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A controller for critical vehicle maneuvering is proposed
that avoids obstacles and keeps the vehicle on the road while
achieving heavy braking. It operates at the limit of friction
and is structured in two main steps: a motion-planning step
based on receding-horizon planning to obtain acceleration-
vector references, and a low-level controller for following
these acceleration references and transforming them into ac-
tuator commands. The controller is evaluated in a number of
challenging scenarios and results in a well behaved vehicle
with respect to, e.g., the steering angle, the body slip, and the
path. It is also demonstrated that the controller successfully
balances braking and avoidance, such that it really takes ad-
vantage of the braking possibilities. Specifically, for a moving
obstacle it makes use of a widening gap to perform more
braking, which is a clear advantage of the online replanning
capability if the obstacle should be a moving human or animal.
Finally, real-time capabilities are demonstrated. In conclu-
sion, the controller performs well, both from a functional
perspective and from a real-time perspective.

1 Introduction
The development of automotive sensor systems and au-

tomotive situation-awareness systems opens up for new au-
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tonomous safety systems. The information about the road
borders, surrounding traffic, and possible obstacles on the
road can be utilized when devising obstacle-avoidance ma-
neuvers. Using such maneuvers in new safety systems can
prevent otherwise fatal or severe crash injuries [1]. They are
also central in the context of automated driving, since they can
relieve the common requirement of assisted driving systems
that the driver should be alert and ready to take over as soon as
a critical situation occurs [2]. This is a very hard requirement
on a human to switch from a relaxed normal driving situation
in a self-driving car to suddenly be alert, and to react quickly
and correctly. It is therefore natural that there is significant
interest in autonomous safety maneuvers.

There are different options to obtain avoidance strate-
gies [3–5], and one candidate is using optimization [6–9].
In such an optimization formulation, it is natural to use the
information from the situation-awareness system, e.g., road
borders and obstacles, as constraints in the optimization. De-
pending on the situation, more or less of the available steering
and braking must be used to fulfill the constraints, i.e., to
avoid the obstacles while still staying on the road. The re-
maining actuation freedom can be used for other objectives
such as comfort, energy efficiency, or keeping distance to
the road boundaries. In an optimization formulation, this
objective is specified as an optimization criterion. In previous
literature different criteria have been used [3, 6, 8], but in this
paper the basic idea is to formulate a criterion that rewards
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hard braking since lowering the velocity reduces the risk of an
accident being severe [10] and could be advantageous when
reacting to an obstacle that can move, e.g., a human or an
animal (such as a moose). The criterion used is a penalty
on velocity v, formulated as an integral of v2 over a horizon,
such that minimizing this integral rewards slowing down the
vehicle by hard braking.

Information about if an object is likely to move could be
obtained from the situation-awareness system where infrared
light can indicate a living object, and if the object is moving,
the system can also give estimates of both its speed and di-
rection of motion. An object can block the whole road width,
but if it moves a gap could occur behind it. For this reason it
is advantageous to adjust and replan as the situation evolves.
This can be done using model predictive control, where an
optimization is repeated with a shifting finite horizon [11–13].
These repeated optimizations give optimal solutions both in
terms of applied control commands and resulting trajectories
of state variables. A typical approach then is to use the state
trajectories as reference values for a low-level controller giv-
ing the actuator commands, see, e.g., [14]. In this paper, a
force-based perspective [15–17] is instead used for the low-
level controller. Thus, the desired global force (acceleration)
on the vehicle from the receding-horizon planning step is
used as a reference, and it is, so to say, cascaded down to the
wheels in a number of refinement steps. The overall result is
force vectoring on the wheels that results in the desired global
force and yaw moment on the vehicle.

1.1 Contributions and Outline
A key contribution in this paper is an investigation of

the idea of maximum braking while still leaving room for
an avoidance maneuver. Further main contributions are the
methodology to handle critical situations where a station-
ary or moving object crosses the road, and the realization
of this using a combination of a replanning approach based
on receding-horizon control and a force-based low-level con-
troller. This methodology together with selected models en-
able real-time control while taking advantage of the available
tire forces from front-axle steering and individual four-wheel
braking.

Section 2 gives a brief background to motion planning as
a basis for the overview of the proposed controller that then
follows. Continuing with more details of the proposed con-
troller, Section 3 presents the motion-planning step leading
to acceleration-vector references, and then Section 4 presents
how these acceleration references are turned into actuator
commands. The traffic scenarios used are presented in Sec-
tion 5, and the dynamic vehicle model used for evaluation is
presented in Section 6. Section 7 gives the results, whereas
discussion and conclusions are given in Sections 8 and 9,
respectively.

2 Real-Time Motion Planning
There are two common approaches to motion planning

and control in complex scenarios. One approach is to first

Constraint Provider

Motion Planner

Acceleration Follower

Vehicle

emin(s),emax(s)

av(s),a⊥(s)

δ̇,T1,T2,T3,T4

vehicle variables

C
ontroller

Fig. 1. Control layout

plan a path around the obstacles and then to follow this path
using a path-following controller (see, e.g., [18]). Another
common approach is to not only plan a path but also a tra-
jectory. Typically, the trajectory is either directly providing
lower-level inputs, such as the steering-wheel angle and the
braking forces (see, e.g., [5]), or it can be mapped to such
inputs by a low-level controller.

If the scenario is simple enough, it could be possible to
obtain an analytical solution of the trajectory [19,20], but this
is not the case for the scenarios considered here. A numeri-
cal receding-horizon approach is therefore used to plan the
trajectory. The trajectory is planned using a friction-limited
particle model giving the desired motion of the center of mass.
The controller from [17] is adapted to follow the computed
acceleration profile and thus, implicitly, also the resulting
path and velocity profile. This approach is in between the
aforementioned approaches of motion planning combined
with following and directly solving for the control inputs. An
overview of the proposed controller is given in the following
section.

2.1 Controller Overview
The car considered is capable of front-wheel steering and

individual four-wheel braking. The structure of the controller
is shown in Fig. 1. A situation-awareness system, which
includes a constraint provider, is assumed available. Based on
the road borders and obstacles ahead, the constraint provider
outputs limits on the drivable area. The controller consists of
a real-time motion planner, and an acceleration follower that
translates the desired acceleration into steering and braking
commands.

