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Abstract

Sensor networks consist of sensors (e.g., radar and cameras) and processing units
(e.g., estimators), where in the former information extraction occurs and in the
latter estimates are formed. In decentralized estimation information extracted
by sensors has been pre-processed at an intermediate processing unit prior to
arriving at an estimator. Pre-processing of information allows for the complex-
ity of large systems and systems-of-systems to be significantly reduced, and also
makes the sensor network robust and flexible. One of the main disadvantages of
pre-processing information is that information becomes correlated. These corre-
lations, if not handled carefully, potentially lead to underestimated uncertainties
about the calculated estimates.

In conservative estimation the unknown correlations are handled by ensuring
that the uncertainty about an estimate is not underestimated. If this is ensured
the estimate is said to be conservative. Neglecting correlations means informa-
tion is double counted which in worst case implies diverging estimates with fa-
tal consequences. While ensuring conservative estimates is the main goal, it is
desirable for a conservative estimator, as for any estimator, to provide an error
covariance which is as small as possible. Application areas where conservative
estimation is relevant are setups where multiple agents cooperate to accomplish
a common objective, e.g., target tracking, surveillance and air policing.

The first part of this thesis deals with theoretical matters where the conser-
vative linear unbiased estimation problem is formalized. This part proposes an
extension of classical linear estimation theory to the conservative estimation prob-
lem. The conservative linear unbiased estimator (clue) is suggested as a robust
and practical alternative for estimation problems where the correlations are un-
known. Optimality criteria for the clue are provided and further investigated.
It is shown that finding an optimal clue is more complicated than finding an
optimal linear unbiased estimator in the classical version of the problem. To sim-
plify the problem, a clue that is optimal under certain restrictions will also be
investigated. The latter is named restricted best clue. An important result is a
theorem that gives a closed form solution to a restricted best clue. Furthermore,
several conservative estimation methods are described followed by an analysis of
their properties. The methods are shown to be conservative and optimal under
different assumptions about the underlying correlations.

The second part of the thesis focuses on practical aspects of the conservative
approach to decentralized estimation in configurations where the communica-
tion channel is constrained. The diagonal covariance approximation is proposed
as a data reduction technique that complies with the communication constraints
and if handled correctly can be shown to preserve conservative estimates. Sev-
eral information selection methods are derived that can reduce the amount of
data being transmitted in the communication channel. Using the information
selection methods it is possible to decide what information other actors of the
sensor network find useful.
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Populärvetenskaplig sammanfattning

Estimeringsteori avser den del av statistik som behandlar skattare och skattning-
ar av parametrar av olika slag, och har en historik som går flera sekel bakåt i
tiden. Väl förankrat i matematiken har estimeringsteori blivit ett av fundamen-
ten för teknik och teknikutveckling inom en rad områden. Exempel på tillämp-
ningar är navigationssystem i flygplan och fartyg, radarers målföljningssystem,
kommunikationssystem, bildbehandling och processreglering. Estimeringsteori
är relevant, för att inte säga nödvändigt, inom i stort sett all tillämpning som har
med utvinning av information (eng. information extraction) att göra.

Ett tillämpningsområde för estimeringsteori är sensornätverk som grovt sett
är nätverk bestående av två sorters noder; sensorer (t.ex. radarer och kameror)
och processorenheter (t.ex. skattare). Två distinkta klasser av sensornätverk är
centraliserade sensornätverk och decentraliserade sensornätverk. I ett centralise-
rat sensornätverk kommuniceras all information som utvinns med hjälp av sen-
sorer direkt till en central processorenhet där skattningen sköts. I den decentra-
liserade motsvarigheten skickas information som utvunnits av sensorer först till
en lokal processorenhet som förbehandlar information till en skattning. Det är
sedan den förbehandlade skattningen som kommuniceras till övriga processoren-
heter. Om det är praktiskt möjligt är en centraliserad lösning att föredra eftersom
denna är optimal beträffande utvinning av information. Dock är denna lösning
beroende av kritiska noder, och för större system väldigt svår att implementera
i praktiken. Här krävs ofta någon form av förbehandling av information såsom
sker i en decentraliserad lösning. Den stora utmaningen med den senare är att för-
behandling av information skapar beroende mellan de skattningar som skickas
runt i nätverket. Dessa beroenden, korrelationer, är generellt okända och måste
tas om hand för att undvika att redan använd information återanvänds.

I den här avhandlingen studeras en speciell typ av skattningsproblem—det
konservativa skattningsproblemet—vilket typiskt uppträder i just decentralise-
rade sensornätverk. Kortfattat innebär ett konservativt angreppssätt att osäker-
heten hos en skattning aldrig får underskattas. Med andra ord är en konserva-
tiv ansats en slags säkra-före-det-osäkra-strategi. I fallet att korrelationer mellan
skattningar är okända behöver en konservativ skattare kompensera för alla kor-
relationer som är möjliga för det specifika problemet. Samtidigt som det krävs
att den sanna osäkerheten inte underskattas är det önskvärt att överskatta den
sanna osäkerheten så lite som möjligt.

Konservativ skattning är relevant inom områden där flertalet kooperativa och
kommunicerande plattformar tillsammans skattar samma objekt, exempelvis in-
om målföljning och luftrumsövervakning. I fallet luftrumsövervakning kan det
röra sig om samarbetande plattformar, som observerar och skattar ett mål, och
sedan sänder ut förbehandlade skattningar till övriga plattformar. I och med att
skattningar innehåller både tidigare och nyligen utvunnen information skulle en
eventuell ytterligare plattform som kopplar upp sig mot kommunikationskana-
len snabbt få tillgång till den information som utvunnits.

Den första delen av avhandlingen formaliserar det konservativa skattnings-
problemet med utgångspunkt i den klassiska motsvarigheten. Olika egenskaper
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viii Populärvetenskaplig sammanfattning

av problemet tas upp, däribland optimalitetsaspekter. Det visar sig vara betyd-
ligt svårare att hitta optimala konservativa skattare jämfört med det klassiska
fallet. En något förenklad optimal konservativ skattare definieras vilken rent
strukturmässigt ligger närmare den klassiska motsvarigheten. Ett viktig resul-
tat är formuleringen av ett matematiskt teorem som talar om hur en förenklad
optimal konservativ skattare kan hittas. Vidare presenteras en rad konservativa
skattningsmetoder och deras egenskaper utreds.

Fokus i den andra delen av avhandlingen är mer praktiska tillämpningar av
det konservativa skattningsproblemet samt hur det slår på utvinningen av in-
formation i ett decentraliserat sensornätverk. Ett viktigt delmål är att minimera
kommunikationskostnaden samtidigt som konservativa skattningar måste garan-
teras. Ett sätt är att endast utbyta en fördefinierad delmängd av osäkerhetsdatan
för att på så vis avlasta kommunikationskanalen. Ett annat sätt är att använda
sig av metoder vilka beräknar den information som övriga noder saknar. Ovan
nämnda angreppssätt utreds via simuleringsstudier och visar sig vara effektiva
både beträffande utnyttjandet av kommunikationskanalen samt ur perspektivet
utvinning av information.
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ẑJ Joint state estimate col(ẑ1, . . . , ẑN )
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1
Introduction

Information extraction is a fundamental aspect of almost every system de-
ploying sensors. In many situations the information has been pre-processed

and exchanged such that the actual new information extracted by the sensors be-
comes impossible to keep track of. Hence it follows that there is an imminent
risk of reusing already used information, thus overestimating the information
that has been extracted. Overestimating information is a logical fallacy and may
have fatal consequences since it is equivalent to underestimating the uncertainty.
As an example, think of a target being tracked where the same information about
the target is being used multiple times to reduce the uncertainty about the target.
At some point the calculated uncertainty about the target might become very
small despite the fact that no new information has been extracted.

This work deals with an estimation problem where information is being used
efficiently while it is avoided to reuse previously used information. Estimators
which guarantee the usage of no more information than the actual extracted infor-
mation are called conservative. The more conservative an estimator is, the more
it underestimates the available information and hence the more it overestimates
the uncertainty. The questions below are relevant in this scope:

• When is it possible to guarantee conservative estimates such that already
used information is not being reused?

• Does the need for conservativeness depend on the situation?

• How can the information extraction be optimized while ensuring conserva-
tive estimators?

1



2 1 Introduction

Figure 1.1: Motivating example. A number of heterogenous agents use their
onboard sensors (yellow cones) to extract information and exchange esti-
mates via a datalink (blue lines).

1.1 Background and Motivation

Consider the situation depicted in Figure 1.1. Multiple heterogenous agents are
acquiring information about a target using onboard sensor. The measurements
are pre-processed into estimates of the target state1 and the estimates are ex-
changed between the agents of the network [6]. Information is continuously
passed around in the network. Hence, eventually there will be dependencies
between the estimates received and the estimates transmitted—the estimates are
cross-correlated. Cross-correlations, if not handled correctly, come with the side-
effect that previously used information is reused.

The example illustrates that when information is allowed to be communicated
arbitrarily in a network, there must be some mechanism for handling the circulat-
ing information to prevent information from being double counted. If informa-

1E.g., target position and velocity.
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(a) Centralized sensor network. (b) Decentralized sensor network.

Figure 1.2: Comparison of different sensor network architectures. Black cir-
cles refer to sensor nodes and the blue larger circles refer to fusion nodes
(processing units). The flow of information is indicated by the arrows.

tion is double counted the perceived uncertainty about the state being estimated
is decreased despite no new information has actually been added, something that
can potentially lead to diverging estimates [23].

Situations like the one in Figure 1.1 are common for military systems and
systems-of-systems. Each agent or system is built up by various subsystems hav-
ing their own information processing units and the different systems communi-
cate information with other agents and systems.

Network Architecture Aspects

Now, one might ask: Is it not possible to design the communication network such
that only uncorrelated measurements are exchanged? The answer to this is yes,
at least in theory. Then one ends up with a centralized network where the unpro-
cessed and uncorrelated measurements are fed directly to the processing unit, i.e.,
the data fusion node. A centralized network architecture is in sharp contrast to
a decentralized network architecture, as the one exemplified in Figure 1.1. Both
cases are illustrated schematically in Figure 1.2.

The centralized architecture allows for all information extracted by the sen-
sors to be utilized, thus making it optimal. On the downside, the centralized
architecture is vulnerable to failure of critical nodes, and for large systems and
networks the combinatorial complexity will soon explode if information is not
allowed to be pre-processed at intermediate steps [37].

According to [17] a decentralized sensor network is characterized by the fol-
lowing three constraints:
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1. No single central node.

2. Communication of data is only allowed on a node-to-node basis.

3. Nodes only have access to the local topology, i.e., nodes only know their
nearest neighbors.

The decentralized architecture embeds measurements within estimates which
makes information extraction more difficult. Meanwhile, the decentralized ar-
chitecture offers robustness, since there will be no critical nodes, and a high level
of modularity as nodes connected to the network only need to consider estimates
given in a common reference frame [23].

Distributed architectures are typically distinguished from both centralized
and decentralized architectures [8], and fall somewhere in between these two.
However, in this scope the distributed sensor network is simply regarded as a
special case of the decentralized sensor network since the methods used in decen-
tralized estimation problems can also be used in distributed estimation problems.
By fully decentralized sensor networks we mean decentralized sensor networks
where the fusion nodes have no other knowledge about the communicated esti-
mates than that they can be cross-correlated.

Today, defense systems involve integration of systems and systems-of-systems
which imply an extremely high level of complexity. One way to reduce complex-
ity is to deploy a decentralized sensor network where local information is first
pre-processed into estimates, and where the estimates are then exchanged be-
tween the agents of the network. For large scale systems a decentralized architec-
ture at some level is required [43]. In case of military applications decentralized
sensor networks are further motivated from a robustness perspective [23].

Estimation Aspects

Denote by x̂ an estimate of the true state x. Cross-correlated estimates, e.g., as
implied by a decentralized network, are in this work handled by conservative
estimators that approximate the true error x̃ = x̂−x by providing an upper bound
P on the true error covariance cov(x̂) = E x̃x̃T, see Figure 1.3. The main drawback
of conservative estimates is that information will be lost, due to the fact that
information is inversely proportional to the error covariance. The gap between
P and cov(x̂) is directly related to the loss of information that follows from the
conservative bound.

The discussion above leads us to the following objectives in conservative esti-
mation theory:

• Ensure conservative estimates. Guarantee that the approximated error covari-
ance is an upper bound on the true error covariance. This corresponds to
ensuring that P encloses the complete cov(x̂) in Figure 1.3.

• Optimize information extraction. Extract as much information as possible
about the object of interest. This corresponds to minimizing the gap be-
tween P and cov(x̂) in Figure 1.3.
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P

cov(x̂)

gap

Figure 1.3: The ellipses of the true error covariance cov(x̂) and a conservative
bound P. The gap between cov(x̂) and P is related to the loss of information.

Communication Aspects

Both centralized and decentralized sensor networks require some sort of commu-
nication mechanism so that data can be exchanged throughout the network. The
communication channel will be referred to as the datalink. In case of a central-
ized sensor network all data has to be transmitted from the sensors to one or
several central node(s) which for large scale networks put high demands on the
total bandwidth of the datalink [67].

The bandwidth utilization can be reduced by deploying a decentralized archi-
tecture where local sensor data is first aggregated into local estimates containing
information extracted from both historical and current measurements. However,
even in these setups care has to be taken regarding the availability of the datalink
[30, 67]. The datalink and the bandwidth allocation will therefore be of concern
in this work.

1.2 Related Work

This thesis considers the usage of conservative estimation methods to handle esti-
mation scenarios where unwanted cross-correlations arise, e.g., the decentralized
estimation problem. Conservative estimation is not the only way to handle decen-
tralized estimation problems in general. Methods based on information filtering
approaches are suggested in [11, 42, 44, 46]. In [3, 64] the authors propose al-
gorithms that compensate for the cross-correlations under the assumption that
bookkeeping of the cross-correlations is possible. A decorrelation procedure is
proposed in [65] for the removal of previously exchanged information. Further
methods for decorrelation of data have been suggested in [40, 41, 51].

The approaches in [28, 55] are based on modeling of the cross-correlations.
The authors of [52, 61] utilize certain samples to represent the cross-correlations.
Decentralized estimation using square-root decompositions of covariance ma-
trices is suggested in [53]. Furthermore, different distributed Kalman filtering
schemes are derived in [16, 57], and in [50] an algorithm based on consensus
convergence is developed.

Fully decentralized sensor networks in practice mean none of the above men-
tioned methods can be used. Therefore these networks demand some sort of
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conservative approach [23]. The main methods of conservative linear estimation
are covariance intersection (ci, [22]), inverse covariance intersection (ici, [49]),
and the largest ellipsoid (le, [5]) method. Conservative methods are compared
in [2].

1.3 Research Problem

At a mathematical level, the conservative estimation problem arises due to the
following: Two estimates ẑ1 and ẑ2 of the same true state x are provided, where
their error covariances are given by cov(ẑ1) = C1 and cov(ẑ2) = C2, respectively.
The cross-covariance, which describes how the two estimates vary relative to each
other and hence tells us how much information is shared between the estimates,
is given by cov(ẑ1, ẑ2) = C12. In total the covariance structure of the two estimates
is fully described by

cov
([

ẑ1
ẑ2

])
=

[
C1 C12
C21 C2

]
.

While the goal is to merge ẑ1 and ẑ2 to yield an improved estimate x̂, a common
problem encountered in decentralized data fusion is that the cross-covariance
C12 = CT

21 is unknown with the accompanying risk of double counting informa-
tion when producing the estimate x̂.

The conservative criterion is defined as

P � cov(x̂),

where P here is the error covariance reported by the estimator, and P � cov(x̂)
denotes the difference P − cov(x̂) � 0 is positive semi-definite. The main task in
conservative estimation is to calculate x̂ with an error covariance P � cov(x̂). Also,
the gap between P and cov(x̂) should be kept at a minimum.

The research problem is illustrated Figure 1.4. The main task is to study the
conservative estimation problem with a focus on information extraction aspects
and conservativeness. The following subtasks will be addressed:

• Give insights into the conservative estimation problem, using examples, ge-
ometrical interpretations and applications.

• Provide an extension of classical linear estimation theory to the conserva-
tive linear estimation problem.

• Formalize optimality criteria for the conservative linear estimation prob-
lem.

• Summarize conservative estimation algorithms and their applications.

1.4 Contributions

Some of the contributions of this thesis are new theory and insights (Chapter 3
and Chapter 4), and some have already been published (Chapter 5 and Chap-
ter 6).
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cov
([

ẑ1
ẑ2

])
=
[

C1 C12
C21 C2

]

unknown

×
×

ẑ1

ẑ2

C1

C2

Input estimates

fuse

cov(x̂)

approach conservative
bound on cov(x̂)

x̂

×

Conservative estimation

Figure 1.4: The conservative estimation problem. In conservative estimation
the problem of not having access to C12 is handled by ensuring an upper
bound on the true covariance cov(x̂).

The main contribution of Chapter 3 is the introduction of the conservative lin-
ear unbiased estimator (clue). Other important contributions are two theorems.
The first states the conditions under which a distinct optimal clue can be found.
The second theorem is a conservative version of the Gauss-Markov theorem.

The main contributions of Chapter 4 are theorems stating under which cir-
cumstances ci, ici and le are optimal. Other important contributions are the
partial estimate forms of ici and le.

The contents of Chapter 5 have been published in:

Robin Forsling, Zoran Sjanic, Fredrik Gustafsson, and Gustaf Hen-
deby. Consistent distributed track fusion under communication con-
straints. In Proceedings of the 22nd IEEE International Conference
on Information Fusion, Ottawa, Canada, July 2019.

In this contribution a decentralized sensor network is considered in which com-
munication constraints are present. The diagonal covariance approximation (dca)
is introduced as a way to reduce the bandwidth utilization of a datalink. Several
methods are proposed that are able to ensure conservative estimates under the
dca.

Chapter 6 contains the publication:

Robin Forsling, Zoran Sjanic, Fredrik Gustafsson, and Gustaf Hen-
deby. Communication efficient decentralized track fusion using se-
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lective information extraction. In Proceedings of the 23rd IEEE Inter-
national Conference on Information Fusion, Virtual Conference, July
2020.

This contribution also considers a decentralized sensor network under commu-
nication constraints. A number of information selection methods (ism) are pro-
posed which are able to selectively choose information that is useful within the
network.

1.5 Outline

The thesis is organized as follows:

Chapter 1. Introduces the research problem and describes the contributions
of the thesis.

Chapter 2. This chapter contains selected parts from linear estimation theory
which constitute the theoretical basis for subsequent chapters.

Chapter 3. The conservative linear unbiased estimation problem is stated
and from there the conservative linear unbiased estimator (clue) is defined.
Optimality criteria are formalized. Conservative bounds and minimum con-
servative bounds are described. A conservative version of the Gauss-Markov
theorem is given.

Chapter 4. In this chapter the focus lies on conservative linear unbiased fu-
sion. Different conservative fusion methods are described and their properties
are analyzed. Each method is related to a specific cross-correlation structure.

Chapter 5. Based on [12], this chapter introduces the diagonal covariance ap-
proximation together with several methods for preservation of conservative-
ness.

Chapter 6. Based on [13], this chapter provides methods for selectively choos-
ing useful information. The proposed information selection methods can be
used to reduce the bandwidth utilization of a datalink.

Chapter 7. In this chapter the thesis is concluded and future directions to
take within the research field are suggested.



2
Linear Unbiased Estimation

The estimation problem is approached using a Fisherian view. Hence the
state of interest is a deterministic quantity x, also regarded as the true state.

The true state x is not known, but the data y which is related to x is available.
Since y is corrupted by random noise it is handled as a random variable with
covariance given by R = cov(y). Only real-valued parameters and variables are
considered.

An estimate of x is denoted by x̂ and P = cov(x̂) is the error covariance, or
simply covariance, of the estimate. The estimate x̂ is a function of the random
variable y, hence x̂ is a random variable. Only unbiased estimators are considered,
i.e., estimators for which E x̂ = x. The estimator itself is the mathematical rule
that produces estimates. For a particular realization of y the estimator produces
a particular numeric value of x̂. A somewhat vague notation is used, where x̂ is
used both for the estimator and—its realization—the estimate.

The purpose of this chapter is to state the required background theory that
will be used in subsequent chapters. The primary scope is linear estimation the-
ory, restricted to only considering unbiased estimators. Some basic geometry and
matrix theory is also introduced.

2.1 Preliminaries

The linear model is presented followed by a brief introduction to covariance ma-
trices and their relationship to ellipsoids. Linear relationships are most often an
idealization. Nevertheless, linear models are useful since they are in many cases
approximately true and in general can give good insights to the properties of the
problem [38].

9
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2.1.1 Linear Models

A linear model relates the data y and the true state x, where dim(y) = ny and
dim(x) = nx, according to

y = Hx + v, (2.1)

where H is an ny × nx matrix and v is additive random noise with covariance
cov(v) = R. The relationship in (2.1) is often referred to as a (linear) measurement
model. The noise is assumed zero-mean, i.e., E v = 0, such that

E y = E(Hx + v) = EHx + E v = Hx, (2.2)

where E is the expected value operator. The zero-mean assumption is motivated
in the case of, e.g., only using sensors for which any bias has been compensated.
An estimate of x is given by x̂ which is also of dimensionality nx.

If x ∈ X and y ∈ Y then H is the linear mapping

H : X −→ Y , (2.3)

where X and Y denote vector spaces. In other words, H is the mapping from the
state space X where the true state resides to the measurement space Y .

2.1.2 Covariances Matrices and Ellipsoids

The notation cov(y) denotes the covariance of y, hence

cov(y) = E(y − E y)(y − E y)T. (2.4)

Similarly, the notation cov(y1, y2) is used to define the cross-covariance between
y1 and y2, i.e.,

cov(y1, y2) = E(y1 − E y1)(y2 − E y2)T. (2.5)

In particular
cov(x̂) = E x̃x̃T, (2.6)

where x̃ = x̂ − x is the true error of the estimate x̂.
With a few exceptions, the covariances matrices R dealt with herein are as-

sumed to be positive definite (pd), i.e.,

R � 0, (2.7)

where � 0 denotes the left hand side (l.h.s.) is pd. The set of all pd matrices is
denoted S++. The notion

R1 � R2, (2.8)

is used to denote R1 − R2 � 0 where � 0 means the l.h.s. is positive semi-definite
(psd). A n × n psd matrix R ∈ S+, where S+ is the set of all symmetric psd
matrices, can be factorized using an eigendecomposition defined as [26]

R = VΣVT =
n∑
i=1

λiviv
T
i , (2.9)
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where Σ is a diagonal matrix containing the ith eigenvalue λi ≥ 0 on the ith diag-
onal entry, and V is an orthogonal matrix having the corresponding eigenvector
vi as the ith column.

The inverse of R ∈ S++ can be written as

R−1 =
(
VΣVT

)−1
= V−TΣ−1V−1 = VΣ−1VT =

n∑
i=1

λ−1
i viv

T
i , (2.10)

where the property V−1 = VT of orthogonal matrices has been used. If R is pd and
the multiplicity of each eigenvalue is one then the eigendecomposition is unique
[19]. For pdmatrices R1 and R2 it holds that [19]

R1 � R2 ⇐⇒ R−1
2 � R−1

1 . (2.11)

It must be noted that matrices are not always comparable. For example, given A1
and A2 of conformal size neither A1 � A2 nor A2 � A1 might hold. In this case
we say that A1 and A2 are incomparable.

