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Abstract—Estimation of the mean of a stochastic variable
observed in noise with positive support is considered. It is well
known from the literature that order statistics gives one order of
magnitude lower estimation variance compared to the best linear
unbiased estimator (BLUE). We provide a systematic survey of
some common distributions with positive support, and provide
derivations of minimum variance unbiased estimators (MVUE)
based on order statistics, including BLUE for comparison. The
estimators are derived with or without knowledge of the hy-
perparameters of the underlying noise distribution. Though the
uniform, exponential and Rayleigh distributions, respectively, we
consider are standard in literature, the problem of estimating
the location parameter with additive noise from these distribution
seems less studied, and we have not found any explicit expressions
for BLUE and MVUE for these cases. In addition to additive noise
with positive support, we also consider the mixture of uniform
and normal noise distribution for which an order statistics-
based unbiased estimator is derived. Finally, an iterative global
navigation satellite system (GNSS) localization algorithm with
uncertain pseudorange measurements is proposed which relies
on the derived estimators for receiver clock bias estimation.
Simulation data for GNSS time estimation and experimental
GNSS data for joint clock bias and position estimation are used
to evaluate the performance of the proposed methods.

Index Terms—Order statistics, Estimation, Non-Gaussian
noise, BLUE.

I. INTRODUCTION

We consider the problem of estimating a parameter x
observed in noise as yk = x + ek, for k = 1, 2, . . . , N , also
known as “estimation of location” [1], where the noise ek has
positive support. We will refer to such distributions as positive
noise. Examples of distributions we will study include the
uniform, exponential, and Rayleigh distribution.

Problems involving positive noise can be motivated from
applications where the arrival times of radio or sound waves
are used. Such waves travel with the speed of the medium,
and non-line of sight conditions give rise to delayed arrival
times. This case occurs in a variety of applications such as
target tracking using radar or lidar, and localization using radio
waves as is done, for instance, in global navigation satellite
systems (GNSS) [2, 3, 4, 5].

In the case of Gaussian noise, best linear unbiased estimator
(BLUE) is given by the sample mean which gives the same
weight to all observations. In these scenarios, the sample mean
estimator coincides with the maximum likelihood estimator
(MLE) and is optimal in Fisher’s sense [6]. However, in
many practical scenarios, the underlying noise is non-Gaussian
resulting in a noticeable estimation error.

Radio network positioning, in which the unknown position
of the target is estimated by measuring different properties
of a wireless channel, is a motivating example in which

the underlying noise is non-symmetric, skewed and non-
Gaussian [2, 4]. This behavior is a result of one shared
source of error, in addition to measurement noises, coming
from propagation effects of the communication channel in
harsh environments. While the conventional Kalman filter
based estimators have the lowest mean squared error (MSE)
among all possible solutions for Gaussian noise conditions [7],
performance degradation in cluttered environments is inevitable.
The achievable accuracy in such environments is included
in e.g. [8]. In [9, 10, 11], several variants of nonlinear filters
such as particle filters are proposed to solve the nonlinear
and non-Gaussian estimation problems occurring in target
tracking and localization applications. Noting that particle filters
might be over complicated for some applications, the authors
in [12] consider a tradeoff between complexity and accuracy
and propose a new Bayesian filtering solution well suited for
nonlinear and non-Gaussian problems.

To deal with the estimation performance degradation for non-
Gaussian error conditions, conventional estimation techniques
which are developed based on Gaussian assumptions need to be
properly adjusted. As discussed in [13],“identify and discard”
(see e.g., [14, 15, 16]), “mathematical programming” (see
e.g., [17, 18, 19]), and “robust estimation” (see e.g., [20, 21])
are the three broad categories of estimation methods which
are robust against non-Gaussian errors. Robustness of the
estimator has long been a concern in both research [22] and
engineering [23, 24, 25]. A recent survey on this topic can be
found in [26].

The MLE, developed under Gaussian assumptions, can be
modified to become robust in the presence of non-Gaussian
noises. The authors in [27] first detect and then reject the
outliers by learning the probability density function (PDF)
of the measurements and developing a mixture model of
outliers and clean data. A similar idea to the k-nearest-neighbor
approach is used in [28] to classify outliers as the data points
that are less similar to a number of neighboring measurements.
Surveys of advances in clustering the data into outliers and
clean data can be found in [13, 29, 30]. While these approaches
might result in high estimation accuracy, they typically require
large datasets [26].

Order statistics are known as powerful tools for providing
simple, yet robust, estimators of location that can be used
in different applications [31]. Although the theory of order
statistics is well known in statistics literature, the application of
order statistics to estimation problems, in particular localization
problems, seems to have a large room for further investigations.
Non-data aided channel estimation based on the first-order
statistics for ultra wide-band communication is studied in [32].
Source localization using order statistics theory can also be
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found in [33, 34, 35, 36, 37, 38] for direct localization problems,
and in [39] for indirect localization problems. In all these
studies, however, the sensor noise is assumed to have Gaussian
distribution.

A bias compensated linear estimator as the sample mean has
a variance that decays as 1/N , while it is well-known from
the statistical literature, see for example [40, 41], that picking
the minimum observed value has a variance that decays as
1/N2. The minimum value is the simplest example of order
statistics. Certain care has to be taken for the cases where
the parameters in the distributions are unknown, in which
case bias compensation becomes difficult. This paper derives
all combinations of known/unknown parameters for order
statistics/BLUE for some selected and common distributions
that allow for analytical solutions. The considered distributions
are standard and their properties are well studied in literature
[40, 41]. However, we have not been able to find any explicit
results for how to estimate a location parameter with additive
noise from these distributions.

The rest of this paper is structured as follows. In Section II
the estimation problem is formulated. The problem is then
investigated for different noise distributions and estimators
for each distribution are derived in Section III. The proposed
estimators are evaluated in a simulation study for GNSS time
estimation and the results are provided in Section IV. The
estimators are further extended to fit the GNSS localization
application and the results obtained from real GNSS data are
given in Section V followed by the concluding remarks given
in Section VI.

