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Both the energy method and the Laplace transform method are frequently used for
determining the number of boundary conditions required for a well posed initial boundary
value problem. We show that these two distinctly different methods yield the same results.
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1. Introduction

It is common to employ either the energy method or the Laplace transform method
in order to determine how many boundary conditions an initial boundary value problem
require for well-posedness. The energy method builds on integration-by-parts (see Kreiss
& Lorenz (1989), Gustafsson et al. (1995), Gustafsson & Sundström (1978), Nordström
& Svärd (2005), Nordström (2017)). One obtains an expression for the energy rate that
involves boundary terms. The number of boundary conditions is given by the minimal
number that limits these boundary terms.

The Laplace transform method is different, and employs an expansion of the solution
in modes (see Hersh (1963), Hersh (1964), Kreiss (1970), Strikwerda (1977), Sakamoto
(1982), Engquist & Gustafsson (1987), Eriksson & Nordström (2017)) that turn the
initial boundary value problem into a one-dimensional boundary value problem. The
number of boundary conditions is given by the number of conditions required to determine
these modes. These two methods, give the same result on well-known equation sets (see
Nordström (1989), Nordström & Gustafsson (2003), Nordström et al. (2007), Lauren &
Nordström (2018)). In this paper we explain why.

2. Preliminaries

We start by presenting the general system of equations that will be investigated, and
provide basic results for the Cauchy problem.

2.1. An incompletely parabolic system of equations

The three-dimensional constant coefficient system of equations that we will consider is

Vt + ĀVx + B̄Vy + C̄Vz = (D̄11Vx + D̄12Vy + D̄13Vz)x + (D̄21Vx + D̄22Vy + D̄23Vz)y

+ (D̄31Vx + D̄32Vy + D̄33Vz)z. (2.1)
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In (2.1), V is the solution, Ā, B̄, C̄ are symmetric matrices related to the hyperbolic
terms and the parabolic matrices D̄11, D̄22, D̄33, D̄12 + D̄21, D̄13 + D̄31, D̄23 + D̄32 are
symmetric. Furthermore, the structure of the matrices D̄ij in block form is

D̄ij =

(
(Dij)mxm 0mxn

0nxm 0nxn

)
, (2.2)

where subscripts indicate the size of the matrices. Under the assumptions on the matrices
Dij listed in (2.5) below this yields an incompletely parabolic system.

Remark 1. Abarbanel & Gottlieb (1981) showed that the three-dimensional compress-
ible Navier-Stokes equations with 12 matrices of the form (2.1), can be symmetrized by a
single matrix (symmetrizer). In addition, they observed that at least two different sym-
metrizers exist, based on either the hyperbolic or the parabolic terms.

2.2. The Cauchy and half space problem

The Cauchy problem for (2.1) can be Fourier transformed in all coordinates which yields

V̂t + i(ωxĀ+ ωyB̄ + ωzC̄)V̂ + [ω2
xD̄11 + ω2

yD̄22 + ω2
zD̄33 +

+ ωxωy(D̄12 + D̄21) + ωyωz(D̄23 + D̄32) + ωzωx(D̄13 + D̄31)]V̂ = 0, (2.3)

where ωx, ωy, ωz are the wave numbers in x, y, z direction respectively. By multiplying

(2.3) with V̂ ∗ (the complex conjugated V̂ ) from the left, we get

|V̂ |2t + 2

 iωxV̂

iωyV̂

iωzV̂

∗ D̄11 D̄12 D̄13

D̄21 D̄22 D̄23

D̄31 D̄32 D̄33


︸ ︷︷ ︸

D̄

 iωxV̂

iωyV̂

iωzV̂

 = 0. (2.4)

We demand that the second order terms are parabolic (see (2.2),(2.3),(2.4))

D̄ > 0, D11 > 0, D22 > 0, D33 > 0,

ω2
xD11 + ω2

yD22 + ωxωy(D12 +D21) > 0,

ω2
yD22 + ω2

zD33 + ωyωz(D23 +D32) > 0, (2.5)

ω2
zD33 + ω2

xD11 + ωzωx(D13 +D31) > 0,

for values of ωx, ωy, ωz not vanishing simultaneously, in which case the Cauchy problem
is well-posed.

