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Linköping Studies in Science and Technology. Dissertations, No. 2002

Eigenvalue analysis and convergence acceleration techniques for summation-
by-parts approximations

Copyright c© Andrea Alessandro Ruggiu, 2019

Division of Computational Mathematics
Department of Mathematics
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Abstract

Many physical phenomena can be described mathematically by means of partial
differential equations. These mathematical formulations are said to be well-
posed if a unique solution, bounded by the given data, exists. The boundedness
of the solution can be established through the so-called energy-method, which
leads to an estimate of the solution by means of integration-by-parts. Nu-
merical approximations mimicking integration-by-parts discretely are said to
fulfill the Summation-By-Parts (SBP) property. These formulations naturally
yield bounded approximate solutions if the boundary conditions are weakly im-
posed through Simultaneous-Approximation-Terms (SAT). Discrete problems
with bounded solutions are said to be energy-stable.

Energy-stable and high-order accurate SBP-SAT discretizations for well-posed
linear problems were first introduced for centered finite-difference methods.
These mathematical formulations, based on boundary conforming grids, allow
for an exact mimicking of integration-by-parts. However, other discretizations
techniques that do not include one or both boundary nodes, such as pseudo-
spectral collocation methods, only fulfill a generalized SBP (GSBP) property
but still lead to energy-stable solutions.

This thesis consists of two main topics. The first part, which is mostly devoted
to theoretical investigations, treats discretizations based on SBP and GSBP op-
erators. A numerical approximation of a conservation law is said to be conserva-
tive if the approximate solution mimics the physical conservation property. It is
shown that conservative and energy-stable spatial discretizations of variable co-
efficient problems require an exact numerical mimicking of integration-by-parts.
We also discuss the invertibility of the algebraic problems arising from (G)SBP-
SAT discretizations in time of energy-stable spatial approximations. We prove
that pseudo-spectral collocation methods for the time derivative lead to invert-
ible fully-discrete problems. The same result is proved for second-, fourth- and
sixth-order accurate finite-difference based time integration methods.

Once the invertibility of (G)SBP-SAT discrete formulations is established, we
are interested in efficient algorithms for the unique solution of such problems. To
this end, the second part of the thesis has a stronger experimental flavour and
deals with convergence acceleration techniques for SBP-SAT approximations.
First, we consider a modified Dual Time-Stepping (DTS) technique which makes
use of two derivatives in pseudo-time. The new DTS formulation, compared
to the classical one, accelerates the convergence to steady-state and reduces
the stiffness of the problem. Next, we investigate multi-grid methods. For
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parabolic problems, highly oscillating error modes are optimally damped by
iterative methods, while smooth residuals are transferred to coarser grids. In
this case, we show that the Galerkin condition in combination with the SBP-
preserving interpolation operators leads to fast convergence. For hyperbolic
problems, low frequency error modes are rapidly expelled by grid coarsening,
since coarser grids have milder stability restrictions on time steps. For such
problems, Total Variation Dimishing Multi-Grid (TVD-MG) allows for faster
wave propagation of first order upwind discretizations. In this thesis, we extend
low order TVD-MG schemes to high-order SBP-SAT upwind discretizations.
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Sammanfattning p̊a svenska

Fysikaliska fenomen och kemiska processer kan beskrivas med partiella differen-
tialekvationer. Dessa ekvationer kan nästan aldrig lösas analytiskt, utan istället
formulerar man en diskret motsvarighet till det kontinuerliga problemet som
löses med en numerisk metod. Man f̊ar d̊a en approximation till den riktiga
lösningen. Det diskreta problemet kan formuleras p̊a olika sätt och varje enskilt
sätt innebär n̊agon form av informationsförlust. I korthet är beräkningsmatem-
atik den gren inom matematiken som behandlar just översättningen fr̊an det
kontinuerliga till det diskreta problemet.

Den här avhandlingen behandlar olika numeriska approximationer som upp-
fyller den diskreta motsvarigheten till partiell integration, vilket är en regel som
används för att bevisa välställdhet hos differentialekvationer med begynnelse-
och randvillkor. Dessa approximationer beh̊aller viktiga egenskaper som det
ursprungliga kontinuerliga problemet har s̊asom stabilitet, konservation och in-
verterbarhet. Den första delen av avhandlingen behandlar just dessa egenskaper
hos den diskreta formuleringen. Först visar vi att diskretiseringar av problem
med variabla koefficienter kräver randnoder för att förbli b̊ade stabila och kon-
servativa. Sedan bevisas inverterbarhet hos olika tidsstegningsmetoder.

Det andra huvudsakliga bidraget i avhandlingen handlar om hur dessa in-
verterbara problem löses effektivt. En modifierad dual tidsstegning med an-
draderivatan undersöks, samt tv̊a nya typer av multigridmetoder. Till att börja
med jämför vi den vanliga duala tidsstegningen med den nya och visar att
den leder till snabbare konvergens. Dessutom utvecklar vi de nya multigridme-
toderna s̊a att överg̊angsfasen till det tidsoberoende tillst̊andet blir snabbare.
Den första multigridmetoden, som används till elliptiska problem, inkluderar
nya interpolationsoperatorer som är konsistenta med partiell integration. Den
andra multigridmetoden ökar v̊aghastigheten när den används p̊a hyperboliska
problem.
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here in Linköping even outside the university. Without them, my experience in
this city would have been less valuable. First of all, Irene with whom I shared
n evenings talking, eating and drinking. I am also glad to have met Isabella, to
whom I am grateful for all the nice fikas and chats. Probably, I would have not
survived here without Sara and Marco: thanks for having opened Le Borgate
and for all the wonderful evenings I have spent there. Thanks also to Abramo
for being such a good friend and Giovanni for hitting regularly the gym(s) with
me. Last, but not least, I want to especially acknowledge Melinda for having
given me the strength to write this thesis. She has been able to bring out the
best in me during the last months of this experience.

I wish to thank also all my friends not living in Sweden. In particular, Paolo
with whom I traveled across Europe in these five years and Emma who offered
me her constant support when it was needed the most. Titus for all the mi-
lanese afternoons we spent together and my former university colleagues and
friends Alessandro and Sofia for our ”work” lunches, when I had been in town.
Alessandro, Andrea, Carlo and Michele for all the exceptional (Ruggiu) stories
we have shared these years. Andrea and Camilla, as well as Carla and her won-
derful family, for having provided inexhaustible food and drink supplies to heal
my homesickness. Raul, Miguel, Jonathan and Cristhian for having raised my
alcohol tolerance through extensive drinking sessions at the pub.



DRAFT
xii

Finally, I want to acknowledge my family who has always been by my side
during this adventure: my brother, my dad and Angela. Thanks for all your
unconditional support.

Andrea Alessandro Ruggiu
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Introduction

The process of computing the solution to scientific problems can be divided
into three phases: the modeling, the approximation and the solution phase. To
start with, a problem (often) arising from a physical or chemical phenomenon
is studied and formulated mathematically. Assuming that this mathematical
model adheres to reality, its solution can be used to predict the behavior of the
phenomenon in question. Moreover, if the solution to this problem exists, is
unique and its behavior changes continuously with the given data, the mathe-
matical model is said to be well-posed [16].

Since most mathematical problems can not be solved exactly, the modeling
phase is usually followed by the approximation step. The first part of this thesis
is devoted to this branch of computational mathematics. In particular, high
order numerical approximations of well-posed differential problems mimicking
the integration-by-parts property are studied [21, 10]. These discrete problems
are said to be in summation-by-parts (SBP) form and can be formulated in
different ways. Various SBP approximations in space and time are studied as
well as the properties that these retain from the mathematical model. Particular
attention is given throughout this thesis to energy-stability [14].