II. PROBLEM FORMULATION

Consider the location estimation problem in which we have
measurements yk, k = 1, . . . , N of the unknown parameter x.
Assuming that the measurements are corrupted with additive
noise ek ∼ pe(θ), where θ denotes the parameter(s) of the
noise distribution, the measurement model is given by

yk = x+ ek, k = 1, . . . , N. (1)

The BLUE for the estimation problem (1) is given by

x̂
pe(θ)
BLUE(y1:N , θ) =

1

N

N∑
k=1

yk − δ(θ), (2)

where y1:N = {yk}Nk=1 and δ(θ) = E(ek) is the bias
compensation term.

In addition to the BLUE, this work studies the problem of
finding the minimum variance unbiased estimator (MVUE) for
non-Gaussian noise distributions. It is worth mentioning that in
the literature, the MVUE for some of the considered noise dis-
tributions are already derived, see [40, 41, 42]. However, these
mainly focus on estimating the noise distribution parameter.
This work surveys the MVUE, extended to the problem of
estimating the mean x observed in noise. It is worth noting that
the MLE can also be defined for some of the considered cases.
However, in general, a closed form expression for the estimator
does not exist. For instance, in the case of uniformly distributed
measurement noise with known hyperparameters, the MLE is
ambiguous and given by any x ∈ [mink yk,maxk yk]. For some

other distributions, the MLE might be given by a constrained
optimization problem. As we only present cases leading to
analytical solutions and explicit MSE formulas, the MLE is
not further discussed.

In order to find the MVUE, the first step is to find the PDF
f(y1:N ; θ), with θ denoting the parameters of the distribution.
The Cramer-Rao lower bound (CRLB) theorem states that if
the PDF fulfills the regularity condition

E
[
∂ ln f(yk; θ)

∂θ

]
= 0 ∀θ, (3)

an unbiased estimator may be found that attains the bound
for all θ. Any unbiased estimator that satisfies CRLB is
thus the MVUE. Note that (II) also implies that the support
cannot depend on θ. The distributions with positive support we
consider do not satisfy the regularity condition and thus the
CRLB approach cannot be used to determine if the estimators
are MVUE. Instead, we rely on the Rao-Blackwell-Lehmann-
Scheffe (RBLS) theorem [43].

The RBLS theorem states that for any unbiased estimator
x̃ and sufficient statistics T (y1:N ), x̂ = E(x̃ | T (y1:N )) is
unbiased and Var(x̂) ≤ Var(x̃). Additionally, if T (y1:N ) is
complete, then x̂ is an MVUE.

As shown in [40], if the dimension of the sufficient statistics
is equal to the dimension of the parameter, then the MVUE is
given by x̂ = g(T (y1:N )) for any function g(·) that satisfies

E(g(T )) = x. (4)

Hence, the problem of finding the MVUE becomes the problem
of finding a complete sufficient statistic. The Neyman-Fisher
theorem [44, 45] gives the sufficient statistic T (y1:N ), if the
PDF can be factorized as follows

f(y1:N ; Ψ) = g(T (y1:N ),Ψ)h(y1:N ), (5)

where Ψ is the union of the noise hyperparameters θ and x.
The estimators in this work are derived in the order statistics
framework.

The marginal PDF f(k,N)(y) of the general kth order
statistics of a set of N independent and identically random
variables with common cumulative distribution function (CDF)
F (y) and PDF f(y) is given by

f(k,N)(y) = Nf(y)

(
N − 1
k − 1

)
F (y)k−1 (1− F (y))

N−k
.

(6)

See for instance [46] for a detailed explanation and derivations.
In addition to BLUE and the MVUE, we also consider
the minimum order statistic whose density f(1,N)(y) can be
obtained by setting k = 1 in (6)

f(1,N)(y) = Nf(y) (1− F (y))
N−1

. (7)

Let
(
y(m)

)N
m=1

denote the ordered sequence obtained from
sorting y1:N in an ascending order. The minimum order
statistics estimator is given by

x̂
pe(θ)
min (y1:N ) = y(1) , min

k
yk. (8)
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TABLE I: Notation.

{yk}Nk=1 noisy measurements of the unknown parameter x(
y(m)

)N
m=1

ordered measurement sequence

θ parameters of the noise distribution

δ(θ) bias compensation term

x̂peBLUE(y1:N , θ) BLUE when ek ∼ pe for known θ

x̂peMVUE(y1:N , θ) MVUE when ek ∼ pe for known θ

x̂peMVUE(y1:N ) MVUE estimator when ek ∼ pe for unknown θ

x̂pe (y1:N , θ) unbiased estimator when ek ∼ pe for known θ

x̂pe (y1:N ) unbiased estimator when ek ∼ pe for unknown θ

Noting that for any generic estimator x̂ the MSE is given by

MSE(x̂) = Var(x̂) + (bias(x̂))2. (9)

The MSE for BLUE and MVUE or any other bias compensated
estimator coincides with the estimator’s variance. In the case of
x̂
pe(θ)
min (y1:N ), however, the existing bias enters the MSE. The

theoretical MSE for the discussed estimators is also derived
and provided in the following section.

Closed-form expressions of BLUE, MVUE and minimum
order statistics estimators and their corresponding MSE for
multiple noise distributions with positive support are provided
in the sequel. In Section III, we distinguish between the
estimators for which the underlying noise hyperparameter are
known or unknown.

Given the hyperparameter θ, the MVUE for each noise
distribution pe is denoted by x̂peMVUE(y1:N , θ). MVUE with
unknown hyperparameter is denoted by x̂peMVUE(y1:N ). If the
MVUE cannot be found, an unbiased order statistics-based
estimator is derived and denoted by x̂pe(y1:N , θ) and x̂pe(y1:N )
for the known and unknown hyperparameter cases, respectively.
For example, x̂UMVUE(y1:N , β) denotes the MVUE when ek ∼
U [0, β] and β is known. x̂UMVUE(y1:N ), on the other hand,
corresponds to the MVUE of uniform noise with unknown
hyperparameters of the distribution. Table I summarizes the
notation used throughout this work.

