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Cramér-Rao Bounds for Filtering Based on

Gaussian Process State-Space Models
Yuxin Zhao, Member, IEEE, Carsten Fritsche, Member, IEEE, Gustaf Hendeby, Senior Member, IEEE,

Feng Yin, Member, IEEE, Tianshi Chen, Member, IEEE, Fredrik Gunnarsson, Senior Member, IEEE.

Abstract—Posterior Cramér-Rao bounds (CRBs) are derived
for the estimation performance of three Gaussian process-based
state-space models. The parametric CRB is derived for the case
with a parametric state transition and a Gaussian process-based
measurement model. We illustrate the theory with a target
tracking example and derive both parametric and posterior
filtering CRBs for this specific application. Finally, the theory
is illustrated with a positioning problem, with experimental
data from an office environment where the obtained estimation
performance is compared to the derived CRBs.

Index Terms—Cramér-Rao bound, Gaussian process, state-
space model, nonlinear estimation

I. INTRODUCTION

A. Motivations and Background

The study of Gaussian process (GP)-based state-space mod-

els has been emerging in recent years. Dynamic models for the

state formulated as Gaussian processes are introduced in [2].

There are also studies on Gaussian process-based measurement

models, such as [3] and [4]. A full state-space model given by

Gaussian process is provided in [5]. State estimation based on

Gaussian process models have been investigated from various

perspectives. For instance, inference and learning for Gaussian

process state-space model is studied in [6], and particle

filtering is applied to obtain state estimation sequentially for

a Gaussian process-based measurement model in [7] and [8].

However, so far, there are barely any studies on the theo-

retical bounds for the above mentioned estimation problems

formulated by Gaussian process state-space models, while

understanding the performance limitation is essential from

various aspects. For instance, assessing the theoretical lower

limits can help to evaluate the performance of a certain

estimation algorithm by measuring how far away the achieved

performance is from the bound. Besides, since the theoretical

bound provides a best achievable estimation performance

under certain conditions, before designing any algorithm, the
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bound can be computed to have a general understanding about

the estimation problem which needs to be solved.

For static estimation problems with Gaussian process mod-

els, different lower bounds have been derived, such as the

Cramér-Rao Bounds (CRBs) given in [9] and [10]; Barankin

bounds are derived in [11]. For dynamic estimation problems,

which are usually formulated in a state-space form and solved

sequentially, to our best knowledge, there is rarely any work

touching upon the theoretical lower limits for state-space

models formulated by Gaussian processes. To this end, we are

aiming at deriving the theoretical lower bounds for Gaussian

process state-space models. To be more specific, we focus

on parametric and posterior filtering Cramér-Rao Bounds for

Gaussian process state-space models in various forms.

B. Related Work and Contributions

A dynamic estimation problem is usually formulated us-

ing a state-space representation and consists of two parts.

The first part is the state transition model, which accounts

for the evolution of the states over time. The second part

is the measurement model, which describes how the out-

puts/measurements are related to the states. The aim is to

estimate the unknown states from the measurements. There

are also cases where the unknown parameters in the state

transition and measurement model need to be estimated. One

way to estimate the unknown parameters is to estimate them

at the same time as sequentially estimating the states, see for

instance [5]. Correspondingly, the theoretical lower limits on

both the unknown states and parameters in the models can

be derived, and the limits are known as hybrid bounds, see

for instance [12]. Another way is to assume an off-line phase,

where the unknown parameters are estimated from a set of pre-

collected training data. Then, the states are estimated based

on the models with known parameters. According to [13],

the CRBs derived with deterministic parameters are generally

tighter than the hybrid CRBs. In this work, we focus on the

lower limits for states estimation rather than for the model

parameters. Hence, the model parameters are considered as

deterministically known.

A common choice for the state transition and measurement

model is the parametric way. For instance, in a linear state-

space model, both the state transition and measurement are

given as linear functions [14]. However, both state transition

and measurement can also be formulated in a non-parametric

way, for instance, using a Gaussian process which imposes

a Gaussian prior on the underlying function. Considering
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TABLE I: Four cases of state-space models

Case Description

0 Parametric state transition model and parametric measurement model

1 Parametric state transition model and non-parametric measurement model

2 Non-parametric state transition model and parametric measurement model

3 Non-parametric state transition model and non-parametric measurement model

complex scenarios where it is very difficult to parametrize

both state transition and measurement model, the complex

parametric models are at the expense of increasing the number

of parameters to be estimated. However, for complex modeling

problems, a non-parametric approximation might be better,

since the models are purely constructed from the off-line

training data. This is especially beneficial when the training

data set is big and the off-line computation power is not a

big issue. It is good to mention that if either of the motion

or measurement model can be represented precisely by a

deterministic parametric model, there is no need to use non-

parametric methods where usually a training phase is required

to collect lager sets of training data. A more detailed intro-

duction to Gaussian process regression as a non-parametric

method will be provided in Section II. Hence, considering the

fact that the state transition and measurement function can

be in either parametric or non-parametric form, four different

cases can be formulated, which are summarized in Table I.

Since case 0 is the normal case which can be handled by

standard methods, such as different types of Kalman filters, it

is not studied in this work.

Gaussian process regression is considered as the potential

non-parametric method throughout this paper. Similar defi-

nitions of the above mentioned cases can also be found in

[5]. In literature, numeric methods have been used to solve

the estimation problems in those cases. In [7], tracking based

on Received-Signal-Strength (RSS) using a Gaussian Process-

based measurement model is investigated. GP is also applied to

model RSS measurements from inertial sensors in [15] and is

further combined with distributed particle simultaneous local-

ization and mapping to perform indoor tracking. Inference and

learning is done in [6] for the case where both transition and

measurement functions are modeled by Gaussian processes.

The CRBs have been derived extensively for case 0 in

the literature. For instance, the parametric bound has been

derived for discrete filtering in [16], and the posterior CRB for

discrete filtering has been derived in [17] and [18]. However,

for GP-based state-space models, to the best of our knowledge,

there are rarely any relevant research. The technical difficulties

for Gaussian process-based models may potentially occur in:

computation of the Fisher/Bayesian information for the estima-

tion, derive a statistical framework for Gaussian process state

transition and measurement model, and evaluate the derived

bounds with specified estimation examples. The contributions

of this work can be summarized as follows: (I) state-space

models based on Gaussian processes and corresponding state

estimation algorithms are developed; (II) the theoretical lower

bounds (i.e., parametric and posterior CRBs) for nonlinear

state estimation problems are derived for Gaussian process-

based state-space models; (III) furthermore, both parametric

and posterior filtering CRBs are derived for a specific target

tracking example; (IV) the derived CRBs and estimation

algorithms are validated in simulations.

C. Paper Organization and Notations

The remainder of this paper is organized as follows: A

brief introduction to Gaussian process regression is given

in Section II; Section III formulates three different state-

space models based on Gaussian processes and provide corre-

sponding estimation algorithms; Then, the parametric CRB is

derived in Section IV, while the posterior CRBs for the three

different cases are derived in Section V. CRBs for filtering

are further derived for a specific example of target tracking in

Section VI. The simulation results are given in Section VII.

Finally, conclusions are drawn in Section VIII.

Throughout this paper, matrices are presented with upper-

case letters, vectors with boldface lowercase letters and scalars

with lowercase letters. The notation is defined and summarized

in Table II.

II. BRIEF INTRODUCTION OF GAUSSIAN PROCESS

In this section, a brief introduction to Gaussian processes

is provided. Gaussian process models constitute a class of im-

portant Bayesian non-parametric models for machine learning,

which are tightly connected to several other salient models,

such as support vector machines, single-layer Bayesian neural

networks, and auto-regressive-moving-average [19]. The gist

of GP models is to impose a Gaussian prior on the func-

tion/system f(x) and then compute the posterior distribution

over the function given the observed data. GP models have

been used in a plethora of applications due to their outstanding

performance in function approximation with a self-contained

uncertainty bound. Gaussian process models are simple in

terms of their mathematical formulation and analysis due to

the Gaussian assumption.

To be more specific, a Gaussian process is a generalization

of the Gaussian probability distribution. In a Gaussian process,

every point in some continuous input space is associated with

a normally distributed random variable. Moreover, every finite

collection of those random variables has a multivariate normal

distribution. The distribution of a Gaussian process is the joint

distribution of all those (infinitely many) random variables.

