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Abstract—An approach for belief space planning is presented,
where knowledge about the landmark density is used as prior,
instead of explicit landmark positions. Having detailed maps
of landmark positions in a previously unvisited environment
is considered unlikely in practice. Instead, it is argued that
landmark densities should be used, as they could be estimated
from other sources, such as ordinary maps or aerial imagery.
It is shown that it is possible to use virtual landmarks to ap-
proximate the landmark density to solve the presented problem.
This approximation is also shown to give small errors during
evaluation. The approach is tested in a simulated environment,
in conjunction with an extended information filter (EIF), where
the computed path is shown to be superior compared to other
alternative paths used as benchmarks.

Index Terms—Belief Space Planning, Extended Information
Filter (EIF), Virtual landmarks

I. INTRODUCTION

High positioning accuracy is often required in order for
complex tasks in autonomous systems to be completed suc-
cessfully. In structured environments, this is often accom-
plished with artificial positioning infrastructure, such as Global
Navigation Satellite System (GNSS), radio-frequency (RF)
transmitters, WiFi, or artificial landmarks. The problem of
attaining good positioning accuracy without access to such
support systems is much more difficult.

Estimation techniques such as simultaneous localization and
mapping (SLAM) for solving these problems have in recent
years reached a good maturity [1]. However, they can still fall
short in some scenarios, e.g., due to absence of informative
landmarks or due to low sensor visibility [2]. For instance,
if an autonomous platform is to follow a path to a position
and the path moves the platform through a smokey, dark or
an otherwise featureless area, the positioning accuracy will
be reduced, regardless of how well the SLAM algorithms
perform.

One way to limit this problem is to take the positioning
uncertainty into consideration in the planning phase of a task
[3]. The general problem of incorporating the positioning
uncertainty in planning is often referred to as belief space
planning or, in a SLAM setting, active SLAM [4].

Traditionally, planning algorithms usually aim to minimize
the length of the travelled path or the amount of energy

This paper was supported by research projects at the Swedish Defence
Research Agency (FOI) funded by the Swedish Armed Forces.

consumed. In belief space planning, algorithms are instead
often designed to minimize some measure of uncertainty. One
of the most well known approaches for belief space planning is
the belief roadmap (BRM) [5]. The drawback of this approach
is that it assumes a known map of all detectable landmarks to
be given, and is thereby not applicable for SLAM problems.
Furthermore, detailed maps of landmark positions are unlikely
to exist for previously unvisited or dynamic environments.
Different ways of addressing this problem have been proposed.
In [6], the authors present an approach where the map created
by a Pose SLAM algorithm [7] is used to update the estimated
uncertainty in belief space planning. The drawback of this
approach is that it requires all nodes to be visited beforehand,
which is also impractical in some situations.

The problem of not having prior knowledge of landmark
positions has also been acknowledged in the field of active
SLAM. There, several receding horizon controller (RHC)
approaches [8, 9] have been proposed. These utilize already
detected landmarks in order to improve positioning perfor-
mance by replanning and finding loop-closures in an existing
path. However, these approaches require the environment to
be at least partially explored before any improvements on the
original path can be made.

This paper introduces a planning strategy which aims to
go beyond the current limitations of having prior knowledge
of the environment in belief space planning by using land-
mark densities rather than the explicit position of landmarks.
These densities are represented by virtual landmarks which
seamlessly fit into SLAM frameworks. More explicitly, the
introduction of virtual landmarks removes the requirement of
prior knowledge of landmarks positions which exists in some
belief space planning algorithms, such as the belief road map,
thereby making them more suitable for SLAM applications.

The contribution of this paper is three-fold:
• a new framework for path planning under uncertainty

utilizing landmark densities;
• an approximate problem formulation using virtual land-

marks, which is practically solvable; and
• a numerical evaluation of, first, the density approximation

itself and, second, an algorithm which uses the presented
approximation to solve the path planning problem.

