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Abstract

The Cauchy problem for general elliptic equations of second order is considered. In a
previous paper (Berntsson et al. in Inverse Probl Sci Eng 26(7):1062-1078, 2018), it
was suggested that the alternating iterative algorithm suggested by Kozlov and Maz’ya
can be convergent, even for large wavenumbers k2, in the Helmholtz equation, if the
Neumann boundary conditions are replaced by Robin conditions. In this paper, we
provide a proof that shows that the Dirichlet-Robin alternating algorithm is indeed
convergent for general elliptic operators provided that the parameters in the Robin
conditions are chosen appropriately. We also give numerical experiments intended
to investigate the precise behaviour of the algorithm for different values of k2 in the
Helmbholtz equation. In particular, we show how the speed of the convergence depends
on the choice of Robin parameters.

Keywords Helmbholtz equation - Cauchy problem - Inverse problem - Ill-posed
problem

Mathematics Subject Classification 35R30 - 65N21

Communicated by Amin Esfahani.

B Fredrik Berntsson
fredrik.berntsson @liu.se

Pauline Achieng
pauline.achieng @liu.se

Jennifer Chepkorir
jennifer.chepkorir@liu.se

Vladimir Kozlov
vladimir.kozlov @liu.se

Department of Mathematics, Linkoping University, 581 83 Linkoping, Sweden
Department of Applied Mathematics, University of Nairobi, P.O. Box 30197, Nairobi, Kenya

Published online: 06 October 2020 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s41980-020-00466-7&domain=pdf
http://orcid.org/0000-0002-2681-8965

Bulletin of the Iranian Mathematical Society

1 Introduction

Let © be a bounded domain in R? with a Lipschitz boundary I' divided into two
disjoint parts I'g and I'; such that they have a common Lipschitz boundary in I" and
FO UT| =T, see Fig. 1.

The Cauchy problem for an elliptic equation is given as follows:

Lu = Djaji(x)D,-u +a(x)u=0 in Q,

u=rf on [, (1.1)
Nu=g on [,
where v = (v1, ..., vg) is the outward unit normal to the boundary I", D; = 8/8)6.,,,

a’' and a are measurable real-valued functions such that a is bounded, a’/ = a/' and

MEP <a&g; <a7VE, & eRY. A= const > 0.
The conormal operator N is defined as usual
Nu = vjajiD,-u

and the functions f and g are specified Cauchy data on I'g, with a certain noise level.
We are seeking real-valued solutions to problem (1.1). We will always assume that
there is only trivial solution to Lu = 0 in HY Q) ifu =0, Nu=0o0nTgoru=0,
Nu = 0 on I'1. This is certainly true for the Helmholtz equation.

This Cauchy problem (1.1), which includes the Helmholtz equation [1,12,17,21],
arises in many areas of science and engineering related to electromagnetic or acoustic
waves. For example, in underwater acoustics [8], in medical applications [22], etc.
The problem is ill-posed in the sense of Hadamard [9].

The alternating iterative algorithm was first introduced by V.A Kozlov and
V. Maz’ya in [13] for solving Cauchy problems for elliptic equations. For the Laplace
equation, a Dirichlet—Neumann alternating algorithm for solving the Cauchy problem
was suggested in [14], see also [10,11].

It has been noted that the Dirichlet—-Neumann algorithm does not always work
even if £ is the Helmholtz operator A + k2. Thus, several variants of the alternating
iterative algorithm have been proposed, see, for instance, [2,7,18,19], and also [3,4]
where an artificial interior boundary was introduced in such a way that convergence
was restored. Also, it has been suggested that replacing the Neumann conditions by
Robin conditions can improve the convergence [6].