Generally used as a machine learning method, the Gaussian

process measures the similarity between different points to

TABLE II: Notations

Notation Definition

[·]T Vector/matrix transpose

[·]−1 Inverse of a non-singular square matrix

tr(·) Trace of a square matrix

In Identity matrix of size n
‖ · ‖ Euclidean norm of a vector

| · | Cardinality of a set

E(·) Statistical expectation

X(·)T Short-hand notation for XXT

ln(·) Natural logarithm

log10(·) Logarithm to base 10

⊗ Kronecker product

∇θ = ∂/∂θ Gradient operator

∆
θ1
θ2

= ∇θ2
∇T

θ1
Hessian operator

N (x|µ,Σ) Gaussian distribution of x with mean µ and variance Σ

x0:k Stacked vector from time 0 to time k, [xT
0 , . . . ,xT

k ]T
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predict the observation value for new inputs. Let us consider

a scalar real-valued Gaussian process regression model

y = f(x) + e, (1)

where y is the scalar output, x is the input vector, e is additive

noise and f(x) is a Gaussian process denoted

f(x) ∼ GP(m(x), k(x,x′)). (2)

The function f(x) is characterized by its mean m(x) and

covariance/kernel function k(x,x′). The mean and kernel

function may contain a set of hyperparameters, which are

denoted as θ. The noise term is usually considered to be Gaus-

sian distributed with zero mean and variance σ2
e . Examples of

the covariance function include the stationary kernels, such as

the Squared Exponential (SE), Matérn and exponential kernels

[20], and also non-stationary kernels studied in [21], [22].

Usually, we are primarily interested in incorporating the

knowledge from the training data set onto the function. Let

us denote the training data set as D ,
{

X̄, ȳ
}

, where

X̄ = [x̄0, x̄1, . . . , x̄N−1] is the set of inputs and ȳ =
[ȳ0, ȳ1, . . . , ȳN−1]

T is the set of outputs. Then we make

predictions. It is natural to have the joint distribution of the

training observations ȳ, and the prediction of function f∗ at

a new test input value x∗. From previous statements about

Gaussian processes, we know that the joint distribution of a

collection of Gaussian distributed variables are still Gaussian

distributed. Hence, we have

p(f |X, θ) = N (f |m(X̄),K(X̄, X̄, θ)), (3)

where m(X̄) = [m(x̄0),m(x̄1), . . . ,m(x̄N−1)]
T and

K(X̄, X̄, θ) denotes the covariance matrix for the training

input data X̄:

K(X̄, X̄, θ) =







k(x̄0, x̄0) · · · k(x̄0, x̄N−1)
...

. . .
...

k(x̄N−1, x̄0) · · · k(x̄N−1, x̄N−1)






.

(4)

For the noisy observations ȳ (the noise and the function

f are usually assumed to be uncorrelated), the probability

distribution can be obtained by adding zero mean Gaussian

noise of covariance σ2
eIN , with IN denotes the identity matrix

of size N , which is given by

p(ȳ|X̄, θ) = N (ȳ|m(X̄),K(X̄, X̄, θ) + σ2
eIN ). (5)

Then, the joint distribution of the observations ȳ and a new

function prediction f∗ at a new input x∗ can be derived as

p(f∗, ȳ|X̄,x∗, θ)

=N

(

f∗, ȳ |

[

m(X̄)
m(x∗)

]

,

[

K(X̄, X̄) + σ2
eIN k(X̄,x∗)

k(x∗, X̄) k(x∗,x∗)

])

,

(6)

where k(X̄,x∗) = [k(x̄0,x
∗), . . . , k(x̄N−1,x

∗)]T =
kT (x∗, X̄). Similarly, k(x∗,x∗) is the covariance of f(x∗),
and K(X̄, X̄) is a shorthand notation for K(X̄, X̄, θ). It

should be noted that K(X̄, X̄), k(X̄,x∗) and k(x∗,x∗) all

contain the hyperparameter θ. Then, the prediction distribu-

tion, given all the training data and the test point x∗, can be

obtained according to the properties of multivariate Gaussian

distribution

p(f∗|x∗, X̄, ȳ, θ) = N (f∗|µ̄∗, cov(f∗)) , (7)

where

µ̄∗=m(x∗)+k(x∗, X̄)[K(X̄, X̄)+σ2
eIN ]−1(ȳ−m(X̄)),

(8a)

cov(f∗)=k(x∗,x∗)−k(x∗, X̄)[K(X̄, X̄)+σ2
eIN ]−1k(X̄,x∗).

(8b)

Detailed derivations can be found in [20, Appendix 2]. Then,

the conditional probability of the noisy observation y∗ at the

test point x∗ can be derived as

p(y∗|x∗, X̄, ȳ, θ) =

∫

N (y∗, f∗|x∗, X̄, ȳ, θ)df∗

=

∫

p(y∗|f∗)p(f∗|x∗, X̄, ȳ, θ)df∗

= N (y∗|µ̄∗, k̄∗), (9)

where

k̄∗ = cov(f∗) + σ2
e

= k(x∗,x∗) + σ2
e

− k(x∗, X̄)[K(X̄, X̄) + σ2
eIN ]−1k(X̄,x∗). (10)

It is noted that for (9) to hold, both distributions p(y∗|f∗)
and p(f∗|x∗, X̄, ȳ, θ) need to be Gaussian, which is fulfilled

according to (7) and the model given in (1).

III. GAUSSIAN PROCESS-BASED SYSTEM MODELS

In this section, we will first introduce a general state-space

model and briefly describe the estimation problem. Then, the

system models for the last three cases defined in Table I are

investigated.

We focus on an estimation problem which can be cast into

a state-space formulation, which, in a general form is given

by:

xk+1 = f(xk) +wk, (11a)

yk = g(xk) + ek, (11b)

where xk denotes the p × 1 state vector which needs to be

estimated, yk denotes the n×1 measurement vector, wk is the

process noise which is independent and Gaussian distributed

with zero mean and covariance Q, ek is the measurement

noise which is also independent and zero mean Gaussian

with covariance R. The state transition function is defined

as f(·) : R
p → R

p, and the measurement function is

defined as g(·) : R
p → R

n. The functions f(·), g(·) are

in arbitrary parametric/non-parametric forms. Both functions

may depend on some unknown parameters, which are denoted

by θ. It is further assumed that the parametric functions are

smooth and continuously differentiable. For non-parametric

functions, we assume that f(x) belongs to a reproducing

kernel Hilbert space (RKHS) defined by the kernel function

Kf(x,x
′); Similarly, g(x) belongs to another RKHS defined

by the kernel function Kg(x,x
′). We need to assume further

that both Kf (x,x
′) and Kg(x,x

′) are selected appropriately
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f₀ f₁

x₀ x₁ x₂

g₀ g₁ g₂

y₀ y₁ y₂

Fig. 1: Generic system model: f denotes the state transition

function and g denotes the measurement model.

according to our prior knowledge about the data structure

and they are smooth and differentiable. Universal kernels as

introduced in [23] and [24] can be used if the prior knowledge

is not available. If both functions are modeled by Gaussian

processes, we obtain the graphical model as illustrated in

Fig. 1, where there are dependencies over time (denoted by

solid lines) between the transition functions and measurement

functions [5]. It should be noted that this is not fully complying

with the previously defined state-space model given in (11),

which has the Markov property. Before deriving the theoretical

lower bounds for the estimation problem formulated in (11),

we first specify the following joint distribution

p(y0:k,x0:k) = p(y0:k|x0:k)p(x0:k). (12)

In what follows, p(y0:k|x0:k) and p(x0:k) will be derived for

three different cases.

To train the state transition and measurement models, a

set of training data D has been collected during the off-line

training phase. The training inputs X̄ are the same as those

defined in Section II. The training outputs consist of a stack

of measurement vectors ȳ = [ȳT
0 , ȳ

T
1 , . . . , ȳ

T
N−1]

T . After the

off-line training phase, both the parameters in the parametric

function and hyperparameters θ in the GP model are estimated.

In this work, the estimation error of the parameters are

not considered in the bound calculation. Hence, when we

derive the bounds, all the model parameters are considered

as deterministically known. However, it would be interesting

to include the estimation error of the model parameters in the

bound derivation in our future research. Then, in the on-line

estimation phase, we are aiming to estimate the current state

vector xk, given the measurements up to time k, namely y0:k.

A. GP-based State Transition Model with GP-based Measure-

ment Model

In this case, we investigate the case where both state tran-

sition and measurement models are non-parametric Gaussian

processes with additional white Gaussian noise. To be more

specific, the functions f(x) and g(x) are defined as

f(x) ∼ GP(mf (x),Kf(x,x
′)), (13)

g(x) ∼ GP(mg(x),Kg(x,x
′)), (14)

where mg(x) = [mg,1(x), . . . ,mg,n(x)]
T and mf (x) =

[mf,1(x), . . . ,mf,p(x)]
T are the mean functions. Kg(x,x

′)
is the kernel/covariance function for the measurement model,

which is a n × n square matrix and Kf (x,x
′) is the kernel

function for the state transition model, which is a p × p
square matrix. It is further assumed that the selected mean and

kernel functions defined in (14) are smooth and continuously

differentiable with respect to x.

In general, to derive the theoretical lower bounds, we are

aiming to compute the joint distribution of the states and

measurements from time 0 up to time k, given the training

dataset D, which can be formulated as

p(y0:k,x0:k) , p(y0:k,x0:k|D)

= p(y0:k|x0:k,D)p(x0:k|D), (15)

where the subscript indicates a stack of vector from time 0 to

k, p(y0:k|x0:k,D) is the likelihood function and p(x0:k|D) is

the joint distribution of states given the training dataset.

