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The problem studied in this survey is how to optimize the allocation of audit resources over an auditee population
with respect to available population statistics. The auditees are assumed to optimize their expected utility based
on information about the audit strategy. This survey is limited to models where the auditee can vary the fraud
amount along a continuous scale.
If the auditor is not able or willing to announce the audit strategy, a Nash equilibrium can be derived in which the
auditor and auditee correctly anticipate each other's strategies. If the auditor announces the audit strategy in ad-
vance, the problem is formulated as a sequential game with perfect information which is solved as an optimiza-
tion problem.
Early models in the literature resulted in unrealistically high degrees of fraud. Later models have incorporated a
split into one group of inherently honest auditees and another group of potentially dishonest auditees. The frac-
tion of inherently honest auditees is exogenous.
In this paper, the four combinations of non-announcing/pre-announcing the strategy and all potentially dishon-
est/some inherently honest auditees are studied. For the case of pre-announcing the strategy with some inher-
ently honest auditees, two new solution methods are presented.
Two main conclusions are as follows. First, models with some inherently honest auditees have greater external
validity. Second, when a pre-announced strategy is feasible, as it often is with tax and benefit audits, the pre-an-
nounced strategy is preferred by the auditor over the non-announced strategy.

© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

to the allocation of audit resources in response to statistical data about
the auditee population. Thus, some auditees will be subject to a higher

This paper deals with the use of statistical and mathematical models
for determining audit strategies. Such models have primarily been de-
veloped for tax auditing, where large populations of auditees are avail-
able making it possible to obtain empirical statistics. Large populations
may also be available in auditing of social benefits, whereas they are in-
frequently found in financial statement auditing.

Audits are performed in order to discover and correct fraud and un-
intentional errors. They may also have a deterrent effect if an economic
penalty is imposed when fraud is detected or if the auditee experiences
a social penalty upon detection, “guilt and shame”.

The term audit strategy is used with some different meanings. It
often implies the guidelines which are used in the design of an audit
plan for a specific project (www.accountingtools.com). It can also be
used for the plan the auditee has for answering questions from an audi-
tor (www.businessdictionary.com). In this paper, audit strategy refers
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audit probability (also denoted audit rate) whereas other auditees will
run a smaller likelihood of being audited.

The average audit probability over an auditee population, denoted
audit density, may be set by an external budget constraint. Alternatively,
it can be determined by an economic model that minimizes the total
cost, i.e., the expected fraud loss plus the expected audit cost.

The base-line audit strategy is random auditing, where all auditees
are subject to the same audit probability. A natural improvement in
comparison to random auditing is a segmentation of the auditee popu-
lation based on different anticipated degrees of fraud in different au-
ditee segments. This is denoted a segmentation strategy.

A more complex audit strategy is obtained when the audit probabil-
ity is modelled as a function of a control variable that is used by the au-
ditee to determine the amount of fraud and which can be observed by
the auditor. This survey is limited to models where the control variable
is continuous, for instance the declared income of a taxpayer. Other
models exist where the auditee makes a choice between discrete alter-
natives. Several such examples are found in the accounting literature,
for instance Shibano (1990), Matsumura and Tucker (1992),
Bloomfield (1995), Caplan (1999) and Patterson and Noel (2003).

0882-6110/© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Another example is the insurance fraud model developed by Dionne,
Giuliano, and Picard (2009) where the auditee makes a choice between
no fraud and a fixed amount of fraud.

If the audit probability function is communicated by the auditor, the
auditee will have the opportunity to incorporate this information when
choosing the amount of fraud to maximize his/her expected pay-off, i.e.,
expected fraud revenue less expected penalty cost. This type of audit
strategy is denoted information strategy since it is based on information
communicated from the auditor to the auditee.

The two strategy types can be combined, such that a separate audit
probability function is applied for each auditee segment.

The information strategy assumes that auditees adapt their behav-
iour to audit strategy information. This assumption is supported by sev-
eral studies with full-scale experiments on taxpayers or users of social
benefits. Slemrod, Blumenthal, and Christian (2001), Hasseldine, Hite,
James, and Toumi (2007) and Kleven, Knudsen, Kreiner, and Saez
(2011) studied the effect of general audit threats on declared income,
whereas Engstrom and Hesselius (2007) studied the effect of audit
threats on claims of social benefits. Appelgren (2008) studied specifi-
cally the effect of an information strategy on taxpayers, i.e., where the
threat was directed towards those who declared the lowest income.

The primary purpose of this paper is to present a survey of different
applications of information strategies. A second purpose is to provide a
solution to a previously unsolved information strategy problem
formulation.

The classical tax audit model was developed by Allingham and
Sandmo (1972). Assuming risk-averse taxpayers and random auditing
with a given audit probability, the optimum taxpayer fraud amount is
determined. With risk-neutral auditees, the optimum fraud amount
will either be zero or equal to taxpayer income. The model can be
used to determine the audit effort that minimizes net expected total
cost, i.e., tax loss plus audit costs less penalty revenues.

The models developed by Allingham and Sandmo (1972) and
Reinganum and Wilde (1985) and Reinganum & Wilde, 1986) treat all
taxpayers as rational utility-maximizing actors and obtain therefore
higher degrees of fraud than what is observed empirically. Erard and
Feinstein (1994a) and others explain this difference with varying social
factors such as moral principles, stigma, guilt, shame etc, i.e., different
forms of social penalty.

The limitation of the early models was overcome by Erard and
Feinstein (1994b). Their model splits the taxpayer population into two
groups, one inherently honest group that always declares the true in-
come and one potentially dishonest group that might commit fraud as
part of their utility-maximizing strategy. The share of inherently honest
taxpayers is exogenous.