III. ESTIMATORS FOR DIFFERENT NOISE DISTRIBUTIONS

In this section, estimators and their MSEs for a number
of selected noise distributions are given. An extended list of
distributions can be found in [47].

A. Uniform distribution

As the first scenario, consider the case in which the additive
noise ek has a uniform distribution with a positive support.
BLUE and MVUE of the uniform distribution parameters are
derived in the literature (see e.g. [40]). Here, we derive esti-
mators of x, given direct observations corrupted by uniformly
distributed measurement noise with unknown hyperparamter.
Let pe(θ) = U [0, β], β > 0 and θ = β. The BLUE is given by

x̂UBLUE(y1:N , β) =
1

N

N∑
k=1

yk −
β

2
. (10a)

The MSE of BLUE, in this case, is equal to the variance of
the estimator (10a) given by

MSE
(
x̂UBLUE(y1:N , β)

)
=

1

N2

N∑
k=1

Var

(
yk −

β

2

)
=

β2

12N
.

(10b)

In order to find the MSE of the minimum order statistics
estimator, x̂Umin(y1:N ), we need to find the first two moments
of the estimator. Let ỹk = 1

β yk.Since yk ∼ U [x, x+ β], then
for any constant β > 0, ỹk ∼ U [ xβ ,

x
β + 1]. Hence, f(ỹk) = 1

and F (ỹk) = 1
β (yk−x) for ỹk ∈ [ xβ ,

x
β +1] and zero otherwise.

From (6) we get,

f
U [0,β]
(k,N) (ỹ) = N

(
N − 1
k − 1

)(
ỹ − x
β

)k−1(
β − (ỹ − x)

β

)N−k
=

(N)!

(k − 1)!(N − k)!

(
ỹ − x
β

)k−1(
β − (ỹ − x)

β

)N−k
.

(11a)

Since N ∈ N+, k ∈ N+, and k ∈ [1, N ] we can the change
the factorials to gamma functions,

f
U [0,β]
(k,N) (ỹ) =

Γ(N + 1)

Γ(k)Γ(N − k + 1)

(
ỹ − x
β

)k−1
×
(
β − (ỹ − x)

β

)N−k
. (11b)

The marginal distribution (11b) is a generalized beta distribu-
tion, also known as a four parameters beta distribution [48].
The support of this distribution is from 0 to β > 0 and
f
U [0,β]
(k,N) (·) = 1

β f
U [0,1]
(k,N) (·). The bias and variance of the minimum

order statistics in the case of uniform noise with support on
[0, β] can then be derived and are given by

b
(
x̂Umin(y1:N )

)
=

β

N + 1
(12a)

Var
(
x̂Umin(y1:N )

)
=

Nβ2

(N + 1)2(N + 2)
. (12b)

The MSE of x̂Umin(y1:N ) is then given by

MSE
(
x̂Umin(y1:N )

)
=

2β2

(N + 1)(N + 2)
. (13)

In order to find the MVUE, we note that the PDF can be
written in a compact form using the step function σ(·) as

f(yk;x, β) =
1

β
[σ(yk − x)− σ(yk − x− β)] . (14a)

which gives

f(y1:N ;x, β) =
1

βN

N∏
k=1

[σ(yk − x)− σ(yk − x− β)]

=
1

βN
[
σ(y(1) − x)− σ(y(N) − x− β)

]
, (14b)

where y(N) , maxk yk, k = 1, . . . , N . The expressions for
the MVUE are derived for two different scenarios. We first
assume that the hyperparameter β of the noise distribution is
known and then further discuss the unknown hyperparameter
case. In the general case, let Ψ = [x, β]> denote the
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unknown parameter vector, the Neyman-Fisher factorization
gives h(y1:N ) = 1 and

T (y1:N ) =

[
y(1)
y(N)

]
=

[
T1(y1:N )
T2(y1:N )

]
. (15)

1) Known hyperparameter β: When the maximum support
of the uniform noise β is known, the dimensionality of the
sufficient statistic is larger than that of the unknown parameter
x. As discussed in [40], the RBLS theorem can be extended to
address this case if a function g(T1(y1:N ), T2(y1:N )) can be
found that combines T1 and T2 into a single unbiased estimator
of x.

Let Z = T1(y1:N ) + T2(y1:N ) = u + v. Since T1 and T2
are dependent,

fZ(z) =

∫ ∞
−∞

fy(1),y(N)
(u, z − u) du, (16a)

where fy(1),y(N)
(u, z− u) is the joint density of minimum and

maximum order statistics. As shown in [49], for −∞ < u <
v <∞, the joint density of two order statistics y(i) and y(j)
is given by

fy(i),y(j)(u, v) =
N !

(i− 1)!(j − 1− i)!(N − j)!
× fY (u)fY (v) [FY (u)]

i−1

× [FY (v)− FY (u)]
j−1−i

[1− FY (v)]
N−j

,
(16b)

that for the extreme orders, i = 1 and j = N can be simplified
such that for u < v

fy(1),y(N)
(u, v) = N(N − 1) [FY (v)− FY (u)]

N−2
fY (u)fY (v).

(16c)

and zero otherwise. Substituting (16c) into (16a), we get

fZ(z) =
1

2
Nβ−N (2x+ 2β − z)N−1, (16d)

for 2x+ β < z < 2(x+ β) and

fZ(z) =
1

2
Nβ−N (z − 2x)N−1, (16e)

for 2x < z ≤ 2x+ β and zero otherwise. It can be shown that

E(fZ(z)) = 2x+ β. (16f)

Hence, noting that β is known, the function
g(T1(y1:N ), T2(y1:N )) that gives an unbiased estimator
is

x̂UMVUE(y1:N , β) = g(T1(y1:N ), T2(y1:N ))

=
1

2
(y(1) + y(N))−

β

2
. (17a)

The MSE of the MVUE is given by

MSE
(
x̂UMVUE(y1:N , β)

)
=

β2

2N(N + 3) + 4
. (17b)

Compared to (10b), the order statistics based MVUE outper-
forms the BLUE by one order of magnitude.

