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Abstract
The most challenging aspect of particle filtering hardware implementation is the resampling step. This is because of high
latency as it can be only partially executed in parallel with the other steps of particle filtering and has no inherent parallelism
inside it. To reduce the latency, an improved resampling architecture is proposed which involves pre-fetching from the weight
memory in parallel to the fetching of a value from a random function generator along with architectures for realizing the pre-
fetch technique. This enables a particle filter using M particles with otherwise streaming operation to get new inputs more
often than 2M cycles as the previously best approach gives. Results show that a pre-fetch buffer of five values achieves the
best area-latency reduction trade-off while on average achieving an 85% reduction in latency for the resampling step leading
to a sample time reduction of more than 40%. We also propose a generic division-free architecture for the resampling steps.
It also removes the need of explicitly ordering the random values for efficient multinomial resampling implementation. In
addition, on-the-fly computation of the cumulative sum of weights is proposed which helps reduce the word length of the
particle weight memory. FPGA implementation results show that the memory size is reduced by up to 50%.

Keywords Particle filter · Resampling architectures · Latency reduction · Hardware implementation · ASIC · FPGA ·
Pre-fetched resampling 22 minutes ago Create comment Create flashcard Jump to context Delete

1 Introduction

In problems that involve hidden Markov models (HMM)
with unobserved states and cannot be evaluated analytically,
filtering refers to estimation of that state from a set of
observations that are corrupted by noise. In other words,
it refers to determining the state probability distribution
at time instance n, given observations up to n. The states
evolve and capturing this evolution of state enables the
prediction of the state in the future [3, 9, 11–14, 27]. It can
be described by the following set of equations

x(n) = f (x(n − 1), z(n − 1))

y(n) = g (x(n), v(n)) , (1)
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Linköping, Sweden

2 Present address: Department of Electrical Engineering,
Namal Institute, Mianwali-42250, Pakistan

where x(n) is the evolving state vector of interest, y(n)

is a vector of observations, z(n) and v(n) are independent
noise vectors with known distributions, and f (.) and g(.)
are known functions.

Particle filters track x(n) by updating a random measure
{xk(n), wk(n)}Mk=1, which consists of M particles xk(n)

and their weights wk(n) defined at time n, recursively.
This random measure is used to approximate the posterior
density of the unknown vector [3]. Particle filtering
is used when the state transition and the observation
models are non-linear and noise is non-Gaussian, in
contrast to Kalman filters where they are linear and
Gaussian, respectively [9]. Particle filters find application
in a wide variety of complex problems including target
tracking [15, 26, 32], computer vision [25], robotics
[22], vehicle tracking [21, 28], acoustics [2] and channel
estimation in digital communication channels [29] or any
application involving large, sequentially evolving data-sets
[11, 13].

There are three steps involved in particle filters, as
illustrated in Fig. 1:

– Time-update (particle generation/sampling)
– Measurement-update (weight computation)
– Resampling
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Figure 1 Different steps in
particle filtering.

In the first step, samples (particles) of the unknown state
are drawn or sampled from a density using the principle of
importance sampling. This step can typically be considered
as propagation of particles at time instant n − 1 into n

through (1). Thus, this step is also termed time-update.
In the second step of particle filtering, particles xk(n) are
assigned importance weights wk(n) based on the received
observations. This is typically the most computationally
intensive step and can also be referred to as measurement-
update [12].

Among the three steps that accomplish particle filtering,
resampling is the one which is hardest to obtain a high-speed
implementation of since it cannot be straightforwardly
parallelized. A number of contributions have focused on
different resampling algorithms [4, 6–8, 16–20, 24, 27].
An overview of resampling algorithms can be found
in [8, 17, 24] and is briefly discussed in Section 3.
Algorithms which are focused on hardware implementation
includes [8], where an algorithm combining systematic
and residual resampling is proposed with the aim of
providing a shorter and distribution independent latency.
In [4], different architectures and memory schemes for
the sampling and the resampling steps are discussed
but there is no discussion and analysis of the word
length requirement for the architecture and memories.
A modified systematic resampling algorithm using non-
normalized weights is proposed in [7]. Implementation
aspects of different algorithms are discussed in [4, 8]. In
particular, resampling algorithms applicable for distributed
architectures are discussed which can enable a parallel
execution of the resampling step with other steps of
particle filtering [6]. Implementation of resampling step
using general purpose computing techniques on a graphical
processing unit (GPU) to obtain a parallel particle filter
is reported in [16], while a compact resampling algorithm
using only one threshold value and its associated hardware
is presented in [19].