Let us first derive the likelihood/conditional distribution of

the measurements given the states from time 0 to k. As g(x)
is a random function, the likelihood distribution is computed

as

p(y0:k|x0:k,D) =

∫

p(y0:k|g0:k,D)p(g0:k|x0:k,D)dg0:k

(16)

where g0:k , [g(x0)
T , . . . , g(xk)

T ]T denotes the stacked

measurement functions from time 0 to k. For example,

when k = 0, we have g0:0 = g(x0). Given the functions

g0:k, the measurement vector y0:k is obtained by adding

independent additive Gaussian noise. Hence, the distribution

p(y0:k|g0:k,D) is independent of the training dataset D,

yielding

p(y0:k|g0:k,D) = p(y0:k|g0:k)

= N (y0:k|g0:k, Ik+1 ⊗R). (17)

It remains to derive the term p(g0:k|x0:k,D), which can be

computed according to the definition of Gaussian process as

p(g0:k|x0:k,D) = N (g0:k|µ̄g(x0:k), K̄g(x0:k)), (18)

where

µ̄g(x0:k)=KT
g (x0:k, X̄)K̃−1

g (ȳ−mg(X̄))+mg(x0:k)
(19a)

K̄g(x0:k)=Kg(x0:k,x0:k)−KT
g (x0:k, X̄)K̃−1

g Kg(x0:k, X̄),
(19b)

with K̃g a short-hand notation for K̃g(X̄, X̄) , Kg(X̄, X̄) +
IN ⊗ R. The mean mg(X̄) and covariance Kg(X̄, X̄) are

constructed by the definition of a Gaussian process as

mg(X̄) ,
[

mT
g (x̄0),m

T
g (x̄1), . . . ,m

T
g (x̄N−1)

]T
(20a)

Kg(X̄, X̄),











Kg(x̄0, x̄0) · · · Kg(x̄0, x̄N−1)
Kg(x̄1, x̄0) · · · Kg(x̄1, x̄N−1)

...
. . .

...

Kg(x̄N−1, x̄0) · · · Kg(x̄N−1, x̄N−1)











.

(20b)

Similarly, Kg(x0:k,x0:k) and Kg(x0:k, X̄) can be constructed

as illustrated in (20b). It is worth noticing, that from (19b),

K̄g(x0:k) has a non-diagonal structure due to the dependencies
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of the measurement functions g(x) over time. The diagonal

elements of the matrix K̄g(x0:k) is given by

K̄g(xk) = Kg(xk,xk)−KT
g (xk, X̄)K̃−1

g Kg(xk, X̄), (21)

and the off-diagonal elements are given by

Kg(xk,xj)−KT
g (xk, X̄)K̃−1

g Kg(xj , X̄), k 6= j. (22)

The mean vector µ̄g(x0:k) is given by

µ̄g(x0:k) = [µ̄T
g (x0), µ̄

T
g (x1), . . . , µ̄

T
g (xk)]

T , (23)

where

µ̄g(xk) = KT
g (xk, X̄)K̃−1

g (ȳ −mg(X̄)) +mg(xk). (24)

Then, the likelihood distribution can be computed by substi-

tuting (18) into (16), yielding

p(y0:k|x0:k,D) =

∫

p(y0:k|g0:k)p(g0:k|x0:k,D)dg0:k

=

∫

N (y0:k|g0:k, Ik+1⊗R)N (g0:k|µ̄g(x0:k), K̄g(x0:k))dg0:k

= N (y0:k|µ̄g(x0:k), K̄g(x0:k) + Ik+1 ⊗R). (25)

Furthermore, the joint distribution of the states can be

partitioned as

p(x0:k|D) =

∫

p(x0:k, f0:k−1|D)df0:k−1

=

∫

p(x0:k|f0:k−1,D)p(f0:k−1|D)df0:k−1 (26)

where f0:k−1 , [f(x0)
T , . . . ,f(xk−1)

T ]T . For example,

when k = 1, we have f0:0 = f(x0). Given the trained

functions f(x0:k−1), the states at time k can be obtained by

adding independent Gaussian noise. Hence, the distribution

p(x0:k|f0:k−1,D) is independent of the training dataset D
given the functions f0:k−1, yielding

p(x0:k|f0:k−1,D) = p(x0:k|f0:k−1)

= p(x0)

k
∏

t=1

N (xt|ft−1, Q)

= p(x0)N (x1:k|f0:k−1, Ik ⊗Q). (27)

To train the state transition function, we take X̄I ,

[x̄0, x̄1, . . . , x̄N−2] and x̄O , [x̄T
1 , x̄

T
2 , . . . , x̄

T
N−1]

T from the

training dataset D = {X̄, ȳ} as the training inputs and outputs,

respectively. From the introduction of Gaussian process given

in Section II, we have

p(f0:k−1|D) = N (f0:k−1|µ̄f (x0:k−1), K̄f(x0:k−1)), (28)

where

µ̄f (x0:k−1) = KT
f (x0:k−1, X̄I)K̃

−1
f (x̄O −mf (X̄I))

+mf(x0:k−1) (29a)

K̄f(x0:k−1) = Kf(x0:k−1,x0:k−1)

−KT
f (x0:k−1, X̄I)K̃

−1
f Kf (x0:k−1, X̄I), (29b)

f₀ f₁

x₀ x₁ x₂

g₀ g₁ g₂

y₀ y₁ y₂

(a)

f₀ f₁

x₀ x₁ x₂

g₀ g₁ g₂

y₀ y₁ y₂

(b)

f₀ f₁

x₀ x₁ x₂

g₀ g₁ g₂

y₀ y₁ y₂

(c)

Fig. 2: State-space models: (a), GP-based state transition

and measurement functions; (b), parametric state transition

and GP-based measurement functions; (c), GP-based state

transition and parametric measurement functions.

with K̃f stands for K̃f(X̄I, X̄I) , Kf (X̄I, X̄I) + IN−1 ⊗ Q.

The mean mf (X̄I) and covariance Kf(X̄I, XI) are constructed

by the definition of Gaussian process as

mf (X̄I),
[

mT
f (x̄0),m

T
f (x̄1), . . . ,m

T
f (x̄N−2)

]T
(30a)

Kf (X̄I, X̄I),











Kf(x̄0, x̄0) · · · Kf (x̄0, x̄N−2)
Kf(x̄1, x̄0) · · · Kf (x̄1, x̄N−2)

...
. . .

...

Kf (x̄N−2, x̄0) · · · Kf(x̄N−1, x̄N−2)











.

(30b)

In general, K̄f(x0:k−1) is not a diagonal matrix. The diagonal

elements are given by

K̄f(xk)=Kf(xk,xk)−KT
f (xk, X̄I)K̃

−1
f Kf(xk, X̄I), (31)

and the off-diagonal elements is given by

Kf (xk,xj)−KT
f (xk, X̄I)K̃

−1
f Kf(xj , X̄I), k 6= j. (32)

The mean vector µ̄f (x0:T ) is given by

µ̄f (x0:k) = [µ̄T
f (x0), µ̄

T
f (x1), . . . , µ̄

T
f (xk)]

T , (33)

where

µ̄f (xk)=KT
f (xk, X̄I)K̃

−1
f (x̄O−mf(X̄I))+mf(xk). (34)

By substituting (28) and (27) into (26), we obtain

p(x0:k|D) =

∫

p(x0:k|f0:k−1)p(f0:k−1|D)df0:k−1

= p(x0)N (x1:k|µ̄f (x0:k−1), K̄f(x0:k−1) + Ik ⊗Q). (35)

Hence, the joint probability of all states and measurements up

to time k can be computed by substituting (35) and (25) into

(15). However, by further examining the covariance matrix
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K̄g(x0:k) and K̄f (x0:k−1), it is observed that xk depends not

only on xk−1, but also x0:k−2. Similarly, the measurement yk

depends on x0:k and y0:k−1. The above mentioned correlations

will further complicate the derivation of Cramér-Rao Bounds,

which may lead to greatly increased computational complexity.

Hence, the generic Gaussian process-based system model

shown in Fig. 1 is further simplified by assuming indepen-

dence across state transition functions f and measurement

functions g as illustrated in Fig. 2a. One practical example

would be a target tracking scenario, with the positions/velocity

are considered as states, and the radio measurements are used

as observations. Then, it is usually assumed that the current

state is related to the state at previous time stamp, and the

radio measurements are only related to current position. In

other words, after we have trained the GP models off-line,

at each time k, the distribution of measurement yk can be

computed given the input xk and training data, yielding

p(yk|xk,D) = N (yk|µ̄g(xk), K̄g(xk) +R). (36)

Since the measurement at time k only depends on current

states xk and training dataset, the likelihood function reduces

to

p(y0:k|x0:k,D) =

k
∏

t=0

p(yt|xt,D) (37)

=
k
∏

t=0

N (yt|µ̄g(xt), K̄g(xt) +R). (38)

The joint distribution of all states up to time k reduces to

p(x0:k|D) = p(x0)

k
∏

t=1

p(xt|xt−1,D) (39)

= p(x0)

k
∏

t=1

∫

p(xt|ft−1)p(ft−1|xt−1,D)dft−1

=p(x0)

k
∏

t=1

∫

N(xt|ft−1, Q)N(ft−1|µ̄f (xt−1), K̄f (xt−1))dft−1

= p(x0)

k
∏

t=1

N (xt|µ̄f (xt−1), K̄f(xt−1) +Q). (40)

B. Parametric State Transition Model with GP-based Mea-

surement Model

In this case, the state-space model appears as a parametric

state transition with a non-parametric measurement model.