In this paper, we will distinguish between models where all auditees
are potentially dishonest and models with a portion of honest auditees
who never behave fraudulently.

Another distinction is whether the audit probability function is com-
municated to the auditees or not. Reinganum and Wilde (1986) and
Erard and Feinstein (1994b) assume that the auditor is not able or will-
ing to inform the auditees. The problem is then formulated as a game
with a Nash equilibrium in which the auditor and auditee correctly an-
ticipate each other's strategies.

Alternatively, the auditor provides the auditees with full information
regarding the audit strategy. This is often realistic for tax and benefit
auditing, but highly unrealistic for financial statement auditing. The
problem is then formulated as a sequential game with perfect informa-
tion, which mathematically has the form of an optimization problem.
Such sequential game models have been studied for tax auditing by
Reinganum and Wilde (1985) and Sanchez and Sobel (1993), for finan-
cial statement auditing by Morton (1993) and for benefit auditing by
Appelgren (2017). In this paper, a sequential game with perfect infor-
mation is referred to simply as a sequential game.

We thus have four different cases which are studied below.

Pre-announced strategy ~ Non-announced strategy

All potentially AP: Morton, 1993 AN: Reinganum & Wilde,
dishonest 1986

Some inherently HP: Not treated HN: Erard & Feinstein, 1994a
honest previously

Depending on the situation, the audit problem can be formulated ei-
ther as the minimization of the fraud loss subject to an audit budget
constraint or as the minimization of the total cost, i.e., fraud loss plus
audit cost. The case with a budget constraint can be converted to the
total cost case with the replacement of the unit audit cost with a shadow
price, i.e., a Lagrange multiplier for the constraint. The shadow price is
selected such that the budget constraint is satisfied.

The analysis of the four cases above fundamentally employs the as-
sumptions that auditees are risk-neutral, that penalties are proportional
to the fraud amount and, for tax auditing, that tax is proportional to in-
come. It is also assumed that all fraud and all errors (uninten-tional mis-
statements) are discovered in an audit.

In the accounting literature, it is quite common to study models
where the pay-off of the auditor is different from the pay-off of the or-
ganisation he/she represents. See for instance Shibano (1990),
Matsumura and Tucker (1992), Bloomfield (1995), Caplan (1999) and
Patterson and Noel (2003). One such example of tax auditing is the
paper by Di Porto, Persico, and Sahuguet (2013). In the following, it is
assumed that the pay-off of the auditor is identical with the pay-off of
the organisation.

The second purpose of this paper is to demonstrate two solution
methods for the previously unsolved HP case, i.e., the case with some
honest auditees and pre-announced strategy.

The paper is organised as follows. Section 2 describes empirical re-
search on the effect of audit information on auditee behaviour. Section
3 is devoted to the cases of audit strategy problems where the strategy
is not announced in advance, whereas section 4 contains the cases with
pre-announced strategy. In section 5, numerical examples concerning
tax, benefit and accounting fraud are presented. Section 6 contains dis-
cussion and conclusions.

2. Empirical research on audit strategy information

Slemrod et al. (2001) studied tax compliance in Minnesota through a
large experiment on 47,000 taxpayers using three different letters with
varying degrees of audit threat. The strongest letter, sent to 1724 tax-
payers, stated that their tax returns, both state and federal, would be
closely examined. The difference between the treatment group and a
control group in reported taxable income increase from the previous
year was used as a non-compliance measure. The effect of the strong let-
ter was positive although not statistically significant for low- and mid-
dle-income taxpayers. Surprisingly, the effect was reversed for high
income taxpayers.

Hasseldine et al. (2007) studied the effect of five variations of warn-
ing letters to approximately 5000 sole proprietors in the UK. The
weakest letter contained “We are here to give you advice and support
if you need it” whereas the strongest letter announced “Your tax return
has been chosen for enquiry”. The authors studied the effect of the let-
ters on the change in net profit from the previous year. They found
that the three strongest letters had a statistically significant impact on
net profit, especially for those taxpayers who did not use a tax advisor.

Sole proprietors with a turnover of less than 15,000 pounds sterling
were allowed to file a simplified tax return. The authors studied the ef-
fect of warning letters on the percentage of auditees who reported a
turnover exceeding this limit. For those who prepared their tax returns
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without external help, this percentage increased from 30% in the control
group with no letter to 54% in the group with the strongest letter.

The conclusion was that audit information has a significant effect on
auditee behaviour.

Engstrom and Hesselius (2007) studied overutilization of Tempo-
rary Parental Benefit (TPB) in Sweden. TPB is available to caregivers
(parents or other persons) who lose income when taking care of sick
children and is administered by the Swedish Social Insurance Agency.

The measurement was primarily based on the effect of information
to the caregivers. After a reference period during which the claims of
TPB were measured, a warning letter was distributed, after which a
new measurement of claims was made during an audit period. The mes-
sage of the warning letter was:” You have been selected for special re-
view...”. An information letter was also used in the study, describing
the regulations concerning TPB.

The reduction of claims between the reference period and the audit
period was used as a measure of fraud. In addition, audits were per-
formed of the claims made during the audit period in order to measure
remaining errors.

Letters were sent to three groups:

A: Both warning letter and information letter, approximately 29,000
persons, 1271 audits.

B: Information letter only, approximately 7000 persons, 339 audits.

C: Warning letter only, approximately 7000 persons, 356 audits.

The effect of the letters was a statistically significant reduction of
claims in groups A and C amounting to 13-14%. For group B, a
non-significant increase in claims was recorded, possibly because per-
sons unfamiliar with TPB were informed of their rights.