The alternating iterative algorithm has several advantages compared to other meth-
ods. Most importantly, it is easy to implement as it only requires solving a sequence
of well-posed mixed boundary value problems. In contrast most direct methods, e.g.
[16,23] or [12], are based on an analytic solution being available and are thus more
difficult to apply for general geometries or in the case of variable coefficients. On
the other hand, the alternating iterative algorithm, in its basic form, suffers from slow
convergence, see [4], and in the presence of noise additional regularization techniques
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Fig. 1 Description of the Iy
domain considered in this paper

with a boundary I" divided into

two parts I'g and I'y

NV
T'o

have to be implemented, see, e.g. [5]. Thus, a practically useful form of the alternating
algorithm tends to be more complicated than the variant analyzed in this paper.

In this work, we formulate the Cauchy problem for general elliptic operator of sec-
ond order and consider the Dirichlet-Robin alternating iterative algorithm. Under the
assumption that the elliptic operator with the Dirichlet boundary condition is positive
we show that the Dirichlet—Robin algorithm is convergent, provided that parameters
in the Robin conditions are chosen appropriately. The proof follows basically the same
lines as that in [13] but with certain changes due to more general class of operators
and the Robin boundary condition. We also make numerical experiments to investigate
more precisely how the choice of the Robin parameters influences the convergence of
the iterations.

2 The Alternating Iterative Procedure

In this section, we describe the Dirichlet—Robin algorithm and introduce the necessary
assumption.
The main our assumption is the following:

/Q(ajiDiuDju +au®)dx >0 forallu € H'(2, 1)\{0}, 2.1

where H'!(2, T') consists of functions u € H'(Q) vanishing on I". It is shown below in
Sect. 3.2 that condition (2.1) is equivalent to existence of two real-valued measurable
bounded functions 1o and p1 defined on I'g and I'y, respectively, such that

wou®ds +/ wiu*ds > 0, (2.2)

f (a-iiDiuDju + auz) dx + f
Q r Iy

0

forallu € H! (Q)\{O}. Actually, we prove that for ug = w1 to be a sufficiently large
positive constant, but we think that it can be useful to have here two functions (as
we will see in numerical examples the convergence of the Dirichlet—Robin algorithm
weakens when 1o and 1 become large).

With these two bounded real-valued measurable functions o and w1 in place, we
consider the two auxiliary boundary value problems
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Lu=20 in €,
u= fo on Iy, 2.3)
Nu+puu=n on I,

and
Lu=0 in £,
Nu+ pou=go on I, 2.4)
u=4aqo in I.

Here, fo € HY*(Ty), go € H™Y*(I'y), n € H~V/2(I'}) and ¢ € H'Y2(I"y). These
problems are uniquely solvable in H'(2) according to [20].

The algorithm for solving (1.1) is described as follows: take fo = f and gy =
g + o f, where f and g are the Cauchy data given in (1.1). Then

(1) The first approximation uq is obtained by solving (2.3) where 1 is an arbitrary
initial guess for the Robin condition on I';.

(2) Having constructed u»,,, we find us, 41 by solving (2.4) with ¢ = us, on I'y.

(3) We then obtain uy, 42 by solving (2.3) with n = Nuo,41 + (1,41 on I'y.

3 Function Spaces, Weak Solutions and Well-Posedness

In this section, we define the weak solutions to the problems (2.3) and (2.4). We
also describe the function spaces involved and show that the problems solved at each
iteration step are well-posed.

3.1 Function Spaces

As usual, the Sobolev space H 1(€2) consists of all functions in L2 (2) whose first-order
weak derivatives belong to L2(£2). The inner product is given by

d

(u, V) g1q) = W, v)2q) + Z(aju, jv)r2q), Uu,VE HI(Q) 3.1
j=1

and the corresponding norm is denoted by [[u| ;1 (q)-

Further, by H 1/2(1), we mean the space of traces of functions in H L(@)onT. Also,
H'Y2(Ty) is the space of restrictions of functions belonging to H 172(I") to Ty, and
HO1 / 2(l"o) is the space of functions from H 1/2(I") that vanish on I';. The dual spaces
of H/2(Ty) and Héﬂ(f‘o) are denoted by (H'/2(T"g))* and H~1/2(I'y), respectively.