The justification of using landmark densities is based on
the presumption that the landmark density in an area can be



remotely estimated more easily than the position of landmarks,
without requiring the area to be explored in detail. One way
of obtaining these densities could be semantic segmentation of
aerial images [10, 11] or online maps. Although it is possible
to detect landmarks in aerial images, these do not necessarily
correspond to landmarks detectable from a ground platform.
Instead, this information is more suitable for estimating the
landmark density in an area. Furthermore, in a dynamic envi-
ronment the actual locations of landmarks might get obstructed
or even change, e.g. due to seasonal changes such as snow,
which further argues for the use of landmark densities.

The outline of this paper is as follows: The problem is
formulated in Section II. The extended information filter (EIF)
for a SLAM setting (EIF-SLAM) is introduced in Section III,
this section also introduces the virtual landmarks which is the
foundation for the proposed solution. Section IV describes how
the A∗-algorithm can be adapted to use this approach for path
planning and solving the optimization problem while Section
V includes an evaluation of the approach.

II. PROBLEM FORMULATION

This paper considers the problem of planning a path from a
starting position to a goal position while minimizing position
uncertainty along the path and at the goal position, without
a map of the area. That is, there are no known landmarks
available, but the densities of landmarks are assumed known.
This problem is formulated as an optimization problem as
outlined below.

A. Motion and measurement model

Consider an autonomous platform with the state vector
xt = [(xpt )

>,m>t ]> ∈ X , where xpt describes the pose of the
platform and mt is the map at time t and X is the state space.
Let It denote the information matrix of this state vector. The
autonomous platform is assumed to move according to

xt+1 = f(xt, ut, wt), wt ∼ N (0, Qt), ut ∈ U(xt), (1)

where f(·, ·, ·) is the system dynamics function, ut is the
control input, wt is the process noise and U(xt) is the set
of feasible control inputs at state xt.

The autonomous platform is also assumed to have a sensor
with limited range, e.g. a LiDAR, used to detect landmarks.
If the landmark mi is within range of the sensor at time t, a
measurement yit of the landmark is obtained as

yit = h(xt) + εit, εit ∼ N (0, Rt), (2)

where h(·) is the measurement function and εit is measurement
noise.

B. Landmark densities

In the presented problem, the number of landmarks and their
positions are unknown. However, the landmarks are assumed
to be distributed with density ρ(m), where m is a position in
the area of interest.

C. Performance measure

The goal of the considered problem is to generate a path
which optimizes a performance measure, which defines the
success criteria of the platform. This performance measure
typically includes a part associated with the uncertainty of
the platform, another with the execution of the planned path.
Denote this performance measure J(·, ·, ·) where the first part,
JI(·), relates to the position uncertainty, and measures how
well the system knows its state. The second part, Jp(·, ·), is a
state-dependent penalty related to the planned position of the
platform and its movement. These two parts are then weighted
together with the parameters α and β, giving

J(I−1
1:T , x

p
1:T , u1:T ) = αJI(I−1

1:T ) + βJp(x
p
1:T , u1:T ), (3)

where •1:T represent the set {•t}Tt=1.
Several different choices of JI(·) have been proposed

[12, 13]. Some of the more popular ones are the sum of all
determinants, det(·), or the trace, tr(·), along the path, while
the travelled distance is usually used for Jp(·, ·).

D. Optimization problem

Given a starting position xpS , a goal position xpG, and a set of
landmarks {mi}Mi=1, the problem of belief space planning can
be solved by finding a policy π that minimizes the following
optimization problem:

minimize
π,T

E
(
J(I−1

1:T , x
p
1:T , u1:T )

)
subject to xt = f(xt−1, ut−1, wt−1),

yit = h(xt) + εit, ∀i ∈ {1, ...,Mt},
ut = π(xpt )

It = Λ(It−1, y
1:Mt
t , xpt , ut)

xp0 = xpS , xpT = xpG,

εit ∼ N (0, Rt),

wt ∼ N (0, Qt),

xt ∈ X , ut ∈ U(xt)

(4)

where y1:Mt
t are measurements of the Mt landmarks observed

at time t, and Λ(·, ·, ·) describes how the position accuracy
develops over time given measurements yit and input ut and
is explained in more detail in Section III-A.