Appelgren (2008) made an empirical test of the effect of information
to taxpayers concerning different audit strategies. The test was carried
out by the Swedish Tax Agency in 2003-2004 on approximately 900
sole proprietors. The primary objective was to investigate whether in-
formation to taxpayers about a near-optimal audit strategy reduces
tax fraud compared to information about a more conventional audit
strategy, i.e. pure random audits. Information concerning the use of
tax advisors/paid preparers was not collected.

The test was conducted on sole proprietors without employees and
with little or no income from employment. These persons were pre-
sumed to support themselves from their businesses. The trades in-
cluded were craftsmen in the building industry, auto-repair shops and
hairdressers. Those trades were selected by the Tax Agency as they
were the largest groups of sole proprietorships.

In line with the results reported by Reinganum and Wilde (1986),
Erard and Feinstein (1994b) and others, the optimal audit strategy for
a homogeneous group of taxpayers is to concentrate audits on those
who declare the lowest income. In the experiment, however, the total
net cash flow of the household was instead used as the basis for audit
selection. Net cash flow was defined as declared income after tax, ad-
justed for non-cash items like depreciation and allocation to tax alloca-
tion reserves, as well as for cash items not included in income such as
loan repayment and new borrowing.

Three groups were studied, each consisting of around 300 firms:

A. Rational group: The members were informed that audits would con-
centrate on taxpayers who declare the lowest net cash flow.

B. Random group: The members were informed that taxpayers to be
audited would be selected at random.

C. Control group: The members received no information.

The effect of the letters was measured as the income change be-
tween the years 2003 and 2002. The average increase was approxi-
mately 20% in group A, 11% in group B and 9% in group C. The effect of
a letter warning of a random audit was thus quite small, whereas the ef-
fect of a letter warning of audits concentrating on low income auditees
was statistically significant compared to the control group.

Kleven et al. (2011) studied tax compliance in Denmark. A main re-
sult was that evasion of third party reported income is small compared
to substantial evasion on self-reported income. Other conclusions were
that the marginal tax rate has little effect on evasion and that those who
were audited the previous year reduced tax evasion in the following
year.

Kleven et al. also studied the effect of audit threats, regrettably only
on a group of employees, and not on self-employed persons. A sample of
25,000 persons received a warning letter with a threat of 50% or 100%
probability of audit of their self-reported income. The authors found
that a threat of 100% auditing had approximately double the impact
compared to a threat of 50% auditing.

3. Non-announced strategy cases
3.1. The non-announced Nash equilibrium game model

In the non-announced Nash equilibrium game, one player (the audi-
tor) has the strategy set A and the objective function C to be minimized.
The other player (the auditees) has the strategy set B and the objective
function U to be maximized. A Nash equilibrium [a*,b*]| has the
properties.

a* minimizes C[A,b*] and.
b* maximizes Ula*,BJ.

In words, each player is unable to improve his/her expected out-
come compared to his/her equilibrium strategy as long as the other
player plays his/her equilibrium strategy.

The strategy set A corresponds to the set of audit frequency func-
tions p,(x) and the strategy set B to the set of declared control variable
functions x(y), i.e.,

Pa (x) minimizes C[pq(x),x*(y)] and
X *(y)maximizes U[p;(x),x(y)]

where

x = control variable
y = true value of the control variable

3.2. The AN case: all auditees potentially dishonest, non-announced
strategy

In Reinganum and Wilde (1986), the authors presented a tax fraud
model (the RW model) with a constant tax rate t and a penalty upon de-
tection proportional to the fraud amount with a proportionality factor .
The tax agency maximizes net expected revenue with an audit cost c(p)
which depends on the audit probability p. Below, we assume that the
audit cost is proportional to the audit probability. The results below cor-
respond to Corollary 3 in the Reinganum & Wilde paper, although nota-
tion is slightly different.

Reinganum and Wilde assumed that the tax agency is not able or
permitted to pre-commit to an audit strategy. The model thus belongs
to the AN case. The control variable is the declared income x, with a
true value y. Assuming a linear auditee utility function, the auditees
maximize their expected fraud gain:

U = t(y—x)[1=pa(x)] =Tty —X)pa(X)
which trivially is rewritten as
U =t(y=x)[1=(1+mpy(x)] (1)

In this paper, we introduce the relative audit frequency function
p(x),

px) = (1 +m) py(x)
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which modifies the taxpayer utility function into
U=ty—x)[1-px)] 2)

As shown by Sanchez and Sobel (1993) and others, the optimal audit
frequency p,(x) will never exceed the critical audit level 1/(1 + m). The
relative audit frequency p(x) will therefore never exceed unity.

As the taxpayer wishes to maximize its utility U, differentiation of Eq.
(2) renders that a taxpayer with true income y will select the declared
income x which satisfies

—p'(x)/(1=p(x)) = 1/(y—x) 3)
By integration of Eq. (2) over the true income distribution of the

studied population, the expected net loss of taxable income per tax-
payer is

L= [=x(1-peolf)dy @
where f(y) is the true income frequency function on the interval y;, <y

5 yrnax~
The average number of audits per taxpayer, i.e., the audit density, is

Dy = / PalXW)1f ()dy = /p[X(V)]f(V)dy/(l +m) =D/(1+m)
where
D= [ phlfydy (5)
If the unit audit cost is c,, the audit cost per taxpayer becomes
Co=¢D/(1+m)
The total cost becomes
tL+c,D/(1 +m) =t{L+c,D/[t(1+m)]}

In order to obtain results independent of the tax rate and the penalty
rate, we normalize the unit audit cost by setting

c=co/lt (1+m) (6)

The auditor then wishes to find the functions x(y) and p(x) which
minimize

C=L+cD
ie.,
C= [y=x1-px )y + ¢ [ Pl )y )

For a Nash equilibrium, the derivative with respect to p(x) of the
total cost C has to be zero in order to find an equilibrium in the interior,
i.e., where 0 < p(x) < 1. Thus,

y—x(y)—c=0 (8)

Combining (3) and (8) renders a differential equation for p(x)
—P'(x)/(1=p(x)) =1/c )
which has the solution

p(x) = 1—Ae¥/¢ (10)

Reinganum & Wilde permitted the declared income x to fall below
the minimum true income y,;; such that Eq. 10 is valid for y,;;;, — ¢ <
X £ Ymax — C. They proved that the optimum value of A is such that the
p(x) function hits zero at X = y;uqx — C.