Similarly, we can define the spaces H'/2(I'y), Hol/z(l"l), (HY2(T))* and
H=Y2(I')), see [20].
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3.2 The Bilinear Form a;,

Lemma 3.1 The assumption (2.1) is equivalent to the existence of a positive constant
u such that

/(ajiDiuDju — a(x)uz) dx + /L/ u*dS >0 3.2)
Q r

forallu € H'()\{0}.

Proof Clearly the requirement (3.2) implies (2.1). Now assume that (2.1) holds and
let us prove (3.2). Let

Ao = inf / (ajiDiuDju — auz) dx.
ueH (Q.I) JQ
llullzy@=1

By (3.1) Ag > 0. Let also

A(u) = inf /(ajiDiuDju—auz)dx+uf u?ds.
ueH' () Ja r
lullL,@=1

The function A (i) is monotone and increasing with respect to u and A(u) < Ao for
all y. Therefore, there is a limit A, := lim,_, o A() which does not exceed 4.
Furthermore, Ag is the first eigenvalue of the operator —£ with the Dirichlet boundary
condition and A(u) is the first eigenvalue of —£ with the Robin boundary condition
Nu+ puu =0onT.

Our goal is to show that A(u) — XAg as u — o0 or equivalently A, = Xo. We
denote by u,, an eigenfunction corresponding to the eigenvalue A(u) normalised by
lupllL, @) = 1. Then

Ao > Ap) = / (ajiD,-uMDjuM — aui) dx + y,/ ui ds.
Q r
Therefore,

T +u/r W2 dS < C.

where C does not depend on w. This implies that we can choose a sequence w;,
I <j <o0,uj — ooas j — oosuch that uy; is weakly convergent in H'(Q),
uy; is convergent in L»(€2) and wju,; is bounded. We denote the limit by u €
HYQ). Clearly, |lu||1,(@) = 1 and, therefore, u # 0. Moreover, u € HY(Q,T) since
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Ir ui ds < % We note also that limj_, oo A(1tj) = As. Since

/(ajiDiuMDjv—aqu)dx =k(u)/ u,vdx,
Q Q
forall v e H'(Q, ') we have that

f(a'iiDiuDjv—aMU)dx:)\*/ uvdx.
Q Q

Therefore, A, is the eigenvalue of the Dirichlet-Laplacian and u is the eigenfunction
corresponding to A,. Using that A, < Ag and that Ag is the first eigenvalue of —£L
with the Dirichlet boundary condition we get A, = Ag. This argument proves that
M) — Ao as u — oo. O

According to Lemma 3.1, we can choose two functions g and w1 such that (2.2)
holds. Let us introduce the bilinear form on H' ()

au(u,v)=/(ajiDiuDjv+auv)dx+/ uouvdS—i—f pmiuvds.
Q 1) I

According to our assumption (2.2), a, (u,u) > 0, foru € HI(Q)\{O}. The corre-
sponding norm will be denoted by |Jull, = a, (u, u)l/2.
Let us show that the norm || - ||, is equivalent to the standard norm on H L.

Lemma 3.2 There exist positive constants C1 and Cy such that
Cillull gy < lully < Collull gy forallu € H'(Q). (3.3)

Proof Suppose that u € H'(2). Then

ay s w) = € (1l gy + 1l o) + 11y )

2

This proves the second inequality of (3.3).

To prove the first inequality, we argue by contradiction and, assume that the inequal-
ity does not hold. This means that we can find a sequence {vy }7° | of non-zero functions
in H'(Q) such that

el gy = ket (Vi ve)-

Let ur = || vr and note that the sequence of functions (ux)g2, in H Q)

satisfies

-1
HY(Q)

ekl 1 ) = 1- (3.4)
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Therefore,

1
ay (ug, up) < T (3.5)

Since the sequence {uk},fio is bounded in H' (), there exists a subsequence, denoted
by {ux, };’lozo, of {uy}, and a function u in H 1(©) such that uy, converges weakly
to u in H'(RQ). Since H'(Q) is compactly embedded in LZ(Q), the subsequence
{ug, 152, converges strongly in L2(2). Moreover, the trace operator from H L) to
L*(T") is compact; hence, the restrictions of ug, to I'gp and I'y converge strongly to the
corresponding restrictions of « in the L?-norm. Finally, Vuy, converges weakly to Vu
in L2(2) and

