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1. Introduction

In recent years, a lot of progress has been made in understanding the Riemannian aspects of noncommutative
geometry. The Levi-Civita connection of a metric plays a crucial role in classical Riemannian geometry and it is important
to understand to what extent a corresponding noncommutative theory exists. Several impressive results exist, which
compute the curvature of the noncommutative torus from the heat kernel expansion and consider analogues of the
classical Gauss-Bonnet theorem [7-10]. However, starting from a spectral triple, with the metric implicitly given via
the Dirac operator, it is far from obvious if there exists a module together with a bilinear form, representing the metric
corresponding to the Dirac operator, not to mention the existence of a Levi-Civita connection. In order to better understand
what kind of results one can expect, it is interesting to take a more naive approach, where one starts with a module
together with a metric, and tries to understand under what conditions one may discuss metric compatibility, as well as
torsion and uniqueness, of a general connection.

In [2,3,18], pseudo-Riemannian calculi were introduced as a framework to discuss the existence of a metric and torsion
free connection as well as properties of its curvature. In fact, the theory is somewhat similar to that of Lie-Rinehart
algebras, where a real calculus (as introduced in [3]) might be considered as a “noncommutative Lie-Rinehart algebra”.
Lie-Rinehart algebras have been discussed from many points of view (see e.g. [12,16] and [1] for an overview of metric
aspects). Although the existence of a Levi-Civita connection is not always guaranteed in the context of pseudo-Riemannian
calculi, it was shown that the connection is unique if it exists. The theory has concrete similarities with classical differential
geometry, and several ideas, such as Koszul's formula, have direct analogues in the noncommutative setting. Apart from
the noncommutative torus, noncommutative spheres were considered, and a Chern-Gauss-Bonnet type theorem was
proven for the noncommutative 4-sphere [2]. Note that there are several approaches to metric aspects of noncommutative
geometry, and Levi-Civita connections, which are different but similar in spirit (see e.g. [4,5,11,14,15,17]).
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In this paper, we introduce morphisms of real (metric) calculi and define noncommutative (isometric) embeddings.
We show that several basic concepts of submanifold theory extends to noncommutative submanifolds and we prove
an analogue of Gauss’ equations for the curvature of a submanifold. Moreover, the mean curvature of an embedding is
defined, immediately giving a natural definition of a (noncommutative) minimal embedding. As an illustration of the
above concepts, the noncommutative torus is considered as a minimal submanifold of the noncommutative 3-sphere.

2. Pseudo-Riemannian calculi

Let us briefly recall the basic definitions leading to the concept of a pseudo-Riemannian calculus and the uniqueness
of the Levi-Civita connection. For more details, we refer to [3].

Definition 2.1 (Real Calculus). Let A be a unital x-algebra, let g C Der(.4) be a finite-dimensional (real) Lie algebra and let
M be a (right) .A-module. Moreover, let ¢ : g — M be a R-linear map whose image generates M as an .A-module. Then
Ca = (A, g, M, @) is called a real calculus over A.

The motivation for the above definition comes from the analogous structures in differential geometry, as seen in the
following example.

Example 2.2. Let ¥ be a smooth manifold. Then X can be represented by the real calculus C4 = (A, g, M, ¢) with
A = C®(X), g = Der(C®(X)), M = Vect(M) (the module of vector fields on X') and choosing ¢ to be the natural
isomorphism between the set of derivations of C*°(X') and smooth vector fields on X.

Next, since we are interested in Riemannian geometry, one introduces a metric structure on the module M.
Definition 2.3. Suppose that A is a =x-algebra and let M be a right A-module. A hermitian form on M is a map
h:M x M — A with the following properties:

h1. h(mq, my + m3) = h(my, my) + h(my, mz)
h2. h(mq, mya) = h(mq, my)a
h3. h(mq, my) = h(myp, my)*

for all my, my, m3 € M and a € A. Moreover, if h(m;, my) = 0 for all my € M implies that m; = 0 then h is said to be
nondegenerate, and in this case we say that h is a metric on M. The pair (M, h) is called a (right) hermitian A-module, and
if h is a metric on M we say that (M, h) is a (right) metric A-module.

Definition 2.4 (Real Metric Calculus). Suppose that C4 = (A, g, M, ¢) is a real calculus over A and that (M, h) is a (right)
metric .A-module. If

h(p(81), 9(92))" = h(p(d1), ¢(32))

for all 91, 9, € g then the pair (C4, h) is called a real metric calculus.

Example 2.5. Let (X, g) be a Riemannian manifold and let C4 be the real calculus from Example 2.2 representing X.
Then (C4, g) is a real metric calculus.

In what follows, we shall sometimes require the metric to satisfy a stronger condition than nondegeneracy.
Definition 2.6. Let h be a metric on M and let h:M— M* (the dual of M) be the mapping given by fl(m)(n) = h(m, n).
The metric h is said to be invertible if h is invertible.

Now, given a real metric calculus C4 = (A, g, M, ¢), we will discuss connections on M and their compatibility with
the metric. Let us start by recalling the definition of an affine connection for a derivation based calculus.

Definition 2.7. Let C4 = (A4, g, M, ¢) be a real calculus over A. An affine connection on (M, g)isamapV:gx M — M
satisfying

(1) Vd(m =+ Tl) = V;,m =+ Vgn,
(2) Vigyom = AVym + Vym,
(3) Va(ma) = (Vym)a + mo(a)

form,neM, 9,0 €g,ae Aand A € R.

The fact that we shall require the connection to be “real” is reflected in the following definition.
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Definition 2.8. Let (C4, h) be a real metric calculus and let V denote an affine connection on (M, g). Then (C4, h, V) is
called a real connection calculus if

h(Vag(d1), 9(32)) = h(Vag(d1), ¢(32))*
for all 9, 01, 9; € g.

Definition 2.9. Let (C4, h, V) be a real connection calculus. We say that (C4, h, V) is metric if
d(h(m, n)) = h(Vym, n) + h(m, Vyn)
for all 0 € g and m, n € M, and torsion-free if
Va,9(02) — Va,0(01) — ¢([01, 02]1) =0
for all 9¢, d; € g. A metric and torsion-free real connection calculus is called a pseudo-Riemannian calculus.

A connection fulfilling the requirements of a pseudo-Riemannian calculus is called a Levi-Civita connection. In the quite
general setup of real metric calculi, where there are few assumptions on the structure of the algebra .A and the module
M, the existence of a Levi-Civita connection cannot be guaranteed. However, if it exists, it is unique.

Theorem 2.10 ([3]). Let (C 4, h) be a real metric calculus. Then there exists at most one affine connection V such that (C4, h, V)
is a pseudo-Riemannian calculus.

The next result provides us a noncommutative analogue of Koszul’s formula, which is a useful tool for constructing
the Levi-Civita connection in several examples.