At the top level of the controller, a plan is computed
that results in a trade-off between using the available forces
to reduce the velocity, so as to reduce the severity in case of
collision, and using the available forces to avoid collision. The
replanning is performed in a receding-horizon fashion, where
a friction-limited particle model is used to predict the future
movement. Using a friction-limited particle model results in
a computationally simpler optimization problem than solving
for a full vehicle model. However, the used formulation
still captures the difference in friction in the longitudinal and
lateral directions. More details on planning are provided in
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Section 3.
Aiming to use all available tire forces despite the simple

model used for planning, it is assumed that the acceleration
reference computed is at the limit of the available tire–road
forces. This gives an equivalence between the desired center-
of-mass acceleration [av,a⊥]T and the maximum of a Hamil-
tonian function [16] (see Section 4.1 for further details)

H = pxFx + pyFy, (1)

where Fx is the longitudinal vehicle force, Fy is the lateral ve-
hicle force, and px and py are values computed from [av,a⊥]T.
Because a vehicle is not a particle, the yaw moment Mz is
added with a term λ that acts as a Lagrange multiplier, driving
the yaw moment to its desired value:

H = pxFx + pyFy +λMz. (2)

Like in the Modified Hamiltonian Algorithm (MHA)
[16], this parameter is adapted online such that Mz converges
to a desired value Mdes

z . The vehicle inputs and desired yaw
moment Mdes

z are then determined such that the function H
is maximized. This is achieved by the procedure in [17].
First, (1) is maximized to derive an expression for the optimal
slip angle of the rear axle α∗r , around which a control law
is formulated to determine Mdes

z . Then, (2) is maximized to
derive expressions for the optimal front-axle slip angles α∗1
and α∗2, and the optimal braking forces F∗x,1, F∗x,2, F∗x,3, and
F∗x,4. From these references, control laws are formulated to
determine the steering rate δ̇ and wheel braking torques T1, T2,
T3, and T4. A detailed description of the procedure is covered
in Section 4.

3 Acceleration References
The acceleration-vector reference is obtained using the

particle model described in Section 3.1 in the receding-
horizon formulation described in Section 3.2. The particle
model is transformed to road-aligned coordinates with path
position instead of time as the independent variable. This
has the benefits of making it easier to formulate the road
boundaries, having one state variable less, and also allowing
a fixed-distance planning horizon.

3.1 Particle Model
The motion planner considers the vehicle as a particle

controlled by acceleration. With time as the independent
variable, the particle motion in global coordinates is described
by

Ẋ = vcos(ξ), (3a)
Ẏ = vsin(ξ), (3b)

v̇ = av−Kdv2, (3c)

ξ̇ =
a⊥
v2 , (3d)

v

av

a⊥

st

s

e

∆ψ

σ ξ

X

Y

Fig. 2. Vehicle position and orientation in the global coordinates XY
and in the road-aligned coordinates at the position s= st of the spec-
ified path.

av/g

a⊥/g

θ

−kµ

kµ

−µ µ

Fig. 3. Illustration of the friction-ellipse limit. The small filled circle
denotes the maximum force in the direction indicated by θ.

where X and Y define the global position, v is the magnitude
of the velocity vector, and ξ is the orientation of the velocity
vector in the global XY -frame. The acceleration is represented
by its components av and a⊥, where av is aligned with the ve-
locity vector (see Fig. 2). The velocity change under influence
of drag is modeled by −Kdv2, where Kd is the aerodynamic
coefficient. In this vehicle model, the accelerations av and
a⊥ are the control signals. To model the limited total vehicle
forces between the tires and the road, these accelerations are
limited by the friction-ellipse [21] relation

a2
v +(ka⊥)2 ≤ (µg)2, (4)

where k is the ellipse parameter illustrated in Fig. 3, which
models the difference in longitudinal and lateral friction po-
tential.

To formulate the road boundaries, the vehicle position
is described in road-aligned coordinates [9]. The road is
described by a path in the XY -frame, which is the nominal
position along the road. Each position s along the path corre-
sponds to a position and orientation in the global XY -frame
[X(s),Y (s),ψ(s)]T, which for an initial position ss along the
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path is defined by

X(s) = X(ss)+
∫ s

ss

cos(ψ)ds, (5a)

Y (s) = Y (ss)+
∫ s

ss

sin(ψ)ds, (5b)

ψ(s) = ψ(ss)+
∫ s

ss

κ(s)ds, (5c)

where κ(s) is the path curvature. By taking into account
that the lateral velocity, i.e., the velocity perpendicular to the
direction defined by σ in Fig. 2, is zero, the state can in the
road-aligned frame be described by: the position s along the
path, the distance e to the path, the magnitude of the velocity
v, and the angle σ to the velocity vector. In these variables,
the particle model (3) has the state dynamics [9]

ṡ =
vcos(σ)
1−κ(s)e

, (6a)

ė = vsin(σ), (6b)

v̇ = av−Kdv2, (6c)

σ̇ = ξ̇−κ(s)ṡ. (6d)

By considering s as an independent variable and using (6a),
the element dt is expressed as

dt =
dt
ds

ds =
1−κ(s)e
vcos(σ)

ds. (7)

Using (6) and (7), and defining the state vector x = [e,σ,v2]T

and the input vector u = [av,a⊥]T, the motion of a particle
in the global coordinates (3) is now expressed in the path
coordinates as

x′ =
dx
ds

= G(x,u) =


de
dt

dt
ds

dσ

dt
dt
ds

2v dv
dt

dt
ds

=


(1−κ(s)e) tan(σ)
(1−κ(s)e)a⊥

v2 cos(σ) −κ(s)
2(1−κ(s)e)(av−Kdv2)

cos(σ)

 .
(8)

3.2 Receding-Horizon Planning
For a specified planning cycle defined in distance s, the

motion planner provides the input vector u by solving an
optimal control problem. The problem is to minimize the
integral of the squared velocity between positions ss and s f
for the particle (represented by the dynamic constraints (8))
starting at the state xs and staying within the limits of the
drivable area, emin(s) and emax(s), defined by the constraint
provider (see Fig. 1):

minimize
x,u

∫ s f

ss

v2 ds (9a)

subject to x(ss) = xs, x′ = G(x,u), (9b)
emin(s)≤ e(s)≤ emax(s), (9c)

a2
v +(ka⊥)2 ≤ (µg)2, av ≤ 0, (9d)

where the acceleration inputs av and a⊥ are constrained by the
friction-ellipse (4) and are limited to braking of the vehicle.