The expectation is evaluated with respect to the measure-
ment noise, process noise, and landmark observations as these
are not given during planning but have a large effect on the
information gained. Calculating the expectation is in practice
very difficult. Maximum likelihood assumptions on motions
and measurements are often used to limit computations in re-
gards to the measurement and process noise [14, 15]. However,
there are no practical ways in the literature of dealing with all
possible variations of landmark positions. This is the problem
that the proposed approach aims to solve.



III. STATE ESTIMATION AND SLAM

The following sections describe the algorithm used for
state estimation, i.e. Λ(·, ·, ·, ·) in (4), and how only knowing
the density of landmarks can be handled. For notational
convenience the EIF-SLAM algorithm is presented, however
the EIF and EKF variants can be used interchangeably.

A. EIF-SLAM

The presented SLAM algorithm uses an extended informa-
tion filter based on [16]. A full derivation of the EIF-SLAM
algorithm [17] is outside the scope of this paper, but for clarity,
the algorithm is outlined below. For an introduction of the
SLAM problem, the reader is referred to [18, 19].

The EIF-SLAM algorithm uses a state-space vector x̂t|t =
[(x̂pt|t)

>, m̂>t|t]
>, where x̂pt|t and m̂t|t are the estimated pose

and map, respectively, and an information matrix It|t to
estimate the position of the platform and detected landmarks.

The time update of the EIF can then be formulated as

x̂t+1|t = f(x̂pt|t, ut, 0) (5a)

It+1|t =
(
FtI−1

t|t F
>
t +GtQtG

>
t

)−1
, (5b)

where Ft and Gt are the Jacobians of f(·, ·, ·) with respect
to xt and wt, respectively, evaluated in xt = x̂t−1|t−1 and
wt = 0. The measurement update can be formulated as

ε̂it = yit − h(x̂t|t−1) +Hi
t x̂t|t−1 (6a)

Iit =
(
Hi
t

)>
R−1
t Hi

t (6b)

It|t = It|t−1 +

M∑
i=1

Iit (6c)

x̂t|t = I−1
t|t

(
It|t−1x̂t|t−1 +

M∑
i=1

(
Hi
t

)>
R−1
t ε̂it

)
, (6d)

where Hi
t is the Jacobian of the measurement function h(·)

for the ith landmark evaluated in xt = x̂t|t−1.

B. Information approximation

The EIF-SLAM algorithm assumes distinct landmarks that
can be observed. However, when predicting the future state
during planning, new landmarks do not become available.
Therefore, to take future landmarks into consideration, the
density of landmarks is used to predict the expected infor-
mation gain of the future state.

For clarity, let Ht(x
p
t ,m) denote the measurement matrix

Ht calculated from the sensor position xpt to a landmark at
position m = [xm, ym]>. The information gain of a single
landmark at m calculated from a sensor position xpt is

I(xpt ,m) =
(
Ht(x

p
t ,m)

)>
R−1
t Ht(x

p
t ,m). (7)

Now, assume the region of interest is populated with infinitely
dense landmarks with information gain

dI(xpt ,m) = ρ(m)I(xpt ,m)dm, (8)

where the information is compensated for the density of the
landmarks by ρ(·). The resulting information from an area Ω
then becomes

IΩ(xpt ) =

∫
m∈Ω

ρ(m)I(xpt ,m)dm. (9)

If the density is a Dirac delta function, this converges to (7)
in the limit.