The current work looks into techniques for improving
different aspects of the resampling step. The main
contributions of this work are:

– Reduction in latency of the resampling step by pre-
fetching weights in parallel to fetching of the next value
from random function generator

– Associated hardware architectures for the above men-
tioned latency reduction technique

– Reduction in memory size of weights by doing
cumulative sum computation on-the-fly

– A division-free architecture for multinomial, system-
atic, and stratified resampling, where the multinomial
variant does not require explicit ordering of the values
from the random function generator

Preliminary results concerning division free architecture
and memory size reduction have been reported in [1].

The rest of the paper is organized as follows: in
Sections 2 and 3, basic architectures for particle filters
and the resampling process with different types of
resampling algorithms are described, respectively. The main
contributions of this work are presented in Section 4 and
results showing the benefit and properties of the proposed
approaches are presented in Section 5. Finally, in Section 6
some concluding remarks are given.

2 Architectures for Particle Filters

Particle filters consists of three main blocks; time-
update, measurement-update and resampling. Resampling
is considered a bottleneck because it cannot be executed
in parallel with the other steps of particle filtering. A
schedule depicting this situation over two iterations is
shown in Fig. 2. Here, it is assumed that a new time-
update computation can be started every clock cycle. After
a latency of Lt cycles, the new particle is available and
fed to the measurement-update. After yet Lm cycles the
weight of the particle is available. After another M cycles
all particles and particle weights are computed and the
resampling can start. The resampling will outputM particles
and, as discussed in more detail later, will not output
particles for a number of cycles, here denoted Lr, which is
the latency of the resampling step. Hence, the total time for
resampling is Lr +M . Here, it should be noted that although
the resampling process is not finished, the next time-update
step can start when there are M cycles remaining of the
resampling.

It is common to implement the architecture using a
memory that keeps track of which particles should be
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Figure 2 Basic scheduling of
different steps in particle filter.

replicated and/or discarded, as shown in Fig. 3. In this way,
a single particle memory can be used.

In case of the resampling unit and the time-update
unit having separate memories to store particles, the time-
update unit can read the resampled particle and write to
its own memory, referred to as particle allocation with
index addressing in [6]. However, it requires the resampling
step to read from the time-update memory for the particle

Figure 3 Basic architecture for the resampling step together with the
time-update step of the particle filter.

to be resampled. In this case, the time-update step, and
as a consequence the measurement-update step, will not
be executed in a continuous manner as shown in Fig. 2.
Rather it will be distributed, as shown in, Fig. 4, where
the resampling step finishes when the number of resampled
particles is equal to the original number of particles. The
latency of the resampling step, Lr, will be a sum of the
cycles in which no particle is being replicated and hence
will be distributed.

If there is only one particle memory, the resampling unit
will produce a set of indices of the resampled particles.
However, this scheme requires a discarded indices memory
as well so that the resampled particles can be written to the
position of the discarded particles [4]. In such a scenario,
the output of resampling cannot be immediately used until
enough discarded indices have been produced to over write
them. This is highly un-deterministic and in the worst case
the resampling output can only be used after M cycles, after
which the resampling output will be continuous and so will
the execution of the subsequent steps, as earlier shown in
Fig. 2.

Another alternative memory architecture is the use of
alternating double buffers [6], also known as ping-pong
memory [23], as shown in Fig. 5. In [6], this technique is
shown to be applicable only to systematic resampling and
requires an additional index memory of size 2M . However,
if the resampling output is allowed to be used in a distributed
manner together with a distributed execution of the time-
update and measurement-update step, as shown in Fig. 4,
then there is no need of any additional index memory. This
is also a natural consequence of most of standard resampling
algorithms. As soon as it is known which is the next particle
to resample, it is fed to the time-update unit and so on.
The result is written back to the other memory. For the next
iteration, the memories switch roles.

Even in the case of the resampling unit generating
replication factors, the continuous or distributed execution
will depend on the memory architecture. If the latency of
the resampling step, Lr, can be reduced and together with
the distributed execution, execution of each iteration can be
started much earlier.
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Figure 4 Distributed schedule
of the particle filter.