The continuous optimal control problem (9) is discretized
using the forward Euler method for N+1 discrete points with
the step size ∆s and the variables are indexed by i∈{0, . . . ,N}.
The discretized dynamics with piecewise constant control in-
puts is included in the resulting numerical optimization using
the multiple shooting method [22]. For improved handling of
the road-boundary conditions, taking into account uncertain-
ties in the model, functions penalizing driving closer than the
distance emargin to the boundaries are formulated for the left
and right road boundary as

pleft,i = max(ei− emax,i + emargin,0), (10a)
pright,i = max(emin,i− ei + emargin,0). (10b)

Finally, a possible small change in the friction coefficient µ is
introduced as a slack variable like in [11]. The coefficient µ
is typically set using a conservative estimate smaller than the
actual value. When it is required to find a feasible solution,
the solver is allowed to increase µ relative to its conservative
estimate µ̂. The increase in the friction coefficient µ comes at
the cost of a penalty on their difference

(µ− µ̂)2, (11)

and the corresponding weighting factor cµ in the criterion
(12a) is set very high as in [11]. Then, after the problem has
been solved, the resulting µ is checked for an indication if the
resulting trajectory is possible to follow by the vehicle. As
long as the resulting µ is below the actual effective friction
coefficient of the vehicle, it is possible that the vehicle can
avoid collision. Finally, the resulting optimization problem
based on (9) that is solved numerically is

minimize
x,u,µ

N

∑
i=0

(
v2

i + ce p2
left,i + ce p2

right,i + cµ(µ− µ̂)2)(12a)

subject to x0 = xs, xi+1 = xi +∆sG(xi,ui), (12b)
emin,i ≤ ei ≤ emax,i, (12c)

av,i ≤
√

(µg)2− (ka⊥,i)2, (12d)

av,i ≥−
√

(µg)2− (ka⊥,i)2, (12e)

−µg≤ av,i ≤ 0, −µg≤ ka⊥,i ≤ µg, (12f)

v2
i ≥ v2

min, σmin ≤ σi ≤ σmax, (12g)

where ce and cµ are weighting factors for the penalties (10)
and (11). However, the main focus of the objective function
(12a) is still to decrease the velocity, since the weighting
factors are chosen such that the additional penalties nominally
have small values and they are only included to improve
real-time performance. For computational performance, the
constraints (9d) are reformulated to the constraints (12d) –
(12f), where the constraints (12f) do not put new restrictions

4 Copyright © by ASME



on the acceleration vector with respect to (9d) as it is just a
bounding box (see the dashed lines in Fig. 3). The constraints
(12g) are added to avoid the state values for which the model
(8) is undefined, where v2

min, σmin, and σmax are user-defined
parameters.

The resulting nonlinear optimization problem (12) is
solved using CasADi [23], IPOPT [24], and HSL MA57
[25]. To reduce the computation time of the motion planner,
CasADi is used to create a parametric function that solves the
problem (12), where the parameters specify initialization val-
ues of the variables, the current vehicle state, and the obstacle
configuration. The parametric function is created using au-
tomatic differentiation to generate expressions for numerical
evaluation [23]. This is done only once, ahead of time, which
reduces the overhead as opposed to declaring the problem at
each iteration. The computational performance of the motion
planner is demonstrated in Section 7.4.

The time to drive the planning-cycle distance is allocated
for the motion planner to compute a plan for the next starting
position ss. The state xs is predicted by integrating the model
(8) using the current state of the vehicle and the input u from
the previous plan. When the problem (12) is solved for the
first time, the future state is obtained under the assumption
of maximum straight-line braking. The velocities, v2

i ∀ i ∈
{0, . . . ,N}, are initialized to the velocity v2

s to avoid initial
division by zero in the model (8). The lateral distances to
the path, ei ∀ i ∈ {0, . . . ,N}, are initialized to the center line
between the path boundaries (39)

ei,init =
emin(si)+ emax(si)

2
. (13)

The other states are initialized to zero. The Lagrange mul-
tipliers of the constraints (12b)–(12g) are reused from the
previous plan for initialization at the next optimization.

4 Acceleration Following
The goal is to follow the acceleration-vector reference

computed by the motion planner in Section 3 via control
of the steering-wheel rate δ̇ and wheel braking torques
Ti, i ∈ {1,2,3,4}. This is achieved by applying the control
structure from [17]. Compared to that paper, the controller is
here tailored to better follow acceleration-vector references
computed by the motion planner in Section 3.

4.1 Center-of-Mass Acceleration Reference
It is assumed that the desired acceleration [av,a⊥]T ob-

tained from the motion planner is at the limit of the tire–road
friction. Then, as illustrated in Fig. 3, there is an equivalence
between the desired acceleration and the acceleration defined
by the angle θ. The variable ϕ is introduced to represent the
desired acceleration at the friction-ellipse limit:

av = µgcos(ϕ), (14a)

a⊥ =
µg
k

sin(ϕ). (14b)

This relation can also be written as

ka⊥
av

= tan(ϕ). (15)

Using (14), an equivalent of the Hamiltonian (1) in terms of
acceleration components is

H = av cos(θ)+a⊥ sin(θ)

= µgcos(ϕ)cos(θ)+
µg
k

sin(ϕ)sin(θ).
(16)

To maximize this function with respect to ϕ, its derivative is
examined

dH
dϕ

=−µgsin(ϕ)cos(θ)+
µg
k

cos(ϕ)sin(θ), (17)

which is zero when

tan(θ) = k tan(ϕ) =
k2a⊥

av
. (18)

Because there are clearly two extrema, one on each side of
the ellipse, it is also ensured that the second-order derivative
is negative, i.e.,

d2H
dϕ2 =−µgcos(ϕ)cos(θ)− µg

k
sin(ϕ)sin(θ)