< l. i f .
IVullp2q) imin Vug, 22
Thus, we get that

a,(u,u) <liminfa, (ur , ur ).
u.( ) < P u( kn k,,)

By (3.5), this tends to zero as n — oo and hence ||u||,2L = 0, which implies u = 0.
Therefore, uy, — 0 in L?(2), uk,|r, — 0 in L?(Tg) and ug,|r, — 0 in L*(I'y).
Using these facts and (3.5), we find that

n— oo

limsup/ |Vuy, |2 dx = 0,
Q

which contradicts (3.4). This proves the first inequality in (3.3). O

We define the following subspaces of HY (). First, HY(Q2, ) is the space of
functions from H'(Q) vanishing on I'. Second, H'(Q,T) and H'(Q, T'}) are the
spaces of functions from H'!(€2) vanishing on I'g and I'; respectively. The bilinear
form defined on H'(S2, I'g) will be denoted by aj(u, v) and the bilinear form au
defined on H($2, I'}) is denoted by ag(u, v). They are defined by the expressions

ao(u,v):/(ajiDiuDjv+auv)dx+/ HouvdS
Q r

0

and

ai(u, v) :/(a~jiDiuDjv+auv)dx+/ pniuvdSs.
Q Iy

3.3 Preliminaries
Let u € H?(Q) satisfy the elliptic equation,

Lu=0 in Q. (3.6)

@ Springer



Bulletin of the Iranian Mathematical Society

By Green’s first identity, we obtain
‘/wﬂDmDﬂw%mwdxz/}Nmmm. (3.7)
Q r

We add fl"o wouv dsS and fl“l wiuv dS to both sides and obtain

au(u,v)zf (Nu + pou)vdS + (Nu + pu)vdsS.
o I

Definition 3.3 A function u € H'(Q) is a weak solution to equation (3.6) if
/ (ajiDiuDjv +auv)dx =0
Q

for every function v € H 1(Q, ).

Let H denote the space of the weak solutions to (3.6). Clearly it is a closed subspace
of H'($2). Let us define the conormal derivative of functions from H. We use identity
(3.7) to define the conormal derivative Nu on I'. By the extension theorem [15], for
any function ¥ € H'/2(I"), there exists a function v € H'(Q), such that v = on T’
and

Il g1 < CliY g2y (3.8)

where the constant C is independent of yr. Moreover, this mapping ¥y — v can be
chosen to be linear.

Lemma 3.4 Letu € H. Then there exists a bounded linear operator
F:H— H YXD),

such that
(F(u), ) = / (ajiDiuDjv + auv) dx,
Q
where y € H'/2(I'), v € HY(Q) and v|r = V. Moreover,

F(u) = Nu ifu € C*(Q) and the coefficients a'l are smooth.

Proof Consider the functional
Fp) = / (ajiD,'uDjv + auv) dx. (3.9)
Q
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Let us show that the right-hand side of (3.9) is independent of the choice of v. If
v, V) € Hl(Q) and vi|r = v2|r = ¥, then the difference v = v; — vy belongs to
HY($,T) and, since u € H, we have

f(ajiDiuDjv+auv)dx =0,

Q

and, therefore,
f(ajiDiuDjvl +auv1)dx=/(ajiDiMDjvz+auvz)dx-
Q Q

Hence, the definition of F () does not depend on v. Next by the Cauchy—Schwartz
inequality, and (3.8), we obtain

IFWOI = Cllull gro 1Y 2y
Thus, F is a bounded operator in H 1/ 2(I‘). Therefore,
F) = (F@). ). Fu)eH™ 2T
and
HE@g-120y < Cllull g (g)-

O

Remark 3.5 We will use the notation Nu for the extension of the conormal derivative
of functions from H. For the distribution Nu € H~/2(I"), the restrictions Nu I, and
Nu|r, are well defined and

[INu r ||H*1/2(1"0) +[|Nu r ||1—171/2(r1) = C||NM||H71/2(1")-
0 1

3.4 Weak Solutions and Well-Posedness

In this section, we define weak solution to the two well-posed boundary value problems
(2.3) and (2.4) and we show that the problems are well posed.