Due to the lack of knowledge of future landmarks, the
expression (9) will be used to indicate information gains. The
integral is, however, not realistic to compute in practice, hence
an approximation is considered. First Ω is divided into K non-
overlapping subregions Ωk:

IΩ(xpt ) =

∫
m∈Ω

ρ(m)I(xpt ,m)dm

=

K∑
k=1

∫
m∈Ωk

ρ(m)I(xpt ,m)dm (10a)

The integral over the subregions Ωk in (10a) could now be
computed with numerical integration. However, this would
require (10a) to be recomputed each time the sensor position
xpt changes, which is computationally expensive. Instead, if
the subregions Ωk are small then I(xpt ,m) will be almost
constant over Ωk, for a given xpt , and can be approximated
by I(xpt ,m

?
k) for an m?

k in the region. For simplicity, the
centre point of Ωk will be used as m?

k. Approximating the
region with a single point allows the information gained to be
represented in a convenient way in the EIF-SLAM algorithm.
Note that, it is the measurement model, and its underlying
geometry, that decides how large the regions Ωk can be with
reasonable approximation errors. Using this approximation we
get:

IΩ(xpt ) ≈
K∑
k=1

(∫
m∈Ωk

ρ(m)dm

)
I(xpt ,m

?
k)

=

K∑
k=1

ΦkI(xpt ,m
?
k) = ÎΩ (11)

where

Φk =

∫
m∈Ωk

ρ(m)dm (12)

is determined through, e.g., numerical integration. As the
subregion Ωk becomes smaller, the approximation improves
and in the limit the left hand side and right hand side of (11)
coincide.

The density ρ(·) is assumed to be constant in time and
known a priori, Φk can thereby be pre-computed for all
regions. On the other hand, if we assume that ρ(·) is constant
over Ωk, the numerical integration of Φk in (12) could be
replaced with a single point at, say, m?

k. However, this assump-
tion does not necessarily hold as the density ρ(·) may be non-
continuous or include large gradients. Since Φk can be pre-
computed, the computational gain of this point approximation
is also limited. Note that, accuracy improvements could possi-
bly be attained by aligning subregions with transitions in ρ(·)



since these transitions can be large. Additional information can
possibly also be extracted by utilizing these transitions. This
is, however, not done here.

Given a set of K virtual landmarks with corresponding
approximate cumulative densities Φk, k ∈ {1, 2, ...K}, the
modified measurement update of It|t, in (6c), which incorpo-
rates these approximations is

It|t = It|t−1 +

K∑
k=1

ΦkI(xpt ,m
?
k). (13)

This is more computationally efficient than replacing (6c) with
(9) directly.

IV. MOTION PLANNING

The following sections describe how a motion planning
algorithm is adjusted to solve the presented belief space
planning problem.

A. Belief space planning

In belief space planning, the mean and covariance are used
to represent the belief, or the distribution, of the current
state at any given time, while the true state is considered
known in ordinary motion planning. In order to solve (4), the
distribution is predicted given maximum likelihood time and
measurement updates. Furthermore, it is proposed in this paper
that any observations of real landmarks are also exchanged
with observations of virtual landmarks, as presented in Section
III-B. Note that, the optimization problem in (4) does not
need to be reformulated when approximating the landmark
densities with virtual landmarks. Solving (4) is non-trivial
even with the above approximation. To further simplify the
problem, the state space is discretized allowing only a subset
of the otherwise continuous set of positions for the platform.
Several different algorithms can then be employed to, with
minor modifications, solve the resulting graph-search problem,
among others the well-known A*-algorithm [20] which is used
in the following section.

B. A*-algorithm

After discretization of the state space, each possible position
of the platform is represented by a node in a search graph, in
which an index value jt and a goal value gt used in the A*-
algorithm are stored. Given the performance measure J(·, ·, ·)
in (4), the goal value, or cost-to-come, gt can be computed as

gt = J(I−1
1:t , x

p
1:t, u1:t). (14)

Note that, when J(·, ·, ·) is separable in time, e.g.