=−H < 0.
(19)

The angle θ, i.e., the direction relative to the velocity vector in
which maximizing the acceleration (force) gives the desired
acceleration, is then computed by

θ = arctan2(k2a⊥,av). (20)

Before using this angle, it is transformed into the road-aligned
coordinates using the planned direction of the velocity vector
σ,

θ
s = arctan2(k2a⊥(s),av(s))+σ(s). (21)

It is then transformed into the vehicle coordinates by the
measured value of the vehicle orientation ∆ψ (see Fig. 2) at
the current time t,

θ
v = θ

s(s)−∆ψ(t). (22)

Finally, the values of px and py in the Hamiltonian (1) are
computed as

px = cos(θv), (23a)
py = sin(θv). (23b)
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4.2 Wheel-Level Force References
The sum of the forces from all wheels results in the total

yaw moment Mz acting on the vehicle. To control this yaw
moment, the procedure from [16] is used, where λ in the
modified Hamiltonian (2) is adapted online to achieve the
desired yaw moment Mdes

z . This is done with the following
update at each controller sampling instant, using the same
formula as in [26]:

λ→ λ+S tanh(ε(Mdes
z −Mz)), (24)

where S and ε are parameters determining the size of the
change in λ. To prevent λ from getting too large if Mdes

z cannot
quickly be achieved, λ is saturated at ±λmax. To approximate
the yaw moment Mz in the update (24), the friction-ellipse
model with combined slip and the simplified Pacejka’s Magic
Formula [21] is used to compute the lateral tire force Fy,i
where the longitudinal tire force is obtained from the applied
braking torque Ti:

Fy0,i = µy,iFz,i sin(Cy,i arctan(By,iαi)), (25a)
Fx,i = TiRe, (25b)

Fy,i = Fy0,i

√
1−

Fx,i

µx,iFz,i
, (25c)

where Fz,i is the vertical load, αi is the slip angle computed
taking the relaxation length into account (42), Re is the effec-
tive wheel radius, By,i, Cy,i, µx,i, and µy,i are tire parameters
(Table 2), and the rotational wheel dynamics is assumed to be
in steady state. The forces Fx and Fy and the yaw moment Mz
acting on the vehicle are the sums of the individual tire forces

Fv
x,i = Fx,i cos(δi)−Fy,i sin(δi), (26a)

Fv
y,i = Fx,i sin(δi)+Fy,i cos(δi), (26b)

Fx =
4

∑
i=1

Fv
x,i, (26c)

Fy =
4

∑
i=1

Fv
y,i, (26d)

Mz =
4

∑
i=1

(lx,iFv
y,i− ly,iFv

x,i), (26e)

where lx,i and ly,i are the longitudinal and lateral distances
from the center of mass, respectively.

Assuming that the actuators acting on each wheel are in-
dependent of each other, the functions (1) and (2) are reduced
and solved independently for each wheel. To maximize the
Hamiltonian (1), the direction [px,i, py,i]

T expressed in local
wheel coordinates to maximize the force in is

px,i = cos(θv−δi), (27a)
py,i = sin(θv−δi), (27b)

where δi is the steering angle of the ith wheel. Considering
the modified Hamiltonian (2), where yaw moment is con-
trolled, the direction [p̃x,i, p̃y,i]

T in local wheel coordinates
that maximizes the Hamiltonian (2) is, by substituting Fx, Fy,
and Mz using (26), given by

θ̃
v = arctan2(sin(θv)+λlx,i,cos(θv)−λly,i), (28a)

p̃x,i = cos(θ̃v−δi), (28b)

p̃y,i = sin(θ̃v−δi). (28c)

4.3 Desired Slip Angles
To compute the desired slip angles, the desired lateral tire

forces are determined. The slip angles of the rear wheels are
determined by the vehicle motion, while the slip angles of the
front wheels are controlled by a common front-axle steering
angle. As reference for the yaw control (Section 4.4), the
lumped rear slip angle αr of the rear axle is used, while for
the steering control (Section 4.5), the individual slip angles
of the front wheels, α1 and α2, are considered. How these
possibly conflicting slip angles are handled is explained in
Section 4.5.

Similar to how the target acceleration-vector reference
[px, py]

T is computed in Section 4.1 based on the friction
ellipse representing the acceleration potential of the whole
vehicle, the desired lateral tire force F∗y,i is computed on the
friction ellipse resulting from tire–road forces:

F2
z,i =

(
F∗x,i
µx,i

)2

+

(F∗y,i
µy,i

)2

, (29)

where F∗x,i is the corresponding optimal braking force. Be-
cause the purpose of controlling the yaw moment is to control
the rear slip angles, the rear slip angles are not used to control
the yaw moment. The desired lateral force F∗y,r maximizes
the force of the rear tires in the direction [px, py]

T and is
computed as [17]

F∗y,r = Fz,rµy,r sin(arctan2(µy,r py,r,µx,r px,r)). (30)

To avoid generating unexpected lateral tire forces, when cor-
recting the yaw moment, but still reducing the lateral tire
force if necessary (to not overly saturate the tire forces if
differential braking is desired), the desired lateral forces F∗y,1
and F∗y,2 of the front tires are computed as

[
p̂x,i
p̂y,i

]
=


[

p̃x,i
p̃y,i

]
if |p̃y,i|< |py,i|,[

px,i
py,i

]
otherwise,

(31a)

F∗y,i = Fz,iµy,i sin(arctan2(µy,i p̂y,i,µx,i p̂x,i)). (31b)

To find the desired slip angle from the desired lateral
tire force, a tire model on the form of a simplified Pacejka’s
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Magic Formula [21] is used. Rather than specifying the model
at zero longitudinal tire force as is commonly done, it is as
in [17] specified at the friction-ellipse boundary (29):

F∗y,i(αi) = Fz,iµy,i sin(C∗y,i arctan(B∗y,iαi)), (32)

where B∗y,i and C∗y,i are tire parameters. Here, the function (32)
is precomputed from the complete model of the longitudinal
and lateral tire forces described in Section 6 as function of
the steady-state values for the tire slips. The tire model (32)
is inverted to compute the desired slip angle