3 Resampling in Particle Filters

Resampling prevents degeneration of particles, which
improves the estimation of the state of the system by
modifying the weighted approximate density π(xn) to an
un-weighted density π̂(xn). This is achieved by eliminating
particles having low importance weights and replicating
those having high importance weights. This will prevent
poorer approximation on the posterior density and lead to
better estimates. More formally

π(xn) =
M∑

k=1

wk(n)δ(x − xk(n)) (2)

is replaced by

π̂(xn) =
M∑

i=1

1

M
δ(x − xi(n)) =

M∑

k=1

ck

M
δ(x − xk(n)), (3)

where ck is the number of copies of the original particle
xk(n) in the new set of particles xi(n) [17]. In these
resampling schemes, the expected number of times the kth

particle is resampled, ck , is proportional to its weight. For
brevity, we assume that the number of particles is the same
before and after resampling.

Different methods of resampling algorithms exist to
generate xi(n) (3). However, all resampling algorithms use
a normalized cumulative sum of weights which is given as:

wk = Wk

WM

, k ∈ 1 . . . M, (4)

where Wk = ∑k
i=1 ŵi and the time index is dropped for

brevity. The cumulative sum can be calculated in parallel
with the measurement-update step and will not add to the
total execution time of particle filtering.

Different forms of distribution are used to generate
random numbers to compare against normalized particle
weights. In this paper, we are primarily interested in the
algorithms that use various forms of random numbers from
a single distribution to perform resampling [17, 24]:

– Multinomial
– Stratified
– Systematic
– Residual

Multinomial resampling is the basic approach which
uses uniformly distributed random numbers to perform
resampling. These numbers are generated according to [17]:

ur = ũr , with ũr ∼ U [0, 1). (5)

Figure 5 Architecture for the
particle filter with ping-pong
memory.
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Figure 6 Standard uniformly
distributed samples for M = 10.

0 1

Systematic Stratified Multinomial

The total time required for multinomial resampling is of
the order of M2 as for each iteration, up to M normalized
weights must be compared against the random number [24].
However, if the random numbers are ordered, this is reduced
to 2M ,1 and, hence, the latency is Lr = M .

Stratified resampling divides the interval into uniform
intervals, also termed as stratification, which helps the
samples to be more uniformly distributed. One value is then
picked from each interval with a random offset. This can be
mathematically stated as [17]:

ur = 1

M
(r − 1) + ũr , with ũr ∼ U

[
0,

1

M

)
. (6)

Systematic resampling is an extended view of stratified
resampling where the offset is the same resulting in the
following formulation for generation of random numbers
[17]:

ur = 1

M
(r − 1) + ũ, with ũ ∼ U

[
0,

1

M

)
. (7)

An example of the different random samples used by
multinomial, stratified and systematic resampling methods
are shown in Fig. 6.

As shown in Eq. 4, typically in the resampling process,
the weights are normalized which results in M divisions
per resampling process incurring high hardware cost. In
[7], the authors proposed a modified systematic resampling
scheme whereby M divisions are replaced by one division
by drawing the uniform random number from a distribution

spanning
[
0, WM

M

)
, and then updating it by WM

M
, as given

in Eq. 8. However, there is still one division, making it
primarily attractive whenM is a power of two, in which case
the division is simplified to a binary shift.

ur = WM

M
(r − 1) + ũ, with ũ ∼ U

[
0,

WM

M

)
. (8)

The first three resampling methods mentioned above can
be represented in a unified way using a flow chart, as shown
in Fig. 7. In this figure, the random number generator can be

1It is sometimes claimed to be 2M − 1. However, the exact number of
cycles depends on how they are counted and the exact implementation.
For simplicity, we state 2M .

based on any one of the three methods as long as the random
numbers are ordered, which they automatically are for
stratified and systematic resampling. In each iteration, the
considered weight is compared against the current random
value. If the weight is larger, then the corresponding particle
is replicated and the next random value is fetched. If the
weight is smaller, the next weight is fetched. It is the latter
action that leads to the latency of M cycles, as the complete
weight sequence must be traversed and no particle is output
during that iteration.

