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Abstract

A linear classification function is applied when the means follow a Growth Curve

model with restriction on the mean space. If the underlying assumption is that

different groups in the experimental design follow different growth profiles, a bilinear

restriction on the mean space gives an Extended Growth Curve model. Given this

restriction the approximations for the probability of misclassifications are derived.

Moreover, a discriminant function is also derived when there exist rank restrictions

on the mean parameters.

ASM Classification:

Keywords: Asymptotic approximation, Extended Growth Curve model, Rank restriction,

Linear classification function, Probability of misclassification.

1 Introduction

In the 1930’s there was an important development of methods in multivariate analysis.

The allocation of individuals with several measured characteristics into one out of two

specified populations was discussed. Fisher (1936) is may be the earliest paper to discuss

discriminant analysis and classification. He considered the problem of choosing the best

linear function of a feature vector x to form a basis of classification of individuals and de-

rived a linear discriminant function. A corresponding sample based discriminant function

directs us to allocate x into group one, π1, if

L(x; x1,x2,S) = (x1 − x2)
′S−1

(
x− 1

2
(x1 + x2)

)
> 0, (1)

1Corresponding author. E-mail address: edward.ngailo@liu.se
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else to group two, π2, where x1 and x2 are the sample mean vectors of the two groups and

S is the pooled sample covariance matrix, where the groups under study are assumed to

have distributions with the same positive definite covariance matrix. Thus, the scenario

is that we have samples from two groups of ”individuals” where a vector of features is

observed and then there is an individual with the same features which is to be classified

either to group one or to group two.

The Growth Curve model was formulated by Potthoff and Roy (1964) although several

authors had studied growth curve problems before. The authors presented some ad-hoc

estimators but soon after their publications maximum likelihood estimators were obtained

(see von Rosen (2018), pp. 92-94 for further references). A balanced repeated measure-

ments design is supposed to hold when applying the model which makes it unfeasible to

use for many growth curve problems. However, the model’s strength is that even if it

belongs to the curved exponential family explicit estimators are available and thus gives

us a chance to precisely study properties and understand results.

Discriminant analysis is usually applied to multivariate statistical problems in which

data are collected simultaneously. Multivariate textbooks that include sections on dis-

criminant analysis (Timm (2002), Johnson and Wichern (2007), Tabachnick et al. (2007),

Rencher and Christensen (2012)) as well as pure textbooks on discriminant analysis

McLachlan (1992); Huberty and Olejnik (2006) provide little, if any, discussion about

procedures for repeated measures designs, in which study participants provide responses

to at least two measurement occasions over time.

One of the earliest paper to discuss discrimination between growth curves was written

by Burnaby (1966). Later classification of an observation following the Growth Curve

model was considered by Lee (1977), using Bayesian methods, followed by a generalization

given by Nagel (1979). Lee (1982) again considered the classification of growth curves and

this time from both a non-Bayesian and Bayesian viewpoint. Moreover, several authors

have written follow-up papers, e.g., Lee (1991), Albert and Kshirsagar (1993) and Mentz

and Kshirsagar (2005). All mentioned studies are concerned with models which assume

that all treatments groups follow the same growth profile. In particular, this work presents

results when the observation groups under study follow different profiles.

When the mean follows the Potthoff and Roy (1964) Growth Curve model an assump-

tion is that all treatment groups in a study have to have the same type of mean profiles

over the repeated measurements. Verbyla and Venables (1988) proposed an Extended

Growth Curve model under the name sum of profiles model which is connected to a mul-

tivariate seemingly unrelated regression (SUR) model. The work had also been studied

earlier. For references and results about the Extended Growth Curve model see von Rosen

(2018). In this work we construct a more general linear classification function when the

group follow an extended growth curve structure. Mentz and Kshirsagar (2005) men-

tioned that the classification function constructed with the help of the standard Growth
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Curve model can be generalized to handle the sum of profiles model.