2) Unknown hyperparameter β: In the case of unknown
hyperparameter, the MVUE for the parameter vector Ψ =
[x, β]> can be derived from sufficient statistics (15),

Ψ̂ = g(T (y1:N )), s.t. E (g (T (y1:N ))) = Ψ. (18)

In this case, we have

E(T (y1:N )) =

x+ β
N+1

x+ Nβ
N+1

 (19)

To find the transformation that makes (19) unbiased, we define

g(T (y1:N )) =

 1
N−1 (NT1(y1:N )− T2(y1:N ))

N+1
N−1 (T2(y1:N )− T1(y1:N ))

 (20a)

that gives

E (g(T (y1:N ))) =

[
x
β

]
. (20b)

Finally, the MVUE of x, when the hyperparameter β is
unknown, is given by

x̂UMVUE(y1:N ) =
N

N − 1
y(1) −

1

N − 1
y(N). (21a)

and its MSE is

MSE
(
x̂UMVUE(y1:N )

)
=

Nβ2

(N + 2)(N2 − 1)
. (21b)

This is naturally slightly larger than (17b) for finite N .

B. Distributions in the exponential family

The exponential family of probability distributions, in their
most general form, is defined by

f(y; θ) = h(y)g(θ) exp {A(θ) · T (y)} , (22)

where θ is the parameter of the distribution, and h(y), g(θ),
A(θ), and T (y) are all known functions. In this section, we
only consider some examples of distributions of this family and
show that the minimum order statistic estimator has the same
form as the noise distribution but with modified parameters.
For the selected distributions, if possible, MVUE for both cases
of known and unknown hyperparameter are derived. Otherwise,
unbiased estimators with less variance than BLUE are proposed.

1) Exponential distribution: The trend estimation in expo-
nential noise is solved using a linear programming algorithm
in [50] and a recursive maximum likelihood algorithm in [51].
The author in [52] proposes different estimators for functions
of the noise distribution parameters. In the rest of this section,
we derive BLUE and MVUE for the unknown parameter x
and the hyperparameters.The exponential PDF in terms of the
scale parameter β > 0 is given by

fExp(yk;x, β) =

{
1
β exp(− (yk−x)

β ) yk ≥ x,
0 yk < x.

(23a)

and the CDF, for yk ≥ x, is given by

FExp(yk;x, β) = 1− exp(− (yk − x)

β
). (23b)
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From the properties of the exponential distribution, we directly
get

x̂Exp
BLUE(y1:N , β) =

1

N

N∑
k=1

yk − β, MSE(x̂Exp
BLUE) =

β2

N
.

(24)

Substituting (23) into (6), the marginal density of the kth order
statistic is given by

fExp
(k,N)(y;x, β) =

N

β

(
N − 1
k − 1

)(
1− exp(− (y − x)

β
)

)k−1
× exp

(
− (N − k + 1)(y − x)

β

)
.

(25)

The first order statistic density is then given by letting k = 1
in (25) which results in another exponential distribution,

fExp
(1,N)(y;x, β) = fExp(y;x, β̄), (26)

where β̄ = β
N . Hence, the MSE of the minimum order statistics

estimator is given by

MSE
(
x̂Exp
min (y1:N )

)
=

2β2

N2
. (27)

In order to find the MVUE, we re-write the PDF as

f(y1:N ;x, β) =
1

βN
exp

[
− 1

β

N∑
k=1

yk

]
exp

[
−N
β
x

]
× σ(y(1) − x). (28)

In the case of known hyperparameter β, the Neyman-Fisher
factorization of PDF (28) gives

T (y1:N ) = y(1) (29a)

h(y1:N ) =
1

βN
exp

[
− 1

β

N∑
k=1

yk

]
. (29b)

The MVUE can then be obtained from a transformation of the
minimum order statistic that makes it an unbiased estimator. It
can be shown that the MVUE and its MSE are given by

x̂Exp
MVUE(y1:N , β) = y(1) −

β

N
(30a)

MSE
(
x̂Exp
MVUE(y1:N , β)

)
=

β2

N2
. (30b)

If the hyperparameter β is unknown, the factorization gives

T (y1:N ) =

[
y(1)∑N
k=1 yk

]
=

[
T1(y1:N )
T2(y1:N )

]
. (31a)

Noting that the sum of exponential random variables results in
a Gamma distribution, we have T2(y1:N ) ∼ Γ(N, β). Hence,

E(T (y1:N )) =

 x+ β
N

N(x+ β)

 . (31b)

Following the same line of reasoning as in Section III-A2,
the unbiased estimator is given by the transformation

g(T (y1:N )) =

 1
N−1

(
NT1(y1:N )− 1

N T2(y1:N )
)

1
N−1 (T2(y1:N )−NT1(y1:N ))

 , (32a)

that gives

E (g(T (y1:N ))) =

[
x
β

]
. (32b)

Finally, the MVUE when the hyperparameter β is unknown is
given by

x̂Exp
MVUE(y1:N ) =

N

N − 1
y(1) −

1

N(N − 1)

N∑
k=1

yk

=
N

N − 1
y(1) −

1

N − 1
ȳ, (33a)

where ȳ is the sample mean. Assuming that N is large,
mink yk and ȳ are independent and the MSE of the estimator,
asymptotically, is given by

MSE
(
x̂Exp
MVUE(y1:N )

)
=

β2(N + 1)

N(N − 1)2
. (33b)