Proposition 2.11 ([3]). Let (C 4, h, V) be a pseudo-Riemannian calculus and assume that 9, d,, 93 € g. Then
2h(V:Ey, E3) = 01h(Ey, E3) + 02h(Eq, E3) — d3h(Eq, Ex) (2.1)
—h (E1, ¢([32, 931)) + h (E2, ¢([03, 011)) + h (E3, ¢([01, 921)) ,
where V; =V, and E; = ¢(9;) fori=1,2, 3.

As in Riemannian geometry, a connection satisfying Koszul's formula is torsion-free and compatible with the metric.

Proposition 2.12 ([3]). Let (C 4, h) be a real metric calculus, and suppose that V is an affine connection on (M, g) such that
Koszul’s formula (2.1) holds. Then (C4, h, V) is a pseudo-Riemannian calculus.

A particularly simple case, which is also relevant to our applications, is when M is a free module. The following result
then gives a way of constructing the Levi-Civita connection from Koszul's formula.

Corollary 2.13 ([3]). Let (C4, h) be a real metric calculus and let {91, ..., d,} be a basis of g such that {E, = ¢(3,)},_, is a
basis for M. If there exist mq, € M such that

h(mabs Ec) = 8ah(Eba EC) + 8bh(Eas Ec) - ach(Em Eb) (22)
—h (Eq, ¢([3p, 0c1)) + h (Ep, ¢([0c, 9al)) + h (Ec, ¢([a, 351)),
for a,b,c = 1,...,n, then there exists an affine connection V, given by V3 Ey, = mg, such that (C4,h, V) is a

pseudo-Riemannian calculus.
3. Real calculus homomorphisms

In order to understand the algebraic structure of real calculi, a first step is to consider morphisms. Via a concept
of morphism of real calculi, one can understand when two calculi are considered to be equal (isomorphic) and, from a
geometric point of view, what one means by a noncommutative embedding. In this section we introduce homomorphisms
of real (metric) calculi and prove several results which, in different ways, shed light on the new concept.

Definition 3.1. Let C4 = (A4, g, M, ¢)and Cy = (A, ¢, M’, ¢’) be real calculi and assume that ¢ : A — A’ is a *-algebra
homomorphism. If there is a map v : ¢’ — g such that

(Y1) ¢ is a Lie algebra homomorphism
(¥2) 8(¢(a)) = p(y(8)(a)) forall s € g, a € A,

then v is said to be compatible with ¢. If v is compatible with ¢ we define ¥ as ¥ = ¢ o ¥, and My is defined to be the
submodule of M generated by ¥ (g').
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Fig. 1. A real calculus homomorphism (¢, ¥, @) :Cy — Cy.

Furthermore, if there is a map 1///\ : My — M’ such that

Y1) Y(my +my) = P(m1) + Y (my) for all my, m € M

(¥2) Y(ma) = y(m)p(a) forallme M and a € A
) Y((8)=¢'(8) forall § € g,

then ’1/7 is said to be compatible with ¢ and v, and (¢, ¥, 1//7) is called a real calculus homomorphism from C4 to C4 (see

Fig. lAfor an illustration of a real calculus homomorphism). If ¢ is a x-algebra isomorphism, v a Lie algebra isomorphism
and ¢ is a bijective map then (¢, ¥, V) is called a real calculus isomorphism.

Let us try to understand Definition 3.1 in the context of embeddings, where the analogy with classical geometry is
rather clear. Thus, let ¢ : ¥’ — X be an embedding of X’ into X and let ¢ : C*°(X) — C¢*°(X’) be the corresponding
homomorphism of the algebras of smooth functions. In the notation of Definition 3.1 we have

¢

A=C%(x) 2 oa=cx)
g = Der(A) & g = Der(4)

M =Vect(X) D My -2 M’ = Vect(X').

First of all, there is no natural map from Vect(X') to Vect(X’) since a vector field X € Vect(X) at a point p € ¢o(X")
might not lie in T, X" (regarded as a subspace of T,%'). However, vector fields which are tangent to X’ in this sense may
be restricted to X’. On the other hand, any vector field X" € Vect(X’) (assuming X’ to be closed) can be extended to a
smooth vector field X € Vect(X') such that X|x= X'. In light of the isomorphism between vector fields and derivations,
it is therefore more natural to have a map y : Der(A") — Der(A), corresponding to a choice of extension of vector fields
on X'. The map ¢ then corresponds to the restriction of vector fields on X which are tangent to X’. Consequently, we
consider vector fields in My as extensions of vector fields on the embedded manifold.

In noncommutative geometry (in contrast to the classical case) g is no longer an .A-module, a difference which is
captured by the concept of a real calculus. The definition of homomorphism reflects this fact by assuming that every
derivation of A’ can be “extended” to a derivation of .4 and, furthermore, that every vector field on X which is tangent
to X’ (that is, in the image of ¢ o ) can be “restricted” to X’.

Next, one can easily check that the composition of two homomorphisms is again a homomorphism.

Proposition 3.2. Let C4, C4 and Cy4» be real calculi and assume that

(¢, w,{p\)ICA%CA' and ((f)/, w/!{p\/):C.A’_)C,A”

are real calculus homomorphisms. Then (¢’ o ¢, V¥ o Y’ J’ ) @) : C4 — Cyr is a real calculus homomorphism.

Proof. For convenience, we introduce ¢ = ¢’ o ¢, Vo=voy and ¥ = &’ o $ First of all, it is clear that @ is a
x-algebra homomorphism and v is a Lie algebra homomorphism. For a € A and § € g” we get that

3(@(a) = ¢'(Y'(8)((a) = ¢'(B(P(8)(a)) = P(P(5)(a)),
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sAhowing Ehat (7] anc} ¥ are co[npatible, with My being the submodule of M generated by ¥(g”). Checking that J(m+n) =
¥(m)+ ¥(n) and ¥(ma) = ¥(m)P(a) for all m,n € My and a € A is trivial, and for § € g” we get

-~ -~ o~ o~ A ~

@"(8) =Y/ (W'(8) = ¥ (¢' (¥ (8)) = ¥ (Y (W (Y'(8))) = ¥(p o ¥(8)).
Thus ¥ is compatible with @ and v, and it follows that (@, ¥, @) is a real calculus homomorphism from C4 to C4». O

A homomorphism of real calculi (¢, ¥, &) consists of three maps, and a natural question is what kind of freedom one
has in choosing these maps? Let us start by showing that, given ¢ and v, there is at most one ¥ such that (¢, ¥, ¥) is
a real calculus homomorphism.

Proposition 3.3. If (¢, ¢, @) and (¢, ¥, 1/7) are real calculus homomorphisms from C4 to C 4 then /w\ = 1/7

Proof. Let m = ¥(8;)d for 8; € g’ and d' € A be an arbitrary element of My. It follows from (@1)—(1//73) that
P(m) = g (¥(8)a') = YW (8))(a) = ¢'(8:)p(d) = Y(¥(8:)p(d)
= Y(¥(8)d) = Y(m). O

Furthermore, if ¢ is an isomorphism, then the next result shows that i is determined uniquely by ¢. Thus, combined
with the previous result we conclude that if (¢, ¥, ¥) is an isomorphism of real calculi, then v and ¥ are uniquely
determined by ¢.

