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Investigating stability of Laplacians on signed digraphs via eventual
positivity∗

Claudio Altafini

Abstract— Signed Laplacian matrices generally fail to be
diagonally dominant and may fail to be stable. For both
undirected and directed graphs, in this paper we present
conditions guaranteeing the stability of signed Laplacians based
on the property of eventual positivity, a Perron-Frobenius type
of property for signed matrices. Our conditions are necessary
and sufficient for undirected graphs, but only sufficient for
digraphs, the gap between necessity and sufficiency being filled
by matrices who have this Perron-Frobenius property on the
right but not on the left side (i.e., on the transpose). An
exception is given by weight balanced signed digraphs, where
eventual positivity corresponds to positive semidefinitness of
the symmetric part of the Laplacian. Analogous conditions are
obtained for signed stochastic matrices.

I. INTRODUCTION

Distributed algorithms for computation and control on
networks often rely on a Laplacian-like dynamics to achieve
their goal. The underlying assumption that is normally made
is that the adjacency matrix of the graph is nonnegative.
There are however situations in which one would like to
include in the model of the network also negative edges. They
could correspond to adversarial attacks on a communication
network (e.g. an attacker flipping the sign of the transmitted
value to purposively disrupt consensus) or to faulty processes
in some distributed communication scheme. In DC micro-
grids, they are induced by negative self-loops introduced by
the conductance of net loads [33] and they are of relevance
in the analysis of small-disturbance angle stability [32].
More generally, negative edges are an important feature in
all contexts in which collaboration among the agents of
a network coexists with antagonism: social networks [15],
biological networks [21], ecological networks [17], etc.

When a graph is signed, then there is more than one way to
construct a signed Laplacian matrix. In particular, two main
alternatives have been extensively studied in the literature.
In [31] we referred to them as “opposing” and “repelling”
Laplacians. The first one has on the diagonal the sum of
the absolute values of the row elements [3]. Consequently,
it is always diagonally dominant but may or may not have
0 as eigenvalue (the latter case happening when the graph is
structurally balanced). Hence the negated Laplacian is always
at least marginally stable (and Hurwitz when the graph is
not structurally balanced), see [3], [4], [7], [20]. The second
Laplacian, instead, has on the diagonal the sum of the row
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elements taken with sign, hence when there are negative
weights it may fail to be diagonally dominant although it
always has 0 as an eigenvalue [6], [34]. As a consequence,
the marginal stability of the negated Laplacian is no longer
guaranteed. This is the Laplacian studied in e.g. [6], [9],
[11], [10], [36], and also considered in this paper. Conditions
that guarantee its stability have been sought mostly in the
undirected graph case [11], [10], [36]. For instance, [36]
studied signed graphs with a single negative edge, and, by
making use of the notion of effective resistance over the
negative edge, obtained necessary and sufficient conditions
for positive semidefinitness of the Laplacian L (i.e., for
marginal stability of −L). The result was generalized and
reinterpreted in terms of passivity in [11] and extended to
an arbitrary number of negative edges in [10]. All of these
results rely heavily on the concept of effective resistance,
which is univocally defined only for undirected graphs. On
digraphs, in fact, various alternative notions of effective
resistance are possible, emphasizing different aspects [35].
It is not clear if and how a directed effective resistance can
be used to attain conditions guaranteeing stability of a non-
symmetric −L. Even without using effective resistance, such
conditions appear very difficult to obtain, see e.g. [2], [1].

The aim of this paper is to approach the problem of
investigating the stability of signed Laplacians from a dif-
ferent perspective, relying on recent generalizations of the
Perron-Frobenius (PF) theorem [16]. If the canonical way
of formulating the PF theorem (for the positive orthant)
is to consider a matrix which is nonnegative or Metzler,
it has been shown in [23], [25], [26] that the category of
matrices enjoying a PF property (namely, spectral radius
which is a simple strictly dominating real eigenvalue of
the matrix, of positive eigenvector) is strictly larger that
nonnegative (or Metzler) matrices, and includes also matrices
having some off-diagonal entries that are negative. These
matrices are called eventually positive because their powers
become positive matrices after a certain exponent. Eventual
positivity has been used by this author to study consensus-
like problems in [6], and to represent linear systems which
are externally but not internally positive in [5].

