
In order to speed up the minimization process these starting points are dropped and
only starting points in the (loosely) physiological parameter space are considered.
Another important aspect is the actual solution process of the minimization
problem (P). In Paper I a line search interior-point algorithm is used to solve
(P). The performance of algorithms using the line search strategy is substantially
aﬀected by the scaling of the minimization problem. The scaling of (P) can be
appreciated in Figure 9. The highly elongated contour lines reveal a poorly scaled
problem, while the contour lines in a well scaled problem would look like circles.
The scaling of each minimization problem, i.e. identiﬁcation of the mechanical
properties for diﬀerent arteries, is slightly diﬀerent and it is diﬃcult to reformulate
the problem in such a way that it is advantageous in every case. Besides providing
the analytical Hessian and choosing an advantageous unit system, in which for
example stress(-like) and length measures are of similar magnitude, replacing the
model parameters by scaled counterparts has been advantageous in Paper I.
The Hessian provides additional information. In case the Hessian loses its rank
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at the solution, the minimization problem is (locally) over-parameterized and no
unique solution can be obtained.

4.3 In Vitro Versus In Silico
In order to check whether the proposed in vivo parameter identiﬁcation method
identiﬁes the desired mechanical properties of an artery correctly it needs to be
validated. The preferred experimental environment for arteries are controlled in
vitro tests. Depending on the testing set-up, axial loading, twisting moments and
perivascular state can be controlled and measured. By placing the artery in a
chemical solution the in vivo environment is reasonably well replicated and by
performing a series of stress-relieving cuts the (presumably) stress-free reference
conﬁguration can be determined. For an overview of in vitro testing devices and
protocols the reader is referred to Humphrey (2002) and references therein. As
mentioned in the Introduction, classically bi-axial extension or inﬂation tests are
performed to determine the model parameters for a speciﬁc constitutive model.
Despite the controlled experimental environment and the possibility to measure
e.g. layer dependent collagen ﬁber orientation, the model parameters are identiﬁed
by solving a minimization problem similar to (P) and the same complications as
discussed in Section 4.2 arise. Furthermore, in vitro experiments of vascular tissue
are complicated, measurement inaccuracies arise and when dealing with human
tissue ethical approval is required. An alternative to in vitro tests are computerbased, i.e. in silico, experiments in the form of arterial-like ﬁnite element models.
The in silico environment is even more controllable compared to the in vitro case
since all quantities are either speciﬁed or can be measured. This is especially
useful when validating an in vivo parameter identiﬁcation method because the
mechanical properties of the artery in question are pre-deﬁned in terms of the
model parameters and it is therefore possible to validate the method, not only
qualitatively but also quantitatively. In addition, certain arterial characteristics
can be included or excluded in the ﬁnite element model to study its eﬀect on the
parameter identiﬁcation method. Nevertheless, in silico experiments are only an
intermediate step and ultimately in vitro tests should be performed to fully validate
the in vivo parameter identiﬁcation method.
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5

Results

The numerical validation for the human abdominal aorta indicates that the proposed in vivo parameter identiﬁcation method determines adequate parameters for
healthy arteries and exposes pathological aortas from in vivo-like pressure-radius
measurements.
In case of healthy aortas, the method overestimates Ri , λ and c and underestimates k1 , k2 and β on average, see Table 1. For parameter k2 the diﬀerences
between identiﬁed and pre-deﬁned values increase as the pre-deﬁned values increase.
To compensate for this systematic error, the ratio of identiﬁed and pre-deﬁned
values is presented instead. Table 1 also contains the 95% limits of agreement
representing the range one would expect the diﬀerence between identiﬁed and
correct parameter to lie in, in 95% of the cases. The smaller the range the better
the in vivo parameter identiﬁcation method is able to identify a certain parameter.
For aortas with a pathologically small elastin content unphysiological parameters are identiﬁed. This circumstance reveals the presence of pathological artery.
Furthermore, fewer starting points than for a healthy aorta converge to the same
solution during the minimization and in some cases the Hessian loses its rank at
the solution.
The agreement of the decomposed stress states predicted by the constitutive
membrane model using the in vivo identiﬁed parameters and the correct in silico
stress states depends on the transmural stress gradient in the in silico arteries. For
arteries experiencing a small transmural gradient, the decomposed stress prediction
in the circumferential direction shows a high agreement with the in silico one
Table 1: Mean diﬀerence and 95% limits of agreement for healthy
arteries.
Parameter

Unit

Mean diﬀerence

Ri
λ
c
k1
k2
β

[mm]
[-]
[kPa]
[kPa]
[-]
[deg]

0.09
0.04
0.36
−0.01
0.98∗
−3.80

95% limits of agreement
−0.34
−0.13
−1.80
−10.23
0.75
−9.97

-

0.52
0.20
2.51
10.21
1.21∗
2.37

∗

Mean ratio and the corresponding 95% limits of agreement are
presented instead.
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(a) Set 2 (F63), small transmural gradient