In this paper, we prevent the declared income from falling below the
minimum true income by setting

p(x) =1 f()I-X<.ymin

In such a revised model, we are unable to prove that the optimum
audit function hits p(x) = 0 at x = Y;,ax — C. Let z denote the declared
income where the audit function hits zero, i.e., 1 — Ae*° = 0. We then
have three separate sections of the declared income interval, where

p(x) = 1for X<y,
p(x) = 1—Ae¥* for Y, <X<z
p(x)=0forx2z

The constant A is determined through a numerical minimization of
the total cost C. Finally, the actual audit rate is calculated,

Pa(X) =p(x)/(1+m)

A tax audit example is shown in section 5.1 below.

A variation of the AN case was studied by Newman, Rhoades, and
Smith (1996). The paper treated a case of management fraud where
an agent may overstate a control variable having a known probability
distribution. Nash equilibria were calculated for scenarios with different
assumptions regarding the relations among audit effort, detection like-
lihood and audit cost.

3.3. The HN case: some inherently honest auditees, non-announced strategy

In the model presented by Erard and Feinstein (1994b), denoted the
EF model, the taxpayer population is split into two groups, one honest
group that always declares the true income and one potentially dishon-
est group that optimizes its utility as in the earlier models.

The share of inherently honest taxpayers, denoted Q, is exogenous in
this model. The model allows for risk-neutral or risk-averse taxpayers as
well as a penalty proportional to the amount of tax evaded. It is based on
the assumption that the tax authority is not able or willing to inform the
taxpayers about the audit strategy. The problem is therefore formulated
as a game where a Nash equilibrium solution can be obtained in which
the auditor and auditee correctly anticipate each other's strategies. The
model thus belongs to the HN case.

The EF model is able to determine optimal audit strategies and tax-
payer behaviour that fairly resembles what is observed empirically.

It should be noted that Erard & Feinstein formulate the problem with
a budget constraint which is included in the objective function via a La-
grange multiplier \. The current paper uses a total cost formulation,
with the same normalization of audit function and audit cost as in
Section 3.2. Erard & Feinstein use a different penalty rate definition 6,
where 6 = tm.

Compared to the AN case, the expected net loss of taxable income
per taxpayer is reduced by a factor 1 — Q,

L=(1-Q) / (y—X)[1=p(x)]f(y)dy (1)

Another difference from the AN case is the calculation of the number
of audits, since some taxpayers declare the income x(y) and the others
report their true income y. The average number of audits per taxpayer,
i.e., the audit density, becomes
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Dr = (1-Q) [ bl )y +Q [ pa(fx)dx

ie.,

Dy = [(1—@ [prmifwidy +a /p(x)f(x)dx] /(1 +m) =D/(1 +m)
where

D= (1-Q) [ piy)f()dy+Q [ s (12)

If the unit audit cost is ¢, the audit cost per auditee becomes
csD/(1 + m). The total cost becomes

tL + caDy = t{L + c,D/[t(1 +m)] }

In order to obtain results independent of the tax rate and the penalty
rate, we normalize the unit audit cost by setting

€ = co/[t(1 + )] (13)

The expected total cost becomes

c-(1-0 / y—x){1—PXO]} ) dy
+e(1-Q) / PO )y +cQ / P(X)f(x)dx (14)

The derivative with respect to p(x) of the total cost C has to be zero in
order to find an equilibrium in the interior, i.e., where 0 < p(x) < 1. Thus,

—(1=Q)ly—x(y)—cf(y)dy + cQf (x)dx = 0

This can be rewritten as a differential equation for the relation be-
tween true and declared income,

dx/dy = [(y—x)/c=1](1/Q=1)f¥)/f(x) (15)

In a normalized total cost formulation of the EF model, Eq. (6) in
Erard and Feinstein (1994b) becomes

E(ylx) =x+c

By combining this equation with Eq. (7) in the Erard & Feinstein
paper, our Eq. (14) is obtained.

Eq. (14) is preferably integrated forwards starting at X(¥4) = Ymin»
where ynin is the lower end of the true income interval and y, 2 Y.
Eq. (3) is thereafter integrated backwards starting at x = x, and p =
0. The parameters y, and x; are varied until a least-cost solution is
found. Finally, the actual audit rate is calculated,

Pa(x) = p(x)/(1 +m)

Numerical results for the EF model have been obtained with a C++
computer program developed by the author. With a uniform distribu-
tion of the control variable, the differential equations in the EF solution
can be solved analytically. The results have been verified in another
computer program using the analytical solutions.

An article closely related to the EF model was presented by Newman,
Patterson, and Smith (2001). They studied optimal auditing in a general
auditing framework with accounting fraud consisting of overstated in-
come. Their model is similar to the EF model, formulated as an equilib-
rium game and with a distinction between inherently honest and
potentially dishonest auditees. Newman et al. arrived at exactly the
same solution as Erard and Feinstein, which regrettably is not
commented on in their paper.