Again, the model can be simplified as illustrated in Fig. 2b

if further assuming independence across the measurement

functions g. Hence, the likelihood distribution p(y0:k|x0:k,D)
can be computed as given in (38).

Since the state transition function is deterministic and due

to the independence assumption across the functions f , the

Markov property of the states is preserved. Hence, the joint

distribution of state vectors up to time k can be computed as

p(x0:k) = p(xk|x0:k−1)p(xk−1|x0:k−2) · · · p(x1|x0)p(x0)

=p(x0)

k
∏

t=1

p(xt|xt−1)=p(x0)

k
∏

t=1

N (xt|f(xt−1), Q). (41)

C. GP-based State Transition Model with Parametric Mea-

surement Model

This subsection studies the case where the state transition is

modeled by Gaussian process and the measurement model is

given by a parametric and deterministic function g. Using the

same assumption as in (40), independence is assumed across

functions f . Since the measurement function g is deterministic

and there is no correlation over time, the state-space model in

this case can be graphically illustrated in Fig. 2c.

Without repeating similar derivations, the joint distribution

of states up to time k is given in (35). Considering a state-

space model as illustrated in Fig. 2c, the likelihood distribution

p(y0:k|x0:k) is derived as

p(y0:k|x0:k) =

k
∏

t=0

p(yt|xt) =

k
∏

t=0

N (yt|g(xt), R). (42)

D. Some Implications to State Estimation and Assumptions

Considering the three different cases that have been dis-

cussed so far, some implications on the state estimation algo-

rithm for each model will be summarized in this subsection.

To be more specific, a particle filtering algorithm is adapted

to the three different cases.

A particle filter numerically approximates the posterior

density p(xk|y0:k) by a finite set of Ns weighted samples (also

called particles), that evolve dynamically on a probabilistic

grid of the state-space. It is based on sequential importance

sampling, and became practically useful after adding a re-

sampling step [25]. Since its development in the early 1990s,

various particle filter variants have appeared in the literature

[26]. In this work, regarding the above mentioned GP-based

state-space models, we focus on the bootstrap particle filter

with importance density chosen to be the transitional prior

p(xk|xk−1), due to its simplicity and satisfactory perfor-

mance. The particle filtering algorithm for the estimation

problem formulated previously is summarized in Algorithm 1.

For different state-space models as introduced in previous

subsections, the state transitional prior and likelihood distri-

bution are specified differently. Hence, we have

1) For Gaussian process-based state transition and Gaussian

process-based measurement model,

p(xk|xk−1) , p(xk|xk−1,D)

= N (xk|µ̄f(xk−1), K̄f (xk−1) +Q)

p(yk|xk) , p(yk|xk,D)

= N
(

yk|µ̄g(xk), K̄g(xk) +R
)

.

where µ̄g(xk) and K̄g(xk) are given in (24) and (21),

and µ̄f (xk) and K̄f(xk) are given in (34) and (31).

2) For parametric state transition and Gaussian process-

based measurement model,

p(xk|xk−1) = N (xk|f(xk−1), Q)

p(yk|xk) , p(yk|xk,D)

= N
(

yk|µ̄g(xk), K̄g(xk) +R
)

.

where µ̄g(xk) and K̄g(xk) are given in (24) and (21).
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Algorithm 1 Particle Filter

1) Initialization: Draw Ns samples x
(i)
0 ∼ p(x0), and set

w
(i)
0 = 1/Ns, for all i = 1, ..., Ns.

2) For k = 1, ..., T , do:

a) For i = 1, ..., Ns, draw samples from the state

transition distribution,

x
(i)
k ∼ p(xk|x

(i)
k−1). (43)

b) Update weights according to

w
(i)
k ∝ w

(i)
k−1p(yk|x

(i)
k ),

for i = 1, ..., Ns, such that
∑Ns

i=1 w
(i)
k = 1.

c) An approximation to the posterior filtering expec-

tation is given by

x̂PF,k(y0:k)
∆
=

Ns
∑

i=1

w
(i)
k x

(i)
k ≈ E{xk|y0:k}.

d) Resampling: If Neff = 1/
∑N

i=1(w
(i)
k )2 < Nth, then

perform multinomial resampling [27].

3) For Gaussian process-based state transition and paramet-

ric measurement model,

p(xk|xk−1) , p(xk|xk−1,D)

= N (xk|µ̄f (xk−1), K̄f(xk−1) +Q)

p(yk|xk) = N (yk|g(xk), R),

where µ̄f (xk) and K̄f(xk) are given in (34) and (31).

Before we start to derive the CRBs, there are some assump-

tions that we need to state. In this work, we consider a

relatively simpler GP system model in the sense that a batch

of training data is available a priori. In one example, the data

set D can be a set of calibrated trajectories with known inputs

(states) and output (e.g., wireless measurements). With this

training data set, we can get the posterior distribution (i.e.,

the equations p(xk|xk−1) and p(yk|xk) given above), given

the GP prior f(x) ∼ GP (m(x),Kf (x,x
′)) and the data set

D. Take p(xk|xk−1) as an example, the posterior can be seen

as xk = µ̄f (xk−1)+vk , with the noise vk covariance matrix

equal to K̄f(xk−1) +Q. When the training data set is large,

the GP modeling error K̄f(xk−1) will be negligible (i.e., the

model parameters are considered as deterministically known).

When the training data set is too small, K̄f(xk−1) will be

large and even dominant in comparison with Q, and in this

case the bound will be affected.

However, in [2], [28], they assume no prior training data,

and the GP model (namely the kernel hyperparameters) will

be estimated jointly with the latent state in the GP system

model. The estimation problem is very difficult. The log-

marginal likelihood itself is mathematically intractable so that

the Evidence Lower BOund (ELBO) is derived instead using

a variational approximation. The estimation problem involves

a large scale optimization which is not guaranteed to converge

to a stationary point. Deriving a bound for this more advanced

model would be very interesting in our future work.

IV. PARAMETRIC CRB

Parametric CRB provides a lower bound of the mean

squared error (MSE) matrix, conditioned on a specific state

sequence x0:k. Due to the conditioning, there is no need to

generate state trajectories from the process model, and one can

use any state trajectory of interest. The parametric CRB for

filtering P0:k(x0:k) bounds on the conditional MSE matrix for

any unbiased estimator x̂0:k(y0:k) as follows

E{(x̂0:k(y0:k)− x0:k)(·)
T | x0:k} � P0:k(x0:k), (47)

where P0:k(x0:k) is the inverse of the auxiliary Fisher infor-

mation matrix (FIM) J0:k(x0:k) [16], (X)(·)T denotes XXT ,

and the inequality means that the difference E{(x̂0:k(y0:k)−
x0:k)(·)T | x0:k} − P0:k(x0:k) is positive semi-definite. The

parametric CRB only holds for unbiased estimators.

The auxiliary Fisher information matrix J0:k(x0:k) of the

state sequence x0:k is defined as

J0:k(x0:k)=Ey0:k,z1:k

{

−∆x0:k
x0:k

lnp(y0:k, z1:k|x0:k)|x0:k

}

(48)

The auxiliary sequence z1:k is introduced to incorporate the

deterministic state information into the bound computations.

We rewrite this as a set of equality constraints, given by:

xi+1 − f(xi)−wi = 0, for i = 0, . . . , k− 1. Then, it can be

further interpreted as a set of measurements xi+1 − f(xi)−
wi = zi+1, with zi+1 = 0, ∀i. To stay in the probabilistic

framework, those equality constraints are added as zero-mean

Gaussian noise with covariance Π, where the covariance will

be set to zero to recover the equality constraints [29]. In

this section, we derive the parametric filtering bound for case

1, where the state transition is formulated by deterministic

parametric functions. Since the parametric bound is computed

for a specific realization of the state trajectory, when the state

transition f is modeled by non-parametric function (i.e., there

is no deterministic function form), the parametric bound can

not be computed.

There are some regularity conditions which are required for

the parametric CRB to exist, as given in [30], [31] and [32]:

1) The distribution function p(y0:k, z1:k|x0:k) has to be

differentiable with respect to z1:k.

2) The support of the distribution function

p(y0:k, z1:k|x0:k) on y0:k does not depend on z1:k.

We further verify that both conditions are fulfilled with the

model provided in III-B.