Once an accurate approximation of the mathematical formulation is obtained,
efficient algorithms to find the solution are required. The second and last part
of this thesis deals with that part and consists of convergence acceleration tech-
niques for high order summation-by-parts approximations. In particular, the
Dual Time-Stepping (DTS) and the Multi-Grid (MG) techniques are used to
compute steady-state solutions for systems of equations obtained from numerical
approximations of parabolic and hyperbolic problems.

The thesis is organised as follows: in Chapter 2, the concepts of conservation,
energy boundedness and well-posedness of numerical approximations are pre-
sented. In Chapter 3, the different kinds of SBP operators used in the articles
are introduced. Chapter 4 deals with a comparison of different SBP approx-
imations for the variable coefficient linear advection equation. In Chapter 5,
the eigenvalue analysis of SBP time approximations based on pseudo-spectral
and finite-difference methods is discussed. The DTS and MG procedures are
presented and analyzed in Chapter 6 and 7, respectively.
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Conservation, energy
boundedness and well-posedness

To illustrate the concepts of conservation, energy boundedness and well-posedness
[14], consider the following initial-boundary value problem (IBVP) on conser-
vation form

ut + fx = 0, α < x < β, t > 0,
u = h (x) , α < x < β, t = 0,

Bαu = gα (t) , x = α, t > 0,
Bβu = gβ (t) , x = β, t > 0.

(2.1)

Here, f = f (u, x) is the flux function and Bα, Bβ are the left and right boundary
operators, respectively. Moreover, the initial data h and boundary data gα, gβ
are given functions.

We introduce the scalar product and induced norm in L2 (α, β)

(v, w)2 =
∫ β

α

vw dx, ‖v‖2 =
√

(v, v)2. (2.2)

The problem (2.1) is said to be in conservative form since the integral of the
solution u changes only by the flux through the boundaries, namely

d
dt (1, u)2 = f (u (α, t) , α)− f (u (β, t) , β) . (2.3)

Furthermore, the problem (2.1) is energy-bounded if its solution depends con-
tinuously on the data, i.e. if the estimate

‖u (·, t)‖2
2 ≤ K (t)

[
‖h‖2

2 +
∫ t

0
gα (τ) + gβ (τ) dτ

]
(2.4)

holds with K (t) independent of the data and bounded for finite times. If, in
addition to the energy-boundedness, a unique solution for the IBVP (2.1) exists,
this problem is said to be well-posed [16]. Existence is guaranteed by using a
minimal number of boundary conditions, while uniqueness directly follows from
(2.4) if the problem is linear.

Remark 2.0.1. Energy boundedness can be extended to non-linear and non-
conservative problems with a forcing function.
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As an example, in Paper I we have shown that the advection problem with a
variable coefficient

ut + (au)x = 0, α < x < β, t > 0,
u = h (x) , α < x < β, t = 0,
u = gα (t) , x = α, t > 0,

(2.5)

is both conservative and energy-bounded, if a (α) > 0 and a (β) > 0. In partic-
ular, by integrating (2.5) over [α, β] we found the conservation relation

d
dt (1, u)2 = a (α) gα (t)− a (β)u (β, t) . (2.6)

By using the energy-method (multiplying by u and integrating over [α, β]), we
also found

d
dt ‖u‖

2
2 = a (α) g2

α (t)− a (β)u2 (β, t)− (u, axu)2 .

If ax ∈ L∞ (α, β), this relation leads to the estimate

‖u (·, t)‖2
2 ≤ e

‖ax‖∞t

[
‖h‖2

2 +
∫ t

0
e−‖ax‖∞τ

(
a (α) g2

α (τ)− a (β)u2 (β, τ)
)

dτ
]
,

with ‖ax‖∞ = maxx∈[α,β] |ax (x)|, which proves the energy boundedness of (2.1).
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Summation-By-Parts operators

Numerical approximations are needed due to the lack of closed-form solutions
to most IBVPs. These approximations, henceforth referred to as discrete prob-
lems, can be formulated in different ways and each of these leads to a specific
loss of information. As an example, consider the translation of a sentence from
one language to another. Since it is impossible to establish a one-to-one cor-
respondence between two different languages, any translation is unavoidably
affected by the criterion used, i.e. either preserving the meaning of the original
sentence or translating it word-for-word. Likewise, numerical approximations
can preserve some, but not all the properties of the original problem.

The conservation relation can be obtained from the IBVP by integrating over
the spatial domain, whereas the energy estimate also requires the product rule
and integration-by-parts property to hold. SBP operators are approximations
to the first and second derivative which both include a quadrature formula
that approximates integration and mimic the integration-by-parts rule. Since
we are interested in preserving both conservation and energy-boundedness, we
henceforth consider discrete formulations involving SBP operators.

3.1 Finite-difference approximations
SBP operators were originally introduced for centered finite difference methods
on equidistant grids [21]. Consider a uniform mesh of N + 1 grid points on the
interval [α, β] with xj = α + j∆x, where j = 0, . . . , N and ∆x = (β − α) /N is
the spatial step. Henceforth, we denote discrete approximations of a real-valued
function v (x), x ∈ [α, β], with the vector v = [v0, . . . , vN ]T , where vj ≈ v (xj).

3.1.1 Centered finite-differences

A centered finite-difference (p, q)-accurate approximation of the first derivative
with the SBP property is a discrete operator D = P−1Q such that [39]

i) its truncation error is O (∆xp) in the interior and O (∆xq) at the bound-
aries,

ii) P is a symmetric positive definite matrix,
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iii) Q+QT = B = diag (−1, 0, . . . , 0, 1).

Condition ii) defines a scalar product and a norm which are discrete counterparts
to (2.2) in L2 (α, β), i.e.

(v,w)P = vTPw, ‖v‖P =
√

(v,v)P .

Moreover, condition iii) causes D to exactly mimic the integration-by-parts rule

(v, wx)2 = v (β)w (β)− v (α)w (α)− (vx, w)2 (3.1)

as
(v, Dw)P = vNwN − v0w0 − (Dv,w)P .

Centered finite-difference based SBP operators are available for even orders
p = 2q in the interior. We will for stability reasons [40, 12, 32] only consider
operators with a diagonal norm P . To ease the notation, unless otherwise
specified we refer to the order of these approximations by the order of the SBP
operators on the interior nodes. As an example, the second order first derivative
SBP operator is given by

P = ∆x diag
(

1
2 , 1, . . . , 1,

1
2

)
, Q =


− 1

2
1
2

− 1
2 0 1

2
. . . . . . . . .

− 1
2 0 1

2
− 1

2
1
2

 . (3.2)

Second derivative SBP operators can be defined by applying the first derivative
operator twice as D2 = D2. However, these operators do not modify modes
with the highest frequency that can exist on the grid and hence can not be
used for multi-grid methods (see Remark 7.1.4). This issue is solved by using
compact second derivative SBP operators.

A 2qth order accurate approximation for the compact second derivative based
on a diagonal norm can be written as D2 = P−1 (−STA+B

)
S such that [9, 27]

i) its truncation error is O
(
∆x2q) in the interior and O (∆xq) at the bound-

aries,

ii) S is an approximation of the first derivative at the boundaries with a
truncation error O

(
∆xq+1),

iii) A+AT is positive semidefinite.

The SBP operator D2 mimics the integration-by-parts rule for the second deriva-
tive

(v, wxx)2 = v (β)wx (β)− v (α)wx (α)− (vx, wx)2 (3.3)
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as
(v, D2w)P = vN (Sw)N − v0 (Sw)0 − (Sv, Sw)A .

Here the notation (·, ·)A does not represent a discrete scalar product due to the
semidefiniteness of A+AT and A not being symmetric. Furthermore, (Sv, Sw)A
does not necessarily approximate (vx, wx)2. However, condition iii) is sufficient
to preserve the energy-boundedness of IBVPs involving second derivatives.