Residual resampling calculates the replication factor for
each particle in two steps [17]. In the first step, the number
of replications of a particle is determined by the truncated
product of M and wk . Remaining particles are resampled
in the second step using one of the earlier described
resampling schemes. A modified version of this, called the
residual systematic resampling (RSR), removes the second
step by incorporating the systematic resampling principle to
update the random number [8]. It uses the knowledge of the
fixed intervals between two consecutive values generated
in systematic resampling to calculate the replication factors
which reduces the number of random numbers fetched.
The comparison step shown in Fig. 7 is replaced by the

Figure 7 Flow chart of resampling.
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replication factor generator which will help in reducing the
number of iterations for the right sided loop in Fig. 7.

Based on the type of resampling algorithm, the random
number generation unit will be modified. Multinomial
resampling requires a random number generator and a
memory to hold it during the resampling step while the
control unit will then generate address for this memory.
Stratified and systematic resampling only need a random
number generator and an accumulator. For stratified, as
given in Eq. 6, a new random number is produced every
cycle while for systematic, in Eq. 7, one random number is
produced at the start of the resampling process.

For the residual resampling algorithm the second step will
require a random number generator and memory while for
RSR, a similar random number generator is required as used
by systematic resampling. However, for these two algo-
rithms, the resampling unit will be different to multinomial,
stratified, and systematic resampling algorithms.

4 Proposed Techniques

The main contributions in this work are techniques to
improve two of the three units shown in Fig. 3:

1. Reduction in latency of the resampling unit, Lr as
indicated in Fig. 2

2. A generic double multiplier division free architecture
for the resampling unit and a compact memory structure
for the weight and random number generation unit

The latency reduction technique is primarily applicable
to the architecture shown in Fig. 5 but it can be easily
adapted for the architecture shown in Fig. 3. The division
free architecture and compact memory structure technique,
however, is applicable to both architectures shown. Each of
these technique is discussed in the proceeding sections.

4.1 Reduction in Resampling Latency – Pre-Fetch

In a typical resampling process, there is a comparison
between the normalized cumulatively summed weight, wk

(4), of a particle and a random number (or a variation of it)
as given by Eqs. 5–8. For simplicity,wk will only be referred
to as weight. The result of each comparison either makes
the system fetch a new weight or a new random number as
shown in the flow graph in Fig. 7. During the fetching of the
random number, the weight of a particle is not fetched from
the weight memory and as mentioned earlier these cycles
contribute to the overall latency of the resampling.

This results in a variable total latency which can rise to
at most M cycles and a total computation time of at most
2M , where M is the number of particles. The latency and
hence the total computation time can be reduced if the cycle

during which the random number is fetched is used to fetch
more weights and perform a parallel comparison between
the random number and all the fetched weights. This is
referred to here as pre-fetch. In other words, the number of
iterations in the left sided loop of Fig. 7 is reduced by pre-
fetching weights. This is unlike RSR, where the number of
iteration in the right sided loop in reduced. In this way, the
number of dedicated cycles required to fetch the weights
will be significantly reduced.

In order to illustrate the pre-fetch technique, the case of
pre-fetch by two is explained first. Here, at most only one
extra weight is fetched leading to a three-way comparison
as given by the following equations:

ur ≤ wk (9)

wk < ur ≤ wk+1 (10)

wk+1 < ur, (11)

where wk+1 is the pre-fetched weight, fetched as a result
of the operations indicated by Eqs. 9 and 10. The flow of
operations during the whole process is shown in Fig. 8,
where the pre-fetch is shown corresponding to Eqs. 9 and
10.

In case of Eq. 11, a new weight will be fetched, indicating
that a weight is always fetched from the weight memory
unless the condition in Eq. 9 is satisfied and a new weight
has already been pre-fetched. In case of Eq. 10, the pre-
fetched weight (indicated by S1 in the figure) is retained
(copied to S0) and a new weight pre-fetched (into S1).