The rank of a matrix A is given by rank(A) and is equal to the number of
linearly independent columns of A (or equivalently, the number of linearly inde-
pendent rows of A) [19]. An n × n matrix A is full rank if

rank(A) = n. (2.12)

An n ×m matrix B is said being full rank if

rank(B) = min(n, m). (2.13)

Transforming y using a linear operator T implies

ETy = T E y, (2.14a)

cov(Ty) = T cov(y)TT. (2.14b)

Ellipsoids

Ellipsoids are described by a centering vector c and a symmetric shape matrix
S ∈ S++. An ellipsoid E(c,S) is given by the implicit form [7]

E(c,S) =
{
x ∈ Rn

∣∣∣ (x − c)TS−1(x − c) ≤ 1
}
, (2.15)

which is a convex set of all points satisfying (x − c)TS−1(x − c) ≤ 1. The boundary
of the same ellipsoid E◦(c,S) is defined as

E◦(c,S) =
{
x ∈ Rn

∣∣∣ (x − c)TS−1(x − c) = 1
}
. (2.16)

The eigendecomposition in (2.9) can be used to transform an arbitrary pdmatrix
R into a diagonal matrix using the similarity transformation T = V−1, i.e.,

TRTT = V−1VΣVTV−T = Σ. (2.17)
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An arbitrarily oriented covariance ellipsoid E(c,VΣVT) can hence also be de-
scribed by

E(c,VΣVT) =
{
x ∈ Rn

∣∣∣∣ (x − c)T
(
VΣVT

)−1
(x − c) ≤ 1

}
=

{
x
′ ∈ Rn | (x′ − c′)TΣ−1(x′ − c′) ≤ 1

}
=

x′ ∈ Rn
∣∣∣∣∣∣∣
n∑
i=1

‖x′ − c′‖2

λi
≤ 1

 , (2.18)

where x′ = VTx, c′ = VTc and Σ = diag(λ1, . . . , λn). The ellipsoid in (2.18) is axis
aligned with the coordinate frame used to represent x′ . If a covariance matrix R
given in the x coordinates is diagonal, then the covariance ellipsoid E(c,R) is axis
aligned with the coordinate frame used to represent x. Example 2.1 illustrates the
relationship between covariance matrices, eigendecompositions and covariance
ellipsoids.

The following relationships between algebra and geometry, given in [31], are
important in this scope

R1 � R2 ⇐⇒ E(c,R1) ⊇ E(c,R2), (2.19a)

R1 � R2 ⇐⇒ E(c,R1) ⊃ E(c,R2), (2.19b)

where c is the center of each ellipsoid.

Example 2.1: Covariance Ellipses
Assume the 2 × 2 covariance matrices

R1 =
[
a 0
0 d

]
= λ1v1vT

1 + λ2v2vT
2 ,

R2 =
[
a′ b′

b′ d′

]
= β1u1uT

1 + β2u2uT
2 ,

where the pair λi and vi , and the pair βi and ui , are the ith eigenvalue and eigen-

vector of R1 and R2, respectively. Having x =
[
x1 x2

]T
, the matrix R2 can be

transformed into a diagonal matrix given in the frame used to represent x′ by
letting

x
′
1 = uT

1x, x
′
2 = uT

2x,

such that x′ =
[
x′1 x′2

]T
=

[
uT

1x uT
2x

]T
.

The relationship between the covariance matrices R1 and R2 and their covari-
ance ellipses E(c1,R1) and E(c2,R2), respectively, are illustrated in Figure 2.1.
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×

×

c1

c2

√
λ1v1

√
λ2v2

√
β1u1

√
β2u2

E(c1,R1)
E◦(c1,R1)

E(c2,R2)

x2

x1

x′2
x′1

Figure 2.1: The covariances R1 and R2 represented as ellipses. The eigende-
composition of R1 and R2 are given by

∑2
i=1 λivivT

i and
∑2

i=1 βiuiuT
i , respec-

tively. The ellipse boundary E◦(c1,R1) is also illustrated.

2.2 Best Linear Unbiased Estimator

Producing just any arbitrary estimate x̂ from y is not necessarily useful by itself.
Therefore the estimation problem needs to be narrowed down and more specifi-
cally defined. The first constraint adopted here is the linear condition

x̂ = Ky, (2.20)

where K is the estimation gain. Having x̂ linearly dependent on the data y has the
nice implication that only knowledge about the first- and second-order statistical
moments of y are required [26].

Secondly, the estimate should be unbiased, i.e.,

E x̂ = x. (2.21)

Finally, the estimate should be optimal with respect to (w.r.t.) some loss func-
tion. The most commonly adopted objective function is the mean squared error
(mse) defined as

E ‖x̂ − x‖2 = E ‖x̃‖2 = E x̃Tx̃ = tr(E x̃x̃T), (2.22)

which is also the objective function used here.
The assumptions and conditions stated above bring us to the concept of the

best linear unbiased estimator (blue) [29], which is the unbiased estimator that
is linear in the data and produces estimates having the smallest mse. In fact, as
we will see soon, the blue has the stronger property that the smallest, in the
psd sense, covariance is achieved. The blue is defined in Definition 2.1 and is
illustrated in Figure 2.2.
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All Linear Un-
biased Estimators

All Linear Estimators

All Estimators

Best Linear Unbiased Estimator

x̂ = Ky E x̂ = x K∗ = min
K

KRKTy,R x̂∗,P∗

blue

∗

Figure 2.2: Illustration of the blue in relation to all other linear estimators.

Definition 2.1 (Best Linear Unbiased Estimator). Given is the noisy data y re-
lated to the true state x. The unbiased estimator x̂∗ = K∗y is the best linear unbi-
ased estimator (blue) if for all unbiased estimators x̂ = Ky it holds that

cov(x̂) � cov(x̂∗). (2.23)

2.3 Linear Least Squares Estimation

The least squares estimation method, originally introduced by Legendre [32] and
Gauss [15] in the beginning of the 19th century, has found a vast amount of ap-
plications in estimation problems—and still do. The linear model of (2.1) is as-
sumed. It is also assumed rank(H) = nx, where nx ≤ ny .

In weighted least squares (wls) estimation the aim is to find an estimate that
minimizes the loss function

Jwls(x) = ‖y −Hx‖2W = (y −Hx)TW(y −Hx), (2.24)

for a given weight matrix W ∈ S++ and data y. The weight matrix W allows
for the components of y to be weighted non-uniformly when constructing the
estimate x̂. The solution is given by [29]

x̂ = arg min
x

‖y −Hx‖2W = (HTWH)−1HTWy, (2.25)

which is linear in the data, i.e., structurally equivalent to (2.20). The wls esti-
mate x̂ may be viewed as the vector that minimizes the length of the residual
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vector W
1
2 (y − Hx̂) which is related to how well the estimate fits the data given

the weights W. If the data can be expressed according to (2.1), with R = cov(y),
the covariance of x̂ is given by [26]

cov(x̂) = (HTWH)−1HTWRWH(HTWH)−1. (2.26)

Denote by R(H) the space spanned by the columns of H. A geometrical inter-
pretation of the wls solution is provided in Figure 2.3, where y < R(H) and for
simplicity W = I is assumed. Using geometry it can be argued that the length of
the estimation residual y − Hx̂ is minimized when it is orthogonal to the space
R(H). Let

〈u, v〉W = uTWv, (2.27)

denote the weighted inner product [54]. In case of arbitrary W the estimation
residual will be minimized when

〈y −Hx̂,Hx̂〉W = 0, (2.28)

is fulfilled, i.e., when W(y −Hx̂) ⊥ R(H) or equivalently W
1
2 (y −Hx̂) ⊥ R(W

1
2 H).

Hx̂

y −Hx̂
y

R(H)

Figure 2.3: Geometrical interpretation of the wls estimate. The wls esti-
mate is given by the x̂ that minimizes the residual y −Hx̂.

Using the relationship

Hx̂ = H(HTWH)−1HTWy = PHy, (2.29)

the projection matrix PH = H(HTWH)−1HTW can be defined. The matrix PH
projects onto the space R(H). Similarly, the projection matrix I − PH projects
onto the orthogonal complement R⊥(H) of R(H). Both PH and I − PH are psd
[26]. The ordinary least squares (ls) estimation method is acquired by letting W
equal the identity matrix, as was done in Figure 2.3.

2.3.1 Properties

Thewls estimator x̂ is linear in the data as it can be written as

x̂ = Ky. (2.30)
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Since E v = 0 is assumed we have

E x̂ = E(HTWH)−1HTWy = x, (2.31)

i.e., the wls estimator is unbiased. The wls estimator which is also the blue is
found by letting W = R−1, hence yielding [26]

x̂ = (HTR−1H)−1HTR−1y, (2.32)

with covariance given by

P = cov(x̂) = (HTR−1H)−1. (2.33)

Since only unbiased estimators are considered it follows that K has to satisfy

x = E x̂ = EKy = K E(Hx + v) = KHx =⇒ KH = I, (2.34)

for all x. In the Gauss-Markov theorem, it is shown that a wls estimator with
W = R−1 is the blue, see Theorem 2.1. To be clear, the blue is given by

x̂blue =
(
HTR−1H

)−1
HTR−1y, (2.35a)

Pblue =
(
HTR−1H

)−1
, (2.35b)

which is the notation that will be used henceforth.

Theorem 2.1 (Gauss-Markov Theorem). Consider y given as

y = Hx + v,

where x is the true state to be estimated, rank(H) = dim(x) and v is a zero-mean
random noise with covariance R = cov(v). Then the best linear unbiased estima-
tor of x is given by the gain K = (HTR−1H)−1HTR−1, i.e.,

x̂∗ = (HTR−1H)−1HTR−1y.

The error covariance of x̂ is given by

P∗ = (HTR−1H)−1.

Proof: Since R � 0, it has a Cholesky decomposition R = LLT, where L is non-
singular [19]. Using y′ = L−1y, H′ = L−1H and v′ = L−1v, we can instead equally
well study the transformed model

y′ = H′x + v′ ,

where R′ = cov(v′) = I. In this case thewls estimator notationally reduces to the
ls estimator

x̂∗ = ((H′)TH′)−1(H′)Ty′ ,
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where we now have cov(x̂∗) = ((H′)TH′)−1. Let x̂ = Ky′ denote an arbitrary linear
unbiased estimator of x, where cov(x̂) = KKT. The unbiased constraint KH′ = I
yields

cov(x̂) − cov(x̂∗) = KKT − ((H′)TH′)−1

= KKT −KH′((H′)TH′)−1(H′)TKT

= K(I −H′((H′)H′)−1(H′)T)KT

= K(I − PH′ )K
T,

where the projection matrix I − PH′ has been identified. Since I − PH′ � 0, the
quadratic form above gives us cov(x̂) − cov(x̂∗) � 0.

2.3.2 Information Form

In estimation problems it is often convenient to use the information form [33].
The information matrix, or simply information, I , and the information state ι are
defined as

I = P−1, (2.36a)

ι = P−1x̂. (2.36b)

The information form has the following advantages:

1. Additive: When combining independent information I1, I2, . . . the com-
bined information I is the sum I =

∑
ı Iı [18].

2. Representation of zero information: Infinite variance in any component is
represented by zero information in the same direction [18].

3. Sparse: The information matrix is often sparse [63].

In information form the blue is given by x̂blue = I ι with

I = HTR−1H, (2.37a)

ι = HTR−1y. (2.37b)

Despite the use of ι and I is conventional notation, to reduce the number of sym-
bols, P−1x̂ and P−1 will instead be used to express the information form, with a
few exceptions. Information matrices including their useful geometrical repre-
sentation as ellipsoids are studied in Example 2.2 and illustrated in Figure 2.4.

Example 2.2: Information Ellipses
The two-dimensional covariance matrices

R1 =
[
a 0
0 d

]
, R2 =

[
a′ b′

b′ d′

]
,
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R1 R2 R−1
1

R−1
2

Covariance domain Information domain

x2

x1

Figure 2.4: Covariance matrices illustrated as ellipses and their information
counterparts. The two domains are referenced using a common frame de-
fined by x1 and x2.

are given. Using the eigendecompositions R1 =
∑2
i=1 λiviv

T
i and R2 =

∑2
i=1 βiuiu

T
i ,

the corresponding information matrices can be expressed as

R−1
1 =

2∑
i=1

λ−1
i viv

T
i , R−1

2 =
2∑
i=1

β−1
i uiu

T
i .

The ellipses for R1 and R2 together with their information counterparts, R−1
1 and

R−1
2 , are illustrated in Figure 2.4. For each ellipse, minor and major axes inter-

changes when shifting from the covariance domain to the information domain.
In this case R1 encloses R2 in the covariance domain and hence R−1

2 encloses R−1
1

in the information domain .

2.4 Linear Unbiased Fusion

Fusion is a special case of estimation where estimates are combined to produce
improved estimates [18]. The notation ẑı is used for partial estimates to be fused,
where the covariance is given by Cı = cov(ẑı). The index ı (and ) will be used
introduced for numbering the partial estimates. The fused estimate is given by x̂
with the covariance given by P. It is still assumed all estimators are unbiased.

2.4.1 Correlated Estimates

The covariance of an estimate ẑı is given by

Cı = cov(ẑı) = E(ẑı − E ẑı)(ẑı − E ẑı)
T = E(ẑı −Hıx)(ẑı −Hıx)T. (2.38)
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The cross-correlation between two estimates ẑı and ẑ is described by the cross-
covariance defined as

Cı = CT
ı = cov(ẑı, ẑ) = E(ẑı − E ẑı)(ẑ − E ẑ)

T = E(ẑı −Hıx)(ẑ −Hx)T. (2.39)

Occasionally the dimensionality nı = dim(ẑı) ≤ dim(x) = nx, i.e., ẑı might be
an estimate of only parts of x̂. The estimate ẑı is modeled as

ẑı = Hıx + eı, (2.40)

where eı is zero-mean noise. The model in (2.40) is equivalent to (2.1) except that
the data y now has been replaced by the estimate ẑı, v has been replaced by eı,
and subscripted index ı has been introduced.

Denoting x ∈ X and Hıx ∈ Zı, the matrix Hı may be viewed as the mapping

Hı : X −→ Zı. (2.41)

If nı < nx then ẑı is a strictly partial estimate of x. If nı = nx then ẑı is a full
estimate of x. In this scope ẑı will simply be referred to as a partial estimate,
where partial estimates comprise both strictly partial estimates and full estimates.
For partial estimates it is true that

rank(Hı) ≤ nx, (2.42)

with equality if Zı and X represent the same state space. The assumption E eı = 0
yields

E ẑı = E(Hıx + eı) = Hıx, (2.43)

i.e., the estimate ẑı is unbiased and Hıx is the true state in Zı.
Often it is beneficial to express multiple estimates and models jointly accord-

ing to

ẑJ = col(ẑ1, . . . , ẑN ), (2.44a)

HJ = col(H1, . . . ,HN ), (2.44b)

eJ = col(e1, . . . , eN ), (2.44c)

where col( · ) is an operator which stacks the input arguments as a column and N
is the number of estimates to be stacked. Using (2.44) it is possible to define the
linear model on joint estimate form as

ẑJ = HJx + eJ , (2.45)

where the joint covariance CJ = cov(ẑJ ) is given by

CJ =


C1 C12 . . . C1N
C21 C2 . . . C2N
...

...
. . .

...
CN1 CN2 . . . CN

 . (2.46)
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Now the linear fusion rule can be written compactly as

x̂ = KJ ẑJ , (2.47)

where
KJ =

[
K1 . . . KN

]
, (2.48)

is the joint fusion gain.

2.4.2 Fusion Under Known Cross-Correlations

Fusion of two cross-correlated full estimates can be performed using the Bar-
Shalom-Campo (bsc) formula [3]. The bsc formula is provided in Algorithm 2.1,
where it is implicitly assumed H1 = H2 = I.

The bsc formula can be derived as follows. The unbiased constraint (2.34)
implies

x̂ = K1ẑ1 + K2ẑ2 = K1ẑ1 + (I −K1)ẑ2 = Kẑ1 + (I −K)ẑ2, (2.49)

where K1 = K and K2 = I −K. Completion of squares yields

P =
[
K (I −K)

] [ C1 C12
C21 C2

] [
KT

(I −K)T

]
= KC1KT + C21KT −KC21KT + KC12 −KC12KT + C2 −KC2 − C2KT + KC2KT

= C2 −K (C2 − C12) + (C2 − C21) KT + K (C1 + C2 − C12 − C21) KT

= C2 − (C2 − C21) (C1 + C2 − C12 − C21)−1 (C2 − C21)T

+
(
K − (C2 − C21) (C1 + C2 − C12 − C21)−1

)
(C1 + C2 − C12 − C21) ( · )T ,

(2.50)

where AB( · )T = ABAT. Since only the last term in the last step of (2.50) contains
K and also is quadratic, P will be minimized when

K = (C2 − C21) (C1 + C2 − C12 − C21)−1 . (2.51)

By putting K1 = K and K2 = I −K the formula in Algorithm 2.1 is recovered.
A fusion method which is equivalent to the bsc formula is a direct application

of the wls estimator proposed earlier in Section 2.3, i.e., the blue. The estimate
and covariance of the blue derived from the joint estimate are given by

x̂blue = (HT
J C−1

J HJ )
−1HT

J C−1
J ẑJ , (2.54a)

Pblue = (HT
J C−1

J HJ )
−1, (2.54b)

which is valid for arbitrary N and where it is assumed that rank(HJ ) = nx. The
corresponding information form of (2.54) is given by

(Pblue)−1 = HT
J C−1

J HJ , (2.55a)

(Pblue)−1x̂blue = HT
J C−1

J ẑJ . (2.55b)

As a demonstration of the fusion of two correlated estimates using the blue
Example 2.3 is provided below. An illustration of Example 2.3 is given in Fig-
ure 2.5.
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Algorithm 2.1: Bar-Shalom-Campo Formula
Input: ẑ1, ẑ2, C1, C2, C12, C21

The estimates are fused according to

x̂ = K1ẑ1 + K2ẑ2, (2.52a)

P = C1 −K2(C1 + C2 − C12 − C21)KT
2 , (2.52b)

where the fusion gains are given by

K1 = (C2 − C21)(C1 + C2 − C12 − C21)−1, (2.53a)

K2 = (C1 − C12)(C1 + C2 − C12 − C21)−1. (2.53b)

Output: x̂, P

Example 2.3: Fusing Correlated Estimates
Consider fusion of ẑ1 =

[
1 0

]T
and ẑ2 =

[
0 1

]T
where H1 = H2 = I and

C1 = cov(ẑ1) =
[
4 1
1 2

]
, C2 = cov(ẑ2) =

[
2 −1
−1 4

]
.

The cross-covariance is given by

C12 = cov(ẑ1, ẑ2) =
[
2 0
0 2

]
.

On joint form the input parameters are given by

ẑJ =


1
0
0
1

 , CJ =


4 1 2 0
1 2 0 2
2 0 2 −1
0 2 −1 4

 ,

and HJ =
[
I I

]T
. The formula in (2.54) yields

x̂blue =
1
2

[
1
−1

]
, Pblue =

3
2

[
1 0
0 1

]
.

The results are shown in Figure 2.5 where also the true state x =
[
0 0

]T
is pro-

vided.
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×

×

ẑ1

ẑ2

C1

C2

Input estimates

×
×

x

x̂blue

cov(x̂blue)

Fusion results

Figure 2.5: Fusing correlated estimates using the blue. On the left side each
ellipse is centered about the corresponding estimate. On the right side all
ellipses are centered about x̂blue.

2.4.3 Fusion Under Zero Cross-Correlations

If uncorrelated estimates can be assumed, i.e., if

CJ =



C1 0 . . . 0

0 C2
. . .

...
...

. . .
. . . 0

0 . . . 0 CN


, (2.56)

is satisfied then (2.55) reduces to

P−1 =
N∑

ı=1

HT
ı C−1

ı Hı, (2.57a)

P−1x̂ =
N∑

ı=1

HT
ı C−1

ı ẑı, (2.57b)

which is the information form of the sensor fusion formula [18]. An estimate
calculated using (2.57) is in the following regarded as a naïvely fused estimate
since all input estimates are assumed uncorrelated.



3
Conservative Linear Unbiased

Estimation

Conservative estimation problems are encountered in setups where some
knowledge about the covariance R = cov(y) is unavailable, e.g., in decentral-

ized sensor networks. As in the previous chapter, the linear model y = Hx + v
is assumed for the data to derive an estimate x̂ from, where x is the true state,
E v = 0 and rank(H) = nx.

The partial knowledge about R is modeled using a set R ⊆ S++ which contain
all matrices that R may be equal to. We then say R ∈ R. This means that we
need to distinguish between the true covariance cov(x̂) and the covariance P cal-
culated by the estimator since these two will generally not be equal in this class of
problems, something that is not encountered in the classical estimation problem
studied in Chapter 2. Essentially, conservative estimation can be summarized by
two partly conflicting objectives:

1. Ensure P � cov(x̂) given that R ∈ R is the only knowledge about R.

2. Minimize P under the constraint P � cov(x̂).

That is, we do not give up just because of our lack of knowledge about R, but
instead conservatively try to do our best despite only knowing R ∈ R.

In this chapter the general conservative linear unbiased estimation problem
is formalized, where y is the input to the estimator, but where it is only known
that R ∈ R. Only estimators that are linear and unbiased will be considered. Fur-
thermore, the conservative linear unbiased estimator (clue) and optimal clues
are defined. At last, the conservative Gauss-Markov theorem is given.

Contributions

Several contributions are included in this chapter, dispersed in the text:

23
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General. A number of examples are provided that exploit different aspects of
the conservative estimation problem.

clue. The conservative linear unbiased estimator is given a formal definition
(Definition 3.1). This particular estimator is not only useful within linear es-
timation problems where R is partly known, but also as a reference estimator
for related nonlinear estimation problems.

Optimal clue. Two different optimal clues are given; (1) the best clue,
which should be interpreted as the unrestrictedly optimal clue, and (2) the
restricted best clue which is, as the name suggests, optimal under certain
restrictions, Definition 3.2 and 3.4, respectively.

Conservative Gauss-Markov theorem. A conservative analogue of the Gauss-
Markov theorem is proposed in Theorem 3.2. The conservative Gauss-Markov
theorem is helpful when it comes to finding a restricted best clue.

3.1 Problem Formulation

Prior to turning to the main problem considered in this chapter, the (classical)
linear unbiased estimation problem is revisited. Then a stepwise transition is
made until we arrive at the conservative linear unbiased estimation problem. The
assumptions x̂ = Ky and E x̂ = x imply KH = I.

3.1.1 The Linear Unbiased Estimation Problem Revisited

For a linear unbiased estimator the estimate is calculated as x̂ = Ky where E x̂ = x
and

cov(x̂) = cov(Ky) = K cov(y)KT = KRKT, (3.1)

which is in accordance with (2.14). The overall goal is to find the optimal estimate,
i.e., the estimate x̂ having the smallest covariance P.

In classical linear unbiased estimation we have R = {R} and hence the prob-
lem can be stated as

K∗ = arg min
K

P

subject to KH = I

P = KRKT = cov(Ky),

(3.2)

where K∗ is the optimal gain. The operator arg minK P where the target P is a
matrix variable means minimization of P in the psd sense w.r.t. the argument K.
This means that we seek K∗ such that

KRKT � K∗R(K∗)T, (3.3)

holds for all K satisfying EKy = x or equivalently KH = I. It is important to
note that for general problems where a smallest matrix is sought, like in (3.2),
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a solution does not exist since we typically end up with comparing incompara-
ble matrices. However, for the particular problem formulated in (3.2) a solution
exists, see below.

The optimization problem of (3.2) can be formulated differently such that the
transition to the conservative estimation problem becomes somewhat smoother.
An equivalent problem, in the sense that it has the same solution, is given by

K∗,P∗ = arg min
K,P

P

subject to KH = I

P � KR′KT,∀R′ ∈ R = {R}
P ∈ S++,

(3.4)

where the optimization is now over two arguments, K and P. Moreover, P∗ is
the optimal covariance and the equality P = KRKT has now been replaced by
P � KRKT, i.e., a condition that constraints P being larger than KRKT in the psd
sense. Since R = {R} the solution to (3.4) is exactly the same as the solution to
(3.2).