α
∗
i =

1
B∗y,i

tan

(
1

C∗y,i
arcsin

( F∗y,i
Fz,iµy,i

))
. (33)

4.4 Yaw Control
A control law is formulated like [17] to determine the

desired yaw moment Mdes
z to achieve the desired slip angle α∗r

of the rear axle. To handle chattering due to quick changes in
α∗r caused by replanning, a first-order filter with the time con-
stant τr is incorporated. Using small-angle approximations
of the body slip β and the slip angle αr, the control law to
achieve α∗r is obtained from the characteristic equation of a
stable second-order system with poles at −ω as

Mdes
z /Izz = ṙdes =−2ωβ̇

e−ω
2
β

e, (34a)

β
e =−α

des
r −

vy− lrr
vx

, (34b)

β̇
e =−α̇

des
r −

v̇y

vx
+

(vy− lrr)v̇x

v2
x

, (34c)

τrα̇
des
r = α

∗
r −α

des
r , (34d)

where r is the yaw rate, and lr is the distance between the rear
axle and the vehicle center of mass. It is assumed that the
yaw acceleration ṙ converges to a small value as βe and β̇e

approach zero, allowing terms with ṙ to be discarded. To pre-
vent excessive yaw-moment demands that cannot be fulfilled,
Mdes

z is saturated at ±mgw/2, where w is the half-width of
the car.

4.5 Steering Control
To handle chattering due to quick changes in α∗i caused

by replanning, a first-order filter with time constant τi is
incorporated in the steering controller. The control law is
synthesized similar to [27] with the feedback gain K by the
stable dynamics

α̇i− α̇
des
i =−K(αi−α

des
i ), (35a)

τiα̇
des
i = α

∗
i −α

des
i . (35b)

Disregarding the influence of the yaw acceleration and using a
small-angle approximation of the slip angle gives the desired

steering rate of wheel i as

δ̇
des
i = K(αdes

i −αi)+
v̇y

vx− ly,ir
−

v̇x(vy + lx,ir)
(vx− ly,ir)2 . (36)

Because there is only one steering angle but two desired
steering rates (one for each of the two front wheels), the
steering rate is determined by

δ̇ =

{
δ̇des

1 if δ̇des
1 αsign < δ̇des

2 αsign,

δ̇des
2 otherwise,

(37)

where αsign = sign(α1 +α2). This acts to steer towards re-
ducing the slip angles, enabling differential braking without
overly saturating the tires.

4.6 Braking Control
To compute the braking torques, it is assumed that the

wheel dynamics is in steady state. The friction-ellipse based
model (25) is used, which allows an analytical solution to the
problem of maximizing the Hamiltonian (2) with respect to
the braking forces (a new ellipse with reduced lateral friction)
[17]. With the braking torques acting independently, this
corresponds to maximizing the individual tire forces in the
direction of [p̃x, p̃y]

T. Because only braking is considered,
the braking force is saturated between −µx,iFz,i cos(αi) and
0, where the lower limit corresponds to a locked wheel with
saturated tire forces. To prevent undesired locking of the
wheels, slip control could be used. Here for simplicity, this is
solved by reducing the braking torques with a scaling factor
γT . In summary, the torque for each tire is computed with

F∗x,i = µx,iFz,i cos
(

arctan2
(

Fy0,i

Fz,i
p̃y,i,µx,i p̃x,i

))
, (38a)

Fx,min =−µx,iFz,i cos(αi), (38b)
Fx,max = 0, (38c)

Ti =


γT ReFx,max if F∗x,i > Fx,max,

γT ReFx,min if F∗x,i < Fx,min,

γT ReF∗x,i otherwise.
(38d)

4.7 Summary of Computations
The computations presented in Sections 4.1–4.6 are sum-

marized as:

1. Compute the desired center-of-mass acceleration-vector
reference θv (22).

2. Compute the desired tire-force vector references
[px,i, py,i]

T, i ∈ {1,2,r}, (27).
3. Compute the desired slip angle α∗r of the rear axle (30),

(33).
4. Determine the desired yaw moment Mdes

z (34).
5. Estimate the yaw moment Mz (25), (26).
6. Update λ to track Mdes

z (24).
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7. Compute the desired tire-force vector references
[p̃x,i, p̃y,i]

T, i ∈ {1,2,3,4} (28).
8. Compute the desired front-wheel slip angles α∗1 and α∗2

(31), (33).
9. Determine the desired steering rate δ̇ (35b), (36), (37).

10. Compute the desired braking torques Ti, i ∈ {1,2,3,4},
(38).

5 Scenarios
A number of scenarios are used to evaluate the perfor-

mance of the controller. The chosen roads are of different
curvature, posing different levels of difficulty to stay on road
after the obstacle. Both stationary and moving obstacles are
considered, specifically the case when an obstacle moves
across the road such that the gap widens after it. The initial
speed used is a normal driving speed for the road in consider-
ation, and thus the criticality of the situation comes from the
unexpected occurrence of an obstacle.

The investigated scenarios are obstacle avoidance where
the vehicle is traveling at 90 km/h. The lateral margin that
the vehicle has to maneuver from its nominal center position
is ±2.5 m. A moose is detected on the road 21 m ahead of
the vehicle. The moose is facing towards the right relative
to the vehicle and it is assumed that the moose can quickly
walk forwards, such that the road in front of the moose is
effectively blocked, but that it will not quickly turn around or
move backwards. When it moves forward, i.e., to the side off
the road, it is with the speed vobs. The drivable area defined
by the constraint provider (see Fig. 1) is reduced to take the
size of the vehicle into consideration. Mathematically, the
path boundaries in the scenarios are defined as

emin(s, t) =

{
1.3− vobst, if 20≤ s≤ 22,
−2.5, otherwise,

(39a)

emax(s, t) = 2.5, (39b)

where the scenarios start at time t = 0, and the sizes of the
moose and car result in the reduced margin at 20 m to 22 m
ahead of the initial vehicle position.