1) The distribution function p(y0:k, z1:k|x0:k), with z1:k
being the auxiliary sequence, can be written as

p(y0:k, z1:k|x0:k) = p(y0:k|x0:k)p(z1:k|x0:k). From the

definition of the auxiliary sequence, it is easy to verify

that p(z1:k|x0:k) is a multivariate Gaussian distribution.

Hence, p(y0:k, z1:k|x0:k) is differentiable with respect

to z1:k.

2) The support S of the distribution function

p(y0:k, z1:k|x0:k) is the support of the Gaussian

distribution function p(z1:k|x0:k). Hence, S = R
n,

which does not depend on z1:k.

In this case, at time k, the auxiliary Fisher information

submatrix Jk(x0:k) [16] is computed as the inverse of the p×p
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lower-right partition of J−1
0:k (x0:k), which can be computed

recursively as

Jk(x0:k) = D22
k −

(

D12
k

)T [
D11

k + Jk−1(x0:k−1)
]−1

D12
k .
(49)

where Jk−1(x0:k−1) is the auxiliary Fisher information sub-

matrix at time k − 1 and

D11
k = Ezk

{

−∆
xk−1
xk−1 ln p(zk|xk,xk−1)|x0:k

}

(50a)

D12
k = Ezk

{

−∆xk
xk−1

ln p(zk|xk,xk−1)|x0:k

}

(50b)

D22
k = Ezk

{

−∆xk
xk

ln p(zk|xk,xk−1)|x0:k

}

+ Eyk

{

−∆xk
xk

ln p(yk|xk)|x0:k

}

. (50c)

The detailed derivations are provided in a supplementary

document. Considering the system model given in Section

III-B, the D-terms can be further simplified to

D11
k =Ezk

{

−∆
xk−1
xk−1lnN(zk|xk−f(xk−1)−wk−1,Π)|x0:k

}

= FT
k−1(xk−1)Π

−1Fk−1(xk−1) (51a)

D12
k =Ezk

{

−∆xk
xk−1

lnN(zk|xk−f(xk−1)−wk−1,Π)|x0:k

}

= FT
k−1(xk−1)Π

−1 (51b)

D22
k =Ezk

{

−∆xk
xk
lnN (zk|xk−f(xk−1)−wk−1,Π)|x0:k

}

+ Eyk

{

−∆xk
xk

lnN
(

yk|µ̄g(xk), K̄g(xk) +R
)

|x0:k

}

= Π−1 +Gk (51c)

where

Fk−1(xk−1) =
[

∇xk−1
fT (xk−1)

]T
(52)

and the term Gk is defined as

Gk,Eyk

{

−∆xk
xk
lnN

(

yk|µ̄g(xk), K̄g(xk)+R
)

|xk

}

. (53)

According to [31, page 47], the element at row i column j in

Gk, can be computed as

[Gk]i,j =

[

∂µ̄g(xk)

∂xk,i

]T

K̂−1
g (xk)

[

∂µ̄g(xk)

∂xk,j

]

+
1

2
tr

[

K̂−1
g (xk)

∂K̂g(xk)

∂xk,i
K̂−1

g (xk)
∂K̂g(xk)

∂xk,j

]

, (54)

with K̂g(x) , K̄g(x) +R.

Now, we can further simplify the recursive expression for

Jk(x0:k) by substituting the D-terms

Jk(x0:k) = Gk +Π−1

−Π−1Fk−1

[

FT
k−1Π

−1Fk−1 + Jk−1

]−1
FT
k−1Π

−1,
(55)

where Fk−1 stands for Fk−1(xk−1) and Jk−1 is a short-

hand notation for Jk−1(x0:k−1). Then, using matrix inversion

lemma the following can be obtained

Jk(x0:k) =
(

Π+ Fk−1J
−1
k−1F

T
k−1

)−1
+Gk. (56)

To recover the equality constraints in the state sequence, Π
needs to be set to zero, yielding

Jk(x0:k) =
(

Fk−1J
−1
k−1F

T
k−1

)−1
+Gk. (57)

Algorithm 2 Parametric Filtering CRB

1) Assuming the prior distribution is Gaussian p(x0) =
N (x0;µx0 ,Σx0), initialize the FIM with J0(x0) =
Σ−1

x0
. The parametric filtering CRB is computed as

P0(x0) = J−1
0 (x0).

2) For k = 0, . . . , T , do:

• Compute the filtering FIM according to [16]

Jk =
(

Fk−1J
−1
k−1F

T
k−1

)−1
+Gk,

where Fk−1(xk−1) =
[

∇xk−1
fT (xk−1)

]T
and Gk

is given in (53) and (54).

• Compute the parametric filtering CRB as

Pk(x0:k) = J−1
k (x0:k).

With above derivations, the parametric filtering CRB for

GP-based measurement model can be computed recursively

as summarized in Algorithm 2. Although case 0 as described

in the introduction section is a simple case, which has been

explored extensively (e.g., see [16]), we would like to mention

that the parametric CRB for case 0 is similar to what has

been derived above, except that Gk would be replaced by

[∇xk
gT (xk)]R

−1[∇xk
gT (xk)]

T .

V. POSTERIOR CRB

Assessing the fundamental performance limitations in

Bayesian filtering is usually carried out using the posterior

(or Bayesian) CRB. In Bayesian filtering, the posterior CRB

PB puts a lower bound on the MSE matrix of any estimator

x̂k(y0:k), i.e.

Ey0:k,x0:k

{

(x̂0:k(y0:k)− x0:k)(·)
T
}

� PB,0:k, (58)

where PB,0:k is the inverse of the Bayesian information

matrix (BIM) JB,0:k and (X)(·)T denotes XXT . Unlike the

parametric CRB, the estimator in the above inequality is not

required to be unbiased. Compared to parametric CRB, which

gives the theoretical lower bound for a specific state trajectory,

the posterior CRB takes the average bounds over all possible

state trajectories and measurements. According to [17], the

Bayesian information matrix JB,0:k of the state sequence x0:k

is defined as

JB,0:k = Ey0:k,x0:k

{

−∆x0:k
x0:k

ln p(y0:k,x0:k)
}

. (59)

There are also some regularity conditions to meet for the

posterior CRB to exist according to [30] and [17], where

the distribution function p(y0:k,x0:k) should be differentiable

with respect to x0:k. This can be verified for all three cases

given in Section III.

1) For case 1, the state transition is parametric and the mea-

surement model is given by Gaussian process. The distri-

bution function p(y0:k,x0:k) = p(y0:k|x0:k,D)p(x0:k),
where p(y0:k|x0:k,D) and p(x0:k) are given in (25) and

(35), respectively. From the definition of the parametric

function f(x) at the beginning of Section III, it is

differentiable with respect to x. For the Gaussian process
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Algorithm 3 Posterior Filtering CRB

1) Initialize the BIM with JB,0. The posterior filtering CRB

is computed as PB,0 = J−1
B,0.

2) For k = 0, . . . , T , do:

• Compute the filtering BIM from

JB,k = L22
k − L21

k

[

L11
k + JB,k−1

]−1
L12
k , (60)

where L11
k , L12

k ,L21
k and L22

k are given by

L11
k = Ey0:k,x0:k

{

−∆
xk−1
xk−1 ln p(xk|xk−1)

}

(61a)

L12
k =

(

L21
k

)T
= Ey0:k,x0:k

{

−∆xk
xk−1

ln p(xk|xk−1)
}

(61b)

L22
k = Ey0:k,x0:k

{

−∆xk
xk

ln p(xk|xk−1)
}

+ Ey0:k,x0:k

{

−∆xk
xk

ln p(yk|xk)
}

(61c)

where L11
k , L12

k and L22
k for different models are

given in subsections V-A to V-C.

• Compute the posterior filtering CRB as PB,k = J−1
B,k.

g(x), both the mean and kernel functions are differen-

tiable with respect to x as defined in Section III-A. From

(25), p(y0:k|x0:k,D) is a Gaussian function with both

the mean and covariance differentiable with respect to

x0:k. Hence, it is differentiable with respect to x0:k.

The distribution function p(x0:k) in (35) is a product of

Gaussian distributions and the initial distribution of x0,

which is usually assumed to be Gaussian as well. Hence,

p(x0:k) are also differentiable with respect to x0:k.

2) For case 2, the distribution function p(y0:k,x0:k) =
p(y0:k|x0:k)p(x0:k|D). From (42), p(y0:k|x0:k) is a

product of Gaussian distributions, and the parametric

function g(x) is defined as differentiable with respect to

x at the beginning of Section III. Hence, p(y0:k|x0:k)
is differentiable with respect to x0:k. For p(x0:k|D) in

(40), it is a product of Gaussian distributions and both

the mean and kernel functions of the Gaussian process

f(x) are differentiable with respect to x as defined in

Section III-A. Hence, p(x0:k|D) is differentiable with

respect to x0:k, and finally p(y0:k,x0:k) is differentiable

with respect to x0:k.

3) For case 3, the condition has been verified from case 1

and 2.

From the definition, expectation with respect to all state

trajectories and measurements needs to be computed. A closed

form of the posterior CRB is available for linear, additive

Gaussian state-space models. In most of the nonlinear case,

Monte Carlo evaluations are needed to simulate all possible

state trajectories and measurements.