Theorem 2.1 tells us that if y = Hx + v with KH = I, then the blue is given by
thewls estimator with weight matrix W = R−1, i.e.,

x̂blue =
(
HTR−1H

)−1
HTR−1y, (3.5a)

Pblue =
(
HTR−1H

)−1
. (3.5b)

3.1.2 The Conservative Linear Unbiased Estimation Problem

Before digging into the problem we want to solve, the following example is con-
sidered. Let R = {R′1,R

′
2} where

R′1 =


1 0 0 0
0 4 0 0
0 0 4 0
0 0 0 1

 , R′2 =


1 0 1 0
0 4 0 1
1 0 4 0
0 1 0 1

 . (3.6)

Let R = R′2 but assume the estimator merely knows that R ∈ R. Assume that the
only allowed gains are

K1 =
(
HT(R′1)−1H

)−1
HT(R′1)−1 =

[
0.8 0 0.2 0
0 0.2 0 0.8

]
, (3.7a)

K2 =
(
HT(R′2)−1H

)−1
HT(R′2)−1 =

[
1 0 0 0
0 0 0 1

]
, (3.7b)

where H =
[
I I

]T
. If R = R′1 then K1 is the blue gain and if R = R′2 then

K2 is the blue gain. Consider one gain at a time. If K1 is used there are two
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possibilities for the true covariance cov(K1y) and thus a conservative covariance
P has to simultaneously satisfy

P � K1R′1KT
1 = 0.8

[
1 0
0 1

]
, P � K1R′2KT

1 = 1.12
[
1 0
0 1

]
. (3.8)

Similarly, if K2 is used then we must have

P � K2R′1KT
2 =

[
1 0
0 1

]
, P � K2R′2KT

2 =
[
1 0
0 1

]
. (3.9)

The covariance P is supposed to satisfy (3.8) or (3.9), i.e., P � cov(Ky) for the
chosen gain K. The minimum P that satisfies the requirements in (3.8) is P =
1.12I and the minimum P that satisfies the requirements in (3.9) is P = I. Hence
we conclude that the optimal solution, given R and that the only allowed gains
are K1 and K2, is given by

x̂∗ = K∗y, P∗ =
[
1 0
0 1

]
, (3.10)

where K∗ = K2. Since R = R′2 the true covariance of x̂∗ = K∗y is given by

cov(K∗y) = K∗R(K∗)T =
[
1 0
0 1

]
, (3.11)

which is equal to P∗. In general there will be infinitely many combinations of each
of K and R′ . Figure 3.1 illustrates the scenario just discussed. We now return to
the main problem.

In conservative linear unbiased estimation the set R is not the singleton {R}
as in its classical counterpart. Rather R is a set spanning an infinite number of
covariance matrices. The fact that R , {R} is the root of all evil in conservative
estimation. Recalling the objectives stated in the preamble and the model y =
Hx + v, the conservative linear unbiased estimation problem can be stated as

K∗,P∗ = arg min
K,P

P

subject to KH = I

P � KR′KT,∀R′ ∈ R
P ∈ S++,

(3.12)

where P now is an overestimate of the true covariance cov(Ky), and P∗ resembles
the optimal upper bound of cov(K∗y). An upper bound will in the following be
referred to as a conservative bound. Whenever necessary for clarification, the
notation P̄ will be used for a conservative bound of cov(x̂), instead of P. The
smallest conservative bound is denoted P̄∗.

The optimization problem of (3.12) can conceptually be understood as fol-
lows: (1) Consider one gain matrix Ki at a time, and find the minimum matrix P∗i
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cov(K∗y)
K1R′1KT

1
K1R′2KT

1
K2R′1KT

2
K2R′2KT

2

Figure 3.1: A case where the optimal conservative estimator is sought with
R = {R′1,R

′
2} and only two gain matrices K1 and K2 are considered. The

matrix cov(K∗y) is the true covariance of the optimal estimate.

for which Pi � KiR′KT
i ,∀R′ ∈ R. (2) Add the pair Ki ,P∗i as an element to the set

K. (3) Repeat (1)–(2) for all valid Ki . (4) Find the minimum element of K w.r.t. P∗i
in the psd sense, i.e., K∗,P∗ = minK.

Since the minimization criterion of (3.12) relies on being able to compare ma-
trices and not all pairs of matrices are comparable (see Section 2.1.2), the criterion
in (3.12) generally needs to be relaxed. One obvious way is to instead consider a
loss function J( · ) which has a scalar value as output, i.e., consider minimization
of J(P) instead of minimization of P. We will return to this topic in Section 3.4.2.

3.1.3 Simplified Problem

In (3.12) there is no rule for how to calculate P. Compare this to (3.2) where
P = KRKT which follows the transformation rule of (3.1), viz.,

y −→ Ky =⇒ R −→ KRKT. (3.13)

In Chapter 2 we saw that thewls estimator in (3.5) is the blue if R is known.
What we want to do here is to imitate the particular structure of (3.13) and use it
within the conservative estimation problem. Therefore, the following simplifica-
tion will be made, which basically means that our search for the optimal conser-
vative linear unbiased estimator becomes slightly restricted.

The conservative bounds on cov(x̂) are given on the form P = KR̄KT where R̄ ∈
R̄ is a conservative bound of R. The set R̄ includes all R̄ for which R̄ � R′ ,∀R′ ∈
R holds. As will be seen later in the conservative Gauss-Markov theorem the
smallest such P = KR̄KT is given by R̄ and K according to

R̄∗ = min R̄, K∗ =
(
HT(R̄∗)−1H

)
HT(R̄∗)−1, (3.14)
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where min R̄ refers to the smallest element in R̄ (smallest in the psd sense).
If all of the diagonal blocks of R are known while all the off-diagonal blocks

are unknown, then we will restrict all R̄ to being block diagonal where each di-
agonal block is of the same size as the corresponding diagonal blocks of R. This
assumption is used in Chapter 4.

It must be emphasized that under the previously stated simplification we do
not necessarily solve (3.12).

3.1.4 Problem Properties

The data input to the estimate is y = col(y1, . . . , y2) with covariance

R =


R1 R12 . . . R1N
R21 R2 . . . R2N
...

...
. . .

...
RN1 RN2 . . . RN

 . (3.15)

Assume dim(yı) = dim(x̂),∀ı. The following can be said about the estimate x̂ to
get an intuition for the problem encountered herein:

• If R = {R} then P = (HTR−1H)−1 yields an optimally fused estimate, where
(2.54) has been used.

• In case all off-diagonal blocks of R are zero then the naïve estimation rule

of (2.57) provides an optimal estimate x̂ where cov(x̂) = Pn =
(∑N

ı=1 R−1
ı

)−1
.

• Each Rı = cov(yı) is an upper bound of P. Be aware of that the difference
Rı −R, ı , might be indefinite, i.e., Rı and R are incomparable and hence
cannot be ordered.

• If N = 2 and R1 = R2 = R12 then P = R1 = R2 is the optimal covariance of
the estimate x̂.

3.2 Estimation Under Unknown Cross-Correlations

The result of naïvely neglecting the cross-correlations by assuming they are zero
gives an estimate with an underestimated covariance. A concrete example of an
underestimated covariance, which is the result of incorrectly assuming the cross-
correlations are zero, is provided in Example 3.1.

Example 3.1: Neglecting Cross-Correlations
Let H =

[
I I

]T
and y =

[
yT

1 yT
2

]T
where the covariance structure of y1 and y2

are given by R =
[

R1 R12
RT

12 R2

]
with

R1 =
[
4 1
1 2

]
, R2 =

[
2 −1
−1 4

]
, R12 =

[
2 0
0 2

]
.
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R1

R2

Pblue
Pn
cov(Kny)

Figure 3.2: Illustration of the effect of neglecting cross-correlations. Pn is the
calculated covariance of the naïve estimate, cov(Kny) is the true covariance
of the naïve estimate and Pblue is the covariance of an optimal estimate using
the true covariance R = cov(y).

The gain and covariance of the blue are given by (2.24), i.e.,

Kblue =
(
HTR−1H

)−1
HTR−1,

Pblue =
(
HTR−1H

)−1
=

3
2

[
1 0
0 1

]
.

Meanwhile, the gain and covariance of the naïve estimator of (2.57) is given by

Kn =
(
R−1

1 + R−1
2

)−1 [
R−1

1 R−1
2

]
= Pn

[
R−1

1 R−1
2

]
,

Pn =
(
R−1

1 + R−1
2

)−1
=

7
6

[
1 0
0 1

]
≺ Pblue.

As different gains are implied by the blue and the naïve estimator, the corre-
sponding estimates x̂blue and x̂n will differ. It is known from Theorem 2.1 that
Kblue is the gain of the blue estimate and that for any other gain K′ it holds that

K′ � Kblue =⇒ cov(K′y) � cov(Kbluey) = Pblue,

and in particular cov(Kny) � Pblue where

cov(Kny) = KnR(Kn)T =
35
18

[
1 0
0 1

]
.

The results are shown in Figure 3.2. As seen, neglecting the cross-correlations
underestimates the covariance, i.e., cov(Kny) � Pn.
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Example 3.1 illustrates two important aspects. First, neglecting the cross-
correlations yields an underestimated covariance of x̂n = Kny. Secondly, neglect-
ing the cross-correlations yields a gain matrix Kn that is not optimal and hence
cov(Kny) � Pblue where Pblue is the covariance of the optimal estimate. Neglect-
ing the cross-correlation is thus a bad choice for two reasons. More specifically,
in Example 3.1

cov(Kny) � Pblue � Pn, (3.16)

while in general only
cov(Kny) � Pblue, (3.17)

can be assured.
The problem of only knowing R ∈ R is here approached conservatively by try-

ing to calculate so called conservative bounds on cov(x̂) and/or R. The conserva-
tive strategy is a resolution to the underestimated covariance problem explained
above.

An estimator reporting an estimate x̂ and covariance P fulfilling

P � cov(x̂), (3.18)

is a conservative estimator and the estimate itself is a conservative estimate.
In much of the literature on distributed and decentralized estimation the no-

tion consistency is used. To avoid confusion with other definitions of consistency
found within estimation theory the notions conservative estimator and conserva-
tive estimate will be used in this thesis. As described before, P̄ will be used for
an covariance for which (3.18) is guaranteed, to distinguish it from any potential
covariance P calculated for an estimate.

3.3 Conservative Linear Unbiased Estimator

The blue introduced in Section 2.2 has the useful properties of being linear and
unbiased, and is the optimal estimator, in the mse sense, among all such linear
unbiased estimators. Knowing only that R ∈ R complicates the estimator design
and in practice means that the blue cannot be found. The proposed approach is
to instead use a conservative linear unbiased estimator (clue). clue is defined in
Definition 3.1. An example of a conservative estimate is provided in Example 3.2.

Definition 3.1 (Conservative Linear Unbiased Estimator). Given is y = Hx + v,
where x is a true state and v is zero-mean random noise. An estimator on the
linear form x̂ = Ky, reporting an covariance P of x̂, is called a conservative linear
unbiased estimator if E x̂ = x and

P � cov(x̂). (3.19)
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Actually the clue has already been defined, implicitly in (3.12), since any
unbiased estimator calculating x̂ = Ky and P for which

P � KR′KT,∀R′ ∈ R, (3.20)

holds will also satisfy P � KRKT as R ∈ R. Hence, this estimator is a clue.

R1

R2

Pblue

P̄
cov(Ky)

Figure 3.3: Example of a conservative estimator where P̄ is the covariance re-
ported by a conservative estimator. R1 and R2 are both conservative bounds
on the optimal covariance Pblue.

Example 3.2: Conservative Estimate
The same setup as in Example 3.1 is assumed, i.e., H =

[
I I

]T
and y =

[
yT

1 yT
2

]T
.

The covariance is given by R =
[

R1 R12
RT

12 R2

]
where

R1 =
[
4 1
1 2

]
, R2 =

[
2 −1
−1 4

]
, R12 =

[
2 0
0 2

]
.

From Example 3.1 we have

Kblue =
(
HTR−1H

)−1
HTR−1,

Pblue =
(
HTR−1H

)−1
=

3
2

[
1 0
0 1

]
.

Assume that another estimator reports the gain and covariance as

K =
(
R−1

1 + R−1
2

)−1 [
R−1

1 R−1
2

]
,

P̄ =
7
3

[
1 0
0 1

]
,
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then x̂ = Ky is a conservative estimate since

P̄ − cov(Ky) = P̄ −KRKT =
7
3

[
1 0
0 1

]
− 35

18

[
1 0
0 1

]
� 0,

where KRKT = 35
18 I has been calculated using K defined as above. The results are

illustrated in Figure 3.3. The conservative estimator assumed in this case is the
covariance intersection method studied in more detail in Chapter 4.

3.4 Best Conservative Linear Unbiased Estimator

While the clue provides a robust solution to the estimation problem where cross-
correlations are unknown, it is desirable to have a conservative analogue to the
blue. That is, an estimator which is as little conservative as possible. This esti-
mator will be called best conservative linear unbiased estimator (best clue).

Definition 3.2 (Best Conservative Linear Unbiased Estimator). An estimator
reporting the estimate x̂∗ = K∗y and covariance P∗ is called a best conservative
linear unbiased estimator if K∗ and P∗ constitute the solution to

K∗,P∗ = arg min
K,P

P

subject to KH = I

P � KR′KT,∀R′ ∈ R
P ∈ S++.

(3.21)

Since also a simplified problem is studied herein, see Section 3.1.3, we will not
only be dealing with a best clue, but also with a clue that is optimal w.r.t. the
simplified problem. This clue will be called restricted best clue. It must be em-
phazised once again that finding a restricted best clue does not necessarily mean
a best clue has been found since the two are solutions to different optimization
problems.

A prerequisite for a restricted best clue is the minimum conservative bound
(mcb), see Definition 3.3. In Definition 3.3 the notation y and R = cov(y) is used
for the random parameter and its covariance, respectively. The definition of a
restricted best clue is provided in Definition 3.4. Note that also a best clue
implicitly assumes an mcb can be found, see the minimization criterion of (3.12)
or Definition 3.2.

Definition 3.3 (Minimum Conservative Bound). Let R = cov(y) and assume it
is only known that R ∈ R. Let R̄ be a set containing all R̄ such that R̄ � R′ ,∀R′ ∈
R. A minimum conservative bound R̄∗ ∈ R̄, if it exists, is given by

R̄ � R̄∗, ∀R̄ ∈ R̄.
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P

P̄

R1

R2

P̄∗

Figure 3.4: Illustration of the mcb P̄∗. The set P contains all P′ =
(HT(R′)−1H)−1 given the problem formulation. The set P̄ contains all con-
servative bounds P̄, where also R1,R2 ∈ P̄. The yellow area resembles P and
the green area resembles P̄.

Definition 3.4 (Restricted Best Conservative Linear Unbiased Estimator). An
estimator reporting the estimate x̂∗ = K∗y and covariance P∗ = K∗R̄∗(K∗)T is called
a restricted best conservative linear unbiased estimator if K∗ and R̄∗ constitute
the solution to

K∗, R̄∗ = arg min
K,R̄

P

subject to KH = I

P = KR̄KT,∀R̄ ∈ R̄,

(3.22)

where R̄ ⊆ S++ contains all block-diagonal R̄ for which R̄ � R′ ,∀R′ ∈ R is satis-
fied, and R is the set to which R belong.

Next, a couple of examples of the mcb notion. Example 3.3 has been pro-
vided to concretize conservative bounds in general and the mcb concept in par-
ticular. Unfortunately an mcb does not always exist, as is demonstrated in Exam-
ple 3.4. Example 3.4 is similar to Example 3.3 except for the conditions on the
cross-covariance R12 which in that is assumed completely unknown.
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Example 3.3: Minimum Conservative Bound
Let P̄ be the set of all P̄ that satisfies P̄ � P′ ,∀P′ ∈ P, where the set P spans all
matrices generated as P′ = (HT(R′)−1H)−1 when R′ is varied over all elements of
R. The objective is to find an mcb P̄∗ ∈ P̄ which satisfies P̄ � P̄∗,∀P̄ ∈ P̄.

Assume H =
[
I I

]T
. Let y =

[
yT

1 yT
2

]T
and R = cov(y) =

[
R1 R12
R21 R2

]
be a block

matrix consisting of four 2 × 2 blocks where it is known that R12 is diagonal but
where the diagonal entries are unknown. This means R is the set of all

Ra,b =


1 0 a 0
0 4 0 b
a 0 4 0
0 b 0 1

 � 0,

that can be constructed by varying the unknowns a and b subject to Ra,b � 0,
which implies a = ρa

√
1 · 4 = 2ρa and likewise b = 2ρb where ρa, ρb ∈ (−1, 1). To

find an mcb we proceed as follows. Applying thewls formula of (2.54) yields

Pa,b =
(
HT(Ra,b)−1H

)−1
=

 a2−4
2a−5 0

0 b2−4
2b−5

 ,
which is an axis-aligned ellipse with eigenvalues λ1(a) = a2−4

2a−5 and λ2(b) = b2−4
2b−5 .

In this case it is possible to find P′max ∈ P such that P′max � P′ ,∀P′ ∈ P by max-
imizing each diagonal entry of Pa,b separately. The eigenvalues are maximized
when a and b are respectively given by

amax = arg max
a

λ1(a) =
5
2
± 3

2
, bmax = arg max

b
λ2(b) =

5
2
± 3

2
,

where only amax = 1 and bmax = 1 are valid. Plugging a = amax and b = bmax into
Pa,b yields

P′max =
[
1 0
0 1

]
,

for which it holds P′max � P′ ,∀P′ ∈ P. Hence, in this case it will be sufficient
to choose P′max as a conservative bound and this bound will also be an mcb, i.e.,
P̄∗ = P′max since P̄∗ � P′ ,∀P′ ∈ P. No smaller P̄ ∈ P̄ can be found since this P̄ ∈ P̄
must satisfy P̄ � P′ ,∀P′ ∈ P and hence also P̄ � P′max, which cannot be true. The
example is illustrated in Figure 3.4.

Example 3.4: Minimum Conservative Bound Non-Existent
Let P̄ be the set of all P̄ that satisfies P̄ � P′ ,∀P′ ∈ P, where the set P spans all
matrices generated as P′ = (HT(R′)−1H)−1 when R′ is varied over all elements of
R. The objective is to find an mcb P̄∗ ∈ P̄ which satisfies P̄ � P̄∗,∀P̄ ∈ P̄.

Assume H =
[
I I

]T
. Let y =

[
yT

1 yT
2

]T
and R = cov(y) =

[
R1 R12
R21 R2

]
be a block

matrix consisting of four 2 × 2 blocks where R12 is completely unknown. This
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means R is given by all Ra,b,c,d ∈ S++ parametrized as

Ra,b,c,d =


1 0 a b
0 4 c d
a c 4 0
b d 0 1

 � 0,

where the entries of R12 =
[
a b
c d

]
are unknown. The only constraint is

R � 0 ⇐⇒ R1 − R12R−1
2 R21 � 0 ∧ R1 � 0

⇐⇒ I − R
− 1

2
1 R12R

− 1
2

2 R
− T

2
2 R21R

− T
2

2 � 0 ∧ R1 � 0
⇐⇒ I − R′12R′21 � 0 ∧ R1 � 0,

where ∧ represents logical and. Since R′12R′21 = R′12(R′12)T � 0 the eigenvalues of
R′12R′21 must be on the interval [0, 1).

Applying thewls formula of (2.54) yields

Pa,b,c,d =
(
HT(Ra,b,c,d)−1H

)−1

=
1

b2 + 2bc + c2 + 10a + 10d − 4ad − 25
×
[

8a − 2ad + 5a2 + c2 + 4b2 + 2abc − 20 4ab − c − 16b + ac + 4bd + cd + bc2 + bc − abd − acd
4ab − c − 16b + ac + 4bd + cd + bc2 + bc − abd − acd 8a − 2ad2 + 5d2 + c2 + 4b2 + 2bcd − 20

]
,

which is an ellipse with orientation and eigenvalues depending on a, b, c and d.

As H =
[
I I

]T
and

min ([R1]ii , [R2]ii) = 1,

where i = 1, 2, it should follow that [cov(x̂)]ii ≤ 1 since otherwise the information
along some of the axes would have been decreased, compared to individually
looking at each component of both y1 and y2. Hence, the concentric ellipses of
all Pa,b,c,d should at least lie in a square with sides of length 2.

In Figure 3.5 multiple P′ ∈ P are illustrated. The ellipses of P′ ∈ P are not only
enclosed by the dashed square with sides of length 2, but are also all contained
in the intersection of the ellipses of R1 and R2. The intersection of R1 and R2 is
itself contained in the dashed square.

In this case it is impossible to find an mcb. This can be understood using a
geometrical argument, e.g., consider the ellipses of R1, R2 and P̄ in Figure 3.5.
Each of these ellipses will only partly enclose the remaining two, i.e., neither
R1 � R2, P̄ nor R2 � R1, P̄ nor P̄ � R1,R2 hold. The same goes for all P̄′ ∈ P̄.
Hence, no mcb exists in this case.

In Example 3.3 a matrix P′max ∈ P satisfying

P′max � P′ , ∀P′ ∈ P, (3.23)
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P

P̄

R1

R2

P̄

Figure 3.5: A scenario where no mcb exists, e.g., neither R1 � R2, P̄ nor
R2 � R1, P̄ nor P̄ � R1,R2. The yellow area resembles P and the green area
resembles P̄.

could be found. Hence an mcb existed in that case given by P̄∗ = P′max. On the
other hand, no mcb could be found in Example 3.4. In Example 3.3

P̄ ∩ P = P̄∗ = P′max, (3.24)

while in Example 3.4
P̄ ∩ P = ∅. (3.25)

Note, the relationship in (3.24) will not always be true just because anmcb exists.
The difference between Example 3.3 and Example 3.4 from an mcb perspec-

tive is the set P. In the former case the union
⋃

P′∈P
E(0,P′), (3.26)

is itself an ellipse. In the latter case the union in (3.26) is not an ellipse and
an mcb does not exist in this case. These insights have been put together in an
existence and uniqueness theorem, see Theorem 3.1. A scenario where an mcb
R̄∗ cannot be found is provided by Example 3.5.

Theorem 3.1 (Existence and Uniqueness of Minimum Conservative Bounds).
Let R = cov(y) and assume it is only known that R ∈ R, where R ⊆ S++. A
minimum conservative bound exists if the union⋃

R′∈R
E(0,R′),
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is an ellipsoid. If a minimum conservative bound exists it is unique.

Proof: Let U = ∪R′∈RE(0,R′). The set R̄ ⊂ S++ is a set spanning all R̄ for which
R̄ � R′ ,∀R′ ∈ R is fulfilled, or equivalently for which U ⊆ E(0, R̄) is fulfilled.

If U is an ellipsoid it can be written on the form E(0,S), for some S ∈ S++,
such that

U = E(0,S).

Since it is not possible to fit any other ellipsoid between U and E(0,S) the matrix
S satisfies

R̄ � S, ∀R̄ ∈ R̄.

Hence, a minimum conservative bound R̄∗ = S exists.
If R̄∗1 ∈ R̄ and R̄∗2 ∈ R̄ are two minimum conservative bounds then by defini-

tion

R̄ � R̄∗1 ∧ R̄ � R̄∗2, ∀R̄ ∈ R̄,

implying that R̄∗1 � R̄∗2 and R̄∗2 � R̄∗1 must simultaneously be satisfied. These
conditions can only be true at the same time if R̄∗1 = R̄∗2. Hence, if a minimum
conservative bound exists it is unique.

Example 3.5: Conservative Bounds
Let the off-diagonal elements of the 2 × 2 covariance matrix R ∈ R be unknown.
The set R is generated by all matrices

Rb =
[
4 b
b 1

]
� 0.