Figure 8 Flow chart of pre-fetch up to D = 2 weights from memory.
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For a general pre-fetching scheme, weights need to be
stored in a memory structure, depth of which will be equal
to the maximum number of weights being pre-fetched.
This number is indicated here as D. The memory structure
will resemble the operation of a first in first out (FIFO)
memory structure with the exception that multiple data
can be removed from it. For expository convenience, this
structure will be simply referred to as a buffer in the rest of
the paper. For comparison with the value from the random
number generator, one needs D parallel comparators. The
relationship defining the operation can be generalized as
given below and the flow chart describing the operations is
given in Fig. 9, where f ≤ D is the number of filled buffer
places and S0 . . . Sf −1 are the weights that fill up the buffer.

ur ≤ wk (12)

wk < ur ≤ wk+1 (13)

wk+1 < ur ≤ wk+2 (14)
...

wk+f −2 < ur ≤ wk+f −1 (15)

wk+f −1 < ur . (16)

In case there is an R ≤ Si where i ∈ 0 . . . f − 1, j is
the smallest index such that R ≤ Sj , all weights with index
up to j − 1 will be discarded and k + j will be the output
index. When all the weights in the buffer, S0 . . . Sf −1 are

Figure 9 Flow chart of proposed pre-fetch resampling using a buffer
to enqueue the pre-fetched values.

less than R, the buffer will be completely dequeued and a
new weight fetched and enqueued in the buffer, as indicated
by the left hand side loop in Fig. 9 and by Eq. 16. This is
the cycle that contributes to the latency of the resampling
step.

An example illustrating what happens to the buffer before
and after the comparison for different cases is shown in
Fig. 10 for D = 5. In Fig. 10a, R is less than the first value
in the buffer, corresponding to Eq. 12 meaning S0 will be
resampled. A newweight, S3, will be enqueued in the buffer,
but no weights will be dequeued. In Fig. 10b with f = 3,
since R ≤ S2, it means that j = 2 and R > (S0, S1). S0
and S1 will be dequeued, S2 will be moved to the top of
buffer and S3 will be enqueued. A similar operation occurs
in Fig. 10c where j = 1 and f = 5 and only S0 is dequeued
while in d the whole buffer is dequeued, no particle is
resampled and a new weight, S5 is fetched to top of buffer,
while f is set to one.

4.1.1 Hardware Architecture for Pre-Fetch Resampling

The generic architecture for the pre-fetch technique is
shown in Fig. 11. The architecture primarily consists of a
buffer with depth D which feeds a comparator array which
compares each fetched wk with ur as given in Eqs. 12–16.
Each comparator generates a logic 1 when ur ≤ wk and
a logic 0 otherwise. This comparator array is connected to
a D:�log2 D� priority encoder which encodes the ones and
zeros of the comparator array. The priority encoder is used
because the comparator higher up the order have higher
priority. In case of multiple ones, the priority needs to be
resolved, hence the need of a priority encoder.

The buffer can either be implemented as a memory or as
a network of multiplexers directly feeding the comparators.
In the later case, one first needs a 1:D demultiplexer to
direct the incoming fetched wk to the correct comparator
and move the already fetched weights to the appropriate
comparators using multiplexers. The demultiplexer directs
the incoming weight to one of its output and forces other
outputs to zero. One technique will then be to use two
layers of multiplexers with the first layer consisting of
S:1 multiplexers with the number of inputs successively
decreasing from D to two. The second layer will then have
D, 2:1 multiplexers. This will produce a regular and scalar
architecture.

An example of such an architecture is shown for pre-fetch
by two in Fig. 12. Since this architecture scales with D, as
D gets smaller, the control logic, size of multiplexers, the
de-multiplexer and the priority encoder gets smaller as well.
For a pre-fetch by two, the architecture gets significantly
simplified. There is no need of a priority encoder and all
multiplexers are reduced to having just two inputs as well as
the de-multiplexer.
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Figure 10 Different cases when
pre-fetching for D = 5.

4.2 Generalized, Division-Free Resampling
Architecture

To perform resampling, the normalized weight wk from
Eq. 4, will be compared to a random value ur based
on any of the schemes introduced earlier. For systematic
resampling, using (6), this becomes

Wk

WM

� 1

M
(r − 1) + ũ. (17)

This can now be rewritten as

Wk � WM

(
1

M
(r − 1) + ũ

)
(18)

or, similar to the resampling methods earlier:

ur = WM

(
1

M
(r − 1) + ũ

)
, with ũ ∼ U

[
0,

1

M

)
. (19)

The result in Eq. 19 is similar to Eq. 8 from [7].
However, the new expression avoids any division as we
can accumulate 1

M
to get the 1

M
(r − 1) part and the

random number generation (RNG) has a range independent
of WM . This is easily adaptable for stratified resampling,
and, as will be shown later, can be adapted to multinomial
resampling.