A recent application of the EF model was presented by Boserup and
Pinje (2013). They applied the model on the entire taxpayer population
of Denmark, segmented according to the amount of third-party re-
ported income. The objective was to study regressive bias, i.e., the fall
in effective tax rate with increasing income. With an information strat-
egy, those who declare a high income will be audited less, thus they will
be able to commit a larger share of fraud on self-reported income and
thus pay less taxes. The results were that within each income segment,
effective tax rates were regressively biased, whereas effective tax rates
were increasing with income between segments due to the allocation
of more audit resources to high-income segments.

Di Porto et al. (2013) studied a decentralized audit organisation
where the auditors are given an incentive in relation to the audit results.
The authors observed that an incentive proportional to the amount of
detected fraud is sub-optimal since it does not take into account the de-
terrent effect of the audit strategy. Instead, they presented a model
where the auditors maximize the number of audits where fraud is de-
tected. They made the same assumption as Erard and Feinstein using
two groups of taxpayers, one inherently “honest” and one “strategic”,
i.e., potentially dishonest. Like Erard and Feinstein, they solved for the
Nash equilibrium.

It is obvious that the auditor’'s objective function used by Di Porto et
al. can never produce a cut-off strategy since such a strategy will never
detect fraud in equilibrium. Below the cut-off level, fraud is zero,
whereas no audits are made above the cut-off level. The authors observe
that a cut-off strategy seems to generate more revenues than the model
above. The value of the Di Porto model is that it provides a less sub-op-
timal strategy for a decentralized audit organisation compared to the
case where the auditors maximize the amount of detected fraud.

4. The pre-announced strategy cases
4.1. The sequential game model

The problem is modelled as a sequential game where the first player
has the strategy set A and the objective function C to be minimized. The
second player, who is informed of the strategy a selected by the first
player, has the strategy set B(a) and the objective function E(U) to be
maximized. The mathematical formulation is

I\gin C[A,b"(A)] where b"(A) maximizes E{U[B(a)]}

The strategy set A corresponds to the set of audit functions p,(x) and
the strategy set B(a) to the set of declared control variable functions x
(y) for a given audit function p,(x), i.e.,

[{V{)l(l)’l Clp,(x),x"(y)] where x*(y) maximizes E{U[x(y), p,(X)]}

The optimization of auditee behaviour is exactly the same as in the
AN and HN classes, rendering Eq. (16),

—P'(x)/(1=p(x)) = 1/(y—x) (16)

4.2. The AP case: all auditees dishonest, pre-announced strategy

Reinganum and Wilde (1985) were the first to develop an informa-
tion strategy model where both taxpayer behaviour and audit strategy
were determined. Their paper treats a case with lump-sum taxes. It is
assumed that the taxpayers are risk-neutral and that the tax agency
maximizes net expected revenue, i.e., tax and penalty revenue less
audit cost. The authors studied audit strategies of the cut-off type, i.e.,
where the audit probability is zero for declared incomes above the
cut-off level and 100% for incomes below the cut-off level. Their main
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conclusion was that a cut-off strategy is preferable compared to random
auditing.

The problem was treated as a sequential game where the tax agency
declares an audit strategy and the taxpayers adapt their behaviour to
this strategy. Their model thus belongs to the AP class. Since their
model was based on lump-sum taxes, it falls outside the scope of this
paper.

Reinganum and Wilde (1986) stated that it would be useful to com-
pare their results for the non-announced case with the case where the
tax agency is able to pre-commit, “Unfortunately, the latter problem re-
mains unsolved...” (page 755). The problem was solved by Morton
(1993) and Sanchez and Sobel (1993).

Morton (1993) studied optimal auditing of a firm where the man-
ager can underreport the profit to the owner and the owner can estab-
lish the true profit through a costly audit. The owner maximizes
expected profit less audit cost. Upon detection, a penalty is charged,
proportional to the underreported profit with a proportionality factor
m. The problem was treated as a sequential game with perfect
information.

As in section 3, the current paper eliminates the penalty rate by nor-
malizing costs and audit rate. The notation below is different from the
Morton paper.

Morton observed that the existence of an optimal solution p(x) and
x(y) implies that a function P(y) = p(x(y)) exists which is non-increas-
ing in y. The total cost can be expressed as an integral

¢~ [ Pymwdy
where

my) = 1=F@y)—cf(y)

Since P(y) is non-increasing in y it is easily proven that C is mini-
mized for any function m(y) by a cut-off strategy,

P(y)=1fory<Y
P(y)=0fory>Y

This is a normalized version of Eq. (4) in the Morton paper.

Sanchez and Sobel (1993) studied optimal auditing as well as opti-
mal tax structure. They assumed risk-neutral taxpayers and a general
tax function 7(y) where y is the assessed income. Like Morton, they as-
sumed a penalty rate  and treated the problem as a sequential game
with perfect information.

They used the hazard function

gy) =(1=Fy)/F()

where F(y) is the cumulative distribution of true income. Important re-
sults, expressed in a normalized setting, were

- If the auditor maximizes tax revenue less audit costs, a cut-off strat-
egy is optimal (Proposition 3 in the Sanchez & Sobel paper). This is
the same result as in Morton (1993).

- If 7 (y)g(y) is strictly decreasing and the auditor has a budget con-
straint, the optimal audit strategy is a cut-off strategy (Proposition 2
(a)).

- With a budget constraint, the optimal strategy consists of a maxi-
mum of three normalized audit probability levels, i.e,, 1, an interme-
diate level and the zero level (Corollary 1).