Given the state-space models formulated in Section III, the

BIM can be computed recursively as given in Algorithm 3.

Detailed derivations are given in the supplementary document.

In what follows, the L-terms for the previously defined three

cases are derived.

A. Posterior Filtering CRB: Case 1

For state-space model as illustrated in Fig. 2b, we can

further derive the L-terms, yielding

L11
k = Ey0:k,x0:k

{

−∆
xk−1
xk−1 lnN (xk|f(xk−1), Q)

}

= Exk−1

{

FT
k−1(xk−1)Q

−1Fk−1(xk−1)
}

(62a)

L12
k = Ey0:k,x0:k

{

−∆xk
xk−1

lnN (xk|f(xk−1), Q)
}

= Exk−1

{

FT
k−1(xk−1)

}

Q−1 (62b)

L22
k = Ey0:k,x0:k

{

−∆xk
xk

lnN (xk|f(xk−1), Q)
}

+ Ey0:k,x0:k

{

−∆xk
xk

lnN
(

yk|µ̄g(xk), K̄g(xk) +R
)}

= Q−1 +Mk, (62c)

where Fk−1(xk−1) is defined in (52), and

Mk , Eyk,xk

{

−∆xk
xk

lnN
(

yk|µ̄g(xk), K̄g(xk) +R
)}

,
(63)

and the element at row i column j in Mk, based on [31, page

47], is given as

[Mk]i,j = Exk

{

[

∂µ̄g(xk)

∂xk,i

]T

K̂−1
g (xk)

[

∂µ̄g(xk)

∂xk,j

]

}

+ Exk

{

1

2
tr

[

K̂−1
g (xk)

∂K̂g(xk)

∂xk,i
K̂−1

g (xk)
∂K̂g(xk)

∂xk,j

]}

,

(64)

with K̂g(x) , K̄g(x) + R. Note that the expectations are

not always tractable, and when they are intractable, Monte

Carlo integrations are usually applied to compute the expecta-

tions, see for instance, [30] and [18]. Theoretically, by taking

Monte Carlo integrations, this will not be an absolute bound.

However, if the number of Monte Carlo runs are sufficiently

large, the Monte Carlo integrations will converge to the exact

bounds. For all practical situations, the values obtained from

Monte Carlo integrations can be close enough to the true ones.

B. Posterior Filtering CRB: Case 2

The BIM for the system in Fig. 2c can be iteratively

computed according to (60), and the L-terms are derived in this

subsection. To compute the L-terms, we first need to specify

the distribution p(xk|xk−1). From (40) and (39), we have

p(xk|xk−1) , p(xk|xk−1,D)

= N (xk|µ̄f (xk−1), K̄f(xk−1) +Q). (65)

Hence, the L-terms defined in (61) are derived as follow

L11
k =Ey0:k,x0:k

{

−∆
xk−1
xk−1 lnN (xk|µ̄f (xk−1), K̄f (xk−1)+Q)

}

(66a)

L12
k =Ey0:k,x0:k

{

−∆xk
xk−1

lnN (xk|µ̄f(xk−1), K̄f(xk−1)+Q)
}

= Ey0:k,x0:k

{

∇xk−1
(xk−µ̄f(xk−1))

T (K̄f(xk−1)+Q)−1
}

(66b)

L22
k =Ey0:k,x0:k

{

−∆xk
xk

lnN (xk|µ̄f (xk−1), K̄f (xk−1)+Q)
}

+ Ey0:k,x0:k

{

−∆xk
xk

lnN (yk|g(xk), R)
}

= Ey0:k,x0:k

{

(K̄f (xk−1) +Q)−1
}

+ Ey0:k,x0:k

{

[∇xk
gT (xk)]R

−1[∇xk
gT (xk)]

T
}

. (66c)
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According to [31, page 47], the element at row i column j in

L11
k , is given by

[L11
k ]i,j =Exk−1

{

[

∂µ̄f(xk−1)

∂xk−1,i

]T

K̂−1
f (xk−1)

[

∂µ̄f(xk−1)

∂xk−1,j

]

}

+Exk−1

{

1

2
tr

[

K̂−1
f (xk−1)

∂K̂f (xk−1)

∂xk−1,i
K̂−1

f (xk−1)
∂K̂f (xk−1)

∂xk−1,j

]}

,

(67)

where K̂f (x) , K̄f (x)+Q and K̄f (x) is given in (31). The

derivative in L12
k can be expressed as

∇xk−1
(xk − µ̄f (xk−1))

T (K̄f(xk−1) +Q)−1

, ∇xk−1
φ(xk−1) (68)

where the i-th element in ∇xk−1
φ(xk−1), i = 1, . . . , p, is

given by

∂φ(xk−1)

∂xk−1,i
= −K̂−1

f (xk−1)
∂µ̄f(xk−1)

∂xk−1,i

+K̂−1
f (xk−1)

∂K̂f(xk−1)

∂xk−1,i
K̂−1

f (xk−1) [µ̄f (xk−1)−xk] (69)

C. Posterior Filtering CRB: Case 3

In this subsection, the L-terms for the system model in

Fig. 2a are derived. To compute the L-terms, we need to

specify the likelihood distribution p(yk|xk) and the state

transition probability p(xk|xk−1). From (38) and (37), (40)

and (39), we can easily obtain the distributions. Hence, the

L-terms defined in (61) are derived as follow: L11
k is given in

(66a) and (67), L12
k is given in (66b) and (69), L22

k is derived

as

L22
k = Ey0:k,x0:k

{

−∆xk
xk

lnN (xk|µ̄f (xk−1), K̄f (xk−1)+Q)
}

+ Ey0:k,x0:k

{

−∆xk
xk

lnN
(

yk|µ̄g(xk), K̄g(xk) +R
)}

= Exk−1

{

(K̄f (xk−1) +Q)−1
}

+Mk, (70a)

where Mk is given in (64).

VI. APPLICATION EXAMPLE

In this section, we aim to compute the parametric and

posterior CRBs for a practical example according to the

derivations given in Section IV and V.

In this application example, a typical indoor target tracking

scenario is considered, where the tracking is perfomed by

estimating the positions iteratively based on the dynamic state

transition (also known as motion model) and measurement

model. The measurements for this tracking problem are se-

lected as the received-signal-strength, which is usually used

as an indication of relative distance to the reference network

nodes with known positions. It is assumed that the RSS

measurements from different reference network nodes are

independent of each other. It is also assumed elements in the

state vector (positions and possibly velocities) are indepen-

dent. Furthermore, independences across dynamic motion and

RSS measurement functions over time are assumed. In what

follows, the parametric and posterior CRBs are derived for

this specific example.

A. Parametric CRB for Target Tracking Example

In this case, the state transition function is deterministic

and the measurement model is given by a Gaussian process.

Considering the relative static indoor environment and low

walking speed, we use a nearly constant velocity model with

white noise as given in [33, Chapter 6] for the state transition,

xk = Fxk−1 +wk−1, (71)

with state vector xk = [px,k, vx,k, py,k, vy,k]
T

, where pxk
=

[px,k, py,k] and [vx,k, vy,k] denote the 2-D position and velocity,

respectively. The transition matrix F is given by

F = I2 ⊗

[

1 Ts

0 1

]

, (72)

where Ts is the sampling time. The vector wk is assumed to

be zero-mean Gaussian distributed with covariance matrix

Q = I2 ⊗

[

T 3
s /3 T 2

s /2
T 2

s /2 Ts

]

σ2
w, (73)

where σ2
w denotes the noise power spectral density.

The RSS measurement is formulated as a Gaussian pro-

cess. Assuming that yk consists of RSS measurements from

different reference network nodes, and further assume that the

RSS measurements from different nodes are independent. For

measurement from the i-th node, the mean function is selected

as

mg,i(x) = Ai +Bi log10 ||px − p̄i||, i = 1, . . . , n, (74)

since the magnitude of RSS measurements usually decays

logarithmically with distance (between the transmitter and

receiver) [34], where Ai is the transmit power at 1 meter away

from the i-th reference node, Bi is the path-loss exponent, and

p̄i denotes the known position of i-th reference node.

The kernel function indicates the spatial correlation, which

is usually assumed to follow Gudmundson’s model [35],

kg,i(x,x
′) = σ2

g,i exp

(

−
||px − px′ ||

l2g,i

)

, i = 1, . . . , n.

(75)

Hence, in order to compute the parametric CRB as summa-

rized in Algorithm 2, we need to compute Fk−1 and Gk, where

Fk−1 =
[

∇xk−1
fT (xk−1)

]T
= F. (76)

In order to compute Gk, it is required to further specify the

terms
∂µ̄g(xk)
∂xk,i

and
∂K̂g(xk)
∂xk,i

, for i = 1, . . . , 4. With µ̄g(xk)
given in (24), we have

∂µ̄g(xk)

∂xk,i
=

(

∂Kg(xk, X)

∂xk,i

)T

K̃−1
g (y −mg(X))

+
∂mg(xk)

xk,i
, (77)
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where the element at row j × q column j in
∂Kg(xk,X)

∂xk,i
is

given by

∂kg,j(xk,xq)

∂xk,i

= −
σ2
g,j(xk,i − xq,i)

l2g,j ||pxk
− pxq

||
exp

(

−
||pxk

− pxq
||

l2g,j

)

, i = 1, 3.