If the number of particles, M , is configurable, it may be
required to store multiple different values for 1

M
and modify

the range of the random number generation accordingly
(one way is to multiply a random number ũ ∼ U [0, 1) with
1
M
). Instead, it is possible to rewrite (18) as

MWk � WM (r − 1 + ũ) (20)

with ũ ∼ U [0, 1) leading to that the random number is
always in a well defined interval and that the multiplication
is with M instead. In this way, it is easy to change M while

Figure 11 Architecture for the
resampling unit using the
pre-fetch by D technique.



J Sign Process Syst

Figure 12 Detailed architecture for the resampling unit with buffer
size D = 2.

avoiding any division and use a random number generator
with a well defined and static range.

In earlier works, the cumulative sum of the weights has
been stored. This leads to the word length increasing as the
cumulative sum of the weights require a longer word length
to be stored compared to the particle weights. Assuming
that there are M particles and the particle weights have a
word length of Ww, the required word length of the memory
is

WMem,w = ⌈
log2 M

⌉ + Ww (21)

Hence, for, say, M = 2048, 11 more bits are required
compared to Ww. Naturally, it is possible to reduce the
word length by quantization of the cumulative sum, but
this will come with increased errors.2 So, in general,
there will be a trade-off between accuracy and circuit area
when determining the word length of the cumulative sum
memory.

Instead, we suggest to compute the cumulative sum
on the fly when using the Wk values. However, as WM

is required, it is required to perform this computation
twice, once when storing the values in the cumulative sum
memory and once when performing the resampling. An
architecture combining (20) and the on-the-fly computation
of cumulative sum is shown in Fig. 13. For comparison, an
architecture using (18) with a static random number range
without on-the-fly computation, is shown in Fig. 14.

It may be argued if multinomial resampling has any
advantage over other methods [8, 10, 17]. One claimed
issue is a higher computational complexity [17], either
by traversing the memory for unordered random values
or generating ordered random values. Here, we show that
multinomial resampling can be implemented with a much
lower complexity compared to what has been shown earlier.

2Clearly, these can be kept arbitrarily small, at the expense of memory
size.

Figure 13 Weight and random number generation with on-the-fly
cumulative sum for division-free stratified/systematic resampling.

Still, from a filtering perspective, it can be argued that some
of the other schemes are still advantageous.

The first problem is to generate ordered random values.
In [17], the equation

ur = ur+1ũ
1
r
r , uN = ũ

1
N , with ũ ∼ U [0, 1) (22)

was used. This require computation of the r:th root which
in general is computationally demanding.

Instead, we suggest using a cumulative sum of random
numbers as

ur =
∑k

i=1 ûi∑M+1
i=1 ûi

= Ur

UM+1
, k ∈ 1 . . . M, (23)

Figure 14 Weight and random number generation with cumulative
sum weight memory for division-free stratified/systematic resampling.
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Figure 15 Weight and random number generation with on-the-fly
cumulative sum for division-free multinomial resampling.

where Ur = ∑k
i=1 ûi . If the random numbers are from

an exponential distribution, the normalized cumulative sum
will have a uniform distribution [5]. Note that the sum
goes to M + 1 to avoid that the last ur value is always 1.
For FPGA implementation, a random number generator for
exponential distribution such as [30] is smaller compared to
a uniform distribution [31].

Figure 16 Latency reduction
due to pre-fetch with D = 2, a
M = 103 and b M = 106 and
D = 5, c M = 103 and d
M = 106.

Now, similar to Eq. 17, the comparison can be written as

Wk

WM

� Ur

UM

. (24)

To avoid divisions, it is simply rewritten as

Wk × UM � Ur × WM, (25)

leading to a redefinition of wk and ur as:

wk = WkUM

ur = UrWM . (26)

It should be noted that computing the random numbers
and their cumulative sum can be executed in parallel
with the particle weight computation stage. The resulting
architecture for multinomial resampling with on-the-fly
computation of Ur is shown in Fig. 15. A similar memory
word length saving as for the cumulative sum memory
is obtained by using on-the-fly-computation. Furthermore,
doing the full cross multiplication, as given by Eq. 25,
makes it equally efficient for non-powers-of-two number of
particles. It also allows generation of random numbers in the
interval 0 → 1 without an explicit ordering.