Definition 3.6 Let fy € H'/?>(I'g) and n € H~'/2(I'}). A function u € H'(Q) is
called a weak solution to (2.3) if

al(u,v)=/ nvds,
I

for every function v € HY(Q,Ty) and u = fo on T'p.

We now show that problem (2.3) is well-posed.
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Proposition 3.7 Let fo € H'/>(I'g) and n € H~Y/2(T'y). Then there exists a unique
weak solution u € H' () to problem (2.3) such that

||’4||H1(Q) =C (||f0||H1/2(r,,) + ||77||H—1/2(F1)) ) (3.10)
where the constant C is independent of fo and 1.

Proof The proof presented here is quite standard. Let w € H'() satisfy wlr, = fo
and

lwll gy < Clfollmirzry)- (3.11)

Again let u = w + h, where h € H'(2, I'p), then
ay(h,v) = / nvds — ay(w, v), (3.12)
ry

forallv € H'(Q, I'y). The right-hand side of (3.12) is a continuous linear functional.
Thus, we can write

ai(h,v) =G() = / nvds — ay(w, v). (3.13)
Iy

By applying the trace theorem, the Cauchy—Schwartz inequality, and (3.11), we obtain
G = CUnllgizqys + 1ol azap)lvlig @)

According to Riesz’ representation theorem, there exists a unique solution i €
HY(Q, T'y) of (3.13) such that

I Allgr ) < CUmllg-12¢0yy + 1 foll mr2erg))-
One can verify that u = w 4+ h by triangular inequality and (3.11) satisfies (3.10). O

Definition 3.8 Let go € H~'/2(I'g) and ¢ € H'/?(I'y). A function u € H'(Q) is
called a weak solution to (2.4) if

ap(u, v) = / govds,
o

for every function v € HI(SZ, I')andu =¢ onT.

In the same manner, one can show that problem (2.4) is well posed. We will state
the last result without a proof.
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Proposition 3.9 Ler gg € H™'/2(Ig) and ¢ € H'Y*(T"1). Then there exists a unique
weak solution u € H' () to problem (2.4) such that

lullgr@) < C<||¢||H1/2(F1) + ”gO”H*1/2(F1)),

where C is independent of go and ¢.

4 Convergence of the Algorithm

We now prove the convergence of the Robin—Dirichlet algorithm. We denote the
sequence of solutions of (1.1) obtained from the alternating algorithm described in
Sect. 2 by (u,(fo, go, 77));”:0. The iterations linearly depend on fy, go and 7.

Theorem 4.1 Let fo € H'/2(I'y) and g9 € H™'/?>(Iy), and let u € H'(Q) be the
solution to problem (1.1). Then for n € H’]/z(l"l), the sequence (Mn)zo:o, obtained
using the algorithm described in Sect. 2, converges to u in H'(Q).

Proof Lemma 3.4 together with Remark 3.5 shows that Nu + Mt € H—1/2(I‘1).
Since

u=u,(fo, g0, (N + Ml)“|r1)

for all n, we have

un(fOs 80, ’7) —u= u,,(O, Ov n— (N + M[)M|rl )

Therefore, it is sufficient to show that the sequence converges in the case when fy = 0,
go = 0 and 7 is an arbitrary element from H~'/2(I'y). To simplify the notation, we
will denote the elements of this sequences by u, = u,(n) instead of u, (0, 0, n).