Proposition 3.4. If (¢, v, @) : C4 — Cy is a real calculus homomorphism such that ¢ is an isomorphism, then v is a Lie
algebra isomorphism with ¥(8) = ¢ 1o8o ¢ for 8 e ¢

Proof. The formula for v follows directly from the fact that §(¢(a)) = ¢((8)(a)) together with ¢ being an isomorphism.
To prove that v is an isomorphism, let 1/ : g — g’ be given by ¥/(3) = ¢ o d o ¢~ '. Then forany d € gand § € ¢ it
follows that

Yoy@) =9 'oy@dop=¢opodogp lop=2

Voyd)=doy(8)op ' =¢op ' osopop ! =3.
Thus 1 is a bijection with inverse ¥ ~! = 1. Furthermore, 1/~ preserves the Lie bracket:

YN0, D) =y (W oy (@), Yoy (@) =¥ o yr([¥ 1 (81), ¥ (32)])

= [y '), v (@)1,
proving that ¢ is indeed a Lie algebra isomorphism. O
Given a homomorphism (¢, v, &) : C4 — Cu, there is a natural A-module structure on M’ given by m’ - a = m'¢(a)

for m € M’ and a € A. As expected, the right .A-modules M and M’ are isomorphic when (¢, ¥, ¥) is an isomorphism.
Proposition 3.5. If (¢, ¢, @) : C4 — Cy is a real calculus isomorphism then

M =My ~M.
Proof. Since v is an isomorphism it follows that g = (g’). From this it immediately follows that M_= My, since My

is defined to be the submodule of M generated by g = y/(g’). Considering M’ as a right A-module, v is an .A-module
homomorphism, and since v is assumed to be bijective, we conclude that My >~ M’. O

Recalling our previous discussions of real calculus homomorphisms in relation to embeddings, one may consider vector
fields in My as extensions of vector fields in M. Let us therefore make the following definition.

Definition 3.6. If m € My such that @(m) = m’ then m is called an extension of m'. The set of extensions of m’ will be
denoted by Exty (m').

3.1. Homomorphisms of real metric calculi

Having introduced the concept of homomorphisms for real calculi, it is natural to proceed to real metric calculi.
From the geometric point of view, in the case of embeddings, one would like a homomorphism of real metric calculi
to correspond to an isometric embedding. The following definition is straightforward.

Definition 3.7. Let (C4, h) and (C4/, h’) be real metric calculi and assume that (¢, ¥, @) : C4 — Cy is areal calculus
homomorphism. If
W (@'(81). ¢'(82)) = ¢ (h(¥(81). ¥(52)))

for all 8, 8, € ¢ then (¢, ¥, @) is called a real metric calculus homomorphism.
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Assume that (¢, w @) (C4, h) > C4 is a homomorphism of real calculi. It is natural to ask if there exists a metric
h" such that (¢, ¥, w) (C4, h) = (C4, ') is a homomorphism of real metric calculi, in which case we would call h’ the
induced metric. As it turns out, one cannot guarantee the existence of h’, but whenever it exists, it is unique; we state
this as follows.

Proposition 3.8. Let C 4 be a real calculus, (C4, h) a real metric calculus, and let (¢, ¥, @) : (C4, h) = Cy be areal calculus
homomorphism. Then there exists at most one hermitian form h' on M’ satisfying

W(@'(81), ¢'(82)) = ¢(h(W(81), ¥(82))), é1.82 €0’

Proof. Suppose that h} and k), both fulfill the given conditions for h’. By definition of real calculus homomorphism it is
immediately obvious that h’ and h, agree on ¢'(g’). If we take two arbitrary elements m, n € M’ it follows from the fact
that C 4 is a real calculus over A’ that m and n can be written as
m =¢'(&)a, seg.deA,
n'=g¢'(§)V, Seg,beA.
Furthermore, one obtains
hiy(m',n') = /( '(8:)d’, ¢ (8;)b') = hy (¢'(8))d', ¢'(8))) I/
= (a'Vh) (¢'(8:). '(8) b/ = (')} (¢'(8)). ¢'(8 ))
= h, (¢'(8)d, ¢'(8)) b/ = I, (¢'(8))d', ¢ (8))V) = hy(m', '),
since h} and h), are hermitian forms on M’ and h}(¢'(8), ¢'(8;)) = hy(¢'(8:), ¢'(8;)) for 81,8, € ¢. Since m" and n’ are

arbltrary, it follows that iy =h,. O

Note that if (¢, ¥, ¥) : (C4, h) — (Ca/, i) is a homomorphism of real metric calculi, then ¢ (h(m, n)) = W (Y (m), ¥(n))
for all m, n € My. In other words

¢(h(m, n)) = H'(m', n')

if m € Exty(m’) and n € Exty (n'). This is to be compared with the geometrical situation where the inner product of vector
fields restricted to the isometrically embedded manifolds equals the inner product of the restricted vector fields.

4. Embeddings of real calculi

In the previous section, we highlighted the analogy with embedded manifolds in order to motivate and understand the
different concepts introduced for noncommutative algebras. However, we did not make the distinction between general
homomorphisms and embeddings precise. In this section we shall define noncommutative embeddings and introduce a
theory of submanifolds, much in analogy with the classical situation. It turns out that one can readily introduce the second
fundamental form, and find a noncommutative analogue of Gauss’ equation, giving the curvature of the submanifold.

A necessary condition for a map ¢g : ¥’ — X to be an embedding, is that ¢, is injective; dually, this corresponds
to ¢ : C*°(X) — C*°(X’) being surjective. To formulate the next definition, we recall the orthogonal complement of a
module. Namely, let (C4, h) be a real metric calculus. Given any subset N € M, we define N* = {m € M : h(m, n) = 0}
and note that N* is a .A-module.

Definition 4.1. A homomorphism of real calculi (¢, ¥, \/f) Ca — Cy is called an embedding if ¢ is surjective and there
exists a submodule M € M such that M = My @M. A homomorphism of real metric calculi (¢, ¥, w) (C4,h) — (Cy, 1)
is called an isometric embedding if (¢, V¥, w) is an embedding and M = My @ M

The surjectivity of ¢ has immediate implications for the maps v and W-

Proposition 4.2. Assume that (¢, ¥, fb\) : C4 — Cy is a real calculus homomorphism such that ¢ is surjective. Then  is
injective and v is surjective.