The Extended Growth Curve model can be viewed as a Growth Curve model with

bilinear restrictions on the mean, i.e., the mean parameters belong to a certain tensor

space. Moreover, instead of putting restrictions on the mean parameters so that they

belong to certain spaces, as an alternative, we can put rank restrictions on these param-

eters meaning that we are only restricting the dimension of the parameter space. To our

knowledge there is no study which explores classification when these type of restrictions

are put into the Growth Curve model.

This paper is structured as follows. In Section 2, the main models discussed in the

article are presented and in Section 3 explicit estimators of the mean parameters are

given. Section 4, derives for each model a linear discriminant function and in Section

5 for an Extended Growth Curve model an approximation of misclassification errors is

established. Finally a brief summary can be found in Section 6.

2 The models

We start by introducing the Growth Curve model proposed by Potthoff and Roy (1964).

Definition 1. (Growth Curve model) Let X : p× n,A : p× q, q ≤ p,B : q × k,C : k× n.

The Growth Curve model is given by

X = ABC + E, (2)

where the matrices A and C are within and between-individuals design matrices respec-

tively, E is the error matrix, such that the columns are independently distributed as mul-

tivariate normal distribution with mean 0 and positive definite covariance matrix Σ, that

is, E ∼ Np,n(0,Σ, In).

However, one limitation of the Growth Curve model presented in Definition 1 is that

all individuals are assumed to follow the same growth profile (model). Because this

assumption does not necessarily hold, a natural extension of the Growth Curve model has

been considered. We motivate this statement by presenting the following example.

Example 1. (Potthoff and Roy (1964), Dental data) Dental measurements on eleven

girls and sixteen boys at four different ages (t1 = 8, t2 = 10, t3 = 12, and t4 = 14) were

taken. Each measurement is the distance, in millimeters, from the center of pituitary to

pteryo-maxillary fissure. Suppose linear growth curves describe the mean growth profiles

for both girls and boys. Then we may use the growth curve model

X ∼ Np,n

(
ABC,Σ, I

)
,

where the observation data X are given in Table 1 in the Appendix, and the design and
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parameter matrices are as follows:

A =


1 8

1 10

1 12

1 14

 , C =

(
1′11 ⊗

(
1

0

)
: 1′16 ⊗

(
0

1

))
, B =

(
b11 b12

b21 b22

)
,

where 1n stands for a vector with n ones and ⊗ denotes the Kronecker product.
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Figure 1: Growth profiles plots (means at each time point joined with straight lines) for
Potthoff and Roy (1964) dental data.

The lines in Figure 1 are the sample means which are joined over age per group. It can

be observed from Figure 1 that the solid black line for girls shows a linear growth but for

boys (dashed red line), additionally to linear growth, there exists a quadratic response.

To this end, we can say that we have a problem of two treatments groups which seem to

follow different profiles. Hence, the standard Growth Curve model given in (2) may not

be appropriate for the data.

In the next we introduce the Extended Growth Curve model.

Definition 2. (Extended Growth Curve model, version 1) Let X : p× n,Ai : p× qi,Bi :

qi × ki,Ci : ki × n, C(C′i) ⊆ C(C′i−1), i = 1, 2, 3, . . . ,m, where C(·) represents the column

space of a matrix. The Extended Growth Curve model is given by

X =
m∑
i=1

AiBiCi + E, (3)
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where the matrices Ai and Ci are known design matrices and Bi are unknown param-

eter matrices. The columns of E are assumed to be independently distributed as E ∼
Np,n(0,Σ, In) and Σ is a known positive definite covariance matrix.

In this article it is assumed that in all models Σ is known. To handle an unknown Σ

is much more complicated which will be treated in subsequent research.

The Extended Growth Curve model can be written X ∼ Np,n (
∑m

i=1 AiBiCi,Σ, In). If

m = 1 , then the model in (3) is identical to the Growth Curve model defined via (2). The

model is intensively studied in von Rosen (2018). The only difference with the Growth

Curve model in (2) is the presence of a more general mean structure. In this article we

shall focus on the special case m = 2, that is

X ∼ Np,n (A1B1C1 + A2B2C2,Σ, In) .