For Rb � 0 to hold b must satisfy b = ρ
√

4 · 1 = 2ρ, where ρ ∈ (−1, 1). Hence,
a conservative bound R̄ in this case must simultaneously satisfy R̄ � Rb,∀b ∈
(−2, 2), i.e.,

R̄ − Rb = R̄ −
[

4 2ρ
2ρ 1

]
� 0, ∀ρ ∈ (−1, 1).

A number of conservative bounds are shown in Figure 3.6. All R′ ∈ R are con-
tained in the outlined rectangle. No mcb can be found in this case since by defi-
nition themcb requires a psd condition to be satisfied, but the smallest conserva-
tive bounds considered here are given by incomparable matrices.

3.4.1 Properties and Insights

The existence of anmcb is a prerequisite for a (restricted) best clue to exist. If an
mcb exists it is unique, see Theorem 3.1, but this does not necessarily mean that
a (restricted) best clue is unique since multiple (restricted) best clues might
provide different estimates despite providing the same unique mcb.

In summary, a best clue has the following properties:
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y1

−y1 y2

−y2

R̄

R

R̄

Figure 3.6: Illustration of several conservative bounds R̄ on R. The ellipses
of all R′ ∈ R are contained in the dashed rectangle. The points y1, y2,−y1
and −y2 mark the four corners of the rectangle.

1. Linear: The estimate is calculated linearly as x̂ = Ky.

2. Unbiased: The estimator is unbiased, i.e., E x̂ = x.

3. Conservative: The estimator is conservative, i.e., P � cov(x̂), where P is the
covariance reported by the estimator.

4. Optimal: The estimator provides the smallest covariance P = P̄∗, in the
positive definite sense, among all conservative linear unbiased estimators.

The difference between best clue and restricted best clue lies in how P̄∗ is calcu-
lated. In the latter case it is restricted according to Section 3.1.3. The restricted best
clue is illustrated in Figure 3.7.

3.4.2 Relaxed Conservative Bounds

Theorem 3.1 provides the important insight that for general estimation problems
an mcb does not exist. Nevertheless, the (restricted) best clue is not useless—it
constitutes a solid theoretical concept to relate to in conservative estimation prob-
lems. To make the (restricted) best clue concept more useful the psd conditions
need to be relaxed. Below follows two relaxed variants:

1. Matrix loss function: Reformulate the mcb to replace R̄ � R̄∗ with J(R̄) ≥
J(R̄∗), where J( · ) is a matrix loss function, e.g., the trace, the determinant or
a matrix norm. Since trace is related to mse it is a natural loss function for
these problems. Matrix loss function relaxation is common in conservative
estimation, see more on this in Chapter 4.

2. Parametrization: Let R̄(θ) be a family of conservative bounds parametrized
by θ. Each family is characterized by a unique parametrization θ. An
mcb is then given as follows: Let a parametrized conservative bound be
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All clues

All Conservative
Linear Estimators

All Conserva-
tive Estimators

All Estimators

Restricted Best Conservative Linear Unbiased Estimator

x̂ = Ky E x̂ = x K∗, R̄∗ = min
K,R̄

KR̄KTy,R x̂∗, P̄∗

Restricted Best clue

∗
blue

∗

All clues with P̄ ∈ P̄

Figure 3.7: Illustration of the restricted best clue concept. A restricted best
clue has to deal with the problem of only knowing that R ∈ R.

given by R̄∗(θ∗) and another be given by R̄(θ). Denote a specific value of a
parametrization θ by θ0. Then R̄∗(θ∗) is an mcb if for each θ0 there exists
at least one θ∗0 such that

R̄(θ0) � R̄∗(θ∗0). (3.27)

The parametrized relaxation is formalized below.

As previously concluded, for general problems an mcb does not exists since
we generally end up with the operation of comparing incomparable matrices, i.e.,
matrices R̄ and R̄′ for which neither R̄ � R̄′ nor R̄′ � R̄ is true. See Section 2.1.2
for a small note on incomparable matrices. A workaround to this problem is to di-
vide conservative bounds into different families according to which parametriza-
tion that can be used to describe them.

Each family R̄(θ) is characterized by the parametrization given by θ. What
we want is to be able to compare two different parametrizations, say R̄(θ) and
R̄′(θ′), by showing that for each θ′0 there exists at least one θ0 such that

R̄′(θ′0) � R̄(θ0). (3.28)

If this holds for the complete range of θ′ it is then possible to say

R̄′(θ′) � R̄(θ), (3.29)

i.e., R̄(θ) is never larger than R̄′(θ′) in the parametric sense. For each θ′ = θ′0 the
value θ = θ0 is allowed to differ.

To get an intuition for this concept, consider the case in Figure 3.6 where
neither of the conservative bounds that tightly encloses the dashed rectangle are
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smaller then the other. In that case the two innermost conservative bounds are
given by

R̄1 =
[
8 0
0 2

]
, R̄2 =

[
6 0
0 3

]
, (3.30)

which can also be written as

R̄1 =
[
8 0
0 2

]
=

[ 4
1/2 0
0 1

1/2

]
=

[ 4
1/2 0
0 1

1−1/2

]
= R̄

(1
2

)
, (3.31a)

R̄2 =
[
6 0
0 3

]
=

[ 4
2/3 0
0 1

1/3

]
=

[ 4
2/3 0
0 1

1−2/3

]
= R̄

(2
3

)
, (3.31b)

where

R̄(θ) =
[

4
θ 0
0 1

1−θ

]
. (3.32)

The parametrization θ in this case defines both the structure in (3.32) and the
range θ ∈ (0, 1) of valid values of the parameter θ.

Next it is shown that R̄(θ) intersects each of the points y1,−y1, y2 and −y2, see
Figure 3.8. The points y1 and y2 defining the dashed rectangle in Figure 3.8 are
given by

y1 =
[√

4√
1

]
=

[
2
1

]
, y2 =

[ √
4

−
√

1

]
=

[
2
−1

]
.

Plugging the first component of y1 and y2 into the quadratic form that defines
the ellipse R̄(θ) yields [

2
y

]T (
R̄(θ)

)−1
[
2
y

]
= 1

⇐⇒ θ
4
4

+ (1 − θ)
y2

1
= 1

⇐⇒ (1 − θ)y2 = 1 − θ
=⇒ y = ±1,

where ±1 are the second components of the corresponding points. From symme-
try it follows that R̄(θ) also passes through −y1 and −y2. Hence, the parametrized
conservative bound R̄(θ) � 0 intersects y1,−y1, y2 and −y2 for all θ ∈ (0, 1), and
thus parametrizes all ellipses that tightly encloses the dashed rectangle of Fig-
ure 3.8. Tightly here refers to the ellipses that intersect all four corners of the
rectangle in Figure 3.8.

Figure 3.8 also illustrates one realization of

R̄′(θ′) =
[
a b
b d

]
, subject to y

T
2

(
R̄′(θ′)

)−1
y2 = 1, (3.33)
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y1

−y1 y2

−y2

R

R̄ R̄′(θ′)

R̄(θ)

Figure 3.8: Illustration of parametized conservative bounds. Several ellipses
of the minimum parametrized conservative bound R̄(θ) are provided.

which parametrizes all ellipses that passes through y2 and −y2. Since the ellipses
generated by R̄′(θ′) does not generally provide a tight bound of the rectangle
it will always be possible to find one value of θ such that R̄′(θ′) � R̄(θ). This
concept of tightness and the implications thereof are derived in [24, 25]. Hence
we have

R̄′(θ′) � R̄(θ), (3.34)

in the parametric sense.

3.5 Conservative Linear Least Squares Estimation

Thewls estimator is introduced in Section 2.3. In the Gauss-Markov Theorem it
is shown that thewls is also the blue when the linear model in (2.1) applies and
W = R−1 is used as the weight matrix.

The wls estimator can also be used in conservative linear estimation. The
wls estimate is given by

x̂ = (HTR̄−1H)−1HTR̄−1y, (3.35a)

P̄ = (HTR̄−1H)−1, (3.35b)

where R̄ is a conservative bound of R. The expressions in (3.35) are equivalent to
the expressions of thewls estimator in (2.54), but where R has been replaced by
a conservative bound R̄. The wls structure in (3.35) has been suggested in, e.g.,
[9, 10].

A conservative analogue of the Gauss-Markov theorem is provided below in
Theorem 3.2. The theorem does not provide any revolutionary conclusions, but it
tells us that the problem behaves as it should and can be used as a tool to derive
new theoretical results, see Chapter 4.
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Theorem 3.2 (Conservative Gauss-Markov Theorem). Consider the data y given
on the form

y = Hx + v,

where x is the true state to be estimated, v is zero-mean noise, R = cov(y) and H
is full rank. Assume it is only known that R ∈ R. Assume R̄∗ ∈ R̄ is the minimum
conservative bound of R, i.e.,

R̄ � R̄∗, ∀R̄ ∈ R̄,

where R̄ contains all R̄ that fulfills R̄ � R′ ,∀R′ ∈ R. Then, among all linear
unbiased estimators Ky reporting the error covariance KR̄KT, the restricted best
conservative linear unbiased estimator is given by

x̂∗ = (HT(R̄∗)−1H)−1HT(R̄∗)−1y,

with error covariance given by

P̄∗ = (HT(R̄∗)−1H)−1.

Proof: The following will be shown:

1. For any R̄ it holds that KR̄KT � (HTR̄−1H)−1 for all K fulfilling KH = I

2. R̄ � R̄∗ =⇒ (HTR̄−1H)−1 � (HT(R̄∗)−1H)−1

3. (HT(R̄∗)−1H)−1 � cov(x̂∗)

1. An arbitrary linear estimator is constructed as x̂ = Ky with a conservative
covariance P̄ = KR̄KT. From the unbiasedness constraint we have KH = I. For
the specific conservative bound R̄, we thus have the matrix difference

P̄ − (HTR̄−1H)−1 = KR̄KT − (HTR̄−1H)−1

= KR̄KT −KH(HTR̄−1H)−1HTKT

= K
(
R̄ −H(HTR̄−1H)−1HT

)
KT

= K
(
I −H(HTR̄−1H)−1HTR̄−1

)
R̄KT

= K(I − PH)R̄KT,

where I − PH is a projection matrix weighted by R̄−1. Now, since R̄ and (I − PH)
are psd, and

((I − PH)R̄)T = (I − PH)R̄,

the matrix product (I − PH)R̄ is psd [19], and hence we arrive at

K(I − PH)R̄KT � 0,

implying that KR̄KT � (HTR̄−1H)−1 for arbitrary K compliant with the unbiased-
ness constraint, and for all R̄.
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2. As R̄ and R̄∗ are pd we have from Section 2.1.2 that

R̄ � R̄∗ ⇐⇒ (R̄∗)−1 � R̄−1,

and hence

R̄ � R̄∗ ⇐⇒ (R̄∗)−1 − R̄−1 � 0

=⇒ HT((R̄∗)−1 − R̄−1)H � 0

⇐⇒ (HTR̄−1H)−1 − (HT(R̄∗)−1H)−1 � 0.

3. Using x̂∗ = (HT(R̄∗)−1H)−1HT(R̄∗)−1y and v = y −Hx we get

cov(x̂∗) = E
(
(HT(R̄∗)−1H)−1HT(R̄∗)−1y − (HT(R̄∗)−1H)−1HT(R̄∗)−1Hx

)
( · )T

= (HT(R̄∗)−1H)−1HT(R̄∗)−1(E vvT)(R̄∗)−1H(HT(R̄∗)−1H)−1

= (HT(R̄∗)−1H)−1HT(R̄∗)−1R(R̄∗)−1H(HT(R̄∗)−1H)−1,

where R = E vvT has been used. By assumption R̄∗ � R such that cov(x̂∗) can be
bounded as

cov(x̂∗) � (HT(R̄∗)−1H)−1HT(R̄∗)−1R̄∗(R̄∗)−1H(HT(R̄∗)−1H)−1

= (HT(R̄∗)−1H)−1

= P̄∗.

A consequence of Theorem 3.2 is that finding themcb P̄∗ is equivalent to find-
ing the mcb R̄∗, if the linear model y = Hx + v is valid and only linear unbiased
estimators Ky, reporting an covariance KR̄KT, are considered where R̄ ∈ R̄. In
other words, looking for P̄∗ can be replaced by a search for R̄∗ followed by an ap-
plication of the wls estimator—if R̄∗ is found then a restricted best clue can be
found. Theorem 3.2 works equally well for the parametrized relaxation. In this
case the mcb R̄∗ = R̄∗(θ∗) is used instead.

Using W = (R̄∗)−1 instead of W = R−1 makes a restricted best clue subopti-
mal compared to the blue, basically because the gain used by the blue cannot
be calculated. However, this clue is optimal by the definition of the conserva-
tive estimation problem where it is only known that R ∈ R. If R = {R} then
R̄∗ = R and the conservative estimation problem reduces to the classical linear
estimation problem, i.e., a restricted best clue reduces to the blue.





4
Conservative Linear Unbiased Fusion

Conservative fusion refers to fusion problems1 solved using conservative
estimation techniques. In this chapter several conservative fusion methods

are described together with their implicitly assumed cross-correlation structure.
As will be seen, an important aspect in fusion of correlated estimates is the spe-
cific structure of the actual underlying cross-correlations between the estimates.
It is the cross-correlation structure that determines how small the covariance of
the optimal conservative estimator is allowed to be.

In Chapter 3 the notation y and R ∈ R is used to describe the data which is
input to the estimator. In this chapter we return to the notation

y −→ ẑJ , R −→ CJ , H −→ HJ , K −→ KJ , (4.1)

as we are specifically dealing with estimates and not general data y. It is assumed
rank(HJ ) = nx such that HJ is full rank and the linear system of equations ẑJ =
HJx + eJ is not underdetermined. The sets R and R̄ are replaced according to

R −→ C, R̄ −→ C̄. (4.2)

Some parts of the joint covariance CJ are assumed unknown, but it is known that
CJ ∈ C. The set C̄ spans all C̄J for which C̄J � C′J ,∀C′J ∈ C is satisfied.

A case where N = 2 will be studied to simplify the illustration of the cross-
correlations. Hence

ẑJ =
[
ẑ1
ẑ2

]
, CJ =

[
C1 C12
C21 C2

]
, HJ =

[
H1
H2

]
, KJ =

[
K1 K2

]
. (4.3)

It should however be emphasized that the described correlations can be general-
ized for arbitrary N ≥ 2.

1As pointed out in Chapter 2, fusion problems refer to estimation problems where multiple esti-
mates are combined to form an improved estimate.

45
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It is assumed that the input estimates ẑı are unbiased ∀ı. Furthermore, it is
assumed Cı � cov(ẑı) to allow for conservative estimates to be used, and not only
estimates for which Cı = cov(ẑı). For cross-covariances we use Cı = cov(ẑı, ẑ).
Hence

CJ � cov(ẑJ ). (4.4)

If, e.g., C is defined as

C =
{

C′J =
[

C′1 C′12
C′21 C′2

] ∣∣∣ C′1 � C1,C
′
2 � C2,C

′
J � 0

}
, (4.5)

then CJ ∈ C implies cov(ẑJ ) ∈ C since C1 � cov(ẑ1) and C2 � cov(ẑ2) imply that
for some C′J ∈ C we have

C′J =
[

cov(ẑ1) cov(ẑ1, ẑ2)
cov(ẑ2, ẑ1) cov(ẑ2)

]
. (4.6)

For our purpose it does not matter if cov(ẑJ ) is included in C if CJ � cov(ẑJ ), the
important thing is that we have CJ ∈ C since we only know Cı � cov(ẑı). We
could therefore replace (4.5) by

C =
{

C′J =
[

C′1 C′12
C′21 C′2

] ∣∣∣ C′1 = C1,C
′
2 = C2,C

′
J � 0

}
. (4.7)

For technical convenience we will however stick to (4.5).

Considered Methods

The different conservative fusion methods described here are distinguished by
the correlation structure they assume. The following conservative fusion meth-
ods are considered:

• Covariance intersection [22], Section 4.1.2, makes no assumption about
the underlying cross-correlation structure, i.e., the cross-correlations are
regarded as completely unknown.

• Inverse covariance intersection [49], Section 4.2.2, assumes that the cross-
correlations can be decomposed into the correlated information structure,
see Section 4.2.1.

• Largest ellipsoid method [5], Section 4.3.2, assumes the cross-correlations
are component-wise aligned, see Section 4.3.1.

Fusion Example

Each method is illustrated by fusing the two-dimensional covariance matrices

C1 =
[
4 0
0 1

]
, C2 =

[
1 0
0 4

]
. (4.8)
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C1

C2

C1 =
[
4 0
0 1

]

C2 =
[
1 0
0 4

]

C12 = 1
3

[
1 0
0 1

]

Pblue =
([

I
I

]T [ C1 C12
CT

12 C2

]−1 [
I
I

])−1

Pn =
(
C−1

1 + C−1
2

)−1

Figure 4.1: The fusion scenario used to illustrate the conservative fusion
methods of this chapter. The covariance matrices of the estimates to be fused
are given by C1 and C2. Also the covariance matrices Pn and Pblue of the
naïvely fused estimate and the blue estimate have been provided.

The corresponding estimates ẑ1 and ẑ2, where H1 = H2 = I, have been left out
since in this case they are not of interest for illustration purpose. The cross-
covariance C12 = 1

3 I is assumed unknown for the conservative fusion methods.
A naïve estimator which assumes C12 = 0 and the blue with true joint co-

variance C12 = 1
3 I are used for comparison. The fusion scenario is illustrated in

Figure 4.1 together with the covariances Pn and Pblue of the naïve estimate and
the blue estimate, respectively.

Contributions

Similar to Chapter 3, several contributions are dispersed in this chapter. These
contributions include:

Optimality aspects. In Theorem 4.2 and in Theorem 4.6 ci and ici are, re-
spectively, shown being restricted best clues under different assumptions
about the cross-correlations. Theorem 4.8 proves le is a best clue under
yet another assumption about the cross-correlations.

Properties. For each method a number of properties, in addition to optimal-
ity aspects, are shown and discussed.

ici for partial estimates. A modification of ici to enable fusion of partial es-
timates is proposed in Algorithm 4.2. Conservativeness of this modification
is proven in Theorem 4.5.
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le for partial estimates. An extension of the lemethod is proposed in Algo-
rithm 4.4 which can be used for fusion of one full estimate and one partial
estimate.

4.1 Fusion Under Completely Unknown
Cross-Correlations

The completely unknown cross-correlation structure is described below. Then ci
is introduced and analyzed.

4.1.1 Completely Unknown Cross-Correlation

In some situations it is impossible to ensure any sort of structure in the cross-
correlations between the estimates to be fused. The only constraint on the joint
covariance CJ is then

CJ =
[

C1 C12
C21 C2

]
� 0, (4.9)

which happens if and only if [19]

C1 � 0 ∧ C2 − C21C−1
1 C12 � 0, (4.10)

or equivalently, if and only if

C2 � 0 ∧ C1 − C12C−1
2 C21 � 0. (4.11)

It will always be assumed Cı � 0 for ı = 1, . . . , N . However, for the joint covari-
ance it might be the case that CJ � 0 must be assumed, e.g., if C1 = C2 = C12 = C
and hence

CJ =
[
C C
C C

]
. (4.12)

4.1.2 Covariance Intersection

The clue approach to the problem of fusion under completely unknown cross-
correlations, in case of N = 2, can be formulated as the optimization problem

K∗J , C̄
∗
J = arg min

KJ ,C̄J

P

subject to KJHJ = I

P = KJ C̄JK
T
J , C̄J ∈ C̄,

(4.13)

where

C̄ =
{

C̄J =
[

C̄1 0
0 C̄2

] ∣∣∣ C̄J � C′J ,∀C′J ∈ C
}
, (4.14a)

C =
{

C′J =
[

C′1 C′12
C′21 C′2

] ∣∣∣ C′1 � C1,C
′
2 � C2,C

′
J � 0

}
. (4.14b)
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E(0,C1)

E(0,C2)

E(0,C1) ∩ E(0,C2)

(a) Fusion of two estimates with
arbitrary cross-covariance. Irre-
spective of C12, the ellipsoid of
(HTC−1

J H)−1 will lie in the intersec-
tion E(0,C1) ∩ E(0,C2).

C1

C2

Pblue
Pn
Pci

(b) Fusion of two estimates using ci.
The ellipsoid E(0,Pci) encloses the in-
tersection E(0,C1) ∩ E(0,C2). Pn is the
covariance calculated by a naïve estima-
tor.

Figure 4.2: Covariance intersection.

As will be seen, the covariance intersection (ci) method presented below is a
solution to (4.13).

Julier and Uhlmann published2 the ci algorithm in 1997 as a robust alterna-
tive for fusing cross-correlated estimates [22]. Two estimates ẑ1 and ẑ2 are fused
using ci according to

P−1 = ωC−1
1 + (1 − ω)C−1

2 , (4.15a)

P−1x̂ = ωC−1
1 ẑ1 + (1 − ω)C−1

2 ẑ2, (4.15b)

where the parameter ω ∈ [0, 1] is found by optimizing J(P), with J( · ) being a
matrix loss function.

The information form of (4.15) is illustrative—the convex combination of in-
formation implied by ω simply prohibits any information from being double
counted. For example, consider an extreme case of maximum possible correlation
where C1 = C2 = C and C12 = C. Then P−1 = ωC−1

1 +(1−ω)C−1
2 = C−1,∀ω ∈ [0, 1]

and no information has been counted twice in P−1.
In Figure 4.2a a fundamental motivation for ci is given. Given the fusion of

2The ideas behind the method was published already in [66], but without the name covariance
intersection.
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ẑ1 and ẑ2 with a covariance structure described by

CJ =
[

C1 C12
CT

12 C2

]
� 0, (4.16)

using the blue estimator the true covariance cov(x̂) ellipsoid, despite the actual
value of C12, will lie in the intersection of the concentric ellipsoids of C1 and C2
[23]. This is what we actually saw in Example 3.4.

Using set notation this insight can be formulated as

E (0, cov(x̂)) ⊆ E(0,C1) ∩ E(0,C2). (4.17)

Now, as Kahan has shown [24, 25], the intersection E(0,C1)∩ E(0,C2) will satisfy

E(0,C1) ∩ E(0,C2) ⊆ E
(
0, (ωC−1

1 + (1 − ω)C−1
2 )−1

)
, ∀ω ∈ [0, 1], (4.18)

which is exactly the same parametrization as suggested in (4.15). Hence

E (0, cov(x̂)) ⊆ E
(
0, (ωC−1

1 + (1 − ω)C−1
2 )−1

)
. (4.19)

Kahan [24], used the notion tight to describe an ellipsoid, parametrized as

E
(
0, (ωC−1

1 + (1 − ω)C−1
2 )−1

)
, (4.20)

where ω ∈ [0, 1], that encloses the intersection E(0,C1) ∩ E(0,C2) such that no
other ellipsoid can be squeezed in between

E(0,C1) ∩ E(0,C2),

and

E
(
0, (ωC−1

1 + (1 − ω)C−1
2 )−1

)
.

The ci method has been generalized for the fusion of N cross-correlated par-
tial estimates, where the fused estimate and its covariance is provided in Algo-
rithm 4.1 [22].

As long as the input estimates are conservative according to (3.18), ci yields
conservatively fused estimates no matter the actual degree of correlation between
the input estimates [22]. Figure 4.2b illustrates the covariance ellipse resulting
from fusing C1 and C2 using ci.