Proof. For the first statement, suppose § € ker(y). Then for any a € A it follows that y(8)(a) = 0. Thus, by (1/2) it
follows that

8(¢p(a)) = p(¥(8)(a)) = ¢(0) =

for any a € A, and since ¢ is surjective it follows that §(a’) = 0 for every a’ € A'.
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For the second statement, let m’ € M’'. Then m’ can be written on the form m’ = ¢/(8;)b! for some §; € ¢’ and b’ € A,
and since ¢ is surjective there are a' € A such that ¢(a') = b'. It follows that
m' = ¢/(8)b' = Y(P(8)g(a) = ¥ (¥ (8)d) ,
completing the proof. O
Note that Proposition 4.2 gives further motivation for Definition 4.1 since it shows that ¥ is injective, in analogy with
the injectivity of the tangent map of an embeddmg Moreover, it follows from Proposition 4.2 that if (¢, ¥, w) Cq—> Cy
is an embedding, then every element m’ € M’ has at least one extension corresponding to the geometric situation where
a vector field on the embedded manifold can be extended to a vector field in the ambient space.
Furthermore, given an embedding (¢, ¥, W) C4 — Cy, we define the A-linear projection P : M — My as
P(mq/ &) ﬁ'l) = My

with respect to the decomposition M = My @ M. The complementary projection will be denoted by I7T = 1 — P. (Note
that for an embedding of real metric calculi, the projections P and IT are orthogonal with respect to the metric on M.)
In analogy with classical Riemannian submanifold theory (see e.g. [13]), one decomposes the Levi-Civita connection in
its tangential and normal parts. Let (C4, h, V) and (C 4, I’, V') be pseudo-Riemannian calculi and assume that (¢, ¥, ¥) :
(C4, h) = (Cy/, 0') is an isometric embedding and write
V¢(5)m = L((S, m) + Ol(s, m) (41)
Vys)§ = —Ag(8) + Ds& (4.2)
for § € ¢, m € My and £ € My, with

L(8, m) = P(Vy@sym)  a(8, m) = M(Vy@sm)
Ag(8) = —P(Vys)§)  Ds§ = II(Vy(s)§).
In differential geometry, (4.1) is called Gauss’ formula and (4.2) is called Weingarten’s formula. Furthermore, o :

g x My — Mj is called the second fundamental form and A : g’ x Mj — My is called the Weingarten map. Let us
start by showing that the tangential part L(§, m) is an extension of the Levi-Civita connection on (C 4, h’, V’).

Proposition 4.3. If § € g’ and m € Exty(m') then L(§, m) € Exty (Vim’)

Proof. For the sake of readability, let us first establish some notation. Let §; € ¢ and let 9; = (&), Ei = ¥(5)
and E{ = ¢'(8;). Moreover, let hj = h(E;, E;) and let hijjy = h(E;, ¥([8, &]I)); likewise, let hi = h(E[, E) and
h/ ikl — h(E, % ([8j7 5k]))
With this notation in place, Koszul’s formula yields

2h(ViEj, Ex) = dihjk + Ohik — dchyj — hifj.kg + My iy + hieijy

20 (VE], E) = Sihyy + Sihiy — Sy — i 51 =+ B ey + Mg
for all §;, &;, 8 € ¢', and since h' is induced from h it follows that

hy = ¢(hje)

hi g = (higix)

Silty = 8ip(hjr) = B(3i(hy));
from this it becomes clear that h'(V] E’ E,) = ¢(h(ViE;, Ey)). Let m = Eid' € My and n = Exb* € My be arbitrary elements
in My, where a', b¥ € A. By deﬁmtlon of affine connections it follows that

h(Vim, n) = h(Vj(Eid"), Eb*) = h((ViE))a', Exb*) + h(Eidj(a), Exb*) = (a')*h(V;E;, Ex)b* 4 8;(a’)*hyb¥,

and we get
@(h(V;m, n)) = ¢(a')*h/(v E/, Ep)¢(BY) + ¢(9;(a’)* i (bY)
= ¢(d' ) H (V/E], E)p(D") + 8i(¢(a')*jpp(b*)
= h'(( ;E{)qs( )Ek¢(b"))+ N (E[8i(p(a")), Exp(b"))
= W(V/(E{$(a), (DY) = W' (V/(¥(m)), ¥(n)).

It now follows that

(Vi (m)), ¥(n) = p(h(V;m, n)) = (h(P(Vjm), n)) = $(h(L(5;, m), n)),
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-~

which equals h'(/(L(8;, m)), ¥(n)). Thus,
(VG (m), Y(m)) = W (LS, m)), ¥(n)),
and sinc/e\ h" is nondegenerate and fb\ is surjective, it follows that @(L((Sj, m)) = Vj/fb\(m) which is equivalent to L(§;, m) €
Extq,(Vj/r//(m)), and it immediately follows that if m € Exty (m’) then L(§, m) € Exty(Vsm') forany § € ¢ and m’ e M. O
In view of the above result, we introduce the notation L(§, m) = %m and conclude that
vim' =y (Vim) = ¥ (P(Vy(sym))
if m € Exty(m’), giving a convenient way of retrieving the Levi-Civita connection V' from V. Next, let us show that the
second fundamental form shares the properties of its classical counterpart.
Proposition 4.4. If §1,5, € ¢, a1, a; € Aand A1, A, € R then
(81, W(82)) = (82, W(81))
(181 + X282, 1) = (81, my) 4 Apa(82, my)
a(d1, myay + madz) = a(d1, mp)a; + a(dr, ma)az
for mq, my € My.

Proof. For the first statement, let A(81, §2) = (81, ¥(52)) — a(82, W(61)). With this notation in place one may use the
fact that V is torsion-free to get:

0= Vy)¥(82) — V¥ (81) — o([¥(31), ¥(82)])
= Vy)¥(82) — Vys,)¥(81) — ¥ ([(81), (82)])
= P(Vy(5,)¥(82)) — P(Vy(5,)¥ (1)) — W([81, 821) + A(81, 82),
and since the projection P is linear, together with the fact that P(¥([§1, 621)) = ¥([81, 82]) € My, it follows that
0 = P(Vys:)¥(82) — Vs, (1) — ¥ (181, 821)) + A(61, 82)
= P(0) + A(81, 82) = 0+ A(S1, 82) = A(61, 82).
For the second and third statements we use the linearity of the connection:
a(A181 4 2282, m1) = (1 — P)(Vy(y8,4228,)M1)
= (1 — P)(A1 Vy(s)m1 + A2 Vy(s,)mi)
= Ala(Sl, ml) + Aza(Sz, m1)
and
a(8y, myay + myaz) = (1 — P) (Vs,(may + myay))
= (1 — P) (Vs,(m1a1) + Vs,(maa3))
= a(81, may) + «(81, maay).
Noting that
a(81, myay) = Vys,miay — P(Vys)miar)
= (Vynmi)ar +myy(81)(ar) — P((Vyes,mi)ar + myy(81)(ar))
= (Vy@pmiar +myyr(81)(ar) — P(Vypmadar —myy(81)(ar)
= (Vy@mi — P(Vyymi))ar = (81, mp)a;

and (similarly) that «(81, mpay) = «(81, my)a, the proposition now follows. O

Proposition 4.5. If§ € g/, m € My and § € M then
h(As(8), m) = h(&, a(8, m)).
Proof. Since h(m, §) = 0 one can use that (C4, h, V) is metric to see that 0 = y(§)(h(m, &)) = h(Vy(5)&, m)+h(&, Vy@sym).
Using that P is an orthogonal projection, it follows that
h(Ag(8), m) = =h(P(Vy 5§ ), m)
= —h(Vys&, m) = h(§, Vyym) = h(&, a(s, m))
as desired. O
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Having considered properties of L, & and Ag, let us now show that Dx has the properties of an affine connection; in
differential geometry, Dy is usually identified with a connection on the normal bundle of the submanifold.