J(I−1
1:t , x

p
1:t, u1:t) = J(I−1

1:t−1, x
p
1:t−1, u1:t−1)+l(I−1

t , xpt , ut),
(15)

then gt can be recursively computed as

gt = gt−1 + l(I−1
t , xpt , ut), (16)

where l(·, ·, ·) is the cost of ut with the state xpt and uncertainty
I−1
t . Given gt, the index value jt is often computed as

jt = gt + ct(I−1
t , xpt , ut), (17)

where ct(·, ·, ·) is a heuristic function. In order to preserve
admissibility, ct(·, ·, ·) should be a lower bound of the true
cost-to-go, c∗t (·, ·, ·), i.e.

ct(I−1
t , xpt , ut) ≤ c∗t (I−1

t , xpt , ut)

= J(I−1
t+1:T , x

p
t+1:T , ut+1:T ). (18)

Care must also be taken when choosing JI(·) such that

JI(I−1
1:t ) ≥ JI(I−1

1:t−1), (19)

otherwise optimality, given the linearizations in (5) and (6)
and the approximation in (11), cannot be guaranteed [21].
Examples of measures that fulfil this requirement are the sum
of the trace of I−1

t along the path,
T∑
t=1

tr(I−1
t ), (20)

or the maximum of the trace of I−1
t along the path,

max
t

tr(I−1
t ). (21)

Obtaining a good lower bound of JI(·) is difficult, hence
0 ≤ JI(·) is used, yielding

ct(I−1
t , xpt , ut) = βĴp(x

p
t , ut), (22)

where Ĵp(x
p
t , ut) is a lower bound on Jp(x

p
t+1:T , ut+1:T ).

A difference between the standard A*-algorithm and the
proposed algorithm is that instead of only propagating and
saving the position (and its associated jt and gt values), the
information matrix It must also be computed using the EIF-
SLAM algorithm. For each step between a parent node and
its child, the input signal ut is first determined. The matrix It
is then propagated to the child with the EIF-algorithm using
the introduced virtual landmarks. The information matrix It|t,
calculated in (6c) of the EIF measurement update, is then used
in the performance measure J(·, ·, ·). The complete modified
A*-algorithm can be found in Algorithm 1.

V. SIMULATION STUDY

The proposed approach is evaluated using simulations in
two different experiments. The purpose of the first experiment
is to verify the accuracy of (11), while the second experiment
evaluates the performance of the proposed approach.

A. Simulation setup

The presented problem is currently being studied in a
2D environment. The platform is described by the state
xpt = [xp,xt , xp,yt , xp,θt ]> at time t, where xp,θt is the orientation
of the platform and xp,xt and xp,yt are the x- and y-positions,
respectively.

The movement of the platform follows a unicycle model
which consists of a rotation (uθt ) followed by a translation
(utt), as given by

xpt+1 = f(xpt , ut, wt)

= xpt +

(utt + wtt) cos(xθt + uθt + wθt )
(utt + wtt) sin(xθt + uθt + wθt )

uθt + wθt

 , (23)



Algorithm 1: The A*-algorithm modified for use with
virtual landmark

Let U(·) be the set of motions ut that connects a
node n to all neighbouring nodes in the search graph.
closedSet = ∅
openSet = ∅
openSet.push(ninit)
while openSet 6= ∅ do

n← openSet.pop()
closedSet.push(x)
if n = ngoal then

return back_track(x)
end
for ut ∈ U(n.xpt−1) do

xpt ← f(n.xpt−1, ut, 0)
if xpt ∈ closedSet then

continue
end
It ← Λ(n.It−1, yt, x

p
t , ut)

xp1:t ← [n.xp1:t−1 x
p
t ]