(78)

∂kg,j(xk,xq)

∂xk,i
= 0, i = 2, 4.

Furthermore, the j-th element in
∂mg(xk)

xk,i
is given by

∂mg,j(xk)

∂xk,i
=

Bj

ln 10

(xk,i − p̄j,i)

||pxk
− p̄j ||2

, i = 1, 3 (79a)

∂mg,j(xk)

∂xk,i
= 0, i = 2, 4. (79b)

The second term
∂K̂g(xk)
∂xk,i

is computed according to

∂K̂g(xk)

∂xk,i
= −

∂
(

KT
g (xk, X)K̃−1

g Kg(xk, X)
)

∂xk,i

= −2KT
g (xk, X)K̃−1

g

[

∂Kg(xk, X)

∂xk,i

]

, (80)

where
∂Kg(xk,X)

∂xk,i
is computed according to (78).

B. Posterior CRB for Target Tracking Example: Case 1

Considering the system model in Fig. 2b, the computation

of the posterior bound can be simplified by specifying the

L-terms as

L11
k = FTQ−1F, (81a)

L12
k = FTQ−1. (81b)

To compute L22
k , we need to compute the expectations.

However, in many cases, it is not feasible to compute the

expectations analytically. Hence, Monte Carlo simulations

are usually applied to approximate the results. Monte Carlo

integration is used to obtain the element at row i column j in

Mk, which is given by

[Mk]i,j ≈
M
∑

m=1

1

M

[

∂µ̄g(x
(m)
k )

∂xk,i

]T

K̂−1
g (x

(m)
k )

[

∂µ̄g(x
(m)
k )

∂xk,j

]

+
1

2M
tr

[

K̂−1
g (x

(m)
k )

∂K̂g(x
(m)
k )

∂xk,i
K̂−1

g (x
(m)
k )

∂K̂g(x
(m)
k )

∂xk,j

]

, (82)

where M is the number of Monte Carlo runs and x
(m)
k is the

state trajectory sampled from the distribution p(xk|xk−1) =

N (xk|Fxk−1, Q). The terms
∂µ̄g(xk)
∂xk,i

and
∂K̂g(xk)
∂xk,i

are given

in (77) and (80), respectively. Finally, we have

L22
k = Q−1 +Mk, (83)

with Mk given in (82).

C. Posterior CRB for Target Tracking Example: Case 2

In this subsection, the system model defined in Section III-C

is adopted in the tracking example, where the state dynamic

is formulated by Gaussian process and the RSS measurement

model is deterministic. To be more specific, the state vector xk

only consists of the 2-D location xk = pxk
= [px, py], and it

is common to assume that the positions in two dimensions are

independent. Hence, each element in the state vector follows a

Gaussian process, characterized by a zero mean function and

an SE kernel function

kf,j(x,x
′) = σ2

f,j exp

(

−
||x− x′||2

2l2f,j

)

, j = 1, . . . , p. (84)

The measurement model is formulated deterministically using

the log-distance model

gi(xk) = Ai +Bi log10 ||xk − p̄i||, i = 1, . . . , n, . (85)

To compute the posterior CRB as derived in Section V-B,

the L-terms are required to be specified, which leads to the

derivatives
∂µ̄f (xk−1)
∂xk−1,i

and
∂K̂f (xk−1)
∂xk−1,i

, for i = 1, . . . , p. With

mf (xk−1) = 0 and the kernel function given in (84), we have

∂µ̄f(xk−1)

∂xk−1,i
=

[

∂Kf(xk−1, XI)

∂xk−1,i

]T

K̃−1
f xO. (86)

Then, we have the element at row j × q column j in
∂Kf (xk−1,XI)

∂xk−1,i

∂kf,j(xk−1,xq)

∂xk−1,i
=

−
σ2
f,j(xk,i − xq,i)

l2f,j
exp

(

−
||xk−1 − xq||2

2l2f,j

)

. (87)

Next, we compute the term
∂K̂f (xk−1)
∂xk−1,i

, which is derived as

∂K̂f (xk−1)

∂xk−1,i
= −2

[

KT
f (xk−1, XI)K̃

−1
f

∂Kf (xk−1, XI)

∂xk−1,i

]

,

(88)

with
∂Kf (xk−1,XI)

∂xk−1,i
computed from (87). Hence, L11

k can be

approximated using Monte Carlo simulations

L11
k ≈

M
∑

m=1

1

M







[

∂µ̄f (x
(m)
k−1)

∂xk−1,i

]T

K̂−1
f (x

(m)
k−1)

[

∂µ̄f (x
(m)
k−1)

∂xk−1,j

]







+

{

1

2M
tr

[

K̂−1
f (x

(m)
k−1)

∂K̂f(x
(m)
k−1)

∂xk−1,i
K̂−1

f (x
(m)
k−1)

∂K̂f(x
(m)
k−1)

∂xk−1,j

]}

,

(89)

where the state trajectory is sampled from the distribution

N (xk|µ̄f (xk−1), K̂f(xk−1)). To compute L12
k , we need to

compute
∂µ̄f (xk−1)
∂xk−1,i

according to (86) and
∂K̂f (xk−1)
∂xk−1,i

can be

computed according to (88). Finally, L12
k can be evaluated by

Monte Carlo simulations

L12
k ≈

M
∑

m=1

1

M
∇xk−1

(x
(m)
k −µ̄f(x

(m)
k−1))

T K̂−1
f (x

(m)
k−1). (90)
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The last term to compute the posterior CRB is L22
k , which

can be approximately obtained as

L22
k ≈

M
∑

m=1

1

M
K̂−1

f (x
(m)
k−1)

+
1

M

(

∇xk
g(x

(m)
k )

)T

R−1∇xk
g(x

(m)
k ), (91)

where ∇xk
g(xk) is a p× n matrix and the element at row i

column j is given by

∂gj(xk)

∂xk,i
=

Bj

ln 10

(xk,i − p̄j,i)

||xk − p̄j ||2
. (92)

D. Posterior CRB for Target Tracking Example: Case 3

In this subsection, the posterior CRB for system model with

both state transition and measurement formulated by Gaussian

processes is derived. Correspondingly, we have the state vector

xk consists of 2-D positions, while the measurement vector yk

contains RSS measurements from different reference network

nodes. Hence, the mean and kernel functions for the state

transition and measurement models are given by

mf,j(x) = 0, j = 1, . . . , p (93a)

kf,j(x,x
′) = σ2

f,j exp

(

−
||x− x′||2

2l2f,j

)

, j = 1, . . . , p (93b)

mg,i(x) = Ai +Bi log10 ||x− p̄i||, i = 1, . . . , n (93c)

kg,i(x,x
′) = σ2

g,i exp

(

−
||x− x′||

l2g,i

)

, i = 1, . . . , n. (93d)

From previous derivations, to compute the posterior CRB in

this case, the L-terms are specified as follows

1) Compute L11
k according to (89);

2) Compute L12
k according to (90);

3) Compute L22
k according to (70), with Mk given in (82)

and the first expectation is computed using Monte Carlo

integration.

VII. RESULTS

In this section, we first evaluate the derived CRBs with

synthetic dataset. Then, the derived bounds are computed and

compared to the estimation errors in a real tracking scenario.

A. Synthetic Dataset Evaluations

Before we evaluate the derived CRBs in the tracking sce-

nario, it is worth while to have some intuitive understanding

and verifications about the CRBs derived in previous sections.

Hence, we use a set of synthetic data and compute the posterior

CRBs for case 3, where both state transition and measurement

models are formulated by Gaussian processes, since this is

the most interesting and complex case. We begin with a

scalar case, and the results can be easily extended to higher

dimensions based on the derivations provided in Section IV,

V and VI. Hence, we have the following system model:

xk = f(xk−1) + wk

yk = g(xk) + ek, (94)
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Fig. 3: The posterior filtering CRBs, Case 3 with synthetic

data set.

where both f(xk−1) and g(xk) are Gaussian processes with

mf = mg = 0 and the SE kernels, and wk and ek are

independent zero mean Gaussian noise with variance 1. To

train the GP models, we need to generate a set of training

data. Different numbers of training data are used, for instance,

N = 100, 200, 500, 1000, 2000. After the training phase, we

obtain a set of parameters, and those parameters are used to

compute the posterior CRBs according to derivations in pre-

vious sections. The computed CRBs for case 3 with different

numbers of training data are plotted in Fig. 3. From the results

we see that as the number of training dataset increases, the

derived bounds get tighter. However, for N ≥ 200, the increase

becomes insignificant. As the computational complexity to

train the GP model and compute the bound increases greatly

as N becomes larger, we propose to choose the number of

training data as 200 ≤ N ≤ 1000.