6 Evaluation Model
To evaluate the performance of the controller, it is exam-

ined in simulation using a double-track vehicle model with
longitudinal and lateral load transfer (see [28]), and wheel
dynamics with the tire forces modeled using Pacejka’s Magic
Formula [21] with weighting functions [21]. The model is the
same as the one denoted DT-WF in [8], with the modifications
of using the load-transfer equations (55) – (58) and adding
wind resistance. The model equations are well known and are
here only briefly presented for completeness. The model has
the 19 variables described in Table 1 and is on the form of
a semi-explicit DAE (differential-algebraic system of equa-
tions), where the algebraic variables are resulting from load
transfer. The inputs are the steering rate δ̇ and the braking
torque to each wheel T1, T2, T3, and T4.

Table 1. Vehicle variables

Description Notation
Position and orientation s,e,∆ψ

Velocity and yaw rate vx,vy,r
Steering angle δ

Rotational wheel speeds ω1,ω2,ω3,ω4
Wheel slip angles α1,α2,α3,α4
Vertical tire loads Fz,1,Fz,2,Fz,3,Fz,4

The local velocity at each wheel i is given by

vx,i = (vx− rly,i)cos(δi)+(vy + rlx,i)sin(δi), (40)
vy,i = (vy + rlx,i)cos(δi)− (vx− rlx,i)sin(δi), (41)

where δ1 = δ2 = δ and δ3 = δ4 = 0. The equations for the
tire slips are [21]

α̇i =
vx,i

σr

(
−arctan

(
vy,i

vx,i

)
−αi

)
, (42)

κi =
Reωi− vx,i

vx,i
, (43)

where σr is the relaxation length. The tire model, Pacejka’s
Magic Formula [21] with weighting functions [21], is:

Fx0,i = µx,iFz,i sin(Cx,i arctan(Bx,iκi

−Ex,i(Bx,iκi− arctan(Bx,iκi)))), (44)
Fy0,i = µy,iFz,i sin(Cy,i arctan(By,iαi

−Ey,i(By,iαi− arctan(By,iαi)))), (45)
Gx,i = cos(Cxα,i arctan(Bx1,i cos(arctan(Bx2,iκi))αi)), (46)
Gy,i = cos(Cyκ,i arctan(By1,i cos(arctan(By2,iαi))κi)), (47)
Fx,i = Gx,iFx0,i, (48)
Fy,i = Gy,iFy0,i, (49)

where B, C, and E are tire-dependent parameters. The forces
on the chassis are given by

Fv
x,i = Fx,i cos(δi)−Fy,i sin(δi), (50)

Fv
y,i = Fx,i sin(δi)+Fy,i cos(δi), (51)

Fx =
4

∑
i=1

(
Fv

x,i−KDvx

√
v2

x + v2
y

)
, (52)

Fy =
4

∑
i=1

(
Fv

y,i−KDvy

√
v2

x + v2
y

)
, (53)

Mz =
4

∑
i=1

(lx,iFv
y,i− ly,iFv

x,i), (54)

where KD is the aerodynamic coefficient. The vertical loads
are computed by

4

∑
i=1

Fz,i−mg = 0, (55)
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Table 2. Vehicle parameters. The values are adopted from [8] and
[21].

Notation Value
g 9.81 m/s
lx,1, lx,2 1.3 m
lx,3, lx,4 −1.5 m
ly,1, ly,3 0.8 m
ly,2, ly,4 −0.8 m
w 0.8 m
h 0.5 m
m 2100 kg
Izz 3900 kgm2

Re 0.3 m
Iω 2 kgm2

σr 0.3 m
KD 0.36 kg/m
µx,1, µx,2 1.1959
Bx,1, Bx,2 11.6848
Cx,1, Cx,2 1.685
Ex,1, Ex,2 0.37729
µy,1, µy,2 0.93476
By,1, By,2 8.8626
Cy,1, Cy,2 1.193
Ey,1, Ey,2 −1.2076
µx,3, µx,4 1.2027
Bx,3, Bx,4 11.1217
Cx,3, Cx,4 1.685
Ex,3, Ex,4 0.36192
µy,3, µy,4 0.96146
By,3, By,4 9.3016
Cy,3, Cy,4 1.193
Ey,3, Ey,4 −1.1087
Cxα,1, Cxα,2, Cxα,3, Cxα,4 1.092
Bx1,1, Bx1,2, Bx1,3, Bx1,4 12.35
Bx2,1, Bx2,2, Bx2,3, Bx2,4 −10.77
Cyκ,1, Cyκ,2, Cyκ,3, Cyκ,4 1.081
By1,1, By1,2, By1,3, By1,4 6.461
By2,1, By2,2, By2,3, By2,4 4.196

4

∑
i=1

lx,iFz,i +hFx = 0, (56)

2

∑
i=1

ly,iFz,i +
hFy

2
= 0, (57)

4

∑
i=3

ly,iFz,i +
hFy

2
= 0, (58)

where h is the height of the center of mass and m is the mass
of the vehicle. The wheel dynamics is modeled as

ω̇i =
Ti−Fx,iRe

Iω

, (59)

where Iω is the wheel inertia, and the chassis dynamics are

v̇y =
Fy

m
− rvx, (60)

v̇x =
Fx

m
+ rvy, (61)

ṙ =
Mz

Izz
. (62)

The state dynamics of the road coordinates (see Fig. 2) is
obtained from

ṡ =
vx cos(∆ψ)− vy sin(∆ψ)

1−κ(s)e
, (63)

ė = vx sin(∆ψ)+ vy cos(∆ψ), (64)
∆ψ̇ = r−κ(s)ṡ. (65)

7 Results
The proposed controller is evaluated in the scenarios de-

scribed in Section 5 using the vehicle model in Section 6. The
scenarios are treated in the following subsections in an order
starting with the straight-road scenario, then the curved-road
scenarios, and finally the scenario with the moving obstacle.
The initial speed is 90 km/h, and the obstacle appears 20 m
ahead as can be seen mathematically in (39) and also in, e.g.,
Fig. 4.

The low-level controller for acceleration-reference fol-
lowing in Section 4 is explicit in the computations and is
executed at 1000 Hz. The motion planner in Section 3 is set
to provide a new plan every 2 m of traveled distance along
the road, which corresponds to a new plan every 80 ms when
driving at 90 km/h.