Example 2. Suppose that there are two groups of ”individuals”. Let the mean for π1 be

a polynomial in time of degree q − 1 and let the mean for π2 be a polynomial of degree

q − 2. Thus, for an individual in Group 1 it can be written (i ∈ {1, . . . , n1})

E[x1i] = b11 + b21t+ . . .+ bq1t
q−1,

where {brs} are unknown parameters and for an individual in Group 2 (j ∈ {1, . . . , n2})

E[x2j] = b12 + b22t+ . . .+ b(q−1)2t
q−2.

If X = (x11, . . . ,x1n1 : x21, . . . ,x2n1) then

E[X] = A1B1C1 + A2B2C2,

where

A1 =


1 t1 . . . tq−21

1 t2 . . . tq−22
...

...
. . .

...

1 tp . . . tq−2p

 , A2 =


tq−11

tq−12

. . .

tq−1p

 ,

B1 =


b11 b12

b21 b22
...

...

b(q−1)1 b(q−1)2

 , B2 =
(
bq2

)
,

C1 =

(
1′n1
⊗

(
1

0

)
: 1′n2

⊗

(
0

1

))
, C2 =

(
0′n1

: 1′n2

)
.
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Note that in the example C(C′2) ⊆ C(C′1). Moreover, the Extended Growth Curve

model can be viewed as a Growth Curve model with restrictions. In a matrix language

one can write E[X] = ABC with the restriction FBG = 0, where F and G are known

matrices.

Instead of the nested subspace condition C(C′1) ⊆ C(C′2) in the Extended Growth

Curve model given in Definition 2, we can impose the condition C(A1) ⊆ C(A2) and then

the model for m = 2 in Definition 2 can be presented as

X = A1B1C1 + A2B2C2 + E, E ∼ Np,n(0,Σ, I), Σ > 0 (4)

where, using the notation from Example 2,

A1 =


1 t1 . . . tq−21

1 t2 . . . tq−22
...

...
. . .

...

1 tp . . . tq−2p

 , A2 =


1 t1 . . . tq−11

1 t2 . . . tq−12
...

...
. . .

...

1 tp . . . tq−1p

 ,

B1 =


b12

b22
...

b(q−1)2

 , B2 =


b11

b21
...

bq2

 ,

C1 =
(
1′n1

: 0′n2

)
, C2 =

(
0′n1

: 1′n2

)
,

where in particular it can be noted that C(A1) ⊆ C(A2). A general definition of this

version of the Extended Growth Curve model is given in the next definition.

Definition 3. (Extended Growth Curve model, version 2) Let X : p× n,Ai : p× qi,Bi :

qi × ki,Ci : ki × n, C(Ai) ⊆ C(Ai−1), i = 1, 2, . . . ,m. The Extended Growth Curve model

is given by

X =
m∑
i=1

AiBiCi + E, (5)

where the matrices Ai and Ci are known design matrices and Bi are unknown param-

eter matrices. The columns of E are assumed to be independently distributed as E ∼
Np,n(0,Σ, In) and Σ is a known positive definite covariance matrix.

Now, we turn to our third type of model in this article, namely the Growth Curve

model with rank restriction on the mean parameter.

Definition 4. (Growth Curve model with rank restriction) Let X : p × n,A : p × q, q ≤
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p,B : q × k,C : k × n, k ≤ n. The Growth Curve model with rank restrictions is given by

X = ABC + E,

where r(B) = r < min(q, k), where r(·) denotes rank of a matrix, and the other matrices

are as in Definition 1.

Note that if we would have two groups, i.e., k = 2, then r = 1 is the only possibility,

if there should be any rank restrictions. Therefore, when discussing this model we will

assume that we have more than two groups.

3 Estimators of parameters in three models

In this section parameter estimators of the mean parameters are presented for the three

different models introduced in the previous section. However a strict derivation will only

be given for the reduced rank regression model, since the other follow from linear models

theory.