Proposition 4.6. If 81,8, € ¢/, €1, & € Mj, A € Rand a € A then

(1) Ds,(&1 + &2) = Ds, &1 + Ds, &1,
(2) Dys;+5,61 = ADs &1 + Ds, &1,
(3) Ds,(&1a) = (Ds, &1)a + &1y (81)(a).

Proof. Note that (1) and (2) follows immediately from the linearity of V. To prove (3), one computes the left-hand side

directly:

Ds,(&1a) = II(Vyspg1a) = IT((Vyspéi)a + E1(81)(a))
= IT((Vyspér)a) + (&1 (81)(a)) = (D5, &1)a + &1 (81)(a),

giving the desired result. O

A classical formula in Riemannian geometry is Gauss’ equation, which relates the curvature of the ambient space to
the curvature of the submanifold. The next result provides a noncommutative analogue.

Proposition 4.7 (Gauss’ Equation). Let 8; € ¢/, 9; = ¥(8i) € g, E; = W(8;) € My and E; = ¢'(&;)) e M’ fori= 1,2, 3,4 (i.e. E;
is an extension of E/). Then

¢ (h(E1, R(33, 84)E2)) = ' (E}, R'(83, 84)E3) + ¢ (h((84, En), (83, Ea))) — ¢ (h(c(83, Ex), a(8a, E2))) - (4.3)

Proof. Using the result from Proposition 4.3 one gets that
R'(83, 84)E, = V5V4E, — V,V3E, — v[/53,54]Eé
= ViU (ViEs) — Vi (ViE) — ¥(Viy, 5,1E2)
-7 (6;%452 L LE, — %[/53,54]152) .
Setting fe(ag, 04)E> = %%Ez - @A@;Ez — @[/83,54152 one obtains
W (Eq, R (83, 84)E;) = H (W(E1), Y(R(33, 94)Es)) = (h(Ex, R(3s, 04)E))
_ (h(E1, ViVIE, — VIVIE, — %3,34152)>
=0 (h(E1, V3V4E, — V4ViE, — V[BBMEZ)) ,
since E; € My. Using the fact that Vﬁj’Ek = Vi(V;Ex — (8}, Ex)) one may write
W (E}. R'(83. 84)E5) = ¢ (h(E1. R(93, 04)E2 — V3a(84, Ep) + Vaer(83, E2)))
and from this it follows immediately that
¢ (h(E1. R(93, 84)E2)) = h'(E;. R'(83, 84)E3) + ¢ (h(E1. Vaa(84, E2))) — ¢ (h(Er. Vace(33. E2))) .
Since (C4, h, V) is metric it follows that
h(Eq, Vy(5)§) = —h(Vys)Er, §)
for £ € Mg, implying that
¢ (h(E1, R(93, 04)E2)) = h'(E}. R'(83, 84)E3) + ¢ (h(VaEq, (83, E2))) — ¢ (h(V3Er, (8. E2))) .
which completes the proof, since
h(V4Er, a(83, E2)) = h(a(8s, E1), (83, E2)) and  h(VsEq, (84, E2)) = h(a(83, E1), (84, E2)). O

5. Free real calculi and noncommutative mean curvature

In the examples we shall consider (the noncommutative torus and the noncommutative 3-sphere), M will be a free
module with a basis given by the image of a basis of the Lie algebra g. Needless to say, the fact that M is a free module
implies several simplifications. Although it happens for the torus and the 3-sphere that their modules of vector fields are
free (i.e. they are parallelizable manifolds), one expects a projective module in general. However, as originally shown in
the case of the noncommutative 4-sphere [2], real calculi can provide a way of performing local computations, in which
case the (localized) module of vector fields is free.
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Definition 5.1. A real calculus C4 = (A, g, M, @) is called free if there exists a basis 91, ..., d, of g such that
©(01), ..., 9(dy) is a basis of M as a (right) .A-module.

Note that if there exists a basis 91, ..., 9y of g such that ¢(d;), ..., ¢(9) is a basis of M, then ¢(3;), ..., ¢(9;,) is a
basis of M for any basis 91, ..., 9, of g.

Definition 5.2. A real metric calculus (C4, h) is called free if C4 is free and h is invertible.

An immediate consequence of having an invertible metric, is the existence of a Levi-Civita connection.

Proposition 5.3. Let (C4, h) be a free real metric calculus. Then there exists a unique affine connection V such that (C 4, h, V)
is a pseudo-Riemannian calculus.

Proof. Let {0;} be a basis of g. Since C4 is free it follows that E; = ¢(9;) provide a basis of M. In this basis one gets
the components h; = h(E;, E;) of the metric h, and for notational convenience we set h; ; x := h(E;, ¢[9;, 9]) and define
Kjx € A as

Mw=%ﬁw+%M—%M—MM+MMMWMM-
Now, define the linear functional I%,-j € M* by
Ki(Exb*) := Kib*.
Since the metric h is invertible, m; = fz“(l%,-j) € M is well-defined, and

2h(my, E) = 2h(my)(Ei) = 2K;(Ex) = 2K
= Oihj + 9jhic — Okhij — hi i + hj i + Pegii-

From Corollary 2.13 it now follows that there exists a connection V such that (C 4, h, V) is pseudo-Riemannian, and from
Theorem 2.10 it follows that V is unique. O

Given a free real metric calculus (C4, h) and a basis 94, ..., dp, of g, we write
E, = @(aa) hab = h(Eaz Eb) [0q, 0] :facbac

with f, € R, giving h(Eq, ¢([0p, 9c1)) = harfy,. The fact that h is invertible and {Eq}7.; is a basis of M, implies that there
exists h®® e A such that

il—l(é-a) _ Ebhba = hab — Eﬂ(il—l(é-b)) _ h(fl—l(éﬂ)’ E—](E-b))
where {E9)™_ is the basis of M* dual to {E,}™,. It follows that (h?%)* = k" and

h®hye = hgph™ = 8%.1.
For a free real metric calculus,we introduce the Christoffel symbols I'. € A as the (unique) coefficients V,E. = E.TI}..
Let us now derive an explicit formula for the Christoffel symbols in terms of the components of the metric. Indeed, by
Koszul’s formula it follows that