Remark 3.1.1. The second-derivative SBP operators D2 = D2 can be obtained
from the previous definition by considering S = D1 and A = DT

1 PD1. In this
case, the integration-by-parts rule for the second derivative (3.3) is perfectly
mimicked and the matrix A is symmetric. The additional constraint A = AT is
required, for example, to approximate the wave equation.

The second order compact SBP operator approximating the second derivative
is

D2 = 1
∆x2



1 −2 1
1 −2 1

1 −2 1
. . . . . . . . .

1 −2 1
1 −2 1


, S = 1

2∆x


−3 4 −1

1
. . .

1
1 −4 3

 ,
(3.4)

with the same norm P as in (3.2).

Remark 3.1.2. In Paper V, we also use compact SBP approximations for the
second derivative with a variable coefficient, i.e. (ε (x)ux)x. For details on these
discrete operators, see [24].

3.1.2 Upwind difference operators

Flow problems approximated with central finite difference stencils may intro-
duce spurious oscillations. To address this problem, the addition of stable and
accurate artificial dissipation operators [29] is often necessary. However, ar-
tificial dissipation compatible with high order accurate SBP operators can be
difficult to apply in practice. In Paper VI, we rather use discrete operators based
on non-centered finite difference stencils which naturally introduce upwinding
and satisfy a modified SBP property.

The difference operators D+ = P−1 (Q+ + B
2
)

and D− = P−1 (Q− + B
2
)

are
pth order diagonal-norm upwind SBP operators for the first derivative if

i) the truncation error is O (∆xp) in the interior and O
(
∆xbp/2c) at the

boundaries,
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ii) P is a symmetric positive definite matrix,

iii) Q+ +QT− = 0,

iv) Q+ +QT+ (Q− +QT−) is positive (negative) semidefinite.

These approximations of the first derivative exactly mimic the integration-by-
parts rule (3.1) as

(v, D+w)P = vNwN − v0w0 − (D−v,w)P .

The upwind SBP operators were originally derived from second up to ninth order
[25]. In Paper VI, we also introduce first order SBP upwind discretizations given
(here for the positive variant) by

P = ∆x diag (1, . . . , 1) , Q+ =


1
2
−1 1

. . . . . .
−1 1

2

 . (3.5)

3.2 Pseudo-spectral collocation methods
SBP operators were extended to grids non-conforming to the boundaries in [10],
where it was shown that first derivative SBP approximations can be obtained
by starting from a quadrature rule. In Paper I, these operators are referred to
as Generalized Summation-By-Parts (GSBP) operators.

Consider a set of nodes x = [x0, . . . , xN ]T , with x0 < . . . < xN , that may not
include one or both boundary nodes. An operator D = P−1Q is a pth order
accurate approximation of the first derivative with the GSBP property if

i) Dxj = P−1Qxj = jxj−1, j ∈ {0, . . . , p},

ii) P is a symmetric positive definite matrix,

iii) Q+QT = E, where
(
xi
)T
Exj = βi+j − αi+j , i, j ∈ {0, . . . , r}, r ≥ p.

To better understand the connection between SBP and GSBP operators, we
first compare condition i) of the two definitions. For pth-order accurate SBP
operators based on finite-difference methods, the monomials xj are exactly dif-
ferentiated for j ∈ {0, . . . , p} at the interior nodes, as in the definition of GSBP
operators. However, for GSBP operators the exactness holds also at the bound-
ary nodes.

Another important distinction between the two definitions lies in condition iii).
The matrix E can be written in terms of boundary interpolants of degree r, i.e.
tα and tβ such that

tTφu ≈ u (φ) : tTφxj = φj , j ∈ {0, . . . , r} , φ ∈ {α, β} .
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This gives rise to E = tβtTβ − tαtTα and to the following mimicking of the
integration-by-parts rule (3.1)

(v, Dw)P =
(
tTβv

) (
tTβw

)
−
(
tTαv

) (
tTαw

)
− (Dv,w)P .

Also for SBP operators based on finite-difference methods, the matrix B can
be expressed in terms of boundary interpolants, i.e. B = eβeTβ − eαeTα with
eα = [1, 0, . . . , 0]T and eβ = [0, . . . , 0, 1]T . In this case, both the interpolants
are exact and r =∞.

In Paper II, we analyzed diagonal norm GSBP operators based on pseudo-
spectral collocation methods. In particular, we considered approximations for
the first derivative based on the Legendre-Gauss-Lobatto (henceforth denoted
by LGL, with both boundary nodes and p = 2N − 1), Legendre-Gauss-Radau
(denoted by LGR, with one boundary node and p = 2N) and Legendre-Gauss
(LG, no boundary node and p = 2N + 1) quadratures.
Remark 3.2.1. Since LGL quadrature includes both boundary nodes, the GSBP
operators based on the LGL quadrature are actually an example of SBP operators
which are not based on centered finite differences. To avoid ambiguity, hence-
forth in this thesis only the discretizations not including one or both boundary
nodes are referred to as GSBP approximations.

For pseudo-spectral methods, the grid is usually the reference interval [α, β] =
[−1, 1]. As an example, the second order accurate GSBP operators based on
the LGR quadrature are defined on the three-point grid x = [−1,

(
1−
√

6
)
/5,(

1 +
√

6
)
/5
]T . In this case, the first derivative is approximated by D = P−1Q

with
P = 1

18 diag
(

4, 16 +
√

6, 16−
√

6
)
,

Q = 1
108

 −48 24 + 14
√

6 24− 14
√

6
−12− 32

√
6 87− 18

√
6 −75 + 50

√
6

−12 + 32
√

6 −75− 50
√

6 87− 18
√

6

 .
For these operators, the boundary interpolants fulfilling condition iii) are

tα = eα = [1, 0, 0]T , tβ =
[

1
3 ,

2− 3
√

6
6 ,

2 + 3
√

6
6

]T
.

3.3 Multi-dimensional SBP operators
Approximations of partial derivatives in multi-dimensional settings can in a
straightforward manner be constructed as Kronecker products of one-dimensional
SBP operators. The Kronecker product of two matrices A = {aij} ∈ Rm×n and
B ∈ Rr×s is given by

A⊗B =

a11B . . . a1nB
...

. . .
...

am1B . . . amnB

 ∈ Rmr×ns.
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Consider a two-dimensional grid of N ×M nodes. The SBP operators for the
partial derivatives on x and y can be written as

∂

∂x
≈
(
P−1
x Qx ⊗ IM

)
,

∂

∂y
≈
(
IN ⊗ P−1

y Qy
)
,

where the subscripts x, y refer to the coordinate directions and IK ∈ RK×K
denotes the identity matrix.

Remark 3.3.1. The Kronecker product can also be used to write approximations
for systems of equations, as was done in Paper II, IV and VI.
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Conservation and stability for
SBP-SAT approximations

In this chapter, we will discuss spatial approximations of the variable coefficient
advection equation (2.5) with SBP and GSBP operators. To preserve both
conservation and energy-boundedness of the original problem, (G)SBP operators
are complemented with Simultaneous-Approximation-Terms (SAT) [41] weakly
imposing the boundary conditions, although other options exist [34, 13, 28, 35].
For semi-discrete formulations, the energy-boundedness is henceforth referred
to as energy-stability [14].

4.1 The splitting technique
We start by considering numerical approximations based on diagonal norm SBP
operators. A straightforward semi-discrete formulation of (2.5) with the SBP-
SAT approach gives

ut + P−1QAu = σαAP
−1eα

(
eTαu− gα (t)

)
, (4.1)

where A = diag (a (x0) , . . . , a (xN )) and σα ∈ R is a penalty parameter which
can be tuned for conservation and stability. By multiplying (4.1) from the left
by 1TP , with 1 = [1, . . . , 1]T and considering σα = −1, we find

d
dt (1,u)P = a (α) gα (t)− a (β)uN .