Extensive research on the ci method has been performed. In [9, 10] ci is sug-
gested as a special case of estimation under unknown correlations. A fast ci algo-
rithm based on trace weighting is proposed in [45]. In [14] the latter was further
developed. Analytical solutions to the weight ω in case of trace and determinant
optimization are given in [56].
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Algorithm 4.1: Covariance Intersection General Form
Input: ẑ1, . . . , ẑN , C1, . . . ,CN , H1, . . . ,HN

The estimates are fused according to:

P−1 =
N∑
ı=1

ωıH
T
ı C−1

ı Hı, (4.21a)

P−1x̂ =
N∑
ı=1

ωıH
T
ı C−1

ı ẑı, (4.21b)

where the parameters ωı ∈ [0, 1] satisfying
∑N
ı=1 ωı = 1 are found by minimiz-

ing a matrix loss function of P.
Output: x̂, P

Properties

Theorem 4.1 shows that ci can be written onwls form, where the joint covariance
CciJ is given by

CciJ =


ω−1

1 C1 0 . . . 0

0 ω−1
2 C2

. . .
...

...
. . .

. . . 0
0 . . . 0 ω−1

N CN

 , (4.22)

which is a parametrized conservative bound. Hence, CciJ = C̄(ω) satisfies

CciJ � CJ � cov(ẑJ ), (4.23)

where ω =
[
ω1 . . . ωN

]
.

In Theorem 4.2 it is shown that ci is a restricted best clue for N = 2 in case
of completely arbitrary cross-correlations.

Theorem 4.1 (Covariance Intersection—Weighted Least Squares). The covari-
ance intersection algorithm for the fusion of N estimates ẑı = Hıx + eı, where
ı = 1, . . . , N , can be written as a weighted least squares estimator, with joint co-
variance

CciJ =


ω−1

1 C1 0 . . . 0

0 ω−1
2 C2

. . .
...

...
. . .

. . . 0
0 . . . 0 ω−1

N CN

 ,

and modified weight matrix (CciJ )−1, where
∑N
ı=1 ωı = 1 and ωı ∈ [0, 1].
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Proof: Let HJ = col(H1, . . . ,HN ) and ẑJ = col(ẑ1, . . . , ẑN ). Assume the joint co-
variance

CciJ =


ω−1

1 C1 0 . . . 0

0 ω−1
2 C2

. . .
...

...
. . .

. . . 0
0 . . . 0 ω−1

N CN

 ,

where
∑N
ı=1 ωı = 1 and ωı ∈ [0, 1], and where care should be taken if ωı ∈ {0, 1}

at this point to avoid singularities. Using thewls estimator the covariance of the
fused estimate can be calculated as

P =
(
HT
J (CciJ )−1HJ

)−1
=

 N∑
ı=1

ωıH
T
ı C−1

ı Hı


−1

,

and the estimate is given by

x̂ =
(
HT
J (CciJ )−1HJ

)−1
HT
J (CciJ )−1ẑJ = P

N∑
ı=1

ωıH
T
ı C−1

ı ẑı,

which is equivalent to the ci algorithm. Hence, ci can be expressed onwls form
with joint covariance CciJ and weight matrix (CciJ )−1.

Corollary 4.1 (Covariance Intersection—Linear Unbiased). The covariance in-
tersection algorithm is a linear unbiased estimator.

Proof: Since the wls estimator is linear unbiased it follows directly from The-
orem 4.1 that also the ci method is a linear unbiased estimator, given that the
input estimates are unbiased.

Theorem 4.2 (Covariance Intersection—Optimal). Let ẑ1 = H1x + e1 and ẑ2 =
H2x + e2 be given, where C1 � cov(ẑ1) and C2 � cov(ẑ2) are known. Then covari-
ance intersection optimally solves (4.13) for fusion of ẑ1 and ẑ2 and hence is a
restricted best conservative linear unbiased estimator.

Proof: Theorem 3.2 enables us to find a restricted best clue by finding an mcb
of the joint covariance and then using the wls formula (3.35). Hence, it will be
shown that if there exists another conservative bound C̄J � CJ then

CciJ � C̄J � 0 =⇒ C̄J = CciJ .

Assuming CJ � 0 is equivalent to [19]

C1 � 0 ∧ C1 � C12C−1
2 C21. (4.24)
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The joint covariance CciJ = CciJ (ω) is a conservative bound, parametrized by ω, on
CJ if and only if

CciJ − CJ =
[C1
ω 0
0 C2

1−ω

]
−
[

C1 C12
C21 C2

]
=

[C1
ω − C1 −C12

−C21
C2

1−ω − C2

]
� 0,

for all ω ∈ (0, 1). The cases with ω ∈ {0, 1} are handled trivially since then either
of the covariances C1 or C2 is chosen exclusively. CciJ − CJ � 0 is true if and only
if [19]

C1

ω
− C1 � 0,

which is true since
(

1
ω − 1

)
C1 � 0, and

C1

ω
− C1 � C12

( 1
1 − ω

C2 − C2

)−1
C21

⇐⇒ 1 − ω
ω

C1 � C12

( ω
1 − ω

C2

)−1
C21

⇐⇒ C1 � C12C−1
2 C21,

which follows from (4.24).
Assume there exists another bound C̄J = diag

(
C̄1, C̄2

)
where C̄1 � C1 and

C̄2 � C2, which satisfies CciJ � C̄J � CJ and

C1

ω
� C̄1 � C1, (4.25a)

C2

1 − ω
� C̄2 � C2. (4.25b)

A consequence of the assumptions above is

C1

ω
− C1 � C̄1 − C1 ⇐⇒

(C1

ω
− C1

)−1
�

(
C̄1 − C1

)−1
, (4.26a)

C2

1 − ω
− C2 � C̄2 − C2 ⇐⇒

( C2

1 − ω
− C2

)−1
�

(
C̄2 − C2

)−1
, (4.26b)

where A1 � A2 ⇐⇒ A−1
2 � A−1

1 for pd matrices A1 and A2 has been used. For
C̄J − CJ � 0 to hold

C̄1 − C1 � C12(C̄2 − C2)−1C21 � C12

( C2

1 − ω
− C2

)−1
C21 = C12

( ω
1 − ω

C2

)−1
C21,

where (4.26b) has been used. Using (4.24) we get

C̄1 � C12C−1
2 C21 + C12

( ω
1 − ω

C2

)−1
C21 = C12

(1 − ω + ω
ω

)
C−1

2 C21 = C12
C−1

2
ω

C21,
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i.e., ωC̄1 � C12C−1
2 C21. Since C1 � C12C−1

2 C21 and C̄1 � C1 it must also be
required that C̄1 �

C1
ω . Hence, the assumption in (4.25a) implies

C1

ω
� C̄1 �

C1

ω
,

which can only be fulfilled if C̄1 = C1
ω . Using a similar reasoning it can also be

shown C̄2 = C2
1−ω . Hence, CciJ is an mcb of CJ . By Theorem 3.2 and Theorem 4.1

it then follows that ci optimally solves (4.13).

The results of Theorem 4.2 are shown somewhat differently in [58] in case of
N = 2 and H1 = H2 = I. In fact, the optimality proof of [58] also proves that
ci is the solution to (3.12), i.e., that ci is a best clue in case of completely un-
known cross-correlations, a possibly stronger statement. Theorem 4.2 is however
valid for arbitrary H1 and H2 as long as rank

([
HT

1 HT
2

])
= nx, since the latter is

assumed in Theorem 3.2 (which is used in the proof of Theorem 4.2).

4.2 Fusion Under Correlated Information

The cross-correlation structure called correlated information is defined, followed
by a presentation and an analysis of the icimethod.

4.2.1 Correlated Information

The correlated information structure is realized in setups where multiple esti-
mates at one point are cross-correlated to an unknown degree followed by new
uncorrelated information (Ce

ı )
−1, typically derived from new measurements, be-

ing added to each of the estimates.
Before defining the correlated information structure the closely related com-

mon information structure is given. Two estimates ẑ1 and ẑ2 can be decomposed
according to the common information structure if for ı = 1, 2

C−1
ı = (Ce

ı )
−1 + Γ −1, (4.27a)

C−1
ı ẑı = (Ce

ı )
−1ẑeı + Γ −1γ̂ , (4.27b)

is satisfied, where Γ −1 is the common information shared by the two estimates
and γ̂ is the corresponding estimate, and (Ce

ı )
−1 is referred to as exclusive infor-

mation related to the estimates ẑeı , i.e., Ce
ı = cov(ẑeı ). The decomposition in (4.27)

is for example realized in a situation where two estimates are initiated with γ̂
and Γ after which exclusive information is being added to each of the estimates.

The correlated information structure is a generalization of the common infor-
mation structure. Two estimates ẑ1 and ẑ2 can be decomposed according to the
common information structure if [48]

C−1
ı = (Ce

ı )
−1 + Γ −1

ı , (4.28a)

C−1
ı ẑı = (Ce

ı )
−1ẑeı + Γ −1

ı γ̂ı, (4.28b)



4.2 Fusion Under Correlated Information 55

hold for ı = 1, 2, where in general γ̂1 , γ̂2 and Γ 1 , Γ 2. The covariance of γ̂J =[
γ̂T

1 γ̂T
2

]T
is given by

Γ J =
[
Γ 1 Γ 12
Γ 21 Γ 2

]
. (4.29)

It is further assumed cov(ẑe1, γ̂1) = 0, cov(ẑe2, γ̂2) = 0 and cov(ẑe1, ẑ
e
2) = cov(ẑe1, γ̂2) =

cov(γ̂1, ẑe2) = 0 such that

cov



ẑe1
γ̂1
ẑe2
γ̂2


 =


Ce

1 0 0 0
0 Γ 1 0 Γ 12
0 0 Ce

2 0
0 Γ 21 0 Γ 2

 . (4.30)

Since E ẑı = E γ̂ı = Hıx, and by using (4.28) and (4.30) it follows that

cov(ẑ1, ẑ2) = E z̃1z̃T2
= E

(
C1

(
(Ce

1)−1ẑe1 + Γ −1
1 γ̂1

)
−H1x

)
z̃T2

= E
(
C1

(
(Ce

1)−1ẑe1 + Γ −1
1 γ̂1

)
− C1

(
(Ce

1)−1 + Γ −1
1

)
H1x

)
z̃T2

= EC1

(
(Ce

1)−1z̃e1 + Γ −1
1 γ̃1

)
z̃T2

= EC1

(
(Ce

1)−1z̃e1 + Γ −1
1 γ̃1

) (
(Ce

2)−1z̃e2 + Γ −1
2 γ̃2

)T
C2

= C1Γ
−1
1 E γ̃1γ̃

T
2 Γ
−1
2 C2

= C1Γ
−1
1 Γ 12Γ

−1
2 C2. (4.31)

The common information structure is recovered from the correlated informa-
tion structure by letting γ̂1 = γ̂2 = γ̂ and Γ 1 = Γ 2 = Γ , which yield

Γ J =
[
Γ Γ
Γ Γ

]
. (4.32)

Common information is also recognized as shared information.

4.2.2 Inverse Covariance Intersection

The clue approach to the problem of fusion under correlated information, in
case of N = 2, can be formulated as the optimization problem

K∗J , C̄
∗
J = arg min

KJ ,C̄J

P

subject to KJHJ = I

P = KJ C̄JK
T
J , C̄J ∈ C̄,

(4.33)
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where

C̄ =
{

C̄J =
[

C̄1 0
0 C̄2

] ∣∣∣ C̄J � C′J ,∀C′J ∈ C
}
, (4.34a)

C =


C′J =

[
C′1 C′12
C′21 C′2

]
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(C′1)−1 � C−1
1 = (Ce1)−1 + Γ −1

1

(C′2)−1 � C−1
2 = (Ce2)−1 + Γ −1

2

∃α > 0,C−1
1 � 1

α
Γ −1

2 ,C−1
2 � αΓ −1

1

C′J � 0, Γ J � 0, Γ J =
[
Γ 1 Γ 12
Γ 21 Γ 2

]


. (4.34b)

As will be seen, the inverse covariance intersection (ici) method presented next
is a solution to (4.33), which is algebraically equivalent to (4.13) for the ci case.
Due to the new assumptions on the cross-correlations the set CJ now generally
includes fewer elements. Hence, C̄J now might include elements C̄J that are
smaller, in the psd sense, compared to all elements of C̄ in the ci case.

The ici method is a less conservative alternative to ci and was developed by
Noack et al in 2017 [49]. In its original form, ici assumes that two estimates ẑ1
and ẑ2, where H1 = H2 = I, to be fused can be decomposed according to the
common information decomposition presented in Section 4.2.1. The ici fusion
rule is given by

P−1 = C−1
1 + C−1

2 − (ωC1 + (1 − ω)C2)−1 , (4.35a)

P−1x̂ =
(
C−1

1 − ω (ωC1 + (1 − ω)C2)−1
)

ẑ1

+
(
C−1

2 − (1 − ω) (ωC1 + (1 − ω)C2)−1
)

ẑ2, (4.35b)

whereω ∈ [0, 1] is found by optimizing J(P). The result from fusing two estimates
using ici is illustrated in Figure 4.3b, where the covariance of the fused estimate
has been denoted Pici.

The basic idea behind ici is illustrated in Figure 4.3a. Given that the decompo-
sition in (4.27) holds, the ici method tries to bound the ellipsoids of all possible
Γ −1. While ci finds an ellipsoid that encloses the intersection of two covariance
ellipsoids E(0,C1) and E(0,C2), ici finds an ellipsoid that encloses the intersec-
tion of two information ellipsoids E(0,C−1

1 ) and E(0,C−1
2 ), which in this case is

the ellipsoid given by

E
(
0, (ωC1 + (1 − ω)C2)−1

)
. (4.36)

Otherwise put, the information (ωC1 + (1 − ω)C2)−1 is an upper bound of all
possible Γ −1. The information (ωC1 + (1−ω)C2)−1 is exactly the information that
is being subtracted from C−1

1 + C−2
2 in (4.35a).

In [48] the ici method is further developed and shown to be able to handle
the correlated information decomposition presented in Section 4.2.1, viz.,

C−1
ı = (Ce

ı )
−1 + Γ −1

ı , (4.37a)

C−1
ı ẑı = (Ce

ı )
−1ẑeı + Γ −1

ı γ̂ı. (4.37b)
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E◦(0,C−1
2 )

E◦(0,C−1
1 )

E(0,C−1
1 ) ∩ E(0,C−1

2 )

E◦
(
0, (ωC1 + (1 − ω)C2)−1

)

(a) In ici the correlated information
is bounded from above and then sub-
tracted.

C1

C2

Pblue
Pn
Pci
Pici

(b) Fusion of two estimates using ici.
Pn is the covariance calculated by a
naïve estimator.

Figure 4.3: Inverse covariance intersection.

The cross-correlations of the two estimates γ̂1 and γ̂2 are given by the off-diagonal
blocks in

Γ J =
[
Γ1 Γ12
Γ21 Γ2

]
, (4.38)

which is the covariance of the joint estimate γ̂J =
[
γ̂T

1 γ̂T
2

]T
.

The ici method has been proven to provide conservative estimates if the de-
composition of (4.37) holds and the following conditions are valid [48]

C−1
2 � αΓ−1

1 , (4.39a)

C−1
1 �

1
α
Γ−1

2 , (4.39b)

for some α > 0. The conditions of (4.39) might hold even if, e.g., Γ−1
1 � C2.

Another interpretation is that correlated information and hence common infor-
mation might only be included in one of the estimates [48].

In [1] the ici fusion rule is extended to handle multiple estimates batchwise.
To the author’s knowledge, there exists no variant of ici for the fusion of partial
estimates. Hence, below follows a proposed modification of ici to be able to
handle partial estimates.

Inverse Covariance Intersection for Partial Estimates

The following generalization of ici will be valid for the fusion of exactly two
partial estimates, i.e., estimates given on the form of (2.40). The generalized
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version of ici is abbreviated icip.
As before the underlying estimates γ̂1 and γ̂2 are assumed, with joint covari-

ance given by

Γ J =
[
Γ 1 Γ 12
Γ 21 Γ 2

]
. (4.40)

The partial estimates to be fused can be decomposed as

C−1
ı = (Ce

ı )
−1 + GT

ı Γ
−1
ı Gı, (4.41a)

C−1
ı ẑı = (Ce

ı )
−1ẑeı + GT

ı Γ
−1
ı γ̂ı, (4.41b)

for ı = 1, 2. The matrix Gı is the mapping from the space of ẑı to the space of
γ̂ı and hence determines how correlated information Γ −1

ı enters the ıth estimate.
The cross-covariance of ẑ1 and ẑ2 now become

cov(ẑ1, ẑ2) = C12 = CT
21 = C1GT

1Γ
−1
1 G1Γ 12GT

2Γ
−1
2 G2C2. (4.42)

The joint covariance is given by

CicipJ =
[
C1 + ω

1−ωC1H1HT
2C−1

2 H2HT
1C1 0

0 C2 + 1−ω
ω C2H2HT

1C−1
1 H1HT

2C2

]
, (4.43)

where ω ∈ [0, 1], with the extreme cases when ω ∈ {0, 1} handled trivially since
in these cases one of the input estimates is used exclusively to form the fused
estimate. Using Woodbury’s matrix identity [68] and the wls formula of (3.35)
the covariance of the icip estimate x̂ is calculated as

P−1 = HT
J

(
CicipJ

)−1
HJ

= HT
1C−1

1 H1 −HT
1H1HT

2

(1 − ω
ω

C2 + H2HT
1C1H1HT

2

)−1
H2HT

1H1

+ HT
2C−1

2 H2 −HT
2H2HT

1

( ω
1 − ω

C1 + H1HT
2C2H2HT

1

)−1
H1HT

2H2

= HT
1C−1

1 H1 − ωHT
1H1HT

2

(
ωH2HT

1C1H1HT
2 + (1 − ω)C2

)−1
H2HT

1H1

+ HT
2C−1

2 H2 − (1 − ω)HT
2H2HT

1

(
ωC1 + (1 − ω)H1HT

2C2H2HT
1

)−1
H1HT

2H2.

(4.44)

The icipmethod is given in Algorithm 4.2.
The new conditions corresponding to (4.39), specifying the amount of corre-

lated information allowed in each estimate, are given by

H1HT
2C−1

2 H2HT
1 � αGT

1Γ
−1
1 G1Γ 1GT

1Γ
−1
1 G1, (4.47a)

H2HT
1C−1

1 H1HT
2 �

1
α

GT
2Γ
−1
2 G2Γ 2GT

2Γ
−1
2 G2, (4.47b)

for some α > 0. As an example of when the conditions of (4.47) fails to hold,
consider a case where the matrices on the l.h.s. and right hand side (r.h.s.) of
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Algorithm 4.2: Inverse Covariance Intersection Partial Estimate Form
Input: ẑ1, ẑ2, C1, C2, H1, H2

The estimates are fused according to:

P−1 = HT
1C−1

1 H1 − ωHT
1H1HT

2C−1
Γ 1

H2HT
1H1

+ HT
2C−1

2 H2 − (1 − ω)HT
2H2HT

1C−1
Γ 2

H1HT
2H2, (4.45a)

P−1x̂ =
(
HT

1C−1
1 − ωHT

1H1HT
2C−1

Γ 1
H2HT

1

)
ẑ1

+
(
HT

2C−1
2 − (1 − ω)HT

2H2HT
1C−1

Γ 2
H1HT

2

)
ẑ2, (4.45b)

where

CΓ 1
= ωH2HT

1C1H1HT
2 + (1 − ω)C2, (4.46a)

CΓ 2
= ωC1 + (1 − ω)H1HT

2C2H2HT
1 . (4.46b)

The parameter ω ∈ [0, 1] is found by minimizing a matrix loss function of P.
Output: x̂, P

(4.47a) are respectively given by[
c 0
0 0

]
, α

[
0 0
0 d

]
, (4.48)

where c, d > 0. In this case (4.47a) cannot be satisfied for any α > 0.
The matrix Gı might not always be available. For example, say that an actor

holds ẑ1 and C1, and receives ẑ2 and C2. In this case it is reasonable to assume
that the actor has access to G1, since ẑe1 and Ce

1 were earlier known, but G2 is typ-
ically unavailable in such a setup. However, we will not dig any deeper into this
subject here. Instead it is assumed that an estimator deploying icip has access to
all information necessary for using icip.

Several examples of fusion using icip are provided in Example 4.1–4.3. ci
and the naïve estimator are compared to icip. The blue has been left out since
it depends on the actual cross-correlation and we only want to compare how
the covariance matrices differ in relation to what is assumed about the cross-
correlations. The covariances Pci and Picip are found by optimizing on tr(Pci)
and tr(Picip), respectively.

Example 4.1: Inverse Covariance Intersection Partial Estimate Form
Assume that we have

C1 =
[
4 0
0 1

]
, H1 =

[
1 0
0 1

]
, Γ 1 = 4, G1 =

[
1 0

]
,

C2 = 2, H2 =
[
1 0

]
, Γ 2 = 4, G2 = 1.
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If α = 1

H1HT
2C−1

2 H2HT
1 =

[
1
4 0
0 0

]
� α

[
1
4 0
0 0

]
= αGT

1Γ
−1
1 G1Γ 1GT

1Γ
−1
1 G1,

H2HT
1C−1

1 H1HT
2 =

1
2
� 1
α

1
4

=
1
α

GT
2Γ
−1
2 G2Γ 2GT

2Γ
−1
2 G2,

is satisfied, meaning icipwill provide a conservatively fused estimate in this case
(see Theorem 4.5). The covariance matrices resulting from fusion of C1 and C2
using ci, icip and the naïve fusion rule are respectively given by

Pci =
[
3 0
0 3

2

]
, Picip =

[
2 0
0 1

]
, Pn =

[
4
3 0
0 1

]
.

Hence Pci � Picip � Pn. Both Pci and Picip are optimized on the trace. Note,
[Pci]22 > [C1]22 while tr(C1) > tr(Pci).

Example 4.2: Inverse Covariance Intersection Partial Estimate Form
Assume that we have

C1 =
[
1 0
0 2

]
, H1 =

[
1 0 0
0 1 0

]
, Γ 1 = 4, G1 =

[
0 1

]
,

C2 =
[
2 0
0 1

]
, H2 =

[
0 1 0
0 0 1

]
, Γ 2 = 4, G2 =

[
1 0

]
,

such that rank
([

HT
1 HT

2

]T)
= nx = 3. Hence we get

H1HT
2C−1

2 H2HT
1 =

[
0 0
0 1

2

]
� α

[
0 0
0 1

4

]
= αGT

1Γ
−1
1 G1Γ 1GT

1Γ
−1
1 G1,

H2HT
1C−1

1 H1HT
2 =

[
1
2 0
0 0

]
� 1
α

[
1
4 0
0 0

]
=

1
α

GT
2Γ
−1
2 G2Γ 2GT

2Γ
−1
2 G2,

which will be satisfied if α = 1. The covariances resulting from fusion of C1 and
C2 using ci, icip and the naïve fusion rule are respectively given by

Pci =

2 0 0
0 2 0
0 0 2

 , Picip =

1 0 0
0 2 0
0 0 1

 , Pn =

1 0 0
0 1 0
0 0 1

 ,
i.e., Pci � Picip � Pn in this case. Both Pci and Picip are optimized on the trace.
Note, neither of the input estimates is a full estimate. Therefore a full estimate
must use components from both input estimates. Otherwise the trace of the co-
variance of the full estimate goes to infinity, e.g., if ω ∈ {0, 1} then tr(Pci(ω))→∞.
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Example 4.3: Inverse Covariance Intersection Partial Estimate Form
Assume that we have

C1 =
[
1 0
0 2

]
, H1 =

[
1 0 0
0 1 0

]
, Γ 1 =

[
4 0
0 4

]
, G1 =

[
1 0
0 1

]
,

C2 =
[
2 0
0 1

]
, H2 =

[
0 1 0
0 0 1

]
, Γ 2 = 4, G2 =

[
1 0

]
.

In this case

H1HT
2C−1

2 H2HT
1 =

[
0 0
0 1

2

]
� α

[
1
4 0
0 1

4

]
= αGT

1Γ
−1
1 G1Γ 1GT

1Γ
−1
1 G1,

will not be satisfied for any α > 0. Hence, icip cannot be guaranteed to provide a
conservative estimate.