In this paper we show that indeed eventually positive
matrices can provide an effective way to obtain stability
conditions for (negated) signed Laplacians. The conditions
we obtain are necessary and sufficient in the undirected
case, but are only sufficient in the directed case. In the
latter case, the gap between necessity and sufficiency admits
a neat interpretation: it corresponds to matrices that obey
a “right PF property” but not a “left PF property”, i.e.,



such that their transpose fails to satisfy the PF property. We
also show that for weight balanced digraphs our eventual
positivity conditions become necessary and sufficient, and
equivalent to positive semidefinitness of the symmetric part
of the Laplacian.

The approach generalizes in an easy way also to discrete-
time systems, i.e., to matrices that are row stochastic. In fact,
when a matrix has negative entries but still has row sums
equal to 1, its Schur stability is no longer guaranteed [13].
In this case, the equivalent concept of eventually stochastic
matrix can be defined and used in an analogous way.

For both signed Laplacians and signed stochastic matrices,
the conditions we obtain are based on the computation of
the dominant eigenvalue/eigenvector pair. As it is known
for instance from the power method, such computation is
much cheaper than a full spectral analysis. In this sense, we
believe that our conditions are computationally interesting
when dealing with large-scale networks.

The rest of this paper is organized as follows: in Sect.
II we present the required linear-agebraic notions, and in
Sect. III our conditions for stability of signed Laplacians
on both undirected and directed graphs. Finally in Sect. IV
the analogous conditions for stability of signed stochastic
matrices are given.

II. LINEAR ALGEBRAIC PRELIMINARIES

Given a matrix A = (aij) ∈ Rn×n, A ≥ 0 means
elementwise nonnegative, i.e., aij ≥ 0 for any i, j ∈
1, . . . , n, and A 6= 0, while A > 0 means elementwise
positive, i.e., aij > 0 for all i, j = 1, . . . , n. This notation
is used also for vectors. The spectrum of A is denoted
sp(A) = {λ1(A), . . . , λn(A)}, where λi(A), i = 1, . . . , n,
are the eigenvalues of A, and the vector space generated by
its columns is span(A). The spectral radius of A, ρ(A), is
the smallest real positive number such that ρ(A) ≥ |λi(A)|,
∀i = 1, . . . , n. A matrix A ∈ Rn×n is said to be irreducible
if there does not exist a permutation matrix Π such that
ΠTAΠ is block triangular, that is

ΠTAΠ 6=
[
A11 A12

0 A22

]
,

where A11, A12 and A22 are nontrivial square matrices.
We say that A is Hurwitz stable (resp. Schur stable) if
Re[λi(A)] < 0 (resp. |λi(A)| < 1) for any i, and
it is marginally stable (resp. marginally Schur stable) if
Re[λi(A)] ≤ 0 (resp. |λi(A)| ≤ 1) and λi(A) such that
Re[λi(A)] = 0 (resp. |λi(A)| = 1) is a simple root of
the minimal polynomial of A. The digraph whose adjacency
matrix is A is indicated G(A). It has an edge connecting the
node j to the node i if and only if aij 6= 0. G(A) is strongly
connected if and only if A is irreducible. A quadratic form
xTAx is said positive semidefinite (psd) if xTAx ≥ 0 ∀x ∈
Rn. The matrix A is said psd if xTAx = xT (A + AT )x/2
is psd.

Given A ≥ 0, the matrix

B = sI −A s > 0 , (1)

is called a Z-matrix. If in addition s ≥ ρ(A), then B is
called an M-matrix. In particular, an M-matrix B in which
s > ρ(A) is nonsingular and such that −B is Hurwitz stable.
If instead s = ρ(A), B is a singular M-matrix. If in addition
A is irreducible, then −B is also marginally stable. Given
A, the comparison matrix of A, denoted M(A), has |aii| on
the diagonal and −|aij | in the entry (i, j), i 6= j. A matrix
A is called an H-matrix if its comparison matrix M(A) is
an M-matrix. It is said an H+-matrix if in addition aii ≥ 0,
i = 1, . . . , n, [18].