Numerical values of the parameters used in the motion
planner are given in Table 3. The planning horizon s f − ss of
30 m is selected some distance longer than the initial distance
of 20 m to the obstacle and is the same for all plans. Increasing
the planning horizon further does not improve the quality of
the plans in the scenarios examined. The friction coefficient µ̂
is set to 90 % of the lumped longitudinal friction coefficients
of the vehicle and the ellipse parameter k is set to the ratio
between the lumped longitudinal friction coefficients and
the lumped lateral friction coefficients. The parameter cµ
is set to a large value so that a significantly higher friction
coefficient is only used if the problem with the friction µ = µ̂
is infeasible. The parameters emargin and ce were tuned to
achieve robustness against deviations from the planned path
while not overly restricting the vehicle.

Numerical values of the parameters used in the acceler-
ation follower are given in Table 4. The gain K is set large
enough to track the desired slip angles by steering. The pa-
rameter ω is tuned to obtain reasonable desired yaw moments
and the parameters λmax, S, and ε are tuned to track this yaw
moment. The parameters B∗y,i and C∗y,i are the friction-limit tire
model parameters used in (32). The parameters τi are tuned
to limit chattering from replanning and are set to the same
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Table 3. Parameters of the motion planner

Notation Value
µ̂ 1.07
k 1.25

Kd 1.71×10−4 m−1

s f − ss 30 m
emargin 0.5 m
v2

min 1 m2/s2

σmin −π/2+0.1rad
σmax π/2−0.1rad

ce 1×104

cµ 1×1010

N 50

Table 4. Parameters of the acceleration follower

Notation Value
K 19
ω 5

λmax 2
S 0.05
ε 1/Izz

B∗y,1, B∗y,2 3.2931
C∗y,1, C∗y,2 2.2497

B∗y,r 3.9338
C∗y,r 1.9536
τr 0.2

τ1, τ2 0.01
γT 0.85

order or smaller as the time response of the yaw or steering
dynamics. Finally, γT is tuned to prevent wheel lock because
of braking.

7.1 Straight-Road Scenario
In the first scenario, a straight road is considered, and

the obstacle is static (vobs = 0km/h in (39)). Figure 4 shows
the evolution of the maneuver as the vehicle moves along the
road. The vehicle is at X = 0 and Y = 0 when the obstacle
is detected. For the first two meters, a standard strategy of
straight-line braking is used. When at 18m away from the
obstacle, the first plan computed is ready and the vehicle starts
to follow it. As the obstacle avoidance continues, the plan is
updated to account for possible disturbances and differences
in dynamics between the model used in the motion planner
and the vehicle.

Further into the maneuver, it can be observed in Fig. 5
that the initially planned velocity reduction starts to signifi-
cantly differ at around 23 m, as the motion planner demands
more lateral acceleration a⊥ at the cost of longitudinal acceler-
ation av to ensure that the vehicle does not hit the road border.
At this point, the most significant threat of the obstacle has
already been passed. Figure 5 also shows the acceleration
reference θs used in the acceleration follower, where the refer-
ence θs = 180° corresponds to braking along the path, with a
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Fig. 4. Evolution of the maneuver for the straight-road scenario. The
small black dot is the current position of the car with a black line
showing its path. The blue dashed line is the first planned path. The
remaining dashed line is the latest planned path. The red lines mark
the position constraints.

0 10 20 30
0

20

40

60

80

Distance s [m]

V
el

oc
ity

v
[k

m
/h

]

0 10 20 30

150

200

250

Distance s [m]

A
cc

el
.r

ef
.θ

s
[d

eg
]

0 10 20 30

−10

−5

0

Distance s [m]

A
cc

el
.a

v
−

K
d
v2

[m
/s

2 ]

0 10 20 30

−5

0

5

Distance s [m]

A
cc

el
.a
⊥

[m
/s

2 ]

Fig. 5. Velocity and acceleration for the straight-road scenario. The
black lines are the resulting values. In the velocity and acceleration
plots, every fourth plan computed is shown as dashed. In the accel-
eration plots, the reference values are shown in gray.

lower value corresponding to an acceleration towards the left
and a larger value corresponding to an acceleration towards
the right.

Variables related to body slip are plotted in Fig. 6. It can
be observed that the body slip is kept within modest values.
The approximation of the yaw moment using the friction-
ellipse based tire model (25) gives a reasonable approximation
of the true yaw moment, and the update of λ (24) tracks this
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Fig. 6. Body-slip related variables for the straight-road scenario.
The black lines are the resulting values. In the yaw moment plot, the
dashed line is the desired value and the gray line is the approximated
value.

yaw moment well. Towards the end of the maneuver, the
value of λ is saturated because of the time required to achieve
the desired yaw moment; at this point the vehicle is traveling
at around 40 km/h.

In Fig. 7, the steering angle is shown together with the
slip angles of the front wheels, the lumped rear slip angle, and
the braking torques. The desired front slip angles are seen to
be tracked well, where it should be noted that only one of the
slip angles is tracked at a time because of the common steering
angle. Some lag is seen in the tracking of the rear slip angle
because of the significantly slower yaw dynamics and the time
constant τr of the first-order filter (34d). The braking torques
of the front wheels are significantly heavier than those for the
rear wheels because of the load transfer resulting from heavy
braking. With the exception of the part right after passing
the obstacle at around 22 m to 30 m, the braking effort can be
seen to be large throughout the maneuver.

7.2 Curved-Road Scenarios
In the curved-road scenarios, the road starts straight and

then turns left or right with a curvature of ±0.01 m−1 after
10 m, i.e.,

κ(s) =

{
0, if s < 10,
±0.01, if s≥ 10.

(66)

These scenarios give insight into how the vehicle accounts for
the road curvature when achieving safe avoidance. Figure 8
shows the paths for both scenarios, while Fig. 9 and Fig. 10
show the resulting velocity and acceleration reference for
each scenario. In the case of the left-hand turn, the obstacle
becomes harder to avoid but it becomes easier to avoid the
lane border after passing the obstacle. In the case of the
right-hand turn, the opposite is true. This can be seen in
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Fig. 7. Steering angle, slip angles, and braking torques for the
straight-road scenario. The black lines are the resulting angles. In
the slip-angle plots, the reference values are shown in gray, with the
filtered references shown as dashed.