The upcoming analysis will be performed in the half space Ω : {x > 0,−∞ < y, z <
+∞}, with boundary conditions imposed at the plane x = 0. The Fourier transformed
equations in y, z, stemming from (2.1) that we will analyze read

V̂t + [Ā− iωy(D̄12 + D̄21)− iωz(D̄13 + D̄31)]V̂x − D̄11V̂xx +

+ [i(ωyB̄ + ωzC̄) + ω2
yD̄22 + ω2

zD̄33 + ωyωz(D̄23 + D̄32)]V̂ = 0. (2.6)

3. Analysis

Our ambition in this paper is to prove that the energy method and the Laplace trans-
form method lead to the exact same number of boundary conditions for the system (2.6).



The Energy and Laplace Transform Method 3

3.1. The Laplace transform analysis

To determine the number of boundary conditions, the ansatz V̂ = ψeκx+st, with κ =
κR + iωx and s = η + iξ is inserted into (2.6). We find

(sI + [Ā− iωy(D̄12 + D̄21)− iωz(D̄13 + D̄31)]κ− D̄11κ
2 +

+ [i(ωyB̄ + ωzC̄)V̂ + ω2
yD̄22 + ω2

zD̄33 + ωyωz(D̄23 + D̄32)])ψ = 0. (3.1)

The number of boundary conditions at x = 0 is given by the number of decaying modes
with Re(κ) = κR < 0 for Re(s) = η > 0 obtained from

Det(sI + [Ā− iωy(D̄12 + D̄21)− iωz(D̄13 + D̄31)]κ− D̄11κ
2 +

+ i(ωyB̄ + ωzC̄)V̂ + ω2
yD̄22 + ω2

zD̄33 + ωyωz(D̄23 + D̄32)) = 0. (3.2)

To solve the problem (3.2) for all roots κ poses a significant challenge. (As an example,
for the three-dimensional Navier-Stokes, (3.2) is a 9th degree polynomial in κ.)

Luckily, the are simplifying circumstances. The following lemma will come in handy.

Lemma 1. The number of roots, κ, with positive and negative real parts is independent
of s and the wave numbers ωy, ωz for <(s) > 0.

Proof. First we show that there are no imaginary generalized eigenvalues κ = iωx for
Re(s) > 0. By inserting κ = iωx into (3.1), multiplying from the left with ψ∗ and adding
the transpose, we find

ψ∗(ηI + ω2
xD̄11 + ω2

yD̄22 + ω2
zD̄33

+ ωxωy(D̄12 + D̄21) + ωyωz(D̄23 + D̄32) + ωzωx(D̄13 + D̄31))ψ = 0.

By (2.5) we can conclude that ψ = 0 for Re(s) = η > 0.
To complete the proof we need that all roots κ are bounded for bounded (s, ωy, ωz).

Then, for (s, ωy, ωz) restricted to any bounded region R, we can find a closed contour
C bounded by the imaginary axis and a curve in Re(κ) > 0 such that no roots can ever
intersect C as (s, ωy, ωz) varies in R. That the number of roots (counting multiplicities)
within C is the same for all points in R follows from the continuity of the logarithmic
derivative of the characteristic polynomial on C and an application of the argument prin-
ciple (Marden 1949, Ch. 1). The boundedness of κ is established by a simple perturbation
argument in Lemma 5, whose proof we leave to the appendix.

Remark 2. Lemma 1 simplifies the analysis since we can set ωy = ωz = 0 and choose
any s with Re(s) > 0 to determine the number of roots κ with positive and negative real
parts. We can for example choose s with Re(s)→∞, which often simplifies the algebra.

We end this section by stating that the number of boundary conditions at x = 0 given
by the classical Laplace transform analysis is equal to the number of decaying modes
with Re(κ) = κR < 0 for Re(s) > 0, obtained from

Det(sI + Āκ− D̄11κ
2) = 0. (3.3)

3.2. The energy analysis

In the energy analysis for determining the number of boundary conditions, equation (2.6)
is multiplied with the solution, and integrated from zero to infinity. We find

||V̂ ||2t + 2

∫ ∞
0

 V̂x
iωyV̂

iωzV̂

∗ D̄11 D̄12 D̄13

D̄21 D̄22 D̄23

D̄31 D̄32 D̄33

 V̂x
iωyV̂

iωzV̂

 dx = BT, (3.4)
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where

BT =

(
V̂

V̂x

)∗(
Ā −D̄11

−D̄11 0

)(
V̂

V̂x

)
. (3.5)

In (3.5), the boundary term BT is evaluated at x = 0, and the values at ∞ are ignored.
The total number of boundary conditions in the energy method are given by the

number of positive eigenvalues λ in

Det

((
Ā −D̄11

−D̄11 0

)
−
(
λI 0
0 λI

))
. (3.6)

Remark 3. The total number of positive and negative eigenvalues can be calculated
directly by invoking Lemma 4 below and computing a representation of the matrix in the
form RTDR where D is diagonal; see, e.g., (Golub & van Loan 1989, Ch. 4).