This relation mimics (2.6) perfectly and hence (4.1) is conservative. However,
in [32] it was shown that this formulation can not be energy-stable. This is due
to the fact that the product rule, needed to prove the energy-boundedness of
(2.5), is not mimicked by first derivative SBP operators.

In Paper I, we prove that

ut + 1
2 (DA+AD) u + 1

2UDa = σαAP
−1eα

(
eTαu− gα (t)

)
(4.2)

is a conservative and stable spatial approximation of (2.5) for σα = −1. In
this formulation, we used U = diag (u0, . . . , uN ) and a = A1. But most impor-
tantly, in (4.2) we introduced a splitting of (au)x = 1

2axu+ 1
2 [(au)x + aux] into
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symmetric and anti-symmetric contributions

1
2axu ≈

1
2UDa, 1

2 [(au)x + aux] ≈ 1
2 (DA+AD) u.

This splitting guarantees that both the symmetric and anti-symmetric portions,
after multiplication by a smooth function v and summation over the spatial
domain, act as in the continuous setting. It is straightforward to check that the
symmetric part fulfills

1
2 (uax, v)2 = 1

2 (vax, u)2 ,
1
2 (UDa,v)P = 1

2 (V Da,u)P ,

with V = diag (v0, . . . , vN ). On the other hand, the anti-symmetric part gives
rise to the integration-by-parts rule

1
2 ((au)x + aux, v)2 = auv

∣∣∣∣
β

− auv
∣∣∣∣
α

− 1
2 ((av)x + avx, u)2 (4.3)

which is perfectly mimicked by

1
2 (D (Au) +ADu,v)P = aNuNvN − a0u0v0 −

1
2 (D (Av) +ADv,u)P . (4.4)

Recalling that conservation and energy-boundedness can be proved by multi-
plying (2.5) from the left by vTP with v = 1 and v = u respectively, we con-
clude that mimicking (4.3) is the key to provide both conservation and energy-
stability.

4.2 GSBP-SAT approximations
In Paper I, we show that conservative and energy-stable approximations for
variable coefficient problems require a boundary conforming grid and exact nu-
merical mimicking of integration-by-parts. In other words, GSBP-SAT approx-
imations can not be both conservative and energy-stable because (4.4) does not
hold. If D is a GSBP operator, one can instead prove

1
2 (D (Au) +ADu,v)P = 1

2
[(

tTβAu
) (

tTβv
)

+
(
tTβAv

) (
tTβu

)]
− 1

2
[(

tTαAu
) (

tTαv
)

+
(
tTαAv

) (
tTαu

)]
(4.5)

− 1
2 (D (Av) +ADv,u)P .

Here, the boundary terms consistently approximate both a (α)u (α) v (α) and
a (β)u (β) v (β). However, the interpolation operators tα and tβ may not pre-
serve the sign of the boundary terms, leading to instabilities. The relation
(4.5) suggests a possible strategy to restore conservation and energy-stability
for GSBP-SAT approximations.
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In Paper I, we introduced modified GSBP operators fulfilling (4.4). Rather than
approximating the first derivative, these operators discretize the anti-symmetric
portion of (au)x as

P−1Θu ≈ 1
2 [(au)x + aux] .

In particular, P−1Θ is a pth order accurate approximation of the anti-symmetric
portion of (au)x if

i) P−1Θxj = (1/2)Axxj + jAxj−1, j ∈ {0, . . . , p},

ii) P is a symmetric positive definite matrix,

iii) Θ + ΘT = a (β) tβtTβ − a (α) tαtTα ,

where Ax = diag (ax (x0) , . . . , ax (xN )). These approximations for the anti-
symmetric part of (au)x, named a-Generalized Summation-By-Parts (a-GSBP)
operators, consistently represent also its symmetric part as

UP−1Θ1 ≈ 1
2axu.

It was shown that a-GSBP operators naturally lead to both conservation and
energy-stability of spatial approximations of (2.5).

Remark 4.2.1. Another approach to make pseudo-spectral GSBP-SAT approx-
imations conservative and stable is to use a modified coefficient instead of a (x).
If a grid with N + 1 points is used, the function a (x) is evaluated at another set
of N + 1 points including the boundary nodes, such as LGL nodes. Afterwards,
the unique N th degree interpolating polynomial is used to produce the diagonal
matrix A in the GSBP-SAT discretization. This procedure allows for a correct
representation of the coefficient at the boundaries and leads to both conservation
and energy-stability, if additional care is taken to construct SATs. For further
details on this approach, see [36].
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The eigenvalues for SBP in time

The SBP-SAT technique can also be used to approximate initial value problems

ut + λu = 0, 0 < t < T,
u (0) = f.

(5.1)

Time integration methods based on finite-difference SBP operators were first
introduced in [33]. Here, it was shown that diagonal-norm dual-consistent [4, 18]
2pth-order accurate approximations of the first derivative lead to 2pth-order
accurate solutions. Moreover, in [23] SBP in time was proved to be A-, L- and B-
stable [17]. In [5], these results were proved also for GSBP-SAT approximations
of (5.1). It was also shown that dual-consistent (G)SBP time-marching methods
can be interpreted as Runge-Kutta methods. Additional stability properties of
time integration methods based on (G)SBP operators were studied in [37, 22].

Most of these theoretical findings are based on the following

Assumption 5.0.1. The operator D = P−1 (Q− σtαtTα
)

has eigenvalues with
strictly positive real parts for σ < −1/2.

Remark 5.0.1. SBP-SAT approximations in time fulfilling Assumption 5.0.1
lead to invertible systems when energy-stable spatial approximations are used.

In this thesis, we discuss Assumption 5.0.1 for both pseudo-spectral GSBP (Pa-
per II) and centered finite-difference SBP operators (Paper III). Our arguments
make extensive use of the following theorem [8, 7]

Theorem 5.0.1. Given a matrix A, suppose that H = 1
2
(
GA+ATG

)
and

S = 1
2
(
GA−ATG

)
for some positive definite matrix G and some positive

semidefinite matrix H. Then A has eigenvalues with strictly positive real parts
if, and only if, no eigenvector of G−1S lies in the nullspace of H.

Proving Assumption 5.0.1 by means of Theorem 5.0.1 is not straightforward,
since D depends on the parameter σ, the dimension of the matrix N , the order
of accuracy and the grid nodes x (or the mesh-size ∆x). In this section, we sketch
the proof for both pseudo-spectral and centered finite-difference operators.
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5.1 Pseudo-spectral operators
In Paper II, we prove Assumption 5.0.1 for the pseudo-spectral GSBP operators
D ∈ R(N+1)×(N+1) based on LGL, LGR and LG quadrature rules. Firstly, we
recall that D = P−1Q is similar to [38]

D̂ =



0 1 0 1 0 . . .

0 0 3 0 3
. . .

0 0 0 5 0
. . .

0 0 0 0 7
. . .

0 0 0 0 0
. . .

...
. . . . . . . . . . . . . . .


∈ R(N+1)×(N+1).

This result can be proved by considering an arbitrary set of N+1 grid nodes x in
the interval [−1, 1], and the Legendre basis functions φn (x) with n = 0, . . . , N ,
given by

φ0 (x) = 1, φ1 (x) = x, φ2 (x) = 1
2
(
3x2 − 1

)
, φ3 (x) = 1

2
(
5x3 − 3x

)
, . . .

Let φi = φi (x) be the grid function corresponding to the ith degree Legen-
dre polynomial and consider the Vandermonde matrix V = [φ0,φ1,φ2,φ3, . . .].
Since the first derivative is exactly mimicked on the grid monomials xj , j =
0, . . . , N , we can write

DV =
[
0,1, 3x, 3

2
(
5x2 − 1

)
, . . .