For the Growth Curve model in Definition 1 with a known covariance matrix Σ the

maximum likelihood estimator for B equals (assuming r(A) = q, r(C) = k)

B̂ = (A′Σ−1A)−1A′Σ−1XC′(CC′)−1 (6)

which follows immediately from classical linear models theory (see also von Rosen, 2018,

Section 2.4)

Proposition 1. Let B̂ be given by (6) and suppose that there are two groups which are

specified via C, i.e.,

C =

(
1′n1
⊗

(
1

0

)
: 1′n2

⊗

(
0

1

))
.

Let b̂1 be the mean estimator for π1 and b̂2 be the mean estimator for π2. Then for

B = (b1 : b2), maximum likelihood estimators are given by

b̂1 = (A′Σ−1A)−1A′Σ−1x1,

b̂2 = (A′Σ−1A)−1A′Σ−1x2,

where xi = 1
ni

∑ni

j=1 xij, i = 1, 2.

Now similar results for the second version of the Extended Growth Curve model will

be presented. We will only consider the model when C2C
′
1 = 0 and m = 2. In this case
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under full rank conditions it follows from the estimation equations in von Rosen (2018,

Section 2.6) that

B̂1 = (A′1Σ
−1A1)

−1A′1Σ
−1XC′1(C1C

′
1)
−1, (7)

B̂2 = (A′2Σ
−1A2)

−1A′2Σ
−1XC′2(C2C

′
2)
−1. (8)

Proposition 2. For the Extended Growth Curve model, version 2, presented in Definition

3, let B̂1 and B̂2 be given by (7) and (8), and suppose that there are two groups which

are specified via C1 and C2, i.e.,

C1 =
(
1′n1

: 0′n2

)
, C2 =

(
0′n1

: 1′n2

)
.

Let b̂1 be the mean estimator for π1 and b̂2 be the mean estimator for π2. Then for

B1 = b1 and B2 = b2, maximum likelihood estimators are given by

b̂1 = (A′1Σ
−1A1)

−1A′1Σ
−1x1,

b̂2 = (A′2Σ
−1A2)

−1A′2Σ
−1x2,

where xi = 1
ni

∑ni

j=1 xij, i = 1, 2.

Note that since C2C
′
1 = 0 the members of the two groups in Proposition 2 are inde-

pendently distributed and therefore the result of the proposition is what one expects to

see.

Example 3. (Dental data; Example 1 continued) Let us again consider the classical

dental data set (Potthoff and Roy (1964)). From Figure 1, it is reasonable to assume that

the girls have a linear growth whereas boys follow a quadratic growth. Then we can use

the Extended Growth Curve model with two terms, i.e.,

X ∼ Np,n

(
A1b1C1 + A2b2C2,Σ, In

)
,

where the, design matrices and parameters are given as follows:

A′1 =

(
1 1 1 1

8 10 12 14

)
, C1 =

(
1′11 : 0′16

)
,

A′2 =

 1 1 1 1

8 10 12 14

82 102 122 142

 , C2 = (0′11 : 1′16),

b1 =

(
b11

b21

)
, b2 =

b12b22
b32
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and Σ is a known positive definite covariance matrix. However, for producing explicit

expressions we have to replace Σ by, for example, its maximum likelihood estimator. Note

that C(A1) ⊆ C(A2) and C1C
′
2 = 0. We have

µ̂g = A1b̂1 = 17.4254 + 0.4764t,

µ̂b = A2b̂2 = 22.0419− 0.3145t+ 0.0501t2.