Fig. 9 and Fig. 10, where the acceleration reference θs in
the left-hand turn specifies more heavy braking (closer to
θs = 180°) after passing the obstacle, while during the right-
hand turn it specifies more heavy braking before reaching the
obstacle. Further, the vehicle reduces the vehicle speed to
around 61 km/h before reaching the obstacle in the right-hand
turn, but only to about 70 km/h in the left-hand turn.

7.3 Moving-Obstacle Scenario
In the moving-obstacle scenario, the left-hand turn sce-

nario is studied again, but now the obstacle moves such that
the obstacle region on the road is getting smaller (as the
moose walks across the road). The obstacle velocity in (39) is
vobs = 1m/s. As the scenario progresses, the plan is updated
in accordance with the new obstacle positions (see Fig. 11).
Because of the moving obstacle, the vehicle is able to change
to a strategy of more heavy braking, and reduce the speed to
63 km/h before reaching the obstacle, while for the station-
ary obstacle the speed is reduced only to 70 km/h (compare
the velocity at s = 20m in Fig. 9 and Fig. 12). This is a
very positive outcome of the real-time replanning and control
strategy.
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Fig. 8. Path for the left-curved road scenario (top) and the right-
curved scenario (bottom). The red lines mark the position con-
straints. The small black dot is the current position of the car with a
black line showing its path. The blue dashed line is the first planned
path. The red dashed line is the latest planned path.
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Fig. 9. Velocity and acceleration reference for the left-curved road
scenario. The black line is the resulting velocity. In the velocity plot,
every fourth plan computed is shown as dashed. In the acceleration
plot, the reference values are shown in gray.
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Fig. 10. Velocity and acceleration reference for the right-curved
road scenario. The black line is the resulting velocity. In the ve-
locity plot, every fourth plan computed is shown as dashed. In the
acceleration plot, the reference values are shown in gray.

7.4 Real-Time Performance
The computational time spent in the motion planner is

shown in Fig. 13 for each of the scenarios. For cases where
the computation is not finished before reaching the starting
position ss of the plan, a gap in the line is shown. This is
only the case in the challenging right-hand turn after the
obstacle has been passed, specifically at 24 m, 26 m, and
34 m along the road. In these cases the last plan computed
is used resulting in the successful maneuver shown in Fig. 8,
which is possible because the planning horizon is 30 m. In all
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Fig. 11. Evolution of the maneuver for the moving-obstacle sce-
nario. The red lines mark the position constraints with the dotted
red line marking the obstacle constraint at the start of the maneuver.
The small black dot is the current position of the car with a black line
showing its path. The blue dashed line is the first planned path. The
remaining dashed line is the latest planned path.
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Fig. 12. Velocity and acceleration reference for the moving-obstacle
scenario. The black line is the simulated velocity. In the velocity plot,
every fourth plan computed is shown as dashed. In the acceleration
plot, the reference values are shown in gray.

other cases, the plan is computed well in time, with a typical
value below 50 ms. This corresponds to a plan every 2 m
for a velocity up to 144 km/h, which is above most posted
speed limits around the world. The computation time for the
acceleration follower is negligible compared to that for the
motion planner.
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Fig. 13. Computational time spent in the motion planner as a func-
tion of the position s, where s is the starting position for which the
computed plan is used as the reference. Plans not finished in time
or not converged are shown as a gap in the lines, in which case the
previous plan is used. Performed on a laptop with the CPU i7-8550U.

8 Discussion
The optimal control problem (9) was formulated with the

safety consideration to favor heavy braking to reduce veloc-
ity as much as possible, while still being able to both avoid
obstacles and stay on the road. It is thus interesting to see
how this is achieved in the different scenarios: straight road,
curved roads, and moving obstacle. The velocity profiles in
Fig. 5, Fig. 9, Fig. 10, and Fig. 12 show that heavy braking
is achieved in all cases with different velocity reduction de-
pending on the scenario. As observed comparing Fig. 9 and
Fig. 10, the curvature of the road is essential in determining
the possible velocity reduction while avoiding the obstacle
and staying on the road. Further, comparing Fig. 9 and Fig. 12
it is seen that the controller really utilizes the fact that the ob-
stacle is moving and leaving more room for the vehicle. Then
braking can be heavier, which is seen in the larger velocity
reduction for the moving-obstacle scenario.

In addition to velocity reduction, it is desirable that the
vehicle performs deftly during the maneuver. Figure 4, Fig. 8,
and Fig. 11 all show that the paths are well behaved. Further,
in all cases the steering angle, the slip angles, and the body
slip are also well behaved, even though it is only shown for the
straight-road scenario, see Fig. 6 and Fig. 7. The controller
results in an excellent balance between avoidance and heavy
braking. Further, in Section 7.4, it is demonstrated that the
controller can run in real time, with planning updates every
2 m and with the low-level acceleration follower running at
1000 Hz.

9 Conclusions
A fundamental question for critical avoidance maneuvers

is how to achieve heavy braking while still leaving room for a
maneuver that both avoids the obstacle and keeps the vehicle
on road. This is here captured in an optimization formula-
tion penalizing velocity, where obstacles and road borders are
represented as constraints. Considering both obstacle avoid-
ance and road borders, an analytical solution is not available,
not even for a particle model. Thus, a numerical approach is
needed and the following key ideas have been used. A motion-
planning step based on receding-horizon planning is used to
obtain a sequence of acceleration-vector references, and then

a force-vectoring approach is used to turn these references
into actuator commands.

The controller is evaluated in a number of representa-
tive scenarios using a double-track vehicle model with load
transfer and wheel dynamics. In all cases, the vehicle is well
behaved regarding steering angles, slip angles, body slips, and
the resulting paths. It is also demonstrated that the controller
successfully balances braking and avoidance such that it really
takes advantage of the braking possibilities. Specifically, it is
shown for a moving obstacle that the controller benefits from
a widening gap in terms of velocity decrease, which is a clear
advantage of the online replanning capability if the obstacle
is a moving human or animal. Finally, real-time capabilities
have been demonstrated in that the planning step can run each
2 m and the acceleration follower can run in 1000 Hz. In con-
clusion, the controller performs well both from a functional
perspective and from a real-time perspective.
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