4.3. The HP case: some honest auditees, pre-announced strategy

Since the HP case has not been treated in the literature, a new model
is presented here. Like the cases above, the model uses the relative audit
frequency function

p(X) = (14m) pa(X)

declining with declared income x. The auditee population is assumed to
consist of two groups, one honest group with the share Q that always
declares true income and one potentially dishonest group with the
share 1-Q that optimizes its utility, i.e., selects the optimal declared in-
come x for a given true income y. The share of honest auditees is exog-
enous in the model.

The expected loss of taxable income per taxpayer is the same as in
the AP case,

L= (1—Q)/(y—x)[1—P(X)]f(V)dy (17)

where f(y) is the true income frequency function.

The auditor wishes to find the functions x(y) and p(x) which mini-
mize C =L + ¢D. Since the maximization of U with respect to x(y) re-
sults in Eq. (3), the auditor faces an infinite-dimensional optimization
problem with the variables x(y) and p(x),

IXI)(i)n Clp(x),x(y)] where

c=(1-Q / y—x()[{1=pxy)]}fy)dy + c(1—Q) / ) )dy-+

+cQ / p(x)f(x)dx
(18)

under the constraint

—P'(x)/(1=p(x)) =1/(y—x) (19)

The constraint is valid for all values of x in the interior where O<p<1.
In the Appendix (Eq. A.7), it is shown that the optimum relation be-
tween declared income x and true income y satisfies

X,,zx,{y%x_{ww]c_f f’<Y>} (20)

1= y—x2 " f)

This second-order differential equation is integrated forward
numerically with the initial values x(y,) = Ymin and x’ (y,) = a. Eq.
(3) is thereafter integrated backwards starting with the initial value p
(xp) = 0. The parameters y,, & and x,, are varied until a least-cost strat-
egy is obtained. Finally, the actual audit rate is calculated,

Pa(x) = p(x)/(1 +m)

Numerical results for the HP case have been obtained using a C++
computer program developed by the author. At present, this program
can only accommodate a uniform control variable distribution.

4.4. A simulation method for near-optimal solutions

Near-optimal audit strategies can be obtained by limiting the study
to a class of normalized p(x) functions in which the best function is se-
lected. Experiments have been carried out with some different classes of
functions.

For tax auditing, the method uses a class of exponential functions
with two parameters a and b where a indicates the slope of the curve
and b is the declared income where p(x) hits the zero level.

p(x) =1—e*"D forx< b
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p(x) =0forx>b

The reason for this choice of audit function is that experimentation
with the EF model often leads to functions with such a shape. In addi-
tion, the solutions presented in Reinganum and Wilde (1986) belong
to this class of functions.

This solution method is a simple simulation model, imitating the as-
sumed auditee behaviour. The true income interval (Vmin, Ymax) is di-
vided into a large number of segments. For each segment, the
optimum declared income x is determined by maximization of the ex-
pected utility of the auditee.

U= @y—x(1-p©x)

The expected tax loss is calculated and the process is repeated with
different values of the parameters a and x;, until an optimum is reached.
The optimization method used is very simple, using a two-dimensional
grid which is extended in case the best solution is on the boundary and
reduced in case the best solution is in the interior. Finally, the actual
audit rate is calculated,

Pa(X) =p(x)/(1+m)

The simulation method is implemented in the computer code
AUDSIM developed by the author. The input data required is the distri-
bution of the true control variable and the share of honest persons.
AUDSIM can accommodate distributions with piecewise linear fre-
quency functions with up to 25 breaking points. The code is written in
C++ and is available from the author.

Experiments have been carried out using AUDSIM with a slightly
more complex class of audit functions with two additional parameters
pcand d, ie.,

p(x) = pC(l—e"(’“b*d("’b)z)) forx<b

px)=0 forx>b

In case p(x) > 1, p(x) is reduced to 1. The parameter d is only permit-
ted to take on values such that p(x) is monotonic.

The improvement achieved with two additional parameters has
been very small in the numerical examples studied.

4.5, Extensions of the simulation method

The simulation method, originally developed for tax fraud, can easily
be adapted to accommodate concave utility functions, benefit and ac-
counting fraud, partially discrete true control variable distributions, var-
ious forms of social penalty and a mix of fraud and errors.

In benefit and accounting fraud, the fraud direction is often reversed.
For instance, sickness benefits are generally controlled by the number of
sickness days, rendering higher benefits for a longer sickness duration.
For benefit and accounting fraud where the auditee fraudulently over-
states a variable x, the class of exponential audit frequency functions is
increasing with x, i.e.,

p(x) =1—e b forx> b

px)=0 forx<b

Examples of such audit frequency functions are shown in sections
5.3 and 5.4.

In cases where fraud is committed by overstating the control vari-
able, this variable may be restricted to non-negative values, for instance
the amount of benefit claims. It may then be necessary to introduce a
discrete part of the distribution of the true control variable at value

1
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o
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Declared income

Fig. 1. Typical audit rate function for the Reinganum and Wilde model.

zero since part of the fraud may be committed by persons with no
true benefit claims.

With the simulation method, the utility function of the auditee can
easily be modified, affecting the optimum fraud amount. One example
is a concave utility function, another example is the introduction of a so-
cial penalty.

A simple form of errors, i.e., unintentional misstatements, has been
studied in the form of a fixed probability of an error in a fixed amount
among the inherently honest auditees. This has the effect of reducing
the efficiency of the audit method since the auditees making errors do
not adapt their behaviour to the audit strategy.