It should be noted that the division-free schemes will
also be efficient in software implementations as the
latency of a division is about three times longer compared
to a multiplication, both for integer and floating-point
operations.
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Figure 17 Average reduction in latency for pre-fetch for various
values of D.

5 Results

5.1 Latency Reduction

As stated in Section 4.1, latency of the resampling step is
defined as the cycles where no output is produced. The
main aim of the pre-fetch technique proposed is to reduce
the latency of the resampling step. To illustrate the savings
obtained, the probability of latency reduction for various
number of particles with buffer depth of two and five is
shown in Fig. 16.

Figure 18 Buffer utilization for
M = 103, a D = 8 and b
D = 40 and M = 104, c
D = 15 and d D = 100
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The average savings in latency is approximately 56%
and 85% for D = 2 and D = 5, respectively. Also, with
an increase in the number of particles, the variance of the
latency reduction reduces significantly. However, increasing
the buffer depth will not increase the savings proportional to
the increase in the complexity to implement such a system
and the rate of increase in latency reduction will decrease.
This is shown in Fig. 17 for various number of particles with
varying D.

As shown in Fig. 16, the latency reduction is a
distribution with a certain variance. From a design
perspective, there is a need of a worst case latency reduction
due to the pre-fetch scheme so that the execution of the next
iteration can be started. Based on the analysis of the latency
reduction, a worst case value of 1/D is suggested and is
shown in Fig. 17. It shows that for D � M , the 1/D is a
safe approximation.

This reduction in the rate of increase in savings is because
as D is increased, the degree of utilization of each place
in the buffer decreases and the whole buffer is not utilized
fully. This is shown in Fig. 18 for M = 103 and M = 104

for various buffer depths. There is high degree of utilization
for initial places in the buffer but it decreases significantly
for the later places.

The divergence in the average percentage latency
reduction between different values of M , as D is increased
in Fig. 17, is because the decrease in the buffer utilization
is not linear, as shown in Fig. 18a and b. This non-linearity
only appears for large values of D relative to M , meaning
that the smaller the value of M , the earlier this non-linearity
will appear, with respect to D. This non-linearity accounts
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Figure 19 Buffer utilization for varying number of particles with D =
50.

for a lower utilization of the buffer with a given D for less
number of particles, M . This is shown in Fig. 19, where it
can be seen that for D = 50, M = 104 has a high utilization
of the buffer places as compared to M = 103.

However, as D increases, so will the hardware complex-
ity. This is because the size of the de-multiplexer and the
size and the number of multiplexers, registers and compara-
tors shown in Fig. 12 grows with the increase in D. The
growth of the architecture, in terms of area, grows quadrat-
ically which is consistent with the increase in the size of
the multiplexer. This increase is shown in Fig. 20 for M =
2048, when synthesized using standard cells on a 65 nm low
power standard VT CMOS process with a nominal working
temperature of 125 °C and an operating voltage of 1.15V .
Also shown is the approximation that the hardware com-
plexity increases quadratically as a function of the buffer
depth, D.

It was shown earlier in Fig. 17 that the latency decreases as
buffer depth is increased.However, the rate of increases drops
as higher buffer depths are reached. Furthermore, increase in
D also quadratically increases the area. In order to determine

5 10 15 20
Buffer depth, D

0

0.01

0.02

0.03

0.04

0.05

0.06

A
re

a,
m
m

2

Std. arch.
Pre-fetch arch.
Quad. apprx

Figure 20 Area of the resampling step as a function of buffer depth,
D with M = 2048.

the right trade-off between reduction in latency and increase
in the area, the area latency product was computed as a func-
tion of buffer depth D and plotted in Fig. 21 for M =2048.
It shows that the normalized area initially decreases up to
D =5 and then increases. Thus, a buffer depth of five gives
the best trade-off between latency and area.

The consequence of the latency reduction is that
the architecture can process new inputs faster. The
previously fastest resampling scheme (not considering
partial resampling), residual systematic resampling, RSR,
can process a new sample every 2M +L cycles, where M is
the number of particles and L is the pipeline latency of the
computational units. Often L � M , so we assume a time of
2M . To give a bit margin for the expected latency reduction,
we assume for D = 2 that 50% of the cycles are removed
and for D = 5, 80% of the cycles. The resulting time
between input samples are then 1.5M and 1.2M for D = 2
and D = 5, respectively, compared to 2M for RSR. This
can be used for increasing the sample rate or the number of
particles that can be processed for a given sample rate.