A. Perron-Frobenius property and eventual positivity

Definition 1 A matrix A ∈ Rn×n has the (strong) Perron-
Frobenius property if ρ(A) is a simple positive eigenvalue of
A s.t. ρ(A) > |λ| for every λ ∈ sp(A), λ 6= ρ(A), and χ,
the right eigenvector relative to ρ(A), is positive.

Denote PF the set of matrices in Rn×n that possess the
Perron-Frobenius property. ρ(A) is sometimes referred to as
the PF eigenvalue, and χ as the corresponding PF eigenvec-
tor. PF properties are naturally associated with nonnegative
matrices but also with matrices having some negative entries,
the so-called eventually positive matrices [16], [23], [25],
[14], [6].

Definition 2 A real square matrix A is said to be eventually
positive if ∃ ko ∈ N such that Ak > 0 for all k ≥ k0.

Following [27], eventually positive matrices will be denoted
A
∨
> 0. Clearly, A

∨
> 0 implies A irreducible. The following

necessary and sufficient condition relates eventually positive
matrices and PF property.

Theorem 1 ([25], Theorem 2.2) For A ∈ Rn×n the follow-
ing are equivalent:

1) Both A, AT ∈ PFn;
2) A

∨
> 0;

3) AT
∨
> 0.

Notice that from Theorem 1 of [23], we have an easy test of
eventual positivity: A is eventually positive iff Ak > 0 and
Ak+1 > 0 for some positive integer k. Another computation-
ally easy way to check the PF property is to use the power
method to compute the dominant eigenvalue/eigenvector pair.
Also the following lemma will be useful later on.

Lemma 1 ([6], Lemma 1) Consider A
∨
> 0 and denote χ >

0 its right PF eigenvector. Then any eigenvector χ1 of A
such that χ1 > 0 must be a multiple of χ.

B. Eventually exponentially positive matrices

Recall that a matrix A ∈ Rn×n is said exponentially
positive if eAt =

∑∞
k=0

Aktk

k! > 0 ∀ t ≥ 0, and that
A is exponentially positive if and only if A is essentially
nonnegative, i.e., aij ≥ 0 ∀ i 6= j [26].



Definition 3 A matrix A ∈ Rn×n is said eventually expo-
nentially positive if ∃ to ∈ [0, ∞) such that eAt > 0 ∀ t ≥ to.

The relationship between eventual positivity and eventual
exponential positivity is provided by the following lemma.

Lemma 2 ([26], Thm 3.3) A matrix A ∈ Rn×n is eventually
exponentially positive if and only if ∃ d ≥ 0 such that A +

dI
∨
> 0.

C. Eventually stochastic matrices

A matrix W is row stochastic if W1 = 1, 0 ≤ wij ≤ 1.
Analogously, W is column stochastic if 1TW = 1T , 0 ≤
wij ≤ 1, and doubly stochastic if it is both row and column
stochastic.

Definition 4 A matrix W is said eventually row (resp. col-
umn) stochastic if W

∨
> 0 and W1 = 1 (resp. 1TW = 1T ).

It is said eventually doubly stochastic if it is both eventually
row and column stochastic 1.

Lemma 3 ([6] Lemma in Sect. VI.C) If W is eventually
row (or column) stochastic, then ρ(W ) = 1 is a positive
eigenvalue of W .