Next the mean parameters in the reduced rank regression model are estimated. Before

starting the derivation it is noted that the rank restriction implies that

B = Θ1Θ2,

where Θ1: q × r, Θ2: r × k, r(Θ1) = r(Θ2) = r and both Θ1 and Θ2 are completely

unknown. Thus, under the rank restrictions the likelihood function is proportional to

|Σ|−n/2e−
1
2
tr{Σ−1(X−AΘ1Θ2C)()′}

= |Σ|−n/2e−
1
2
tr{Σ−1S}−1

2
tr{Σ−1(XPC′−AΘ1Θ2C)()′},

where S = X(I−PC′)X
′. We have used the convenient notation (Q)()′ for (Q)(Q)′ for any

matrix expression Q. Therefore we will be looking for the minimum of tr{Σ−1(XPC′ −
AΘ1Θ2C)()′} with respect to Θ1 and Θ2. It follows that if we minimize over Θ2

tr{Σ−1(XPC′ −AΘ1Θ2C)()′}
= tr{(XPC′ −AΘ1Θ2C)′Σ−1(XPC′ −AΘ1Θ2C)}
= tr{(XPC′ −AΘ1Θ2C)′Σ−1AΘ1(Θ

′
1A
′Σ−1AΘ1)

−1Θ′1A
′Σ−1

×(XPC′ −AΘ1Θ2C)}
+tr{(XPC′ −AΘ1Θ2C)′(AΘ1)

o((AΘ1)
o′Σ(AΘ1)

o)−1(AΘ1)
o′

×(XPC′ −AΘ1Θ2C)}
≥ tr{PC′X

′(AΘ1)
o((AΘ1)

o′Σ(AΘ1)
o)−1(AΘ1)

o′XPC′} (9)

which is independent of Θ2 and with equality if and only if

AΘ1Θ2C = AΘ1(Θ
′
1A
′Σ−1AΘ1)

−Θ′1A
′Σ−1XPC′ . (10)

In (9) we have used the notation Qo which means that this is any matrix of full rank

which generates the orthogonal complement to C(Q). Now the right-hand side of (9) can
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be written (assuming full rank conditions)

tr{(Σ−1 −Σ−1AΘ1(Θ
′
1A
′Σ−1AΘ1)

−1Θ′1A
′Σ−1)XPC′X

′}
= tr{Σ−1XPC′X

′}
−tr{Σ−1/2AΘ1(Θ

′
1A
′Σ−1AΘ1)

−1Θ′1A
′Σ−1/2Σ−1/2XPC′X

′Σ−1/2}.

Put

H = Σ−1/2AΘ1(Θ
′
1A
′Σ−1AΘ1)

−1/2,

where H′H = Ir. Then by by the Poincare separation theorem (see Rao (1979))

tr{H′Σ−1/2XPC′X
′Σ−1/2H} ≤

r∑
i=1

λi(Σ
−1/2XPC′X

′Σ−1/2),

where λi(Q) are the ordered eigenvalues of a symmetric matrix Q, p × p, i.e., λ1(Q) ≥
λ2(Q) ≥ · · · ≥ λp(Q). Thus (9) is greater or equal to

tr{Σ−1XPC′X
′} −

r∑
i=1

λi(Σ
−1/2XPC′X

′Σ−1/2) =

p∑
i=r+1

λi(Σ
−1/2XPC′X

′Σ−1/2). (11)

This is a lower bound which is independent of Θ1 and it remains to determine a Θ1 so

that the bound is attained.

Let Ĥ = (vr+1, . . . ,vp), where {vj}, r+1 ≤ j ≤ p, are the eigenvectors of Σ−1/2XPC′X
′Σ−1/2,

which correspond to {λj(Σ−1/2XPC′X
′Σ−1/2)}, r + 1 ≤ j ≤ p. It follows that if

Ĥ = Σ−1/2AΘ̂1(Θ̂
′
1A
′Σ−1AΘ̂1)

−1/2 (12)

the lower bound in (9) (and (11)) is attained so we have to search for a Θ1 satisfying (12).

Let

Θ̂1 = A′Σ−1/2(Σ−1/2AA′Σ−1/2)−1Ĥ (13)

and since Ĥ′Ĥ = Ir, Θ̂1 given in (13) satisefies (12). Moreover, it follows from (10) that

ÂBC = AΘ̂1(Θ̂
′
1A
′Σ−1AΘ̂1)

−1Θ̂′1A
′Σ−1XPC′

= AΘ̂1Θ̂
′
1A
′Σ−1XPC′ . (14)

Proposition 3. For the Growth Curve model with rank restriction, presented in Definition

4, let ÂBC be given by (14). Suppose there are k groups, hence X = (X1,X2, . . . ,Xk),
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B = (b1,b2, . . . ,bk) and

C =


1′n1

0′ . . . 0′

0′ 1′n2
. . . 0′

...
...