2) Rayleigh distribution: One generalization of the expo-
nential distribution is obtained by parameterizing in terms
of both a scale parameter β and a shape parameter α. The
Rayleigh distribution is a special case obtained by setting
α = 2. The location estimation problem in Rayleigh noise is
rather an un-explored area. In this section, we derive BLUE
and order statistics based unbiased estimators. The Rayleigh
PDF is defined as

fRayleigh(yk;x, β) =

{
yk−x
β2 exp(− (yk−x)2

2β2 ) yk > x,

0 yk ≤ x.
(34a)

and the CDF, for yk > x, is given by

FRayleigh(yk;x, β) = 1− exp(− (yk − x)2

2β2
). (34b)

For the BLUE, we have

x̂Rayleigh
BLUE (y1:N , β) =

1

N

N∑
k=1

yk −
√
π

2
β, (35a)

MSE
(
x̂Rayleigh
BLUE (y1:N , β)

)
=

(4− π)β2

2N
. (35b)

The marginal density of the kth order statistic, for y > x, is
given by

fRayleigh
(k,N) (y;x, β) =

Ny

β2

(
N − 1
k − 1

)(
1− exp(− (y − x)2

2β2
)

)k−1
× exp

(
− (N − k + 1)(y − x)2

2β2

)
. (36)

Hence, the minimum order statistics density is also Rayleigh
distributed

fRayleigh
(1,N) (y;x, β) = fRayleigh(y;x, β̄), (37)

where β̄ = β√
N

. The MSE of the minimum order statistics is
given by

MSE
(
x̂Rayleigh
min (y1:N )

)
=

2β2

N
. (38)
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The joint PDF of N independent observations y1:N is given
by

f(y1:N ;x, β) =

∏N
k=1(yk − x)

β2N
exp

[
N∑
k=1

− (yk − x)2

2β2

]
× σ(y(1) − x). (39a)

Noting that
N∑
k=1

(yk − x)2 =

N∑
k+1

y2k − 2x

N∑
k=1

yk +Nx2, (39b)

the PDF becomes

f(y1:N ;x, β) = β−2N
N∏
k=1

(yk − x) exp

[
−1

2β2

N∑
k=1

y2k

]

× exp

[
−Nx

2

2β2

]
exp

[
x

β2

N∑
k=1

yk

]
σ(y(1) − x).

(39c)

Since (39c) cannot be factorized in the form of f(y1:N ;x, β) =
g(T (y1:N ), x)h(y1:N ), the RBLS theorem cannot be used.
Hence, even if an MVUE exists for this problem, we may
not be able to find it. Thus, in the case of Rayleigh-distributed
measurement noise, we propose unbiased estimators based on
order statistics.

If the hyperparameter of the distribution is known, the
unbiased order statistic estimator x̂Rayleigh(y1:N , β) is then
given by

x̂Rayleigh(y1:N , β) = y(1) −
√
πβ√
2N

, (40a)

MSE
(
x̂Rayleigh(y1:N , β)

)
=

(4− π)β2

2N
. (40b)

This has the same variance as the BLUE estimator. In the
case of unknown hyperparameters, as for the known case, no
factorization that enables us to use the RBLS theorem can
be found. In this case, we propose the following unbiased
estimator

x̂Rayleigh(y1:N ) =

√
N√

N − 1
y(1) −

1

N(
√
N − 1)

N∑
k=1

yk

=
1√
N − 1

(
√
Ny(1) − ȳ). (41)

Asymptotically, for large N , the sample mean and minimum
order statistic are independent and the estimator MSE is given
by

MSE
(
x̂Rayleigh(y1:N )

)
=

(1 +N)(4− π)β2

2N(
√
N − 1)2

. (42)

C. Mixture of Normal and Uniform Noise Distribution

Finally, we consider a unique mixture distribution that
might be of interest for error modeling in some localization
applications. An estimator of the unknown parameter x is
derived when the measurement noise is distributed as

ek ∼ αN (0, σ2) + (1− α)U [0, β],

with α denoting the mixing probability of the mixture distri-
bution. Define fU,N (yk) as the probability density function of
the considered mixture distribution given by

fU,N (yk;x, α, σ2, β) =
α√

2πσ2
exp

[
− (yk − x)2

2σ2

]
+

1− α
β

0 ≤ yk − x ≤ β

α√
2πσ2

exp
[
− (yk−x)2

2σ2

]
Otherwise.

(43)

The BLUE, in the case of the mixture of normal and uniform
measurement noise, is given by

x̂U,NBLUE(y1:N , α, β, σ
2) =

1

N

N∑
k=1

yk −
β(1− α)

2
,

(44a)

MSE
(
x̂U,NBLUE(y1:N , α, β, σ

2)
)

=

β2 (1 + (2− 3α)α) + 12ασ2

12N
.

(44b)

Noting that at yk − x = 0 the contributions of the uniform
distribution and the mean (mode) of the normal distribution
are added together, (43) is maximized at this point. The order
statistics PDF for 0 ≤ y − x ≤ β is given by

fU,N(k,N)(y;α, β, σ2, x, k) =

N

(
N − 1
k − 1

)(
α exp(− (y−x)2

2σ2 )
√

2πσ2
+

1− α
β

)

×
(

(1− α)(y − x)

β
+
α

2
(1 + Erf

[
y − x√

2σ2

]
)

)k−1
×
(

1 +
(α− 1)(y − x)

β
− α

2
(1 + Erf

[
y − x√

2σ

]
)

)N−k
,

(45)

where Erf(·) = 2√
π

∫ ·
0
e−t

2

dt is the error function. In order
to find the best order statistic estimator, we maximize the
likelihood function `(k | y = x, a, β, σ2)

`(k | y = x, α, β, σ2) = N

(
N − 1
k − 1

)
2(2− α)−k(1− α

2
)Nαk−1

×
(

1− α
β

+
α√
2πσ

)
. (46a)

Noting that
(

1−α
β + α√

2πσ

)
is always positive and independent

of k, we extract it from the likelihood function. Simplify-
ing (46a) by means of manipulating the terms, we get

2(2− α)−k = 21−k(1− α

2
)−k, (46b)

αk−1 = (2
α

2
)k−1 = 2k−1(

α

2
)k−1. (46c)

the likelihood function to be maximized can be re-written as

`(k | y = x, α, σ2) ∝
(
N − 1
k − 1

)
(
α

2
)k−1(1− α

2
)N−k. (46d)

In order to find the maximum likelihood estimate k̂ =
arg maxk `(k | y − x = 0), we note that (46d) is a binomial
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TABLE II: Estimators and their MSEs derived for multiple noise distributions.