I−1
1:t ← [n.I−1

1:t−1 I
−1
t ]

u1:t ← [n.u1:t−1 ut]
g ← J(I−1

1:t , x
p
1:t, u1:t)

j = g + ct(I−1
t , xpt , ut)

nchild.g ← g
nchild.j ← j
nchild.x

p
t−1 ← xpt

nchild.x
p
1:t−1 ← xp1:t

nchild.u1:t−1 ← u1:t

nchild.It−1 ← It
nchild.I−1

1:t−1 ← I
−1
1:t

if xpt /∈ openSet then
openSet.push(nchild)

else
if nchild.g > g then

openSet.push(nchild)
end

end
end

end

where the input ut = [uθt , u
t
t]
> is affected by process noise

wt = [wθt , w
t
t]
> in each element and

wt ∼ N
(

0,

[
(2π/180)2 0

0 52

])
. (24)

It is assumed that the simulated autonomous platform is
using a LiDAR-sensor with range-bearing output and a limited
range of 100 m. The obtained measurements yit = [yi,rt , yi,θt ]>

to any landmarks mi = [mi,x,mi,y]> within range are the
relative range (yi,rt ) and bearing (yi,θt ), where mi,x and mi,y

are the x- and y-coordinates of the landmark. This gives the

Fig. 1. The figure shows an example of how the positions of the platform
(xpt ), control signals (ut = [uθt , u

t
t]
>), landmarks (mi) and measurements

(yit = [yi,rt , yi,θt ]>) relate to each other.

measurement model

yit = h(xpt ,m
i) + εit

=

[
‖[xp,xt , xp,yt ]> −mi‖

atan2(mi,y − xp,yt ,mi,x − xp,xt )− xp,θt

]
+ εit,

(25)

where atan2(·, ·) is the four-quadrant arctangent function and
εit = [εi,rt , εi,θt ]> is a vector containing the range noise εi,rt and
bearing noise εi,θt , where

εit ∼ N
(

0,

[
0.22 0

0 (π/180)2

])
. (26)

The setup is illustrated in Fig 1.
For simplicity, the subregions Ωk, used for approximating

the landmark density, are equally sized square regions, but,
in general, any space discretization or tessellation should be
applicable. Furthermore, the variable Φk, in (12), is determined
through numerical integration, i.e. Gauss quadrature formula
[22], on the form

Φk =

∫
m∈Ωk

ρ(m)dm ≈
N∑
n=1

γnρ(sn), (27)

where the abscissas sn and weights γn are tabulated values
and N = 400.

B. Verifying the Information Approximation

In this section the information approximation introduced
in (11) is evaluated, i.e. whether the centre point m?

k of
each subregion approximately gives the same information as
the entire subregion Ωk. The information gains from three
different sets of virtual landmarks for an area ΩT are compared
with the integral (9). The area ΩT is 40 × 40 m and is
approximated by sets of 1 × 1, 2 × 2 and 3 × 3 virtual
landmarks, with their information gain denoted Î1×1, Î2×2 and
Î3×3 respectively. An illustration of this area and the different
subregions can be seen in Fig. 2.

Two different comparisons are performed. The first setup is
designed to highlight the significance of the distance between
the observer and the landmark region. The quality of the
approximation is computed for distances between 21 and 60 m
from the centre of the landmark area with the area right in front
of the sensor. The second setup is designed to evaluate if the
angle from the sensor platform to the landmark region affects
the quality of the approximation. This is done with sensor
locations on an arc 35 m from the centre of the landmark area.
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Fig. 2. Sensor positions for model verifications. The green square represents
the area with a landmark density that is approximated with the three different
virtual landmark sets.

This distance is chosen as it is considered to be on the limit of
reasonable approximation errors. In both of these comparisons,
the sensor is stationary and all sensor placements are evaluated
independently.