. . .
...

0′ 0′ . . . 1′nk

 .

Then, for i ∈ {1, . . . , k},

Ab̂i = AΘ̂1Θ̂
′
1A
′Σ−1xi,

where xi = 1
ni

∑ni

j=1 Xi1ni
.

4 Linear discriminant functions

Suppose that there exist two populations π1 and π2. The observations from π1 are follow-

ing a Np(µ,Σ) distribution whereas the observations from π2 follow a Np(µ,Σ) distribu-

tion. Since the populations have the same covariance matrices it is natural to classify a

new observation x into π1 if

(x− µ1)
′Σ−1(x− µ1) < (x− µ2)

′Σ−1(x− µ2)

and otherwise classify x into π2. This expression is equivalent to L(x,µ1,µ2) > 0, where

L(x,µ1,µ2) = (µ1 − µ2)
′Σ−1x− 1

2
(µ1 − µ2)

′Σ−1(µ1 + µ2). (15)

If µ1 and µ2 are unknown a common strategy is to replace the parameters with appropriate

estimators. In this work we are considering the models presented in Section 2 and using the

maximum likelihood estimators derived in Section 3. Thus we can present the following

propositions.

Proposition 4. (Growth Curve model) Let π1 follow a Np(AB1C1,Σ) distribution and

let π2 follow a Np(AB2C2,Σ) distribution, where C1 = 1′n1
and C2 = 1′n2

. Then if the

discriminant function L(x,Ab̂1,Ab̂2) > 0, where the function is defined in (15) and the

estimators b̂1 and b̂1 are derived in Proposition 1, the observation x is classified into π1,

otherwise x is classified into π2.

Proposition 5. (Extended Growth Curve model, version 2) Let π1 follow a multivariate

normal distribution, i.e., Np(A1B1C1,Σ) and let π2 follow a Np(A2B2C2,Σ) distribution,

where C(A1) ⊆ C(A2), C1 = 1′n1
and C2 = 1′n2

. Then, if the discriminant function

L(x,A1b̂1,A2b̂2) > 0, where the function is defined in (15) and the estimators b̂1 and
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b̂2 are derived in Proposition 2, the observation x is classified into π1, otherwise x is

classified into π2.

When in the Growth Curve model classifying an observation into one out of k groups

(populations), in principle, we will apply the same ideas as when classifying into one

out of two groups. Let x be a new observation which is to be classified and let B =

(b1,b2, . . . ,bk), where bi are those parameters which correspond to the ith group. Then

x is classified according to (i ∈ {1, . . . , k})

L(x,Ab̂1,Ab̂2, . . . ,Ab̂k) = min
i

tr{Σ−1(x−Ab̂i)(x−Ab̂i)
′}

= min
i

(x−Ab̂i)
′Σ−1(x−Ab̂i). (16)

Considering the Growth Curve model with rank restrictions the following proposition is

obtained.

Proposition 6. (Growth Curve model with rank restriction) Let πi follow a Np(AB1′ni
,Σ)

distribution. Then, if the discriminant function L(x,Ab̂1,Ab̂2, . . . ,Ab̂k) satisfies (16)

for i = s, where the estimators Ab̂i are derived in Proposition 3, the observation x is

classified into πs.