Noise
distribution Estimator MSE

U [0, β]

x̂UBLUE(y1:N , β) =
1
N

∑N
k=1 yk −

β
2

β2

12N

x̂UMVU(y1:N , β) =
1
2
(y(1) + y(N))− β

2
β2

2N(N+3)+4

x̂UMVU(y1:N ) = N
N−1

y(1) − 1
N−1

y(N)
Nβ2

(N+2)(N2−1)

Exp(β)

x̂Exp
BLUE(y1:N , β) =

1
N

∑N
k=1 yk − β

β2

N

x̂Exp
MVU(y1:N , β) = y(1) − β

N
β2

N2

x̂Exp
MVU(y1:N ) = N

N−1
y(1) −

∑N
k=1 yk

N(N−1)
(N+1)β2

N(N−1)2

Rayleigh(β)

x̂Rayleigh
BLUE (y1:N , β) =

1
N

∑N
k=1 yk −

√
π
2
β

(4−π)β2

2N

x̂Rayleigh(y1:N , β) = y(1) −
√
πβ√
2N

(4−π)β2

2N

x̂Rayleigh(y1:N ) =
√
N√
N−1

y(1) −
∑N
k=1 yk

N(
√
N−1)

(1+N)(4−π)β2

2N(
√
N−1)2

αN (0, σ2) + (1− α)U [0, β]
x̂U,NBLUE(y1:N , α, β) =

1
N

∑N
k=1 yk −

β(1−α)
2

β2(1+(2−3α)α)+12ασ2

12N

x̂U,N (y1:N , α, β) = y
(bNα

2
c+1)

Unknown

TABLE III: Bias and MSE of minimum order statistics
estimators x̂pemin.

Distribution Bias MSE

U [0, β] β
N+1

2β2

(N+1)(N+2)

Exp(β) β
N

2β2

N2

Rayleigh(β)
√
πβ√
2N

2β2

N

distribution with probability of success α
2 . Hence, the maximum

of the function is given at the mode of the distribution,

k̂ =

⌊
Nα

2

⌋
+ 1 or

⌈
Nα

2

⌉
. (47)

This gives the best order statistic estimator for the case when
noise is a mixture of normal and uniform distribution as

x̂U,N (y1:N , α) = y(k̂). (48)

The estimators derived in this section for different noise
distributions together with their MSEs are summarized in
Tables II and III.

IV. GNSS TIME ESTIMATION

The precision timing problem using GNSS pseudorange
measurements is studied. Given a fixed receiver with known
position and N measurements collected from satellites with
known positions, the exact time of reception is estimated.
The performance of the proposed estimators is evaluated in a
simulation study.

Let pt = [pxt , p
y
t , p

z
t ]
T denote the three-dimensional location

of the GNSS receiver and sk,t = [sxk,t, s
y
k,t, s

z
k,t]
> denote

the known position of the k:th satellite at time t with
k ∈ [1, . . . , N ]. The satellite measurements of pseudorange
between the receiver and the kth satellite, rk,t can be modeled
as

rk,t = `(pt, sk,t) + xt − εk,t + ek,t, (49)

where `(pt, sk,t) = ‖pt − sk,t‖2, R3 → R gives the Euclidean
distance between the receiver and the satellites, εk,t ∈ R and
xt ∈ R are the satellites’ and receiver’s clock biases translated
into distances, respectively.

Given the satellite position sk,t and satellite clock error
εk,t, the unknown bias xt could be estimated using any of the
estimators derived in Section III.y1,t...

yN,t

 =

 r1,t − `(pt, s1,t) + ε1,t
...

rN,t − `(pt, sN,t) + εN,t

 . (50)

In order to have the same geometric dilution of precision
(GDOP), in the simulation setup we use the same number of
visible satellites with the same locations as in the real data
explained in the next section.A total number of 200 epochs
(t = 1, . . . , 200) of pseudoranges are generated. For each noise
distribution, M = 5000 Monte Carlo runs are used, and in each
Monte Carlo run noise realizations are generated from the four
considered distributions with the following hyperparameters
• et ∼ U [0, 50]
• et ∼ Exp(14)
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Fig. 1: Measurement error distributions fitted to the generated
noise realizations used in the simulations.

• et ∼ Rayleigh(12)
• et ∼ 0.8N (0, 82) + 0.2U [0, 50]

Fig. 1 illustrates the histogram of the noise realizations of these
four measurement errors and the fitted distributions.

Let x̂t denote the estimated receiver clock bias. For each
noise distribution, the estimators’ performances are evaluated
in terms of MSE and root mean squared error (RMSE). The
theoretical MSE of each estimator, as given in Table II and
Table III, is compared to the numerical MSE obtained in
simulations.

Let x̂(m)
t , m = 1, . . . ,M , denote the estimated receiver clock

bias at time t in the mth repetition and E[x̂t] = 1
M

∑M
m=1 x̂

(m)
t .