III. STABILITY OF LAPLACIANS VIA EVENTUALLY
POSITIVE MATRICES

Given the signed digraph G(A) of weighted adjacency
matrix A, and denoted σin

i =
∑n
j=1 aij the weighted in-

degree of node i, let us define the Laplacian as

L = Σ−A where Σ = diag(σin
1 , . . . , σ

in
n ). (2)

The Laplacian (2) is often used in the consensus problem
[29], in which all agents are required to converge to the same
value. If we think of a distributed control problem on G(A)
for a system of integrators ẋi = ui, i = 1, . . . , n, then L
can be obtained by choosing ui = −

∑
j=1,...,n aij(xi− xj)

[24], [29], or, in matrix form,

ẋ = −Lx . (3)

When G(A) is strongly connected and A ≥ 0, L is a singular
irreducible M-matrix and the 0 eigenvalue has multiplicity
1. The associated right eigenvector is 1, and limt→∞ x(t) =
x∗ ∈ span(1) is a consensus value for (3). This means that
−L is marginally stable, and that the quadratic form xTLx =
xT (L+ LT )x/2 is psd.

The definition of Laplacian in (2) can be extended to the
case in which G(A) is a signed graph. Since A can have
negative entries, σin

i can even become negative. In our recent
paper [31], the Laplacian (2) in presence of negative weights
is referred to as “repelling signed Laplacian”, terminology
which allows us to distinguish it from a second signed Lapla-
cian (referred to in [31] as “opposing signed Laplacian”),

1In the literature, instead of eventually stochastic, the terms “essentially
stochastic” [22] or “somewhat stochastic” [12] are sometimes used.

obtained replacing σin
i with σin,abs

i =
∑n
i=1 |aij | [3], [7],

[20].
When A is signed and irreducible, then for (2) we have

the following easily verifiable properties.

Proposition 1 Consider a signed, strongly connected di-
graph G(A). Then for the corresponding Laplacian (2) we
have

1) 0 is always an eigenvalue of right eigenvector 1;
2) L need not be diagonally dominant;
3) −L need not be marginally stable;
4) The quadratic form xTLx need not be psd.

Proof: Property 1 is true by construction. Properties 2-
4 will be shown through counterexamples later on (Exam-
ples 1-2).

In particular, determining conditions guaranteeing the
marginal stability of (3) is a difficult task.

A. Nonnegative digraph case

As already mentioned, A ≥ 0 irreducible implies −L
marginally stable, with right eigenvector 1 associated to the
eigenvalue 0. The following result is the basis of popular
Lyapunov constructions used in the consensus problem,
where choosing the quadratic form V (x) = xTΞx for some
positive definite Ξ leads to a Lyapunov derivative of the form
V̇ (x) = −xT (ΞL+ LTΞ)x [28], [37]. The uniqueness part
of the following theorem is however less known (we could
not find any reference in the consensus literature), hence we
provide a complete proof.

Theorem 2 Consider a digraph G(A) with A ≥ 0 irre-
ducible. Let 1 and ξ > 0 be the right and left eigenvectors
of L relative to the eigenvalue 0. Then ξ is the unique
(up to a scalar multiplication) positive vector for which
the diagonal matrix Ξ = diag(ξ) is s.t. ΞL + LTΞ is
psd. For it, ker(LTΞ) = ker(L) = span(1) and hence
corank(ΞL+ LTΞ) = 1.

Proof: L is a singular irreducible M-matrix, and its
null space ker(L) = span(1) has dimension 1. Furthermore,
since the diagonal entries of L are all positive, it is also
an H+ matrix. From Lemma 3.21-3.22 of [18] there ex-
ists a unique (up to scalar multiplication) diagonal matrix
∆ = diag(δ1, . . . , δn) such that ker(LT∆) = ker(L) ⊆
ker(∆L+LT∆), while from Theorem 3.23 of [18] L admits
a unique (up to scalar multiplication) “Lyapunov scaling
factor” ∆ such that ∆L + LT∆ psd. Since LT ξ = LTΞ1,
it must necessarily be [δ1 . . . δn]T = αξ, α ∈ R. From
ker(L) = ker(ΞL) = ker(LTΞ) = span(1), ΞL + LTΞ
must necessarily have corank 1.

As consequence of Theorem 2, one has that the symmetric
part of L is psd only in the so-called weight balanced case. A
graph G is said weight balanced if σin

i =
∑
j aij =

∑
j aji =

σout
i ∀ i = 1, . . . , n.



Corollary 1 Consider a digraph G(A) with A ≥ 0 irre-
ducible. Ls = (L + LT )/2 is psd of corank 1 iff G(A) is
weight balanced.