For all positions, the relative error between the information
matrix for the integral (9) and the three landmark sets are
evaluated with the Frobenious norm, i.e.,

‖I − Îj×j‖F
‖I‖F

, j = 1, 2, 3, (28)

where I is the integral (9). These norms can be seen in Fig. 3
and 4. The information gain I is computed using numerical
integration in Wolfram Mathematica [23].

The assumption that I(xpt ,mk) ≈ I(xpt ,m
?
k) in the entire

subregion Ωk is expected to be less accurate when the sensor is
closer to ΩT . In these cases, Ht(x

p
t ,mk) changes considerably

within the region Ωk, hence the approximation H(xpt ,mk) ≈
H(xpt ,m

?
k) is poor. As seen in Fig. 3, the errors for the 2 ×

2 and 3 × 3 virtual landmark sets are small for all sensor
placements and are considered to be reasonably low when the
sensor platform is 25 m, or more, from the centre. The error
of the 1× 1 set is considered reasonably low when the sensor
platform is placed at around 35 m, or more, from the virtual
landmark.

In the second comparison, seen in Fig. 4, the error
marginally increases when the sensor is close to the diagonal
of the area. However, the approximation accuracy is consid-
ered to be reasonably low for all positions around the landmark
area. That is, the accuracy is largely independent of the angle
from the sensor platform to the landmark area.

C. Path planning performance

In this section, a reference path created with the proposed
approach, here referred to as the optimal path, is compared
to two other reference paths in a small environment. For
evaluation, a simulated autonomous platform is executing each
reference path for 100 different sets of landmarks, sampled
from the underlying density. During these realizations, the
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Fig. 3. Frobenious norm of the difference between I and the information
gain of the different landmark sets normalized by the norm of I with
different distances to the sensor position. I represents the information gain
computed through numerical integration, Î1×1, Î2×2 and Î3×3 represents
the approximate information gain computed using the 1× 1, 2× 2 and 3× 3
virtual landmark sets, respectively.
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Fig. 4. Frobenious norm of the difference between I and the information
gain and the different landmark sets normalized by the norm of I at
different positions around the target area. I represents the information gain
computed through numerical integration, Î1×1, Î2×2 and Î3×3 represents
the approximate information gain computed using the 1× 1, 2× 2 and 3× 3
virtual landmark sets, respectively.

position of the platform is tracked by the standard EIF-SLAM
algorithm, presented in Section III-A, with measurements of
sampled landmarks.

The environment contains two regions with different land-
mark densities, indicated by the light and dark green areas
in Fig. 5, where the light green area has a landmark den-
sity of 0.0024 landmarks/m2 and the dark green has 0.0002
landmarks/m2. The size of each subregion Ωk is 40 × 40 m
and are illustrated in Fig. 5 together with the weights Φk. In
order to avoid bias in the comparison, the area is assumed to
be free of any obstacles.

During planning of the optimal path, each node in the search
graph represents one point in a uniform grid, where each point
is 20 m apart along the x and y axis, and the input space
U(·) is the set of input signals that moves the platform to the



Fig. 5. The figure shows the simulated environment with the subregions Ωk
the weights Φk , where a large value of Φk is represented with a larger circle.

surrounding eight points. The performance measure J(·, ·, ·)
is chosen as the trace of the covariance of the pose estimate
of the autonomous platform, that is α = 1, β = 0 and

JI(I−1
1:t ) = max

t
tr
([
I−1
t|t
]p)

, (29)

where
[
I−1
t|t
]p

is the 3×3 sub-matrix in the uncertainty matrix
I−1
t|t related to xpt . In order to reduce the risk of violating

the linearization constraints introduced by the EIF [24], the
minimum measurement range of the LiDAR-sensor is set to

max(10, 1.96× λpmax), (30)

where λpmax is the largest eigenvalue of the uncertainty matrix[
I−1
t|t−1

]p
.