5.2 Memory Usage by Generalized Division-Free
Architecture for Multinomial Resampling

The original architecture proposed in [1], without on-the-
fly cumulative sum will have a relatively larger memory
compared to the one in Fig. 13, for multinomial resampling.
However, the on-the-fly cumulative sum architecture has
two extra multiplexers and associated control circuity. Both
the architectures were implemented on a Xilinx Virtex-
6 FPGA, as they have specialized blocks to implement
multipliers and memories.

Table 1 illustrates the resource usage by the two architec-
tures, when implemented on the mentioned FPGA. Designs
for larger number of particles were realized to reflect more
practical scenarios while also using non-powers-of-two
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Figure 21 Area latency product as a function of buffer depth, D with
M = 2048.



J Sign Process Syst

Table 1 Complexity, in Terms of FPGA resources, of Architectures
Based on Stored and On-the-fly Cumulative Sum (CS).

Particle Stored CS On-the-fly CS

count LUT Mem. LUT Mem.

512 375 2† 456 2∗

1000 234 2† 299 2∗

1024 210 2† 292 2∗

2000 226 4† 317 2†

2048 231 4† 358 2†

3000 290 6† +2∗ 378 4†

4096 273 6† +2∗ 372 4†

8192 289 16† 381 8† +2∗

10000 311 32† 410 18†

15000 312 32† 427 18†

16384 306 32† 421 18†

20000 330 66† 421 36†

*18k BRAM
†6k BRAM

number of particles to reflect the flexibility of the proposed
architecture. Architecture based on on-the-fly cumulative
sum reduces the memory requirement by half at the cost of
extra logical complexity, in terms of LUT. This is due to the
presence of multiplexers and associated control logic. How-
ever, memory blocks in an FPGA are far less in number
than LUTs, making the on-the-fly cumulative sum option an
attractive one.

6 Conclusion

In this work, a new technique of pre-fetch has been proposed
to reduce the latency of the resampling step. In this technique,
new particle weights are pre-fetched during the same cycle
where random values are fetched. This helps in reducing
the total number of cycles needed for resampling. An area
latency product shows that D = 5 achieves the best trade-off
between latency reduction and hardware cost, resulting in a
latency reduction of about 85%. Hence, with a conservative
design assuming an 80% reduction, an implementation will
be able to process a new input every 1.2M clock cycle,
where M is the number of particles, compared to 2M
when using e.g. residual systematic resampling [8]. This
additional speed can be used either to increase the sample
rate or use more particles within the same sample rate.

Futhermore, it is shown that the size of the particle
weight memory can be significantly reduced by calculating
the cumulative sum on-the-fly before the resampling. When
implemented on FPGA, a memory reduction of up to 50%
is shown. Division-free resampling schemes for stratified,

systematic, and multinomial resampling are proposed.
These can be combined with the latency and memory
reduction schemes, but may also be useful in software
implementations as division has a higher latency compared
to multiplication. As part of the division-free scheme for
multinomial resampling, a new ordered random number
scheme is also proposed, removing the need for n:th-root
computation from earlier schemes.
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University.

Open Access This article is distributed under the terms of the
Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted
use, distribution, and reproduction in any medium, provided you give
appropriate credit to the original author(s) and the source, provide a
link to the Creative Commons license, and indicate if changes were made.

References

1. Alam, S.A., & Gustafsson, O. (2015). Generalized resampling
architecture and memory structure for particle filters. In Proc.
Europ. Conf. Circuit Theory Design. Trondheim.

2. Ansari, N., & Chamnongthai, K. (2019). Particle filtering with
adaptive resampling scheme for modal frequency identification
and dispersion curves estimation in ocean acoustics. Applied
Acoustics, 154, 90–98.

3. Arulampalam, M.S., Maskell, S., Gordon, N., Clapp, T. (2002).
A tutorial on particle filters for online nonlinear/non-Gaussian
Bayesian tracking. IEEE Transactions on Signal Processing,
50(2), 174–188.
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