Properties

Theorem 4.3 states that the icip method can be expressed on the wls estimator
form. In Theorem 4.4 it is shown that icip reduces to ici if H1 = H2 = I and
G1 = G2 = I.

Theorem 4.3 (Inverse Covariance Intersection—Weighted Least Squares). The
inverse covariance intersection estimator as given in Algorithm 4.2 can be ex-
pressed as a weighted least squares estimator, with joint covariance

CicipJ =
[
C1 + ω

1−ωC1H1HT
2C−1

2 H2HT
1C1 0

0 C2 + 1−ω
ω C2H2HT

1C−1
1 H1HT

2C2

]
,

and modified weight matrix (CicipJ )−1, where ω ∈ [0, 1].

Proof: Let ẑ1 = H1x + e1 and ẑ2 = H2x + e2. Let ẑJ = col(ẑ1, ẑ2) and HJ =
col(H1,H2). Assume the joint covariance is given by

CicipJ =
[
C1 + ω

1−ωC1H1HT
2C−1

2 H2HT
1C1 0

0 C2 + 1−ω
ω C2H2HT

1C−1
1 H1HT

2C2

]
.

As in (4.44) the covariance of the fused estimate can be calculated using thewls
formula of (3.35) as

P−1 = HT
J

(
CicipJ

)−1
HJ

= HT
1C−1

1 H1 −HT
1H1HT

2

(1 − ω
ω

C2 + H2HT
1C1H1HT

2

)−1
H2HT

1H1

+ HT
2C−1

2 H2 −HT
2H2HT

1

( ω
1 − ω

C1 + H1HT
2C2H2HT

1

)−1
H1HT

2H2

= HT
1C−1

1 H1 − ωHT
1H1HT

2

(
ωH2HT

1C1H1HT
2 + (1 − ω)C2

)−1
H2HT

1H1

+ HT
2C−1

2 H2 − (1 − ω)HT
2H2HT

1

(
ωC1 + (1 − ω)H1HT

2C2H2HT
1

)−1
H1HT

2H2.
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Similarly, the estimate can be expressed in information form as

P−1x̂

= HT
J

(
CicipJ

)−1
ẑJ

=
(
HT

1C−1
1 − ωHT

1H1HT
2

(
ωH2HT

1C1H1HT
2 + (1 − ω)C2

)−1
H2HT

1

)
ẑ1

+
(
HT

2C−1
2 − (1 − ω)HT

2H2HT
1

(
ωC1 + (1 − ω)H1HT

2C2H2HT
1

)−1
H1HT

2

)
ẑ2,

which is equivalent to the icip method of Algorithm 4.2. Hence, icip can be
expressed on wls form with joint covariance CicipJ and weight matrix (CicipJ )−1.

Corollary 4.2 (Inverse Covariance Intersection—Linear Unbiased). The in-
verse covariance intersection algorithm as given in Algorithm 4.2 is a linear un-
biased estimator.

Proof: Since the wls estimator is linear unbiased it follows directly from Theo-
rem 4.3 that also the icip algorithm is a linear unbiased estimator, given that the
input estimates are unbiased.

Theorem 4.4 (Inverse Covariance Intersection—Special Case). If H1 = H2 =
G1 = G2 = I the partial estimate form of inverse covariance intersection as
given in Algorithm 4.2 reduces to the inverse covariance intersection algorithm
of (4.35).

Proof: It will be shown that if H1 = H2 = G1 = G2 = I then

1. The decomposition in (4.41) reduces to (4.37),

2. The conditions in (4.47) reduces to (4.39), and

3. The partial estimate form of inverse covariance intersection as given in Al-
gorithm 4.2 reduces to the formulas given in (4.35).

Since Γ −1
ı = Γ −1

ı Γ ıΓ
−1
ı the statements in 1. and 2. follow immediately by

adopting H1 = H2 = G1 = G2 = I in (4.41) and (4.47), respectively. Statement 3.
holds since H1 = H2 = I implies (4.45a) which simplifies into

P−1 = C−1
1 − ω (ωC1 + (1 − ω)C2)−1 + C−1

2 − (1 − ω) (ωC1 + (1 − ω)C2)−1

= C−1
1 + C−1

2 − (1 − ω + ω) (ωC1 + (1 − ω)C2)−1

= C−1
1 + C−1

2 − (ωC1 + (1 − ω)C2)−1 ,

and similarly for (4.45b)

P−1x̂ =
(
C−1

1 − ω (ωC1 + (1 − ω)C2)−1
)

ẑ1

+
(
C−1

2 − (1 − ω) (ωC1 + (1 − ω)C2)−1
)

ẑ2.
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Theorem 4.5 states under which terms conservativeness of icip can be guaran-
teed. The proof is similar to the corresponding proof given in [48]. Optimality of
ici is proven in Theorem 4.6.

Theorem 4.5 (Inverse Covariance Intersection—Conservative). The inverse co-
variance intersection method, defined in Algorithm 4.2, for fusion of the partial
estimates ẑ1 = H1x + e1 and ẑ2 = H2x + e2, where C1 � cov(ẑ1) and C2 � cov(ẑ2),
produces conservative estimates if the following is true:

• The estimates can be decomposed according to (4.41).

• The conditions in (4.47) are satisfied.

Proof: According to Theorem 3.2 it is sufficient to show CicipJ � CJ . From (4.43)
and by letting µ = 1−ω

ω

C̃J = CicipJ − CJ

=
[ 1
µC1H1HT

2C−1
2 H2HT

1C1 −C12

−C21 µC2H2HT
1C−1

1 H1HT
2C2

]
=

[ 1
µC1H1HT

2C−1
2 H2HT

1C1 −C1GT
1Γ
−1
1 G1Γ 12GT

2Γ
−1
2 G2C2

−C2GT
2Γ
−1
2 G2Γ 21GT

1Γ
−1
1 G1C1 µC2H2HT

1C−1
1 H1HT

2C2

]
�

[ α
µC1GT

1Γ
−1
1 G1Γ 1GT

1Γ
−1
1 G1C1 −C1GT

1Γ
−1
1 G1Γ 12GT

2Γ
−1
2 G2C2

−C2GT
2Γ
−1
2 G2Γ 21GT

1Γ
−1
1 G1C1

µ
αC2GT

2Γ
−1
2 G2Γ 2GT

2Γ
−1
2 G2C2

]
,

where in the second last step and in the last step (4.42) and (4.47) were used,
respectively. C̃J will be positive semi-definite if[

y1
y2

]T
C̃J

[
y1
y2

]
≥ 0,

holds for all y1 and y2. After the coordinate transformation

y
′
1 =

√
α
µ

GT
1Γ
−1
1 G1C1y1, y

′
2 = −

√
µ

α
GT

2Γ
−1
2 G2C2y2,

the quadratic form above turns into[
y′1
y′2

]T [
Γ 1 Γ 12
Γ 21 Γ 2

] [
y′1
y′2

]
,

which is nonzero for all y′1 and y′2 under the assumption made in (4.40).

Theorem 4.6 (Inverse Covariance Intersection—Optimal). Assume ẑ1 = x + e1
and ẑ2 = x + e2 are given, where C1 � cov(ẑ1) and C2 � cov(ẑ2). If the correlated
information decompositions of (4.37) hold and the conditions of (4.39) are satis-
fied, then the inverse covariance intersection algorithm as given in (4.35) solves
the problem in (4.33) and hence is a restricted best conservative linear unbiased
estimator.
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Proof: From Theorem 4.4 and Theorem 4.5 it follows that ici is conservative
under the assumed conditions since CiciJ � CJ , where

CiciJ =
[
C1 + ω

1−ωC1C−2
2 C1 0

0 C2 + 1−ω
ω C2C−2

1 C2

]
, CJ =

[
C1 C12
C21 C2

]
.

The following will be shown

CiciJ � C̄J � CJ =⇒ C̄J = CiciJ ,

where C̄J = diag(C̄1, C̄2), from which this theorem follows by application of The-
orem 3.2.

By assumption

C1 +
ω

1 − ω
C1C−1

2 C1 � C̄1 � C1 =⇒
(
C̄1 − C1

)−1
�

( ω
1 − ω

C1C−1
2 C1

)−1
, (4.49a)

C2 +
1 − ω
ω

C2C−1
1 C2 � C̄2 � C2 =⇒

(
C̄2 − C2

)−1
�

(1 − ω
ω

C2C−1
1 C2

)−1
.

(4.49b)

The conditions

C−1
1 �

1
α
Γ −2

2 , C−1
2 � αΓ

−1
1 , Γ 1 � Γ 12Γ

−1
2 Γ 21, Γ 2 � Γ 21Γ

−1
1 Γ 12. (4.50)

must be obeyed also by C̄J . C̄J � CJ is true if and only if [19]

C̄1 − C1 � C12

(
C̄2 − C2

)−1
C21 � C12

(1 − ω
ω

C2C−1
1 C2

)−1
C21,

C̄2 − C2 � C21

(
C̄1 − C1

)−1
C12 � C21

( ω
1 − ω

C1C−1
2 C1

)−1
C12,

where (4.49) has been used in the last step of each row. From the conditions in
(4.50) and using C12 = C1Γ

−1
1 Γ 12Γ

−1
2 C2 it follows that C̄1 must also satisfy

C̄1 − C1 − C12
ω

1 − ω
C−1

2 C1C−1
2 C21

= C̄1 − C1 −
ω

1 − ω
C1Γ

−1
1 Γ 12Γ

−1
2 C2C−1

2 C1C−1
2 C2Γ

−1
2 Γ 21Γ

−1
1 C1

� C̄1 − C1 −
ω

1 − ω
C1Γ

−1
1 Γ 12Γ

−1
2 αΓ 2Γ

−1
2 Γ 21Γ

−1
1 C1

� C̄1 − C1 −
ω

1 − ω
C1Γ

−1
1 αΓ 1Γ

−1
1 C1

� C̄1 − C1 −
ω

1 − ω
C1αΓ

−1
1 C1

� C̄1 − C1 −
ω

1 − ω
C1C−1

2 C1

� 0,
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which yields C̄1 � C1 + ω
1−ωC1C−2

2 C1. By assumption C̄1 � C1 + ω
1−ωC1C−2

2 C1,
which is only possible if C̄1 = C1 + ω

1−ωC1C−2
2 C1. Corresponding calculations for

C̄2 yield C̄2 = C2 + 1−ω
ω C2C−1

1 C2.
We have shown that under the assumed decompositions in (4.39) and the con-

ditions in (4.50) CiciJ is the mcb. Hence, using Theorem 3.2 it is concluded that
ici gives an optimal solution (a restricted best clue) to (4.33) under the given
assumptions.

4.3 Fusion Under Component-Wise Aligned
Correlations

The component-wise aligned structure is defined, after which the le method is
presented and analyzed.

4.3.1 Component-Wise Aligned Correlations

The component-wise aligned structure might arise in configurations with com-
mon process noise where, e.g., the process noise covariance Q is diagonal while
the measurement update does not break component-wise aligned structure. In
practice it is however probably more interesting to see when the component-wise
structure is approximately satisfied since some coupling between different com-
ponents will be present in more or less all scenarios.

Cross-correlations are called component-wise aligned if there exists a joint
transformation matrix

TJ =
[
T 0
0 T

]
, (4.51)

such that

DJ = TJCJT
T
J =

[
D1 D12
D21 D2

]
, (4.52)

where D1, D2 and D12 = D21 are diagonal.

4.3.2 Largest Ellipsoid Method

Yet another less conservative alternative to ci, but also to ici, is the largest el-
lipsoid (le) method proposed in 2002 by Benaskeur [5]. The le method has
come with different names, in [18] it is called safe fusion (sf), in [59, 60] it is
named ellipsoidal intersection (ei), and [69] suggests the name internal ellipsoid
approximation (iea). Minor differences between the above mentioned methods
exist. However, these differences are not investigated here. le is related to the
component-wise aligned structure.
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Algorithm 4.3: Largest Ellipsoid Method
Input: ẑ1, ẑ2, C1, C2

The estimates ẑ1 and ẑ2 are fused according to:

1. Decompose C1 = U1D1UT
1 and let T1 = D

− 1
2

1 UT
1 . Decompose T1C2TT

1 =
U2D2UT

2 and let T2 = UT
2 . Construct the transformation matrix T =

T2T1 = UT
2D
− 1

2
1 UT

1 .

2. Transforms estimates and covariances according to

ẑ′1 = Tẑ1, D′1 = TC1TT = I,

ẑ′2 = Tẑ2, D′2 = TC2TT.

3. For each component i = 1, . . . , nx of the vector x̂′ and the diagonal matrix
P′ , calculate

([x̂′]i , [P
′]ii) =


(
[ẑ′1]i , [D′1]ii

)
, if [D′1]ii ≤ [D′2]ii ,(

[ẑ′2]i , [D′2]ii
)
, if [D′1]ii > [D′2]ii .

4. Inverse transformation according to

x̂ = T−1x̂′ , P = T−1P′T−T.

Output: x̂, P

The clue approach to the problem of fusion under component-wise aligned
correlations, in case of N = 2, is here formulated as the optimization problem

K∗J ,P
∗ = arg min

KJ ,P
P

subject to KJHJ = I

P � KJC
′
JK

T
J ,∀C′J ∈ C,

(4.53)

where

C =


C′J = T−1

J D′JT
−T
J

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
DJ =

[
D′1 D′12

D′21 D′2

]
= TJC

′
JT

T
J � 0

[D′1]ij = [D′2]ij = [D′12]ij = 0, i , j

TC1TT = D1 � D′1,TC2TT = D2 � D′2

TJ =
[

T 0
0 T

]


. (4.54)

The lemethod is provided in Algorithm 4.3. To the author’s knowledge, there
exists neither any variant of le for the fusion of multiple estimates, nor any vari-
ant for the fusion of partial estimates. Below follows a modification of the le
method to be able to handle a partial estimate.
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Algorithm 4.4: Largest Ellipsoid Method: Information Form
Input: ẑ1, ẑ2, C1, C2, H1, H2

Assume dim(ẑ1) = nx, dim(ẑ2) ≤ nx and rank(H1) = nx. The estimates ẑ1 and
ẑ2 are fused according to:

1. Transform into the information domain

ι1 = HT
1C−1

1 ẑ1, I1 = HT
1C−1

1 H1,

ι2 = HT
2C−1

2 ẑ2, I2 = HT
2C−1

2 H2.

2. Decompose I1 = U1D−1
1 UT

1 and let T1 = D
1
2
1 UT

1 . Decompose T1I2TT
1 =

U2D+
2 UT

2 , where the diagonal matrix D+
2 might be singular, and let T2 =

UT
2 . Construct the transformation matrix T = T2T1 = UT

2D
1
2
1 UT

1 .

3. Transform the information states and information matrices according to

ι′1 = Tι1, I ′1 = TI1TT,

ι′2 = Tι2, I ′2 = TI2TT.

4. For each (diagonal) component i = 1, . . . , nx of ι and I , calculate

([ι]i , [I ]ii) =


(
[ι′1]i , [I ′1]ii

)
, if [I ′1]ii ≥ [I ′2]ii ,(

[ι′2]i , [I ′2]ii
)
, if [I ′1]ii < [I ′2]ii .

5. Convert back to the covariance domain

P =
(
T−1IT−T

)−1
, x̂ = PT−1ι.

Output: x̂, P

Largest Ellipsoid Method for Partial Estimates

A prerequisite for the le method, as described in Algorithm 4.3, is that both
covariance ellipsoids can be jointly transformed into axis aligned ellipsoids. In
fact, it must be possible to transform one of the ellipsoids to the unit ball. If both
covariance matrices are degenerate or if

rank(HT
ı C−1

ı Hı) < nx, ı = 1, 2, (4.55)

then Algorithm 4.3 cannot be used anymore.
If rank(H1) = nx, it is possible to directly modify Algorithm 4.3 to handle

one partial estimate. See Algorithm 4.4 for such adaption, where the information
domain is once again utilized. Of course, an equivalent modification would be
possible if instead rank(H2) = nx.
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Properties

An important feature of le is that it provides the largest possible ellipsoid en-
closed by the intersection [47]

E(0,C1) ∩ E(0,C2),

which brings us to the subject of extremal volume ellipsoids [7]. Largest in this
context refers to the volume of the ellipsoid, where the volume is proportional
to the determinant of the underlying shape matrix. One type of extremal ellip-
soids is the largest ellipsoid enclosed by a convex set [7], which is referred to as
the inner Löwner-John ellipsoid 3 (ilje). A proper definition of the ilje is given
in Definition 4.1. The theory of extremal volume ellipsoid is interesting in this
scope as explained below.

The intersection of (symmetric) convex sets is another (symmetric) convex
set. Since ellipsoids are convex sets so is also the intersection of ellipsoids [31].
Assume that we have found an ilje enclosed by a certain intersection of ellipsoids.
By John’s ellipsoid theorem [21], it is known that the minimum ellipsoid that
encloses the same intersection will at maximum have a volume corresponding
to E(0,Silje) scaled by a factor

√
nx, where nx refers to the dimensionality. This

observation can be used to find an ellipsoid that contains a complete intersection
by finding the E(0,Silje) of that intersection.

Definition 4.1 (Inner Löwner-John Ellipsoid). Let C ∈ Rn be an n-dimensional
convex set centered at origin and let Silje ∈ S++ be given by

Silje = arg max
S∈Rn×n

log (det(S))

subject to x ∈ C ∀x ∈ Rn, xTS−1
x ≤ 1

S ∈ S++.

(4.56)

The ilje is then given by E(0,Silje).

In the derivation of ei another important aspect of le is elucidated [60]. The
information matrix (Ple)−1 of the fused estimate is the information given by
adding C−1

1 and C−1
2 , but with the removal of the maximum possible shared infor-

mation (Γ le)−1, i.e.,
(Ple)−1 = C−1

1 + C−1
2 − (Γ le)−1, (4.57)

which is similar to the fundamental idea behind ici, where the shared informa-
tion instead is bounded conservatively [49]. le implicitly assumes the decompo-
sition in (4.27). It has been shown that [49]

Pici(ω) � Ple, (4.58)

for all ω ∈ [0, 1].

3This ellipsoid is often simply called the Löwner-John ellipsoid, but here the inner Löwner-John
ellipsoid is used to separate it from its outer counterpart.
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E◦(0,C−1
2 )

E◦(0,C−1
1 )

E(0,C−1
1 ) ∩ E(0,C−1

2 )

E◦
(
0, (Γle)−1

)

(a) Basic idea behind the lemethod. le
calculates the potentially shared infor-
mation having the maximum volume
and subtracts this information.

C1

C2

Pblue
Pn
Pci
Pici
Ple

(b) Fusion of two estimates using the le
method.

Figure 4.4: The largest ellipsoid method.

The previously used fusion scenario with input covariances C1 and C2, now
solved using by le, is illustrated in Figure 4.4b.

Theorem 4.7 states that the le estimator is a linear unbiased estimator. The-
orem 4.8 shows that the le method is a best clue if the cross-correlations obey
the component-wise aligned structure.

Theorem 4.7 (Largest Ellipsoid Method—Linear Unbiased). As given in Algo-
rithm 4.3, the largest ellipsoid method for fusion of ẑ1 = x + e1 and ẑ2 = x + e2,
where C1 � cov(ẑ1) and C2 � cov(ẑ2), is a linear unbiased estimator.

Proof: It is assumed H1 = H2 = I. The unbiased and linear properties are
checked by showing the le method can be expressed using the fusion gains K1
and K2 such that

x̂le = K1ẑ1 + K2ẑ2, Ple = K1C1KT
1 + K2C2KT

2 ,

while fulfilling K1 + K2 = I.
The lemethod is based on the transformation

[
ẑ′1
ẑ′2

]
= TJ

[
ẑ1
ẑ2

]
,

[
I 0
0 C′2

]
= TJ

[
C1 0
0 C2

]
TT
J ,

where TJ = diag(T,T) is the joint transformation matrix with T defined as in Al-
gorithm 4.3. In the transformed domain the gains K′1 and K′2 can be constructed
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as

K′1 = diag(k1, . . . , knx ), K′2 = I −K′1,

where ki = 1 if the ith component is picked from ẑ′1, otherwise ki = 0. Clearly
K′1 + K′2 = I. In the original domain the estimator is linear since

x̂le = T−1 (K′1ẑ′1 + K′2ẑ′2) = T−1 (K′1Tẑ1 + K′2Tẑ1) = K1ẑ1 + K2ẑ2,

where K1 = T−1K′1T and K2 = T−1K′2T. We also see that

K1 + K2 = T−1 (K′1 + K′2) T = T−1T = I.

Theorem 4.8 (Largest Ellipsoid Method—Optimal). Assume ẑ1 = x + e1 and
ẑ2 = x + e2 are given, where C1 � cov(ẑ1) and C2 � cov(ẑ2). If the cross-
correlations follow the component-wise aligned correlation structure of (4.52),
then the largest ellipsoid method as given by Algorithm 4.3 is a solution to (4.53)
and hence is a best conservative linear unbiased estimator.

Proof: The joint covariance after joint transformation TJ = diag(T,T) is given by

DJ = TJCJT
T
J =

[
D1 D12
D12 D2

]
,

where D1 = I � 0, D2 � 0 and D12 are diagonal. The ith component of D1 is only
correlated with the ith component of D2. Hence, we only need to consider cor-
related scalars. It is then possible to use ci for the merging of correlated scalars
which are correlated to an unknown degree. If Dle is the covariance of the le
estimate in the transformed domain we get

[Dle]ii = ω[D1]ii + (1 − ω)[D2]ii = ω + (1 − ω)[D2]ii ,

which is conservative for all ω = [0, 1]. Minimizing [Dle]ii w.r.t. ω is equivalent
to

[Dle]ii = min (1, [D2]ii) ,

which in particular is the le solution. Theorem 4.7 shows that le is a linear
unbiased estimator. The optimality proof in [58] shows that ci is a best clue.
Hence, le is a best clue given Theorem 4.7 and [58].

Assuming the component-wise aligned structure the information matrix of
the blue estimate in the transformed domain is given by

(Dblue)−1 =
[
I I

]
D−1
J

[
I
I

]
= I + (D12 − I)

(
D2 −D2

12

)−1
(D12 − I)

= D−1
2 +

(
D−1

2 D12 − I
) (

I −D12D−1
2 D12

)−1 (
D12D−1

2 − I
)
, (4.59)
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which is a diagonal matrix since each of the matrices on the r.h.s. is diagonal.
Hence, the ith diagonal component of (Dblue)−1 is given by

[(Dblue)−1]ii = 1 +
([D12]ii − 1)−1

[D2]ii − [D12]2
ii

= [D−1
2 ]ii +

(
[D−1

2 ]ii[D12]ii − 1
)−1

1 − [D12]2
ii[D

−1
2 ]ii

. (4.60)

At the same time, the ith component of the le information matrix (Dle)−1 in the
transformed domain, which also is diagonal, is

[(Dle)−1]ii = max
(
1, [D−1

2 ]ii
)
. (4.61)

By pure inspection it can be seen that the cross-covariance D12 that gives (4.60)
equal to (4.61), i.e., Dblue = Dle, is given by

[D12]ii = min (1, [D2]ii) , (4.62)

which means the lemethod implicitly assumes the joint covariance

CleJ =
[

C1 T−1D12T−T

T−TD12T−1 C2

]
. (4.63)

The lemethod can hence alternatively be expressed using thewls formula with

HJ =
[
HT

1 HT
2

]T
as

x̂le =
(
HT
J (CleJ )−1HJ

)−1
HT
J (CleJ )−1ẑJ , (4.64a)

Ple =
(
HT
J (CleJ )−1HJ

)−1
, (4.64b)

where rank(H1) = rank(H2) = nx. The estimate x̂le in this case is calculated as
a weighted mean instead of choosing each component of x̂le exclusively from
either of ẑ1 or ẑ2 like what is done in Algorithm 4.3.