Then ug solves (2.3) with fy = 0, up, is a solution to (2.3) with fy = 0 and
n = Nuzy—1 + Wiuon—1, and uy, 41 satisfies (2.4) with gg = 0 and ¢ = uy,. From
the weak formulation of (2.3) , we have that

ayWon—1,u2y) = | (Nugy—1 + piuoy—1)uz, dS
I

= (Nuzy + piugg)u, dS = aﬂ(”Zn»“Zn)-
Iy

Similarly 7,11 solves problem (2.4) with Nuoj,4+1+ou2n+1 = Oon o, uap4+1 = uop
on I'1. Again, it follows from the weak formulation of (2.4) that

au(u2n+ls uz,) = / (Nuzpi1 + piuzng1)u, dS
I

2/ (Nuzpg1 + ptn41) 2,41 dS
I
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= a, (Uon+1, U2n+1)-

From these relations, we obtain

au(u2n+1 — Uy, UDp4] — UDy) = a,u(“Zna u2,) — a//.(“2n+l » Udnt1)
and

ay(Uop — Udp—1, Uap — Up—1) = Ay Uop—1, Uap—1) — Ay Uy, U2p),
which implies

ap,(u2n—la uzp—1) > a,u(“Zm uzy) > au(”Zn-Ha U2p41). 4.1

We introduce the linear set R consisting of functions n € H —1/2(1"y) such that

up(n) — 0in H'(Q) as n — oo. Our goal is to prove that R = H~Y2(T")). Let
us show first that R is closed in H~'/2(I"}). Suppose that nj € Randn; — n €

H~Y2(T')). Since a}/Z is a norm and u, (n) is a linear function of 1, we have

ay un (), un (MNY? < ay (= 0j)s un(n — nNY? 4 @y ua (), un ()2,

By squaring both sides, we have

ay un(m), un(m) < 2a,wn(m —nj), un(m —n;)) + 2a,(uy(n;), un(n;)). (4.2)

Since ay, (i, un, ),2 is a decreasing sequence, we obtain that

ay(u,(m—nj), un(m—n;)) < auwo(m—mn;), uo(n —nj)).

Since uy is a solution to problem (2.3), we obtain that

ap(un(m —mnj), un(n —n;)) < Clin —njllg-12)-

Therefore, the first term in the right- hand of (4.2) is small for all # if j is sufficiently
large and the second term in (4.2) can be made small by choosing sufficiently large
n. Therefore, the sequence (u,(n))52, converges to zero in H '(Q) and thus 5 €
H™2(Ty).

To show that R = H~V2(T")), it suffices to prove that R is dense in H2(T).
First, we note that the functions (N 41 )u (17)—n belong to R forany n € H~'/2(T"y).
Indeed, ug (N + wp)ui(n) —n) = ury2(n) — ux(n) and

ap (up2(n) — ur (), ukr2(n) — ur (M) < 2(a(ur2(n), ur+2(n) — aur (), ux(n))).

Dueto (4.1), the right-hand side tends to zero as k — oo,which proves (N+u1)u1(n)—
n € R.
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Assume that ¢ € Hol/z(r‘l) satisfies
[ (v -+ oy = n)oas = “3)
Iy

for every n € H~'/>(I'). We need to prove that ¢ = 0. Consider a function v €
H' () that satisfies (2.4) with go = 0 and ¢ = ¢. From Green’s formula

f (Nui(n) + prur(m)vdS = ay(uy, v) = / (Nv + prv)ui(n)ds.
r Iy
Therefore, (4.3) is equivalent to

(Nv + pv)u; dS —/ nedS = 0.

I I

Since ug = uy on I'y, we have

(Nv + p1v)ug dS — / nods = 0. 4.4)
I I

Now let w € H'(Q) be a solution of (2.3) with fy = 0 and n = Nv + pjv. Using
again Green’s formula, we get

/ (Nw + piw)ugdS = a, (w, ug) = / (Nug + piug)wds,
I Iy
which together with (4.4) and Nw + pwjw = Nv + pjv on I'y gives

(Nuo—}—uuo)wdS—/ nedS = 0.