B. Real Data Collection and Simulation Setup

In this subsection, the parametric and posterior CRBs are

evaluated in a tracking scenario given an office layout. In total

n = 12 Blue-tooth low energy (BLE) beacons are used as

reference network nodes with known positions and placed in

the area such that a generally good geometry is obtained. The

floor plan with beacon locations are shown in two-dimensional

(2-D) space in Fig. 4 with a local coordinate system. The BLE

beacons serve as transmitters and broadcast information regu-

larly. A set of training data is collected along predefined tracks

during normal work hours. During the data collection phase,

the mobile device monitors the BLE advertisement channel

and measures RSS. A total of 12 144 RSS measurements

with corresponding positions1 were collected, from which the

propagation parameters {Aj , Bj , σ
2
j }

n
j=1, noise variance and

the hyperparameters for Gaussian processes were estimated

using a training data set of size N = 600. In this practical

example, the states are defined as positions, velocities. The

1The positions are assumed to be precisely known and they were essentially
obtained from an app-based positioning algorithm developed by Senion with
an accuracy of 1 to 3 meters. [36]
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Fig. 4: Sensor deployment (with BLE beacons marked by red

star) and one example of selected trajectory.

measurements are also predefined with proper dimensions, for

instance, the dimension of the RSS measurements is deter-

mined by the number of beacons that are used for positioning.

Hence, in the sequential estimation phase, the dimensions of

the states and measurements are not changing.

After the propagation parameters and the hyperparameters

are trained, the state transition and measurement model are

used to simulate the true state trajectories and corresponding

measurements. The parametric and posterior CRBs are then

computed accordingly. The filtering algorithms as provided in

Section III-D are applied to obtain the position estimates.

C. Performance Metrics

For parametric CRB, in case the estimator x̂k(y1:k) is

conditionally unbiased, the position root conditional mean

squared error (RCMSE) has the following relation

RCMSEk ≥
√

[Pk]1,1 + [Pk]3,3 , γk, (95)

where [Pk]i,j denotes the element at row i column j of the

parametric CRB matrix Pk(x
∗
0:k). The RCMSE can be ap-

proximately computed as RCMSEk ≈

√

1
M

∑M
m=1

(

δ
(m)
k

)2

,

where δ
(m)
k is the position estimation error computed at each

time step k in the m-th Monte Carlo run, which can be

computed as δk = ||p̂xk
− p∗

xk
||, where p̂xk

denotes the

estimated position and p∗
xk

is the ground truth.

The parametric CRB requires that the estimator is condi-

tionally unbiased, a condition that is rarely met in practice.

It is therefore instructive to assess the estimator’s conditional

bias to correctly interpret the achieved results. The conditional

position bias vector can be approximated as follows:

bk = [bx,k, by,k]
T ≈

1

M

M
∑

m=1

[

p̂
x

(m)
k

− p∗
xk

]

. (96)

The posterior CRBs relate to the position root mean squared

error (RMSE) of the estimator as

RMSEk ≥
√

trace(PB,k) , βk, (97)

and the RMSE is given by RMSEk ≈

√

1
M

∑M
m=1

(

δ
(m)
k

)2

,

where δ
(m)
k = ||p̂

x
(m)
k

−p∗
x

(m)
k

||, and p∗
x

(m)
k

is the ground truth

TABLE III: Evaluation parameters.

Parameter Value Description

σw 1 Noise power spectral density

Ts 0.1 Sampling interval

Ns 1000 Number of particles

n 12 Number of deployed reference nodes

M 10000 Number of Monte Carlo runs

Nth 2/3Ns Threshold for resampling
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Fig. 5: RCMSE and parametric filtering CRB.

of the m-th state trajectory at time k, p̂
x

(m)
k

is the position

estimate at time k for the m-th state trajectory.

D. Simulation Results

In this subsection, the positioning performance evaluated

by the metrics defined previously are compared to parametric

and posterior CRBs. The simulation parameters are listed in

Table III. Different number of particles have been tested, where

Ns = 1000 yields good trade off between the computation

time and estimation performance. Similarly, the noise power

spectral density in the nearly constant velocity model is

selected such that good results are obtained.

The positioning accuracy of the state trajectory illustrated in

Fig. 4 is compared to the parametric filtering CRBs in Fig. 5.

It is observed that the RCMSE curve is above the parametric

filtering bound. It is also noticed that the gap between the

estimation performance in terms of RCMSEk and the bound

is around 0.5 to 1 meter. The parametric bound holds for

unbiased estimators as discussed in Section IV. However,

this is merely met in practice. Hence, in the simulations, we

compute the bias of the position estimator. By observing the

bias shown in Fig. 6, it is noted that the bias in both x and

y-axes is high for k between 20 and 30 and the bias in y-axes

is high for k between 100 and 150. Despite the bias, there

is about 1 meter gap between the bound and the RCMSEk.

Hence, finding an estimator that reduces the estimation error

worth further investigation.

The posterior CRBs are further compared to the RMSEs

in three cases. For the first case with the Parametric state

Transition Model (P-TM) and GP-based Measurement Model

(GP-MM), the RMSE and the posterior CRB are depicted in

Fig. 7. Since, the state transition model is given by the nearly

constant velocity model, it generates state trajectories without
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Fig. 6: Bias in position estimates.
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Fig. 7: RMSE and posterior filtering CRB: Case 1.

confining to the indoor environment constraints, such as the

inner and outer walls. As time increases, more state trajectories

will end up outside the office area without coverage of the

deployed network nodes. Considering this factor, much shorter

trajectories are simulated such that most of them remain within

the office area. The RMSE follows the bound closely with a

gap around 1 meter. For such a system with nearly constant

velocity state transition and GP-based measurement model,

the position estimation accuracy is above 1 meter, which is

relatively far away from the theoretical lower limit at around

0.5 meter. Since more trajectories go out of the coverage area

of the network nodes, the positioning error grows as the time

increases.

For the second case, we have Gaussian Process-based

State Transition model (GP-TM) and Parametric Measurement

Model (P-MM). The RMSE and posterior CRB are illustrated

in Fig. 8. The GP model for generating the state trajectories

are trained off-line using trajectories that are collected within

the office area. Hence, compared with the nearly constant

velocity model where trajectories can potentially end up

outside the building, the simulated state trajectories using GP

are constrained within the office area. It is also clear that the

estimation accuracy is above the posterior CRB. By applying

GP to the state transition model, the position RMSE (around

0.75 meter) goes down and gets closer to the theoretical bound.

For the third case, where Gaussian process-based state

transition model and Gaussian process-based measurement
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Fig. 8: RMSE and posterior filtering CRB: Case 2.
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Fig. 9: RMSE and posterior filtering CRB: Case 3.

model are formulated, the RMSE and posterior CRB are

illustrated in Fig. 9. By applying GP, more accurate models

for state transitions are obtained. In addition, the relationships

between RSS measurements and positions are more accurately

represented by a GP. Hence, the position estimation accuracy

has been improved (to around 0.6 meter), and the theoretical

lower bound goes to around 0.4 meter.

It is noted that the results show that the derived CRBs are

strict lower bounds for this specific target tracking problem

where particle filter is applied to perform the state estimation.

The derived CRBs are considered tight in general (with a

small gap, i.e., 0.2 to 1 meter, between the RMSE and the

bounds). A tighter bound (e.g., only 0.2 meter gap between

the estimation error and the lower bound) is obtained when

both the state transition and measurement models are based on

Gaussian process. The focus of this work is on derivation of

the CRBs and finding an estimator that can achieve the bounds

is out of the scope. However, it would be of great interest to

investigate other estimation algorithms that could potentially

get closer or even achieve the theoretical lower limits.
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VIII. CONCLUSIONS

The parametric and posterior filtering Cramér-Rao bounds

have been derived for state-space models which are formulated

or partly formulated by Gaussian processes. Three cases are

investigated depending on which part of the model is given

by Gaussian process. Further, a practical example has been

illustrated, where Gaussian processes are applied to model

the state transition and/or measurement model. Simulations

are carried out considering a practical tracking problem in an

office environment. By comparing the positioning accuracy

with the CRBs, we conclude that the derived parametric and

posterior CRBs can be used to evaluate non-linear estimation

performance based on Gaussian processes.

In the derivations, we assume an off-line training phase

and all model parameters are known in the on-line phase.

However, it would be interesting to further investigate the

effects of parameter estimation errors and derive the corre-

sponding lower bounds. To look forward even further, it would

be beneficial to study the case where the model parameters are

also considered as unknown, and are estimated together with

the state variables. This leads to the possible future research

on deriving the hybrid CRBs for GP-based dynamic estimation

problems.

In addition, although for GP-based state transition and

measurement model, the estimation performance gets closer to

the bound compared with other cases, it is interesting to further

investigate the estimation algorithms where the performance

can get closer or even achieve the theoretical lower bounds.

Finally, deriving a bound for the more advanced GP-based

model as given in [2] and [28] would be very interesting as

our future work.
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