The joint covariance assumed in ci and ici are conservative bounds on CJ
under different assumptions and parametrizations of the cross-correlations. The
joint covariance of (4.63) instead assumes a specific cross-covariance C12 that
gives the largest ellipsoid enclosed in the intersection E(0,C1) ∩ E(0,C2) [47].

4.4 Summary

The previously defined conservative fusion methods are compared in Figure 4.5.
In this case it is clear that

E(0,Pn) ⊂ E(0,Pwls) ⊂ E(0,Ple) ⊂ E(0,Pici) ⊂ E(0,Pci). (4.65)
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C−1
2

C−1
1

(Pblue)−1

(Pn)−1

(Pci)−1

(Pici)−1

(Ple)−1

(a) Information domain.

C1

C2

Pblue
Pn
Pci
Pici
Ple

(b) Covariance domain.

Figure 4.5: Comparison of the different conservative fusion methods de-
scribed in this chapter.

However, in general

E(0,Ple) ⊆ E(0,Pici) ⊆ E(0,Pci). (4.66)

It must be emphasized that E(0,Pici) ⊆ E(0,Pci), or equivalently Pici 
 Pci, is in
the parametric sense as described in Section 3.4.2. Denoting ωici ∈ [0, 1] the free
parameter of Pici = Pici(ωici) and ωci ∈ [0, 1] the free parameter of Pci = Pci(ωci),
then by Pci � Pici we mean that for each ωci = ωci0 there exists at least one
ωici = ωici0 such that

Pci(ωci0 ) � Pici(ωici0 ). (4.67)

As noted earlier, in [49] it is shown that

Pici(ωici) � Ple, (4.68)

for all ωici ∈ [0, 1]. This should not come as a surprise since ici in its original
derivation and le are based on the assumption that the information of input esti-
mates can be decomposed into one term of exclusive information and one term of
common information. While in le the maximum possible common information
(Γle)−1 is calculated and then subtracted, in ici all possibilities on the common
information are bounded by (Γ ici)−1 = (ωiciC1 + (1 − ωici)C2)−1 which is then
subtracted, i.e., (Γ ici)−1 � (Γle)−1 or equivalently

(Ple)−1 = C−1
1 + C−1

2 − (Γle)−1 � C−1
1 + C−1

2 − (Γ ici)−1 = (Pici)−1. (4.69)
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Covariance intersection
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Cle ⊆ Cici

C̄ici ⊆ C̄le

Component-wise

aligned

Knowledge about

cross-correlations

Figure 4.6: Illustration of the conservative fusion methods presented in this
chapter. More knowledge about the cross-correlations available means that
C will be smaller (and that C̄ will be larger) and hence the optimal P∗ be-
comes smaller.

The ordering of
Pci � Pici � Ple, (4.70)

is directly related to another important fact, viz.,

Cle ⊆ Cici ⊆ Cci, (4.71)

where Cle, Cici and Cci refer to the set C as given by (4.54), (4.34a) and (4.14a),
respectively. The relationship in (4.71) follows from the different assumptions on
the cross-correlation, i.e., le assumes stronger conditions on the cross-correlations
than does ici, and ici assumes stronger conditions on the cross-correlation than
does ci. Likewise we have

C̄ci ⊆ C̄ici ⊆ C̄le, (4.72)
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where C̄le, C̄ici and C̄ci are the sets corresponding to C̄ in case of le, ici and
ci, respectively. We summarize these observations in Figure 4.6. The figure is
however not realistic, since if CJ is 2×2 the cross-covariance is a scalar and hence
Cle = Cici = Cci, but the figure nevertheless illustrates what more knowledge
about the cross-correlations in practice means.



5
Diagonal Covariance Approximation

The datalink is an integral part of a decentralized sensor network since esti-
mates must be interchanged between the nodes of the network. Even though

the communication bandwidth is reduced by transmission of aggregated esti-
mates instead of measurements, it is still often crucial to use the datalink in an
effective way [30].

The estimates to be interchanged are given on the form ẑı = Hıx + eı where x
is the true state, Hı is the mapping from the true state X to Zı, eı is zero-mean
noise and Cı � cov(ẑı) is the reported covariance of the conservative estimate ẑı.
Since Cı is a matrix it scales as n2

ı where nı = dim(ẑı). It is therefore tempting to
only transmit a subset of the elements of the covariance matrices to reduce the
data exchanged on the datalink.

In this chapter the diagonal covariance approximation (dca) is used as a data
reduction technique [12]. The dca approximates a covariance matrix Cı by a
diagonal matrix which in practice means the number of elements transmitted is
nı. Care however needs to be taken such that conservativeness of the estimates is
still ensured.

The problem is stated in Section 5.1 and different methods for preservation of
conservative estimates are given in Section 5.2. A simulation evaluation is finally
done in Section 5.3.

The contents of this chapter has previously been published in:

Robin Forsling, Zoran Sjanic, Fredrik Gustafsson, and Gustaf Hen-
deby. Consistent distributed track fusion under communication con-
straints. In Proceedings of the 22nd IEEE International Conference
on Information Fusion, Ottawa, Canada, July 2019.

Compared to [12] this chapter uses another notation and a slightly modified sim-
ulation scenario.

75
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5.1 Problem Formulation

In decentralized fusion problems the common setting is to fuse a local conserva-
tive estimate with conservative estimates received from other nodes of the net-
work using an estimation method that is robust to potential cross-correlations
between the estimates. The goal is to calculate a conservative estimate x̂ with a
covariance P � cov(x̂). This problem is here further extended to include the setup
where the dca is used to reduce the bandwidth utilization.

Estimates to be fused are given by ẑı = Hıx + eı with ı = 1, . . . , N where N is
the number of estimates to be fused. When transmitting ẑı the covariance Cı will
be approximated by Dı which is a diagonal matrix, hence the name dca. Assume
Cı � 0 and Dı � 0 for all ı = 1, . . . , N .

The ci algorithm will be used as the primary conservative fusion technique
in this problem. ci yields a conservatively fused estimate for any degree of cross-
correlations as long as the estimates to be fused are conservative. Section 4.1.2
describes the cimethod in more detail. Next, implications of the dca are demon-
strated.

5.1.1 Consequence of the Diagonal Covariance Approximation

A conservative estimate ẑ where the covariance C � cov(ẑ) is approximated by C′

is conservative if
C′ − C � 0, (5.1)

since this C′ will automatically satisfy the condition in (3.18), i.e., if (5.1) holds
then

C � cov(ẑ) =⇒ C′ � cov(ẑ), (5.2)

where cov(ẑ) refers to the true covariance of the estimate ẑ.
Approximating the full covariance matrix C by its diagonal entries will in

general generate an estimate which is not conservative. For example, consider C
defined by

C =
[
a b
b d

]
� 0,

and introduce the dca D given by

D =
[
a 0
0 d

]
� 0.

The characteristic equation for the matrix on the l.h.s. of (5.1) with D replacing
C′ is

det (λI − (D − C)) = λ2 − b2 = 0,

which gives the eigenvalues λ = ±b. Hence, the matrix D−C is indefinite. To guar-
antee conservative estimates the dca must be accompanied by some mechanism
for preservation of conservativeness.
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5.2 Methods for Preservation of Conservative
Estimates

In this section N = 2 estimates will assumed, where N refers to the number of
nodes or estimates. The linear model of (2.40) is assumed.

A local estimate is given by ẑ` = H`x + e` where C` � cov(ẑ`). Available at
another node is the estimate ẑ for which the subscripted index has been dropped
to simplify the notation. The problem is that C � cov(ẑ) is unavailable, but
instead a dca D′ is available. D′ is either D given by

[D]ij =

[C]ij , if i = j,

0, if i , j,
(5.3)

or a diagonal conservative bound D̄. Let C be the set containing all matrices
which would generate the same D using the formula of (5.3). Then for the conser-
vative bound D̄ it must hold that D̄ � C′ ,∀C′ ∈ C.

In total five methods for preservation of conservativeness are proposed in this
section. Two of the methods can be implemented at the receiving node—these
are called post-transmission methods. The remaining three methods must be
implemented at the transmitting node and hence will be named pre-transmission
methods. The majority of the methods are based on scaling, i.e., inflation of D in
some way.

The following methods are considered:

• Post-transmission handling of dca using an adaption of ci (post-ci).

• Post-transmission handling of dca using scaling (post-scale).

• Pre-transmission handling ofdca using eigenvalue-based scaling (pre-eig).

• Pre-transmission handling of dca using optimization-based scaling (pre-
opt).

• Pre-transmission handling of dca using diagonal-dominance scaling (pre-
dom).

5.2.1 Post-Transmission Adaption of Covariance Intersection

Assume that two conservative estimates ẑ` and ẑ to be fused are given, where C`
is provided but where only the diagonal entries of C are known, i.e., D. Assume
dim(ẑ`) = dim(ẑ) = nx and H` = H = I.

Direct application of ci cannot be done if a conservative fused estimate must
be guaranteed. However, the ith component of ẑ is a scalar estimate ẑi of the ith
component of x having the variance [D]ii = σ2

i . Each of these nx scalar estimates
will also be conservative since ẑ is conservative. The post-cimethod is expressed
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xr

C

C
D
nxD

Figure 5.1: The axis-aligned ellipse within the rectangle, D, is the dca of C.
The ellipse of nxD encloses all ellipses of C′ ∈ C. The ellipses of C′ ∈ C are
bounded from above by the dashed rectangle.

using (4.21) as

P−1 = ω�C−1
� +

nx∑

i=1

ωiH
T
i σ
−2
i Hi , (5.4a)

P−1x̂ = ω�C−1
� ẑ� +

nx∑

i=1

ωiH
T
i σ
−2
i ẑi , (5.4b)

where ω�, ωi ∈ [0, 1], ω� +
∑nx

i=1 ωi = 1 and the 1 × nx matrices Hi are given by

Hi =
[
δi1 δi2 . . . δinx

]
, (5.5)

where δij is the Kronecker delta.

5.2.2 Post-Transmission Scaling

Upon reception of D given by (5.3) it will be impossible to reconstruct the orig-
inal covariance matrix C since it will only be known C ∈ C, where the set C
includes all matrices C′ � 0 that C can take given D.

A conservative bound D̄ satisfying D̄ � C′ ,∀C′ ∈ C should be used in replace-
ment of D. Looking at Figure 5.1 it can be seen that an axis-aligned ellipse which
intersects the point xr will enclose all matrices C′ ∈ C which are contained in
the dashed rectangle. One such ellipse, i.e., a conservative bound, is given by the
ellipse of nxD. From Chapter 3 we know that there exists an infinite number of
conservative bounds C̄ ∈ C̄ that passes through xr , where the set C̄ contains all
C̄ for which C̄ � C′ ,∀C′ ∈ C hold. For this method only nxD will be considered.

That post-scale preserves conservative estimates is shown in Theorem 5.1.
Using the concept of Löwner-John ellipsoids that were presented in Section 4.3.2
we see that D and nxD refer to the inner and outer Löwner-John, respectively. In
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this case the convex set enclosing the inner Löwner-John is given by a hyperrect-
angle [7].

Theorem 5.1. Let C � 0 be a nx × nx matrix and D � 0 the diagonal matrix given
by

[D]ij =

[C]ij , if i = j,

0, if i , j.

Then nxD � C.

Proof: If nxD − C � 0 then the following is true

cD − P � 0,

⇐⇒ cD−
1
2 DD−

1
2 −D−

1
2 PD−

1
2 � 0,

⇐⇒ cI −Q � 0,

where I is the identity matrix and Q is the correlation matrix having ones on its
diagonal and the off-diagonal elements are bounded as |qij | ≤ 1. Hence, nxI −Q
becomes a symmetric diagonally dominant matrix and we get nxI −Q � 0 ⇐⇒
nxD − C � 0 [19].

5.2.3 Pre-Transmission Eigenvalue-Based Scaling

For obvious reasons the transmitting node has more knowledge about the covari-
ance matrix C to be transmitted. A more information efficient scaling should
therefore be possible if the scaling is performed at the transmitting node.

Geometrically the pre-eig method described here is related to the previous
case, see the illustration of Figure 5.2. We now want to find the point xλ since
an axis-aligned ellipse intersecting this point will tightly enclose the ellipse of C.
This is done as follows. Transforming C and D by T = D−

1
2 yields

TCTT = Q, TDTT = I, (5.6)

where Q is a correlation matrix. We seek a scaling factor cλ such that cλI tightly
encloses Q. This is equivalent to finding the largest eigenvalue λQ

max of Q since
if the vertex λQ

maxumax, where umax is the eigenvector corresponding to λQ
max, is

enclosed by the sphere E(0, cλI) then

E(0,Q) ⊆ E(0, cλI), (5.7)

i.e., cλ = λQ
max should be used. Transforming the point given by λQ

maxumax using
T−1 yields the point xλ.

The pre-eig method hence uses the conservative bound D̄ = cλD = λQ
maxD

meaning that ẑ and D̄ are transmitted to other nodes. In Theorem 5.2 it is shown
that pre-eig preserves conservativeness.
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xr

xλ C
D
nxD
cλD

Figure 5.2: The axis-aligned ellipse within the rectangle, D, is the dca of C.

Theorem 5.2. Let C be a covariance matrix and D � 0 the diagonal matrix given
by

[D]ij =


[C]ij , if i = j,

0, if i � j.

Then cλD � C where cλ is the largest eigenvalue of the correlation matrix Q =
D−

1
2 CD−

1
2 .

Proof: Assume cD − C � 0 ⇐⇒ cI − Q � 0, where Q = D−
1
2 CD−

1
2 and c is a

scalar. The inequality cI −Q � 0 is equivalent to

y
T

cI −
∑

i

λiuiu
T
i

 y ≥ 0, ∀y, (5.8)

where Q has been replaced by its eigendecomposition, i.e., ui is the eigenvector
corresponding to eigenvalue λi . Furthermore, ui is normalized implying ‖yTui‖ ≤
‖y‖. Without loss of generality assume ‖y‖ = 1 such that (5.8) reduces to

c −
∑

i

λiy
Tuiu

T
i y ≥ 0, ∀y, ‖y‖ = 1, (5.9)

which will be minimized by y = u1 where u1 is the eigenvector corresponding to
the maximum eigenvalue λ1, i.e.,

c −
∑

i

λiu
ᵀ
1 uiu

T
i u1 = c − λ1 ≥ 0. (5.10)

By choosing c = cλ = λ1 we have cλI −Q � 0 ⇐⇒ cλD − C � 0.

5.2.4 Pre-Transmission Optimization-Based Scaling

In pre-opt the scaling problem is formulated as an optimization problem. Let
c =

[
c1 . . . cnx

]
denote the vector of scaling factors with ci ≥ 1,∀i. Construct
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the matrix D diag(c) and solve

D̄∗ = arg min
c

J (D diag(c))

subject to D diag(c) − C � 0.
(5.11)

The matrix D diag(c) will generally be scaled non-uniformly. Solving for D diag(c)
yields the optimal diagonal matrix, given the matrix loss function J( · ), that pre-
serves a conservative estimate. The trace is here used as the matrix loss function.

By using D̄ to denote the set of all diagonal matrices D̄ that satisfy D̄ �
C′ ,∀C′ ∈ C, the pre-optmethod can equivalently be formulated as

D̄∗ = arg min
D̄∈D̄

J(D̄). (5.12)

5.2.5 Pre-Transmission Diagonal-Dominance Scaling

The proof of Theorem 5.1 utilizes diagonal dominance and its relationship to psd
and pdmatrices which suggests the following argument. If a diagonal matrix D′

is constructed, where the ith diagonal entry of D′ is the absolute sum of row i of
C, i.e.,

[D′]ii =
nx∑
j=1

∣∣∣[C]ij
∣∣∣ , (5.13)

then D′ − C automatically will be a symmetric diagonally dominant matrix and
as such D′ − C is psd [19]. In the pre-dom method D′ is constructed according
to (5.13) from which it follows D′ = D̄ � C.

5.3 Experimental Evaluation

To evaluate the performance of the different methods and how conservative they
are, a simulation study is made. The simulation study is based on a scenario
where Kalman filters (kf, [27]) are used to filter measurements and in some cases
to fuse estimates. See [26, 29] for a comprehensive introduction to Kalman filter-
ing.

All of the previously described methods for preservation of conservative es-
timates will be evaluated. The following methods will also be included in the
evaluation:

• cif: Uses ci with access to the full covariance C.

• lkf: Uses only information extracted by local sensors and a local kf.

• ckf: A centralized kf with access to the all information extracted by all
sensors.

• nkf: Uses a naïve kf which assumes no cross-correlations between the es-
timates. In essence nkf is an application of the naïve fusion formula of
(2.57).
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Figure 5.3: The simulated scenario. The target is given by the red node and
two cooperating blue nodes approach the target from below.

5.3.1 Simulation Scenario

The (dynamic) scenario1 used for evaluation is illustrated in Figure 5.3. The tar-
get is represented by the red node in the upper part of the figure. The target
follows the dotted trajectory. Two blue nodes approach the red node at straight
parallel paths from below. Each of the blue nodes has a tracking sensor and they
can also share information with each other via a datalink.

The simulations are performed in three dimensions such that the state x which
comprises both position and velocity is six-dimensional. The true motions are
constrained to a plane. All filters use a constant velocity model [34] where the
process noise is tuned such that anees, see below, for ckf stabilizes at around
1. The range and bearing uncertainties of the tracking sensor are modeled as
σr = 5000 m and σθ = 0.5◦, respectively.

The tracking sensor in each of the blue nodes generates new measurements
of the target at a rate of 1 Hz. An extended Kalman filter (ekf) is used to filter
measurement [20]. The probability of detection is set to 100% and a clutter free
environment is assumed. The update rate of the datalink is 1 Hz.

A Monte Carlo (mc) simulation approach is considered with 2 000mc runs for
each method. The duration of each mc run is 20 s. The simulation environment
is implemented in Matlab®. The optimization problems introduced by post-ci
and pre-opt are solved using YALMIP [39].

5.3.2 Evaluation Metrics

The proposed methods are evaluated both w.r.t. their performance and their cred-
ibility. The performance of each method is evaluated using the root mean squared

1This scenario differs from the scenario in [12].



5.3 Experimental Evaluation 83

error (rmse). To have a meaningful physical interpretation of the rmse the state
is divided into its position and velocity components. The rmse is calculated as
the rmse for specific time points over all mc runs.

The conservativeness property of the estimates for each method is evaluated
by calculating the statistical measure normalized estimation error squared (nees)
defined as [4]

ε(k) = (x(k) − x̂(k|k))TP−1(k|k)(x(k) − x̂(k|k)), (5.14)

where k is a time index. The notation k|k is used for filtered quantities. As M
number of mc simulations are performed multiple values of εi(k) for each time
point k are generated. From these the average nees (anees) at each time point k
can be calculated as [36]

ε̄(k) =
1

nxM

M∑
i=1

εi(k), (5.15)

i.e., anees is simply nees averaged over the mc runs and normalized using the
dimensionality nx. A fusion rule providing anees significantly lower than 1 is
regarded as conservative. A fusion rule providing anees significantly larger than
1 is regarded as too optimistic and non-conservative.

Confidence intervals for anees are derived in [35] and are calculated for
nxM � 5 according to(c − p

√
2

9nxM

)3

,

(
c + p

√
2

9nxM

)3 , (5.16)

where c = 1 − 2/(9nxM) and p depends on the confidence level, e.g., p = 1.96 and
p = 2.576 for 95% and 99% confidence levels, respectively.

5.3.3 Results and Discussion

In Figure 5.4 anees over the mc simulations is presented. All methods, except
nkf (and initially also ckf), lie below the solid line at anees equal to 1, hence
indicating they provide conservative estimates throughout the simulation time.
post-ci, pre-eig, pre-opt and pre-dom are the most conservative methods giv-
ing an anees of about 0.3–0.5. Even though post-scale produces the largest
upscaled covariance of the scaling-oriented methods it is still slightly less conser-
vative than post-ci, pre-eig, pre-opt and pre-dom.

With the exception of nkf (see Figure 5.5) the position rmse of all meth-
ods is bounded from below by ckf and from above by lkf. The optimistic nkf
severely underestimates the covariance leading to estimates quickly begin to di-
verge. post-scale performs the worst, presumably because the systematically
up-scaling of D is followed by a substantial loss of information. Because of the
relatively high update rate of the datalink, cif quickly approaches the ckf. The
velocity rmse is given in Figure 5.6. Due to the constant speed of the tracked
target the velocity rmse converges relatively fast for all methods except nkf and
lkf.
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Figure 5.4: anees vs time elapsed since start of simulation. 95% and 99%
confidence intervals for anees are also shown.

An interesting observation is that pre-eig, pre-opt and pre-dom provide
approximately the same results, even though they are derived from different as-
pects. One explanation of pre-eig and pre-opt being very close in both rmse
and anees is that the pre-opt in fact finds the same scaled diagonal covariance
matrix as do pre-eig. The performance of post-ci being so close to pre-eig,
pre-opt and pre-dom is beneficial for practical reasons; a platform operating
in a network having a communication protocol constrained as assumed herein
can preserve conservativeness of an exchanged estimate after transmission using
post-ci. One drawback is however that post-ci involves solving a computational
expensive optimization problem, which is also the case for pre-opt.

5.3.4 Bandwidth Reduction

Regarding the bandwidth utilization, to describe the full estimate ẑ and the full
matrix C we need a number of N F

p = nx + nx(nx + 1)/2 = nx(nx + 3)/2 parameters.
The number of parameters required to describe ẑ and D is Ndcap = 2nx. Table 5.1
provides examples of how the actual bandwidth demand differs between using
the dca and transmitting the full covariance.
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Figure 5.5: Position rmse vs time elapsed since start of simulation.

Table 5.1: The number of parameters required when using the dca com-
pared to transmitting full covariance matrices.

nx N F
p Ndcap Ratio Ndcap /N F

p

3 9 6 66.7%
4 14 8 57.1%
6 27 12 44.4%
9 54 18 33.3%

5.4 Summary

In this chapter a number of methods suitable for decentralized estimation prob-
lems have been evaluated w.r.t. their performance and conservativeness when
dealing with the communication constraint implied by the dca.

The proposed methods have been used in conjunction with the ci algorithm.
As ci requires that all input estimates are conservative to guarantee that the fused
estimate is conservative, different methods for preservation of conservativeness
have been developed. Of the proposed methods pre-eig, pre-opt and pre-dom
perform equally well both w.r.t. the rmse and the anees, and post-ci shows al-
most as good performance. On the other hand, post-scale shows a significantly
worse performance w.r.t. rmse, but with a anees closer to the optimal value
1. A remarkable result for practical applications is that post-ci achieves almost
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Figure 5.6: Velocity rmse vs time elapsed since start of simulation.

as good performance as pre-eig, pre-opt and pre-dom, even though the con-
servativeness recovery is made post-transmission at the fusion node where full
information about the original covariance C is not available.

Another way of looking at the results is from a bandwidth consumption per-
spective. If handled carefully, the dca can considerably reduce the amount of
data transmitted while still being able to preserve conservative estimates and to
perform well in the rmse sense. This is of importance in many real-world ap-
plications where sensor networks are required to act efficiently both in terms of
communication bandwidth and performance.



6
Selective Information Extraction

Communication constraints must often be considered in decentralized
estimation problems. It is simply not possible to transmit everything to ev-

eryone at every time instant. In the previous chapter the diagonal covariance
approximation (dca) is introduced as a way of reducing the bandwidth utiliza-
tion of a datalink.

In this chapter a different but related concept is proposed. Instead of only
transmitting an estimate and the diagonal entries of the corresponding covari-
ance matrix, in this chapter an agent within a decentralized sensor network tries
to decide and select the information which is useful for the remaining agents of
the network. The methods derived for selecting information will be called infor-
mation selectiagenton methods (ism) [13].