1

h(Eq Ty, Ea) = h(VpEc, Eq) = 3 (phed + dchpa — dahoe — hoefly + herfjy + harfye) .

and since the right hand side is hermitian, one obtains

1
hao e = 5 (9hed + dchpg — dahve — hoefly + herfgy + harfy) -

Multiplying from the left by h"? gives

1
Iy = Ehpd (hed + dchpa — dahoe — hoefly + herfjy) + filed (5.1)
and, in particular, if [04, dp] = 0 for alla,b =1, ..., m then
1
Iy = Ehad (Ophea + dchpa — dahnc) , (5.2)

in correspondence with the classical formula.
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Let (C4, h) and (C 4/, ') be free real metric calculi and let (¢, 1// @) (C4, h) — (C4, ') be an isometric embedding.
Since v is injective, it is easy to see that if {§;}]", is a basis of ¢', then {¥(5;)}] /1 is a basis of My, implying that My is
a free module of rank m’. Let us now proceed to the define mean curvature, as well as minimality, of an embedding of
free real metric calculi. Since we are working with extensions of vector fields on the embedded manifold X’, rather than
tangent vectors at points on X, it is more natural to consider the restriction (to X’) of the inner product of the mean
curvature vector with an arbitrary vector, rather than the mean curvature vector itself.

Definition 5.4. Let (C4, )and (C, ') be free real metric calculi and let (¢, ¥, ¥) : (C4, h) — (Cu, i) be an isometric
embedding. Given a basis {§;}[, of ¢, the mean curvature H, : M — A’ of the embedding is defined as

Ha(m) = ¢ (h(m, (8, w(5)))) b7, (5.3)
giving trivially H /(m) = 0 for m € My. An embedding is called minimal if H(§) = 0 for all £ € Mj.
Remark 5.5. Note that the ordering in (5.3) is natural in the following sense. Considering the restriction of the metric h

to My, given by h; = h(¥(8;), ¥(8;)) and its inverse hY, the fact that M is a right module gives a natural definition of the
mean curvature as

Ha(m) = ¢ (h(m, (8, w(6)")) = ¢ (h(m, a(8i, ¥(5))) p(h") = ¢ (h(m, (8, () h”,
reproducing the formula in Definition 5.4.

Although defined with respect to a basis of g’, the mean curvature is independent of the choice of basis. Indeed, if we
let h;j and h;j denote the components of the metric i’ with respect to different bases {;} and {§;} of ¢, then there exists

a (real) invertible matrix A such that i’ = AW'A”, or equivalently i’; = A¥;h,A';. Consequently,
() = (A1) (A1,
and it follows that the mean curvature calculated using the basis {5;} is
Ha(m) = ¢ (h(m, a(3;, w(§)))) (W)’
= ¢ (h(m, a(A"i6, W(A}6)))) (A ™ (AT,
= ASATY W AYATY 0 (h(m, a(ak, w(8))) h™
= ¢ (h(m, a(8, w(81)))) (W)

showing that the definition of H 4/ is indeed basis independent.
Let us end this section by noting that it is straight-forward to define the gradient, divergence and Laplace operator for
free real metric calculi.

Definition 5.6. Let (C4, h) be a free real metric calculus and let V denote the Levi-Civita connection. Moreover, let {94}].
be a basis of g and set E; = ¢(9,). The gradient grad : A — M is defined as
grad(a) = E;h®dpa
for a € A. The divergence div : M — A is defined as
div(m) = (Vy,m)*
for m € M, where Vy,m = Eb(Vaum)b. The Laplace operator A : A — A is defined as A(a) = div(grad(a)) fora € A.

Note that it is easy to check that the above definitions are independent of the choice of basis of g.
6. Minimal tori in the 3-sphere

The 3-sphere has a rich flora of minimal surfaces, and the fact that minimal surfaces of arbitrary genus exist in S3
is a famous result by Lawson [G]. As an illustration of the concepts we have developed, as well as being our motivating
example, we shall consider the noncommutative torus minimally embedded in the noncommutative 3-sphere. However,
rather than the round metric on §3, we will consider more general metrics. Therefore, let us start by recalling the classical
situation.

The Clifford torus T2 is embedded in S? € R? via

- 1 . .
x=—(x", %%, %, x*) = (cos g1, sin @1, cos @y, sin ¢s).

V2

With §; = d,, and §; = 9,,, the tangent space at a point is spanned by

-

1 .
81X = ﬁ(_ sin gy, cos @1, 0, 0) = (—x%, x1, 0, 0)
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8% = i(0, 0, — sin g, cos ¢;) = (0, 0, —x*, x3).
V2
The 3-sphere is embedded in C? via
z=¢€%siny
w = €2 cos n,
and with 9; = 9, and 9, = 9, the tangent space at a point with 0 < &;,&, < 27 and 0 < < 7/2 is spanned by
E; = 0,(x", 2%, %3, x*) = (—=x%, %', 0, 0)
E, = 3,(x', %%, %%, x*) = (0, 0, —x*, X%)
E, = 3,(x", ¥, x>, x*) = (cos & cos 7, sin&; cos i, — cos &, sin 7, — sin &, sin ).
The standard metric on S? is given by
siffp 0 0
g= 0 cos’n 0],
0 0 1

and for H € C*°(53) such that H > 0 we consider the perturbed metric
sin® 0 o0
g=H| 0 cos’n O]H.
0 0 1
Let us now proceed to determine the Levi-Civita connection on (53, g). The Christoffel symbols are computed using

i _ Lo & g
T = =&8" (0,8 + &t — 0 -

2
giving
d1(InH) d(InH) 9,(InH) + cotn
Iy = 9,(InH) —3:(InH) cot? 0
3,(InH) + cotn 0 —3:(InH)csc? n
—dy(InH)tan? 3:(InH) 0
rp = 91(InH) 3,(InH) d3,(InH) — tann
0 d,(InH) —tann  —3d,(InH)sec? n
—3,(InH)sin® n — sinncosn 0 91(InH)
I“J,“:’ = 0 —Bn(lnH)coszn +sinncosn 9(InH)
3,(InH) 3 (InH) 8,(InH)

Thus, the Levi-Civita connection is explicitly given as

V101 = 81(InH)d; — d(InH)tan? nd, — (9,(InH) sin® n + sin 7y cos 17)0,
V18, = d(InH)d; + d1(InH)3, = V50,

V40, = (3,(InH) 4 cot)d; + d:(InH)d, = V, 0

Va8, = —d1(InH) cot? nd; + 3,(In H)d; + (sinn cos n — d,(In H) cos? 1),
V,0, = (9,(InH) — tan n)d, + 9,(InH)ad, = V, 3,

V,8, = —d1(InH) csc? nd; — d,(InH) sec® nd, + 9,(In H)3d,.