]
= [0,φ0, 3φ1,φ0 + 5φ2, . . .] = V D̂

and D = V D̂V −1. Hence, D and D̂ are similar and have the same eigenvalues.
Note that D̂ does not depend on the grid nodes x.

Secondly, we noted the following

Remark 5.1.1. Assumption 5.0.1 holds for D if, and only if, it holds for D−1.

Thirdly, we proved that for GSBP operators based on pseudo-spectral colloca-
tion methods D = P−1 (Q− σtαtTα

)
is invertible for σ 6= 0. The matrix D−1 is

similar to

Tκ =



1 1
− 1

3 0 1
3

− 1
5 0 1

5
. . . . . . . . .

− 1
2N−1 0 1

2N−1
(−1)N+1

κ 1+σ
σ −κ2

κ
2


,
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with

κ =
{

2/ (2N + 1) , for LGR and LG,
2/N, for LGL.

As a result, if Tk has eigenvalues with strictly positive real parts, then Assump-
tion 5.0.1 is fulfilled due to Remark 5.1.1.

Fourthly, we apply Theorem 5.0.1 to A = Tκ and G = diag (1, 3, . . . , 2N − 1,
2/κ). The auxiliary matrix

H = 1
2
(
GTκ + TTκ G

)
=


1 0 . . . 0 (−1)N+1 1+σ

σ
0 0 . . . 0 0
...

... . . .
...

...
0 0 . . . 0 0

(−1)N+1 1+σ
σ 0 . . . 0 1


is positive semidefinite for σ < −1/2 and its nullspace is given by all the vectors
v = [v0, v1, . . . , vN−1, vN ]T where v0 = vN = 0.

Finally, since the vectors belonging to the nullspace of H can not be eigenvectors
to

G−1S =


0 1 (−1)N 1+σ

σ
− 1

3 0 1
3

. . . . . . . . .
− 1

2N−1 0 1
2N−1

(−1)N+1 κ
2

1+σ
σ −κ2 0

 ,
the matrix Tκ has eigenvalues with strictly positive real parts. Therefore, As-
sumption 5.0.1 is fulfilled by GSBP operators based on LGL, LGR and LG
pseudo-spectral collocation methods.

5.2 Centered finite-difference operators
The proof for finite-difference based SBP-SAT approximations is much more
technical since these operators can not be rewritten in terms of a modal basis.

To start with, we directly apply Theorem 5.0.1 to D = P−1 (Q− σe0eT0
)

with
G = P . The matrix

H = 1
2
(
PD +DTP

)
= 1

2
[
eNeTN − (1 + 2σ) e0eT0

]
is positive semidefinite for σ < −1/2 and its nullspace is given by all the vectors
v = [v0, v1, . . . , vN−1, vN ]T where v0 = vN = 0. If such vectors do not belong
to the nullspace of P−1S, with

S = 1
2
(
PD −DTP

)
= Q− 1

2eNeTN + 1
2e0eT0 ,

then D has eigenvalues with strictly positive real parts. Since it can be proved
that P−1S has only imaginary eigenvalues, the following lemma holds [33].
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Lemma 5.2.1. Let σ < −1/2. For SBP operators of finite difference type, the
matrix D = P−1 (Q− e0eT0

)
has eigenvalues with strictly positive real parts if,

and only if, P−1S does not have imaginary eigenvalues with eigenvectors where
the first and last components are equal to zero.

To prove Assumption 5.0.1, we use the repeating stencil structure of P−1S to
explicitly construct the interior components of the eigenvectors v1, v2 fulfilling
(v1)0 = 0 and (v2)N = 0, respectively. If the two vectors are linearly indepen-
dent, an eigenvector v satisfying both v0 = 0 and vN = 0 can not exist and the
eigenvalue assumption is verified due to Lemma 5.2.1.

As an example, for the second order approximation we get

P−1S = 1
∆x



0 1
− 1

2 0 1
2

− 1
2 0 1

2
. . . . . . . . .

− 1
2 0 1

2
−1 0


. (5.2)

Note that this matrix does not depend on σ. Moreover, the mesh-size acts only
as a rescaling parameter for the eigenvalues and the existence of eigenvectors v
with v0 = vN = 0 does not depend on ∆x. For this reason, we consider ∆x = 1
in (5.2).

On the other hand, while computing the eigenvectors of P−1S we can neither
get rid of N nor the order of accuracy. The parameter N appears twice in
the analysis, both as dimension of matrices and as explicit parameter in the
computations. The computation being dependent on the order of accuracy
implies that Assumption 5.0.1 must be verified independently for each order. In
Paper III, we prove the eigenvalue assumption for second-, fourth- and sixth-
order accurate finite-difference SBP operators.

5.2.1 Proof for second-order accurate operators

To illustrate our procedure, we sketch the proof for the second-order accurate
SBP approximation.

Remark 5.2.1. For second order approximations it is trivial to verify that
P−1S does not have eigenvectors with first and last components equal to zero
[33]. We consider this case only to clearly explain the proof procedure used in
Paper III for higher orders.

The eigenvalue problem P−1Sv = iξv for the matrix in (5.2) gives rise to the
internal stencil relation

1
2vk+1 −

1
2vk−1 = iξvk, k = 1, . . . , N − 1.
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This recurrence relation is solved by

vk = c1 (ξ) rk1 (ξ) + c2 (ξ) rk2 (ξ) , k = 1, . . . , N − 1, (5.3)

with r1,2 (ξ) = iξ ±
√

1− ξ2. The coefficients c1,2 (ξ) can be found by solving
explicitly for v1 and v2 the first two equations of the eigenvalue problem with
v0 as free parameter. In particular, by matching the components v1 = iξv0,
v2 =

(
1− 2ξ2) v0 with the solution in (5.3), we find the homogeneous linear

rectangular system

[
r1 r2 −iξ
r2

1 r2
2 2ξ2 − 1

]c1 (ξ)
c2 (ξ)
v0

 =
[
0
0

]
.

Solving for c1,2 (ξ) with v0 as free parameter yields cL1 (ξ) = cL2 (ξ) = v0/2.

Likewise, the coefficients in (5.3) can be found also by solving for vN−2 and vN−1
the last two equations of the eigenvalue problem with vN as free parameter:

cR1 (ξ) = −
iξ + r2

(
1− 2ξ2)

rN−2
1 (r1 − r2)

vN , cR2 (ξ) =
iξ + r1

(
1− 2ξ2)

rN−2
2 (r1 − r2)

vN .

The existence of the eigenvectors of P−1S in (5.2) is subject to the linear depen-
dence of cL (ξ) =

[
cL1 (ξ) , cL2 (ξ)

]T and cR (ξ) =
[
cR1 (ξ) , cR2 (ξ)

]T . Vice versa,
the linear independence of the coefficients can be used to exclude the existence
of eigenvectors with v0 = vN = 0 for higher order approximations, thus verifying
Assumption 5.0.1. This principle can be used in general to check the eigenvalue
assumption for the approximations with a repeating stencil.

Remark 5.2.2. For second order approximations, v0 = 0 and vN = 0 lead to
cL (ξ) = 0 and cR (ξ) = 0, respectively. Hence, Assumption 5.0.1 holds in this
case.
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Dual time-stepping

The Dual Time-Stepping (DTS) technique consists in adding a pseudo time-
derivative of the solution with respect to the so-called dual time and marching
in that dual time to steady-state. This procedure can be used for solving large
systems of nonlinear equations [20, 3]. In Paper IV, we introduce a modified
DTS formulation which makes use of two derivatives in pseudo-time. This new
technique reduces the stiffness of the problem and improves the convergence
rate to the stationary solution.

In this section, we briefly present and compare the classical and new DTS tech-
niques. All the spatial approximations are performed with sixth-order centered
finite-difference SBP operators, augmented with SAT terms weakly imposing
the boundary conditions.