3.3. The relation between the Laplace and energy method

The question that we will discuss in this paper arises by comparing equation (3.3) for κ
and (3.6) for λ. The two equations have similar ingredients (the matrices Ā and D̄11) but
are otherwise quite different. However, to the best of our knowledge, these two methods
always provide the same number of boundary conditions. The question is: how can that
be possible?

To answer that question, let us return to the governing system of equations (2.6) with
the simplifying insertion of ωy = ωz = 0, making the problem one-dimensional

Ut + ĀUx − D̄11Uxx = 0. (3.7)

To ease notation, we replaced V̂ with U in (3.7). The matrix structure in (2.2) suggests
the block form

U =

(
U1

U2

)
, Ā =

(
A11 A12

A21 A22

)
, D̄11 =

(
D11 0

0 0

)
. (3.8)

Remark 4. The simplification to a purely one-dimensional study, is possible due to
Lemma 1 in combination with conditions (3.3) and (3.6).

Next we transform (3.7) to first order form by introducing φ = (U1)x. The new set of
governing equations becomes I 0 0

0 I 0
0 0 0

 U1

U2

φ


t

+

 A11 A12 −D11

A21 A22 0
−D11 0 0

 U1

U2

φ


x

+

 0 0 0
0 0 0
0 0 D11

 U1

U2

φ

 = 0.

(3.9)
The energy method applied to (3.9) yields the energy rate

||U ||2t + 2

∫ ∞
0

φTD11φdx = BT (3.10)

where

BT =

 U1

U2

φ

T  A11 A12 −D11

A21 A22 0
−D11 0 0


︸ ︷︷ ︸

E

 U1

U2

φ

 . (3.11)

The boundary term BT is evaluated at x = 0. The total number of boundary conditions
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at x = 0 is given by the number of positive eigenvalues λ to

Det (E − λI) = 0. (3.12)

To formalise the result above we state

Lemma 2. The eigenvalues satisfying (3.12) are identical to the non-zero eigenvalues
in (3.6).

Proof. Follows directly from (3.8).

The Laplace transform method applied to (3.9) with the ansatz (U1, U2, φ)T = ψeκx+st

yields the new generalized eigenvalue problem
 A11 A12 −D11

A21 A22 0
−D11 0 0


︸ ︷︷ ︸

E

κ+

 sI 0 0
0 sI 0
0 0 D11


ψ = 0, (3.13)

where the matrix E present in the energy rate (3.11) shows up again. The generalized
eigenvalues κ are given by

Det

Eκ+

 sI 0 0
0 sI 0
0 0 D11

 = 0. (3.14)

Remark 5. The matrix E is the link between the energy and Laplace transform method.

To guarantee uniqueness, we need

Lemma 3. The determinant condition (3.14) leads to the same eigenvalues κ as (3.3).

Proof. Consider (3.14) and recall that adding a row (column) multiplied by a scalar
to another row (column) does not change the determinant. By adding the κ times the
lower block rows to the upper block rows we find

Det

 A11κ+ sI −D11κ
2 A12κ 0

A21κ A22κ+ sI 0
−D11κ 0 D11

 =

Det

(
A11κ+ sI −D11κ

2 A12κ
A21κ A22κ+ sI

)
×Det(D11) = 0.

Since Det(D11) 6= 0, inserting the relations (3.8) into (3.3) proves the claim.

To proceed, we also need the following Lemma from Nordström & Svärd (2005).

Lemma 4. Suppose that R is a nonsingular matrix and that P is a real symmetric
matrix. Then the number of positive/negative eigenvalues of RTPR is the same as the
number of positive/negative eigenvalues of P .

Proof. Follows directly from Sylvester’s criterion, see Horn & Johnson (1990).

We can now prove the main result of this paper.
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Theorem 1. Consider the half plane problem (2.1) in the domain Ω : {x > 0,−∞ <
y, z < +∞} with the boundary conditions imposed at the plane x = 0. The energy and
Laplace transform methods lead to the same number of boundary conditions at x = 0.