Proof: One direction is obvious from Theorem 2. For
the other one, from Lemma 6.3 of [19] we have that if L+LT

is psd, then it must be ker(L) = ker(LT ) ⊆ ker(L + LT ).
But this is true only if 1 is also the left eigenvector of L
relative to 0, i.e, if G(A) is weight balanced.

In other words, Corollary 1 implies that whenever in-
degree and out-degree of G(A) are not identical, Ls cannot
be psd.

B. Signed undirected graph case

From Proposition 1, when G(A) is a signed graph, L may
fail to be diagonally dominant (technically, L need not be an
H-matrix), which may or may not lead to loss of stability of
−L, in a way which is complicated to check.

The case of G(A) signed and undirected has been studied
extensively in the literature, mostly in terms of the so-called
effective resistance matrix. Here we express instead the
condition of L psd in terms of eventually positive matrices.

Theorem 3 Consider an undirected graph G(A) with adja-
cency matrix A which is symmetric, irreducible and signed.
Then we have that L is psd of corank(L) = 1 iff −L is
eventually exponentially positive.

Proof: Assume L is psd of corank 1 and let 0 = λ1 <
λ2 ≤ . . . ≤ λn be the spectrum of L. Choose d > λn

2 > 0
and consider B = dI − L. By construction, sp(B) is d −
λn ≤ . . . ≤ d − λ2 < d and ρ(B) = d is an eigenvalue
of eigenvector 1, i.e., B ∈ PF , which, from Theorem 1,
implies B

∨
> 0 and hence, from Lemma 2, −L is eventually

exponentially positive. For the other direction, from L1 =
d1 − B1 = 0, we see that d is an eigenvalue of B with
eigenvector 1. Since B

∨
> 0 implies that also ρ(B) has a

strictly positive eigenvector, from Lemma 1, we obtain that
ρ(B) = d and therefore that 1 is the PF eigenvector of B.
Since ρ(B) is simple, reversing the construction above for
sp(B) gives that all the remaining eigenvalues of L must be
strictly positive, i.e., L must be psd of corank 1.

C. Signed digraph case

In the signed digraph case, the conditions we obtain are
no longer necessary and sufficient for marginal stability of
−L.

Theorem 4 Consider a strongly connected signed digraph
G(A), and the corresponding Laplacian (2). If −L is eventu-
ally exponentially positive, then the matrix −L is marginally
stable and the system (3) converges to

x∗ = lim
t→∞

x(t) =
ξTxo1

ξT1
,

where ξ is the left eigenvector of L relative to 0. Viceversa,
if −L is marginally stable then ∃ a scalar d ≥ 0 such that
dI − L ∈ PF .

Proof: From Lemma 2, −L eventually exponentially
positive means that ∃ a scalar d ≥ 0 such that B = dI−L

∨
>

0. From L1 = 0, it is B1 = d1 − L1 = d1, i.e., 1 is a
right eigenvector of B of eigenvalue d. If B

∨
> 0 then it

means that ρ(B) is a simple eigenvalue of strictly positive
left and right eigenvectors χ and ξ. From Lemma 1, it must
necessarily be χ = α1 for some scalar α, and therefore
ρ(B) = d. Since ρ(B) is simple, all other eigenvalues of
L must have strictly positive real part. The value of x∗

follows then straightforwardly. As for the second implication,
if −L is marginally stable, then 0 = λ1(L) < Re[λi(L)],
i = 2, . . . , n, and 1 is the eigenvector relative to 0. But then,
provided d > maxi=2,...,n

|λi(L)|
2 , B = dI−L has ρ(B) = d

of eigenvector 1, hence B ∈ PF .

Remark 1 The gap between the two conditions of Theo-
rem 4 corresponds to matrices L s.t. B = dI − L ∈ PF
for some d ≥ 0, but BT /∈ PF for all d ≥ 0. The stability
of such class of Laplacians cannot be determined a priori
with the tools developed in this paper, as the following two
examples show.