6.1 The classical dual time-stepping
Consider the one-dimensional advection equation

ut + aux = 0, x ∈ Ω, t > 0,

where a is a positive constant and Ω the spatial domain. By discretizing the first
derivative in space with the SBP operator D and applying the Euler-backward
scheme in time, we get

un+1 − un

∆t + aDun+1 = 0. (6.1)

Here, un+1 and un represent the approximate solution at tn+1 = (n+ 1) ∆t and
tn = n∆t, respectively. To avoid the direct computation of un+1, which may be
expensive, we apply the DTS technique as

wτ + w− un

∆t + aDw = 0, τ > 0.

This formulation, can be rewritten in compact form as

wτ + Fw = R, τ > 0, (6.2)

where F = I/∆t + aD and R = un/∆t. If the solution w in (6.2) reaches
steady-state, it will converge to un+1 in (6.1).
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The same procedure can be applied to a general time-space discretization of a
differential problem F (u) = R. In Paper IV we assumed for simplicity that
this problem is linear. If, additionally, F is invertible and diagonalizable it is
possible to determine when the DTS procedure (6.2) converges. We proved

Proposition 6.1.1. If the eigenvalues of F have positive real parts, then the
dual time-stepping procedure (6.2) converges to the steady-state solution u =
F−1R.

Remark 6.1.1. The eigenvalue of F with the minimum real part determines
the convergence rate in (6.2).

Remark 6.1.2. The results of Paper II and III imply that DTS converges when
applied to pseudo-spectral and finite-difference SBP-SAT time approximations
of energy-stable spatial discretizations.

6.2 The second-derivative DTS technique
To possibly get a faster decay to steady-state, we considered the modified DTS
formulation

wττ + 2Gwτ + Fw = R, τ > 0. (6.3)

In Paper IV, we analyzed this DTS technique assuming that the matrix G has
the same eigenvectors as F . We proved that the procedure with the fastest
decay can be obtained by setting G = F

1
2 , i.e. the principal square root of the

matrix F having eigenvalues with non-negative real parts.

The second-derivative DTS technique can hence be written as

wττ + 2F 1
2 wτ + Fw = R, τ > 0. (6.4)

This formulation generalizes the critically damped harmonic oscillator and con-
verges to steady-state with optimal rate. In particular, we proved

Proposition 6.2.1. If the eigenvalues of F do not lie on the negative real axis,
then the new dual time-stepping procedure (6.4) converges to the steady-state
solution u = F−1R.

By comparing Proposition 6.1.1 and 6.2.1, we observe that the new DTS tech-
nique can drive the solution to steady-state when the classical one fails to do
that. Furthermore, we proved that

Proposition 6.2.2. The decay to steady-state for the new DTS formulation
(6.4) is determined by the principal square root of the eigenvalues of F . In par-
ticular, the square root with the minimum real part determines the convergence
rate.

As a consequence of Proposition 6.2.2, the new DTS technique has a faster
convergence to steady-state and reduces the stiffness of the problem. Indeed,
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Figure 6.1 indicates that the square root transforms complex numbers close to
the imaginary axis into complex numbers with more positive real parts. It can
be also observed that, when applied to complex numbers with large magnitude,
the square root returns numbers less distant from the origin, thereby reducing
the stiffness of the problem and allowing for larger dual time-steps.
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Figure 6.1: Complex numbers with non-negative real parts (left figure) and their square
root. The distribution of points near the origin of the complex plane tends
to rarefy. Furthermore, applying the square root to complex numbers with
large magnitude yields numbers less distant from the origin.

6.3 A numerical comparison
Consider the following system

ut +Aux = εBuxx + F (x, t) , 0 < x < 1, t > 0,
u (x, 0) = f (x) , 0 < x < 1,(

u1 +
√

2u2 − εu2,x
)

(0, t) = g0 (t) , t > 0,(
u1 −

√
2u2 − εu2,x

)
(1, t) = g1 (t) , t > 0,

(6.5)
modelling the time-dependent compressible Navier-Stokes equations. In (6.5),
we used u (x, t) = [u1 (x, t) , u2 (x, t)]T , ε = 10−2 and the matrices

A =
[
0 1
1 0

]
, B =

[
0 0
0 1

]
.

For this problem, we considered a set of characteristic boundary conditions
which made the problem well-posed and its SBP-SAT space approximation
energy-stable.

In Figure 6.2, we compared the number of iterations to convergence for the two
DTS techniques applied to a fully-discrete approximation of (6.5). This discrete
problem is obtained by using SBP-SAT in space and the second-order Back-
ward Difference Formula (BDF2) in time. We used a fourth-order Runge-Kutta
scheme as pseudo time-integrator and the stopping criterion ‖wn − u‖P < 10−6.
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Figure 6.2: Number of iterations to convergence using the classical and the new DTS.

For ∆τ = 1.119 · 10−3, the classical DTS technique reaches steady-state in 542
iterations while the new DTS technique converges in 57 inner iterations for the
optimal dual time-step ∆τ = 0.052. We conclude that, in this case, the new
DTS required approximately ten times less iterations to convergence compared
to the classical one.

6.4 The main drawback and aftermath
We showed that the new DTS technique (6.4) had better convergence prop-
erties compared to the conventional DTS (6.2). However, the computation of
the principal square root of F may be excessively expensive if the dimension
of the system to solve is large, which is a major drawback. Nonetheless, Pa-
per IV proves that it is theoretically possible to achieve faster convergence to
steady-state by employing second derivatives in pseudo-time. Future research on
this topic might reveal suboptimal formulations of (6.3) which do not involve
fractional or negative powers of F , leading to a more efficient time-marching
technique. Furthermore, less costly approximations of the matrix square root
F

1
2 may shed new light on this approach.
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Multi-grid techniques

The Multi-Grid (MG) method is a convergence acceleration technique which
complements iterative solvers with grid coarsening. As with the DTS, MG
is often used to compute steady-state solutions for large systems of equations
obtained from numerical approximations of IBVPs.

The MG method was originally designed for parabolic partial differential equa-
tions [11], for which iterative solvers effectively damp high frequency errors while
maintaining smooth residuals unaltered after a number of iterations. However,
the low frequency residuals can be efficiently reduced through grid coarsening,
since these are interpreted as highly oscillating error modes on coarser grids
[42, 30, 15]. MG methods for high-order finite-difference SBP-SAT approxima-
tions of parabolic problems are studied in Paper V.

Multi-grid methods were also developed for hyperbolic systems [31, 19]. For
these problems, the error modes are expelled from the domain rather than
damped: grid coarsening can be used to accelerate the convergence to steady-
state, since coarser grids have milder restrictions on time steps. As an example,
in [43] the authors present a L-level MG algorithm to find first order accurate
steady-state solutions of hyperbolic conservation laws. This procedure allows for
2L times faster wave propagation by ensuring that the Total Variation Dimin-
ishing (TVD) property is preserved. In Paper VI, the resulting TVD Multi-Grid
(TVD-MG) scheme is reformulated by combining first order SBP upwind oper-
ators on coarse meshes with higher order operators on the fine mesh.

Consider the following IBVP

ut + Lu = f, in Ω, t > 0,
u = u0, in Ω, t = 0,

Hu = g, on ∂Ω, t > 0,
(7.1)

where L and H are a differential and boundary operator, respectively. Further-
more, f and g are given functions and Ω is the domain with boundary ∂Ω. In
the remainder of this section, we present the MG algorithms used in Paper V
and VI to find an approximation to the steady-state solution of (7.1).
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7.1 Multi-grid for parabolic problems
To start with, we present MG algorithms for parabolic problems such as

ut − uxx = f (x) , α < x < β, t > 0,
u (x, 0) = u0 (x) , α < x < β

(7.2)

with f and u0 known data independent of time. We also consider a suitable set
of boundary conditions leading to the well-posedness of (7.2).