(b) Set 1 (F49), large transmural gradient

(|σθθ (ri ) − σθθ (ro )| < 42 kPa)
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Figure 11: Circumferential stress state during cardiac cycle for two
representative arteries. The solid lines represent the predicted values of the
constitutive membrane model using in vivo identiﬁed parameters and the
dashed lines are associated with the stress state in the mid-wall of the in
silico abdominal aorta. The black color represents the total stress σθθ , red
the anisotropic stress σ̄θθ,aniso , blue the isotropic stress σ̄θθ,iso and green
the reaction stress p. Data is taken from Gade et al. (2019).

throughout the cardiac cycle, see Figure 11a. The agreement deteriorates with increasing transmural gradient, see Figure 11b. Despite the identiﬁed unphysiological
parameters for aortas with a pathological small elastin content, the agreement of the
predicted and the in silico stress states is similar to healthy arteries experiencing
the same transmural stress gradient. Larger diﬀerences between the predicted and
the in silico stress state occur in the axial direction.
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Discussion

6

In this thesis, an in vivo parameter identiﬁcation for arteries is proposed and
its validity is investigated. In Paper I the method is validated for the human
abdominal aorta and in Paper II the identiﬁed parameters are used in the underlying
constitutive membrane model to predict the decomposed stress state. In silico
arteries based on published parameters for the human abdominal aorta are used
as mock experiments in both papers. This allows straightforward insight into
the accuracy of the proposed method since all quantities of interest are either
speciﬁed or measurable in an in silico artery. These mock experiments are only an
intermediate step, however, and eventually in vitro tests need to be conducted.
Comparing to other in vivo parameter identiﬁcation methods for arteries, the
utilized constitutive membrane model accounts for fewer arterial characteristics than
the mechanical model in other studies. Other methods account for the thick-walled
nature (Masson et al., 2008; Smoljkić et al., 2015), real aortic geometry (Wittek
et al., 2016), dispersion of collagen ﬁbers (Smoljkić et al., 2015; Wittek et al., 2016),
smooth muscle activity and perivascular pressure (Masson et al., 2008). Only the
mechanical model used in Schulze-Bauer and Holzapfel (2003) is similar to the
constitutive membrane model but diﬀers in the choice of the constitutive description.
In contrast to the mentioned methods however, the proposed in vivo parameter
identiﬁcation method has been validated for a large data set. Furthermore, it is
shown that not only the total stress response is in adequate agreement with the
reference but also the decomposed stress state.
To summarize, the proposed parameter identiﬁcation method consistently identiﬁes correct mechanical properties for the healthy human abdominal aorta and
exposes pathological arteries from in vivo-like data. The method has the potential
to aid physicians in diagnosing, treating and monitoring diseases.
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7

Outlook

The overall goal in this Ph.D. project is to develop an in vivo parameter identiﬁcation
method that determines the mechanical properties of arteries in the human body
using data obtainable in the clinic. The proposed method has limitations and there
are many areas for development. The following extensions are of special interest,
see Fig. 12:
 Global optimization: The number of model parameters in the constitutive
membrane model is comparably low and function evaluations are cheap. It
might, therefore, be possible to construct an optimization algorithm that
assures the identiﬁcation of the global solution in a reasonable amount of
time.
 Smooth muscle activity: The constitutive membrane model accounts
solely for the passive properties of arterial tissue. An obvious extension of the
mechanical model is to include smooth muscle activity which is important for
muscular arteries.

Figure 12: Overview of the Ph.D. project.
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Paper I
An in vivo parameter identiﬁcation method for arteries: numerical
validation for the human abdominal aorta
An in vivo parameter identiﬁcation method for arteries is developed and validated
for the human abdominal aorta. The parameter identiﬁcation method estimates
the mechanical properties of an artery in terms of six relevant parameters based
on in vivo measured pressure-radius data. To get insight into the accuracy of
the method 22 arterial-like ﬁnite element models are created using published data
for the human abdominal aorta. These in silico abdominal aortas serve as mock
experiments with exactly known material properties and boundary conditions.
Subsequently the in vivo parameter identiﬁcation method is used to estimate the
mechanical properties of the in silico arteries. By comparing the identiﬁed and
pre-deﬁned (material) parameters the method is quantitatively validated. The
numerical validation indicates that the parameter identiﬁcation method is able to
identify adequate parameters for healthy abdominal aortas and reveals pathological
aortas from in vivo-like data.

Paper II
Prediction of isotropic and anisotropic stress components in arteries
using in vivo data
In this study the model parameters identiﬁed in Paper I are used in combination
with the corresponding constitutive membrane model to predict the stress state
inside the arterial wall. A decomposition of the stress state into an isotropic and
an anisotropic component is proposed and it is advocated that this decomposition
provides information about the growth and remodeling of arterial wall constituents.
The isotropic and anisotropic stress components are associated with, primarily,
elastin and collagen, respectively. In order to assess the accuracy of the predicted
stress state in silico arteries in the form of ﬁnite element models are created. These
models are based on parameters in Paper I and serve as mock arteries with exactly
known stress state. By comparing the predicted stress state with the correct in
silico one the predictive quality of the constitutive membrane model’s response is
31
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assessed. The predicted decomposed stress state agrees well for arteries exhibiting a
small (physiological) transmural stress gradient, but deteriorates with an increasing
stress gradient.
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