The first of the two reference paths is the shortest path
between the start and goal position. The second path is a
mixture between the shortest and the optimal path, and is
referred to as the sub-optimal path. Each point πsot = [πxt , π

y
t ]

in the sub-optimal path is calculated as

πsot = ζπot + (1− ζ)πsτ , (31)

where πot and πsτ denote points along the optimal, πo, and
shortest path, πs, and τ is an interpolated time index such
that πo and πs are of equal length. Different values of ζ has
been tested, but in the following analysis ζ is equal to 0.5.

The first ten realizations of each of the three paths are
illustrated in Fig. 6. These trajectories represent the ground
truth position of the simulated platform while following the
path. The proposed algorithm has found a reference path which
avoids the area with the low landmark density, reaching the
maximum value of (29) in the end node. As a consequence,
the realizations of the optimal path has a much smaller spread,
i.e. deviations from the planned path, than both the shortest
path and the sub-optimal path.

It can also be seen that the proposed approach produces a
jagged path. Our interpretations of these jagged motions in the
optimal solution is that they increase the chances of revisiting

Fig. 6. The figure shows the three different paths used in the comparison.
The path created with the proposed approach (red), the shortest path (black)
and a mixture of these (purple). Ten realizations are shown for each path. The
ellipses at the end of the path represents the goal point distribution of these.

previously seen landmarks, thereby facilitating possibilities of
local loop-closures.

However, as the platform progresses along the path, the
path becomes less jagged. One possible explanation is that,
due to an increased uncertainty of the platform, λpmax is
the dominating term in (30) which increases the minimum
measurement range. Hence, fewer landmarks are observed in
each step which makes local loop-closures less beneficial as
they cannot cancel the process noise added in each extra step.
At the end of the path the minimum measurement range is
39.77 m. Furthermore, errors in the beginning of the path will
be propagated forward in all consecutive steps, thereby having
larger impact on the final results.

During path execution, the performance measure is con-
siderably lower for all realizations of the optimal path than
both the sub-optimal path and the shortest path, as seen in
Fig. 7. With varying values of ζ, 0 ≤ ζ ≤ 1, the same results
are attained, although with smaller differences as ζ goes to
1. Note that, due to scaling, the figure shows the maximum
square root of the trace and not the maximum trace.

The goal point error, i.e. the distance between the estimated
position and the ground truth position at the goal point, can
be seen in Fig. 8. In general, apart from a few outliers, the
errors for the optimal path is lower than both the sub-optimal
and the shortest path.

VI. CONCLUSION

Current belief space planning problem formulations often
rely on known landmarks, which are in many cases not
available in practice. Therefore, this paper proposed a problem
formulation where these landmarks are replaced by landmark
densities. To solve this new problem, a virtual landmark
approximation was derived. The accuracy of this approxima-
tion was evaluated in a simulation study, where the virtual
landmark approximation was shown to provide results with
small differences compared to solving the exact problem.
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Fig. 7. Boxplots over the performance measure during 100 path realizations
for the three different paths. It can be seen that the performance measure of
the path created with the proposed approach is considerably lower, and with
lower variance, than both the sub-optimal path and the shortest path.
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Fig. 8. Boxplots over the goal point error during 100 path realizations of the
three different paths. It can be seen that the error for the path created with the
proposed approach is lower than both the sub-optimal and the shortest path.

The proposed virtual landmark concept was also integrated
in a path planning algorithm aimed to minimize a measure
of uncertainty. This algorithm was tested in simulations and
gave from an application perspective a reasonable result and
outperformed the alternative paths in terms of the objective
function value.

It was shown in this paper that subregions close to the
platform need to be small to give small approximation errors,
but at large distances the benefit of using small subregions is
diminishable. In order to increase the computational perfor-
mance and reduce the approximation error an adaptive grid
method for the approximation will be developed in the future.
A benefit of the proposed approach is that, when observed,
real landmarks can seamlessly replace virtual landmarks in
the EIF-SLAM algorithm. In future work, we will exploit this
property during replanning in a receding horizon approach.
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