Consider a grid Ω1 =
{
x

(1)
j = α+ j∆x(1), j = 0, 1, . . . , N

}
⊂ Ω = [α, β], hence-

forth called the fine grid, and the following spatial approximation to (7.1)

ut + L1u = F1, in Ω1, t > 0,
u = U0, in Ω1, t = 0. (7.3)

In (7.3), L1 is a discrete version of the operator L in (7.1) augmented with the
boundary conditions. The vector F1 is a grid function approximating f on the
nodes of Ω1, augmented with the boundary data g, while u is an approximate
solution to u in (7.1).

To compute the steady-state solution of (7.3), i.e. U = L−1
1 F1, we use the

following algorithm

Fine grid smoothing: U
(1) = S1U

n + (I1 − S1)U ;

Fine grid residual: r(1) = L1U
(1) − F 1;

Solution injection: U (2) = RuU
(1);

Coarse grid residual: F 2 = L2U
(2) − Irr(1); (7.4)

Coarse grid correction problem: L2U
(2) = F 2;

Fine grid update: Un+1 = U
(1) + Ip

(
U

(2) −RuU
(1))

.

Remark 7.1.1. The MG algorithm (7.4) is equivalent to the one presented in
Paper V. Here, it has been reformulated using the notation in Paper VI to ease
the comparison with the procedure used for hyperbolic problems.

In (7.4), S1 is an operator representing a few steps of an iterative method such as
the third order Runge-Kutta (RK3), Weighted Jacobi (WJ) or the Successive
Over Relaxation Method (SOR). Moreover, we have introduced an injection
operator Ru which projects fine grid functions onto a coarse grid

Ω2 =
{
x

(2)
j = α+ 2j∆x(1) = α+ j∆x(2), j = 0, 2, . . . , N

}
.

On this grid, we exactly solve the problem L2U
(2) = F 2, where L2 is a coun-

terpart of L1 on Ω2. Finally, (7.4) makes use of a residual restriction Ir and a
prolongation operator Ip which convey the information between Ω1 and Ω2.
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All these multi-grid ingredients play an important role for the convergence of
the algorithm. In order to have a well-functioning procedure we require that
the original steady-state problem L1U = F1 is compatible with the coarse-grid
problem in (7.4). In Paper VI, we show that this compatibility constraint can
be satisfied by the approximation

IrL1 ≈ L2Ru. (7.5)

7.1.1 The Galerkin condition

The multi-grid algorithm for parabolic problems (7.4) provides the following
iterative method

U(n+1) = MU(n) + (I1 −M) U,
whereM = CS1 is called the multi-grid iteration matrix and C = I1−IpL−1

2 IrL1
is referred to as the coarse-grid correction operator. The form of the matrix M
shows that the two main components of the MG method, i.e. grid coarsening
and smoothing by means of an iterative solver, are associated with two different
matrices.

Remark 7.1.2. The asymptotic convergence factor of the iterative method is
given by the spectral radius ρ (M) of the matrix M , i.e. the maximum among
the absolute values of its eigenvalues. Convergence is achieved when ρ (M) < 1.

In Paper V, the coarse-grid operator L2 is obtained through the so called
Galerkin condition [6]

L2 = IrL1Ip (7.6)
which leads to an idempotent coarse-grid correction matrix C, i.e. Ck = C for
k ∈ N. We showed that the idempotency of C implies that this operator deals
with smooth parts of the error. Since S1 naturally damps the remaining high
frequency modes when applied to parabolic problems, the Galerkin condition
(7.6) is a suitable choice.

7.1.2 SBP-preserving interpolation operators

For finite-difference SBP-SAT spatial approximations of (7.1), we can associate
two scalar products induced by the norms P1 and P2

(φ1,ψ1)P1
= φT1 P1ψ1, (φ2,ψ2)P2

= φT2 P2ψ2

related to the the fine- and coarse-grid operators L1 and L2. By enforcing that
these two products are equal for φ1 = Ipφ2 and ψ2 = Irψ1, we get two inter-
polation operators Ir and Ip which are adjoint to each other with respect to the
SBP-based norms P1 and P2. This observation leads to the following definition
of SBP-preserving (or inner product preserving) interpolation operators [26, 1].
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Definition 7.1.1. Let the grid functions xk1 and xk2 be the projections of the
monomials xk onto equidistant 1-D grids corresponding to a fine and coarse
grid, respectively. We say that Ir and Ip fulfilling Ir = P−1

2 ITp P1 are 2qth-order
accurate SBP-preserving interpolation operators if Irxk1 − xk2 and Ipxk2 − xk1
vanish for k = 0, . . . , 2q − 1 in the interior and for k = 0, . . . , q − 1 at the
boundaries.

The SBP-preserving interpolation is used in Paper V to accelerate the conver-
gence to steady-state for parabolic problems such as (7.2). We prove that these
restriction and prolongation operators, in combination with the Galerkin con-
dition (7.6), lead to first- and second-derivative coarse grid operators with the
summation-by-parts property. Furthermore, we show that the resulting SBP
operators retain the order of accuracy of their fine grid counterparts at the in-
terior nodes. Finally, we numerically study the convergence to steady-state of
MG methods when using SBP-preserving interpolation operators. The tests are
performed comparing the spectral radius of the resulting multi-grid iteration
matrix with the one obtained by using linear prolongation and restriction op-
erators such that Ir = ITp /2. This analysis confirms that the SBP-preserving
interpolation leads to a significant improvement of the convergence rates.

Remark 7.1.3. The SBP-preserving relation Ir = P−1
2 ITp P1, in contrast to

Ir = ITp /2, yields a second order restriction operator which is consistent at the
boundaries, see Figure 7.1.

Figure 7.1: Linear prolongation Ip (top left), conventional restriction Ir = IT
p /2 (bottom

left) and second-order SBP-preserving restriction operator Ir = P−1
2 IT

p P1
(bottom right). The SBP-preserving relation leads to consistent restriction
operators.

Remark 7.1.4. The second-derivative SBP approximation D2 = D2 does not
modify modes with the Nyqust frequency. Since multi-grid methods for parabolic
problems should damp high frequency error modes, for all numerical experiments
in Paper V we use compact SBP operators (see section 3.1.1).

Remark 7.1.5. Because of the Galerkin condition, the approximation property
(7.5) is satisfied only when IpRu ≈ I1. Although this relation does not hold when
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using SBP-preserving prolongation operators, the MG method (7.4) converges
for all numerical experiments performed in Paper V.

7.2 Multi-grid for hyperbolic problems
Consider the linear wave propagation problem

ut + ux = f (x) , α < x < β, t > 0,
u (0, t) = g, t > 0,
u (x, 0) = u0 (x) , α < x < β,

(7.7)

where f , g and u0 are known data independent of time.

As a first attempt to accelerate the convergence of the SBP-SAT spatial ap-
proximation of (7.7) to steady-state, we use the algorithm (7.4). In Figure 7.2,
the logarithm of the spectral radius of the multigrid iteration matrix is shown
as a function of the CFL number, i.e. ∆t/∆x, for a second-order accurate dis-
cretization in space with centered finite-differences. For each multi-grid cycle,
we used ν = 5 steps of RK3 as iterative solver. Although the SBP-preserving

0 0.5 1 1.5 2

CFL
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-0.5

0

0.5

1

lo
g

(
(M

))

Logarithm of (M), 2nd order,  = 5

Single grid

SBP-preserving interpolation

Conventional interpolation

(M) = 1

Figure 7.2: Logarithm of ρ (M) for a second-order accurate SBP-SAT discretization of
(7.7) with 101 equidistant grid points and ν = 5 steps of RK3.

interpolation leads to an improved MG procedure also for this problem, the
CFL numbers that lead to convergence (i.e. for which ρ (M) < 1) could not
be predicted a priori. Hence, we concluded that the multi-grid algorithm (7.4)
was not always convergent for the model problem (7.7). This phenomenon can
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be explained by the spurious oscillation occurring when using centered finite-
difference stencils for hyperbolic problems. For this reason, wave propagation
problems will be computed using SBP-SAT upwind spatial approximations.