5 Approximation of misclassification errors

In this section we present results for the approximation of the probability of misclassifi-

cation. We will only consider the Extended Growth Curve model (version 2) since the

Growth Curve model and the Growth Curve model with rank restrictions can be handled

in a similar manner. The observation x of p repeated measurements with independent

samples from two different populations can be classified according to Proposition 5 by the

linear classification function L(x; A1b̂1,A2b̂2). Therefore the probabilities of misclassifi-

cation equal

e1(2|1) = Pr(L(x; A1b̂1,A2b̂2) ≤ 0|x ∈ π1, b̂1, b̂2,Σ), (17)

e2(1|2) = Pr(L(x; A1b̂1,A2b̂2) > 0|x ∈ π2, b̂1, b̂2,Σ),

where e1(2|1) means the probability of classifying x as a member of π2 when x comes

from π1, with an analogous definition for e2(1|2). Since e2(1|2) can be obtained from

e1(2|1) by interchanging n1 and n2, we have chosen to deal with e1(2|1) only. In general,

as noted by Fujikoshi et al. (2010)[Chapter 9] it is difficult to find an expression for

evaluating the exact probabilities of misclassifications. This section shows how to find the

approximations for misclassification errors by expressing the linear discriminant function

as a location and scale mixture of the standard normal distribution. Suppose x ∈ π1, the

12



conditional distribution of L(x; A1b̂1,A2b̂2), given (b̂1, b̂2), is distributed as N(−U, V ),

where

U = (A1b̂1 −A2b̂2)
′Σ−1A1(b̂1 − b1)−

1

2
V, (18)

V = (A1b̂1 −A2b̂2)
′Σ−1(A1b̂1 −A2b̂2). (19)

Thus L(x; A1b̂1,A2b̂2) has the same conditional distribution as

L(x; A1b̂1,A2b̂2) = V 1/2Z − U, (20)

where

Z = V −1/2(A1b̂1 −A2b̂2)
′Σ−1(x−A1b1).

Given b̂1, b̂2, Z and (U, V ) are independently distributed and Z is distributed according

to N(0, 1). The probability of misclassification error based on (20) when x is assigned to

π2 but x comes from π1 equals

e1(2|1) = Pr
(
L(x; A1b̂1,A2b̂2 ≤ 0|x ∈ π1, b̂1, b̂2,Σ

)
= E(U1,V1)[Φ(V

−1/2
1 U1)], (21)

where Φ(·) denotes the standard normal distribution function. Following Fujikoshi (2000)

and Shutoh et al. (2011) and noting that L in reality is not distributed exactly as a normal

distribution, but is closely normal asymptotically, thus, as an approximation of (21), the

misclassification error is given as

e1(2|1) ' Φ((E[V ])−1/2E[U ]). (22)

In the next theorem the expectations in (22) are presented.

Theorem 1. The expectation of U and V in (18) and (19) are given by

E[V ] = ∆2 +
n1 + n2

n1n2

q1, (23)

E[U ] = −1

2

(
∆2 +

n1 − n2

n1n2

q1
)
, (24)

where

∆2 = (A1b1 −A2b2)
′Σ−1(A1b1 −A2b2).

13



Proof. We calculate E[V ] as follows:

E[V ] = E[(A1b̂1 −A2b̂2)
′Σ−1(A1b̂1 −A2b̂2)]

= E[tr{Σ−1(A1b̂1 −A2b̂2)(A1b̂1 −A2b̂2)
′}]

= tr{Σ−1E[(A1b̂1 −A2b̂2)(A1b̂1 −A2b̂2)
′]}

= tr{Σ−1
( 1

n1

A1(A
′
1Σ
−1A1)

−1A′1 +
1

n2

A2(A
′
2Σ
−1A2)

−1A′2

)
+ (A1b1 −A2b2)(A1b1 −A2b2)

′}

=
1

n1

tr{Σ−1A1(A
′
1Σ
−1A1)

−1A′1}+
1

n2

tr{Σ−1A2(A
′
2Σ
−1A2)

−1A′2}

+ (A1b1 −A2b2)
′Σ−1(A1b1 −A2b2)

=
1

n1

tr{A′1Σ−1A1(A
′
1Σ
−1A1)

−1}+
1

n2

tr{A′2Σ−1A2(A
′
2Σ
−1A2)

−1}

+ (A1b1 −A2b2)
′Σ−1(A1b1 −A2b2)

=
( 1

n1

+
1

n2

)
tr{Iq1}+ (A1b1 −A2b2)

′Σ−1(A1b1 −A2b2), (25)

and (23) follows.