Define

b̂t = E[x̂t]− xt (51a)

σ̂2
t =

1

M

M∑
m=1

(x̂
(m)
t − E[x̂t])

2. (51b)

The numerical MSE at each time t is then computed by

ˆMSE(x̂t) = σ̂2
t + b̂2t . (51c)

For each noise distribution, the theoretical MSEs, marked
with solid lines, and numerical MSEs, marked with crosses,
are presented in Fig. 2. As the results indicate, the proposed
estimator with known hyperparameters of the noise distribution,
typically, has less MSE compared to the other estimators. In
the case of Rayleigh noise distribution, as expected according
to Table II, BLUE and the proposed unbiased estimator give
the same variance. Additionally, the theoretical MSEs for the
exponential and the Rayleigh noise distributions were obtained
asymptotically. Since the number of available satellites at each
epoch is N ∈ [6, 11], the theoretical MSE and numerical results
do not match. However, as shown in [47], for larger number
of sample sizes, the differences are negligible.

The estimation error, in terms of RMSE for the whole
duration of each epoch t = 1, . . . , τ in each Monte Carlo
run m is given by

RMSE(x̂
(m)
t ) =

√√√√1

τ

τ∑
t=1

(x̂
(m)
t − xt)2. (52)

The distribution of the RMSE(x̂
(m)
t ) is shown in Fig. 3.

The box levels are the 5%, 25%, 50%, 75%, and 95%

0 50 100 150 200

epoch

1

10

100

BLUE, known hyperparameter

proposed estimator, known hyperparameter

proposed estimator, unknown hyperparameter

minimum order statistics estimator

(a) U(0, 50)

0 50 100 150 200

epoch

1

10

100

(b) Exp(14)

0 50 100 150 200

epoch

1

10

100

(c) Rayleigh(12)

0 50 100 150 200

epoch

1

10

100

(d) 0.8N (0, 82) + 0.2U(0, 50)

Fig. 2: Theoretical MSE, marked with solid line, and numerical
MSE, marked with crosses, obtained from 5000 Monte Carlo
repetitions.
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BLUE

proposed estimator, known hyperparameter

proposed estimator, unknown hyperparameter

minimum order statistics estimator

Fig. 3: The distribution of RMSE(x̂
(m)
t ).

quantiles and the asterisks show outlier values. As the results
indicate, for all noise distributions, the proposed estimator
with known hyperparameter of the distribution outperforms the
other estimators. In the case of Rayleigh distribution, BLUE
and the estimator with known hyperparameter give comparable
results. In case of Exponential noise, the MVUE with unknown
hyperparameter of the underlying distribution gives roughly the
same result as the MVUE with known hyperparameter while
BLUE results in large estimation errors.

V. ITERATIVE GNSS LOCALIZATION

In the previous section, assuming that the receiver’s position
pt is known, the clock bias xt was estimated. In this section
we extend the problem and propose an iterative approach for
joint clock bias and receiver position estimation. Given the
estimated position at each time t, initialized at p̂0, the receiver
clock bias x̂t|p̂t−1

is estimated using the estimators proposed
in the previous section. The estimated clock bias is then used
to compute p̂t|x̂t .

Given k = 1, . . . , N pseudorange measurements and satellite
clock biases, define r̄k,t = rk,t + εk,t. Similar to (50), using
the estimated receiver position, p̂t−1 , we form ȳk,t = xt+ek,t
where  ȳ1,t...

ȳN,t

 =

 r̄1,t − `(p̂t−1, s1,t)...
r̄N,t − `(p̂t−1, sN,t)

 . (53a)

The estimators derived in Sec. III are employed to find x̂t. The
estimated receiver clock bias is then used to form the residuals

ek,t = ȳk,t − x̂t, k = 1, . . . , N. (53b)

Using a modified Thompson Tau test [53], the measurements
giving high residuals are detected and rejected. Let Ñ denote
the number of remaining satellites.

Define St = {sk,t}k∈Ñ ∈ R3×Ñ denoting the location of
the Ñ satellites at time t and ˜̀(pt, St) = {`(pt, sk,t)}k∈Ñ ,
R3×Ñ → RÑ denoting the vector valued function giving the
Euclidean distance between the Ñ satellites and the receiver.

Algorithm 1 Iterative GNSS localization

Input: p̂t−1, {rk,t}Nk=1, {εk,t}Nk=1, {sk,t}Nk=1

Output: x̂t|p̂t−1
, p̂t|x̂t

Receiver clock bias estimation:
1: Given p̂t−1, form the bias estimation measurements for

all k = 1, . . . , N satellites:

r̄k,t + εk,t − `(p̂t−1, sk,t) = xt + ek,t (54a)

2: Use one of the estimators in Table II and III to estimate
x̂t|p̂t−1

Outlier rejection:
3: Letting r̄k,t = rk,t+ εk,t, define ȳk,t = r̄k,t− `(p̂t−1, sk,t)

and form the residuals for all k = 1, . . . , N satellites:

ek,t = ȳk,t − x̂t (54b)

4: Use modified Thompson Tau test to find Ñ satellites with
the smallest residuals.
Position estimation:

5: Given x̂t, solve NLS problem for the subset of Ñ satellites
to compute p̂t|x̂t

6: return x̂t|p̂t−1
, p̂t|x̂t .

The nonlinear least squares (NLS) cost function for this subset
of satellites is given by

V NLS(pt) =(r̃1:Ñ,t − x̂1:Ñ,t − ˜̀(pt, St))
>

× (r̃1:Ñ,t − x̂1:Ñ,t − ˜̀(pt, St)), (53c)

where x̂1Ñ,t = 1 · x̂t is a vector of size Ñ and r̃1:Ñ,t =
[r̄1,t, . . . , r̄Ñ,t]. The optimization problem given by the cost
function (53c) is solved using the Gauss-Newton algorithm.
Algorithm 1 summarizes one iteration of the proposed method.

The local search algorithms, in general, require good initial-
ization, otherwise there is a risk of reaching a local minimum
in the loss function V NLS(pt). In order to initialize the
algorithm and find p̂0, we first use the separable least squares
(SLS) method described in [54], in which the model (49) is
conditionally linear in xt, given that pt is known.