I I

Since Nug + puog = 0 on I'1, we obtain
/ nw—¢)dS =0 foralln e H-/2(I'y).
I

This implies w = ¢ on I'1. On the other hand, Nw + 1w = Nv+ v on I'1 and by
uniqueness of the Cauchy problem we get w = v on 2. But from the fact that w = 0
on Iy, it follows that w = v = 0 on I'g. Thus, ¢ = 0. This shows that R is dense in
H~'/2(I'1) and, therefore, R = H~'/2(I"1). This means that for any n € H~'/2(I'y),

the sequence (u,(1));°, converges to zero in H Q). O
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5 Numerical Results

In this section, we present some numerical experiments. To conduct our tests we need
to specify a geometry 2 and implement a finite difference method for solving the two
well-posed problems that appear during the iterative process. For our tests, we chose
arelatively simple geometry. Let L be a positive number and consider the domain

Q=(0,1)x (0,L), with Tg=(0,1)x {0} and Ty = (0, 1) x {L}.

For our tests, we consider the Cauchy problem for the Helmholtz equation in €2, i.e.

Au(x,y) +k*u(x,y) =0, 0<x<1,0<y<L,

uy(x,0) = gx), 0<x<l, 5.1)
u(x,0) = f(x), 0<x<1,

u,y)=u(l,y) =0 0<y<L.

Due to zero Dirichlet boundary condition on a part of the boundary, where x = 0 or
x = 1 we keep them to be zero on each iteration. Therefore, our theoretical result
gives convergence of the Dirichlet-Robin iterations for

2
kK <+ %
and for the Dirichlet-Neumann iterations for k? < 7 2.
In our finite difference implementation, we introduce a uniform grid on the domain
Q of size N x M, such that the step sizeish = N~! and thus M = round(LAh ™), and
use a standard O (h?) accurate finite difference scheme. In the case of Robin conditions,
on I'p or I'1, we use one sided difference approximations. See [4] for further details.
For all the experiments presented in this section, a grid of size N = 401 and M = 201
was used.
To test the convergence of the algorithm, we use an analytical solution. More specif-
ically, we use

u(x,y) =sinmx (Cosh my +sinh V72 — k2y) ’

which satisfies both the Helmholtz equation in €2 and also the conditions u(0, y) =
u(l, y) = 0. The corresponding Cauchy data, for the problem (5.1), are

F@x) =u(x,0)=sinwrx, and g(x)=u,(x,0) =72 —k’sinmx.

We also find that the unknown data, at y = L, is
u(x,L) =sinmx (cosh V2 —k2L 4 sinhv 7?2 — k2L>
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u(x,L) and u(x,0)

0 0.2 0.4 0.6 0.8 1
X

Fig. 2 k%2 =20.5and L = 0.5, is shown (left, graph). Also the Dirichlet data f(x) = u(x, L) (right, solid)
and g(x) = u(x, 0) (right, dashed)

and
uy(x, L) = Va2 — k?sinmx (sinh Va2 — k2L + cosh /2 — k2L) )

The analytical solution is illustrated in Fig. 2. Note that the solution depends on both
L and k*.

Example 5.1 In an initial test, we use Cauchy data f (x) and g(x) obtained by sampling
the analytical solution, with k* = 20.5 and L = 0.5, on the grid. Previously it has
been shown that the Dirichlet-Neumann algorithm, e.g. the case ug = pu; = 0, is
divergent [4] for this set of parameters. To illustrate the properties of the Dirichlet—
Robin algorithm, we pick the initial guess ¢ (x) = n® = 0 and compute a sequence
of approximations ¢ (x) of the exact data f(x), as illustrated in Fig. 2.

For this test, we used the same value for the Robin parameters, i.e. u := o = u1.
The results show that for small values of 1, the Dirichlet—-Robin algorithm is divergent
but for sufficiently large values of 1, we obtain convergence. The results are displayed
in Fig. 3. To see the convergence speed, we display the number of iterations needed for
the initial error [|¢©) — f||» to be reduced, or increased, by a factor 103. We see that
for small values of ©, we have divergence and the speed of the divergence becomes
slower as u is increased. At u ~ 2.6, we instead obtain a slow convergence. As i
is increased further, the rate of convergence is improved up to a point. For very large
values of 1, we have slower convergence. It is interesting to note that the transition
from divergence to convergence is rather sharp. The optimal choice for u is just above
the minimum required to achieve convergence.