6.1. Embedding the torus into the 3-sphere
For fixed no € (0, w/2), let f,, : T*> — (S, &) denote the embedding

fio t (cos @y, singy, €os @z, sing,) > (€1 sin 5o, €2 cos 1),

The induced metric on the torus is given by

(2
_ 5 (sin“ng 0 o
g =H ( 0 cos? 770) H,

where I:I(<p1, ©2) = H(@1, ¢2, 19). The unit normal of T2 is N = 1:1“8,7, and one writes the second fundamental form « as:

(81, 81) = —I:I(Bn(ln H)|,7osin2 no + sin ng cos ng)N
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a(81,82) = a(82,81) =0
(82, 8,) = H(sin ng cos ng — d,(In H)|,,,cos® no)N.

Calculating the mean curvature of T2 in (S3, &) yields

1 N ” ~
Hp = 5g(N, (8, 8))) g, = —H™'(cot 2mg + 3, (InH)l )

and it follows that T2 is minimally embedded in (S3, g) if 9,(In H)|,,= — cot 2no; for instance, one might choose
r(n)cot2n
H(1, &, n) = exp (P(Sl,fz) - °>
r'(no)

for arbitrary functions p and r, with r having a nonzero derivative at n = 1. In the classical case, when H = 1, the
embedding is minimal if cot2ny = 0, i.e. ng = 7 /4.

7. The noncommutative minimal torus

Let us now apply the framework for noncommutative embeddings to the case of the noncommutative torus and the
noncommutative 3-sphere. We shall start by recalling their definitions, as well as their corresponding real metric calculi.
For more details, we refer to [3] (however, where only the standard metric on the 3-sphere was considered).

7.1. The noncommutative torus

The noncommutative torus T92 is a unital x-algebra generated by the unitary elements U, V subject to the relation
VU = qUV, with q = e** Introducing the hermitian elements

1 1
X'=-(U+U" X*=_—(U-U*
FU+UY) T )
1 1
X=—(V+VH Xi=_(V-V¥
2 2i

gives 1 = UU* = (X1)> +(X?)? and 1 = W* = (X3)? 4+ (X*)?. In analogy with the geometrical setting, let M’ be the (right)
submodule of (TZ)* generated by
e =(—X2,X',0,0)
e; = (0,0, —X*, X3).
We note that M’ is a free Tez—module, since e; and e, form a basis for M’:
ela+eb=0 = (—X%a,X'a,—X*b,X3b) = (0,0,0,0)
(X' +(X*)a=UU*a=a=0
(X3 +(X*?)b=VW*b=b=0.
Next, we let g’ be the (real) Lie algebra generated by the two hermitian derivations &1, &, given by
81U =iU vV =0
U =0 5V =iV,

satisfying [81, 8,] = 0. Finally, let ¢’ : ¢ — M’ with ¢'(§;) = ¢; for j = 1, 2 and extended by R-linearity, which implies
that M’ is generated by ¢'(¢') as a TZ-module. Hence, we have shown that CT{} = (T2, ¢/, M', ¢') is a real calculus over the
noncommutative torus.
As a first illustration of a real calculus homomorphism, let us construct a family of automorphisms of T62 as follows.

Let a, b, c, d € Z be given such that ad — bc = 1, and let « : T92 — T92 be the automorphism given by

a(U) = UV,

a(V) = UVY,
with inverse

a (U) = q%bd(a—c—l)udv—b

a_](V) — q%ac(d—b—l)u—cva.

Once the automorphism « is established, it is a simple task to find a real calculus automorphism from CTg to itself by
using Proposition 3.4 to find the required Lie algebra homomorphism. Indeed, Proposition 3.4 implies that

Y(8)(U)=a ' 081 0oa(U) = iaU Y(8)U) =o' o8 0a(U)=ibU
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Y(s)(V)=a o8 oa(V)=icV Y(E)V)=a"lod oa(V)=idV,
giving
Y(81) =ad1 +cd, and Y(8;) = b1 + dé,.
From the compatibility conditions @(11/(8,')) = ¢'(8;) one obtains
@(em +exc) =e; and fﬁ(mb + exd) = e,
implying that
@(e]) =eyd —eyc and @(ez) = —eb + eya.

This ensures that («, ¥, @) as defined above is an automorphism of the real calculus CTeZ'

7.2. The noncommutative 3-sphere

The noncommutative 3-sphere 593 is the unital x-algebra generated by Z, Z*, W, W* satisfying

WZ =qZW W*Z = @ZW*  WZ* = gZ*W W*Z* = qZ*W*
2*7 =77 W*W =WW* WW* =1 -27Z%,
with q = ™ for 6 € R.
Similar to the case of TZ, we introduce

1 1

X'=—(Z+2* X*=_(Z-7
2( +27) 21'( )
3 1 * 4 1 *
X3 =-(W+WwH X' = =(W-Wr)
2 2i
1Z|? = zz* W = ww*,

giving |Z|> = (X1)? + (X2)? and [W|* = (X3)? + (X*)?; recall that |Z|* and |W|* are in the center of S; and, furthermore,
neither of them is a zero divisor (cf. [3]). Let us now construct a real metric calculus for Sg, closely related to the Hopf
fibration of the 3-sphere.

Recall from Section 6 that S* can be given in terms of the coordinates (£1, &, ), and we noted that the tangent plane
at a given point is spanned by the three vectors

Er = 01(x', ¥*, %°, x*) = (—x*,x1,0,0)
Ey = 0p(x", ¥, %%, x*) = (0,0, —x*, X°)
E, = 3,(x", ¥, x3,x*) = (cos & cos 7, sin&; cos i, — cos & sin 7, — sin &, sin ).

For the noncommutative analogue, it is apparent how to choose E; and E,, but the analogue of E,, is less clear. Therefore,
instead of 9,, one considers the derivation 93 = |z||w|d,, giving

1 2 3 4 1 2 2 2 3 2 4 2
E3 = 03(x",x", x°, x7) = (X |w]", x“|w]*, =Xx7|z|%, —=X"|z]*),

which can be used together with E; and E; to span the tangent space.
Returning to the complex embedding coordinates z and w in C2, one finds

n(z) =iz (w) =0 (7.1)
%(z)=0 d(w) = iw (7.2)
h2)=zlwP  d(w) = —wizl, (7.3)

and with respect to the basis {E;, E», E3} of the tangent space of S3, the induced standard metric becomes

lzZ2 0 0
(hap) = (W(Eq, Ep))=| O |w|? 0 . (7.4)
0 0 |zPwl?
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Motivated by the above considerations, let M the submodule of the free (right) module (53)4 generated by {Ei, E2, E3},
where

E; = (-X*,X',0,0)

E; = (0,0, —x*, X°)

Es = (XYW, X3 W2, =X31Z %, X412 P2).
In [3] it was shown that M is a free module with a basis {Eq, E>, E3} and that there exist hermitian derivations 91, d,, 03
such that