Given N visible satellite positions and their pseudoranges
and clock errors at time t = 1, we rewrite the batch formulation
of the conditionally linear model r̄1:Ñ,t = ˜̀(pt, St) + ˜̀lxt+ et
where ˜̀l = 1 ∈ RN . The NLS cost function to be solved to
initialize the proposed iterative algorithm is given by

x̂1(p) =
(

˜̀l,> ˜̀l)−1 ˜̀l,>(r̄1:Ñ,1 − ˜̀(p, S1)
)

(55a)

V NLS
0 (p) =

(
r̄1:Ñ,1 − ˜̀(p, S1)− x̂1(p)

)>
× (r̄1:Ñ,1 − ˜̀(p, S1)− x̂1(p)). (55b)

An initial value for the receiver’s position p̂0 is computed by
the Gauss-Newton algorithm applied to (55b)

p̂0 = arg min
p

V NLS
0 (p). (56)

The estimated initial position is further used to find x̂1|p̂0 .
We evaluate the performance of the iterative clock bias and
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Fig. 4: GNSS measurement with varying number of available satellites during the epoch collected at Charleston Park Test Site.
[Top] satellite availability during the epoch [Bottom] the true position of the receiver, marked with red

position estimation procedure using real experimental data in
terms of RMSE

RMSE(p̂t|x̂t) =

√√√√1

τ

τ∑
t=1

‖p̂t|x̂t − pt‖2. (57)

The GNSS positioning data set is provided by Google as a
demo file in the GPS measurement tools project on GitHub1.
The data includes pseudorange measurements, satellite positions
and satellite clock error. The length of the data is 200 epochs,
during which six to eleven satellites are visible to the receiver.
Fig. 4a illustrates satellite IDs and their availability, marked
with green, and unavailability, marked with red, during the
whole epoch. The static receiver’s true position is at Charleston
Park Test Site, Fig. 4b, whose true latitude, longitude and
altitude is available in the dataset.

Since the underlying noise distribution is unknown, we
employ all the estimators in Table II which are independent
of noise hyperparameters and the minimum order statistic
estimator. Let x̂Ut|p̂t−1

denote the receiver clock bias estimated at
time t when the underlying noise is assumed to follow uniform
distribution and the estimator with unknown hyperparameter
of uniform noise is used. p̂Ut|x̂t then means the estimated
location of the receiver with the same assumption of the
underlying noise. Similarly, define p̂expt|x̂t , p̂

ray
t|x̂t , and p̂min

t|x̂t
position estimates for exponential, Rayleigh and minimum
order statistic estimators. Additionally, to evaluate the estimator
for mixture noise distribution, we let the mixing probability
α = 0.9 and denote its estimate position by p̂mix

t|x̂t .
In order to evaluate the performance of the proposed

estimators and the localization algorithm, we compare the
results with two additional methods. In one method, we assume
that the underlying noise at each time instance is normally
distributed, et ∼ N (0k×1, Rt), where Rt ∈ Rk×k is the

1This dataset and the GNSS logging code are maintained on GitHub at the
following link: https://github.com/google/gps-measurement-tools

TABLE IV: The 95% percentile RMSEs for real GNSS data.

p̂U
t|x̂t

p̂Exp
t|x̂t

p̂Ray
t|x̂t

p̂min
t|x̂t

p̂mix
t|x̂t

p̂N
t|x̂t

p̂SLSt

RMSEHorizontal [m] 10.7 9.7 12 8.9 6.9 13.5 12.5
RMSEVertical [m] 9.1 8.4 10.4 8.3 7.5 10.8 10.4

measurement noise covariance. Google’s GNSS logging toolbox
is employed to extract satellite measurement noise standard
deviations, which is further used to form the diagonal weighting
matrix R. Following the procedure outlined in Algorithm 1,
given p̂t−1, we use a standard weighted least square method to
estimate x̂Nt|p̂t−1

. The estimated bias is then used to compute
p̂Nt|x̂t . As for other estimators, the algorithm is initialized using
the separable least squares method.

Additionally, including the bias inside the state vector and
defining Ψt = [pt, xt], it is possible to use SLS directly. The
SLS problem is solved sequentially in which the estimates at
time t − 1 are used as initial values for time t. In order to
distinguish between the estimated positions using SLS and those
obtained using the proposed iterative algorithm, the dependency
on the estimated bias in the subscript is removed. That is, we
let p̂SLSt denote the estimated position at time t. The CDF
plot of horizontal and vertical positioning errors obtained from
different methods is shown in Fig. 5. As the result indicates,
using the proposed iterative method and each of the proposed
estimators improves both horizontal and vertical positioning
accuracy. In order to compare the results more accurately, the
95% percentile of horizontal and vertical positioning errors for
the real GNSS data is provided in Table IV. The best result
is obtained by using the proposed iterative method and using
the estimator based on mixture noise distribution with α = 0.8
mixing probability for estimating receiver clock bias. The final
positioning RMSE using this approach is around 6.9 m for
horizontal error and around 7.5 m for vertical error, 95% of the
time. The worst performance is obtained by assuming normally
distributed underlying noise.
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Fig. 5: Empirical error CDFs of horizontal (top) and vertical
(bottom) positioning error for real GNSS data using the
proposed iterative method and for different estimators of the
clock bias as well as the errors obtained using the SLS method.

VI. CONCLUSIONS

In this work, the location estimation problem was studied in
which an unknown parameter was estimated from observations
under additive noise. Multiple noise distributions with positive
support as well as a mixture of uniform and normal noise dis-
tribution were considered. For the considered distributions with
positive support, unbiased estimators without any knowledge of
the hyperparameters of the underlying noise were also derived.
The performance of all the estimators was compared to BLUE
and biased minimum order statistic estimator in terms of MSE.
Simulations indicate that the proposed estimators outperform
BLUE. Additionally, an iterative GNSS localization method
was proposed in which the receiver’s clock bias was computed
using the derived estimators. The experimental data tests with
GNSS positioning data indicate the merit of the proposed
localization method.
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