Example 1 In correspondence of

A =


0 −0.7 0 0.3

1.4 0 −0.2 0.4
0.7 0 0 2.1
0 0 1.3 0


it is sp(L) = {0, 0.7325 ± 0.1220i, 3.8349}, i.e. −L is
marginally stable, even though the left eigenvector associated
to 0 is not positive. For d > 1.92, B = dI − L ∈ PF but
BT /∈ PF . Notice also that L has both positive and negative
values on the diagonal.

Example 2 For

A =


0 1.9 −0.5 0
0 0 0 1
−0.3 0.2 0 0.2
1.8 0 0 0


it is sp(L) = {−0.0890, 0, 2.1945 ± 1.2509i} i.e. −L is
unstable. Clearly xTLx is not psd. Also in this case the left
eigenvector associated to 0 is not positive, and, for d > 2.6,
B = dI − L ∈ PF but BT /∈ PF .

The following is instead an example of eventually expo-
nentially positive matrix.

Example 3 For

A =


0 1 0 0
0 0 2.6 0

0.3 0 0 1.1
0.9 −0.2 0.9 0





we have sp(L) = {0, 1.6956 ± 0.9452i, 3.2089}. For d ≥
1.61 it is B = dI − L

∨
> 0.

The case of L weight balanced is an exception, as there
is no gap between necessity and sufficiency.

Corollary 2 Consider a strongly connected signed digraph
G(A) such that the corresponding Laplacian (2) is weight
balanced. Then the following conditions are equivalent:

(i) −L is eventually exponentially positive;
(ii) −L is marginally stable;

(iii) Ls = (L+ LT )/2 is psd of corank 1.

Proof: (i) =⇒ (ii): This direction is implied by
Theorem 4.
(ii) =⇒ (i): If −L marginally stable it follows from the
proof of Theorem 4 that for d > maxi=2,...,n

|λi(L)|
2 > 0,

B = dI − L has ρ(B) = d which is a simple eigenvalue of
right eigenvector 1. L weight balanced implies L1 = LT1 =
0, which means that the argument can be repeated also for
LT leading to B, BT ∈ PF .
(ii) =⇒ (iii): Split x into x = α1 + y with α = 1Txo/n
and y ∈ span(1)⊥. From marginal stability and ker(L) =
ker(LT ) = span(1), on span(1)⊥, V (y) = yT y/2 is
positive definite and its derivative along the trajectories of
(3) such that V̇ = −yT (L + LT )y/2 negative definite, i.e.,
Ls psd of corank 1.
(iii) =⇒ (ii): If follows from a well-known eigenvalue
inequality (see e.g. [8], Fact 5.11.24) that

0 = min
i

(λi(Ls)) ≤ Re(λi(L)),

i.e., L has eigenvalues with nonnegative real part. Fur-
thermore, from Lemma 6.3 of [19], if Ls is psd then
ker(L) = ker(LT ) ⊆ ker(Ls). Since ker(Ls) = span(1)
and corank(Ls) = 1, and since weight balance of L implies
L1 = LT1 = 0, the implication follows.

IV. STABILITY OF EVENTUALLY STOCHASTIC MATRICES

For a graph G(W ), the discrete-time equivalent of (3) is
given by the system

x(k + 1) = Wx(k). (4)

When W ≥ 0, W is a row stochastic matrix with 1 as
right eigenvector associated to the 0 eigenvalue. W is doubly
stochastic when G(W ) is undirected. The system (4) is
widely used in discrete-time consensus protocols. A closely
related version of (4) (with W column stochastic) is also
commonly used to describe transition probabilities in Markov
chains [30].

We proceed now to relax the condition W ≥ 0, i.e.,
we consider G(W ) which is a signed graph. Clearly when
W is not nonnegative then any probabilistic interpretation
associated to the state in (4) is lost. However, if W k > 0 for
k ≥ ko, any sufficiently long downsampling of the system
(4) can still be considered a well-posed transition matrix,
provided W is eventually stochastic.

A. Signed undirected graph case

The following necessary and sufficient condition is the
analogous of Theorem 3 for discrete-time systems.