5. Numerical examples
5.1. The Reinganum and Wilde model

Fig. 1 below shows a typical tax audit rate function for the RW
model, with true income in the interval between zero and 1 and no pen-
alty. The audit rate is decreasing to zero such that auditees with de-
clared income above a certain level will not be audited at all.

Fig. 2 shows that for a case with a uniform true income distribution,
the sequential game solution can lower costs by up to almost 20% com-
pared to the RW equilibrium solution. The results are obtained using the
simulation method with two parameters. The simulation method gen-
erates solutions with very large values of the parameter g, i.e. with

0.6

0.5 A

0.4 4

-=-8=-R&W solution
0.3 4

—a&— Cut-off strategy

0.2 4

Average total cost per person

0 T
0 0.5 1

Normalized unit audit cost

Fig. 2. Average total cost per person as a function of the unit audit cost with no honest
taxpayers (Q = 0) and true income uniformly distributed between 0 and 1.
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fraction of inherently honest taxpayers Q = 0.5.

very steep slopes, asymptotically resembling the cut-off strategy. The
results by Morton (1993) are thus confirmed, i.e., that the cut-off strat-
egy is optimal in the sequential game with perfect information and no
inherently honest auditees.

5.2. The simulation method versus the analytical solution

This example refers to a tax audit with a uniform distribution of true
income between 0 and 1, a unit audit cost of 0.4, no penalty and 50% in-
herently honest taxpayers. In Fig. 3, an example of the audit frequency
function p(x) is shown for the two solution methods for the sequential
game. An indication of the quality of the simple simulation method
with two parameters is that the difference in total cost between the
two methods is less than 0.2%.

The corresponding relation between true and declared income is
shown in Fig. 4 for the analytical solution and simulation with two,
three and four parameters. The improvement in total cost with three pa-
rameters (a, b and d) compared to two parameters (a and b) is 0.2%, and
the additional improvement with the fourth parameter (pc) is only
0.04%.

5.3. Benefit fraud

This example is taken from Appelgren (2017), a case study of Tem-
porary Parental Benefits (TPB) in Sweden based on data collected by
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Fig. 5. An example of a true claims distribution for benefit fraud, excluding the discrete
probability at zero true claims.
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Fig. 6. Audit frequency functions for two population segments at audit unit cost SEK 2000
(Swedish Krona).

Engstrom and Hesselius (2007). TPB is available to caregivers (parents
or other persons) who lose income when taking care of sick children.

The control variable is the amount of benefit claims during a specific
time period, and the audit rate is increasing with the amount claimed.
The distribution of true claims and the fraction of honest auditees is de-
rived from a set of audits performed in an earlier study. It is important to
note that the true claims distribution has a significant portion, about
50%, of potentially fraudulent auditees with zero true claims. A typical
distribution is shown in Fig. 5.

Fig. 6 shows near-optimal audit rates for two different risk segments
of the studied population. With no penalty upon discovery, the audit
rates tend asymptotically to 100% for high values of declared claims.

5.4. Accounting fraud

This example is taken from Newman et al. (2001), which models ac-
counting fraud where a fraudulent auditee overstates company earn-
ings. The auditor uses his prior beliefs about the probability that the
auditee may commit fraud and the distribution of true company
earnings. As stated in section 3.3, Newman et al. treat the problem as
a game without a pre-announced strategy. The authors present numer-
ical results for a case with an exponential earnings distribution, f(y) =
0.001 exp (—0.001y). They do not state all the parameters used in
their numerical examples, but it can be deduced from their figures
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that the fraction of potentially fraudulent auditees is approximately 25%
and that the audit cost is approximately 120.

These same data have been use in an application of the simulation
model for the sequential game with an announced audit strategy. Fig.
7 shows the optimal audit frequency functions in the Newman et al.
model (i.e., non-announced strategy) and in the sequential game simu-
lation model (i.e., pre-announced strategy).

In Fig. 8, the total cost, i.e., audit cost plus fraud loss, is presented
as a function of audit cost. The total cost is lower when the auditor
can pre-commit to the audit strategy, making it advantageous for
the auditor to announce the audit strategy in advance in order to cre-
ate a sequential game. This is in line with the general result that the
leading player in a sequential game with perfect information comes
out better compared to the corresponding player in a simultaneous-
move game.

6. Discussion and conclusions

This paper has provided both an analytical solution and a simple ap-
proximation method for producing near-optimal audit strategies in a
strategic audit setting with some inherently honest auditees and a
pre-announced strategy.

6.1. Segmentation strategy

Segmentation of the auditee population should be used whenever
adequate data is available. Segmentation has the effect that high fraud
segments will be audited at the critical audit level 1/(1 + m) whereas
the low fraud segment will be left unaudited.

Segmentation preferably can be combined with the use of an infor-
mation strategy in which the auditor announces the audit strategy
with sufficient notice for the auditee to incorporate this information
into his/her fraud decision. In Appelgren (2017), the population was
split into two segments, a smaller high risk segment with about 17%
fraudulent persons and a larger segment with about 8% fraudsters. The
sequential game simulation model was applied on both segments as
well as on the total population. As expected, segmentation resulted in
a lower total cost.

6.2. All auditees potentially dishonest versus some inherently honest
auditees

The cases with all dishonest auditees (AN and AP) are included
here mainly for historical reasons. They are less realistic since they
generate much higher levels of fraud compared to what is observed
empirically, as noted by Erard and Feinstein (1994a). Therefore, we
have concentrated on the cases with some honest auditees (HN
and HP).

With the introduction of a social penalty motivating some auditees
to abstain from fraud, new models with all potentially dishonest
auditees may become more attractive.