Example 5.2 For our second test we use the same analytical solution, with A = 20.5
and L = 0.5. We test the convergence of the Dirichlet—Robin algorithm for a range of
values 0 < pg, 1 < 15. As previously, we find the number of iterations needed for
the magnitude of the error to change by a factor 10°. In Fig. 4 we display the results.
We see that both 1o and 1 need to be positive for the iteration to be convergent. We
also see that the effect of 1o and w1 is slightly different.
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Fig.3 We illustrate the error during the iterations for the case u = 2.5 (right, red curve) and for u = 2.7
(right, blue curve). We see that the rate of convergence is clearly linear. We also show the specific dependence
on the parameter u in the Robin conditions (left graph). Here we show the number of iterations needed for
the magnitude of the error to change by a factor 103
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Fig. 4 We illustrate the convergence speed for different values of pg and g (left graph). The graphs
represents level curves for the number of iterations needed to change the error by a factor 103. The cases
where the iteration diverges are illustrated by negative numbers (blue curves) and the cases where the
iteration is convergent correspond to positive values (black curves). We also show the convergence speed
as a function of the Robin parameter where either 1 or w1 is fixed. The case when g = 5 is displayed
(right,black curve) and the case when ] = 5 (right,blue curve). Here we see that the curves are similar in
shape but not identical

Example 5.3 1In the third test, we keep L = 0.5 but vary X in the range 12.5 < A < 45.
Recall that k> ~ 12.5 is where the Dirichlet-Neumann algorithm stops working [4].
For this experiment, we use the same value for the parameters i := o = w1 in the
Robin conditions. We are interested in finding the smallest value for 1 needed to obtain
convergence as a function of A. The results are shown in Fig. 5. We see that a larger
value for k2 also means a larger value for j is needed to obtain convergence. We also
fix k2 = 35 and display the number of iterations needed for the initial error || O —fll»
to be reduced, or increased, by a factor 103. This illustrates the convergence speed of
the iterations. In this case, u =~ 12.7 is needed for convergence. A comparison with
the results of Example 5.1 shows that the shape of the graph is similar in both cases.
We have very slow convergence, or divergence, only in a small region near u &~ 12.7.
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Fig.5 We display the minimum Robin-parameter u required for convergence as a function of k2, for the
case L = 0.5, and u = ng = w1 (left graph). We also show the number of iterations needed to change the
initial error by a factor of 103 for the case k2 = 35 (right graph). Here negative numbers mean divergence
and positive numbers correspond to convergent cases

6 Conclusion

In this paper, we investigate the convergence of a Dirichlet—Robin alternating iterative
algorithm for solving the Cauchy problem for general elliptic equations of second
order. In the Dirichlet—Robin algorithm, two functions w¢ and w1 are chosen to guar-
antee the positivity of a certain bilinear form associated with the two well-posed
boundary value problems, (2.3) and (2.4), that are solved during the iterations.

For the Helmholtz equation, we have shown that if we set © = g = w1 is a positive
constant then for small values of 1, the Dirichlet-Robin algorithm is divergent but for
sufficiently large values of 1, we obtain convergence. However, for very large values
of u, the convergence is very slow. We also investigated how wg and w1 influences the
convergence of the algorithm in detail. The results show that both (1o and @1 need to
be positive for the iteration to be convergent. Finally, we investigated the dependence
of 1 on k% for convergence of the algorithm, i.e the smallest value of 1 needed to
obtain convergence as a function of k2. The results show that a larger value for k2 also
means a larger value for p is needed to obtain convergence.

For future work, we will investigate how to improve the rate of convergence for
very large values of 1o and w1 using methods such as the conjugate gradient method
or the generalized minimal residual method. We will also investigate implementing
Tikhonov regularization based on the Dirichlet—Robin alternating procedure, see [5].
Also a stopping rule for inexact data will be developed. It will also be interesting to
study the convergence of the algorithm in the case of unbounded domains.
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