01(Z2)=izZ (W)=0

7(Z)=0 (W) =iWw

BIZ)=ZIWP  05(W)=—-W|Z?,
with [dg, 5] = 0 for a, b = 1, 2, 3. Let g be the (real) Lie algebra generated by 91, d, and 93, and define ¢ : g — M as the
linear map (over R) given by ¢(9,) = E, for a = 1, 2, 3. From the above considerations, it follows that ng = (Sg, g, M, @)

is a real calculus over Sj.
Now, let us proceed to construct a real metric calculus over 593, in which we shall minimally embed the noncommutative
torus. In analogy with Section 6, we choose the hermitian formh: M x M — M

3
h(m,n) =Y (m")*han’,
a,b=1
where m = E;m®, n = Epn® and
1Z? o 0
(ha)=H|[ 0 |w}? 0 H*,
0 0 1ZPHwWP

where H € 53 is chosen such that HH* is invertible. Since neither |Z|? nor |W|? is a zero divisor, the metric is clearly
nondegenerate; furthermore, hy, is hermitian for a, b = 1, 2, 3. We conclude that (ng, h) is a real metric calculus.

Next, let us construct a metric and torsion-free connection on (ngz, h). In order to achieve this, we will localize the

algebra at |Z|? and |W|?. That is, one extends the algebra of the noncommutative 3-sphere by the inverses of |Z|> and
|[W 2. (In principle, for a well-behaved noncommutative localization, one has to check the so called Ore conditions, but
since |Z|2 and |W|? are central, these are trivially fulfilled.) The resulting algebra is denoted by Sg.mc- It is straight-forward
to extend the real metric calculus (ng, h) to a real metric calculus (ng e h) (cf. [2] where a similar construction was

carried out for the 4-sphere).

Proposition 7.1. There exists a unique affine connection V such that (Cis , h, V) is a pseudo-Riemannian calculus with

2 loc
ViE1 = EiHy — B |Z|W|°H, — E3(IW|?H; + 1)

ViE; = VoE = E1Hy + Ex2H,y

ViEs = V3E; = Ey(Hs + |W/|?) + EsH;

V2Ey = —E1|W|*|Z|"*Hy + E2H, + E3(1 — |Z|"*Hs)

V,E3 = V3E; = Ey(Hs — |Z|?) + E3H,

V3E3 = —E1|W|*H; — E2|Z°H, + Es(Hs + [W|* — |Z/?),

where Hy = 3(HH*)™'9,(HH*) fora = 1,2, 3.

Proof. Since h is invertible, (ngl ,h) is a free real metric calculus, implying that the Levi-Civita connection V exists.
,loc

Moreover, [dq, dp] = O for all a, b € {1, 2, 3}, and thus it follows that the Christoffel symbols for V can be calculated
directly using (5.2). For instance,

1 1
= 5h”81h11 = E(HH*)7]31(HH*) =H,

1 1

Iy = Sh (=) = =S |Z1*IW|*(HH") " ,(HH") = —|Z*|W|*H;
1 1

Iy = Sh?(=3hy) = =S IW|(HH*) ™ 95(HH") — 1. = —|W|"H3 — 1,
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giving
2 -2 -2
ViEr = EtH1 — BIZ|"|W|"Hy — E3(JlW|""H3 + 1).

The remaining Christoffel symbols are computed in a completely analogous way. O
7.3. An embedding of the noncommutative torus

Finally, we will now construct an embedding (¢, ¥, @) 1 C3

— C;2. To this end, we set
6,loc 0

#(Z) =AU
W)= pVv,

where A and p are complex nonzero constants such that |A|? 4+ ||?> = 1. It is easy to verify that with these conditions
¢ is a x-algebra homomorphism. Moreover, since A and u are chosen to be nonzero it means that ¢ is surjective as well.
With this choice of ¢ it follows that a Lie algebra homomorphism v : ¢ — g compatible with ¢ is given by

Y(81) =01 and ¥(8) = da,
and My is the submodule of M generated by E; and E,. Furthermore, with
V(E)=e; and Y(E)=e
(¢, ¥, @) is a real calculus homomorphism. This choice of (¢, ¥, fﬁ) gives an embedding of CTez into ng,noc’ since by

choosing M to be the submodule of M generated by Es one gets that M = My @ M.
Let us now find the induced metric b’ such that (¢, ¥, ¥) : (CTg, h) — (G, h)is an embedding of real metric calculi.

3
ZA
Since M’ has a basis {ey, e,} it suffices to calculate h'(e;, ¢;) for i,j = 1, 2:

h(e1, e1) = (h(E1, E1)) = ¢((HH")|Z|?) = |A[*(HA*)
h(ei, e2) = W(ey, e1) = p(h(Er, E2)) = 0
h(e, €2) = $(h(E2, E2)) = p((HH")|W|?) = |u|*(HH"),

with H = ¢(H); it is easy to check that I’ is an invertible metric on M’, implying that (CTez’ h') is indeed a free real metric
calculus. Moreover, it is clear that M = M.
Since M and M’ are free modules, Proposition 4.3 can be used to quickly determine the Levi-Civita connection V' for
(Cr2, H'):
0
Vier = Y(L(d1, W(81)) = exHy — esHa A |u|
Viey = Vier = Y(L(81, ¥(52))) = e1Hz + exH;
Vier = Y(L(S2, ¥(52))) = —etHilA 2wl + exHy,

where H; = ¢(H;) for i = 1, 2, 3. Consequently, one obtains the second fundamental form as
(81, W(81) = —Es(IW|*H3 + 1)
(81, ¥(82)) = (82, ¥(81)) =0
(82, W(82)) = E3(1 — 1Z| *H3),

giving the mean curvature
Hpa(m) =¢ (h(m, a(81, ¥ (8:)))) ()" + ¢ (h(m, (82, ¥(52))) (W'}
= ¢ (h(m, —Es(IW|~*H3 + 1)) |2 2(HA*)™" + ¢ (h(m, Es(1 — |Z|*H3))) | *(HA*)™
= (h(m. E5)) (11l = 12172 = 212121l 25 ) (R,

For the embedded torus, M; is the submodule of M generated by the basis element Es. Hence, the mean curvature is zero
if
0 = Hya(Es) = (IA)AP el (1al 2 = 12 = 2121 2|l 2Fs ) (AR
= (R (102 = |l — 28 ) (A7)
= (1A — ) 1 — 2(HH)H;(HH*)™!

= (IA* = 1ul?) 1 — ¢(83(HH ) HH*) ",
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implying that the embedding of (CTGZ’ i) into (ng, h) is minimal if and only if

¢(d3(HH*)) = (IA]* — |l*)p(HH*).

In the special case where ¢(9;(HH*)) = 0, the embedding is minimal if |A| = x| = 1/+/2 (in analogy with the classical
case). For the same values of |A| and || one may also choose, e.g., H = ZW giving HH* = |Z|*|W|? and

¢(3sHH") = 2AP |l (Inl* — 12%) = 0.
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