Next we consider E[U ]

E[U1] = E
[
(A1b̂1 −A2b̂2)

′Σ−1A1(b̂1 − b1)
]
− 1

2
E[V ]. (26)

By independence, the first term in (26) equals

E[(A1b̂1 −A2b̂2)
′Σ−1A1(b̂1 − b1)] (27)

= E
[
b̂′1A

′
1Σ
−1A1b̂1 − b̂′1A

′
1Σ
−1A1b1 + b̂′2A

′
2Σ
−1A1b1 − b̂′2A

′
2Σ
−1A1b̂1

]
= E

[
b̂′1A

′
1Σ
−1A1b̂1

]
− E

[
b̂′1A

′
1Σ
−1A1b1

]
= tr{A′1Σ−1A1

( 1

n1

(A′1Σ
−1A1)

−1 + b1b
′
1

)
} − b′1A

′
1Σ
−1A1b1

=
1

n1

tr{Iq1}+ b′1A
′
1Σ
−1A1b1 − b′1A

′
1Σ
−1A1b1 =

q1
n1

. (28)

Adding (25) and (28) we get (24).

Theorem 2. The misclassification error given in (22) can approximately be evaluated as

e1(2|1) ' Φ
(
γ1
)
,

where

γ1 = −1

2

(
∆2 + n1−n2

n1n2
q1√

∆2 + n1+n2

n1n2
q1

)
,

14



∆2 = (A1b1 − A2b2)
′Σ−1(A1b1 − A2b2) and Φ

(
·) is the standard normal distribution

function.

6 Conclusion

The goal of the study was to modify a linear classification function that can assign a

new observation vector of p-repeated measurements into one of two populations following

different growth profiles and propose approximations of the misclassification errors. More-

over, when there are bilinear restrictions on the mean parameters the Extended Growth

Curve model is obtained which is the main model in this article. However we also discuss

rank a restriction on the mean parameters in the Growth Curve model and thus have a

reduced rank regression model. For both these models linear discriminant functions were

established. Throughout the presentation the covariance matrix is supposed to be known

but in subsequent research an unknown covariance matrix will be handled. The technical

treatment will be more complicated but the main ideas will be the same.
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7 Appendix

Table 1: Four repeated growth measurements on eleven girls and sixteen boys were taken
at ages t1 = 8, t2 = 10, t3 = 12, and t4 = 14 from 11 girls and 16 boys (Potthoff and Roy,
1964).

id gender t1 t2 t3 t4 id gender t1 t2 t3 t4

1 F 21.0 20.0 21.5 23.0 12 M 26.0 25.0 29.0 31.0

2 F 21.0 21.5 24.0 25.5 13 M 21.5 22.5 23.0 26.5

3 F 20.5 24.0 24.5 26.0 14 M 23.0 22.5 24.0 27.5

4 F 23.5 24.5 25.0 26.5 15 M 25.5 27.5 26.5 27.0

5 F 21.5 23.0 22.5 23.5 16 M 20.0 23.5 22.5 26.0

6 F 20.0 21.0 21.0 22.5 17 M 24.5 25.5 27.0 28.5

7 F 21.5 22.5 23.0 25.0 18 M 22.0 22.0 24.5 26.5

8 F 23.0 23.0 23.5 24.0 19 M 24.0 21.5 24.5 25.5

9 F 20.0 21.0 22.0 21.5 20 M 23.0 20.5 31.0 26.0

10 F 16.5 19.0 19.0 19.5 21 M 27.5 28.0 31.0 31.5

11 F 24.5 25.0 28.0 28.0 22 M 23.0 23.0 23.5 25.0

23 M 21.5 23.5 24.0 28.0

24 M 17.0 24.5 26.0 29.5

25 M 22.5 25.5 25.5 26.0

26 M 23.0 24.5 26.0 30.0

27 M 22.0 21.5 23.5 25.0
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