7.2.1 The TVD-MG algorithm

A possible strategy to accelerate the convergence to steady-state of (7.7) is to
use the TVD-MG algorithm proposed in [43]. This procedure was developed for
first-order accurate spatial approximations and prevents spurious oscillations in
the transient phase by preserving the TVD property. In Paper VI, we rewrite
this algorithm in matrix-vector notation as

Fine grid propagation: U
(1) = S1U

n + (I1 − S1)L−1
1 F 1;

Fine grid residual: r(1) = L1U
(1) − F 1;

Solution injection: U (2) = RuU
(1);

Coarse grid residual: F 2 = L2U
(2) − Irr(1); (7.8)

Coarse grid propagation: U
(2) = S2U

(2) + (I2 − S2)L−1
2 F 2;

Fine grid update: Un+1 = U
(1) + IIp

(
U

(2) −RuU
(1))

+ IEp

(
U

(2) −RuUn
)
.

In order to replicate the results given in [43], we introduce the new first-order
SBP upwind operator in (3.5), which is compatible with the definition given in
[25]. Numerical experiments show that this algorithm provides four times faster
wave propagation, similar to the one used in [43].

Before we move on to the extension to higher order discretizations, we compare
the MG algorithms (7.4) and (7.8). First of all, for hyperbolic problems we do
not directly solve the coarse grid correction problem L2U

(2) = F 2 in (7.4): we
rather use an iterative method based on time-marching to replicate the fine-grid
wave propagation on the coarse grid. Secondly, in order to preserve the TVD
property for first-order schemes, the fine grid update for (7.8) is performed by
means of two prolongation operators, IIp and IEp . The first of these two operators
deals only with the grid nodes included on the coarse grid, while the second one
considers the other nodes. In particular, IIp = RTu projects coarse grid functions
onto the fine grid, see Figure 7.3.

The residual restriction operator Ir used in (7.8) is said to be upwind-biased [43,
2], in contrast to the centered restriction operators used for parabolic problems
(cf. Figure 7.1). In other words, wave propagation problems are accelerated
with TVD-MG algorithms using residual restriction operators Ir biased by the
upwind direction.
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Figure 7.3: The interpolation operators used in the two-level algorithm (7.8) are the
injection operator Ru (top left), the restriction operator Ir (top right),
the prolongation operator for the included nodes II

p (bottom left) and the
prolongation operator for the excluded nodes IE

p (bottom right). Note that
Ir is inconsistent at the left boundary node.

7.2.2 Extension to higher order methods and systems

The interpolation operator Ir in Figure 7.3 is inconsistent at the left boundary
node. However, this choice ensures that the approximation property (7.5) holds
and indicates why the algorithm (7.8) leads to optimal convergence for first order
schemes. To extend the MG algorithm to high order upwind SBP-SAT spatial
approximations of (7.7), we consider residual restriction operators Ir satisfying
IrL1 = L2Ru. If the fine grid operator L1 is invertible, this interpolation
operator is unique and given by Ir = L2RuL−1

1 .

In this relation, Ru and L1 are fixed, while L2 depends on the order of accuracy
chosen for the coarse grid correction problem. Since the order of convergence
of MG does not depend on the accuracy of the operators on the coarse grids, a
first order upwind scheme is used to construct L2. This choice yields restriction
operators Ir which depend only on the order of accuracy of the fine grid dis-
cretization and the direction of the wave propagation. Furthermore, it gives rise
to a straightforward generalization of algorithms involving more than two grids,
since in this fashion the TVD-MG algorithm in [43] can be used with almost no
modification for coarser grids.

In Paper VI, we show that the new L-grid algorithm for high order methods
leads to 2L times faster wave propagation, as with the TVD-MG for first or-
der schemes. Moreover, we present an extension to hyperbolic systems which
retains the same pleasant feature. As an example, in Figure 7.4 we show the
convergence plots for the fifth- and sixth-order approximations of the linearized
one dimensional symmetrized compressible Euler equations with characteris-
tic boundary conditions. Analogous convergence plots are provided for a set
of non-characteristic boundary conditions in Figure 7.5. In this case the left-
and right-traveling waves are partly reflected back into the domain. This ef-
fect introduces dissipation and characterizes the convergence of the problem to
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Figure 7.4: Convergence plots for the multigrid algorithm (7.8) applied to the fifth- and
sixth-order approximations of the linearized one dimensional symmetrized
form of the compressible Euler equations with characteristic boundary con-
ditions.

steady-state. Nonetheless, the new MG algorithm accelerates the convergence
by increasing the convergence rate proportionally to the number of grids used.
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sixth-order approximations of the linearized one dimensional symmetrized
form of the compressible Euler equations with a set of non-characteristic
boundary conditions.
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Summary of papers

Paper I: On conservation and stability properties
for summation-by-parts schemes
In Paper I, we show that conservative and stable numerical approximations of
variable coefficient problems require a boundary and interface conforming grid.
As a model problem, the linear advection equation with a variable coefficient
is considered. We provide a conservative and stable single- and multi-block
SBP-SAT approximation of this problem. It is also shown that GSBP-SAT
formulations can be either conservative or stable.

Paper II: On pseudo-spectral time discretizations
in summation-by-parts form
In Paper II, we prove that (G)SBP-SAT pseudo-spectral methods in time leads
to discrete operators having eigenvalues with strictly positive real parts. This
result also implies that pseudo-spectral collocation methods for the time deriva-
tive lead to invertible systems when energy-stable spatial approximations are
used.

Paper III: Eigenvalue analysis for summation-by-
parts finite difference time discretizations
Paper III deals with the same problem as in Paper II, but for finite-difference
based time integration methods in summation-by-parts form. We prove that
the second, fourth and sixth order time discretizations have eigenvalues with
strictly positive real parts. Furthermore, we provide a general procedure to
prove the same result for even higher order summation-by-parts approximations
with repeating stencil.

Paper IV: Dual time-stepping using second deriva-
tives
A new DTS technique with two derivatives in pseudo-time is studied and com-
pared with the usual DTS, in Paper IV. The new formulation improves the
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decay rate compared to the classical time-marching if the eigenvalues of the
operator F representing the system are near the imaginary axis. Furthermore,
the new second-derivative DTS reduces the stiffness of the problem if the spec-
trum resides outside the unitary circle. As a drawback, the computation of the
principal square root of F is required.

Paper V: A new multigrid formulation for high
order finite difference methods on summation-by-
parts form
In Paper V, the Galerkin condition is used in combination with the SBP-
preserving interpolation operators to accelerate the convergence to steady-state
of multi-grid methods applied to SBP-SAT finite-difference approximations of
parabolic problems. The new procedure is compared with the conventional MG
algorithm, which makes use of prolongation and restriction operators based on
linear interpolation procedures, regardless of the accuracy of the discretization.
Clear improvements of the convergence rate are achieved for the Poisson prob-
lem, anisotropic elliptic equations and advection diffusion problems, irrespective
of the order of the discretization.

Paper VI: Multigrid schemes for high order dis-
cretizations of hyperbolic problems
Paper VI deals with multi-grid methods for hyperbolic IBVPs. For these prob-
lems, we replicate the TVD-MG algorithm for first order schemes by using first
order upwind SBP-SAT finite difference approximations. The MG algorithm for
hyperbolic problems is then extended to high-order methods by complementing
the wave propagation with the TVD-MG for first order schemes on coarse grids.
The new L-grid algorithm for high order upwind SBP-SAT approximations leads
to 2L times faster wave propagation.
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