Proof. We will show that i) the total number of non-zero eigenvalues λ in (3.12)
and the total number of non-zero generalized eigenvalues κ in (3.14) for Re(s) > 0 are
identical, and that ii) the number of positive λ in (3.12) is the same as the number of
eigenvalues κ with Re(κ) < 0 for Re(s) > 0. If both i) and ii) hold, Theorem 1 follows
since Lemma 2 and 3 show the equivalence between the first and second order form.

Consider the matrix in (3.14). By Lemma 1 we can choose any s with Re(s) > 0 and get
the correct number of eigenvalues κ with negative real part. We choose the specific value

s = 1. Since Det(D11) 6= 0 and positive definite, we can factorize D11 into D
1/2
11 D

1/2
11 and

get sI 0 0
0 sI 0
0 0 D11

→ (s = 1)→

 I 0 0
0 I 0

0 0 D
1/2
11

 I 0 0
0 I 0

0 0 D
1/2
11

 = SS. (3.15)

Now we can insert these matrices into (3.14) noting that S is symmetric and find

Det(S(S−1ES−1 + κ−1I)S) = Det(S)2Det((S−1)TES−1 + κ−1I). (3.16)

The final result for i) above follows from Lemma 4. Also ii) follows since the number of
generalized eigenvalues with Re(κ) < 0 is the same as the number of positive eigenvalues
λ of E.

4. Conclusions

We investigated the energy method and the Laplace transform method as techniques
for determining the number of boundary conditions required for a well posed initial
boundary value problem. By reducing the systems of equations to first order form, we
proved that both these methods yield the same number of boundary conditions.

Since the Laplace transform method is known to provide necessary and sufficient condi-
tions for the well-posedness of initial-boundary value problems, our result shows that the
energy method will as well for hyperbolic-parabolic systems. Also, since both methods can
be applied pointwise at smooth boundaries, the result extends to this case. Thus the en-
ergy method provides an easy-to-apply general approach to specifying energy-compatible
boundary conditions.
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5. Appendix

Lemma 5. For bounded (s, ωy, ωz) and Re(s) = η > 0, the roots κ of (3.2) are bounded.

Proof. Rewrite the eigenvalue problem (3.1) in block form according to the dimensions
of D11 and recall that Ā, B̄ and C̄ are symmetric:(

P̂11 + Q̂11κ+ sI −D11κ
2
)
V̂1 +

(
iωyB̄12 + iωzC̄12 + Ā12κ

)
V̂2 = 0, (5.1)(

iωyB̄
T
12 + iωzC̄

T
12 + ĀT12κ

)
V̂1 +

(
iωyB̄22 + iωzC̄22 + Ā22κ+ sI

)
V̂2 = 0, (5.2)

where we have introduced

P̂11 = sI + i
(
ωyB̄11 + ωzC̄11

)
+ ω2

yD22 + ω2
zD33 + ωyωz (D23 +D32) ,

Q̂11 = Ā11 − iωy(D12 +D21)− iωz(D13 +D31). (5.3)

Now suppose that a uniformly bounded sequence of (s, ωy, ωz), Re(s) = η > 0 exists

with |κ| → ∞. Since D11 is nonsingular, equation (5.1) then implies V̂1 → 0. This makes
the largest term in equation (5.2) to be κĀ22V̂2, so we must have Ā22V̂2 → 0. Since we
are looking for nonzero solutions, such a scenario is only possible if Ā22 is singular with
V̂2 approaching one of its null vectors, v0. Returning to (5.1) and collecting the largest
terms we find

−D11κ
2V̂1 + κĀ12v0 +O(1) = 0, (5.4)
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from which we conclude

V̂1 ∼ κ−1D−1
11 Ā12v0. (5.5)

Now set V̂2 ∼ v0 + κ−1w0 and consider O(1) terms in (5.2):

ĀT12D
−1
11 Ā12v0 + iωyB̄22v0 + iωzC̄22v0 + Ā22w0 + sv0 = 0. (5.6)

Multiplying by vT0 and taking the real part yields:

vT0 Ā
T
12D

−1
11 Ā12v0 + ηvT0 v0 = 0, (5.7)

where we have used the symmetry of Ā22, B̄22 and C̄22 and the fact that vT0 Ā22w0 = 0.
Since η > 0 and the first term in (5.7) is nonnegative, we have reached a contradiction.
Thus κ is bounded.



 

 