Theorem 5 Consider an undirected signed graph G(W )
with W symmetric, irreducible and such that W1 = 1. W is
marginally Schur stable iff W is eventually doubly stochastic.

Proof: W marginally Schur stable and symmetric im-
plies λ1(W ) = ±1 is a simple eigenvalue such that
|λ1(W )| > |λi(W )|, i = 2, . . . , n. Combined with W1 = 1,
it must be λ1(W ) = ρ(W ) = 1, meaning that W =
WT ∈ PF or, from Theorem 1, that W is eventually doubly
stochastic. Viceversa, W eventually doubly stochastic means
W
∨
> 0, i.e., ρ(W ) is a simple eigenvalue of W with positive

eigenvector. Since it is also W1 = 1, from Lemma 1, it must
be that ρ(W ) = 1 is an eigenvalue of multiplicity 1 strictly
dominating all other eigenvalues. Hence W is marginally
Schur stable.

B. Signed digraph case

As for Laplacians on signed digraphs, the sufficiency
condition for marginal stability that can be obtained from
eventually stochastic matrices is in general not a necessary
condition.

Theorem 6 Consider a signed digraph G(W ) with W
signed and irreducible. If W is eventually row stochastic,
then it is marginally Schur stable. Viceversa, if W marginally
Schur stable and such that W1 = 1 then W ∈ PF .

Proof: W eventually row stochastic implies that W1 =

1 and, since W irreducible and W
∨
> 0, λ1(W ) = ρ(W ) =

1 must be a simple eigenvalue. Hence |λi(W )| < 1, i =
2, . . . , n, meaning that W is marginally Schur stable. As for
the other direction, if W irreducible and such that W1 =
1 is marginally Schur stable, it means that |λi(W )| < 1,
i = 2, . . . , n, i.e., ρ(W ) = 1 is a simple strictly dominant
eigenvalue of eigenvector 1. Hence W ∈ PF .

The following example shows that the condition of even-
tual stochasticity in Theorem 6 is not necessary for marginal
stability.

Example 4 The matrix

W =


0.0893 0.8036 −0.2679 0.375
0.9932 0.0068 0 0
0.8625 −0.0375 0.1 0.075
0.114 0.8547 0 0.0313


is such that W1 = 1. Since sp(W ) = {−0.4603 ±
0.3218i, 0.148, 1}, W is marginally Schur stable. Further-
more, W ∈ PF , but WT /∈ PF , hence W is not an
eventually stochastic matrix.

The following example shows instead that the weaker
condition W ∈ PF does not suffice for marginal stability.



Example 5 The matrix

W =


0.0368 0 0.659 0.3042

0 0.0872 3.1947 −2.2819
0 0.9895 0.0105 0

0.9322 0 0 0.0678


is such that W1 = 1, sp(W ) =
{−1.5494, −0.8928, 1, 1.6447}, meaning that
ρ(W ) = 1.6447 of right eigenvector ν =[
0.2303 0.8242 0.4991 0.1362

]T
> 0. Therefore

W ∈ PF , but W unstable. Notice that W has two positive
right eigenvectors and obviously WT /∈ PF .

As for signed Laplacians, also for signed stochastic matri-
ces the weight balanced case (here W1 = WT1 = 1) leads
instead to a necessary and sufficient condition.

Corollary 3 Consider a strongly connected signed digraph
G(W ) such that W is weight balanced. Then W eventually
doubly stochastic iff it is marginally Schur stable.

The proof is analogous to that of Corollary 2.

V. CONCLUSIONS

The conditions provided in this paper for checking the
stability of signed Laplacians are more general than those
available in the literature (they hold also for digraphs) and
are computationally interesting, as they require only the
calculation of the dominant eigenpair of L, which is more
efficient than computing the entire spectrum of L.

What remain to understand is the relationship between
our eventual positivity property and the notion of effective
resistance used in the literature for similar purposes. We be-
lieve that expressing eventual positivity in terms of effective
resistance (or viceversa) could lead to significant insight into
the structure of signed Laplacians.
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