6.3. Non-announced strategy versus pre-announced strategy

There are numerous situations where a pre-announced strategy is
not feasible. In audits of financial statements, it seems unlikely that an
auditor would want to declare an audit strategy in advance. This ex-
plains the extensive use of non-announced strategies in the strategic
audit literature in the accounting field. There may also be regulatory re-
strictions or professional standards that prevent auditors from pre-an-
nouncing the audit strategy. The discussion below is therefore limited
to situations where pre-announced strategies are possible.

In some papers from the accounting literature, prior distributions of
important variables are assumed to be known, for instance in Shibano
(1990, page 116), Matsumura and Tucker (1992, page 755),
Bloomfield (1995, pages 72-73), and Caplan (1999, page 105). The as-
sumption of such distributions means that there is a population of
auditees from which such distributions can be measured, unless it is
stated that those distributions are subjectively assessed by the auditor
as in Newman et al. (2001).

The existence of such populations seems more likely for some types
of audits, such as expense account auditing in large organizations, than
for other audit types, such as financial statement audits. When such
populations exist, it is advantageous to use pre-announced audit strate-
gies if they are permitted.

The strategies studied in this paper are based on utility-maximizing
auditees. There are arguments for and against modelling
pre-announced audit strategies in this setting, An argument for a pre-
announced strategy is the general result that the utility for the first
player in a sequential game with perfect information is higher or
equal to the utility of the same player in a simultaneous-move game.

An argument against pre-announced strategies is that auditors may
be unwilling to disclose their audit strategy since they feel that this
would provide the auditees with too much information. This may be es-
pecially true in cases where the perception of the auditees is that the
audit density is higher than the actual level. Therefore, models of pre-
announced strategies may have limited external validity. It is probable,
however, that productive results can be obtained by informing the
auditees of the general shape of the audit rate function, such as “the
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audits will be concentrated on taxpayers declaring the lowest incomes”
or “the audits will be concentrated on auditees claiming the highest
claim amounts”.

6.4. Analytical solution versus simulation method

In the pre-announced strategy case, the simulation model is a
straightforward method that generates near-optimal audit strategies.
Variations of the model are easily implemented, for instance with
auditees having concave utility functions, with partially discrete distri-
butions of the true value of the control variable, and with a mix of
fraud and errors.

A prerequisite for all models described in this paper is that the prob-
ability distribution of the true value of the control variable is known.
Since the accuracy of an empirically-derived distribution is limited,
there is no need for very accurate calculations of optimal audit rate func-
tions supporting the use of a simple method generating near-optimal
solutions.

The results from the tax audit example in section 5.2 indicate that
the simple two-parameter approach is only marginally inferior to the
more complex model with three or four parameters. This is not neces-
sarily true for all true-income distributions.

6.5. Social penalty

A disadvantage with the sequential game model as well as with
the Erard and Feinstein model is that dishonest auditees will always
cheat, i.e., there is no set of parameters that will induce the auditee
to abstain from fraud. This is due to the penalty being proportional
to the fraud amount in the model. In line with Alm (2013), future re-
search should include the construction of models where the propor-
tion of honest taxpayers is calculated endogenously, possibly with
the introduction of a social penalty that is not strictly proportional
to the fraud amount.

Social penalty can be introduced as a deterministic or stochastic var-
iable, dependent or independent of the fraud amount, which is added
when fraud is detected. It has the effect that an auditee may abstain
from fraud, in contrast to the models where the share of potentially
fraudulent auditees is determined exogenously. Thus, the introduction
of an endogenous social penalty can replace the exogenous assumption
of some inherently honest auditees. An example of social penalty is
found in Dionne et al. (2009), which introduces a moral cost with a
known probability distribution.

In addition to the introduction of a social penalty, Alm (2013) also
promoted the development of models which consider group behaviour.
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Appendix. Analytical solution of the sequential game model
With q(x) = 1 — p(x), Eq. (3) can be written as
q'(x) =q(x)/(y—x) (A1)

This constraint can be included in the objective function via a multi-
plier function m(x). The objective function then becomes

C=(1-Q / (Y—X)axw) fy)dy
+e(1-Q) / (1=q(xy)f @)dy + +cQ / (1—q(0)f(x)dx

+ [ m)d —a/y-x)dy (A2)

For an optimum in the interior, derivatives with respect to x and ¢
have to be zero.

dC/dx = —(1-Q)q(x)f (y)—q(x)m(y)/(y—x)* = 0
which renders
m(y) = —(y—x*(1-Q)f(y) (A3)

Before differentiation with respect to g, ¢’ can be eliminated in Eq.
(A.2) by means of partial integration

[ mgay = [ miy)dasay)/ax/ay) dy
— m(y)q/x— / q (d(m(y)/x)/dy) dy
Thus,

/m(y)q/dy:constant—/q(x) [m’(y)/x’—m(y)x”/x/2 dy (A4)

Differentiation of Eq. (A.2) with respect to q using Eq. (A.4) renders

dC/dg = (1-Q)(y—x—c)f (y) —cQf (x)x'

2

+mx"/(X)"—m'/x' —m/(y—x)=0 (A.5)
First, m’ (y) is determined from Eq. (A.3),
m'(y) = —2(1-Q)(y—x)(1-X) f(y) —(1-Q) (y—x)*f () (A6)

Next, the functions m(y) and m’ (y) are eliminated from Eq. (A.5),

(1—-Q)(y—x—c)f (x> —cQf X)x” + (y—x)>(1—Q)f ¥)
X [x’z/(y—x) —x
+2(1-Q)A—XXf(y) + (1—QX (y—x)*f () =0

which can be formulated as a differential equation

¥ — X,{yzfx_ {l + %} (yi{)z +]}i/((j//))}
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