The content of this chapter is published in:

Robin Forsling, Zoran Sjanic, Fredrik Gustafsson, and Gustaf Hen-
deby. Communication efficient decentralized track fusion using se-
lective information extraction. In Proceedings of the 23rd IEEE Inter-
national Conference on Information Fusion, Virtual Conference, July
2020.

Compared to [13] this chapter uses another notation.

6.1 Problem Formulation

Let a conservative partial estimate ẑı of a true state x be given where Cı � cov(ẑı)
is the reported covariance of the estimate. The linear model ẑı = Hıx + eı is
still assumed. Say now that we want to pick a subset of information from the
information matrix C−1

ı which is to be exchanged with other agents. How should

87
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we decide which subset of C−1
ı is the most beneficial for the other agents? In this

chapter we try to answer this question.

6.1.1 Considered Estimation Problem

We consider a decentralized sensor network where each local node is estimating
x and where the estimates are exchanged between the different nodes. Roughly
speaking, the estimation performance of such a setup depends on properties of
the local estimates and the datalink.

Essentially, three types of estimation problems are implied by the problem
formulation:

1. Local estimation: Obtaining estimates by filtering local measurements into
a common coordinate frame used for representing the state of the object of
interest.

2. Decentralized estimation: A decentralized data fusion problem in which
the estimates received via datalink are merged with the local filter estimate.
The cross-correlations between the fused estimates are assumed unknown.

3. Information selection: Selecting which information that is most valuable
for the remaining nodes.

All estimates received via the datalink will be fused using ci. The choice of us-
ing ci for solving the decentralized data fusion problem is motivated since ci is
able to guarantee conservatively fused estimates irrespective of the actual cross-
correlations given that the input estimates are conservative. See Section 4.1.2 for
a recapitulation on ci.

6.1.2 Motivating Example

As a motivating example, consider the information matrices C−1
1 and C−1

2 defined
according to their information ellipses as illustrated in Figure 6.1. The gain of
fusing C−1

1 with the full information C−1
2 is in this case not significantly higher

than that of fusing with only the information along direction v1 in C2. Thus, the
agent that has retrieved the information C−1

2 can, instead of transmitting the full
information C−1

2 , choose to transmit only the information along v1. In this way
the bandwidth consumption can be reduced, while still generating high informa-
tion fusion gains.

6.1.3 Fusion of Arbitrary Projections

Information selection is based on being able to fuse arbitrary projections. There-
fore the following example is relevant. For now, the index ı will be dropped, i.e.,

ẑı −→ ẑ, Cı −→ C. (6.1)
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Figure 6.1: The ellipses of the information matrices C−1
1 and C−1

2 . The prin-
cipal axes of C−1

1 are given by ui and the principal axes of C−1
2 are given by

vi , where i = 1, 2.

Consider the partial estimate in space Z given by ẑ where C = cov(ẑ). An
estimate ẑ′ , where C′ = cov(ẑ′), in an arbitrary space Z′ can be constructed using
the mapping M : Z −→ Z′ according to

ẑ′ = Mẑ, C′ = MCMT. (6.2)

We limit ourselves to linear transformations and projections M with orthogonal
basis vectors of unit length, i.e., the row vectors of M are orthonormal. The re-
striction to orthonormal projections is not necessary, but is useful as we will see
later.

Now, the projections of ẑ and C along the direction defined by the unit vector
u can be calculated by letting M = uT, i.e.,

ẑu = uTẑ, σ2
u = uTCu, (6.3)

where σ2
u is the variance of the estimate ẑ in the direction defined by the vector

u. Hence, arbitrary components can be extracted from both an estimate and the
corresponding covariance by using projections. The fusion of such arbitrary pro-
jections is realized by using the projection as the (virtual) measurement model,
i.e., the matrix H.

6.2 Information Selection Methods

In this section three methods for selecting information are proposed. The infor-
mation projections are contained as column vectors of unit length in US . The
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number of columns in US is denoted by nS . The information along the directions
defined in US is contained as the diagonal entries in the diagonal matrix DS of
size nS × nS . Thus, the partial information is fully described by DS and US , or
equivalently by USDS .

When selecting only a subset of projected information IS = USDS , from an
estimate ẑ with covariance C, to be exchanged, the state estimate ẑ must be pro-
jected accordingly. The state estimate is projected using (6.3), i.e., ẑS = UT

S ẑ. An
equivalent approach would be to consider projected variances, but here we will
focus on information simply because of its additive properties. Note, IS defined
as IS = USDS is not an information matrix in the strict sense, i.e., like the infor-
mation matrix defined in Section 2.3.2. However, IS contains all necessary parts
for describing information within the scope of this chapter.

To minimize the bandwidth allocation a certain node can choose to transmit
only (ẑS , IS ). The node receiving (ẑS , IS ) can derive US and DS separately using
the fact that each mutually orthogonal column ui of US is of unit length. The
considered projections are equivalent to the (virtual) measurement model given
by UT

S , meaning that UT
S corresponds to H.

Three proposed ism are introduced below, viz.,

• The largest eigenvalue (leig) method where only the largest information
eigenvalues are exchanged.

• The transmitted information (ti) method where the exchanged information
is selected based on previously transmitted information.

• The received information (ri) method where the exchanged information is
selected based on previously received information.

6.2.1 Aging Information

So far in this chapter we have only considered static aspects of estimation, here
in terms of fusion formulas. From now on, when the situation requires, we will
use argument k for quantities calculated at time k, with the argument k|k being
used for filtered quantities.

The ti method and the ri method are based upon maintaining a separate fil-
tered covariance matrix Ĉ(k|k), referred to as the reference covariance, which is
used in the information selection process. Ĉ(k|k) is only locally available. When
selecting the currently most valuable information, old information should be for-
gotten. The aging of information can be done in different ways, but is here ac-
complished by predicting Ĉ(k|k) according to

Ĉ(k + 1|k) = FĈ(k|k)FT + Q, (6.4)

where F is the process model. The process noise covariance Q basically plays
the role of a forgetting factor [29]. Any cross-correlations introduced by (6.4) are
neglected.
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6.2.2 Largest Eigenvalue Method

The eigendecomposition of the pdmatrix C is defined according to (2.9), i.e.,

C = VΣVT =
∑
i

λiviv
T
i , (6.5)

where Σ is a diagonal matrix containing the ith eigenvalue λi of C at the ith
diagonal entry. V is an orthogonal matrix, containing the corresponding mutually
orthogonal eigenvectors vi as column vectors.

Since the information matrix C−1 is pd it can also be decomposed according
to (6.5), resulting in

C−1 = (VΣVT)−1 = VΣ−1VT =
∑
i

λ−1
i viv

T
i . (6.6)

The eigenvalues of C, λi , are assumed to be sorted in ascending order implying
that C−1 is the most informative along the v1 direction since λ1 comprises the
smallest uncertainty.

A trivial and straightforward selection of the subset IS is to perform the eigen-
decomposition of C−1 and then select the nS largest eigenvalues. Hence, the leig
method can be written compactly as

IS = {(λ−1
i , vi)}

nS
i=1. (6.7)

6.2.3 Transmitted Information Method

A more sophisticated approach is to estimate what information the other nodes
of the network lack. In the transmitted information (ti) method the introduced
reference covariance Ĉ is the result of fusing only information that has been trans-
mitted from the own node.

The ti procedure is as follows: IS which in turn is derived from the covariance
C of a track is fused with Ĉ where the fused result is given by P̂. That is, fusion
of IS and Ĉ yields P̂ = P̂(Ĉ, IS ). Denoting the spanning of all subsets IS by
F (IS ; nS ), where the size parameter nS has been explicitly included, the problem
of selecting information can then be expressed as

arg min
IS∈F

J(P̂(Ĉ, IS )), (6.8)

where J( · ) is a matrix loss function which returns a scalar value. The fused covari-
ance candidate Ĉ is hence evaluated with respect to J( · ) over the subsets IS ∈ F .
The information IS minimizing J( · ) is selected for transmission and is also fused
with Ĉ.
ti will prefer information that has not yet been communicated. Schematics of

ti is given in Figure 6.2. Initially when no information has been transmitted the
timethod selects the largest eigenvalues.
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Figure 6.2: Schematics over the ti method. The main filter is updating the
track estimate ẑ with own sensor measurements and datalink estimates. In-
formation selected for transmission is fused with Ĉ in the ti filter.
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Figure 6.3: Schematics over the ri method. The main filter is updating the
track estimate ẑ with own sensor measurements and datalink estimates. In-
formation received via the datalink is fused with Ĉ in the ri filter.

6.2.4 Received Information Method

The received information (ri) method is similar to the timethod given above but
differs in how the reference covariance Ĉ is calculated. In the ri method Ĉ is
fused only with information received from other nodes. ri will favour informa-
tion not contained in the received information. ri is schematically illustrated in
Figure 6.3.

6.3 Experimental Evaluation

In this section the simulation scenarios, the evaluation metrics and the results
are presented and discussed. We will begin by mentioning the information pro-
jections that are considered in the experimental evaluation.

6.3.1 Considered Information Projections

So far we have considered information in arbitrary directions. Even though the
methods proposed here hold for arbitrary projections of information we will, to
simplify the following analysis, only deal with projections along the eigenvectors
of the information matrix.
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Figure 6.4: Two sensors, S1 and S2, observing a target T at range r. The
baseline between the sensor nodes is b which is related to r and β.

The eigendecomposition, see (6.6), allows us to easily break down the informa-
tion into orthogonal components. In essence, the matrix V in C−1 = VΣ−1VT is a
rotation matrix, rotating the diagonal and axis aligned matrix Σ−1 into the frame
that C−1 is represented in. For example, the information C−1

vi can be calculated as

C−1
vi = vT

i C−1vi = vT
i VΣ−1VTvi = λ−1

i , (6.9)

where λi is the ith eigenvalue of C and where the orthogonality property of the
eigenvectors has been used.

Using the eigendecomposition as the basis for information projections, re-
duces the optimization problem in (6.8) into a grid search among a finite set F
consisting of combinations of information projections.

6.3.2 Scenarios and Experimental Setup

Our evaluation will be based on scenarios where the tracking sensors are highly
accurate in bearing but the accuracy in range is poor, e.g., an infra-red search
and track (irst) system. The uncertainty in range for tracking filters deploying
such sensors can be enhanced in a setup where the observed target is triangulated
using two spatially separated sensors.

The estimation performance when triangulating depends on the geometry. A
triangulation setup is illustrated in Figure 6.4. Two sensors, denoted S1 and S2,
are observing a target T located at distance r from each sensor. The baseline b
depends on both r and the baseline angle β according to

b = 2r sin
β

2
. (6.10)

The baseline angle β will parametrize the geometry in the following.
We will evaluate the considered estimation problem on two extreme triangu-

lation geometries:

Scenario 1. The baseline angle is approximately 90◦.
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Scenario 2. The baseline angle is small but non-zero.

In addition to the proposed ism a number of reference methods will be used
in the evaluation. In total we have the following methods:

• leig: Largest eigenvalue method (Section 6.2.2).

• ti: Transmitted information method (Section 6.2.3).

• ri: Received information method (Section 6.2.4).

• crlb: The Cramér-Rao lower bound (see Section 6.3.4 below).

• ckf: A centralized Kalman filter utilizing the unprocessed measurements
from each sensor.

• lkf: A local Kalman filter having access only to local sensor data.

• cif: A decentralized scheme deploying ci and the full filtered estimates
from all sensing nodes.

Next, an analysis of the fusion gain dependency on the baseline angle is de-
scribed. The purpose of the baseline angle analysis is to connect the two extreme
geometries evaluated in Scenario 1 and 2.

6.3.3 Baseline Angle Analysis

To investigate how the fusion gain more generally depends on the geometry we
introduce the covariance matrices C1 and C2 according to

C1 = T(−β/2)A(a)T(−β/2)T, (6.11a)

C2 = T(β/2)A(a)T(β/2)T, (6.11b)

respectively, where A and T are given by

A(a) =
(
1 0
0 a

)
, (6.12a)

T(α) =
(
cosα − sinα
sinα cosα

)
. (6.12b)

The covariances C1 and C2 have the same eigenvalues as A, but with the eigen-
vectors being rotated by T(−β/2) and T(β/2), respectively.

In the baseline angle analysis C−1
1 and C−1

2 are being fused using ci into P−1,
with a and β varied. The weight parameters ωi of ci, see, e.g., the formula in
(4.21), are optimized using the following loss functions: The determinant det(P),
the trace tr(P), and the spectral norm λmax(P). The following cases are studied:
(1) C−1

1 is fused with full C−1
2 , (2) C−1

1 is fused with only the largest eigenvalue
of C−1

2 , and (3) C−1
1 is fused with only the smallest eigenvalue of C−1

2 . Figure 6.5
provides a summary of the baseline angle analysis.
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Figure 6.5: Analysis of how the fusion gain depends on the baseline angle β
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Figure 6.6: Simulation scenarios used in the experimental evaluation. The
cooperating sensor nodes are colored blue, and the target, located above the
sensor nodes in each case, is marked red. The black lines from a node indi-
cate its initial orientation. Dotted lines represent the simulated trajectories.

6.3.4 Evaluation Metrics

The position component of the rmse is used to measure the performance. The
position rmse for each time step over all mc runs is calculated, yielding a time
series of position rmse for each method. Conservativeness is evaluated using
anees described in Section 5.3.2.

The parametric crlb [62], P0, is calculated according to the following filter
recursion

P0(k|k) =
(
(P0(k|k − 1))−1 + (H0)TR−1H0

)−1
, (6.13a)

P0(k + 1|k) = F0P0(k|k)(F0)T + Q0, (6.13b)

where F0 is a model of the true dynamics, H0 = d
dx′ h(x′)|x′=x is the true mea-

surement model, h(x′) is the mapping from state coordinates to measurement
coordinates, and R is the measurement covariance. The true process noise Q0 is
derived from the true dynamics of the target. Time indices have been included
in (6.13) since P0 is a filtered quantity.

6.3.5 Simulation Specifications

The two simulation scenarios are shown in Figure 6.6. In both scenarios there are
two cooperating nodes sensing a target. In Scenario 1 the cooperating nodes are
well separated, yielding a large baseline angle. In Scenario 2 the baseline angle
is small. The simulations are performed in three dimensions with the dynamics
being constrained to a plane.
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Figure 6.7: Scenario 1: Position rmse to the left and anees to the right.

The cooperating nodes are synchronized and each tracking sensor generates
new measurements at 1 Hz. No clutter is simulated and the detection probability
is 100%. The measurement noise is white Gaussian noise, where the uncertainty
in range and bearing is set to 5 000 m and 0.5◦, respectively. The measurements
are filtered using an extended Kalman filter (ekf, [20]) and a constant velocity
model [34] is used to describe the dynamics, i.e., nx = 6. The filter estimates
are given in a Cartesian frame. The process noise is tuned such that the ckf
initially achieves ε̄(k) ≈ 1 in Scenario 1. The datalink runs at 1/Tdl = 1 Hz, where
Tdl is the transmission period, and is scheduled to exchange filtered estimates
immediately after each measurement update.

The simulation environment is implemented in Matlab®. 10 000 mc runs
are performed for each method where the same noise realization is used in each
case. The optimization problems implied by ci, ti and ri use the trace of the
relevant covariance matrix as the loss function. The fused covariance candidate
P̂(Ĉ, IS ) of ti and ri is generated using (2.57a). It should be noted that the results
of using (2.57a) for optimizing the subset IS are in general not the same as using
ci for this optimization. However, the results would be the same as using ci
constrained to ω = 0.5 since this is equivalent (up to a scaling factor) to (2.57a).

6.3.6 Results and Discussion

The results presented below are derived from only one of the two cooperating
nodes. The results generated by the other cooperating node are approximately
equivalent. This is true for both scenarios.

The simulation results, rmse and anees, for Scenario 1 are given in Figure 6.7.
nS ≤ nx = 6 is the number of eigenvalues used in the corresponding ism. When
nS = 1, only ti performs comparable to cif, but with a slower transient. As sug-
gested, increasing nS increases the performance. For ti and ri the performance
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Figure 6.8: Scenario 2: Position rmse to the left and anees to the right.

of cif is reached when nS ≥ 3. Initially, leig performs well since the largest in-
formation eigenvalues will initially be the most useful ones, but there is a bump
around 10 s for each leig curve. This bump is explained by the fact that the
largest information eigenvalues are not always the most informative for the re-
ceiving node. In general, leig requires nS > 3 before the performance of cif is
reached. The rmse for all methods are bounded from below by ckf and from
above by lkf. crlb is represented by the square root of the trace of the position
part of P0.

For Scenario 2, rmse and anees are given in Figure 6.8. The rmse for all
methods are bounded from below and above by ckf and lkf, respectively. For
this geometry nS > 3 is required for all three ism before the performance of cif
is approached.

Except for the initial peaks, all methods, both in Scenario 1 and 2, are con-
servative and quickly become even more conservative due to the accumulated
process noise. The more eigenvalues exchanged typically implies a more conser-
vatively fused estimate.

In Figure 6.9 and 6.10 the performance at ke = 12 s is plotted for different Tdl
for Scenario 1 and 2, respectively. Relatively speaking, the geometry provided
by Scenario 1 leads to a higher sensitivity to Tdl than the geometry provided by
Scenario 2.

The results from the baseline angle analysis are given in Figure 6.5. When full
information C−1

2 is fused with C−1
1 , the gain is strictly monotonically increasing

when β goes from 0◦ to 90◦, which is true for each norm and for each a. This is
however not true for the case when only the largest eigenvalue of C−1

2 is fused
with C−1

1 , where there is no gain until a certain threshold angle βt is reached. The
threshold βt seems to depend on a. As expected, no gain is achieved when fusing
C−1

1 with the smallest eigenvalue of C−1
2 .
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Figure 6.9: Scenario 1: Position rmse evaluated at ke for different Tdl.
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Figure 6.10: Scenario 2: Position rmse evaluated at ke for different Tdl.

The threshold βt reflects what is seen in the simulation results. leig performs
poorly with a small baseline angle since no fusion gain is acquired at the receiving
node when transmitting only the most informative projections.

6.3.7 Bandwidth Reduction

When considering the exchange of full estimates and full covariance matrices
nx(nx + 3)/2 parameters must be transmitted. Using the proposed methods with
nS = 1 only nx + 1 parameters are required. For arbitrary nS the number of
parameters required in each transmission is calculated as Np = nS +

∑nS
i=1(nx − i +

1) = nS (3 + 2nx − nS )/2 since we have assumed mutually orthogonal projections.
The bandwidth reduction is illustrated in Table 6.1 by calculating Np for dif-

ferent nx and nS .



100 6 Selective Information Extraction

Table 6.1: The number of parameters Np transmitted for different nS and nx.

nS Np(nx = 4) Np(nx = 6) Np(nx = 9)

1 5 7 10
2 9 13 19
3 12 18 27
4 14 22 34
6 - 27 45
9 - - 54

6.4 Summary

Three information selection methods (ism) have been derived, suitable for a de-
centralized sensor network. The ism try to select information projections based
on what information is the most valuable for the remaining nodes. A comparison
study of the ism has been conducted, regarding their performance, measured as
rmse, and conservativeness, measured as anees. The evaluation was made using
two triangulation setups.

The largest eigenvalue (leig) method suffers from its inability to prevent the
same information projections from being repeatedly exchanged. Once the most
informative projections have been transmitted, these will often become the most
informative projections at the receiving node, which in turn will transmit the
same information projections. This type of round trip inhibits complementary
information from being extracted.

The transmitted information (ti) method and the received information (ri)
method circumvent the previously discussed round trip issue by trying to maxi-
mize the fusion gain at the remaining nodes. Hence, not only the instantaneously
most informative projections will be transmitted, but rather the projections that
favours the considered fusion problem. This optimization strategy enables com-
plementary information to be extracted in a larger extent.

Both ti and ri outperform the leig method in terms of rmse. All ism yield
anees values lower than 1. A key feature of the suggested methods is that the
bandwidth allocation of the communication link can be significantly reduced. It
is also remarkable that none of the proposed ism require any additional informa-
tion than the communicated estimates themselves.



7
Concluding Remarks

Aconservative approach to the decentralized estimation problem has been
considered. The thesis and its contributions can roughly be divided into

two major parts:

• Theoretical aspects of the conservative estimation problem. These were
provided in Chapter 3 where the conservative linear unbiased estimator
(clue) was defined, and perspectives and insights on the conservative lin-
ear unbiased estimation problem were given. In Chapter 4 established con-
servative fusion methods were investigated with respect to their properties.

• Practical applications of conservative estimation methods in decentralized
sensor networks having communication constraints. The diagonal covari-
ance approximation (dca) was proposed in Chapter 5, and in Chapter 6
the communication constraints were handled using information selection
methods (ism).

7.1 Summary and Conclusions

One of the objectives presented in Chapter 1 was to propose an extension of lin-
ear estimation theory to the conservative linear estimation problem. In Chapter 3
this was done including examples that illustrated different aspects of conserva-
tive linear estimation.

The clue constitutes a realiable approach to the decentralized estimation
problem where the error covariance of the input data is only partly known. In
Chapter 3 it was seen that the conservative estimation problem is complicated
but can be managed using a methodology adopted from (classical) linear estima-
tion. When it comes to the optimal conservative estimator, the best clue and the

101
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restricted best clue were proposed, with the goal being to minimize the error
covariance of the clue.

Several existing conservative fusion methods were described in Chapter 4,
viz., covariance intersection (ci), inverse covariance intersection (ici) and the
largest ellipsoid (le) method. The properties of each method were investigated.
ici and lewere further developed to be able to handle fusion of partial estimates.

The dca proposed in Chapter 5 allows for the bandwidth utilization within a
decentralized sensor network to be significantly reduced. Conservative estimates
could be preserved while only transmitting the diagonal entries of an error co-
variance, i.e., essentially a vector.

In Chapter 6 the concept of ism was introduced as an alternative to the dca.
Using the proposed ism the information required by other agents of the decen-
tralized sensor network could be selected such that only useful information were
exchanged. Similar to the dca approach, the ism approach allows for the band-
width utilization to be significantly reduced.

From a more general point-of-view the applications in Chapter 5 and 6 pro-
vide useful insights when it comes to conservative information extraction in gen-
eral. Both applications illustrated that conservative information extraction gen-
erally differs a lot from its the classical counterpart when it comes to the esti-
mation gain. One can say that in conservative estimation only complementary
information yield any estimation gain since without complementary information
it becomes impossible to distinguish new information that can be utilized in a
conservative way.

7.2 Future Work

This thesis has opened up for future work within a variety of problem formula-
tions, both theoretical and practical applications, but also combinations thereof.

The theoretical aspects and foundation of conservative linear unbiased esti-
mation can be further developed. An interesting subject is optimality of the clue.
In this work most focus has been on the restricted best clue, but the more gen-
eral best clue should be given a deeper analysis. It might even be the case that
the best clue and the restricted best clue turn out to be the same—at least for a
subset of problems.

In Chapter 4 each conservative fusion method described was motivated from
an underlying cross-correlation structure. Some of these cross-correlations struc-
tures might be hard to realize in practical problems in the strict sense. Hence,
for practical problems it presumably is more relevant to know when the cross-
correlation structures are satisfied approximately and what approximately here
really means for the solution.

Even though the lemethod can only be ensured to be conservative for a rather
restricted subset of problems, it is an interesting method from a theoretical point-
of-view. Extending le to handle multiple estimates based solely on an optimiza-
tion formulation should be possible.

The practical applications in this work were based on using ci as the fusion
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rule for combining estimates. Both ici and le should be considered to replace
ci. The performance evaluation should also be made by comparing the error
covariance of the estimates, e.g., by looking at the trace of the error covariance.

No data association ambiguity and only a single target were considered in this
scope. The dca and ism should be evaluated on multi-target problems where the
data association problem cannot be solved without ambiguity. It should also be
possible to combine dca and ism.

All practical applications considered were based on simulation studies. Test-
ing the proposed methods on real data and on real-time systems would be useful
in further development of the methods.
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